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Abstract.  Associated with every projection 7: P — m(P) of a polytope P is a partially
ordered set of all “locally coherent strings”: the families of proper faces of P that project to
valid subdivisions of r ( P), partially ordered by the natural inclusion relation. The “Géneral-
ized Baues Conjecture” posed by Billera et al. {4] asked whether this partially ordered set al-
ways has the homotopy type of a sphere of dimension dim(P)—dim(s (P))— 1. We show that
this is true in the cases when dim(z (P)) = 1 (see [4]) and when dim(P) — dim(z (P)) < 2,
but fails in general. For an explicit counterexample we produce a nondegenerate projection
of a five-dimensional, simplicial, 2-neighborly polytope P with 10 vertices and 42 facets to
ahexagon 7(P) € R?. The construction of the counterexample is motivated by a geometric
analysis of the relation between the fibers in an arbitrary projection of polytopes.

1. Introduction

In this paper we study the poset w (P, ) of all “locally coherent strings” (defined below)
associated with a projection of a convex polytope. In particular, we prove a new special
case of the Generalized Baues Conjecture about the homotopy type of this poset, and
disprove the Conjecture by explicit counterexamples in the general case.

The investigation of the posets w(P, ) is motivated by problems that are concerned
with the global (topological) structure of a restricted set of subdivisions of a fixed compact
space. Such problems appear in very different frameworks, among them

¢ model theory of loop spaces (see [1] and [2]),
o spaces of triangulations of manifolds (see [15] for recent work),
e triangulations of point configurations and local transformations (see [10]-[12]),
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The second author was supported by a “Gerhard-Hess-Forschungsforderpreis™ of the Deutsche Forschungs-
gemeinschaft (DFG).
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¢ extension spaces of oriented matroids (see [17]), and
o finite models of the finite-dimensional Grassmannians (see [13] and [14]).

The Generalized Baues Conjecture, whose precise setting we now introduce, directly
applies to several of the situations we have just listed, and provides a prototypical model
for the others.

Let 7: P — m(P) be a projection of polytopes. Here we assume that P is a d-
polytope in R?, (P) is a d’-polytope in R, and 7: R — R? is an affine map. If =
maps more than one vertex of P to a single point in 7 (P) we call & degenerate, while
7 is weakly nondegenerate otherwise. If each affine dependence between projections
of vertices mw(v;), m(v2),...,w(v) is induced by an affine dependence between the
vertices vy, ..., U in P, then we call & (strongly) nondegenerate. The main objects of
study in this paper are the following.

Definition 1.1. A locally -coherent string—or a locally coherent string for short—is
a collection F of nontrivial faces of P (that is, faces different from P and from @), such
that:

o {7(F): F € F}is apolytopal subdivision of 7 ( P) without repetitions, that is, the
sets 7w (F) are distinct polytopes which form a polytopal complex with union 7 (P).
e n(F) C n(F')implies F = F' Nn~Y(x(F)),for F, F € F.

The finite set of all locally wr-coherent strings is partially ordered by

F<F e JreF.
The resulting 'partially ordered set (poset) of locally w-coherent strings is denoted by
w(P, ). Astring F € w(P, ) is called

o tight if dim(zz (F)) = dim(F) for all F € F, and
o globally -coherent—or coherent for short—if a ¥ € (R¢)*\{0} exists such that
7 can be factorized into

7 P8 (), v(x)): £ € P} 255 n(P),

such that (7, ¢)(F) is locally pr;-coherent. The subposet of all coherent strings
is denoted by weon (P, T) € (P, 7).

For a part (a) of the following useful Lemma see Chapter 9 of [18]. Part (b) is an
immediate consequence.

Lemma 1.2 (Properties of Tight Strings).

(a) A locally coherent string is minimal in w(P, 7 (P)) if and only if it is tight.
(b) If a tight locally coherent string is maximal, then it is an isolated element in
w(P, n(P)).

Definition 1.1 is equivalent to the definition of the set of all w-induced subdivisions
of n(P), denoted “S(P, 7 (P)),” in the paper of Billera et al. [4]. Since in general there
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may be many different locally m-coherent strings that determine the same polytopal
subdivision of 7 (P), we emphasize by our notation that one is dealing with objects in
P rather than with subdivisions of 7 (P).

Billera and Sturmfels [5], {18, Theorem 9.6] showed that the subposet weon (P, ) is
isomorphic to the poset of proper faces of the fiber polytope T.(P, ) of the projection
7, a convex polytope of dimension d — d'. Thus the order complex (simplicial complex
of chains, see [7]) of weon (P, ) is homeomorphic to a sphere of dimensiond —d’ — 1.
In general, the poset w(P, 1) is strictly larger than weq (P, ), and not homeomorphic
to a sphere. (See, e.g., p. 297 of [18].) However, in 1980 Baues conjectured in his work
on a model theorem for loop sgaces [2] (in somewhat different language) that for ' = 1
the poset w (P, ) of all locally coherent strings is homotopy equivalent to the sphere
5772, In 1991 Billera ez al. extended this to the following conjecture.

Conjecture 1.3 (Generalized Baues Conjecture) [4], [16, Section 5].  For every projec-
tion w: P — n(P) of a d-polytope P € R? 10 a d'-polytope n(P) < R?, the poset
w(P, ) of all locally rt-coherent strings is homotopy equivalent to the (d — d' — 1)-
sphere.
Even stronger, weon (P, ) is a retract of (P, & ): the inclusion map
Weon(P, ) = w(P, )

is a homotopy equivalence.

Even for projections of reasonably small and simple polytopes, the poset of all locally
coherent strings can be large and complicated. Up to now the main positive result,
motivating the Generalized Baues Conjecture, was the following theorem, which settled
the original conjecture by Baues {2].

Theorem 1.4 {4). The Generalized Baues Conjecture holds ford’ < 1.

Actually, in [4] this is formulated only for the case where the projection is nondegen-
erate. However, the proof can be extended to the general case without greater difficulty.

Theorem 1.5 (Partial Results for Special Polytopes P).

e If P is a simplex and dim(mw(P)) < 2, then the Generalized Baues Conjecture
holds ([4], a proof was recently presented by Edelman and Reiner in [9]).
"o If P is a hypercube and dim(z(P)) < 2 or dim(P) — dim(z (P)) < 3, then the
Generalized Baues Conjecture holds (see [17]).

We refer to [5], [6], [14], and [16] for related discussions. Our main positive result is
the following special case.

Theorem 1.6. The Generalized Baues Conjecture holds ford — d’ < 2.

After preliminary work on the structure of locally coherent strings (including a char-
acterization theorem in terms of functions on the chamber complex) in Section 2, we
prove Theorem 1.6 in Section 3.
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Theorem 1.7. The Generalized Baues Conjecture is false in general for d' > 2 and
d-d >3

In Section 4 we present a construction method for polytope projections that have
isolated elements in their posets of all locally coherent strings, thus proving Theorem 1.7.
In order to provide more geometric/combinatorial intuition for “what goes wrong here,”
we present explicit coordinates for two counterexamples in Section 5, together with
simple, independent proofs that these polytope projections violate the Generalized Baues
Conjecture. These proofs depend on “hands-on” knowledge of the face lattices of the
polytopes, as can be obtained from Fourier~Motzkin elimination (or any similar convex
hull algorithm).

The first example is one special instance of the construction method of Section 4. It
is an extremely degenerate projection w4%8: P98 — gy (Pd4e) =: Q%E where PI% is
a 5-polytope with 10 vertices and 36 facets and Q% is a triangle. Each vertex of P
is projected by w9 either to a vertex or to the center of the triangle Q9. In this case
w(P%8, 798) has an isolated element.

The second example—obtained by perturbation of the vertices of the first—is a
strongly nondegenerate projection 7: P — n(P) =: Q, where P is a 2-neighborly,
simplicial 5-polytope with 10 vertices and 42(!) facets, and Q is a hexagon. Here w (P, 7)
is disconnected: the locally coherent strings of one connected component all have three
special 2-faces of P in common.

By Theorems 1.4 and 1.6 these counterexamples have both minimal dimension and
codimension. They easily imply that the Generalized Baues Conjecture also fails in any
higher dimension and codimension.

The most interesting cases of the Generalized Baues Conjecture that remain open are
the following:

o P is a simplex, and dim(z(P)) > 2 (directly relevant for triangulations and their
local transformations),

o P is a hypercube, for dim(r(P)) > 2 and dim(P) — dim(x(P)) > 3 (important
for extension spaces of oriented matroids).

2. Functions on the Chamber Complex

In this section we point out two crucial facts. The first one describes a basic property
of the chamber complex of a polytope projection, the second one is a “local coherence
condition” in terms of the normal fans of the fibers of the projection.

Given any linear or affine function ¥ on a space that contains the polytope P, we use
PV to denote the set of all points in P on which v is maximal. This set P¥ is a face
of P, and all nonempty faces of P have this form (¥ = 0 corresponds to P itself). We
use L(P) to denote the face lattice of P: the set of all faces of P C RY, partially ordered
by inclusion. This includes the trivial faces @ and P.

For a polytope projection n: P — n(P) =: Q as above, the chamber complex I' is
the set of intersections of all images of faces of P that contain a given point in Q, that is,

I' := {o(9): q € O},
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where
o(q) = |(r(F): g € x(F), F € L(P)}

is the chamber of ¢ € Q. (It can be shown that T" is a polytopal complex subdividing Q.
The chamber complex I is the common refinement of all  -coherent subdivisions of Q,
and therefore shellable.) '

There is no loss of generality if we assume from now on that the projection map
7: R? > R? is the restriction to the last d’ coordinates. For any g € Q the fiber of ¢

is the polytope
P, :=={x e R (x,q) € P).

Thus we consider the fibers as full-dimensional polytopes P, in the (fixed) vector space
R4~ Whenever we need to interpret a fiber as a subset of R? we write i, (P,), where
ig(x) := (x,q) € R?. The (surjective) map i;: (RY)* — (R"%)" is as usual defined
by ig(@)(x) = a(ig(x)) = a(x, q).

The nonempty faces of the fibers P, can be represented in the form Pq"’ ,where Y isa
linear functional ¥ € (R%~¢)*. Now if P} is any nonempty face of a fiber P,, then we
use [¥] to denote the (closed, polyhedral) cone in (R4~%)* of all linear functions that
are maximal on the face P,;" of P,. This set [y] is the normal cone of the face Pf. If
q' is another point that lies in the relative interior of the same chamber of the chamber
complex as p, then the normal cones of the face Pq'” of P, and P} of P, coincide (that
is, the fibers P, and P, are normally equivalent, see, e.g., [5]). Thus we can use the
notation [¥], for the normal cone of the face that y defines in the fiber, called the normal
cone over o induced by ¥. Moreover, let N(o) denote the fan consisting of all normal
cones over o, the normal fan over o (that is, the normal fan of the fiber over a point in
the relative interior of o).

For each face Pq‘” of a fiber P, there is a unique minimal face of P that contains

Pq‘” (the intersection of all faces that contain Pf). We use F, y to denote this face of P
corresponding to the face qu of P,. For its normal cone in (R%)* we use the notation
Cp(F,,y). Figure 1 depicts the situation ford =2 andd’ = 1.

The following lemma collects the elementary basic facts.

L Ce(Fw)\
7 W R*
Foy
Pq
'3
' b
d-d
R o .q Q o R.{

Fig. 1. The face F, y induced by ¥ € (R%~%)".
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Lemma 2.1 (Basic Facts). The faces of the polytope P, of the fibers P,, and the cham-
bers o € I, are related as follows:

(i) The chamber of q € Q is given by

o@= () w(Fy)
,,,E(Rd—d').

(ii) Forallqg € Qand ¥, ¥' € (R9~9)*,
qu < qu =4 Fq.W < Fq.W’-

(ili) Forallq,q’ € Q and Y € (R?~%)*,

q' erelintn(F,y) = Fpy=F,y,
q' € aﬂ(Fq'w) = Fq',q, C Fq,w,
n(Fpy) Cn(Fay) & Fpy CFy,

a(FgyNe--NF 4) A(Fg )N - N (Fyy).

(iv) Letq' € 0(g),q € Q,x € P}, x" € P}, and o € Cp(F,y). Then
ig(@)(x’) = ig(a)(x).

(v) The normal cone Cp(Fy ) of F,y in (RY)* is mapped by iy onto the normal
cone of Pf in (R¥=9)*.
(vi) Foreachface F of P thereareq € Q and ¥ € (R4%)* such that

F=F,.

As a corollary of (iii) we get that if ¥ is fixed, then the face F, y does not change if
q moves in the relative interior of the chamber o (g). Hence with each chamber ¢ and
each functional ¥ we can associate a well-defined face of P, via

Foy =Fgy, q € relint(o).
The following “normal fan relation” of the chamber was used in the special cased’ = 1

by Billera et al. [4] in their proof of the Baues Conjecture. Here we state its general
validity.

Lemma 2.2. Ift isaface of o in the chamber complex T, then for each ¢ € (R4~4)*
the normal cone over T defined by V is contained in the corresponding normal cone
overo:

t<oel = [yl Sl
Hence, the normal fan over o is a refinement of the normal fan over t:

N(o) < N(1).
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e ‘.'_,\'/.- / \ [ :J.'v.- II'\.
3 N /
(a) (b)

Fig. 2. The normal fan relation.

Proof. Let g = i}(x) be a linear functional on (R*~)* in [¢], with ¢ € relint(c)
and some « in the normal cone Cp(F, ) of F,  in P by Lemma 2.1(v). Then

@ =i3(@) € (Cp(Foy))-

However, this is contained in i;,(C p(Fsy)) foreach ¢’ € o (Lemma 2.1(iv)), especially
forq’ er.

We know from Lemma 2.1(iii) that if 7 is a face of o, then F; y is a face of Fy y for
all ¢ € (R9-%)*. Hence, again from Lemma 2.1(v) we derive

i2(Cp(Fay)) Cit(Cp(Fey)) = [¥]s,

which completes the proof. ]

Remark 2.3. In general we cannot expect a strict refinement (see Fig. 2), because the
map iz, does not preserve strict inclusions if the projection is degenerate. However, if we
restrict ourselves to nondegenerate projections, then the cone inclusion has to be proper
for at least one ¥ € (R?~?)*, and therefore the fan refinement is strict.

The following proposition describes the relations between the fibers over adjacent
chambers even metrically.

Proposition 2.4. Let 0 € " be a chamber with vertices vy, . .., v and

k
q= Z Aiy;
i=l

with A; > 0 and Zf___l Ai = 1. Then P, is the Minkowski sum of the fibers over the
vertices of 0, scaled as in the representation of q in o,

k
Pp=) NP,
i=1
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Proof. Consider the polytope projection
7s: Poi=n"(0) = 0.

In this very special case the fiber over each vertex v; of o is the convex hull of ver-
tices v; y, ..., viji) of P, and these are the only vertices of P,. This yields the claim
after a straightforward computation. O

Corollary 2.5. The normal fan over the relative interior of a chamber o € T is exactly
the common refinement of the normal fans over the faces of o.

Any locally coherent string can be interpreted as a function which associates a face of
P, toevery point g € Q in some “locally coherent” way. This selection must be constant
(in the sense that the same face F; 4 is chosen) in the relative interior of every chamber.
No locally coherent string can contain a whole d’-dimensional fiber P, for some g € Q,
because this would imply that P itself is contained in that string. Complete fibers P, of
dimension smaller than d'—e.g., for g in the boundary of Q—can always be expressed
by nonzero normal vectors. (For example, if a fiber consists only of one vertex any
nonzero vector will do the job.) Hence, we interpret the selection functions as functions
from I to $9~¢ -1, where ¥, € S*~¢~! induces a face of a fiber over a—which is a
proper one whenever the fiber is full-dimensional—and therefore a proper face of P.

The following criterion (see [4] for the case d’ = 1) describes the admissible selection
functions in terms of normal cones.

Proposition 2.6 (Cone Condition). A function

d~d'—
=S N

Y o - v,
defines a locally m-coherent string of Q via
F@p):=(Fyy,: o €T}
ifand only if for all o, T € I with t < o one has
relintfy, ], € relint]y },.

Furthermore, every locally coherent string arises from a selection function v in this
way. Two functions v and ¢’ define the same string, F (1) = F ('), if and only if
{¥slo =¥, holds forallc € T.

The proof is a careful check of definitions, where Lemma 2.1 yields the necessary
details.

Definition 2.7. A function % as in Proposition 2.6 is called locally coherent. Two
functions v, ¢’ are equivalent if they define the same locally coherent string. In this
case we write

W =[]

for their equivalence class.
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Because of Lemma 2.2 the crucial function values are just those over the chambers
of maximal dimension.

Proposition 2.8 (Pairwise Cone Condition). The cone condition in Proposition 2.6 is
equivalent to the following:

[‘pm ]0]00’2 = [w&:]mﬂaz

for all d'-dimensional chambers oy, o2 € " such that o1 0 oy # B. Any function that
respects the pairwise cone condition for the chambers of dimension d' can be completed
to a locally coherent function.

Figure 3 illustrates Propositions 2.6 and 2.8 for the situationd =3 and d’ = 1.

Fig. 3. The pairwise cone condition. For example, a choice of 1 over o, and 5 over o3 is locally coherent
and would imply the choice of 3 over o23. If 2 is chosen over o7, then 5 is not a consistent choice over o3.
However, in this case 6 or 7 are “good choices” over g3—with respect to the pairwise cone condition—which
both determine 4 over g23. Observe that, for example, the open normal cone at 6 is the intersection of the open
normal cones at 8 and 4 (compare Corollary 2.5).
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3. Validity in Low Codimension

In this section we prove Theorem 1.6, by presenting an explicit retraction of the following
models of the order complexes of w(P, i) and weon( P, ), namely

Q={¢ e (S"H": Yol =[Y:) forallt <o €T}

and
Qeon = (¥ € (SHT: ¥y = ¥, forall 7,0 € T}.

The topology of the order complexes coincides with the topology induced by the canon-
ical metric on ©, Qcon S (ST, induced from (S')T viewed as a product of copies of
the metric space S*.

Let 0 € I'. From now on we call two values v¥; and ¥, in S! locally coherent with
respect to @, if

(Y1l = [¥2ls. H
A function
P: T - 5!

defines a locally coherent string if and only if all function values of intersecting chambers
are pairwise locally coherent with respect to the intersection of their preimages. (This is
the pairwise cone condition of Proposition 2.8.)

The crucial observation for the situation in codimension 2 is that the local coherence
property reduces to a distance property for function values in the universal cover of S':
if we replace two locally coherent function values by values in the closed interval they
span, then they stay locally coherent. In higher codimensions this fails in general.

Proof of Theorem 1.6 (in seven steps).

Step 1. From now on we write g, for the barycenter of the chamber o € I'. For a function

Y
1‘[):{I‘ st,

o~ Y
that defines a locally coherent string let
1,7): Q — S
be the unique piecewise linear function on Q with
b(go) = Vo

for all chambers o € I'. Here “piecewise linear” means that whenever g is in the
simplex spanned by the barycenters of the chambers 0;, i = 1, ..., k, with barycentric
coordinates Ay, ..., A > O and Zf‘___ A = 1, its function value is given by

= Zf:l A-i 0) (qa; )
I3k Aib(ga)l

D(q)



Projections of Polytopes and the Generalized Baues Conjecture 225

This yields a well-defined continuous function: the function v defines a locally coherent
string and thus the function values on pairwise adjacent chambers lie inside some open
hemisphere in S' (see Corollary 2.5).

Step 2. For the rest of the proof let op be a fixed chamber of I', let 9: ' — S' be a
locally coherent function, and let ¥ := ¥, be its value for op. For A € § et

& {zeC: |zl =1} » S,
A 11— A

be an isometry that coordinatizes S'. Let
w: [0,1] > Q
be a path in Q that starts at g,,. Then

[0,1] - §,

VT @ow)

is a path in §' that starts at .
Step 3. Let

R = {zeCilizl =1},
"1t - exp(2rmit)

be the universal covering of {z € C: ||z]| = 1} and let
R - s,
Yl @rop®
be the universal covering of S! where the parameter A describes different coordinate
systems on S'. For a path
u: [0,1] - §'
with u(0) = A let
Ly(u) :=Lp,(u,0): [0,1] > R

be its lifting with L; (#)(0) = 0. We know from the theory of coverings that liftings of
paths that are homotopic relative to 3[0, 1] have the same endpoint.

Step 4. We now lift the “distance” between the considered function values to R in order
to get maximum and minimum values.

Definition 3.1. We define the twist of 1) to be the following function:

' - R,

- 2
o = Ly, (3,)(w)(D), @

twisty: [

where w: [0, 1] — Q is a path from g,, to ¢,.
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Po
S, B -—" . R}
N
\\__\. 0 ni‘,wistw{au}

\ // ~ Ly (¥,)(w)

wﬂ \ \\ IIFTtUJ?S?‘.w[U:]
\m \ /

Fig.4. The twistof o.

In other words: coordinatize S' properly, take a path from the barycenter of g to
the barycenter of o, consider the corresponding path induced by the piecewise linear
extension 17) of 1, and take the endpoint of its lifting to R. This is well defined by step
3 because all paths in Q are homotopic. From the definition we get that twisty,(6o) = 0.
Figure 4 shows the twist of the chamber o

A locally coherent string is globally coherent if and only if it can be described by a
function v with twisty,(I') = {0}. In addition we have py, o twisty = v, which makes
it possible to recover the function 1 from its twist or to define a new function v’ by
simply changing the twist of 1) (with twist of 0o unchanged) and projecting it via py,.

Step 5. The following lemma shows that local coherence in this special case is preserved
under “pushing together” lifted function values—this is the crucial point that cannot be
generalized to higher codimension.

Lemma 3.2. Let+: T — S' be a locally coherent function, in particular v,,, Yo
and Y4, are pairwise locally coherent with respect to 013 := o1 N a;. Without loss of
generality, let twisty(a1) < twisty(03). Then each pair of values v\, Y2 contained in
the arc

Pyo ([twisty(a1), twisty(a)]) C §*

is locally coherent with respect to o) as well.
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Proof. Letwg,: [0, 1] — Q be an arbitrary path from g, to g,,, and let w; 5: [0, 1] —
Q be the polygonal path which leads straight from g, t0 g,, and then straight from g,
to ¢5,. (The following will not depend on parametrization.) Because of local coherence
over 0); we have

Yo, € relint v, lo,,, (3)
‘l’az e relint['/’an ]d|z 1) (4)
‘[/mz e relint["l’a’u ]dxz (5)

By definition, each ¢ on the straight line from g, to q,,,2 is mapped by 1/; to a point
between ¢(q01) = Vs, and ¢(an2) = V¥,,,. (“Between” is well defined because all these
points lie in the same pointed cone [V5,,]0,,.) Analogously, each ¢ on the straight line

from g, to g, is mapped by {b to a point between 1(q,,,) = Vo,, and ¥ (gs,) = Vo,-
Hence we get
P, (wy)(t) € relint[y,,],,  forall ¢e[0,1]. (6)

Therefore, if we compute the twist of ¥; and yr, using the paths wq; and wo; - w2
(the concatenation of wg ; and w; »), we get that all values in the interval

[tWiSt'/, (01), twist,,, (02)]

project into the open cone relint[y,,,],,,, and hence produce local coherent pairs. [

If a twist is extremal, then there is only one direction in R with other twist values.
That means we can “retwist” all chambers that yield this extremal value until their twist
meets the next occurring different twist. So at the next step we introduce a “twist cutoff”
homotopy.

Step 6. Let M (1)) be the maximum of all absolute values of t)-twists taken over all
chambers o € I'. Define

wista(o.n: [T X011 > R
ity (@01 (6, 1) ~> max{min{twisty (@), tM(W)}, —tMW)}.

Step 7. Now we are in position to define the final “retwist” homotopy. Let
,: rx[o,1] — S,
! (0,1) > py,(twisty(o, 1)).

Then v, (o) = ¥, and Yy(c) = Yy forallo € I'. Hence, ¢, = ¢ € Q and 1y € Qcon.
This yields the desired retraction

u- {Q x [0,1] — S,
b, 1) — 1,
with
H(Q, D =idg and H(RQ,0) = Qcon.

This retraction is continuous in ¢ by definition. It is continuous in % because it contracts
distances between functions according to the maximum metric. a
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This proof and the proof of Theorem 1.4 by Billera et al. [4] suggest a duality between
the geometric situations in the case dim(Q) = 1 and the case dim(P) — dim(Q) = 2,
as would be expected from an oriented matroid perspective (see also Billera et al. [3]):

o In the case of dimension 1 the polytope Q is linearly ordered and therefore has a
“maximum chamber” with a local coherence condition only in one direction. The
retraction can start at this chamber moving its function value to that of the next
adjacent chamber, no matter what the dimension of the image sphere is.

o In the case of codimension 2 the chambers can yield a very complicated structure
of local coherence conditions between their function values, but in this case the
lifting of the image of this structure can be easily retracted in R starting from its
boundary, i.e., from the extremal values.

Analysis of the key points in the proof of Theorem 1.6 also led us to the crucial
structures for the counterexamples in Sections 4 and 5.

4. How To Construct a Counterexample

In this section we introduce the main idea for the construction of a counterexample
in dimension dim(Q) = 2 and codimension dim(P) — dim(Q) = 3. We start with a
configuration of three two-dimensional chambers o/, 0,, o3 that form a subdivision I' of
Q (see Fig. 5(a)). The corresponding edges in the boundary of Q are 7, 1;, and 73. We
denote g; M o; by g;;, and thus the inner vertex o1 N o3 N 03 by 0123. Analogously, we
set; Nt =: 7. ’

We want to construct functions ¢: I' — 52 that satisfy the “local coherence condi-
tion” (Proposition 2.6) with respect to the fiber structure of some polytope projection.
First we assign to each o; a fixed value ¥, in S? such that the cone spanned by the v,
in (R*)* is full-dimensional. Since ¥ ought to be locally coherent this leads to several
restrictions on the possible structures of the normal fans over the chambers.

W)ﬂ]ﬂn
(wﬂ'l ]ﬂn
[wﬂl ]Ul‘!

g g3

[wa 2 ]723

(a) (b)

Fig. 5. A simple chamber complex (a) and a sketch for a possible “locally coherent” choice of function
values on this complex (b).
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There is a consistent choice for ., only if ¥, and v, lie in the same open cone of
the normal fan over relint(o,2). In general, this open cone (which describes the correct
selections for y,,,) does not contain ¥,,. These cones are the crucial ones because, for
local coherence at the inner vertex o123, we just have to choose a vector in the open cone
of the normal fan over o}2; that contains the rest of the configuration, which is always
possible (see Lemma 2.2). The generic topological picture of the situation in the sphere
S2 is as in Fig. 5(b), which is a superposition of cones from the normal fans over o;;
and o 123.

_ If the vectors v, are in general position with respect to some fiber structure, then the
locally w-coherent string Fy they determine in a polytope projection that induces this
fiber structure is tight. In the following we describe what “has to go wrong” to get a fiber
structure in which this tight string is not dominated by a nontight one F > Fg. (In this
case the tight string is stuck: this is the situation of Lemma 1.2(b).)

To get from Fy to F, we have to move at least one of the vectors v, to a more special
position, that is, to to the boundary of the normal cone it lies in. It can now be seen
that for every movement of a function value of a maximal chamber—say v, —to a face
of the normal cone associated with an edge, say ¥,,,, a movement of the other normal
vector—here y,,—contained in that cone to the same face is required in order to stay
locally coherent.

The idea is now to produce a configuration of normal cones of the fibers such that for
each cone corresponding to the starting values of the function % no face is reachable by
both the function values of the maximal chambers in a way such that the intermediate
functions stay locally coherent.

Consider the “basket ball” with three segments in Fig. 6(a): the normal fan of a triangle
in R3 intersected with the 2-sphere. We take three perturbed copies of this configuration
such that the superposition locally looks as in Fig. 6(b). The rounded triangle bounding
the configuration sketches the normal cone of ¥, over o)y; (its exact shape is not
important, it could have, for example, more than six extremal rays). Together with the
three basket balls it provides the three triangular “prisons” which the function values are
placed into. These function values are pairwise locally coherent because v,, and Vo,

L2
[¥o3]on

Vo)1

Valon,
Yo,

(a) (b)

Fig. 6. The “basket-ball obstruction.”
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-~ — —senh, e

Ve J 4
(a) (b) (c) (d)

Fig. 7. A part of the normal fan over the vertex 1,2 of Q (a), over o123 (b), over the corresponding edge
12 (c), and over the adjacent two-dimensional chamber oy (d). If ¥, is chosen in the interior of the shaded
cone, and if ¥, and ¥, are chosen analogously with respect 1o the rotational symmetry we get the basket-ball
obstruction of Fig. 6.

lie in the same cone [V, 5, OVer 012, and so on. There is no possibility of pushing the
function values to a more special position without violating the pairwise cone condition.

Assume, without loss of generality, ¥, moves to a face of [¥/5,]s,, While no other
function value has reached a more special position earlier. Then 1, has to move to the
same face at the same moment—but then it must have passed over a face of [/, ]5,, in the
meantime: a contradiction (see the “funny star-like thing,” a flash where the contradiction
occurs, in Fig. 6(b)).

In the same manner all possibilities of moving function values over the 2-chambers
fail. Hence this provides an obstruction for homotopies on the starting function ¢ which
we call the “basket-ball obstruction.” v

The configuration of Fig. 6 is realized by the following innocent-looking construction
that is illustrated in Fig. 7.

‘e Letr: R’ — R? be the projection to the last two coordinates. :

o Put three triangles into R° in the following way: each triangle projects down to
one vertex of the triangle O, such that the superposition of their normal fans in R3
(basket balls!) locally looks like the configuration inside [/ },,,, in Fig. 6(b)—the
local basket-ball obstruction.

e Let Pd be their convex hull in R3. At this point the normal fan over 07,3 is the
common refinement of the three basket balls (Corollary 2.5).

o Position a single vertex into R3 such that it projects to the O-cell 5,23 in the center
of T". The resulting fiber over o33 will just be the convex hull of the old fiber over
0123 and the new vertex. Choose the new vertex v in such a way that its normal
cone in the fiber realizes the cone [¥,],,,, of Fig. 6(b). (From the primal point of
view we put the vertex “beyond” those faces of the fiber that have normal cones
in the local basket-ball obstruction. Hence, in the new normal fan over o3 the
local basket-ball obstruction is replaced by the normal cone of the new vertex.)
The resulting polytope P98 = conv(Pd8, v) has 10 vertices.

e Because of Proposition 2.2 the normal fans over the edges o;; of I are the common
refinement of the normal fan over ;3 and the normal fan over the corresponding
vertex of Q. Over a vertex of Q there is one basket ball and over o)23 there is a fan
that contains a cone that “locks” the basket-ball obstruction into one cone.

¢ Define the function values on o; as in Fig. 6(b) and the function values on o;;
somewhere inside the corresponding cones [V, 15, = [¥5,]0,-
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s Complete this function on the boundary of Q (Proposition 2.8). This yields a tight
locally coherent string that is not dominated by a coarser one, i.e., an isolated
element in w (P, r) (see Lemma 1.2(b)).

In Section 5 we present a version of P38 with explicit coordinates in R3. Moreover,
we slightly perturb the vertices of P%€ to get a simplicial, nondegenerate counterexample
P. For each of them we provide another, simple way to see that it violates the Generalized
Baues Conjecture.

S. An Explicit Counterexample

Throughout this section we use homogeneous coordinates in order to get a nice three-
fold rotational symmetry for Q%% and Q without square roots. We use projections that
delete the first three coordinates. The following list contains as rows the (homogeneous)
coordinates for ten points in R> in convex position:

DIM = 6

CONE " SECTION

( 1) 1 0 0 1 0 0
( 2) 0 3/2 1 1 0 0
( 3) 0 1 3/2 1 0 0
( 4) 0 1 0 0 1 0
{ 5) 1 0 3/2 0 1 0
( 6) 3/2 0 1 0 1 0
7 0 0 0

( 8 3/2 1 0 0 1
( 9) 1 3/2 0 0 0

(10) 2 2 2 1/3 1/3 1/3
END

The first nine rows correspond to the three triangles of the abstract construction
in Section 4, the tenth one represents the additional vertex. The chamber complex of
the projection to the last three coordinates is as in Fig. 5(a). The normal fans of the
three triangles in R? form the basket ball obstruction. The additional vertex yields the
midpoint of the chamber complex and bounds the obstruction over the edges of the
chamber complex. Figure 8 is an attempt to visualize the construction.

The above listing is in correct input format for the PORTA program by Christof [8].
This program easily produces a complete list of all 36 facets of P, and the vertex—facet
incidence matrix in Fig. 10.

The following tight locally coherent string—where the faces F' ,d 8 deeg, F3d ¢ (see
Fig. 9) are given by their vertices labeled as in the listing above—correspond to the three
given function values in Fig. 6:

Fo® =1{(1,4,10), 4.7, 10), (7, 1, 10)},
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s —N(1,0,0)

f,.r" N(1/3,1/3,1/3)
\ . .  N/a1/3/8)
|, z :

JN(0.1,0) L

""“-nﬁ_____ B AR IR) ———— (0.0.1)
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Fig. 8. A sketch of 7%8: P9 — (9°: Over each vertex of Q%€ one perturbed basket ball is positioned.
Adding the tenth vertex in the middle provides a bounding cone around the basket-ball obstruction. (The
gray vertices and the dotted lines are drawn to indicate the positions of the fans with respect to each other.)
The 5-polytope P9 is the convex hull of the three dark triangles—each of them in an R? over one vertex
of Q%8—and the additional vertex (10) in the middle. .

where the actual string contains all the nonempty faces of the three triangles that are
listed.

Once we have this, it is very easy to see independently from Section 4 that this is a
counterexample to the Generalized Baues Conjecture. To form a strictly coarser string
we must replace at least one of the faces F, ,d = F; e F3d € in ]—"Odeg by a face ﬁideg of pdee
that contains F 8. This can be described by adding one or more vertices to F;"® such
that we get a face. From the definition of a locally coherent string it follows that a new
vertex v has to be added (combinatorially) to all faces of F ¥ whose projection contains
w(v).

From the vertex—facet incidence matrix we can compute for each face F in fodeg all
sets V of vertices in P48\ F such that vert(F)U V are the vertices of a face in P92 They
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Fig. 9. The medium-dark triangles correspond to the isolated locally coherent string {(1. 4, 10), (4, 7, 10),
(7, 1, 10} that is defined by the function values ¥, , ¥o,, and Vg, for the chambers o), 07, and 03.

correspond exactly to the faces in the link of F in P%® denoted by [k(F) := Ik pe: (F).
It turns out that all links are 4-gons, namely

lk(1,4,10) = 2-9-8-6-2),
1k(4,7,10) (5-3-2-9-5),
lk(7,1,10) = 8~6-5-3-28).

Because of the rotational symmetry it suffices to test the vertices in lk(1, 4, 10).
For example adding vertex 2 to the face (1, 4, 10) requires adding vertex 2 to the face
(7, 1, 10) because 7 (7, 1, 10) contains 7 (2)—but vertex 2 is not contained in the link
of (7, 1, 10). Analogous contradictions occur in all other cases. This proves that fodeg
is in fact an isolated element in w (P9, 7). This example corresponds exactly to the
construction at the end of Section 4.
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Fig. 10. The vertex—facet incidence matrix of P,

The coordinates of P%2 can be slightly perturbed in order to make the projection non-
degenerate. We claim that the following listing contains the coordinates of a simplicial,
nondegenerate counterexample P:

DIM = 6

CONE " SECTION

( 1) 1 0 0 1 0 0
¢ 2) 0 3/2 1 1 -1/11 -1/21
( 3) 0 1 3/2 1 -1/20 -1/10
( 4) 0 1 0 0 1 0
( 5) 1 0 3/2 -1/21 1 -1/11
( 6) 3/2 0 1 -1/10 1 -1/20
( 7) 0 0 1 0 0 1
( 8) 3/2 1 0 -1/11 -1/21 1
{ 9 1 372 0 -1/20 -1/10 1
(10) 2 2 2 1/3 1/3 1/3
END

All the vertices of P project to pairwise different points in the plane. We again inspect
the vertex—facet incidence matrix, see Fig. 12. Each facet has exactly five vertices, so P
is a simplicial polytope. Consider the chamber complex of the projection in Fig. 11—a
computer-generated drawing which also shows that P is 2-neighborly. The projections
of the three faces (1,4, 10), (4,7, 10), and (7, 1, 10) do not cover Q. However, for
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Fig. 11. The chamber complex of 7.

chambers that are not covered we find, for example, the following tight completion:

Fo = {(1,4,10),(1,2,4), (2,3, 4), 3,4, 5),
4,7,10), 4,5,7), (5.6, 7), 6,7, 8),
(7,1,10), (7,8,9), (8,9, 1), 5, 1, 2)).

This is not an isolated element in w ( P, 7), because there are local changes possible on
the new faces. For example, the faces (1, 2, 4) and (2, 3, 4) are dominated by (1, 2, 3, 4),
etc. However, a local change of (1, 4, 10), (4,7, 10), or (7, 1, 10) is not possible. To
see this, we first check that no facet of P contains more than one of these three faces.
Consider again Fig. 11. If, without loss of generality, we take any face F in P that contains
(1, 4, 10) we observe that some new edge of F projects into the interior of 7(4,7, 10)
or (7, 1, 10). (The link of (1, 4, 10) is again (2 — 9 — 8 — 6 — 2), etc.) For example,
if we replace (1, 4, 10) by (1, 2, 4, 10), then the projection of the new edge (2, 10) cuts
through the interior of 7 (7, 1, 10). Thus we have produced overlapping projections, a
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Fig. 12. The ventex—facet incidence matrix of P.

contradiction to the fact that every locally coherent string defines a polyhedral subdivision
after projection.

We see that any locally coherent string in the connected component of Fy must
contain the three faces (1, 4, 10), (4, 7, 10), and (7, 1, 10). However, obviously there is
the following locally coherent string where the face (1, 4, 7) replaces the three “rigid”
faces:

fl = {(17 41 7)’ (lv 2» 4)’ (21 3v4), (3,41 5),
4,5,7),(5,6,7),(6,7,8),
(7,8,9),(8,9, 1), (9,1, 2)}.

Thus we conclude that there are at least two connected components in @ (P, ), in
contradiction to the Generalized Baues Conjecture.
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