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ABSTRACT. For a locally compact group G with property (P ), if there is

a continuous projection of LI(C) onto a closed left ideal I, then there is a
bounded right approximate identity in /. If | is further 2-sided, then | has a 2-
sided approximate identity. The converse is proved for w*-closed left ideals.

Let G be further abelian and let I be a closed ideal in L 1(G). The condi-
tion that / has a bounded approximate identity is characterized in a number of
ways which include (1) the factorability of I, (2) that the hull of / is in the dis-
crete coset ring of the dual group, and (3) that [ is the kernel of a closed ele-
ment in the discrete coset ring of the dual group.

Introduction. Let G be a locally compact group, I a closed left ideal in
LYG) and P a continuous projection of L'(G) onto I. It is proved by W. Rudin
[11, Theorem 1] that, if G is compact, there exists a continuous projection Q of
LY(G) onto I such that

(*) [x0g=0(f*g) (f g eLYG).

Further [11, Proof of Theorem 2], if in addition G is abelian, then there exists an

idempotent measure y on G such that
Of=f*p (feLY6)

so that Q is actually an algebra homomorphism. It follows that I, considered as
a Banach algebra, has a bounded approximate identity.

The purpose of Part I of this paper is to find out what happens if G is not
compact or abelian. It turns out that if G has the property (Pl) (which it does if
it is compact) then the projection P leads to a net of projections Q for which the
formula (%) **almost’’ holds, and that I still has a bounded (right) approximate

identity (Theorem 2).

Received by the editors December 10, 1971. i

AMS (MOS) subject classifications (1970). Primary 22B10, 22D15, 43A20; Secondary
43A45, 46H10.

Key words and phrases. Continuous projections, bounded approximate identities,
closed left ideals,closed right ideals, closed 2-sided ideals, group algebras, modular
functions, property P, w*-closed, Calderdn set, spectral set, discrete coset ring, factor-
able closed ideals, Bohr compactification.

() Research supported in part by the National Science Foundation. An announcement
of the results of this paper has been published in C. R. Acad. Sci. Paris 272 (1971), 473.

Copyright © 1973, American Mathematical Society

469

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



470 TENG-SUN LIU, ARNOUD VAN ROOIJ AND JU-KWEI WANG {y anuary

The converse problem (If I is a closed left ideal in L(G) that has a bounded
right approximate identity, does there necessarily exist a continuous projection of
LYG) onto I?) seems still to be open. Under an additional condition on I the
question can be answered in the affirmative (Theorem 4).

Next we turn to the case where G is abelian. Let [' be its dual group. Let
X be a closed subset of I, and | a closed translation invariant linear subspace
of L*(G) sothat X =" N J. J. E. Gilbert [4], basing himself upon H. P.
Rosenthal’s paper [9], proves that there exists a continuous projection of L™(G)
onto ] if and only if X is anelement of the coset ring of the discrete group I';
that has the same underlying group as I'. Furthermore, he proves that then X
must be what W. Rudin [12] calls a “‘C-set’’. Thus he brings about a connection
between projections and approximate identities. (See also [11],[3],(10].) His most
important tool is a theorem that describes all closed subsets of I" that lie in the
coset ring of I' . (See also [13].)

In Part II we continue Gilbert’s investigations, and characterize the closed
ideals in LYG) that have bounded approximate identities. At the same time we
prove that these ideals are just the ideals that are factorable. (A commutative
Banach algebra A is called factorable if there is a ¢ > 0 such that for every
a €A and € > 0 there exist x, y € A for which a = xy, ||x}| <c and |ja - y| <e¢.)
This partly solves a problem raised by Hewitt and Ross [6, §39.40].

Preliminaries. For most notations we follow the conventions used by [6] and
[12]. We use, however, the multiplicative notation even in the abelian case.

Let G be a locally compact group. By C,(G) we denote the Banach space of
all continuous functions G — C that vanish at infinity. The dual space, CO(G)*,
of CO(G) is identified with the Banach space M{(G) of all bounded Radon mea-
sures on G. M(G) is a Banach algebra under convolution. The w*topology on
M(G) is the weak topology determined by C,(G).

We select a left Haar measure on G. The Haar integral of a function f:

G — C is written [f(x)dx. The Banach space LG) of equivalence classes of
integrable functions is identified in the usual way with a subspace of M(G). Thus,
LYG) is a two-sided ideal in M(G).

Deviating from the notation of [6], for / € LY(G) and x € G we define

L= 1y, O =fAK)  (yeq),
19 =fG~HAG=Y) €0,

where A is the modular function of G. Then [, [, ' € LYG) and W di= 170 =
I} = I/ll. One easily establishes the relations

(/%) =1, *e (g =[*[" [xg =("%g ([xg) =g *f.

Further,
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(f*g B =(g /" *h) (f g € L'G); b € L™(G)).
For every [ € LY(G) the formulas
x> f, and x i f¥

define bounded continuous maps G — L1(G). Using the terminology of vector-

valued integration {1] one obtains
[*g :f/(x)gx_ldx (/. g € LYG)).

Similarly, for j € L™(G) and x € G put j (y) = j(xy) (y € G). For j € C((G),

X p» ], is a continuous map G — CO(G), and
f*]= f/(x)j _1dx (feLY¥G); € ColG)).
x

G is said to have the property (Pl) if for all compact sets C CG and ¢> 0
there exists an b € L1(G), h> 0, ||| = 1, such that |5, - &l <€ forall x € C
(see [7, Chapter 8)). Equivalently, for all compact C CG and € > O there exists
an h e LYG), b >0, ||b] = 1, such that ||4* - b|| <€ for all x € C. If G has the
property (P)), then there exists a left invariant mean on L™(G) (i.e.,an M €
L%(G)* such that WMl =1, M1=1 and Mj, = Mj forall je L®(G) and x € G).
For the proof of this statement, see [7, Chapter 8, §6] and [5), where it is also
proved that the existence of a left invariant mean implies the property (P ). All

compact groups and all abelian locally compact groups have the property (Pl)'

Part [. Projections onto ideals of group algebras. Our first lemma is a direct
descendant of [11, Theorem 1]. By £(LYG)) we denote the space of all continu-
ous linear maps L(G) — L(G).

Lemma 1. Let G be a locally compact group. For every T € L(LYUG)) and
b€ LI(G) the formula

6) T,/ = [bTU),1dx ([ eLYG))
defines a T, eL(LUG)) for which N7 N <Al T and
@ N *Tyg - T, # ) < [1/N b, - bl - 1T lell (g € LUGN.

If G has the property (P)), then for all fo, [,,--+, [ € LYG) and ¢> 0 there
exists an h € LYG), b > 0, {|Al = 1, such that for each i,

(iii) I, *T,g - T,(f, %] <elTh el (g € LNG); T e 2(LUG.

Proof. If { € LNG) then x (T{), -1 is a continuous map G — LYG)
[6, Theorem 20.4] and KT D=1l <UTH I/ for all x. It follows [1, $1, Proposi-
tion 8] that the integral in (i) defines T, € ?(LYG)) and that NT Il < 50T
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Take g € LY(G). For every a €G,
T, )= fht(Tg ) _ dx=[hlan(Tg) | _ ax

—1g-1

- [Iba(x)(Tgx)x_ . dx]a_l =(T, & _,-
Then for all [ € LYG),
f*T,g-T,(f*g =f/(x)(Tbg)x_1dx - Tb<f/(x)gx_1dx>
=I/(x)(rhg)x_  dx _f/(x) Ty _)dx
=ff(x)(Tbg - T, 8 _dx =f/(x)(Tb_hx(g))x_ L dx.

(ii) follows, since |(T,_, () _ | =IT,_, @I <lb -2 Tl el

Now assume that G has the property (P,). Let fo,+«+, f € LYG) and € > 0.
We may assume [[/;|| <1 for each i. Take a compact set C C G such that
Is \clfil < Yie for each i, and an b € L}G), h> 0, ||b]| = 1 such that No-h | <¥e
forall x € C. For every [,

St = b Jldx < [l (D) dx - Yie < e

and

[ornldNB - bl < fonelflds - 208 < %e;

(iii) follows.

Let A be a closed subalgebra of L'(G). A net (u) in A is a left approxi-
mate identity in A if limu; *f={ for all f € A. It is called bounded if
sup|z,|| <. A moment’s reflection shows that A has a bounded left approximate
identity if and only if there is a ¢ > 0 such that forany /,,---,f €A and e> 0
there isa u € A such that ||u| <c and Ju*f, - /| <e (i=1,2,..., n). Right
and two-sided approximate identities are defined analogously. A linear map T:

LYG)— A that leaves every element of A fixed is a projection of L(G) onto A.

Theorem 2. Let G be a locally compact group that has the property (P,).
Let I be a closed left [ right; two-sided ] ideal in LXG), such that there exists a
continuous projection P of LNG) onto I. Then I bas a right [left; two-sided)
approximate identity of bound < ||PJ.

Proof. Assume that [ is a closed left ideal. For every { € LY(G) we have
(pf) _,ellx € G); thus, every P, maps LYG) into I. Further, if [ € I, then
.-

for every x we have f €1, so (Pf) =f ={. Hence, if [h=1, then P
x =1 xx— 1 ]
is a projection of L(G) onto I.
Now take f,,-++, f €1, €>0. By Lemma 1(iii), and the above there exists

a projection Q of LY(G) onto I such that ||Q}| < || P|| while for each i,
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If, Qg - QU *l <e Pl MIQN el <ellel (g € LYGY.
Choose g € LYG) so that lgll = 1 while H/’l *g - /l" < €"Q||-l for each i. Then
Qg €L |Qsgll <[P}, and
I7; Qe - fll <f;*Qe - QU * + 1Q(/; &) ~ O/l <2 (i=1,--., )

In a similar way one can attack the right ideal. For two-sided ideals we prove,

somewhat more generally

Theorem 3. Let G be a locally compact group with the property (P). Let I
be a closed two-sided ideal in LYG) that has a left approximate identity of bound
c. Then 1 bas a two-sided approximate identity of bound c.

Proof. Take f,.-+,f €I ¢> 0. We constructa w €, || < ¢, such that
for each 7, |If. *w - f]l <3ce+ 2¢ and |lw *f, - f || < 2ce+ 2e.

Take /o € LYG), |fll < 1 so chat I/, */g— /il <€ and Wfg * /s —fl <€
(i=1,..., n). Let b be as in Lemma 1(iii). Take a compact C C G such that
Is \C|b| <. There exist x,,+++, x_ € C such that for each i and every x € C
there is an x; with “(/i)xj - <B4 o) l¢. By our assumption on | we can
finda u €1, |||l <c, such that

b (e, = )l <Yie forall i, j.
Then

e () - () ll<e (xeCii=1,een,n).
Now put Tf = u *f (f € L'(G)). From Lemma 1 we obtain
(@) I/, *Tye - T,(f; *ll <ecllgl (g € LNG);i=0,-.., n).

Further, for every { € LY(G),
Tyf 1= [p@lasr) - fdx=fb@luxf, -1 _ ax
= [P unr, ~ 1) _jdx s fonchlurr, ~1,] _ dx

so that
(-Li) “T},/i_[l'|lsf(c+2) (iZO,"'7n)'

Finally, observe that x t» u* 1 is a bounded continuous map of G into I, so
-
that [h(x)u*_ dx is an element of I. Forall f € LYG),
.

Tyi= b wer) _de=[bGu__ *7)dx
=fh(x)(u’;_l * [ ) dx :(fb(x)uz_ldx>*f.

Consequently, T, maps LYG) into I, and
(iii) (T, *xg=T,f*g) (/, g e LYG).
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Now put w =T, fo. Then w €, [lw| <|T| |5} /ol < |u} < c; and by apply-

ing (i), (ii) and (iii) above, we see that for i=1,..., n,

“f, *w ~ f," < “fl * T},fo - T},(/i * /o)” + "Tb(/,' */0 - /l)" + ”Tb/i _/i“
<eclifol + I ThHe + elc + 2 <eBBe + 2)

and

lw=*f,-fl = “Tb(fo *fl) -1l < ||Tb(f0 *f, - /l)“ T - 1)
<IThe+elc+2) <el2e +2).

Remarks. A closed left ideal I in L'(G) for which there exists a continuous
projection of LYG) onto I may fail to possess a left approximate identity—even an
unbounded one. A sufficiently weird example seems to be the following. Let G be
the group generated by two elements, a and b, with the relations a?=p -1,

a = bab (G is isomorphic to S,;). Consider the functions
f=2xg1}+ %X{a} - 1/6s
8 = %X{p2} + AX{ap} ~ AX(5} ~ HX{pal

where x denotes characteristic function. The two-dimensional subspace I of
LYG) generated by [ and g is a left ideal; obviously there is a continuous pro-
jection of LYG) onto I. For [ and g we have the relations
[*f=/ [*g=0,gx/=/ g*g=0.

It follow that [ is a rigl';t unit, but I does not have a left approximate identity.

If G does not have the property (P,), then 1'(G) = {f € L'(G): [/ =0} isa
two-sided ideal such that there is a continuous projection of L(G) onto I'(G),
while I1(G) does not have a (bounded or unbounded) right approximate identity.
(See [8, Proof of Theorem IIl. Note that Reiter’s definition of a bounded right
approximate identity is different from ours.)

Now we view L1(G) as a subspace of M(G). The weak topology of LG),

induced by C(G), will be called the w*-topology. It is now not hard to prove a

converse to Theorem 2 for w*-closed ideals.

Theorem 4. Let G be a locally compact group with the property (P)). Let I
be a w*-closed left ideal in LYG) and It ={b € L(G): (f, ) = 0 for all [ € I}.
The following conditions are equivalent:

(a) I bas a bounded right approximate identity.

(B) There exists an idempotent p € M(G) such that I = LYG) *p.

(y) There exists a continuous projection P of LYG) onto 1.

(8) There exists a continuous projection Q of L*(G) onto I'*.

Proof. We prove the implications (a) = (8) = (B) =(y); the implication

(y) = (@) is contained in Theorem 2.
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(a) = (8). Let Q denote the natural map LG} — L®(G)*. Let (z) be a
bounded right approximate identity in I. By the Alaoglu theorem the net (Qz)) has
a w¥-convergent cofinal subnet; we may assume that it is itself w*-convergent in
L™(G)*. Then for every b € L™(G), lim (u,, b) exists. The formula

(f, QB) = {f, B) — lim (u,, "% h)  (f € LYUG); b € L™(G))

defines a continuous linear map Q: L°(G) — L™(G). If { €1, then for all b,
(f, OB) =(f, b) - lim (f *u, P) = 0; so Q maps L™(G) into I*. Conversely, for any
belt and [ € LYG), (/, Qb= b = lim(u, /"% ) = Lim (f *u,, B) = 0; 50 Qh = b,
Hence Q is a projection of L*(G) onto I

(3) = (B). As G has the property (P ) there exists a translation invariant
mean M on the space of all bounded continuous functions on G. Instead of Mbh we
shall write be(x). Define a continuous linear R: CO(G) — L*™(G) by

(f, R =M (7, 0G)  (f € LXG); j € Co(G)).

Forall a €G, (f, (Rf)) =(f -1 R =M (f 1., Qi) =ML/, Q7. ) =(f R(j,).
Hence, (Rj), = R(j,) for all j € C;(G) and a €G. It follows that, for all g € LY(G)
and j € C(G),

g *Ri [ g(I(R)__de— [g(aRG _)ds - R<fg(x)jx_ldx> - R(g %))
Define p € M(G) by
(g ) =)= Rj(1) (j €Cy(G)).

If / € LYNG) and j € Cy(G), then (f*p, ) =, ' *7) = (f * (D) - (/" *RH(D) =
(f, j - Rj). Therefore, (f*p, j) = 0 forall / € L}(G) and j € ColG) N I*. By the
w*-closedness of I we may conclude that f* p € I. On the other hand, if g €1,
then (g, Qj,) = 0 forall j € C((G) and x € G; so (g Rj) =0 and (g *y, 7) =

(g, j) for all j. Therefore, g = g *u for g € I. Hence, I = L}G) xy. We also see
that for all f € LYG) (take g =/ *p), / #p = [ *p *p. Consequently, p is idempotent.

(B) = (). Put Pf=[xp (f € LYG)).

Remarks. Observe that the w*-closedness was not used in proving the implica-
tion (a)=(8). In fact, by [4] and Part II below, (@) and (8) are equivalent for all
closed ideals in L(G), in case G is abelian.

If one applies the proof of (8) = (B) to an I that is nor w*-closed, one finds
an idempotent measure p such that L(6€) *p lies in the w*closure of I, while I
is contained in the w*closed set {g € L(G): g = g *p}. Thus, LYG) *p = w*— CI(I),
the w*-closure of I. Consequently, if I is any closed left ideal in LG) such that
(6) holds, then w*Cl{I) has a right approximate identity.

From the proof of the implication (8)=(y) it follows that actually P can be

chosen so that

P(fxg)=/*Pg (f, g € LYG).
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One can derive (8) from (y) by defining Q by
(f, Qb) =(f =P/, B)  (f € LYG); b € L¥(G)).
Thus, we can choose Q so that

Q(fxh) = f+0Qbh (f € LUG); b € L*(G)).

Part [I. Bounded approximate identities in ideals of commutative group
algebras. In this part, G is a locally compact abelian group, I' its dual group.
Since G has the property (Pl) it follows from Theorem 2 that if | is a closed
ideal in LNG) and if there exists a continuous projection of L(G) onto I, then
I has a bounded approximate identity. It is as yet unknown whether the converse
holds. The first few theorems of this part serve, partly as a preparation for our
Main Theorem, partly as an illustration for the close parallel between continuous

projections and bounded approximate identities.

Theorem 5. Let X, Y CI' be closed.

(i) If kX and kY have bounded approximate identities, then so does k(XVY),

(ii) If there exist continuous projections P of LYG) onto kX and Py of
LYG) onto kY, then there exists. a continuous projection P of LYG) onto
k(X U Y) provided that there exist continuous linear maps S: kX — k(X U'Y) and
T:kY = k(X U Y) such that S+ T =1 on k(XU Y). This condition is satisfied
if there is a p € M(G) such that i =1 on x\, fi=0 on Y\X.

Proof. (i) Let (z), (v].) be bounded approximate identities in &X and kY
respectively. If f,,+«+,f €k(XUY) and €> 0, there is a u,; such that
I/, *u; - f,| <Ye for each %, and there is a v, such that 1, *u) *v, - (f, *u)l <
Ve for each k. Then u *v, € k(XU Y) while |If, *(x; *v].) - f,ll <€ for each k.
(ii) Put P = SPX + TPY; then P: LI(G) — k(X UY)and P=1 on R(XUY).
If p eM(G), =1 on X\Y and i = 0 on Y\X, then we can define S, T by

Sf=pxf (f € kX),
Tf=f-uxf (f€kY).

Corollary 6. If there exists a continuous projection of LYG) onto kX, and if
Y CT is finite, there exists a continuous projection of LYG) onto k(X UY).
(Trivially, there is a continuous projection of LYG) onto kY, as kY bhas finite

codimension.)

Corollary 7. Let X, Y be disjoint, closed subsets of I and assume that there
exists a p € M(G) such that i=1on X, i=0on Y. (By [12, $2.6.2] this is
true if either X or Y is compact.)

(i) There is a bounded approximate identity in k(X U Y) if and only if there
exist bounded approximate identities in kX and in kY.
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(ii) There exists a continuous projection of LYG) onto k(X VU Y) if and only

if there exist continuous projections of LYG) onto kX and kY.

Proof. In both cases the sufficiency has been proved above.

(i) Let (u,) be a bounded approximate identity in k(X U Y) and (u].) a
bounded approximate identity in L!(G). Then (u; *p + vi- ek v}.) and
(ui LT R u].) are bounded approximate identities in kX and kY, respec-
tively. (Note that p*f € k(X U Y) if f € kX, and [ —p x]/ € k(X U Y) if [ € kY.)

(ii) Let P be a continuous projection onto k(X U Y). Define Q: LNG) —
LYG) by

Of =Plu*)+f-p*/ (feLia).

Then Q: LYG) — kX and Q =1 on kX, so Q is a projection onto kX. Similarly,
[ P(f-p*f)+p=*[ is a projection onto kY.

At this stage the obvious question is whether Theorem 5 (ii) remains true if
one drops the condition that the maps $ and T exist. From Theorem 10 (i) it will
become apparent that the existence of a bounded approximate identity in a closed
ideal I of LY(G) would imply the existence of a continuous projection from LYG)
onto I if (and only if) the above question should be answered affirmatively.

The problem was raised first by H. P. Rosenthal who mentioned the following
particular case. If G = R, and @ is an irrational real number, then there exist con-
tinuous projections of L1(G) onto kZ and onto k(aZ). (See [9) or Lemma 11 of
this paper.) Does there exist a continuous projection onto k(Z U aZ)? The authors

have not been able to answer this question.

Theorem 8. Let A be a closed subalgebra of LYG). If A 0 k({1}) bas a
bounded approximate identity, so does A.

Proof. We may assume A ¢ k({1}). Take h € A; [h=1. If (#)) is a bounded
approximate identity for A N k({1}), then u, - h *u, + b is a bounded approximate
identity for A (observe that { — [ *h € A N k({1}) for all { € A).

Theorem 9. Let A be a closed subalgebra of LNG). If there is a continuous
projection of LUG) onto A 0 k({1}), then there is a continuous projection of
LYG) onto A.

Proof. Let P: LYG) — A N k({1}) be a continuous projection. We may
assume A ¢ k({1}). Choose » € A sothat Ph=0 and [h=1. Then / b Pf+
(f/)b is a continuous projection from LYG) onto A.

For the sake of easy citation, we recapitulate a number of results concerning
the structure of closed sets in the coset ring of G, i.e., G with the discrete
topology. From [6] we borrow the terms Calderén set and spectral set in preference

to Rudin’s C-set and S-set and to the terms Wiener-Ditkin set and Ditkin set, used
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by Reiter in[7]. Our Calderén sets are called Ditkin sets by Gilbert [4]. These
results are essentially due to I. E. Gilbert (see [3] and also [13]).

Theorem 10. Let G be an abelian topological group.

G) If aH,,...,aH arecosets of G, then there exists an open subgroup
H of G such that int Ui(aiHi) is a union of finitely many cosets of H.

(ii) Let A be an element of the coset ring of G ;. Then A can be written as

n
A= z'L:JI x, (H\F_K),
where, for each i, x, is an element of G, H, is a closed subgroup of G, K, is a
relatively open subgroup of H, and F, is a finite subset of H. In particular, A
lies in the coset ring of G .
(iii) Let G, A, x, H, F, and K, be as above and let I=1{i: H; is open}. Then
intd=U xi(lll.\Fl. K).
i€]
In particular, int A belongs to the coset ring of G.
(iv) If every infinite closed subgroup of G is open, then a subset X of G is
a closed element of the coset ring of G, if and only if it is the union of a finite
set and an element of the coset ring of G.
(v) If G is locally compact with dual group T', then every closed element of

the coset ring of I'; is a Calderén set, hence a spectral set.

Now we turn to our main problem: describe the closed ideals in L(G) that
have bounded approximate identities. Our main tools are Theorem 2 and Theorem

10. The connection between them is the following lemma.

Lemma 11. Let G be a locally compact abelian group, I' its dual group. Let
A be a closed subgroup of T" and X an element of the coset ring of A. Then there

exists a continuous projection of LG) onto kX.

Proof. Let A; ={x €G:(x, y) =1 for every y € Al. Let G, = G/Ay, let ')
be the dual group of G,, and 7 the natural map G — G,. 7 determipes 7= I, =T
by the formula 7*(y ) =y, o7 (y; € [')); this #* is a topological isomorphism of
I’} onto A. Byl7, $3.4.4] there is a natural homomorphism T of LYG) onto
LYG 1) given by

T/ () = f f(xy) dm(y)
where m denotes a Haar measure on Aj.

T and #* are related by
(*y,, )=y, TN (y, €Ty;f e LYGY.

There exists a linear isometry §: LYG 1) — LYG) such that TS is the
identity map I, of LYG,). (See [7, Chapter 8, $2.7.)
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The set X, = 7~ 1X is an element of the coset ring of I';. By Cohen’s
Idempotent Measure Theorem [12, Chapter 3] there exists a By € M(Gl) such that
ﬁl = Xx - Then P: [, +» p, */, is a continuous projection of Ll(Gl) onto kX .
New S(I, ~ P )T is a continuous linear map of LYG) into LYG); it is idempotent because
TS =1,. Hence, P =1 - S(I, - P )T (where I is the identity map L'(G) — L(G))
is a continuous projection of L(G) into LXG); its range is Ker SU, -P)T =
Ker (I, - P)T =T~ HIm P ) = T~ (kX)) = kX.

In H. Reiter’s book [7], a commutative Banach algebra A is said to have a
bounded approximate identity if there exists a number ¢ > 0 such that for every
a €A and € > 0 there is a u € A, |lu)| <c, for which ||a - ua|| <¢. We shall see
that for closed ideals in L(G) the presence of a bounded approximate identity in
Reiter’s sense is equivalent to that of a bounded approximate identity as we de-
fined it before Theorem 2 of this paper.

Lemma 12. Let A be a commutative Banach algebra. Assume that for every
a € A there exists a bounded sequence (un) such that limu a = a. Then A has
a bounded approximate identity in the sense of Reiter [7), i.e., there exists a
¢ > 0 such that a € Clixa: ||| < c} for all a € A. (The converse is trivial.)

Proof. For m € N let
A= {fa € A:a € Clixa :||x|| <mi}.
It is easy to see that A is a closed subset of A. By the given condition on 4,
UAm = A. By the Baire Category Theorem one of the Am, say A,,, contains a
nonempty openball B. Then €B - CB is a linear subspace of A with nonempty

where a, a

interior, so CB - CB = A. Any a € A can be written as @ = a 4,

—a
1 2
€CB CA,y. Forany € > O there exist x,, x, such that |x | <m, and

||a1. - xl.al." <Y1+ my)” le for i=1, 2. Putting x = x| + x, - x,x, we obtain
flx|| < 2mg + m(z) and |a - xal| <e. Thus, we may take c = 2m; + mcz).

Now we turn to our main theorem.

Theorem 13. Let G be a locally compact abelian group with dual group T,
I a closed ideal in LYG). The following conditions are equivalent.

(a) I bhas a bounded approximate identity.

(B) I is factorable, i.e., there exists a ¢ > O such that for every [ € I and
€>0 we canwrite [ =g, *g, where g, g, €1, |g||| <c, and ||[ - g,| <e.

(y) For every f €1 there is a bounded sequence (u ) in I such that
limu */=/

(8) Al lies in the coset ring of T,.

(€) 1=kX for some I"-closed element X of the coset ring of Fd'

() There exists a continuous projection of L*(G) onto {h € L™(G):(f, b) =
0 forall [€li
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Proof. (a) = (B) is a special case of P. Cohen’s Factorization Theorem [2].

BY=(). X c. [ & g, g, are as in(B), then|lg, */ - /| = g, *(/ - g <ce.

(y) = (8). By Lemma 12 there exists a ¢ > 0 such that for every ¢ > 0 and
f €l wecan find u €1 for which |« <c and |lu*/-[| <e.

Let I, ={f € LY(G): Supp [ is compact; bl N Supp f = g}. By [12, §A7.2.5]
I,CI. Let [;,.-+, [ €1, and € > 0. There exists an [ €I suchthat f{ =1 on
Supp /Ai (i=1-..,n (12, §2.6.2]. Then for each i we have f,?l =17, s0 f*f;=1,
As we have seen, there is a u €I, ||u|| <c, for which ||u*f - f| < e(max (D 1
Then for each i we have |lu *f, - f,|| = [(u*f-[)*[] <e.

It follows from these considerations that I contains a bounded net (u].) such
t_hat lim u; *f={ for every f €,. Let G be the Bohr compactification of G, and
[" its dual group. Every continuous almost periodic function { on G induces a
continuous function / on G. In particular, every y € I" induces ¥ € f‘, and the
map y b ¥ is a surjective group isomorphism. The map f+ / induces a continu-
ous linear map Q: L1(G) — M(G). For every f € LYG) and y €T, (y, /) =
(¥, /). The net (Q u].) is norm-bounded, hence has a w*-limit point pu € M(G). We
may assume w*lim Qu; = p. In particular, for every y €I" we have lim(y, u].) =
¥, w. As u; €1 it follows that (¥, ) = 0 for y € bl. Butif y €I" and y ¢ 4l,
we can choose f €1, (y, f)=1; then (¥, ) = lim(y, )(y, f) = lim(y, u; *f) =
(y, /) = 1. Thus, i is the characteristic function of {}: y € I'\hI}. By Cohen s
Theorem on Idempotent Measures we conclude that {y: y € bl} lies in the coset
ring of l_—", so that bl lies in the coset ring of I" .

(8) = (¢). By Theorem 10(v), bl is a spectral set, so I = kbl.

(6) ==(a). Applying Lemma 11 and Theorem 10 (ii), we see that X can be
written as a finite union X =y, X, U...Uy X where y, €I" and X, is such that
there exists a continuous projection of L(G) onto kX ;. The map [ p» y; lfisa
linear isometry of L!(G) onto LYG) that maps kX, onto k(y X ); so there exist
continuous projections of L(G) onto the k(y.X,). Consequently, by Theorem 2
each k(yl.Xz.) has a bounded approximate identity. Now use Theorem 5 (i).

(6 = (). Seeld].

Remark. The equivalence of (a) and (8) was studied in {13, 2.8].

The following consequence of the above theorem is curious.

Corollary 14, If T" is a locally compact abelian group, if X is a closed ele-
ment of the coset ring of I ;, and if Z is a compact, relatively open subset of X,
then Z lies in the coset ring of ' .

One could apply the technique of the proof of the implication (y) = (&) ina
slightly different way. View L(G) as a subspace of M(G). The net (z,) has a
w*-limit point u € M(G). It is not difficult to prove that p is an idempotent
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measure whose Fourier-Stieltjes transform is just the characteristic function of
[\int bl. (See Theorem 10(iii).)

The conditions (a)~({) are not implied by the existence of a (possibly
unbounded) approximate identity in I. As an example, let I' be discrete. Then
every X CI' is Calderdn [6, 39.39 (b)], so every kX has an approximate identity.

Suppose that every infinite closed subgroup of I' is open. Every closed ele-
ment X of the coset ring of ['; then is the union of a finite set ® and a set Y

that can be written as
n
y-U yA\o,A)
i=1

where y, €', A, is an open subgroup of I', A, is an open subgroup of A, and
®, CT is finite. Then Y lies in the coset ring of I, and by the Idempotent Mea-
sure Theorem there is an idempotent g € M(G) whose Fourier-Stieltjes transform
is the characteristic function of I'\Y. Then { [ *p is a continuous projection
of LYG) onto kY.

Applying Corollary 6, Theorem 10(iv) and Lemma 11 we obtain

Corollary 15, Let G, I', I be as in Theorem 13. Assume that every infinite
closed subgroup of T" is open. Then the conditions (a)~({) are equivalent to
(n) bl is the union of a finite set and an element of the coset ring of T

(9) There exists a continuous projection of LY GY onto I

Added in proof. Most of Theorem 13 was proved independently by H. Reiter
who published it as Theorem 2 in Chapter 17 of his book L!-algebras and Segal
algebras, Lecture Notes in Math., vol. 231, Springer-Verlag, Berlin and New
York, 1971.

It was proved by M. Altman (Contracteurs dans les algébres de Banach, C.R.
Acad. Sci. Paris Sér. A 274 (1972), A399—A400) that for any Banach algebra the
existence of a bounded left approximate identity in Reiter’s sense is equivalent
to the existence of a bounded left approximate identity as the term is used in
this paper.
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