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Abstract. A detailed study, based on a Monte Carlo algorithm, of po-
larized light propagation in birefringent turbid media is presented in
this paper. Linear birefringence, which results from the fibrous struc-
tures, changes the single scattering matrix and alters the polarization
states of photons propagating in biological tissues. Some Mueller ma-
trix elements of light backscattered from birefringent anisotropic tur-
bid media present unusual intensity patterns compared with those for
nonbirefringent isotropic turbid media. This result is in good agree-
ment with the analytic results based on the double-scattering model.
Degree of polarization, Stokes parameters, and diffuse reflectance as
functions of linearly birefringent parameters based on numerical re-
sults and theoretical analysis are discussed and compared in an effort
to understand the essential physical processes of polarized light
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1 Introduction

Because of the potential for practical applications, especially
in noninvasive medical diagnosis, there has been increasing
interest recently in the propagation of polarized light in ran-
domly scattering media. Parameters, such as particle size, par-
ticle shape, particle density, the properties of the background
around the scattering particle, and the polarization states of
incident light, all play important roles in the propagation of
light in turbid media.!~® It is widely recognized that the po-
larization states of light are altered or weakened after photons
are scattered by small particles in a medium. At the same
time, because the depolarization of light depends on the pa-
rameters of the turbid media as well as the polarization state
of the incident light, it provides a way to image tumors. For
example, Anderson,” Jacques et al.,> Demos, and Alfano®
studied the utilization of backscattered polarized light for the
imaging of tissue structures beneath surface.

It is known in the field of polarimetry that Stokes vectors
and Mueller matrices provide complete representations of the
polarization properties of light and optical samples, respec-
tively. Hielscher et al.” introduced a Stokes vector/Mueller
matrix approach and measured the spatially dependent Muel-
ler matrix for diffusely backscattered light. Cameron et al.®
and Rakovic et al.” compared experimental results with a
Monte Carlo-simulated 16 Mueller matrix elements of light
backscattered from a suspension of polystyrene spheres. They
proved that there are only seven independent matrix elements
because some symmetric relations are satisfied by the ele-
ments of the backscattering matrix. Through theoretical analy-
sis, Rakovic and Kattawar'® showed that a double-scattering
model can effectively emulate the spatial patterns of backscat-
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tered light obtained from experiments. Yao and Wang'! used a
time-resolved Monte Carlo technique to present the propaga-
tion of polarized light in turbid media. All of the above studies
were conducted on isotropic turbid media without considering
the birefringent effect on polarizations.

Collagen and muscle fibers are common constituents of
many biological tissues. Tissue birefringence results primarily
from the linear anisotropy of fibrous structures, which forms
the extracellular media. The refractive index of the medium is
higher along the length of fibers than that along the cross
section. Propagation of polarized light in a birefringent turbid
medium is complicated, because both the birefringent and the
scattering effects can change the polarization states of light.
Recently, measurements of birefringence using optical coher-
ence tomography (OCT) were reported by several research
groups,'* 1% where a low-coherence light source was em-
ployed and photons traveling in tissue with matched path
lengths were detected for subsurface tissue imaging.

Although the optical characteristics of birefringent tissue is
an area of considerable interest in biomedical imaging, no
systematic and numerical analysis has been previously made
on the polarization change that occurs in multiply scattered
photons in birefringent turbid media. This paper describes our
detailed analysis, based on a Monte Carlo method, of polar-
ized light propagating in, or backscattered from, birefringent
turbid media. In the second section, we will introduce our
Monte Carlo algorithm based on Mie theory that we use for
tracing the photons in birefringent turbid media. A double-
scattering model'” that can be used to predict the backscatter-
ing Mueller matrix will be presented for comparison in the
third section. The fourth section will describe simulated back-
scattering matrix patterns based on the Monte Carlo method.
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Fig. 1 Geometry of a multiple scattering event in a linearly birefrin-
gent turbid medium.

The diffuse reflectance, the Stokes parameters, and the degree
of polarization (DOP) of backscattered photons from turbid
media with birefringence will also be analyzed. The final sec-
tion will present the conclusions.

2 Monte Carlo Algorithm

The following Monte Carlo analysis of multiple scattering
events of light in turbid media is based on the radiative theory.
It is assumed that the scattering event of light is independent
and has no coherence effects. In addition, we assume that all
of the linearly birefringent tissue can be looked on as a
uniaxial material with the slow axis (the orientation with
higher refractive index) along the direction of the collagen
fibers and the fast axis (the orientation with lower refractive
index) along the cross section. Scattering is assumed to be
caused by the spherical particles that randomly suspend
among the birefringent media. The birefringent effect of the
considered medium is homogeneous everywhere in the
sample, which means that, for different positions in the
sample, the birefringent orientation and the birefringent value
are the same. The geometry of a multiple scattering event is
shown in Figure 1. A narrow pencil beam propagates into a
plan-parallel birefringent turbid medium downward along the
z axis. In this figure, we assume that the direction of the slow
axis of the linear birefringence is along the x axis. Photons are
scattered in the medium by spherical particles, therefore Mie
theory can be used to describe the scattering events. Diffusely
backscattered photons are recorded as a function of (x,y) on
the upper surface of the medium.

A Stokes vector S, describes the polarization state of the
incident photon packet. An individual photon packet propa-
gates in the turbid medium until it is scattered by a spherical
particle. The transport path length s between two adjacent
scatters is randomly sampled according to s= —In(&)/ur,
where ¢ is the random number between 0 and 1, and ur
=u,+ m, is the interaction coefficient. At each scattering
point, an individual photon packet will drop part of its energy
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and the loss is represented by Aw=w X u,/puy, where w is
the weight of the photon packet before the scattering event. In
a scattering event, the photon packet will select a polar angle
O and an azimuthal angle ¢ to decide the orientation of the
next step. The angle ¢ is positive for a counterclockwise ro-
tation. Once the polar angle ©® and the azimuthal angle ¢ are
known, the Stokes vector of the photon packet in the new
local coordinate system is given by

S"=M(O)R(¢)S', ey
where
1 0 0 0
B 0 cos(2¢) —sin(2¢) O
R(¢)= 0 sin(2¢) cos(2¢) 0]’ @
0 0 0 1
a(®) b(O) 0 0
b(®) a(O) 0 0
M(0)= 3)

0 0  d(®) —e(®) ]
0 0  e(®) dO)

S’ and S” are the Stokes vectors before and after the scatter-
ing event, respectively. R is the rotation matrix that connects
the two Stokes vectors that express the same polarization state
of the photon packet in two different reference planes. One
reference plane coincides with another after it rotates an angle
¢ around the propagation direction of the photon packet. M is
the single scattering matrix deduced from Mie theory, which
is expressed in detail in Appendix A.

The polar angle O and the azimuthal angle ¢ are not uni-
formly distributed between [0,7] and [0,277). Sampling of ®
and ¢ depends on the probability density function (PDF) of ®
and ¢ that is a function of the incident Stokes vector

p(0,0)=a(O)+b(O)[S,cos(2¢)+S,sin(2¢)]/S,.
4)

Detailed sampling equations for ® and ¢ are shown in Ap-
pendix B.

The anisotropic background refractive index around the
scattering spheres may slightly change the distributions of the
polar angle ® and the azimuthal angle ¢. However, the bire-
fringence value & in biological tissue is quite weak (normally
less than 1 X 10~ 2), ignoring its perturbation on the PDF of ®
and ¢ is reasonable. Therefore, the birefringent effect on the
polarization is only considered during the paths of light be-
tween scattering events.

A photon propagates a random distance s in a linearly bi-
refringent turbid medium between two adjacent scattering
events. The birefringent effect of the considered medium dur-
ing these discontinuous steps can be looked at as linear re-
tarders with two parameters, A and 3, as shown in Eq. (5)
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1 0 0 0
A 0 C,sin’(A/2)+cos*(A/2) S, sin?(A/2) —S,sin(A)
TaB=1 S, sin®(A/2) —C,sin?(A/2)+cos?(A2)  C,sin(A)
0 S, sin(A) —C,sin(A) cos(A)
Cr=cos(28),C4=cos(48),5,=sin(2B),S4=sin(4B). (%)

B is the azimuthal angle of the birefringent slow axis on the
x—y plane in the local coordinate system of the propagating
photon. A is the retardation, which can be obtained by

21rs

A:(AH)T,

(6)
where An is the difference between the maximum and the
minimum refractive indices of the plane perpendicular to the
propagation direction of the photon packet, s is the step
length, and N\’ is the wavelength of light in the sample me-
dium. When the angle « between the slow axis of birefrin-
gence and the propagation direction of the photon packet is
known, An can be expressed by

nxnf

An (7)

V(ngcos a)*+ (nsin a)?

The terms n, and n; are the refractive indices along the slow
axis and the fast axis of the birefringent medium that satisfy
the relationship n,=n,+ &, where dis the linear birefringence
value.

Having identified the process of a single step of the photon
packet in the birefringent turbid medium, we can express the
Stokes vector of a photon packet diffusely reflected after it
has been scattered n times in the turbid medium

S’y g g - 6)
:[lu’s/(lu’a-‘rlu‘s)]nXR(qsL)T(An ’ﬁn)M(G)n)
XR(,)... T(A,B1)M(O )R($1)T(Ag,B0)So.
®)
where S, and SES represent the Stokes vectors of the incident
and the backscattered photons, respectively; u,, u, are the
scattering and absorption coefficients, respectively; o is the
linear birefringence value; (x',y’) is the detection point on
the upper surface of the turbid medium in the laboratory co-
ordinate; [ u,/(um,+ m,)]" expresses the remaining energy af-
ter the photon has been scattered n times; T(A;,B;) (i
=0,1,..n) describes the birefringent effect on the photon
packet during each period of path; M(0;) (i=1,2,..n) de-
scribes each single scattering event during propagation;
R(¢;) (i=1,2,..n) is the rotation matrix that connects the
reference plane and the scattering plane for each scattering
event; R(¢;) is the rotation matrix that transforms the Stokes
vector of the photon in the local coordinate system to the
Stokes vector in the laboratory coordinate system. In our

Monte Carlo simulation, a local coordinate system is propa-
gated together with the Stokes vector of the photon packet.

After each scattering event, the local coordinate system alters
according to the polar angle ® and the azimuthal angle ¢.
When a photon packet exits the surface of the sample, an
azimuthal angle ¢; will be calculated, from which the Stokes
vector can be transformed back to a laboratory coordinate
system.

In Monte Carlo simulations, a large number of independent
photon packets will be launched to obtain average detection
signals. For a certain detection point on the surface of the
medium, the Stokes vector for backscattered light should be
the sum of the Stokes vectors of all of the photon packets that
escaped the medium from this point

num

SEEm(xsy;ﬂ.s ’MT’é):; S?,sn(p’d)wu“s ’MT’(s)’ (9)

where num is the number of photon packets exited from this
point.

3 Development of Double-Scattering Model

Rakovic and Kattawar demonstrated a relatively simple ana-
Iytical method, a double-scattering model, to analyze the po-
larization patterns of diffusely reflected light.'” Their analyses
revealed that double scattered photons can qualitatively pre-
dict the polarization patterns of diffusely backscattered light
from turbid media. With this technique, most polarization
characteristics of a sample can be effectively expressed
through analytic equations. By adding the linear birefrin-
gence, we have developed a double-scattering algorithm,
which can be used to predict the polarization patterns of light
diffusely reflected from birefringent turbid media.

The geometry of a double-scattering event is shown in
Figure 2, which is similar to Figure 1 except that only photons
that have been scattered twice are counted. The Stokes vectors
of the backscattered photons can be written as

r

s 0 0 lede
Sg(p,¢)=MfJ:]J7h r—{expl— pr(zi ]+ 2o +7)]

XTy(A2,8,)R()M(7—0O)T,(A,,5;)

XM(O)R($)Ty(Ag,B0)So} (10)

where r=[p*+(z—z")*]"?, O=tan '[(p/z—2")], h is the
thickness of the sample.

On the condition that the slow axis of the birefringence is
along the x axis in the laboratory coordinate,

2wz, 2mr

N ek BN VO LA W Y2 S
0~ N 1_')\1’ 2_')\1,()
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Fig. 2 Geometry of a double-scattering event.

50 __,[cosOsing 5o
Bo=pB>=0, p;=tan cosd |’ =n,—ny.
(12)
The term &’ can be expressed as
nsnf
= ng, (13)
J(n,cos )2+ (nysina)? 7
where
a=cos !(sin ® sin ¢). (14)

When the radius of the scattering spheres in the turbid
media is small (in the case of Rayleigh scattering), the param-
eters in matrix M can be expressed as

3 3
- 2 — - (_ 2
a(®)= 1671_(H'COS 0), b(0) 1677( l+cos’®),
(15)
3
d(®)=§cos®, e(0)=0.

By applying the above Egs. (10)-(15), we can arrive at the
analytic expressions of the azimuthal patterns of the 16 Muel-
ler matrix elements of backscattered light as shown in Appen-
dix C.

The 16 matrix patterns of backscattered light calculated by
our double-scattering model are shown in Figures 3(a) and
3(b) for a birefringent turbid medium and an isotropic turbid
medium, respectively, where each map shows the spatial dis-
tribution of a Mueller matrix element in gray scale. These
figures show comparable results with those simulated by the
Monte Carlo algorithm shown in Figure 4, where the scatter-
ing coefficient u, is 100 cm™'; the absorption coefficient u,,
is 0.1 cm ™ '; the refractive indices of the background medium
are 1.330 and 1.335 along the fast and slow axes, respec-
tively; the wavelength of the light in vacuo is 594 nm. Each
matrix element in Figure 3 is a two-dimensional image of the
medium surface with the light being injected in the center,
0.2X0.2 cm? in size.
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Fig. 3 Mueller matrices of light backscattered from (a) a slab of lin-
early birefringent turbid medium and (b) a slab of isotropic turbid
medium, which is simulated by the double-scattering model. The
slow axis of the birefringent medium is along the x axis in the labo-
ratory coordinate.
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Fig. 4 Monte Carlo simulated Mueller matrices of light backscattered
from (a) a slab of linearly birefringent turbid medium and (b) a slab of
isotropic turbid medium. The slow axis of the birefringent medium is
along the x axis in the laboratory coordinate. Size of each map is
0.06X0.06 cm”.

4 Results
4.1 Mueller Matrix Patterns

Monte Carlo simulated Mueller matrix patterns of light back-
scattered from a linearly birefringent turbid medium and an
isotropic turbid medium are shown in Figures 4(a) and 4(b),
respectively, where each map shows the spatial distribution of
a Mueller matrix element in banded gray scale. The slow axis

Propagation of Polarized Light in Birefringent Turbid Media . . .

of the birefringent medium is along the x axis in the labora-
tory coordinate. The birefringence value &is 1.0X 1073, The
refractive indices of the birefringent medium along the slow
axis and the fast axis are 1.331 and 1.330, respectively. For
the isotropic sample with no birefringent effect, the refractive
index of the medium is 1.330. Other parameters of the two
media are the same: the radius of scattering spheres is 350
nm; the refractive index of scatterers is 1.57; the wavelength
of the light in vacuo is 594 nm; the absorption coefficient u,,
is 1 cm™!; the scattering coefficient u, is 90 cm™'; the thick-
ness of the medium slab is 0.2 c¢cm; the anisotropic factor g is
calculated to be 0.9; and the size of each picture in Figure 4 is
0.06%0.06 cm®. The main characteristic of every Mueller
matrix element in Figure 4 is similar to that of the correspon-
dent map in Figure 3, including the shape as well as the dis-
tribution of positive and negative areas. The small discrepan-
cies between Figures 3 and 4 result mainly from the multiple
scattering events in the turbid medium that cannot be ex-
pressed through the double-scattering model.

The linear birefringence in turbid media variously alters
the polarization states of photons according to their trajecto-
ries of propagation. Moreover, the sampling of scattering di-
rection (expressed by the polar angle ® and the azimuthal
angle ¢) in the single scattering event is a function of the
polarization state of the photon being scattered, as shown in
Eq. (4). Therefore, the linear birefringence in the turbid me-
dium leads to changes in the spatial intensity distributions of
the Mueller matrices of diffusely reflected light. The varia-
tions of seven elements, m 4, Moy, M3y, Myy, My, My3, and
myy, among the 16 Mueller matrix elements are most obvious
because the transformation between circular polarization state
and linear polarization state in the turbid medium is enhanced
by the linear birefringence. The shapes and contrasts in the
patterns of these seven elements are highly dependent on the
birefringence value & as well as the orientation of birefrin-
gence. With the parameters in Figure 4, the shapes of my,
Moy, May, and myy, are similar to those for m 3, my3, mss,
and my;, respectively, though the contrasts in the patterns are
different.

It is expected that the pattern of the matrix element my, is
no longer rotationally symmetric but depends on the azi-
muthal angles on the x—y plane in the laboratory coordinate.
Because of the direction of the birefringence, the loss of the
degree of circular polarization (DOCP) depends on the trajec-
tory of individual photon. The statistical distribution of the
change in circular polarization in the birefringent turbid me-
dium can be observed from the spatial intensity pattern of
DOCP of the backscattered light. For turbid media with the
birefringent slow axis orientated along the x axis, y axis, 45°
on the x—y plane, and z axis, the DOCP patterns of the back-
scattered light have different azimuthal distributions, as
shown in Figures 5(a)-5(d), respectively. Where the incident
light is right-circularly polarized, the thickness of the medium
slab is set to be 0.1 cm; the other parameters are the same as
those used for Figure 4. Conversely, the intensity patterns of
the backscattered light can provide particular information
about the birefringence in the turbid medium for subsurface
imaging.
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Fig. 5 DOCP patterns of backscattered light from a linearly birefrin-
gent turbid medium with the slow axis along the (a) x axis, (b) y axis,
(c) 45° angle on the x—y plane, and (d) z axis, respectively. The inci-
dent light is right-circularly polarized.

4.2 Birefringent Effect on the Diffuse Reflectance
for Unpolarized Incident Light

We know that linear retarders will not cause any change in the
Stokes vector of unpolarized light. However, once unpolar-
ized photons have been scattered by scattering particles, they
will present partial polarization states, which depends on the
scattering angle in a single scattering event. On the condition
that the sample is made of spherical particles suspended in an
isotropic medium without the birefringent effect and the inci-
dent light is unpolarized, the statistical DOP of the backscat-
tered photons remains zero, even though the spatial distribu-
tions of the polarization may present patterns, for instance, the
pictures of elements m, my;, m3;, and my; shown in Fig-
ure 4(b). With the linear birefringence in a turbid medium, the
statistical DOP of backscattered photons may no longer be
zero, because the linear birefringence destroys the isotropic
property of the medium and has different effects on the polar-
ized photons with different trajectories. In Figure 6, we
present the DOP of total backscattered light from a linearly
birefringent turbid medium for different birefringence values
o, where the Stokes vectors of all the backscattered photo
packets are summed up before the simulation of DOP. The

0.10 1

0.08 1
o
& 0.06 1
0

0.04 1

0.02 1

00-— T T T .
0.0000 0.0005 0.0010 0.0015 0.0020
Birefringence value &

Fig. 6 DOP of backscattered light from a slab of linearly birefringent

turbid medium for unpolarized incident light as a function of the bi-
refringence value é.
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incident light is unpolarized and the direction of the birefrin-
gent slow axis is along the x axis in the laboratory coordinate.
i, and u are set to be 1 and 90 cm ™!, respectively. Under
this condition, when the birefringence value dis 2 X 1073, the
DOP of backscattered light increases to nearly 0.1.

Because of the discrepancy of the birefringent effect on
polarized light with different propagation orientation and dif-
ferent polarization states, and because of the spatial distribu-
tion of polarization after single scattering events in the Mie
regime, for unpolarized incident light, the intensity distribu-
tion of the diffuse reflectance from the birefringent turbid me-
dia may no longer be circularly symmetric. Instead, it depends
on the azimuthal angle as well as the orientation of the linear
birefringence in the medium. This is a reasonable explanation
for the phenomenon observed in our previous experiments.'’
In that work, oblique-incidence reflectometry was adopted for
measuring the apparent absorption and reduced-scattering co-
efficients along different directions in the sample according to
the orientation of tissue fibers. Because of the linear birefrin-
gence caused by muscle fibers, the spatial distributions of the
diffuse reflectance were not equal for the probe aligned at 0°
(parallel) and 90° (perpendicular) to the orientation of the
muscle fibers. Therefore, calculations based on diffusion
theory demonstrated different optical parameters of chicken
breast tissue along different orientations. In that experiment
on a chicken breast sample with birefringent effect, when the
wavelength of the incident light in vacuo was 450 nm, the
detected absorption coefficient u, for the probe aligned at 0°
was smaller than that with the probe aligned at 90°, while the
detected reduced-scattering coefficient w, for the probe
aligned at 0° was bigger than that with the probe aligned at
90°. For a turbid medium with a birefringent value equal to 0
(nonbirefringent turbid media), the detected u, and w, are
independent of the orientation of the detection probe. With
our Monte Carlo algorithm for birefringent turbid media, we
can imitate the method adopted in the experiment. As shown
in Figure 7(a), a beam of unpolarized light was obliquely
injected upon a linearly birefringent turbid medium, where the
direction vector of the beam is (v2/2,0,v2/2) in the laboratory
coordinate; the birefringence value & is 0.01; the refractive
index of the medium along the fast axis is 1.330; the refrac-
tive index of scatterers is 1.57; the radius of the scattering
spheres is 280 nm; and the wavelength of light in vacuo is 450
nm. The slow axis of the birefringence was set to be along the
x axis and the y axis in the laboratory coordinate, respectively.
After multiple scattering events, photons exiting the medium
from the area near the x axis were collected for measurement
of the spatial distribution of diffuse reflectance along the x
axis. Through calculation, Ax; is 0.1 cm and Ax, is 0.19 cm
for the slow axis of birefringence along the x axis and y axis,
respectively, as shown in Figure 7(b). Using the algorithm
developed by Wang and Jacques,'® we calculated the apparent
absorption coefficient w, and reduced-scattering coefficient
w. for the sample with the birefringent slow axis along the
two orientations, respectively. When the slow axis is along the
x axis, the absorption coefficient w, is 0.13 cm™ ' and the
reduced-scattering coefficient g/ is 14.10 cm™'. When the
slow axis is along the y axis, u, is 0.25 cm™' and u! is 6.98
cm~!. It is obvious that when the detection points aligned at
0° with respect to the slow axis, the simulated w, and u, are
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Fig. 7 (a) Schematic representation of obliquely incident light upon a
birefringent turbid medium. The direction vector of the incident light
is [(v2/2,0,v2/2)] in the laboratory coordinate. For comparison, the
slow axis of the birefringent medium is along the x axis and y axis,
respectively. (b) Monte Carlo simulated distribution of the diffuse re-
flectance of light along the x axis on the surface of the turbid medium.

smaller and bigger, respectively, than the simulated results for
the detection points aligned at 90°. The relative changes in u,,
and . are in good agreement with the results observed in the
experiment.

We know that the refractive index of the medium is higher
along the length of fibers than along the cross section. There-
fore, the scattering cross section of fibers is anisotropic, which
affects the distribution of the light after a scattering event and
then changes the result of spatial distribution of the diffuse
reflectance. Since the birefringence value & in biological tis-
sue is quite weak, it is reasonable to ignore the perturbation of
the anisotropic scattering cross section on the spatial distribu-
tion of the scattering angle for each scattering event. There-
fore, we assume that the main effect of the birefringence on
the polarization states comes from phase retardation during
the light propagation between adjacent scattering events. Our
simulations based on this assumption show that the birefrin-
gence effect between adjacent scattering events at least partly
explains the phenomenon that linear tissue birefringence al-
ters the diffuse reflectance of unpolarized incident light.

4.3 Birefringent Effect on the Diffuse Reflectance
for Polarized Incident Light

In general, when a polarized light is projected upon a turbid
medium, the DOP of the backscattered photons decreases with
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Fig. 8 (a) DOP and (b) normalized energy proportion of backscattered
photons as functions of the order of scatters N for linear and circular
incident polarizations.

an increase in the order of scatters during propagation,'’
which is the reason why backscattered light from a highly
scattering turbid medium is partially polarized with a low
DOP. We calculated the DOP of photons that have been scat-
tered N (N is from 1 to 90) times in an isotropic turbid me-
dium for linear and circular incident polarizations, respec-
tively, as shown in Figure 8(a). Figure 8(b) shows the
proportion in the backscattered light energy for photons that
have been scattered N times, where the wavelength of light in
vacuo is 450 nm, the refractive indices of the medium and
scattering spheres are 1.33 and 1.57, respectively; the radius
of scattering spheres is 350 nm, w, is 90 cm ™ '; u, is 1 cm ™Y
and g is calculated to be 0.9. In order to imitate the actual
situation in the experiment, we set the receiving angle of the
photon detector to be less than cos™'(0.85). For linear inci-
dent polarization, the DOP of light backscattered from a high
scattering turbid medium comes mainly from photons that
have been scattered less than ten times; while for circular
incident polarization, the DOP comes mainly from photons
that have been scattered 10-30 times. From Figure 8(a) we
can see that the circularly polarized photons keep their polar-
ization state better than the linearly polarized photons after
multiple scattering. With the above parameters, the size factor
ka is calculated to be 6.5 and the scattering events are in the
MIE regime. This result coincides with the analysis of Bicout
et al. for the multiple scattering on condition that ka> 1.3
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Fig. 9 DOP of backscattered light from a turbid medium with different
birefringence value 8. The slow axis of the birefringence is along the x
axis in the laboratory coordinate. States of incident light are right-
circularly polarized and linearly polarized with the orientation of po-
larization parallel, perpendicular and at 45° angle according to the
slow axis of the birefringence, respectively.

Birefringence in a turbid medium alters the polarization
states of photons propagating in it. In the Mueller matrix
shown in Egs. (5)-(7), B and A are two parameters deter-
mined by the step length, the local coordinate of the photon,
as well as the orientation and & of the linear birefringence.
The step length, orientation, and the local coordinate of pho-
ton propagating in a highly scattering turbid medium are ran-
domly sampled; therefore 8 and A in the T matrix between
two scattering events are also randomized. For the backscat-
tered photons after multiple scattering in turbid media, the
statistical effect of linear birefringence on the initially polar-
ized light is depolarization.

Figure 9 shows the DOP of total backscattered light versus
the linear birefringence value ¢ for different incident polariza-
tions, where the orientation of the birefringent slow axis is
along the x axis in the laboratory coordinate system. Because
the DOP of backscattered light for circular incident polariza-
tion comes mainly from photons scattered 10-30 times and
because of the depolarization of the birefringent effect on the
multiply scattered photons in the turbid medium, the DOP of
backscattered light tends to approach zero as the & increases.

It is interesting that the curves of simulated DOP for back-
scattered light versus the birefringence value & are different
for linearly polarized incident light with the polarization axis
oriented at different angles on the x—y plane. When the polar-
ization axis for the incident light is oriented at 0° or 90°, the
DOP of diffusely reflected light does not change significantly
when ¢ increases. While the polarization axis is oriented at
45°, the DOP of diffusely reflected light decreases and tends
to approach zero as & increases.

We have shown that the DOP of backscattered light for
linearly polarized incident light comes mainly from the low-
scattered photons, for example, the photons that have been
scattered twice. Let us enter

1 1 1
1 -1 0
ol o | 1]
0 0 0
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Fig. 10 DOP of backscattered light vs the orientation of the polariza-
tion (from 0° to 180°) of the linearly polarized incident light.

respectively, into Eq. (10) for S,. Next, we integrate S5°, the
Stokes vectors of double scattered photons in the laboratory
coordinate system, over the azimuthal angle ¢ [0,27) and
the radius p € [0,p,] that describe the detected sample surface
around the incident point. After reasonable simplification
when §'is large enough, the DOP of all of the double scattered
photons for the linearly polarized incident light with the po-
larization axis oriented along the x axis or y axis tends to be

Lo (27 ST (p. )+ S5(p. ) +S3(p. )
DOP§S=J' dpf i(p. & 2(p 3P¢7d
0 0

So(p. )
J’p
- 0

2w
Xdpf cos’(2¢)d b, (16)
0

0

Iz

O (0 dz,dz
f f l2 2{CXP[7MT(|21|+|Zz|+r)]'h(®)b(77*®)
0J-nd —n

0 OdZIde
r_z{exP[_#T(|Zl|+ lzal+7)]-a(®)a(m—0)
—hJ —h

which is a constant not equal to zero and independent of .
When the linear incident polarization is oriented along 45° on
the x—y plane, we can determine by deduction that the DOP of
the total double-scattered photons tends to be zero when &
increases. Moreover, we find that through analytic deduction
other low-scattered photons present similar results. For a tur-
bid medium with linear birefringence (the birefringent slow
axis is along the x axis in the laboratory coordinate), the DOP
of total backscattered light versus the orientation of the polar-
ization (from 0° to 180°) of the incident light is shown in
Figure 10. The peak of the DOP appears when the polariza-
tion of the incident light is oriented at 0°, 90°, or 180° on the
x—y plane while the lowest value appears when the polariza-
tion is oriented at 45° or 135°.

4.4 Comparison with OCT Results

Depth-resolved monitoring of tissue birefringence is accurate
using polarization-sensitive OCT. With our Monte Carlo algo-
rithm for photon propagation in birefringent turbid media, we
can explain the experimental results obtained previously and
explore new optical phenomena in fibrous tissues. In order to
imitate the actual situation of OCT, we only count the low-
scattered photons (order of scatters less than 2) for SP.p
=[5,.,5,,5,,5;]7, the detected Stokes vectors of backscat-
tered light. The wavelength of light in vacuo is 450 nm; u, is
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Fig. 11 Stokes parameters of the light diffusely reflected from different
depths in the linearly birefringent turbid medium for (a) right-circular
incident polarization and (b) linear incident polarization with orien-
tation parallel, perpendicular and at 45° with the optical axis. For the
comparison with OCT results, only low-scattered photons are
counted.

90 cm ™! w, is 1 em™!; g is 0.9; and the receiving angle of the
photon detector is set to be less than cos ™ 1(0.93).

Figure 11 shows the simulated Stokes parameters of back-
scattered light from a birefringent turbid medium versus the
depth where the light is reflected. The birefringence value Jis
set to be 1.0X 1073, For right-circular incident polarization,
several periods of S, and S5, cycling back and forth between
1 and —1, are shown in Figure 11(a), which can be explained
by the periodic phase retardation caused by the birefringence
during the light propagation. Figure 11(b) presents the S, pa-
rameter for the linearly polarized incident light with the ori-
entation of polarization either parallel, perpendicular, or at a
45° angle in respect to the x axis in laboratory coordinate. For
the orientation of polarization along the 45° angle, S, oscil-
lates with increasing depth of reflection because of the bire-
fringent effect in the turbid medium. All of the results in Fig-
ure 11 are in good agreement with the OCT measurements
obtained by de Boer, Milner, and Nelson.?’ In their experi-
ments, right-circularly polarized light and three kinds of linear
polarized light were adopted to incident upon a birefringent
tissue, respectively. Then the Stokes parameters with respect
to the depth were measured. The profiles of Stokes param-
eters, S,, S5, for right-circularly polarized incident light, and
S, for linearly polarized incident light orientated at the 45°
angle all presented oscillations with increasing sample depth
as expected for a linear birefringent sample.
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Fig. 12 Stokes parameters of the backscattered light from a turbid
medium with different birefringence value & for (a) right-circular inci-
dent polarization and (b) linear incident polarization with the orien-
tation parallel, perpendicular, and at 45° with the optical axis. For
comparison with OCT results, only low-scattered photons are
counted.

Figures 12(a) and 12(b) show the Stokes parameters of the
backscattered light changing with the intensity of birefrin-
gence value & for right-circular and linear incident polariza-
tions, respectively, where only the photons reflected from a
certain depth (0.05-0.06 c¢m) in the turbid medium are
counted.

5 Conclusions

Tissue birefringence caused by fibrous structures is a common
phenomenon in biological samples. For polarization-sensitive
optical imaging of biological tissue, detailed study of the po-
larization characteristics of birefringent turbid media is nec-
essary. Based on some reasonable simplification, the Monte
Carlo algorithm for the simulation and analysis of the mul-
tiple scattering events of polarized light in linearly birefrin-
gent turbid media is developed. Simulated spatial patterns of
Mueller matrices, spatial patterns of DOP, diffuse reflectance,
DOP and Stokes parameters of backscattered light for differ-
ent birefringent parameters of media as well as different inci-
dent polarizations are presented and analyzed in this paper.
Some of the results are in good agreement with the phenom-
enon observed in former experiments, which provides a theo-
retical basis and explanation for the experimental study of the
polarization characteristics of birefringent tissues.
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The Monte Carlo algorithm presented in this paper is based
on a specific model, which outlines Mie scattering of light by
spherical scatterers in a homogeneous background birefrin-
gent medium. The general trends of the results obtained in this
paper illustrate the general nature of polarized light behavior
in a scattering birefringent medium but do not specifically
match the behavior of a specific tissue. The theoretic study
presented should contribute to the understanding of the essen-
tial physical processes of polarized light propagation in bire-
fringent tissues. Some of the polarization characteristics of
backscattered light from birefringent turbid media are ob-
served for the first time, which can provide potential methods
for use in actual subsurface tomography of fibrous tissues. In
real tissues, the characteristics of birefringence and the scat-
ters are much more complicated. The birefringent orientation
and the birefringent value may be different for the various
layers in the tissue. When this is the case, the assumption in
this paper that the birefringent effect of the considered me-
dium is homogeneous will not hold. However, by using the
method introduced in this paper and by dividing the sample
into many layers according to the birefringent effect, we can
still study those birefringent tissues with complicated
structures.”’ Because of the nature of the Monte Carlo simu-
lation, coherent phenomena cannot be modeled using the
method presented in this paper. However, this simulation of
polarized light propagation in birefringent turbid media can be
applied in the noncoherent regime or in cases where coherent
effects are removed.
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Appendix A

Based on the Mie theory, the single scattering matrix is ex-
pressed as

a(®) b(O®) 0 0
| b(®) a(®) 0 0
M(®)= 0 0 d®) —e(0)]|

0 0 e(0) d(0)

where O is the scattering polar angle and

a(®)=5(S,> 418,13, b(®)=5(]S,*—[5,]%),
(A1)
i

d(@)=3(S,8{+5,85), d(®)= 5 (5257 =8157).

S1(®) and S,(0) are obtained from
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oo

2n+1
5,(0)=> —

— +
Z 0D (a,m,cosO®+b,7,co80),

(A2)

oo

2n+1
$5,(0)=> —

2 m(bnwn cos®+a,r,cos0).

Parameters in Eq. (A2) are shown as follows:

:S;(Y)Sn(x) _nrelsn(y)sr’l(x)
! S;;(y)gn('x) _nrelsn(y)gy,;(x) ’

a

1S40, =S,(5)53(2)
! nrelS;;(y)gn(x)_Sn(y)é/y,,(x) ’

(A3)
_(2n—l)cos® n
Wn_Tﬂ'nfl_ nTlﬂ-an’

T,=ncosOm,—(n+1)m,_,,

where n.g=n,/n, (n, is the refractive index of the scattering
spheres and n,, is the refractive index of the background me-
dium), 7,=1, m,=3 cos O, 7,=cos O, and 7,=3 cos(20).
S.(2), S1(2), {,(z) can be obtained from

e\ 12
Sn(Z):(T) Jnto0s(2)s

2

T 172 Tz 12
S;(Z):(a) Jn+0.5(z)+ _) ‘]1’1+0.5(Z)’ (A4)

£,(2)=8,(2)+iC,(z),

where

wz 172
Cn(Z):_(T) Nyios(2),
T 172 7z 172 (AS)
C;;(Z):_(&) Nn+().5(Z)_(7) Nn+().5(z)~

J,+05(z) is the Bessel function of the Ist kind (the order is
n+0.5) and N, (5(z) is the Bessel function of the 2nd kind
(the order is n+0.5).

Appendix B

The combined PDF function of the polar angle ® and the
azimuthal angle ¢ is

p(0.¢)=a(@)+b(O)[S; cos(2¢)+S,sin(2¢)]/S,.
(B1)

where a(®) and b(0) can be calculated from the equation in
Appendix A. Polar angle ® €[0...7] and a(®) satisfies the
following normalization requirement:

ZWfﬂa(G))sin((@)d@:l. (B2)
0
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Sampling of O can be fulfilled from Eq. (B2). The cumulative
distribution function (CDF) function of ® can be expressed as

P{0<6<0O}= 2#J®a( 9)sin(0)do=¢&  (B3)
0

where £ is a random number normally distributed between 0
and 1. When O is known, the azimuthal angle ¢ between [0,
27| can be sampled according to the PDF function

_ b(O) [S)cos(2¢)+S,sin(2¢)]
p0(¢)_1+a(®) SO

. (B4)

Through the accumulation of the above PDF from 0 to ¢,
CDF of ¢ has the expression

P{O<¢=<d¢}
fqﬁ( . b(®) [S,cos(2p)+ S, sin(Zqo)]}d(p
_Jo a(®) So
2 b(O) [S,cos(2¢)+S,sin(2¢)]
fo [1+ a(®) So ]d(’o
1 b(®)|S,;sin2¢+S,(1—cos2¢)
:ﬁ[ a(@){ 25, Hzg’
(B5)

where £ is a random number normally distributed between 0
and 1.

In order to expedite the simulation, the CDF results for
®e[0, 7] and ¢ [0, 27] are simulated according to Egs.
(B3) and (B5) before launching the first photon packet, where
the step sizes of the two angles are both 7/1000 in our simu-
lation. When O increases from O to 7 (or when ¢ increases
from O to 27r), the CDF of ® (or the CDF of ¢) increases
from 0 to 1. In each sampling of ® or ¢, we first obtain a
random number &. Then, we find the correspondent angle ® or
angle ¢ by sorting the CDF result of the angle.

Appendix C

The expressions of Mueller matrix patterns of backscattered
light from birefringent turbid media are much more compli-
cated than those for isotropic turbid media. After simplifica-
tion, azimuthal functions of the 16 backscattering Mueller
matrix elements m;; (i,j= 1,2,3,4) can be expressed as

mu=|An(p,d)|,
mp=|A(p,8)|-cos(2¢),
miz=—|A13(p,d)|-sin(2¢),
my=—|A1(p,d)|-sin(2¢),

my=|Ay(p,0)| - cos(2¢),

Mmy=|As(p,6)|-cos(4¢)+|Bxy(p,d)

>

my;=—|Ax(p,08)| sin(4¢),

Propagation of Polarized Light in Birefringent Turbid Media . . .

may=—|A2(p,d)|-sin(4¢),
m31=|A31(p,8)|-sin(2 ), (C1)
m3=|A3(p,8)|-sin(4 ¢),

m33|As3(p, )| cos(4 ) —|Bss(p.5)|,
m34=|A34(p,8)| - cos(4 $) —|Bs4(p,d)|,
my=—|A4(p,d)]-sin(2¢),
myp=—|Au(p,d)|-sin(4¢),
maz=—|A43(p,8)| - cos(4¢)+|Bus(p, )|,

may=—[A4(p,0)]-cos(4$)+|Buy(p,d)|.

All of the coefficients A;; and B;; are functions of p (the
source-detector distance) and linear birefringence value 6,
which are independent with the azimuthal angle ¢.
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