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T h e fo rm u la e fo r th e m o le c u la r o rb i ta ls a n d c o r r e s p o n d in g

e n e rg y - le v e ls th a t a r i s e in a H i ic k e l m o le c u la r - o rb i ta l (H M O )

tr e a tm e n t o f M i: ib iu s s y s te m s a r e d e r iv e d b y a p p e a l to th e th e o ry

o f s k e w -c i r c u la n t m a tr ic e s . T h e a p p ro a c h a d o p te d is a n a lo g o u s to

th a t p r e v io u s ly u s e d to o b ta in th e o rb i ta l e n e rg ie a a n d H M O 's o f

'H i ic k e l ' a n n u le n e s f r o m th e th e o ry o f c i r c u la n t m a tr ic e s .

IN T R O D U C T IO N

I n h is c la s s ic 1 9 6 4 p a p e r , H e i lb ro n n e r ! s ta te d (w i th o u t p ro o f ) th e e x p r e s -

s io n s fo r th e m o le c u la r o rb i ta ls , a n d c o r r e s p o n d in g e n e rg y - le v e ls , th a t a r i s e

in a H i ic k e l -m o le c u la r - o rb i ta l (H M O ) tr e a tm e n t o f M č b iu s s y s te m s - r e s u l t s

w h ic h v e ry q u ic k ly in s p i r e d o th e r s = ? to a n in te n s iv e th e o r e t ic a l s tu d y o f

M 6 b iu s m o le c u le s .? T h e s e s a m e fo rm u la e w e re s u b s e q u e n t ly p ro v e d in Z im -

m e rm a n 's b o o k " ; th is p ro o f is , h o w e v e r , n o t a s h o r t o n e , m a k in g a p p e a l , a s

i t d o e s , to th e id e a s o f g ro u p th e o ry a n d th e u s e o f t r ia l s o lu t io n s . I n th is

n o te , th e r e fo r e , w e s h o w h o w th e s e r e s u i t s m a y b e e le g a n t ly o b ta in e d , o u ts id e

th e im m e d ia te r e a lm s o f H M O th e o ry , b y ju d ic io u s e x p lo i ta t io n o f th e th e o ry

o f s k e w -c i r c u la n t m a tr ic e s .P '" ! T h e a rg u m e n ts c a l le d u p o n a r e e n t i r e ly a n a -

lo g o u s to th o s e p r e v io u s ly in v o k e d b y o n e o f U S
1 3

,1 4 to d e r iv e th e o rb i ta l

e n e rg ie s a n d H M O 's o f 'H i ic k e l ' a n n u le n e s f r o m th e th e o ry o f c i r c u la n t

m a tr ic e s ( e . g . , r e f . 1 3 ) .
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T H E P R O P E R T IE S O F C IR C U L A N T M A T R IC E S
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h a s b e e n sh ow n 1 0 -1 5 to h a v e e ig e n v a lu e s , {Ak'} k = 1 ,2 , . . . , n, a n d e ig e n -

v e c to rs , {V k'} k = 1 , 2 , . . . , n, w h e re

(1),

a n d

v'
k

(2 ) ,

a n d (Uk is a n nth ro o t o f u n ity - i . e . , o n e o f th e n ro o ts o f th e s c a la r e q u a tio n

w
n = 1 (3 ) .

T H E P R O P E R T IE S O F SK EW -C IR C U L A N T M A T R IC E S

W e P O W s h ow th a t th e sk ew -c irc u la n t m a tr ix B ,

0
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3 ···... a n

-a n 0
1 0 2 ···... ~ -1

B -o n _ 1 -a n 0 1 ·.·... ° r> -2

..................
-0

2 -0 3 ,
-0

4 ···...- 0
1

h a s e ig e n v a lu e s a n d e ig e n v e c to rs fo rm a lly g iv e n b y e q u a tio n s (1 ) a n d (2 ) ,

p ro v id e d th a t (Uk in th o s e e q u a tio n s is e v e ryw h e re re p la c e d b y @k, w h e re ek

is a n nth ro o t o f m in u s o n e .

F ir s t c o n s id e r th e q u a n ti ty

(4 )
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w h e r e @ k i s o n e p a r t ic u la r n th r o o t o f m in u s o n e - i . e . , o n e o f th e n r o o ts

o f th e s c a la r e q u a t io n

19n=-1 ( 5 ) ,

E q u a t io n (5) h a s s o lu t io n s {19k} k = 1 ,2 , . . . , n, w h ic h a r e g iv e n b y

19k = c o s [(2k + 1 ) 1 r /n J + i s in [(2k + 1 ) 1rlnJ = e x p [(2k + 1 ) i 1rlnJ (6).

I t w i l l b e c le a r f r o m e q u a t io n s ( 4 ) a n d ( 5 ) th a t th e f o l lo w in g e q u a t io n s a r e

t r u e :

lk = a l + a2 19
k
+ a319k

2 + ... + a n 19kn-l

19
k
1
k

= - a n + a l 19
k
+ a2 19

k
2 + + a

n
_
l

19kU-l

19
k
2 lk = - an_

l
- an 19

k
+ a l 19

k
! + + an_2 19kn-l ( 7 )

T h is s e t o f e q u a t io n s im p l ie s th e f o l lo w in g m a tr ix e q u a t io n :

al O
2

0
3 an /'\

al O
2 an 1 Q

k Qk \

-an al °n_2 Q2
= Ak

Q2 (8)
k k

..................
:~ )

- 0 3 - 0 4 ..... al Q
k

w h ic h , o n th e le f t - h a n d s iđ e , c o n ta in s th e s k e w -c i r c u la n t m a t r ix B . R e n e e ,

th e v e c to r *

(9)

i s a n e ig e n v e c to r o f B , w i th e ig e n v a lu e Ak g iv e n b y e q u a t io n (4). S in c e @ k

i s ju s t o n e o f th e n r o o ts ( e q u a t io n ( 6 ) ) o f e q u a t io n ( 5 ) , i t f o l lo w s th a t th e r e

w i l l b e a V k ( e q u a t io n (9)) a n d a Ak ( e q u a t io n (4)) c o r r e s p o n d in g to e v e ry

d is t in c t @ k , k = 1 ,2 , . . . , n . {vd k = 1 ,2 , . . . , n a n d { A d k = 1 ,2 , . . , n a r e

th u s th e c o m p le te s e t o f e ig e n v e c to r s a n d c o r r e s p o n d in g e ig e n v a lu e s o f B .

* O r , ( e f . H e i lb r o n n e r 's c o m m e n t- ) , th e a p p ro p r ia te r e a l l in e a r - c o m b in a t io n o f

Vk a n d Vk*, to g iv e l in e a r - c o m b in a t io n -o f - a to m ic -o rb i ta l (L C A O ) m o le c u la r - o r b i ta l s

(M O's ) w i th r e a l c o e f f ic ie n ts .
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I t s h o u ld b e n o te d th a t th e s e t o f e ig e n v e c to r s ,{vd, i s th e s a m e f o r a l l

s k e w - c i r c u la n t m a t r i c e s , b u t th a t th e e ig e n v a lu e s d e p e n d ex p l i c i t l y u p o n

th e e le m e n ts th a t c o m p r i s e a n y r o w o f th e p a r t i c u la r s k e w - c ir c u la n t m a t r i x

u n d e r c o n s id e r a t i o n .

A P P L IC A T IO N T O M O B IU S A N N U L E N E S

A s m a y b e s e e n f r o m e a r l i e r w o r k ( e . g . r e f s .1 , 8 , 1 6 - 1 9 ) , a s u i ta b le

a d ja c e n c y -m a t r i x f o r th e c y c l i c g r a p h CnM r e p r e s e n t in g th e c a r b o n - a to m e o n -

n e c t i v i t y o f a M o b iu s [ n ] - a n n u le n e w o u ld b e a s k e w - c i r c u la nt m a t r i x w i th

f i r s t r o w (O , 1 , O ,. . . , O , - 1 ) - t h a t i s , a m a t r i x o f th e f o rm * *

o o o o

( lO ) .

o o o o - 1

A(C~)
o o o o

- 1 o o o • • • • 1 o

I n th e te rm in o lo g y o f th e m a t r i x B , th e r e f o r e , o n lya2 (= 1) a n d an (= -1)

a r e n o n - z e r o , a n d s o , f r o m e q u a t io n ( 4 ) ,

l k = ek - ek
n

-
1

( 1 1 ) .

I t I o l l o w s f r o m e q u a t io n ( 5 ) th a t Bkn - l = - Bk-i, w h ic h a l l o w s u s to w r i te

e q u a t io n (11) a s

lk = ek + ek-
1

w h e n c e , b y e q u a t io n ( 6 ) , w e o b ta in

}'k = 2 c o s [(2k + 1) n/n] ( 1 2 ) .

T h e e ig e n v a lu e l i s t f o r th e m a t r i x A (CnM) i s th u s {lk} k = 1,2, ... , n. I t

s h o u ld b e o b s e r v e d th a t th e e ig e n v a lu e s a r e , o f c o u r s e , e n t ir e l y r e a l , s in c e

A (CnM) i s r e a l - s y m m e t r i c , e v e n th o u g h th i s i s n o t th e c a s e f o r th e g en e r a l

s k e w - c i r c u la n t m a t r i x B .

F in a l l y , s in c e , in th e H M O in te r p r e ta t i o n , o r b i ta l e n e r g ie s ( ekM) a r e

m e a s u r e d in u n i t s o f a r e s o n a n c e in te g r a l{J' a n d w i th r e f e r e n c e to a C o u lo m b

in te g r a l a, n a m e ly ,

w e m a y w r i te e q u a t io n (12) a s

€k
M = a + 2 j3' c o s [(2k + 1) n/n]

T h e s o lu t i o n f o r th e c o r r e s p o n d in g H i i c k e l s y s te m ta k e s th ef o rm

€k
H = a + 2 j3 c o s (2k n/n)

(13).

(14).

** I n i t s q u a n tu m -m e c h a n ic a l i n te r p r e ta t i o n , e q u a t io n(10) im p l i e s th e c h o ic e

o f a b a s ic s e t o f a to m ic o r b i ta l s th a t h a s o n ly a s in g le < I}) , IH Il})j > - t e rm n e g a -
t i v e . T h is c h o ic e i s a lw a y s p o s s ib le f o r a M o b iu s r in g . l .8 .16 - 1 D
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Writing P' in equation (13) and P in equation (14) allows for the faet that

the dihedral angles(eu) between adjacent p-orbitals are different for a regular
Mčbius and a regular H iickel system - namely,n/n (= eu) and zero, respeeti-

vely, the resonanee integrals being related by ~'= .~eos (n/n).

Comparison of the eosine term in equation(13), which may be expressed

as eos(2krc/n + n/n), with that in equation (14) shows that the Mčbius and.

the Hiickel solutions for agiven n are n/n »out of phase« with eaeh other.

In Frost and Musulin's mnemoniedevice'" for representing the RMO energy-

-lev el spectrum of Huckel annulenes, the regularn-gon is oriented with one

vertex »down«. The phase angle ofn/n by which equations (13) and (14)

differ eorresponds in this eontext to a rotation of Frost andMusulin's poly-

gon20 through an angle ofn/n - i. e., one half of the angle subtended by

an edge of the polygon at its centre. That is why, in the eorresponding
mnemonie deviee introdueed by Zimrnerrnanš-š'" forMčbius systems, the

regular polygon is oriented, in a circle of radius2 P', with one edge »down«.

To eomplete the RMO interpretation, werecall-! that the eomponents

of the eigenveetor V k of A (enA!) (or appropriate linear-eombinations ofV k

and V k* if real eoefficients are required-A '") are the weighting coefficients

of the individual basis atomie-orbitals, {c1\JIl = 1,2, ... ,n, of the kth linear-eom-
bination-of-atom ie-orbitals H iickel MO,Pk, for the M6bius [n]-annulene -

i. e. (ef. refs. 1, 8):

n n

p k = n-1j2 ~ (19k)rr
1 <Pil= n~lj2 . ~ {exp [(2k + 1) (tA- - 1) i n/n] } <Pil (15),.

p=l. p=l

the last step being via equation (6).

In the eourse of diseussion of this paper at the Symposium in Dubrovnik,

Professor D.J. K lein kindly pointed out21 to the author who read the paper

at the Symposium (R. B. M .) that the solution to the Mčbius/Huckel matrix-

-problem may also be effeeted (a) by use of double-group representation?

and (b) by applieation of a suitable (diagonal) unitary-transformation to yielđ

an Herrnitian (though not real) circulant-matrix." Professor K lein also made

the intriguing observation'" that the eigenvalue problem pertaining to the
Mčbius/Huckel type of matrix may be generalised in other ways: one gene-

ralisation is to a matrix in which the two elements that, in the conversion

of a 'H tiekel' matrix into a 'Mčbius' one, are ehanged from+ 1to -1 are
replaced by ei<l> and e-i<l> (eP being real). (A 'Huckel' matrix therefore corres-

ponds to eP = 2krc, k an integer, while the 'Mčbius' matrix is reprodueed

when eP = (2k + 1) rc). The eigenvalue solution to this matrix may then be

obtained'" via method (b), above, and constitutes a simple generalisation of

the Frost-Musulin'" 'shadow diagram 'š": their polygon is simply rotated by

eP/n. A seeond generalisation is in terms of a Pariser-Parr-Popletype of

model that includes eleetron-eleetron interaction=; in this case, simple, ele-

gant solutions do not seem to be known=, though some general properties

of the ground-state eigen-solution have recently been established."
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