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Propagation of Rayleigh surface waves with small
wavelengths in nonlocal visco-elastic solids
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Abstract.  This paper investigates Rayleigh waves, propagating on the surface
of a visco-elastic solid under the linear theory of nonlocal elasticity. Dispersion
relations are obtained. It is observed that the waves are dispersive in nature for
small wavelengths. Numerical calculations and discussions presented in this paper
lead us to some important conclusions.
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1. Introduction

In the linear theory of classical elasticity, it is observed that Rayleigh waves propagating
on the surface of a semi-infinite isotropic elastic space are non-dispersive in nature (Love
1944). Itis well-confirmed by experiment that the atomic theory of lattices predicts otherwise.
Maradudinet al (1971) considered the problem from the view point of lattice dynamics for
cubic crystals. Their investigations in this matter confirm the existence of dispersive character
in such waves. However, so far we know, there exists no systematic study of continuum theory
which may lead to similar conclusions in all such problems. A continuum approach to such
problems has special advantages due to many facts as stated by Eringen (1973) in his research
paper. Eringen (1973) investigated Rayleigh surface waves with small wavelengths under the
nonlocal theory of elasticity. From the conclusions made by Eringen (1973), we observe that
Rayleigh waves are definitely dispersive in nature while the rate of amplitude attenuations of
waves remain the same as in classical elasticity. Again, the effect of internal friction on the
propagation of plane waves in an elastic medium may also be considered owing to the fact
that dissipation accompanies vibrations in solid media due to the conversion of elastic energy
to heat energy (Ewingt al 1957). Several mathematical models have been used by many
authors (Ewinget al 1957; Hunter 1960) to accomodate the energy dissipation in vibrating
solids where it is observed that internal friction produces attenuation and dispersion and
hence the effect of the visco-elastic nature of the material medium in the process of wave
propagation cannot be neglected. The visco-elastic nature of a material medium has special
significance in wave propagation in a solid medium. The above considerations led the authors
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to study the Rayleigh waves in a visco-elastic solid semi-space under the recently proposed
linear theory of nonlocal elasticity. However, our present investigation involves the definition

of internal friction given by Voigt (1887) which may be stated as the visco-elasticity of Voigt-
type solids. Here, we consider only first order visco-elasticity. The theoretical results obtained
in this paper may be utilised in some relevant practical problems of waves and vibrations
in elasto-dynamics which play roles in areas like engineering sciences, earthquake sciences,
seismology, geophysics etc. Some numerical calculations, discussions and conclusions have
also been presented in their proper places. Authors believe that the problem in its present
form was not investigated before.

2. Basic equations

We consider an elastic half-space occupying aregion O, with Ox1x.x3 as the rectangular
Cartesian co-ordinate system where the or@iis situated at any point on the plane boundary
and Ox, points vertically downwards that is towards the bulk of the material medium. Fol-
lowing Eringen (Ewinget al 1957; Daset al 1994) the constitutive equations of motion and
stress components for the propagation of waves in a first order visco-elastic Voigt-type solid
medium under the linear nonlocal theory of elasticity with no body forces may be presented
as follows:

Tiji = piij, (1)

0 0
Tij = (ko + ME) ur, 8 + (Mo + MlE) (Mi,j + uj,l)

a ]
+/|:()~0/ + )»1/5) urr8ij + (/Lo/ + M1/§> (ui; + uj,i)i| dv (x),
v
2)

wherer;;, u;, p are stress tensor, displacement vector, mass density respectively.

Ao, A1, o, 1 = Visco-elastic constants

Ao, A, mo, w1’ = nonlocal visco-elastic moduli, each of which depends$xon x'| for
homogeneous solids.

3'[,']' ou; (X, 1) aui(x’,t) . ou; (X, 1)
Tij,i = LU E U = Y u=u,uUu= -,
0x; 0x; ij dt
ii; = 0%u;(x,1)/8t%,t = time,x = (X1, X2, X3), 8;; = 1fori = j
=0fori # j.

The basic difference between classical and nonlocal elasticity is in the presence of the volume
integral in (2) which indicates that the stressxatt ] depends on the strain at all other points

{x'} of the body, at time. This signifies that the distant neighbours of a paihtave an role

to play in the propagation of waves.

3. Basic assumptions

To make the problem two-dimensional, one has to consider the dom&inad— «x< X; <
+ o and that ofX, as O0< X, < + «. Moreover, we assume that everything is uniform in
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the X3 direction. We consider here the possibility of a type of wave travelling in the direction

of X, axis in such a manner that the disturbance is largely confined in the neighbourhood of
boundary and at any instant all particles on any line parall&Xa have equal displacement.

Due to the first assumption, the wave is a surface one which is an essential condition for
Rayleigh waves and the second assumption induces that all partial derivatives with respect to
X3 are zero. In this case, the volume integral in (2) is reduced to a surface integraf over
andX,' in their ranges.

4. Boundary conditions

Since the boundary surface = 0 is stress free, we have

121 =122 =0, for X, = 0; 3)
u, U — 0, asX, - . 4

5. Fomulation of the problem
In the light of basic assumptions, the dynamical equations of motion for Rayleigh waves may
be deduced from (1) as follows.

T11.1+ To1,2 = pliy, (5)

T121 + T222 = piiz, (6)

wherertys, 121, 722 are deduced from (2). Hence, the mathematical formulation of the present
problem is to solve (5) and (6) under the above boundary conditions.

6. Solution of the problem

To solve the above problem, we apply the Fourier integral transform in the following form

+o

(X1, X, 1) = % / / iy (€, X2, w) e 170 d do. @)
o~
Substitution of this into (5), (6) and (2) gives
—iET1 + D12+ poiy = 0, (8)
—i€T1p+ To2p + peliiy = 0, 9)

where,

T11 = —iE{(ho+ 210) —iw (M1 + 2u1) Y i1 + (ko — iwr)uz2
+ f (it (o’ + 200) — i (0’ + 2,)} s + (g — iwi) 22 ] dexz).  (10)
Top = —i& (;0 —iwr)us + {(Ao+ 2u0) —iw (A1 + 2u1)} U222
+ / [—i& (R0’ — iwhy) it + {(ho' + 2/10) — iw (A1 + 21) iz 2] d(x2), (1)
0
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T12 = (o — iwp) u12 — i§ (Lo — iwfL1) U2
+ / [(Ro' — iwpd) diry — i& (0 — iwfir') 2] d(x2). (12)
0
Following Eringen (1973), sincky’, uo" andiy’, 11" tends to zero rapidly ag’ — X| — o<

we may assume the expressionsigt 1o’ andiy’, i1’ in the following forms

7' = 1o(E)3(Ix2 — x2]), A’ = A(E)8(|x2" — x2l),
flo' = fo(€)8(|x2" — xal), 1" = p1(§)8(|x2" — x21). (13)

Using (13) in (10), (11) and (12), one obtains

T11 = —i& [{ (Ao + 2o) + 2 (no + o)} —iw {(A1 4+ A1) + 2 (u1 + ) }] it

+ {(*o+ 20) — iw (A1 + A1)} 2.2, (14)
oo = —i& [{(ho + o) —iw (A1 + A1) }]ita + [{(*o + Ao) + 2 (1o + o)}
—iow { (A4 A1) + 2 (1 + 1) }] itz 2. (15)
To2 = {(o + o) — iw (u1 + 1)} (12 — i&itz) . (16)
Substitutingii, (€, x2, ©) = Uk(€, w)e™ %, 17)

in (14), (15) and (16) and using these results in (8) and (9), we get the following two equations

2 k22 2\ 7 k? 2
(a —ﬁé +k>U1+ioz$(ﬁ—l>U2=0,

s - 2K a2\

laé(ﬁ— )U1+<06 ﬁ_g +k)U2=0’ (18)
where

k* = pa?/ {(po + fio) — iw (1 + fir)}, (19)

h? = pw?/ [{(ro + o) +2 (ko + f0)} —iw {(As + A1) +2(ua + 0 }].
EliminatingU; andU, from (18), we get a quadratic equatiorifiwhose roots are given by

af =& —h?,

P S (20)
Sinceus, it — 0 asx, —«, the solutions foizq, i, may be taken in the forms

ity = e “"2Uy + e "2 Uy,
il = y1e“Y2Ur1 + y2e **2Usa, (21)
where
—i€a;(k* — h?)

= Lj=12 22
A TR T (22)
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Using (21) in the boundary condition (3), we obtain the following equations

(a1 + i&y) Ui+ (a2 +iEy2) U1 = 0, (23)
. kz — 2]12 o1)1 — . k2 - 2h2 o2)2 —
(lg—hzkz t-7 ) U1 + (l§ e Tz ) U2 =0.

Elimination of U;; andUs, from (23) leads to the following frequency equation

(k2/€%) — 2)* = 16(1 — (K¥/&D)) (1 — (h%/ED). (24)

Equation (24) is the dispersion relation for Rayleigh waves propagating in a visco-elastic
semispace for nonlocal solids whereandh? are given by (19). The form of this frequency
equation (24) is identical to the corresponding equation of classical theory which is again
identical in form to the frequency equation for Rayleigh waves in a nonlocal elastic solid
as per the deduction made by Eringen (1973), though eakhaafl 2 represents different
expressions for classical elasticity, nonlocal elasticity and nonlocal visco-elasticity.

7. Particular cases

Case (a)For the sake of numerical calculation, we extend the concept of the Poisson material
to includeiro = po, A1 = p1, Ao = flo, A1 = fl1.
Hence, using the above in (19) and then solving (24), we get

k?/£% = 0.8453 (approximately). (25)
Therefore

/& = cp, (L—io (1 + 1)/ (o + )2, (26)
where

cr, = 0.9194((uo + jio)/p) /2.
In this case attenuation exponeatsanda,, are given by

a?/g% =0.7182
a5/€% = 0.1546. (27)

For visco-elastic solids;, being generally complex, settigg= n + i$ it may be noted that
for the wave to be physically realistic, we should hay@r as frequency, where asg 2y is
the wavelengthy = w/# is the phase velocity antlis a decay coefficient.

Hence, using this value gfin (25) and equating real and imaginary parts, we get

_ — 2
n? = | pa?/0.8453| 240 (1+ @> 1+ o? (M>
Ho Ho + Ko
a2 1/2
x |14+ {1+ 0? <u> 28)
Ko + Mo
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and
i pa s\
82 = |:pa)2/0.8453|:2,u,0 <1+ —°> {1+ w? ( ! _1> }ﬂ
Mo Mo + to
_ 2112
x 1+w2<“1+‘fl) —1|.  (29)
Mo + Mo
Therefore
_ 1/2
c?/% = [0.8453{2 (1 + (jio/no)) (L + )}/ {1 + (14 k)" } : (30)
where
ﬂzzwandkzw(m)
P Mo + Wo
For nonlocal elastic solids in the absence of viscous nature of the material medium (28) gives
n? = pa?/0.845340 (1 + jio/ o) » (31)

so that Rayleigh wave velocity under the theory of nonlocal elasticity without viscous effect
is given by

cry, = 0.9194u0/p)"* (1 + (fto/10))"/?. (32)

Replacinguo by u, the Lame elastic constant, it is observed that (32) is in agreement with
that obtained by Eringen (1973). This equation expresses the fact that Rayleigh waves are
definitely dispersive, which is a deviation from our idea of classical elasticity.

Case (b):For another particular case, we extend the concept of the assumptions made by
Caloi (1948) and include

i+ @2/3)ui =0,

ri+(2/3)1; =0,i =0,1. (33)
Using (33) in (19) and then by solving (24) one obtains
k?/£% = 0.4746 (approximately), (34)
Therefore
w/E =c, (1 - in)Uz, (35)
Mo + Mo

where
cr, = 0.6889((1o + iLo)/p) 2.
And the attenuation exponents, anda; in this case are given by

a?/E2 = 0.6441, (36)
a5/E? = 0.5254
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Now, settingté = n + i§ in (34) and equating real and imaginary parts, we get

_ - 2
n? = {;;&/0.4746{@0 (1+ @> {1+ o’ <M> }H
Ho Mo+ Ko
12
x |1+ 1+w2(—“l+l“fl> (37)
Mo + Mo

and
_ + - 2
82 = |:pa)2/0.4746|:2,u0 (1+ @> {1+ w? (“1 ’fl> }H
Ko Mo + Ko
_ 2112
x “1+w2(“l+’fl> } . 1} . (39)
Mo + o
Therefore
¢?/B% = [0.4746{2 (L + o/ o)) (1+ K2}/ {1+ (1 + 4"} (39)
where

B2 = wo/p andk = o (w1 + 1)/ (o + o)) -

If we do not consider the viscous effect, (37) gives

n® = pw?/0.474616 (1 + (fio/ o)) (40)

which is valid for nonlocal elastic solids.
Hence the Rayleigh wave velocity for nonlocal elastic solids in the above particular case
is
¢y, = 0.4889(10/p) "> (1 + (jo/ o). (41)
Equations (30) and (39) indicate that further dispersion of Rayleigh waves, over the dispersion

due to the nonlocal character of the elastic medium, occurs when the medium is a visco-elastic
one.

8. Conclusions

The formulae obtained in the bulk of the paper, which are valid for nonlocal visco-elastic
solids, may be used for the estimation of dispersion of general wave forms.

Itis observed that dispersion of the Rayleigh wave velocity is further modulated in the case
of visco-elastic solids.
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