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P R O P A G A T IO N  O F  W A V E -P A C K E T S  IN C ID E N T  O B L IQ U E L Y  

U P O N  A  S T R A T IF IE D  D O U B L Y  R E F R A C T IN G  IO N O S P H E R E

By  H .  G . B O O K E R ,  P h .D .

Christ's College, Cambridge and Department o f Terrestrial ,

Carnegie Institution o f  Washington

(  Communicated by E. V. Appleton , F.R.S.— Received 1 Decembe

1. I n t r o d u c t i o n

L it t le  a t t e m p t  h a s  so  f a r  b e e n  m a d e  to  a p p ly  A p p le to n ’s m a g n e to - io n ic  th e o r y  to  

w ire le ss  w a v e s  in c id e n t  o b l iq u e ly  u p o n  th e  io n o s p h e re .  A c tu a l ly  th e  m a g n e to - io n ic  

th e o r y  in  th e  fo rm  g iv e n  b y  A p p le to n  (1 9 2 5 ,1 9 3 2 ) a n d  o th e r s  (N ic h o ls  a n d  S c h e lle n g  

19 2 5 ; B re i t  1927 ; G o ld s te in  1928) is o n ly  s u i ta b le  fo r  in v e s t ig a t in g  v e r t ic a l  p r o p a g a t io n  

in  th e  io n o s p h e re ,  a n d  i t  is th e  o b je c t  o f  th is  c o m m u n ic a t io n  to  d e v e lo p  a  g e n e r a l iz a 

t io n  o f  A p p le to n ’s m a g n e to - io n ic  th e o r y  c a p a b le  o f  d e a l in g  c o n v e n ie n t ly  w i th  w a v e s  

in c id e n t  o b l iq u e ly  u p o n  th e  io n o s p h e re . A  g e n e r a l  in v e s t ig a t io n  in to  o b l iq u e  p r o p a 

g a t io n  o f  e le c t r o m a g n e t ic  w a v e s  th r o u g h  a  s lo w ly  v a ry in g  d o u b ly  r e f r a c t in g  m e d iu m  

h a s  a l r e a d y  b e e n  m a d e  (B o o k e r 1936), a n d  th e  id e a s  th e r e  d e v e lo p e d  w ill  n o w  b e  a p p l ie d  

to  p r o p a g a t io n  t h r o u g h  th e  io n o s p h e re  o f  w ire le ss  w a v e s  o f  w a v e - le n g th  s u ff ic ie n tly  

s h o r t  (less t h a n  a  k i lo m e tre ,  sa y ) to  r e g a r d  th e  m e d iu m  as s lo w ly  v a ry in g .

Ionosphere

Earth 

Fig . 1

T h e  io n o s p h e re  m a y  b e  th o u g h t  o f  id e a l ly  as a  h o r iz o n ta l ly  s t r a t i f ie d  m e d iu m  c o m 

p o se d  o f  f re e  e le c tro n s , th e  d e n s i ty  o f  w h ic h  is a  fu n c t io n  o n ly  o f  h e ig h t  a b o v e  th e  su rfa c e  

o f  th e  e a r th ,  in c re a s in g  u p w a r d s  f ro m  z e ro  a t  a  c e r ta in  le v e l A B  (fig . 1 ). L e t  u s  n e g le c t  

fo r  th e  m o m e n t  th e  e ffe c t  o f  th e  e a r t h ’s m a g n e t ic  f ie ld . T h e n  th e  re f ra c t iv e  in d e x  p  o f  

th e  m e d iu m  is p r a c t ic a l ly  u n i ty  b e lo w  A B  a n d  d e c re a se s  as w e  g o  u p w a r d s  a b o v e  A B  

in to  th e  io n o s p h e re . A c c o rd in g  to  th e  s im p le  r a y  th e o ry , a  w a v e  in c id e n t  u p o n  th e

V o l . C G X X X V I I .  A  7 8 1 . (P r ic e  5* .) 5 2 [P u b lis h e d  3 0  S e p te m b e r  1 9 3 8
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412 H . G . B O O K E R  O N  P R O P A G A T I O N  O F  W A V E - P A C K E T S

io n o s p h e re  a t  a n  a n g le  0 to  th e  v e r t i c a l  is b e n t  r o u n d  so t h a t ,  w h e n  i t  r e a c h e s  th e  le v e l 

w h e re  th e  r e f r a c t iv e  in d e x  is pi, i t  is t r a v e l l in g  a t  a n  a n g le  f  to  th e  v e r t ic a l ,  w h e re  f  is 

g iv e n  b y  S n e l l ’s L a w
pi sin  ijr =  s in  6.(1)

W h e n  th e  w a v e  r e a c h e s  th e  le v e l w h e r e  th e  r e f r a c t iv e  in d e x  is , g iv e n  b y

pi0 s in  ( \ t i) =  s in ( 2 )

i t  r e tu r n s  to  th e  e a r t h  as s h o w n  in  fig . 1. I f  6 == 0, t h e n  pi0 — 0 .

T h e  in t r o d u c t io n  o f  th e  e a r t h ’s* m a g n e t ic  f ie ld  b r in g s  w i th  i t  c o m p lic a t io n s .  O n  

e n te r in g  th e  io n o s p h e re  a n  in c id e n t  w a v e  o f  a r b i t r a r y  p o la r iz a t io n  is s p l i t  in to  tw o  

c h a r a c te r i s t i c a l ly  p o la r iz e d  m a g n e to - io n ic  c o m p o n e n ts  e a c h  o f  w h ic h  is, u n d e r  c e r t a in  

c o n d it io n s ,  in d e p e n d e n t ly  p r o p a g a te d  th r o u g h  a n d  re f le c te d  f ro m  th e  io n o s p h e re .  T h e  

re f r a c t iv e  in d ic e s  fo r  e a c h  o f  th e  tw o  m a g n e to - io n ic  c o m p o n e n ts  a r e  g iv e n  b y  A p p le to n ’s 

m a g n e to - io n ic  th e o ry .  T h e  r e f r a c t iv e  in d e x  fo r  a  m a g n e to - io n ic  c o m p o n e n t  is n o t ,  

h o w e v e r ,  s im p ly  a  fu n c t io n  o f  h e ig h t  a b o v e  th e  s u r fa c e  o f  th e  e a r t h : i t  d e p e n d s  a lso

u p o n  th e  a n g le  b e tw e e n  th e  d i r e c t io n  o f  p r o p a g a 

t io n  a n d  th e  d i r e c t io n  o f  th e  e a r t h ’s m a g n e t ic  f ie ld . 

C o n s e q u e n t ly  th e  v a lu e  o f  pi to  b e  p u t  in  (1) is a  

f u n c t io n — a n d  q u i te  a  c o m p l ic a te d  f u n c t io n — o f  ijr. 

T h e  s o lu t io n  o f  (1) fo r  ijr u n d e r  th e s e  c ir c u m s ta n c e s  

is th e  e s s e n tia l  d if f ic u lty  w h ic h  h a s  to  b e  o v e rc o m e  

in  s tu d y in g  o b l iq u e  p r o p a g a t io n  o f  a  m a g n e to 

io n ic  c o m p o n e n t  th r o u g h  th e  io n o s p h e re .  T h is

Fig . 2 . R a y  a c c o r d i n g  t o  S c h e k u l i n .  p r o b le m  h a s  a l r e a d y  b e e n  a t t e m p te d  b y  S c h e k u lin

(1930), w h o  f in d s  t h a t  in  g e n e r a l  th e  r a y  fo r  e a c h  

m a g n e to - io n ic  c o m p o n e n t  s h o u ld  a p p a r e n t l y  h a v e  th e  fo rm  s h o w n  in  fig . 2. H e  d o e s  

n o t ,  h o w e v e r ,  o ffe r  a n y  c o n v in c in g  i n te r p r e t a t i o n  o f  s u c h  a  c u r io u s  r e s u l t .

I n  § 2  o f  th e  p r e s e n t  p a p e r  w e  d e v e lo p  a  d i f f e r e n t  m e th o d  fo r  d e s c r ib in g  o b l iq u e  

p r o p a g a t io n  o f  a  m a g n e to - io n ic  c o m p o n e n t  th r o u g h  th e  io n o s p h e re , a v o id in g  th e  u se  

o f  a  r e f r a c t iv e  in d e x  pi w h ic h  d e p e n d s  in  a  c o m p l ic a te d  w a y  u p o n  a n  u n k n o w n  a n g le  o f  

r e f r a c t io n  ijr. T h is  m e th o d  m a k e s  th e  v a l id i ty  o f  S c h e k u l in ’s r e s u l t  a lm o s t  o b v io u s . T h e  

e x p la n a t io n  o f  th e  r e s u l t  d e p e n d s  o n  th e  f a c t  t h a t  in  a  d o u b ly  r e f r a c t in g  m e d iu m  th e  

d i r e c t io n  o f  g r o u p - p r o p a g a t io n  in  g e n e r a l  d if fe rs  f ro m  t h a t  o f  p h a s e - p r o p a g a t io n .  

F ig . 2 r e p re s e n ts  o n ly  th e  p h a s e - p r o p a g a t io n  o f  a  m a g n e to - io n ic  c o m p o n e n t ,  w h e re a s  

i t  is th e  g r o u p - p r o p a g a t io n  w h ic h  y ie ld s  a  c u sp le ss  r a y  o f  m o re  c o n v e n t io n a l  ty p e . 

T h e  le v e l o f  re f le x io n  o f  a  m a g n e to - io n ic  c o m p o n e n t  is th e  le v e l w h e re  its  d i r e c t io n  o f  

g r o u p - p r o p a g a t io n  b e c o m e s  h o r iz o n ta l .  B y  s tu d y in g  th e  p r o p a g a t io n  o f  w a v e -p a c k e ts  

t h r o u g h  th e  io n o s p h e re  w e  d e d u c e  in  § 3 t h a t  th is  le v e l is g iv e n  b y  th e  u p p e r  c u s p  in  

fig . 2 , a n d  n o t  b y  th e  lo w e r  c u sp , w h ic h  m e re ly  g iv es  th e  le v e l w h e re  th e  d i r e c t io n  o f  

p h a s e - p r o p a g a t io n  b e c o m e s  h o r iz o n ta l .  T h e  f a c t  t h a t  th e  le v e l o f  r e f le x io n  o f  a  m a g n e to 
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U P O N  A  S T R A T I F I E D  D O U B L Y  R E F R A C T I N G  I O N O S P H E R E  413

io n ic  c o m p o n e n t  is n o t  g iv e n  b y  th e  lo w e r  c u s p  in  fig . 2 m e a n s  t h a t  i t  is in  g e n e r a l  w ro n g  

to  d e d u c e  th e  le v e l o f  re f le x io n  b y  p u t t i n g  th e  a n g le  o f  r e f r a c t io n  e q u a l  to  in  S n e l l ’s 

L a w  a s  w e  d o  w h e n  th e  e ffe c t  o f  th e  e a r t h ’s m a g n e t ic  f ie ld  is n e g le c te d  (cf. (2 ) ) .  I n  § 4  

c o n s id e r a t io n  is g iv e n  to  th e  e ffe c t  o f  th e  e a r t h ’s m a g n e t ic  f ie ld  in  p r o d u c in g  l a t e r a l  

d e v ia t io n  o f  w a v e -p a c k e ts  d u r in g  th e i r  j o u r n e y  th r o u g h  th e  io n o s p h e re ,  a n d  in  § 5  a  

s tu d y  is m a d e  o f  th e  e ffe c t  u p o n  g r o u p - p r o p a g a t io n  o f  d a m p in g  d u e  to  c o llis io n s  o f  th e  

fre e  e le c t ro n s  w i th  n e u t r a l  a i r  m o le c u le s . § 6 is a  re v ie w  o f  th e  p h e n o m e n a  a s s o c ia te d  w i th  

s t r a t a  in  w h ic h  th e  r a y  th e o r y  b re a k s  d o w n  in  a  m e d iu m  t h a t  is s t r u c tu r a l ly  s lo w ly  

v a ry in g .  A l th o u g h  th e  te rm in o lo g y  o f  th e  io n o s p h e re  h a s  b e e n  e m p lo y e d  th r o u g h o u t ,  

m u c h  o f  th e  d isc u ss io n  in  §§ 2 - 6  is a p p l ic a b le  to  a n y  s lo w ly  v a r y in g  p la n e - s t r a t i f ie d  

d o u b ly  r e f r a c t in g  m e d iu m , a n d  i t  is n o t  u n t i l  w e  r e a c h  § 7 t h a t  i t  is n e c e s s a ry  e x p lic i t ly  

to  d e r iv e  th e  f u n d a m e n ta l  f o r m u la  o f  th e  o b l iq u e  in c id e n c e  m a g n e to - io n ic  th e o ry .  

T h is  f o r m u la  is a n  a lg e b r a ic  q u a r t i c  e q u a t io n ,  a n d  f u r t h e r  p ro g re s s  d e p e n d s  o n  o u r  

a b i l i ty  to  so lv e  th is  e q u a t io n .  I n  g e n e r a l  th e  o n ly  p r a c t ic a l  w a y  o f  d o in g  th is  is to  r e s o r t  

to  o n e  o f  th e  s t a n d a r d  n u m e r ic a l  m e th o d s ,  a n d  in  § 8 so m e  s p e c ia l  c ase s a r e  w o rk e d  o u t  

in  th is  w a y , m a in ly  in  o r d e r  to  see  h o w  i m p o r t a n t  i t  is to  d e d u c e  th e  c r i t ic a l  v a lu e s  o f  

e le c t r o n  d e n s i ty  r e q u i r e d  to  p r o d u c e  re f le x io n  f ro m  th e  io n o s p h e re  b y  e x p re s s in g  th e  

c o n d i t io n  t h a t  th e  d i r e c t io n  o f  g r o u p - p r o p a g a t io n ,  a n d  n o t  p h a s e - p r o p a g a t io n ,  s h o u ld  

b e  h o r iz o n ta l .  T h e r e  a re ,  h o w e v e r ,  tw o  s p e c ia l  c ase s in  w h ic h  th e  a n a ly t ic a l  s o lu t io n  o f  

th e  q u a r t i c  e q u a t io n  is su ff ic ie n tly  s im p le  to  b e  o f  p r a c t ic a l  v a lu e ,  a n d  th e s e  a r e  d isc u sse d  

in  §§ 9 a n d  1 0 . § 9 d e a ls  w i th  th e  c a se  w h e n  th e  p la n e  o f  p h a s e - p r o p a g a t io n  is p e r p e n d i 

c u la r  to  th e  m a g n e t ic  m e r id ia n - p la n e  (e a s t-w e s t  t r a n s m is s io n ) ,  a n d  th is  m a y  b e t a k e n  to  

in c lu d e  th e  c a se  o f  v e r t ic a l  in c id e n c e ,  w h ic h  h a s  b e e n  in v e s t ig a te d  b y  a  n u m b e r  o f  

w r i te r s  (A p p le to n  a n d  B u i ld e r  19 3 3 ; T a y lo r  1933, 1934; R a tc l i f f e  1933 ; B o o k e r 1934, 

1935; B a ile y  1934; M a r ty n  1935; F o r s te r l in g  a n d  L a s s e n  1933 b; G o u b a u  1934, 

1 9 3 5 0 , b). § 1 0  d e a ls  w i th  p r o p a g a t io n  in  e q u a to r ia l  re g io n s , w h e re  th e  e a r t h ’s 

m a g n e t ic  f ie ld  is h o r iz o n ta l .

2. P h a s e -p r o pa g a t i o n

T a k e  a x is -z  v e r t ic a l ly  u p w a r d s  a n d  le t  a  p la n e  h a r m o n ic  w a v e  o f  f r e q u e n c y ^ /  =  

b e  in c id e n t  u p o n  th e  io n o s p h e re  a t  a n  a n g le  6 to  th e  v e r t ic a l  in  th e  y z -p la n e  as s h o w n  

in  fig . 3 . C o n s id e r  s e p a r a te ly  th e  tw o  m a g n e to - io n ic  c o m p o n e n ts  in to  w h ic h  th e  

in c id e n t  w a v e  is s p l it.  I n  th e  n e ig h b o u r h o o d  o f  th e  le v e l w h e re  th e  a n g le  o f  r e f r a c t io n  

is tjr a n d  th e  r e f r a c t iv e  in d e x  is th e  p r o p a g a t io n  o f  a  m a g n e to - io n ic  c o m p o n e n t  

m a y  b e  r e p r e s e n te d  b y  th e  w a v e - fu n c t io n

e x p  [ik{ct—ju(ijr)(sin ^ . y  +  cos ^ .z ) } ] .  (3 )

B y  S n e l l’s L a w  (1 ), s i n ^  is a  p re s c r ib e d  c o n s ta n t ,  n a m e ly ,  s in  T h e  p r o d u c t  

ju(ijr) cos f  w e  r e p la c e  b y  a  n e w  a n d  i m p o r t a n t  v a r ia b le  ( 3 ) th e re fo re  b e c o m e s

e x p  \ik{ct — (sin  0) y — :}], (4 )

5 2 -2
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in  w h ic h  q is th e  o n ly  u n k n o w n , q a c tu a l ly  c o n ta in s  th e  e le c t r o n  d e n s i ty  W a s  a  v a r ia b le ,  

to g e th e r  w i th  th e  e a r t h ’s m a g n e t ic  f ie ld  H ° ,  th e  w a v e - f r e q u e n c y ^  a n d  th e  a n g le  o f  

in c id e n c e  6 a s  p a r a m e te r s .  T h e  p r o p a g a t io n  o f  th e  w a v e  th r o u g h  th e  io n o s p h e r e  is 

r e p r e s e n te d  b y  p lo t t in g  qas a  f u n c t io n  o f  

T h e  p re c is e  s ig n if ic a n c e  o f  th e  q u a n t i t y  q m a y  b e  se e n  f ro m  fig . 4 . T h e  w a v e - fu n c t io n

( 3 ) sh o w s  t h a t ,  a t  th e  le v e l  in  th e  io n o s p h e re  w h e r e  th e  a n g le  o f  r e f r a c t io n  is a n d  t h e  

r e f r a c t iv e  in d e x  is /i{\jr), th e  p h a s e - p r o p a g a t io n  o f  a  m a g n e to - io n ic  c o m p o n e n t  

r e p r e s e n te d  b y  a  v e c to r  o f  l e n g th  ju(jr) m a k in g  a n  a n g le  jr w i th

fig . 4 . T h e  le n g th  o f  th is  v e c to r  is th e  v e lo c ity  o f  p h a s e - p r o p a g a t io n  d iv id e d  in to  t h e

Fig . 3 Fi g . 4 . P h a s e - p r o p a g a t i o n .

v e lo c ity  o f  l ig h t  in vacuo, a n d  th e  d i r e c t io n  o f  th e  v e c to r  is th e  d i r e c t io n  o f  p h a s e - p r o 

p a g a t io n .  T h e  h o r iz o n ta l  c o m p o n e n t  o f  th e  v e c to r  is s in  jr, w h ic h ,  b y  S n e l l ’s L a w  (1 ) ,

r e m a in s  c o n s ta n t  a n d  e q u a l  to  s in  6 a s  th e  w a v e  is p r o p a g a te d  th r o u g h  th e  io n o s p h e re .  

T h e  v e r t ic a l  c o m p o n e n t  o f  th e  v e c to r  is fi{jr) cos a n d  is th e re fo re  th e  q u a n t i t y  w h ic h  w e  

h a v e  d e n o te d  b y  q a n d  w h ic h  v a r ie s  w i th  th e  e le c t r o n  d e n s i ty  in  a  m a n n e r  to  b e  i n 

v e s t ig a te d .  W h e n  w e  u se  th e  w a v e - fu n c t io n  (3 ) w e  a r e  d e s c r ib in g  p r o p a g a t io n  b y  m e a n s  

o f  th e  q u a n t i t ie s  ju. a n d  'ijr s h o w n  in  fig . 4 . W h e n  w e  u se  th e  w a v e - fu n c t io n  (4) w e  a r e  

d e s c r ib in g  p r o p a g a t io n  b y  m e a n s  o f  th e  a l t e r n a t iv e  q u a n t i t ie s  q a n d  s in  6 sh o w n  in  

fig . 4 . T h e  l a t t e r  p a i r  o f  q u a n t i t ie s  is th e  m o r e  c o n v e n ie n t  b e c a u s e , i f  t h e  a n g le  o f  

in c id e n c e  6 is a  p r e s c r ib e d  c o n s ta n t ,  th e  p r o p a g a t io n  o f  th e  w a v e  is c o m p le te ly  d e s c r ib e d

b y  th e  v a r i a t io n  o f  th e  s in g le  q u a n t i t y  q. T h e  a d v a n ta g e s  o f  th is  m e th o d  a r e  a l r e a d y  

r e a l iz e d  b y  m a th e m a t ic ia n s  (see  fo r  e x a m p le  H a r t r e e  1929, 1 9 3 1 a ) , b u t  l i t t le  u s e  h a s  

so  f a r  b e e n  m a d e  o f  i t  b y  p h y s ic is ts .

(4 ) d if fe rs  f ro m  th e  w a v e - fu n c t io n  a s s u m e d  b y  A p p le to n  (1932) b y  th e  in c lu s io n  o f  

th e  t e r m  d e p e n d in g  o n  th e  a n g le  o f  in c id e n c e . I f  =  0 (v e r t ic a l  in c id e n c e ) ,  w e  r e v e r t  

to  A p p le to n ’s w a v e - fu n c t io n

exp[z’A;{r£— qz} \, (5 )

a n d  q is t h e n  th e  s a m e  th in g  as th e  r e f r a c t iv e  in d e x  ju (cf. fig . 4  w h e n  6 — 0). L e t  u s  r e c a l l  

th e  w a y  in  w h ic h  A p p le to n  d e v e lo p e d  th e  th e o r y  in  th e  s p e c ia l  c a s e  =  0 so  t h a t  w e  

c a n  a d o p t  th e  s a m e  m e th o d  fo r  n o n -z e ro  v a lu e s  o f  6. B y  s u b s t i tu t in g  th e  w a v e - fu n c t io n
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(5 ) in to  th e  e le c t r o m a g n e t ic  e q u a t io n s  A p p le to n  d e d u c e d  a  q u a r t i c  e q u a t io n  fo r  q 

w h ic h ,  s in c e  i t  c o n ta in e d  n o  c u b ic  o r  l in e a r  te rm s ,  w a s  a c tu a l ly  a  q u a d r a t i c  e q u a t io n  

fo r  q2 o f  th e  fo rm

ocq4-\-yq2+ e = 0, (6)

w h e r e  a , y  a n d  e c o n ta in  th e  e le c t r o n  d e n s i ty  A  as a  v a r i a b le  to g e th e r  w i th  th e  e a r t h ’s 

m a g n e t ic  f ie ld  H °  a n d  th e  w a v e - f r e q u e n c y  f  a s  p a r a m e te r s .  W h e n  th e  tw o  v a lu e s  o f  q2 

g iv e n  b y  (6) a r e  p lo t te d  a g a in s t  N  fo r  f ix e d  v a lu e s  o f H °  a n d j f ,  th e y  g iv e

fo rm  s h o w n  in  fig . 5  (cf. T a y lo r  1933, fig . 3 a n d  R a tc l i f f e  1933, figs. 9—1 3 ) , o n e  c u rv e  (sa y  

th e  b r o k e n  o n e )  r e f e r r in g  to  th e  e x t r a o r d in a r y  m a g n e to - io n ic  c o m p o n e n t ,  a n d  th e  o th e r  

to  th e  o r d in a r y  m a g n e to - io n ic  c o m p o n e n t .  I n s t e a d  o f  r e g a r d in g  (6) as a  q u a d r a t i c  fo r  

q2, l e t  u s r e g a r d  i t  a s a  q u a r t i c  fo r  q. T h e r e  a r e  t h e n  tw o  p a ir s  o f  e q u a l  a n d  o p p o s i te  ro o ts , 

w h ic h ,  w h e n  p lo t te d  a g a in s t  A  fo r  f ix e d  v a lu e s  o f H °  a n d  / ,  g iv e  fo u r  c u rv e s  I  A , R A , IB , 

R B  w h ic h  f i t t o g e th e r  s y m m e tr ic a l ly  as s h o w n  in  fig . 6. T h e  b r o k e n  a n d  c o n t in u o u s  

c u rv e s  in  fig . 6 c o r r e s p o n d  to  th o s e  in  fig . 5 . I  A  re fe rs  to  th e  u p g o in g  e x t r a o r d in a r y  w a v e , 

A R  to  th e  d o w n c o m in g  e x t r a o r d in a r y  w a v e , IB  to  th e  u p g o in g  o r d in a r y  w a v e  a n d  B R  

to  th e  d o w n c o m in g  o r d in a r y  w a v e . A t  A  th e  p a i r  o f  ro o ts  c o r r e s p o n d in g  to  th e  e x t r a 

o r d in a r y  w a v e  p a sse s  f ro m  r e a l  to  c o n ju g a te  c o m p le x  v a lu e s  v ia  e q u a l i ty  as N in c re a s e s  

t h r o u g h  N a. Na is t h e  c r i t ic a l  e le c t r o n  d e n s i ty  w h ic h  h a s  to  b e  a t t a i n e d  in  th e  io n o s p h e re  

in  o r d e r  to  p r o d u c e  re f le x io n  o f  th e  e x t r a o r d in a r y  w a v e . C o r r e s p o n d in g  r e m a rk s  a p p ly  

to  th e  o r d in a r y  w a v e . T h e  s y m m e try  o f  th e  c u rv e s  in  fig . 6 a b o u t  th e  Y -a x is  e x p re sse s  th e  

f a c t  t h a t  th e  q u a r t i c  (6) fo r  q is a c tu a l ly  a  q u a d r a t i c  fo r  q2.

Fi g . 5 . q2 as  a  f u n c t i o n  o f  N, v e r t i c a l  Fi g . 6 .  a s  a  f u n c t i o n  o f  N, v e r t i c a l

i n c i d e n c e .  i n c i d e n c e .

I f  w e  n o w  ta k e  th e  fu ll w a v e - fu n c t io n  (4 ) a n d  s u b s t i tu te  i t  in to  th e  e le c t ro m a g n e tic  

e q u a t io n s  as in  th e  c a se  w h e n  0 — 0 , w e  a g a in  o b ta in  a  q u a r t i c  e q u a t io n  fo r  q, w h ic h , 

h o w e v e r ,  is no longer simply a quadratic fo r  q2: a s  w e  sh a ll  see  e x p lic i t ly  in  § 7, th e  e q u a t io n  

is o f  th e  fo rm

aq4+fiq3-{-yq2 +  8q+e =  0 , ( ? )

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

9
 A

u
g
u
st

 2
0
2
2
 



416 H .  G . B O O K E R  O N  P R O P A G A T I O N  O F  W A V E - P A C K E T S

w h e r e  c l ,  ft, y, 8 a n d  e c o n ta in  W as  a  v a r ia b le  to g e th e r  w i th  H ° , / 'a n d  6 a s  p a r a m

a n d  8 in  g e n e r a l  d if fe r  f ro m  z e ro . C o n s e q u e n t ly  i f  w e  p lo t  th e  fo u r  ro o ts  o f  ( 7 ) a g a in s t  N  

fo r  f ix e d  v a lu e s  o f  H ° , /^  a n d  6 a s  w e  d id  in  fig . 6 fo r  th e  c a se  w e  o b ta in  c u rv e s  as

s h o w n  in  fig . 7 w h ic h  a r e  no longer symmetrical about the N-axis.

T h e  s ig n if ic a n c e  o f  th is  r e s u l t  b e c o m e s  a p p a r e n t  w h e n  w e  i n t e r p r e t  fig . 7 w i th  th e  a id  

o f  fig . 4. B e lo w  th e  io n o s p h e re  th e  e le c t r o n  d e n s i ty  v a n is h e s  a n d  th e  w a v e - fu n c t io n  

fo r  th e  in c id e n t  w a v e  is

e x p  [ik{ct — (s in  6) y  — (cos z } ] . 

Fi g . 7 . qas  a  f u n c t i o n  o f  N, o b l i q u e  i n c i d e n c e .

H e n c e  fo r  N  =  0 w e  h a v e  q =  cos 6 fo r  th e  in c id e n t  w a v e  ( p o

q =  — cos 6 fo r  th e  r e f le c te d  w a v e  (p o in t  R). O n  e n te r i

w a v e  is s p l i t  in to  tw o  m a g n e to - io n ic  c o m p o n e n ts  th e  p r o p a g a t io n  o f  w h ic h  is r e p r e 

s e n te d  in  fig . 7 b y  th e  c u rv e s  ID A R  a n d  IB E R . C o n s id e r  th e  fo rm e r .  A s th e  w a v e  

p ro c e e d s  u p w a r d s  in to  th e  io n o s p h e re  th e  e le c t r o n  d e n s i ty  in c re a s e s , a n d  so , in  a c c o r d 

a n c e  w i th  th e  c u rv e  ID A R  in  fig . 7, q d e c re a se s .  R e f e r r in g  to  fig . 4  a n d  r e m e m b e r in g  

t h a t  s in  6 r e m a in s  c o n s ta n t ,  w e  see  t h a t  th is  d e c re a s e  in  q m e a n s  t h a t  th e  d i r e c t io n  

o f  p h a s e - p r o p a g a t io n  b e n d s  r o u n d  as s h o w n  b y  th e  r a y  id  in  fig . 8 (a ) .  I t  b e c o m e s  

h o r iz o n ta l  a t  d, w h ic h  c o r re s p o n d s  to  D  in  fig . 7 , w h e re  q v a n is h e s , q n o w  b e c o m e s  

n e g a t iv e ,  im p ly in g  a c c o rd in g  to  fig . 4  a  d o w n w a r d  d i r e c t io n  o f  p h a s e - p r o p a g a t io n .  

B u t  th e  c u rv e  ID A R  in  fig . 7 does not turn back towards smaller electron densities until N  

has further increased to N A. I n  c o n s e q u e n c e  th e  p o r t io n  o f  th e  p h a s e - r a y  c o r r e s

D A  in  fig . 7 m u s t  b e  as s h o w n  b y  da in  fig . 8 (a). T h e  c o m p le te  p h a s e - r a y  c o r r e s p o n d in g  

to  th e  c u rv e  ID A R  in  fig . 7 is th e re fo re  r e p r e s e n te d  b y  in  fig . 8 (a ) ,  a n d  s im ila r ly  th e  

p h a s e - r a y  c o r r e s p o n d in g  to  th e  c u rv e  IB E R  i n  fig . 7 is r e p r e s e n te d  b y  in  fig . 8 (b). 

T h e  a r ro w s  in d ic a te  d i r e c t io n  o f  p h a s e - p r o p a g a t io n .

S c h e k u lin ’s r e s u l t  is th u s  c o n f i rm e d . M o re o v e r  i t  s h o u ld  b e  e m p h a s iz e d  t h a t  p h a s e - r a y s  

o f  th e  fo rm  s h o w n  in  fig . 8 a r e  n o t  e x c e p tio n a l  p h e n o m e n a  w h ic h  o n ly  o c c u r  as a  r e s u l t
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o f  so m e  s p e c ia l  c h o ic e  o f  th e  c o n d it io n s  o f  p r o p a g a t io n .  T h e y  a r e  g e n e r a l  p h e n o m e n a  

w h ic h  c a n  o n ly  b e  a v o id e d  b y  s p e c ia l  c h o ic e  o f  th e  c o n d it io n s  o f  p r o p a g a t io n .  T h e  

u n u s u a l  fo rm  o f  th e  p h a s e - r a y s  m e re ly  e x p re sse s  th e  e ffe c t  o f  th e  e a r t h ’s m a g n e t ic  f ie ld  in  

p r o d u c in g  a s y m m e tr y  b e tw e e n  th e  p r o p a g a t io n  o f  th e  u p g o in g  a n d  d o w n c o m in g  w a v e s . 

T h e  e x p la n a t io n  o f  th is  r e s u l t  d e p e n d s  o n  th e  f a c t  t h a t  w h a t  w e  h a v e  b e e n  d is c u s s in g  

so  f a r  is o n ly  th e  p h a s e - p r o p a g a t io n ,  w h e re a s  i t  is th e  g r o u p - p r o p a g a t io n  w h ic h  y ie ld s  

c u sp le ss  r a y s  o f  m o r e  c o n v e n t io n a l  ty p e  t h a n  th o s e  s h o w n  in  fig . 8.

C o n s id e r  a  g r o u p  o f  p la n e  h a r m o n ic  w a v e s  w h o s e  f re q u e n c ie s  a r e  g r o u p e d  a r o u n d  a  

m e a n  f r e q u e n c y /  a n d  w h o s e  d i r e c t io n s  o f  in c id e n c e  u p o n  th e  io n o s p h e re  a r e  g r o u p e d  

a r o u n d  a  m e a n  d i r e c t io n  m a k in g  a n  a n g le  6 w i th  th e  v e r t ic a l .  S u c h  a  g r o u p  o f  w a v e s  

fo rm s  a  w a v e -p a c k e t  c o n s is t in g  o f  a  p o r t io n  o f  a  p la n e  h a r m o n ic  w a v e  o f  f r e q u e n c y /  

c o n c e n t r a te d  in  th e  n e ig h b o u r h o o d  o f  a  c e r ta in  p o in t  m o v in g  u p w a r d s  to w a rd s  th e  

io n o s p h e re  w i th  th e  v e lo c ity  o f  l ig h t  in vacuo a t  a n  a n g le  6 to  th e  v

th e  w a v e -p a c k e t  is s till b e lo w  th e  io n o s p h e re , i n d iv id u a l  w a v e -c re s ts  w i th in  i t  a r e  

m o v in g  w i th  th e  s a m e  v e lo c ity  a n d  in  th e  s a m e  d i r e c t io n  as th e  w a v e -p a c k e t ,  so  t h a t  th e y  

a r e  s ta t io n a r y  r e la t iv e  to  i t .  W h e n  th e  w a v e -p a c k e t  e n te r s  th e  io n o s p h e re  i t  is m a g n e to -  

io n ic a l ly  s p l i t  in to  tw o  c h a r a c te r i s t ic a l ly  p o la r iz e d  w a v e -p a c k e ts  w h ic h  m a y  b e  c o n 

s id e re d  s e p a ra te ly .  M o re o v e r ,  fo r  e a c h  o f  th e s e  w a v e -p a c k e ts  th e  f u r th e r  e ffe c t o f  th e  

e a r t h ’s m a g n e t ic  f ie ld  in  g e n e r a l  is to  c a u s e  th e  v e lo c ity  o f  g r o u p - p r o p a g a t io n  to  

d if fe r  f ro m  t h a t  o f  p h a s e - p r o p a g a t io n  n o t  m e re ly  in  m a g n i tu d e  b u t  a lso  in  d i re c t io n . 

H e n c e ,  as a  w a v e -p a c k e t  is p r o p a g a te d  th r o u g h  th e  io n o s p h e re ,  i n d iv id u a l  w a v e -c re s ts  

w i th in  i t  a r e  in  g e n e r a l  m o v in g  a c ro ss  th e  w a v e -p a c k e t  w i th  a  v e lo c ity  w h ic h  d iffe rs  

b o th  in  m a g n i tu d e  and direction f ro m  th e  v e lo c ity  o f  th e  w a v e -p a c k e t  as a  w h o le  (cf. 

fig . 9 ) . T h is  c le a rs  u p  th e  d if f ic u lty  w i th  r e g a r d  to  fig . 8. A  r a y  s u c h  as t h a t  sh o w n  in  

fig . 8 ( a )  o r  (b) d o e s  n o t  in d ic a te  th e  p a th  a c tu a l ly  fo llo w e d  b y  a  c h a r a c te r i s t ic a l ly  

p o la r iz e d  w a v e -p a c k e t  in c id e n t  u p o n  th e  io n o s p h e re  a t  a n  a n g le  6 to  th e  v e r t ic a l .  I t  

m e re ly  in d ic a te s  fo r  e a c h  le v e l in  th e  io n o s p h e re , b o th  fo r  th e  u p w a r d  a n d  d o w n w a r d  

jo u r n e y s ,  th e  d ire c tio n s  in  w h ic h  in d iv id u a l  w a v e -c re s ts  m o v e  a c ro ss  th e  w a v e -p a c k e t

■b

Fi g . 8 .  P h a s e - r a y s  o f  m a g n e t o - i o n i c  c o m p o n e n t s .

3 . G r o u p -p r o p a g a t i o n
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w h e n  s i tu a te d  a t  t h a t  le v e l.  T h e  a c tu a l  p a t h  fo llo w e d  b y  th e  w a v e - p a c k e t  s t ill  r e m a in s  

to  b e  in v e s t ig a te d .

T h e r e  e m e rg e s  f ro m  th is  i n t e r p r e t a t i o n  o f  figs. 7 a n d  8 a n  in te r e s t in g  a n d  i m p o r t a n t  

f a c t  c o n c e rn in g  th e  c r i t ic a l  e le c t ro n  d e n s i ty  w h ic h  m u s t  b e  a t t a i n e d  in  th e  io n o s p h e re  

in  o r d e r  to  r e t u r n  a  m a g n e to - io n ic  c o m p o n e n t  to  th e  s u r fa c e  o f  th e  e a r th .  I t  m ig h t  b e  

t h o u g h t  t h a t  th is  c r i t ic a l  e le c t r o n  d e n s i ty  c o u ld  b e  d e d u c e d  b y  p u t t i n g  th e  a n g le  o f  

r e f r a c t io n  ijr e q u a l  to  \ n  i n  S n e l l ’s L a w  a s  w e  d id  in  (2) fo r  th e  c a se  w h e n  th e  e a r t h ’s 

m a g n e t ic  f ie ld  is n e g le c te d .  S in c e , f ro m  fig . 4 , p u t t i n g  =  is e q u iv a le n t  to  p u t t i n g  

q — 0 , th is  m e th o d  w o u ld  im p ly  t h a t  th e  c r i t ic a l  e le c t r o n  d e n s itie s  o f  th e  m a g n e to - io n ic  

c o m p o n e n ts  a r e  g iv e n  b y  th e  p o in ts  D  a n d  E  in  fig . 7 , t h a t  is, b y  th e  le v e ls  d  a n d  e in  

fig . 8. T h is  m e th o d  is in  g e n e r a l  w ro n g . F o r  w e  n o w  see  t h a t  i t  o n ly  e x p re sse s  th e  c o n 

d i t io n  t h a t  in d iv id u a l  w a v e -c re s ts  a r e  m o v in g  a c ro ss  th e  w a v e - p a c k e t  h o r iz o n ta l ly ,  

w h e re a s  th e  t r u e  c r i t e r io n  fo r  c r i t ic a l  e le c t r o n  d e n s i ty  is c le a r ly  to  b e  o b ta in e d  b y  

e x p re s s in g  th e  c o n d i t io n  t h a t  th e  wave-packet as a whole is t r a v e l l in g  h o r iz o n ta l ly .*  W e  

m a y  e x p e c t  t h a t  th e  c r i t ic a l  e le c t r o n  d e n s itie s  a r e  a c tu a l ly  g iv e n  b y  th e  p o in ts  A  a n d  B  

in  fig . 7 s in c e  dqjdN is in f in i te  th e r e ,  a n d  w e  p ro c e e d  to  p ro v e  t h a t  th is  is i n  f a c t  th e  c a se . 

I t  w il l fo llo w  t h a t  th e  le v e ls  o f  r e f le x io n  o f  th e  m a g n e to - io n ic  c o m p o n e n ts  in  fig . 8 a r e  

a a n d  b, n o t  d  a n d  e.

Motion o f  wave-packet

a s  a  whole

Mot 
individual 

\ ,  wave crests

Fig . 9 . P r o p a g a t i o n  o f  a  w a v e - p a c k e t  

i n  a  d o u b l y  r e f r a c t i n g  m e d i u m .

Fig . 1 0 .  T h e  p a t h  o f  a  w a v e - p a c k e t .

I t  w ill  n o w  b e  c o n v e n ie n t  to  t a k e  th e  w a v e - fu n c t io n  o f  a  m a g n e to - io n ic  c o m p o n e n t  

in  th e  fo rm

(9 )

(9 ) d if fe rs  f ro m  (4 ) in  t h a t  w e  h a v e  n o w  w r i t te n  S  fo r  th e  s in e  o f  th e  a n g le  o f  in c id e n c e , 

a n d  h a v e  r e p la c e d  qz b y  J  qdz  b e c a u s e  qis a  fu n c t io n  o f

w a v e - fu n c t io n  s im u lta n e o u s ly  a p p l ic a b le  fo r  a l l  v a lu e s  o f  z . T h e  f u n c t io n a l  d e p e n d e n c e

* O r , a s  m a y  e a s i ly  b e  p r o v e d  to  b e  th e  s a m e  th in g , b y  e x p r e s s in g  th e  c o n d i t i o n  th a t  th e  d ir e c t io n  

o f  e n e r g y -p r o p a g a t io n , a s  r e p r e s e n te d  b y  th e  P o y n t in g  v e c to r ,  is  h o r iz o n ta l  (c f . B o o k e r  1 9 3 6 ) .
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o f  q u p o n  z  is g iv e n  b y  o n e  o r  o th e r  o f  th e  c u rv e s  R A , IB , R B  in  fig . 7 w h e n  w e  k n o w  

th e  d i s t r ib u t io n  o f  th e  e le c t r o n  d e n s i ty  N  w i th  h e ig h t  z  a b o v e  th e  s u r fa c e  o f  th e  e a r th .  

A  g r o u p  o f  w a v e s  o f  th e  ty p e  (9 ) is r e p r e s e n te d  b y  th e  in te g r a l

J  A(k,S)ex p j ^ c t f — S y — J  q d z^ d k d S , ( 1 0 )

a n d  i f  w e  s u p p o s e  t h a t  fo r  r e a l  v a lu e s  o f  k  a n d  S  th e  a m p l i tu d e  f u n c t io n  A (k, S) is o n ly  

a p p r e c ia b le  in  th e  n e ig h b o u r h o o d  o f  a  c e r t a in  v a lu e  k0 o f  k  a n d  o f  a  c e r t a in  v a lu e  S0 o f  

S, (10 ) r e p re s e n ts  a  w a v e - p a c k e t  o f  m e a n  f r e q u e n c y  A:0r / 27r in c id e n t  u p o n  th e  io n o s p h e re  

a t  a n  a n g le  s in -1 S0 to  th e  v e r t i c a l  in  th e  y z -p la n e  as d e s c r ib e d  a b o v e  (p . 4 1 7 ) . T h e  

p o s i t io n  o f  th e  w a v e - p a c k e t  a t  a n y  in s t a n t  is o b ta in e d  b y  K e lv in ’s m e th o d  o f  s t a t io n a r y  

p h a s e .  W e  lo c a te  th e  p o in t  a t  w h ic h  th e  v a r io u s  c o m p o n e n t  w a v e s  o f  th e  g r o u p  i n t e r 

fe re  c o n s t r u c t iv e ly  w i th  o n e  a n o th e r  b y  e x p re s s in g  th e  c o n d it io n s  t h a t  s m a ll  v a r ia t io n s  

o f  k  a n d  S  f ro m  th e i r  m e a n  v a lu e s  k0 a n d  S0 m a k e  n o  f i r s t -o rd e r  v a r i a t io n  in  th e  p h a s e -  

f u n c t io n

k[ct— S

T h e s e  c o n d it io n s ,  o b ta in e d  b y  m a k in g  th e  p a r t i a l  d e r iv a t iv e s  o f  (11 ) w i th  r e s p e c t  to  k  

a n d  S  v a n is h  fo r  k =  k0, S  =  S0, a r e

5 y = / o  dk iZ '
(12)

^_
_

©

II ( 1 3 )

in  w h ic h  k  a n d  S  a r e  s u p p o s e d  to  h a v e  th e i r  m e a n  v a lu e s  kQ a n d  T h e  tw o  r e la t io n s  

(12 ) a n d  ( 1 3 ) b e tw e e n  y, z  a n d  t g iv e  th e  p o s i t io n  (y, z) o f  th e  w a v e -p a c k e t  a t  t im e  t. 

T h e  lo w e r  l im i t  o f  th e  in te g r a l  in  (11) h a s  b e e n  c h o s e n  to  m a k e  y, z  a n d  t  v a n is h  to g e th e r  

in  (12 ) a n d  ( 1 3 ) , t h a t  is, to  m a k e  th e  w a v e -p a c k e t  p a ss  th r o u g h  th e  o r ig in  a t  t im e  z e ro .

( 1 3 ) g iv es  y  e x p lic i t ly  as a  f u n c t io n  o f  z , t h a t  is, i t  g iv es th e  e q u a t io n  o f  th e  p a t h  t r a c e d  

o u t  b y  th e  m o t io n  o f  th e  w a v e -p a c k e t .  F ig . 10 is a  r e p r e s e n ta t io n  o f  th is  p a th ,  P  b e in g  th e  

p o s i t io n  o f  th e  w a v e -p a c k e t  a t  t im e  t a f te r  le a v in g  th e  o r ig in  0 . W h e n  th e  v a lu e  o f  y  

c o r r e s p o n d in g  to  a  g iv e n  v a lu e  o f  z  h a s  b e e n  o b ta in e d  f ro m  ( 1 3 ) , i t  m a y  b e  s u b s t i tu te d  

in to  (1 2 ) , w h ic h  th e n  g iv es th e  t im e  ta k e n  b y  th e  w a v e -p a c k e t  to  r e a c h  th e  h e ig h t  z . 

ct is u s u a l ly  c a l le d  th e  e q u iv a le n t  p a th  o r  g r o u p - p a th  o f  th e  w a v e -p a c k e t .  I t  m a y  b e  

m e n t io n e d  t h a t ,  i f  in  d i f f e r e n t ia t in g  (11 ) p a r t i a l ly  to  o b ta in  (12) a n d  ( 1 3 ) w e  ta k e  th e  

i n d e p e n d e n t  p a r a m e te r s  to  b e , n o t  k  a n d  S, b u t  k  a n d  (kS), (12 ) is r e p la c e d  b y  a  r e la t io n  

g iv in g  ct e x p lic i t ly  as a  f u n c t io n  o f  z  w i th o u t  in v o lv in g  y.

O u r  im m e d ia te  o b je c t  is to  c a lc u la te  th e  c r i t ic a l  e le c t ro n  d e n s i ty  w h ic h  m u s t  b e  

a t t a in e d  in  th e  io n o s p h e re  in  o r d e r  to  r e tu r n  th e  w a v e -p a c k e t  to  th e  su r fa c e  o f  th e  e a r th .  

T h is  is th e  e le c t ro n  d e n s i ty  c o r r e s p o n d in g  to  th e  p o in t  A  in  fig . 10 w h e re  th e  d i r e c t io n  o f

V o l . C C X X X V I I .  A . 5 3
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m o tio n  o f  th e  w a v e - p a c k e t  is h o r iz o n ta l .  T h e  le v e l  a t  w h ic h  th e  e le c t r o n  d e n s i ty  is 

c r i t ic a l  is th e re fo re  o b ta in e d  b y  p u t t i n g

l = 0 0 > (14)

w h e re  y  is g iv e n  as a  fu n c t io n  o f  zby  ( 1 3 ) . B u t  f ro m  ( 1 3 ) w e  d e d u c

w i th  r e s p e c t  to  z  t h a t

t — %  <“ >

H e n c e  th e  c o n d i t io n  ( 1 4 ) fo r  c r i t ic a l  e le c t r o n  d e n s i ty  b e c o m e s

| = o o .  ( 1 6 )

N o w  q is g iv e n  as a  f u n c t io n  o f  S  b y  th e  q u a r t i c  e q u a t io n  (7 ) , t h e  c o e ffic ie n ts  o f  w h ic h  

d e p e n d  o n  S. D e n o te  th e  l e f t - h a n d  s id e  o f  (7 ) ,  r e g a r d e d  as a  p o ly n o m ia l  in  q, b y  F(q), 

so  t h a t  th e  q u a r t i c  m a y  b e  w r i t t e n

aq4 + fiq3 +  yq2+ 8q-\-e =  0 , ( 1 7 )

w h e re  a , /?, y, 8 a n d  e, a n d  c o n s e q u e n t ly  q, d e p e n d  o n  th e  e le c t r o n  d e n s i ty ,  th e  e

m a g n e t ic  f ie ld , t h e  w a v e - f r e q u e n c y , a n d  in  p a r t i c u l a r  u p o n  S, th e  s in e  o f  th e  a n g le  o f  

in c id e n c e . D if f e r e n t ia te  ( 1 7 ) p a r t i a l ly  w i th  r e s p e c t  to  W e  o b ta in

dFdq (da 4 dfi3 

d q d S + \d S q + dSq + d S q )  °> ^

w h e r e  th e  f irs t t e r m  c o m e s  f ro m  d i f f e r e n t ia t in g  th e  p o w e rs  o f  q a n d  th e  t e r m  in  b r a c k e ts  

f ro m  d i f f e r e n t ia t in g  th e  c o e ffic ie n ts . W e  m a y  a n t i c ip a te  t h a t  th e  l a t t e r  t e r m  is a lw a y s  

f in ite  u n d e r  th e  c o n d it io n s  in  w h ic h  w e  a r e  in te r e s te d ,  a n d  th is  is c o n f i rm e d  b y  th e  

a n a ly t ic a l  e x p re ss io n s  fo r  a , ytf, y, 8 a n d  e to  b e  d e d u c e d  in  § 7 . I t  th e re fo re  fo llo w s f ro m  

( 1 8 ) t h a t  th e  c o n d i t io n  ( 1 6 ) fo r  c r i t ic a l  e le c t r o n  d e n s i ty  is e q u iv a le n t  to

dF

f = ° -  <19>

B u t  th is  is th e  w e ll-k n o w n  c o n d i t io n  t h a t  th e  q u a r t i c  e q u a t io n  ( 1 7 ) fo r  q s h o u ld  h a v e  a  

p a i r  o f  e q u a l  ro o ts . N o w  th e  fo u r  ro o ts  o f  ( 1 7 ) a r e  r e p r e s e n te d  in  fig . 7 a s  f u n c t io n s  o f  th e  

e le c t r o n  d e n s i ty  N  b y  th e  fo u r  c u rv e s  IA , R A , , R B . A t  t

c o r r e s p o n d in g  to  th e  e x t r a o r d in a r y  w a v e  p a sse s  f ro m  r e a l  to  c o n ju g a te  c o m p le x  v a lu e s  

v ia  e q u a l i ty  a s  N in c re a s e s  th r o u g h  N A. A t  th e  p o in t  B  th e  p a i r  o f  ro o ts  c o r r e s p o n d in

th e  o r d in a r y  w a v e  p a sse s  f ro m  r e a l  to  c o n ju g a te  c o m p le x  v a lu e s  v ia  e q u a l i ty  a s  N  i n 

c re a s e s  th r o u g h  N b. Na a n d  N B a r e  th e re fo re  th e  e le c t r o n  d e n s itie s  fo r  w h ic h  a  p a i r  o f  

ro o ts  o f  th e  q u a r t i c  e q u a t io n  ( 7 ) fo r  q a r e  e q u a l ,  a n d  a r e  c o n s e q u e n t ly  th e  c r i t ic a l  

e le c t r o n  d e n s itie s  fo r  th e  e x t r a o r d in a r y  a n d  o r d in a r y  w a v e s . IA  r e p re s e n ts  th e  u p g o in g  

e x t r a o r d in a r y  w a v e , A R  th e  d o w n c o m in g  e x t r a o r d in a r y  w a v e , IB  th e  u p g o in g  o r d in a r y
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w a v e  a n d  B R  th e  d o w n c o m in g  o r d in a r y  w a v e . T h e  le v e ls  in  f ig . 8 c o r r e s p o n d in g  to  th e  

c r i t ic a l  e le c t r o n  d e n s itie s  N A a n d  N B a r e  a a n d  b, c o r r e s p o n d in g  to  th e  p o in ts  A  a n d  B  in  

fig . 7 . W e  h a v e  th e r e f o re  s h o w n  t h a t ,  i n  fig . 8, a l th o u g h  d  a n d  e a r e  th e  le v e ls  w h e re  

in d iv id u a l  w a v e -c re s ts  a r e  m o v in g  a c ro ss  th e  w a v e -p a c k e ts  h o r iz o n ta l ly ,  n e v e r th e le s s  

a a n d  b a r e  th e  le v e ls  w h e r e  th e  w a v e -p a c k e ts  as a  w h o le  a r e  t r a v e l l in g  h o r iz o n ta l ly .  

I n  o th e r  w o rd s , th e  c r i t ic a l  e le c t r o n  d e n s itie s  a r e  g iv e n  in  fig . 7 b y  th e  p o in ts  A  a n d  B  

w h e r e  tw o  ro o ts  o f  th e  q u a r t i c  (7 ) fo r  q a r e  e q u a l ,  n o t  b y  th e  p o in ts  D  a n d  E  w h e r e  <7 — 0. 

O f  c o u rs e , in  th e  s p e c ia l  c a s e  o f  v e r t ic a l  in c id e n c e  r e p r e s e n te d  in  fig . 6, i t  h a p p e n s  t h a t ,  

o w in g  to  s y m m e tr y  o f  th e  (<7, N )  c u rv e s  a b o u t  th e  JV-axis, th e  p o in ts  A  a n d  B  

c o in c id e  w i th  th e  p o in ts  D  a n d  E , so  t h a t  in  th is  p a r t i c u l a r  c a se  i t  is 

c a lc u la te  th e  c r i t ic a l  e le c t r o n  d e n s itie s  f ro m  th e  c o n d i t io n  =  0 .

Fi g . 1 1 .  G r o u p -  a n d  p h a s e - r a y s  o f  m a g n e t o - i o n i c  c o m p o n e n t s .

W e  a re  n o w  in  a  p o s i t io n  to  fo rm  a  c o m p le te  p ic tu r e  o f  th e  p r o p a g a t io n  o f  w a v e -p a c k e ts  

th r o u g h  th e  io n o s p h e re  u n d e r  th e  in f lu e n c e  o f  th e  e a r t h ’s m a g n e t ic  f ie ld . A n  a r b i t r a r i l y  

p o la r iz e d  w a v e -p a c k e t  in c id e n t  u p o n  th e  io n o s p h e re  a t  th e  p o in t  /  in  fig . 11 is m a g n e to -  

io n ic a l ly  s p l i t  in to  th e  tw o  c h a r a c te r i s t ic a l ly  p o la r iz e d  w a v e -p a c k e ts ,  th e  p a th s  o f  w h ic h  

a r e  r e p r e s e n te d  b y  th e  tw o  g r o u p - r a y s  ID A R , IB E R  s h o w n  in  th e  u p p e r  a n d  lo w e r  

se c tio n s  o f  th e  f ig u re . IA  is th e  p a th  fo llo w e d  b y  th e  e x t r a o r d in a r y  w a v e -p a c k e t  o n  its  

u p w a r d  j o u r n e y  t h r o u g h  th e  io n o s p h e re , a n d  c o r re s p o n d s  to  th e  r o o t  o f  th e  q u a r t i c  

e q u a t io n  (7 ) fo r  q r e p r e s e n te d  b y  th e  c u rv e  I  A  in  fig . 7 ; in  fig . 11 sh ow s th e  p o s i t io n  

o f  th e  u p g o in g  w a v e -p a c k e t  w h e n  i t  r e a c h e s  th e  le v e l in  th e  io n o s p h e re  w h e re  th e  e le c t ro n  

d e n s i ty  is t h a t  c o r r e s p o n d in g  to  th e  p o in t  D  in  fig . 7 . A R  in  fig . 11 is th e  p a th  fo llo w e d  b y  

th e  e x t r a o r d in a r y  w a v e -p a c k e t  o n  its  d o w n w a r d  jo u r n e y  t h r o u g h  th e  io n o s p h e re  a n d

5 3 -2
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c o rre s p o n d s  to  th e  r o o t  o f  th e  q u a r t i c  e q u a t io n  (7 ) fo r  q r e p r e s e n te d  b y  th e  c u rv e  

in  fig . 7. I n  th e  s a m e  w a y , IB  in  f ig . 11 is th e  p a t h  fo llo w e d  b y  th e  o r d in

o n  its  u p w a r d  jo u r n e y ,  c o r r e s p o n d in g  to  th e  r o o t  o f  th e  q u a r t i c  fo r  r e p r e s e n te d  b y  th e  

c u rv e  IB  in  fig . 7, a n d  B R  in  fig . 11 is th e  p a t h  fo llo w e d  b y  th e  o r d in a r y  w a v e - p a c k e t  o n  

its  d o w n w a r d  j o u r n e y ,  c o r r e s p o n d in g  to  th e  r o o t  o f  th e  q u a r t i c  fo r  q r e p r e s e n te d  b y  th e  

c u rv e  B R  in  fig . 7 ; E in  fig . 11 sh o w s th e  p o s i t io n  o f  th e  d o w n c o m in g  w a v e - p a c k e t  

i t  is a t  th e  le v e l in  th e  io n o s p h e re  w h e r e  th e  e le c t r o n  d e n s i ty  is t h a t  c o r r e s p o n d in g  to  th e  

p o in t  E  in  fig . 7 . T h e  sp o ts  a t  v a r io u s  p o in ts  a lo n g  th e  tw o  g r o u p - r a y s  r e p r e s e n t  th e  tw o  

c h a r a c te r i s t i c a l ly  p o la r iz e d  w a v e -p a c k e ts  a t  v a r io u s  s ta g e s  d u r in g  th e i r  p r o p a g a t io n  

th r o u g h  th e  io n o s p h e re .

Fi g . 1 2 .  C a l c u l a t i o n  o f  h o r i z o n t a l  r a n g e .

T h e  a s y m m e tr y  o f  th e  (q, N )  c u rv e s  IDAR , IB E R  in  fig . 7 a

a s y m m e tr y  o f  th e  g r o u p - r a y s  IDAR , IB E R  in  fig . 11 a b o u t  th e  v e r t ic a ls  th

re s p e c t iv e ly . F o r  i f  —dqjdS is p lo t t e d  fo r  th e  e x t r a o r d in a r y  w a v e  as a  fu n c t io n  o f  h e ig h t  

z  a b o v e  th e  s u r fa c e  o f  th e  e a r th ,  w e  o b ta in  a  c u rv e  o f  th e  ty p e  s h o w n  b y  th e  c o n t in u o u s  

l in e  in  fig . 12 h a v in g  tw o  b r a n c h e s  w h ic h  a r e  n o t  in  g e n e r a l  s y m m e tr ic a l  w i th  r e s p e c t  to  

th e  z -a x is .  T h e  u p p e r  b r a n c h  is d e r iv e d  f ro m  th e  r o o t  o f  th e  q u a r t i c  e q u a t io n  (7 ) fo r  q 

r e p r e s e n te d  b y  th e  c u rv e  IA  i n  fig . 7 a n d  c o r re s p o n d s  to  th e  u p g o in g  w a v e , w h i le  th e  

lo w e r  b r a n c h  is d e r iv e d  f ro m  th e  r o o t  o f  th e  q u a r t i c  fo r  q r e p r e s e n te d  b y  th e  c u rv e  A R  in  

fig . 7 a n d  c o r re s p o n d s  to  th e  d o w n c o m in g  w a v e . I t  is c le a r  f ro m  ( 1 5 ) t h a t  —dqjdS  is 

p o s it iv e  fo r  a n  u p g o in g  w a v e -p a c k e t  a n d  n e g a t iv e  fo r  a  d o w n c o m in g  w a v e -p a c k e t .  

B e lo w  th e  io n o s p h e re  w e  h a v e  (cf. (8 ))

J A  -  d ( ±c o s t ))„ 
d S ~  d(s i n 0 ) ~  ± ta n f f  (2 0 )

fo r  th e  u p g o in g  a n d  d o w n c o m in g  w a v e s  r e s p e c t iv e ly . I n  th e  io n o s p h e re  th e  tw o  v a lu e s  

o f  —dq/dS i n  g e n e r a l  c e a se  to  b e  e q u a l  a n d  o p p o s i te ,  b u t  in  a c c o r d a n c e  w i th  ( 1 6 ) th e y  

t e n d  to  ± o o  as z-> zA ( th e  h e ig h t  o f  th e  p o in t  A  in  fig . 11 ) . A s z  in c re a s e s  t h r o u g h  z

t h e  tw o  v a lu e s  o f  —dq/dS, l ik e  th o s e  o f  <7, b e c o m e  c o n ju g a te  c o m p le x  q u a n t i t ie s .  N o w
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( 1 3 ) sh o w s  t h a t  th e  h o r i z o n ta l  d i s p la c e m e n t  yun d e r g o n e  b y  a  w a v e - p a c k e t  as i

to  th e  h e ig h t  z  is r e p r e s e n te d  b y  th e  a r e a  u n d e r  th e  — dq/dSc u rv e .  I n  p a r t i c u l a r  th e  h o r i 

z o n ta l  d is p la c e m e n t  u n d e r g o n e  b y  th e  e x t r a o r d in a r y  w a v e - p a c k e t  in  r e a c h in g  its  h ig h e s t  

p o in t  A  in  f ig . 11 (a) is g iv e n  b y  th e  a r e a  in  fig . 12 c o n ta in e d  b e tw e e n  th e  u p p e r  b r a n c h  o f  

th e  — dq/dSc u rv e ,  th e  z -a x is  a n d  th e  o r d in a te s  z  =  0  a n d  z  =  z A. T h e  f u r t h e r  h o r iz o n ta l  

d is p la c e m e n t  u n d e r g o n e  b y  th e  w a v e - p a c k e t  in  r e tu r n in g  to  th e  s u r fa c e  o f  th e  e a r t h  is 

g iv e n  b y  th e  a r e a  in  fig . 12 c o n ta in e d  b e tw e e n  th e  lo w e r  b r a n c h  o f  th e  — dq/dS c u rv e ,  

th e  z -a x is  a n d  th e  o r d in a te s  z  =  0  a n d  z  =  zSin c e  th e s e  tw o  c o

h o r iz o n ta l  r a n g e  o f  th e  w a v e - p a c k e t  ( t h a t  is, its  t o ta l  h o r iz o n ta l  d is p la c e m e n t  f ro m  th e  

t im e  i t  le a v e s  th e  s u r fa c e  o f  th e  e a r t h  u n t i l  th e  t im e  i t  r e tu r n s  to  i t)  a r e  in  g e n e r a l  u n e q u a l ,  

i t  is c le a r  t h a t  th e  g r o u p - r a y  s h o w n  in  fig . 11 (a)m ust in  g e n e r a l  b e  a s y m

th e  v e r t i c a l  t h r o u g h  A. I t  m a y  b e  m e n t io n e d  t h a t ,  in  u s in g  fig . 12 fo r  a  n u m e r ic a l  

c a lc u la t io n  o f  th e  h o r iz o n ta l  r a n g e  o f  a  w a v e - p a c k e t ,  — dq/dS is m o s t  e a s ily  d e r iv e d  f ro m  

( 1 8 ) , w h ile  th e  a r e a  in  fig . 12 c o n ta in e d  b e tw e e n  th e  tw o  b r a n c h e s  o f  th e  —dqjdS c u rv e  

a n d  th e  o r d in a te s  z  =  0  a n d  z  — zA m a y  b e  o b ta in e d  b y  f i t t in g  to  th e  in f in i t ie s  c u rv e s , 

as s h o w n  b y  th e  b r o k e n  c u rv e s  in  fig . 12 , o f  th e  fo rm

± K

V f e - z ) ’
( 2 1 )

w h e r e  K is a  c e r t a in  c o n s t a n t ; th e  a r e a  b e tw e e n  th e  b r o k e n  c u rv e s  m a y  t h e n  b e  o b ta in e d  

a n a ly t ic a l ly ,  a n d  th e  r e m a in in g  a r e a ,  w h ic h  n o  lo n g e r  c o n ta in s  a n  in f in i te  o r d in a te ,  b y  

a  s t a n d a r d  n u m e r ic a l  m e th o d .  T h e r e  is, o f  c o u rs e , a  c u rv e  fo r  th e  o r d in a r y  w a v e  o f  th e  

s a m e  ty p e  as t h a t  s h o w n  in  fig . 12 fo r  th e  e x t r a o r d in a r y  w a v e . W e  m a y  r e m a r k  th a t ,  fo r  

th e  s a m e  m e a n  f r e q u e n c y  a n d  a n g le  o f  in c id e n c e ,  th e  h o r iz o n ta l  r a n g e s  o f  th e  o r d in a r y  

a n d  e x t r a o r d in a r y  w a v e -p a c k e ts  a r e  d i f f e re n t .  C o n s e q u e n tly  a l th o u g h  th e  p o in ts  in  

fig . 11 (a) a n d  ( b) a r e  id e n t ic a l ,  b e in g  th e  p o in t  w h e re  th e  a r b i t r a r i l y  p o la r iz e d  in c id e n t  

w a v e - p a c k e t  is s p l i t  in to  th e  tw o  c h a r a c te r i s t i c a l ly  p o la r iz e d  w a v e -p a c k e ts ,  n e v e r th e 

less th e  p o in ts  R  in  fig . 1 1 (a )  a n d  (b) w h e re  th e  tw o  c h a r a c te r i s t ic a l ly  p o la r iz e d  w a v e -  

p a c k e ts  le a v e  th e  io n o s p h e re  a r e  n o t  id e n t ic a l .

T h e  in te g r a l  o n  th e  r i g h t - h a n d  s id e  o f  (1 2 ) , w h ic h  is r e q u i r e d  fo r  c a lc u la t in g  th e  

e q u iv a le n t  p a t h  ct o f  a  c h a r a c te r i s t ic a l ly  p o la r iz e d  w a v e -p a c k e t ,  m a y  b e  d isc u sse d  in  th e  

s a m e  w a y  as th e  in te g r a l  o n  th e  r i g h t - h a n d  s id e  o f  ( 1 3 ) , w h ic h  g iv es th e  h o r iz o n ta l  

d is p la c e m e n t  y  o f  th e  w a v e -p a c k e t .  *

T h e  p h a s e - r a y s  o f  fig . 8 a r e  r e d r a w n  o n  th e  r ig h t - h a n d  s id e  o f  fig . 11. T h e  p o in ts  i, r, 

d, a , e, b o f  th e  p h a s e - r a y s  c o r r e s p o n d  to  a n d  a r e  a t  th e  s a m e  le v e ls  as th e  p o in ts  / ,  R, , 

A , E , B  o f  th e  g ro u p - ra y s .  N o w  i t  w ill  b e  r e m e m b e r e d  t h a t  th e  p h a s e - ra y s  m e re ly  

in d ic a te  fo r  e a c h  le v e l in  th e  io n o s p h e re  b o th  fo r  th e  u p w a r d  a n d  d o w n w a r d  jo u r n e y s  

th e  d i r e c t io n s  in  w h ic h  in d iv id u a l  w a v e -c re s ts  a r e  m o v in g  a c ro ss  th e  w a v e -p a c k e ts  

w h e n  s i tu a te d  a t  t h a t  le v e l. F o r  e a c h  o f  th e  se le c te d  p o s i t io n s  o f  th e  w a v e -p a c k e t  a lo n g

* G f. G o u b a u  1 9 3 4 , w h o s e  m e th o d  o f  c a lc u la t in g  t h e  i n te g r a n d  o n  th e  r ig h t -h a n d  s id e  o f  (1 2 )  a n d  o f  

p e r fo r m in g  th e  n u m e r ic a l  in te g r a t io n  is  n o t  q u it e  so  c o n v e n ie n t  (o r  a c c u r a te )  a s th a t  s u g g e s te d  h e r e .
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th e  g r o u p - r a y  ID A R  in  fig . 11 (a) w e  h a v e  th e r e f o re  in d ic a te d  b y  a n  a r r o w  th e  d i r e

in  w h ic h ,  a c c o rd in g  to  th e  p h a s e - r a y  idar, i n d iv id u a l  w a v e -c

th e  w a v e -p a c k e t .  W h e n  th e  w a v e - p a c k e t  e n te r s  th e  io n o s p h e r e  a t  I  i n d iv id u a l  w a v e -  

c re s ts  a r e  m o v in g  w i th  th e  s a m e  v e lo c ity  a n d  i n  th e  s a m e  d i r e c t io n  as th e  w a v e - p a c k e t  

as a  w h o le , so  t h a t  th e y  a r e  s t a t io n a r y  r e la t iv e  to  i t .  B u t  a s  th e  w a v e - p a c k e t  t r a v e ls  

u p w a r d s  in to  th e  io n o s p h e re  th e  d i r e c t io n  o f  m o t io n  o f  i n d iv id u a l  w a v e -c re s ts  c e a se s  

to  b e  id e n t ic a l  w i th  th e  d i r e c t io n  o f  m o t io n  o f  th e  w a v e - p a c k e t  as a  w h o le  (cf. f ig . 9 ) .  

A t  a  p o in t  o n  th e  g r o u p - r a y  b e tw e e n  I  a n d  D  in  fig . 11 

in d iv id u a l  w a v e -c re s ts  a c ro ss  th e  w a v e - p a c k e t  is m o r e  in c l in e d  to  th e  v e r t i c a l  t h a n  th e  

d i r e c t io n  o f  m o t io n  o f  th e  w a v e - p a c k e t  as a  w h o le .  W h e n  th e  w a v e - p a c k e t  h a s  r e a c h e d  

th e  p o in t  D , in d iv id u a l  w a v e -c re s ts  a r e  t r a v e l l in g  a c ro ss  i t  h o r iz o n ta l ly  a l th o u g h  th e

w a v e - p a c k e t  as a  w h o le  is s t ill  m o v in g  u p w a r d s .  A lo n g  th e  p o r t io n  D A  o f  th e  g r o u p - r a y  

th e  d i r e c t io n  o f  m o t io n  o f  th e  w a v e - p a c k e t  a s  a  w h o le  c o n tin u e s  to  s lo p e  u p w a r d s  in  

s p i te  o f  th e  f a c t  t h a t  th e  d i r e c t io n  o f  m o t io n  o f  in d iv id u a l  w a v e -c re s ts  a c ro ss  i t  is n o w  

s lo p in g  d o w n w a rd s .  A f te r  th e  w a v e - p a c k e t  h a s  p a s s e d  its  h ig h e s t  p o in t  , b o th  th e  

d i r e c t io n  o f  m o t io n  o f  th e  w a v e - p a c k e t  a s  a  w h o le  a n d  th e  d i r e c t io n  o f  m o t io n  o f  

in d iv id u a l  w a v e -c re s ts  a c ro ss  i t  h a v e  d o w n w a r d  s lo p e s , w h ic h  t e n d  to  id e n t i ty  a s  th e  

w a v e - p a c k e t  a p p r o a c h e s  th e  p o in t  R  w h e r e  i t  le a v e s  th e  io n o s p h e re .  T h e r e  is a  c o r r e 

s p o n d in g  i n te r p r e t a t i o n  o f  fig . 1 1 ( £ ) : w h e n  th e  w a v e - p a c k e t  is b e tw e e n  B  a n d  E  its  

d i r e c t io n  o f  m o t io n  a s a  w h o le  h a s  a  d o w n w a r d  s lo p e  w h e re a s  th e  d i r e c t io n  o f  m o t io n  

o f  in d iv id u a l  w a v e -c re s ts  a c ro ss  i t  h a s  a n  u p w a r d  s lo p e .

4 . La t e r a l  d e v i a t i o n

T h e  g r o u p  o f  w a v e s  r e p r e s e n te d  b y  th e  in te g r a l  (10 ) d o e s  n o t  r e p r e s e n t  a  w a v e - p a c k e t  

w h ic h  is l im i te d  in  a l l  d ir e c t io n s . T h e  r e a s o n  fo r  th is  is t h a t  th e  d i r e c t io n s  o f  in c id e n c e  

u p o n  th e  io n o s p h e re  o f  th e  c o m p o n e n t  w a v e s  in  (1 0 ), a l th o u g h  g r o u p e d  a r o u n d  a  c e r t a in  

m e a n  d i r e c t io n  o f  in c id e n c e ,  n e v e r th e le s s  a l l  lie  in  th e  y z -p la n e .  C o n s e q u e n t ly  (10) 

r e p re s e n ts  a  w a v e - p a c k e t  w h ic h  is l im i te d  in  a l l  d i r e c t io n s  in  th e  y z -p la n e  b u t  is in f in i te  

in  th e  d i r e c t io n  p e r p e n d ic u la r  to  th e  y z -p la n e ,  t h a t  is, a  w a v e - p a c k e t  w h ic h , in s te a d  o f  

b e in g  c o n c e n t r a te d  in  th e  n e ig h b o u r h o o d  o f  a  s in g le  p o in t  m o v in g  to w a rd s  th e  io n o 

s p h e re  in  th e  y z -p la n e ,  is c o n c e n t r a te d  in  th e  n e ig h b o u r h o o d  o f  a  l in e  p e r p e n d i c u l a r  to  

th e  y z -p la n e  m o v in g  a t  r i g h t  a n g le s  to  its  o w n  le n g th .  T h e  g r o u p - r a y s  s h o w n  in  fig . 11 

a r e  th e  lo c i  o f  th e  in te r s e c t io n s  o f  s u c h  l in e s  w i th  th e  y z -p la n e .

L e t  u s  n o w  a d d  to  th e  g r o u p  so m e  w a v e s  w h o s e  f r e q u e n c ie s  a n d  d ir e c t io n s  o f  in c id e n c e  

a r e  g r o u p e d  a r o u n d  th e  s a m e  m e a n  f r e q u e n c y  a n d  m e a n  d i r e c t io n  o f  in c id e n c e  a s  th o s e  

o f  th e  w a v e s  a l r e a d y  p r e s e n t  b u t  w h o s e  d i r e c t io n s  o f  in c id e n c e  n e v e r th e le s s  d o  n o t  l ie  

q u i te  in  th e  y z -p la n e . T h e s e  n e w  w a v e s  in te r f e r e  w i th  th e  w a v e s  a l r e a d y  p r e s e n t  in  s u c h  

a  w a y  as to  d e s t ro y  th e  w a v e -p a c k e t  e x c e p t  in  th e  n e ig h b o u r h o o d  o f  a  s in g le  p o in t  

m o v in g  to w a rd s  th e  io n o s p h e re  p a r a l le l  to  th e  y z -p la n e .  T h e  w a v e - p a c k e t  is n o w  l im i te d  

in  a ll  d i r e c t io n s , a n d ,  b y  p r o p e r  a d ju s tm e n t  o f  th e  p h a s e s  o f  th e  n e w ly  in t r o d u c e d  w a v e s ,
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its  l in e  o f  t r a v e l  b e fo re  e n te r in g  th e  io n o s p h e r e  m a y  b e  m a d e  to  lie  a c tu a l ly  in  th e  yz- 

p la n e .  W h e n  th is  w a v e - p a c k e t  e n te r s  th e  io n o s p h e r e  its  d i r e c t io n  o f  m o t io n  a s a  w h o le  

in  g e n e r a l  c e a se s  to  c o in c id e  w i th  th e  d i r e c t io n  o f  m o t io n  o f  in d iv id u a l  w a v e -c re s ts  

a c ro ss  i t .  T h is  m e a n s  t h a t ,  a l th o u g h  th e  d i r e c t io n  o f  m o t io n  o f  i n d iv id u a l  w a v e -c re s ts  

c o n t in u e s  to  b e  p a r a l le l  to  th e  y z -p la n e ,  th e  w a v e - p a c k e t  a s  a  w h o le  d o e s  n o t  in  

g e n e r a l  r e m a in  in  th e  y z -p la n e .  I t  su ffe rs  l a t e r a l  d e v ia t io n  a n d  fo llo w s  a  tw is te d  (n o n -  

p l a n a r )  p a t h  t h r o u g h  th e  io n o s p h e re ,  w h ic h  i t  u l t im a te ly  le a v e s  in  a  p la n e  p a r a l le l  to , 

b u t  n o t  i n  g e n e r a l  c o in c id e n t  w i th ,  t h e  y z -p la n e .  T h e  c u rv e s  o n  th e  l e f t - h a n d  s id e  o f  

f ig . 11 a r e  th e  p ro je c t io n s  o n  to  th e  y z -p la n e  o f  th e s e  tw is te d  p a th s  t r a c e d  o u t  b y  th e  

m o t io n  t h r o u g h  th e  io n o s p h e re  o f  w a v e -p a c k e ts  l im i te d  in  a l l  d ir e c t io n s . T h u s  th e  fu ll  

e ffe c t  o f  th e  e a r t h ’s m a g n e t ic  f ie ld  in  g e n e r a l  is n o t  o n ly  to  m a k e  th e  c u rv e s  o f  fig . 11 

a s y m m e tr ic a l  b u t  a lso  to  d e v ia te  th e  c h a r a c te r i s t i c a l ly  p o la r iz e d  w a v e -p a c k e ts  l a te r a l ly  

o u t  o f  th e  p la n e  o f  in c id e n c e .*  A n  e x p re s s io n  fo r  th e  h o r iz o n ta l  d i s p la c e m e n t  o f  a  w a v e -  

p a c k e t  p e r p e n d ic u la r  to  th e  y z -p la n e  s im ila r  to  th e  in te g r a l  ( 1 3 ) fo r  th e  h o r iz o n ta l  

d is p la c e m e n t  p a r a l le l  to  th e  y z -p la n e  m a y  e a s ily  b e  d e d u c e d ,  b u t  i t  h a s  b e e n  o m it te d  

f ro m  th e  p r e s e n t  p a p e r  fo r  th e  sa k e  o f  s im p lic ity .

C o n s id e r a t io n s  o f  s y m m e tr y  w i th  r e s p e c t  to  th e  m a g n e t ic  m e r id ia n - p la n e  sh o w  t h a t  

th e r e  c a n  b e  n o  l a t e r a l  d e v ia t io n  fo r  p r o p a g a t io n  in  th e  m a g n e t ic  m e r id ia n - p la n e  

( n o r th - s o u th  t r a n s m is s io n ) . N o r  c a n  th e r e  b e  a n y  net l a t e r a l  d e v ia t io n  w h e n  th e  p la n e  

o f  p h a s e - p r o p a g a t io n  is p e r p e n d ic u la r  to  th e  m a g n e t ic  m e r id ia n - p la n e  (e a s t-w e s t  

t r a n s m is s io n ) : a l th o u g h  th e  c h a r a c te r i s t i c a l ly  p o la r iz e d  w a v e -p a c k e ts  d o  in  g e n e r a l  

le a v e  th e  p la n e  o f  in c id e n c e  o n  th e i r  u p w a r d  jo u r n e y s  th r o u g h  th e  io n o s p h e re , th e y  

n e v e r th e le s s  r e t u r n  to  th e  p la n e  o f  in c id e n c e  o n  th e i r  d o w n w a r d  jo u r n e y s .  A  c h a r a c t e r 

is t ic a l ly  p o la r iz e d  w a v e -p a c k e t  in c id e n t  v e r t ic a l ly  u p o n  th e  io n o s p h e re  is in  g e n e r a l  

d e v ia te d  s id e w a y s  in  th e  m a g n e t ic  m e r id ia n - p la n e  d u r in g  its  u p w a r d  j o u r n e y  th r o u g h  

th e  io n o s p h e re . I t  r e t r a c e s  i ts  s te p s  a lo n g  th e  same p a th ,  h o w e v e r ,  o n  its  d o w n w a r d  

j o u r n e y .  T h is  m a y  b e  r e g a r d e d  as l a t e r a l  d e v ia t io n  in  a  d e g e n e ra te  c a se  o f  e a s t-w e s t  

tr a n s m is s io n , o r  as a s y m m e tr y  o f  th e  g r o u p - r a y  in  a  d e g e n e r a te  c a s e  o f  n o r th - s o u th  

tr a n s m is s io n .

5 . E f f e c t  o f  d a m p i n g

T h r o u g h o u t  th e  a b o v e  d isc u ss io n  o f  p r o p a g a t io n  t h r o u g h  th e  io n o s p h e re  w e  h a v e , fo r  

th e  sa k e  o f  s im p lic i ty , c o m p le te ly  n e g le c te d  th e  e ffe c t  o f  c o ll is io n a l  d a m p in g .  L e t  u s  n o w  

e x a m in e  th e  e ffe c t  o f  t a k in g  s u c h  d a m p in g  in to  a c c o u n t .  W e  k n o w  f ro m  th e  m a g n e to 

io n ic , t h e o r y  as d e v e lo p e d  b y  A p p le tp n  (19 3 2 ) fo r  th e  c a se  o f  v e r t ic a l  in c id e n c e  t h a t  

th e  in t r o d u c t io n  o f  c o ll is io n a l  d a m p in g  m a k e s  th e  c o e ffic ie n ts  a , y a n d  e in  th e  q u a d r a t i c  

e q u a t io n  (6) fo r  q2 c o m p le x , a n d  in  § 7 w e  s h a l l  see  t h a t  th e  s a m e  is t r u e  fo r  th e

* T h e  e x is t e n c e  o f  s u c h  la te r a l  d e v ia t io n  h a s  b e e n  p o in t e d  o u t  b y  B a k e r  a n d  G r e e n  (1 9 3 3 ) , w h o s e  

s ta te m e n ts  c o n c e r n in g  i ts  e f fe c t  a r e  n o t  h o w e v e r  c o r r e c t .
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q u a r t i c  e q u a t io n  (7) fo r  q in  th e  g e n e r a l  c a se  o f  o b l iq u e  in c id e n c e .  W

ta k e n  in to  a c c o u n t ,  th e re fo re ,  th e  ro o ts  o f  ( 7 ) a r e  a lw a y s  c o m p le x , w h ic h  a p p e a r s  to  m a k e  

th e  r i g h t - h a n d  sid es  o f  (12 ) a n d  ( 1 3 ) a lso  c o m p le x . T h is  o b v io u s ly  c a n n o t  m e a n  t h a t  th e  

t im e  o f  f l ig h t  a n d  h o r iz o n ta l  r a n g e  o f  a  w a v e - p a c k e t  a r e  c o m p le x , a n d  so  i t  is n e c e s s a ry  

to  r e c o n s id e r  o u r  in t e r p r e t a t i o n  o f  e q u a t io n s  (1 2 ) a n d  ( 1 3 ) .

H i th e r to  w e  h a v e  s u p p o s e d  t h a t  a  w a v e - p a c k e t  c o m p o s e d  o f  a  g r o u p  o f  w a v e s  h a v in g  

a  g iv e n  m e a n  f r e q u e n c y  kc\2i\ a n d  a  g iv e n  m e a n  a n g le  o f  in c id e n c e  s

o r ig in  a t  t im e  z e ro , a n d  w e  h a v e  r e g a r d e d  (12 ) a n d  ( 1 3 ) as g iv in g  th e  p o s i t io n  (y, z ) o f  

th e  w a v e - p a c k e t  a t  a  l a t e r  t im e  t. T h e  r e la t io n s  b e tw e e n  y , z  a n d  t d e p e n d  o f  c o u rs e  

u p o n  th e  g iv e n  v a lu e s  o f  k  a n d  S, w h ic h  o c c u r  in  th e  r i g h t - h a n d  s id e s o f  (1 2 ) a n d  ( 1 3 ) 

a s  p a r a m e te r s .  L e t  u s  n o w  s u p p o s e  h o w e v e r  t h a t  i t  is th e  v a lu e s  o f y ,  z  a n d  t w h ic h  a r e  

p r e s c r ib e d  a n d  le t  u s  im a g in e  t h a t  (12 ) a n d  ( 1 3 ) a r e  s o lv e d  fo r  k  a n d  S. T h e s e  v a lu e s  o f  

k  a n d  S  g iv e  th e  m e a n  f r e q u e n c y  a n d  m e a n  a n g le  o f  in c id e n c e  w h ic h  a  w a v e - p a c k e t  

le a v in g  th e  o r ig in  a t  t im e  z e ro  m u s t  h a v e  in  o r d e r  to  r e a c h  th e  p o in t  (y, z )  a t  t im e  t. I f  

d a m p in g  is n o w  ta k e n  in to  a c c o u n t ,  th e  v a lu e  o f  q o c c u r r in g  i n  th e  r i g h t - h a n d  s id e s  o f  

(12 ) a n d  ( 1 3 ) b e c o m e s  c o m p le x . T h is  m e a n s  t h a t  fo r  r e a l  v a lu e s  o f y ,  z  a n d  t th e  v a lu e s  

o f  k  a n d  S  o b ta in e d  b y  s o lv in g  (1 2 ) a n d  ( 1 3 ) a lso  b e c o m e  c o m p le x . C o n s e q u e n t ly  th e  

w a v e - p a c k e t  a s  re c e iv e d  a t  t h e  p o in t  (y , z ) a t  t im e  a  p o r t io n  o f  a  w a v e  o f  th e  fo rm

w i th  c o m p le x  v a lu e s  o f  k  a n d  S. T h e  c o m p le x  n a tu r e  o f  k  a n d  S  in d ic a te s  a  v a r i a t i o n  o f  

a m p l i tu d e  w i th  t a n d  y  in  a d d i t io n  to  th e  v a r i a t io n  o f  a m p l i tu d e  w i th  z  r e s u l t in g  f ro m  

th e  c o m p le x  n a tu r e  o f  q.

N o w  i t  se e m s u n l ik e ly  t h a t ,  o w in g  to  th e  e ffe c t  o f  d a m p in g  in  th e  io n o s p h e re ,  i t  is 

n e c e s s a ry  in  p r a c t ic e  to  ta k e  in to  a c c o u n t  th e  c o m p le x  n a tu r e  o f  th e  v a lu e s  o f  k  a n d  S  

a s s o c ia te d  w i th  a  d o w n c o m in g  w a v e - p a c k e t  r e c e iv e d  a t  th e  s u r fa c e  o f  th e  e a r t h ,  a n d  

th is  m a y  b e  v e r if ie d  b y  e x p re s s in g  th e  c o n d it io n s  t h a t  th e  c o n t r ib u t io n s  o f  th e  im a g in a r y  

p a r t  o f  q to  th e  r i g h t - h a n d  sid es  o f  (12 ) a n d  ( 1 3 ) a r e  n e g lig ib le  c o m p a r e d  w i th  th o s e  o f  th e  

r e a l  p a r t .  A t  v e r t i c a l  in c id e n c e  w e  d e r iv e  in  th is  w a y  th e  c o n d i t io n  t h a t  th e  p e r c e n ta g e  

v a r i a t io n  o f  th e  a m p l i tu d e  re f le x io n  c o e f f ic ie n t  w i th  f r e q u e n c y  p e r  k ilo c y c le  p e r  s e c o n d  

d u e  to  v a r i a t i o n  o f  a b s o r p t io n  w i th  f r e q u e n c y  s h o u ld  b e  n e g lig ib le  c o m p a r e d  w i th  tw ic e  

th e  e q u iv a le n t  p a t h  m e a s u r e d  in  k i lo m e tre s . T h is  c o n d i t io n  is a b u n d a n t l y  sa tis f ie d  u n d e r  

a ll  c o n d it io n s  w h e n  r a d io  e x p lo r a t io n  o f  th e  io n o s p h e re  is p o ss ib le  w i th  p r e s e n t  e q u ip 

m e n t .  W e  fee l c o n f id e n t  t h a t  c o ll is io n a l  d a m p in g  h a s  n o  d e te c ta b le  e ffe c t  u p o n  th e  p a t h  

o r  t im e  o f  f l ig h t  o f  w a v e -p a c k e ts  in  th e  io n o s p h e re  a n d  m a y  b e  o m i t te d  f ro m  

e q u a t io n s  (12 ) a n d  ( 1 3 ) . *

S in c e  w e  a r e  n o w  c o n v in c e d  t h a t  th e  v a lu e s  o f  A; a n d  S  in  (22 ) m a y  b e  r e g a r d e d  a s  r e a l ,  

th e  o n ly  v a r i a t io n  o f  a m p l i tu d e  to  b e  c o n s id e re d  a ris e s  f ro m  th e  im a g in a r y  p a r t  o f  q. 

I f  i n  (22 ) w e  p u t

ct—S y — f ( 2 2 )

?=£+*<?> (23 )
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w h e r e  £ a n d  7 a r e  r e a l ,  w e  see  t h a t  th e  p h a s e - p r o p a g a t io n  o f  a  m a g n e to - io n ic  c o m p o n e n t  

is g iv e n  b y  th e  f a c to r

7 is n e g a t iv e  fo r  a n  u p g o in g  w a v e  a n d  p o s i t iv e  fo r  a  d o w n c o m in g  w a v e . I t  s h o u ld  b e  

n o t ic e d  t h a t  th e  s u rfa c e s  o f  c o n s ta n t  a m p l i tu d e  g iv e n  b y  th e  f a c to r  (2 5 ) a r e  h o r iz o n ta l  

p la n e s ,  a n d  d o  n o t  in  g e n e r a l  c o in c id e  w i th  th e  su rfa c e s  o f  c o n s ta n t  p h a s e  g iv e n  b y  (2 4 ) :  

t h e  a t t e n u a t i o n  o f  a  w a v e  h a s  to  b e  c a lc u la te d  b y  in te g r a t in g  th e  im a g in a r y  p a r t  o f  q 

v e r t i c a l ly  e v e n  i n  th e  c a se  o f  o b l iq u e  in c id e n c e .

I n  o r d e r  to  e v a lu a te  th e  a t t e n u a t io n  s u f fe re d  b y  a  w a v e  i n  th e  io n o s p h e re ,  i t  is o f te n  

c o n v e n ie n t  to  d iv id e  th e  io n o s p h e re  in to  a  d e v ia t in g  r e g io n  a n d  a  n o n - d e v ia t in g  re g io n , 

th e  l a t t e r  b e in g  s i tu a te d  b e lo w  th e  fo rm e r .  T h e  n o n - d e v ia t in g  r e g io n  is o n e  in  w h ic h  

p r o p a g a t io n  c a n  b e  c o n s id e re d  r e c t i l in e a r  b u t  in  w h ic h  a b s o r p t io n  m a y  n o t  b e  n e g lig ib le .  

I n  th is  r e g io n  th e r e  is n o  a p p r e c ia b le  v a r i a t io n  w i th  h e ig h t  in  th e  a n g le  b e tw e e n  th e  

d i r e c t io n  o f  p r o p a g a t io n  o f  th e  w a v e  a n d  th e  d i r e c t io n  o f  th e  e a r t h ’s m a g n e t ic  f ie ld , a n d  

c o n s e q u e n t ly  th e  m a in  d if f ic u lty  w h ic h  th e  t e c h n iq u e  o f  th e  p r e s e n t  p a p e r  w a s  d e v e lo p e d  

to  o v e rc o m e  is n o n -e x is te n t .  T h e  a t t e n u a t io n  s u f fe re d  b y  a  m a g n e to - io n ic  c o m p o n e n t  

in  th e  n o n - d e v ia t in g  r e g io n  o f  th e  io n o s p h e re  m a y  b e  c a lc u la te d  b y  in te g r a t in g  

th e  im a g in a r y  p a r t  o f  A p p le to n ’s c o m p le x  r e f r a c t iv e  in d e x  a lo n g  th e  o b l iq u e  r e c t i l in e a r  

p a t h  o f  th e  c o m p o n e n t  in  th e  n o n - d e v ia t in g  r e g io n , a n d  th is  is t r u e  in  s p ite  o f  th e  f a c t  

t h a t  th e  p la n e s  o f  c o n s ta n t  a m p l i tu d e  d o  n o t  c o in c id e  w i th  th e  p la n e s  o f  c o n s ta n t  

p h a s e .

I n  th e  d e v ia t in g  r e g io n  o f  th e  io n o s p h e re  th e  fo llo w in g  m e th o d  is a v a i la b le  fo r  

c a lc u la t in g  th e  in te g r a n d  o f  (2 5 ) . R e f le x io n  f ro m  th e  io n o s p h e re  is o n ly  a p p r e c ia b le  

p r o v id e d  th e  e ffe c t  o f  d a m p in g  in  th e  d e v ia t in g  r e g io n  is s u f f ic ie n tly  s m a ll  (see p . 4 2 9 ) . 

I n  th e s e  c ir c u m s ta n c e s  N e w to n ’s m e th o d  o f  c o r r e c t in g  a p p r o x im a te  ro o ts  o f  e q u a t io n s  

m a y  b e  u s e d  to  d e d u c e  th e  ro o ts  o f  th e  q u a r t i c  e q u a t io n  (7 ) f ro m  th e  ro o ts  w h ic h  a r e  

o b ta in e d  w h e n  d a m p in g  is e n t i r e ly  n e g le c te d  a n d  w h ic h  a r e  r e p r e s e n te d  b y  th e  c u rv e s  

IA } RA, IB , R B  i n  fig . 7 . L e t  q n o w  d e n o te ,  n o t  as in  (2 3 ) a  r o o t  o f  (7 ) fo r  th e  c a s e  w h e n  

d a m p in g  is t a k e n  in to  a c c o u n t ,  b u t  a  r o o t  o f  (7 ) fo r  th e  c a s e  w h e n  d a m p in g  is e n t i r e ly  

n e g le c te d . L e t  £ b e  th e  s m a ll  c o m p le x  c o r r e c t io n  to  th is  r o o t  n e c e s s i ta te d  b y  th e  i n t r o 

d u c t io n  o f  a  s m a ll  a m o u n t  o f  d a m p in g ;  th e  r o o t  th e n  b e c o m e s

L e t  a , /?, y , 8 a n d  e b e  th e  ( re a l)  c o e ffic ie n ts  in  th e  q u a r t i c  e q u a t io n  (7 ) w h e n  d a m p in g  

is e n t i r e ly  n e g le c te d , a n d  l e t  ioc', ifi\  i y \  i8' a n d  ie' b e  th e  s m a ll  c o r re c t io n s  to  th e s e  

c o e f fic ie n ts  w h e n  a  s m a ll  a m o u n t  o f  d a m p in g  is ta k e n  in to  a c c o u n t ,  a ',  /? ', 7 ',  8' a n d  e' a r e

w h i le  th e r e  is in  a d d i t io n  a  s p a t ia l  v a r i a t io n  in  th e  a m p l i tu d e  o f  th e  w a v e  r e p r e s e n te d  

b y  th e  f a c to r

£ + « 7  =  ? + £ • (2 6 )

Vo l . CCXXXVII. A. 5 4
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r e a l  a n d  d e p e n d  u p o n  th e  e le c t r o n  d e n s i ty ,  th e  e a r t h ’s m a g n e t ic  f ie ld , th e  f r e q u e n c y  o f  

e le c t ro n ic  c o llis io n s , th e  w a v e - f r e q u e n c y  a n d  th e  a n g le  o f  in c id e n c e  in  a  m a n n e r  w h ic h  

w ill b e  in v e s t ig a te d  in  § 7 . T h e  q u a r t i c  e q u a t io n  (7 ) fo r  th e  c a s e  w h e n  d a m p in g  is e n t i r e ly  

n e g le c te d  is th e re fo re

aq4 + fiq 3 +  yq2 =  0 , 

a n d  fo r  th e  c a se  w h e n  a  s m a ll  a m o u n t  o f  d a m p in g  is t a k e n  in to  a c c o u n t  is

( * + * * '}  (q+ Q 4+ ( P + i n  ( q + 0 3+ ( y + i f )

- |- ($ + z < r)  (<7+Q  +  (e+ 2 V ) =  0 . (2 8 )

I f  w e  s u b t r a c t  (2 7 ) f ro m  (2 8 ) a n d  r e t a in  o n ly  th e  te rm s  o f  th e  f ir s t  o r d e r  o f  m a g n i tu d e ,  

w e  o b ta in  w i th o u t  d if f ic u lty

r  .a y + i y + r y + f l ' g + g '  , o Q\

4a</3 +  3fiq2 +  2 +  

T h is  is a  p u r e  im a g in a r y ,  a n d  so  w e  d e d u c e  f ro m  (2 6 ) t h a t

i  ( 3 0 )

H n _  r « , \

J  4 a<73 +  3/6ty2 +  2y<7 +  £ ’ '  '

(3 0 ) im p lie s  t h a t  th e  p r o p a g a t io n  o f  p h a s e  in  th e  io n o s p h e re  is u n a f f e c te d  b y  th e  

in t r o d u c t io n  o f  a  s m a ll  a m o u n t  o f  d a m p in g .  ( 3 1 ) g iv es , i n  te rm s  o f  th e  ro o ts  o f  th e  

q u a r t i c  e q u a t io n  (7 ) fo r  th e  c a se  w h e n  d a m p in g  is e n t i r e ly  n e g le c te d ,  th e  q u a n t i t i e s  

w h ic h , in  a c c o r d a n c e  w i th  (2 5 ) , h a v e  to  b e  in te g r a te d  w i th  r e s p e c t  to  h e ig h t  in  o r d e r  

to  c a lc u la te  th e  a t t e n u a t io n  su f fe re d  b y  th e  m a g n e to - io n ic  c o m p o n e n ts  in  th e  d e v ia t in g  

r e g io n  o f  th e  io n o s p h e re . C o r r e s p o n d in g  to  th e  fo u r  ro o ts  o f  (7 ) w h ic h  a r e  o b ta in e d  

w h e n  d a m p in g  is e n t i r e ly  n e g le c te d  a n d  w h ic h  a r e  r e p r e s e n te d  b y  th e  c u rv e s  IA , , 

IB , R B  in  fig . 7 , th e r e  a r e  fo u r  v a lu e s  o f  rj wh ic h  r e fe r  r e s

o r d in a r y  w a v e , th e  d o w n c o m in g  e x t r a o r d in a r y  w a v e , th e  u p g o in g  o r d in a r y  w a v e  a n d  

th e  d o w n c o m in g  o r d in a r y  w a v e . T o  c a lc u la te  th e  t o ta l  a t t e n u a t io n  o f  th e  e x t r a o r d in a r y  

w a v e  in  th e  d e v ia t in g  r e g io n  w e  h a v e  to  in te g r a te  rj w i th  r e s p e c t  to  h e ig h t  u p  to  th e  le v e l 

w h e re  th e  e le c t r o n  d e n s i ty  h a s  th e  v a lu e  N A in  fig . 7 , u s in g  th e  v a lu e  o f  rj c o r r e s p o n d in g  

to  th e  u p g o in g  e x t r a o r d in a r y  w a v e  a n d  t h e n  d o w n  a g a in  u s in g  th e  v a lu e  o f  rj c o r r e 

s p o n d in g  to  th e  d o w n c o m in g  e x t r a o r d in a r y  w a v e . A  s im ila r  p r o c e d u r e  h a s  to  b e  

fo llo w e d  fo r  th e  o r d in a r y  w a v e .

6. V a l i d i t y  o f  t h e  r a y  t h e o r y

I n  th e  p r e s e n t  p a p e r  w e  a r e  a s s u m in g  th e  v a l id i ty  o f  th e  r a y  th e o r y  o f  p r o p a g a t io n  o f  

w ire le ss  w a v e s  th r o u g h  th e  io n o s p h e re . T h is  is a n  a s s u m p t io n  w h ic h  r e q u i r e s  a  g o o d  d e a l  

m o r e  d isc u ss io n  w h e n  th e  e a r t h ’s m a g n e t ic  f ie ld  is t a k e n  in to  a c c o u n t  t h a n  in  th e  s im p le  

c a se  o f  a n  is o tro p ic  m e d iu m . T h e  p r o b le m  h a s  b e e n  in v e s t ig a te d  e ls e w h e re  (B o o k e r  

1936), a n d  i t  t u r n s  o u t  t h a t ,  p r o v id e d  th e  v a r i a t io n  in  th e  c o n s t i tu t io n  o f  th e  io n o s p h e re
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w ith  h e ig h t ,  p e r  v a c u u m  w a v e - le n g th  u p o n  27 7, is s m a ll ,  th e  w a v e - f u n c t io n  o f  a  m a g n e to 

io n ic  c o m p o n e n t  m a y  le g i t im a te ly  b e  ta k e n  i n  th e  fo rm  (9 ) so  lo n g  as th e  r o o t  o f  th e  

q u a r t i c  e q u a t io n  (7 ) fo r  q o c c u r r in g  i n  (9 ) is n o t  a p p r o x im a te ly  e q u a l  to  a n o th e r

o f  th is  q u a r t i c .  T w o  ro o ts  o f  th e  q u a r t i c  (7 ) a r e  s a id  to  b e c o m e  a p p r o x im a te ly  e q u a l  

w h e n  t h e i r  d i f f e re n c e  c e a se s to  b e  la r g e  c o m p a r e d  w i th  th e i r  r a te s  o f  c h a n g e  w i th  h e ig h t  

p e r  v a c u u m  w a v e - le n g th  u p o n  2 t t .

L e t  u s  a s s u m e  t h a t  th e  v a r i a t i o n  in  th e  c o n s t i tu t io n  o f  th e  io n o s p h e r e  w i th  h e ig h t  

is s m a ll  e n o u g h  to  in s u r e  th e  v a l id i ty  o f  th e  r a y  th e o r y  in  g e n e r a l  a n d  le t  u s  c o n s id e r  th e  

s ig n if ic a n c e  o f  th e  e x c e p t io n a l  s t r a t a  w h e r e  th e  q u a r t i c  e q u a t io n  (7 ) fo r  q h a s  a  d o u b le  

r o o t .  A t  th e  p o in t  A  in  fig . 7 th e  r o o t  o f  ( 7 ) c o r r e s p o n d in g  to  th e  u p g o in g  e x t r a o r d in a r y  

w a v e  is e q u a l  to  th e  r o o t  c o r r e s p o n d in g  to  th e  d o w n c o m in g  e x t r a o r d in a r y  w a v e . 

H e n c e ,  in  th e  n e ig h b o u r h o o d  o f  th e  h e ig h t  w h e r e  th e  e le c t r o n  d e n s i ty  h a s  th e  c r i t ic a l  

v a lu e  Na c o r r e s p o n d in g  to  th e  p o in t  A  in  fig . 7 , th e r e  e x is ts  a  s t r a tu m  w i th in  w h ic h  

th e  d if fe re n c e  b e tw e e n  th e  v a lu e s  o f  q fo r  th e  u p g o in g  a n d  d o w n c o m in g  e x t r a o r d in a r y  

w a v e s  is n o t  la r g e  c o m p a r e d  w i th  th e i r  r a te s  o f  c h a n g e  p e r  v a c u u m  w a v e - le n g th  u p o n  

27r. C o n s e q u e n t ly  th e  r a y  th e o r y  fa ils  to  d e s c r ib e  th e  p r o p a g a t io n  o f  th e  e x t r a o r d in a r y  

w a v e  in  th is  s t r a tu m  a n d  th e  w a v e - fu n c t io n  fa ils  to  b e  o f  th e  fo rm  (9 ) . T h is  is s im p ly  

b e c a u s e  re f le x io n  o f  th e  e x t r a o r d in a r y  w a v e  is a c tu a l ly  ta k in g  p la c e  in  th is  s t r a tu m  

w h e re  th e  v a lu e  o f  q fo r  th e  u p g o in g  e x t r a o r d in a r y  w a v e  is a p p r o x im a te ly  e q u a l  to  th e  

v a lu e  o f  q fo r  th e  d o w n c o m in g  e x t r a o r d in a r y  w a v e . S im ila r ly , in  th e  n e ig h b o u r h o o d  

o f  th e  h e ig h t  w h e re  th e  e le c t r o n  d e n s i ty  h a s  th e  c r i t ic a l  v a lu e  c o r r e s p o n d in g  to  th e  

p o in t  B  in  fig . 7, th e r e  is a  s t r a tu m  w i th in  w h ic h  th e  r a y  th e o r y  c ea ses  to  d e s c r ib e  th e  

p r o p a g a t io n  o f  th e  o r d in a r y  w a v e  o w in g  to  th e  f a c t  t h a t  th e  w a v e  is in  p ro c e s s  o f  b e in g  

re f le c te d . T o  d e s c r ib e  w h a t  is a c tu a l ly  h a p p e n in g  w i th in  a  r e f le c t in g  s t r a tu m  i t  is 

n e c e s s a ry  to  o b ta in  a  m o re  e x a c t  s o lu t io n  o f  th e  e le c t r o m a g n e t ic  e q u a t io n s  t h a n  t h a t  

u p o n  w h ic h  th e  r a y  th e o r y  is b a s e d . T h is  h a s  b e e n  d o n e  (G a n s  1915; H a r t r e e  1931 b) 

u n d e r  c e r ta in  s im p lify in g  re s t r ic t io n s , a n d ,  so  lo n g  as d a m p in g  m a y  b e  n e g le c te d , i t  

a p p e a r s  t h a t ,  a l th o u g h  th e  r a y  th e o r y  fails  to  d e s c r ib e  e v e n  a p p r o x im a te ly  w h a t  is 

a c tu a l ly  h a p p e n in g  w i th in  a  re f le c t in g  s t r a tu m ,  n e v e r th e le s s  i t  d o e s  g iv e  p r a c t ic a l ly  

th e  r ig h t  e x p re s s io n  fo r  th e  r e f le c te d  w a v e .

I f  th e  e ffe c t  o f  d a m p in g  is n o w  ta k e n  in to  a c c o u n t ,  a  c o m p l ic a t io n  a rise s  f ro m  th e  fa c t  

t h a t  th e  v a lu e s  o f  q c o r r e s p o n d in g  to  th e  u p g o in g  a n d  d o w n c o m in g  w a v e s , b e in g  c o m 

p le x , n o  lo n g e r  a t t a i n  a c tu a l  e q u a l i ty ,  w i th  th e  r e s u l t  t h a t  re f le x io n  b e c o m e s  p a r t i a l  

in s te a d  o f  to ta l .  S o  lo n g  as th e  d if fe re n c e  b e tw e e n  th e  tw o  v a lu e s  o f  q d e c re a se s  to  a  

v a lu e  s m a ll  c o m p a r e d  w i th  th e i r  r a te s  o f  c h a n g e  p e r  v a c u u m  w a v e - le n g th  u p o n  277, 

re f le x io n  m a y  s till  b e  c o n s id e re d  to ta l .  B u t  i f  th e  d if fe re n c e  b e tw e e n  th e  v a lu e s  o f  q 

d e c re a se s  o n ly  to  a  v a lu e  c o m p a r a b le  w i th  th e i r  r a te s  o f  c h a n g e  p e r  v a c u u m  w a v e r  

l e n g th  u p o n  277, re f le x io n  is o n ly  p a r t i a l .  I f  th e  e ffe c t  o f  d a m p in g  is so m a r k e d  t h a t  

th e  v a lu e  o f  q fo r  th e  u p g o in g  w a v e  a lw a y s  d iffe rs  f ro m  th e  v a lu e  o f  q fo r  a  d o w n c o m in g  

w a v e  b y  a n  a m o u n t  la r g e  c o m p a r e d  w i th  th e i r  r a te s  o f  c h a n g e  p e r  v a c u u m  w a v e - le n g th  

u p o n  277, n o  q u e s t io n  o f  re f le x io n  o f  th e  u p g o in g  w a v e  a ris e s :  i t  s im p ly  t r a v e ls

5 4 -2
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u p w a r d s  u n t i l  i t  is a b s o rb e d .  C a lc u la t io n  o f  th e  p re c is e  v a lu e  o f  th e  re f le x io n  c o e ff ic ie n t  

in  a  c a s e  w h e n  th e  e ffe c t  o f  d a m p in g  is s u c h  t h a t  th e  p a r t i a l  re f le x io n  p h e n o m e n o n  is 

i m p o r t a n t  r e q u ir e s  a  m o re  e x a c t  s o lu t io n  o f  th e  e le c t r o m a g n e t ic  e q u a t io n s  t h a n  t h a t  u p o n  

w h ic h  th e  r a y  th e o r y  is b a s e d . T h e  f a c t  t h a t  r e f le x io n  is o n ly  p a r t i a l  w h e n  d a m p in g  is 

t a k e n  in to  a c c o u n t  m e a n s  t h a t  th e  a t t e n u a t io n  to  b e  a s s o c ia te d  w i th  th e  r e f le c t in g  

s t r a tu m  s h o u ld  b e  c o n s id e re d  s o m e w h a t  g r e a t e r  t h a n  t h a t  g iv e n  b y  s im p le  in te g r a t io n  

o f  th e  im a g in a r y  p a r t  o f  q u p  to , a n d  d o w n  a g a in  f ro m , th e  le v e l w h e r e  th e  d i f fe re n c e  

b e tw e e n  th e  v a lu e s  o f  q fo r  th e  u p g o in g  a n d  d o w n c o m in g  w a v e s  is a  m in im u m . I f  h o w 

e v e r  w e  u se  in  th e  re f le c t in g  s t r a tu m  th e  a p p r o x im a te  f o r m u la  ( 3 1 ) fo r  th e  im a g in a r y  

p a r t  o f  q, a  s l ig h t  e r r o r  is m a d e  w h ic h  te n d s  to  c o m p e n s a te  t h a t  a r is in g  f ro m  n e g le c t  o f  

th e  p a r t i a l  re f le x io n  p h e n o m e n o n .

430  H .  G . B O O K E R  O N  P R O P A G A T I O N  O F  W A V E - P A C K E T S

A l th o u g h  t h r o u g h o u t  th e  a b o v e  d isc u ss io n s  w e  h a v e  fo u n d  i t  c o n v e n ie n t ,  i n  th e  c a se  

w h e n  d a m p in g  is n e g le c te d ,  to  t a k e  th e  ro o ts  o f  th e  q u a r t i c  e q u a t io n  (7) fo r  q to  v a r y  w i th  

e le c t r o n  d e n s i ty  in  th e  m a n n e r  s h o w n  in  fig . 7 , i t  s h o u ld  b e  u n d e r s to o d  t h a t  th e  (q, N )  

c u rv e s  a r e  b y  n o  m e a n s  a lw a y s  o f  th is  p a r t i c u l a r  fo rm . A n o th e r  fo rm  w h ic h  th e  ( , N )  

c u rv e s  c a n  ta k e  is s h o w n  in  fig . 1 3 . T h e  r o o t  o f  th e  q u a r t i c  e q u a t io n  (7) fo r  q c o r r e 

s p o n d in g  to  th e  u p g o in g  o r d in a r y  w a v e  is h e re  r e p r e s e n te d  b y  th e  c u rv e s  a n d  A 2A 3, 

w h ile  th e  r o o t  c o r r e s p o n d in g  to  th e  d o w n c o m in g  o r d in a r y  w a v e  is r e p r e s e n te d  b y  th e  

c u rv e s  R B  a n d  A 2A V B e tw e e n  B  a n d  A 2 th e  v a lu e s  o f  q c o r r e s p o n d in g  to  th e  o r d in a r y  

w a v e  a r e  c o n ju g a te  c o m p le x  q u a n t i t ie s .  T h e  ro o ts  o f  th e  q u a r t i c  fo r  q c o r r e s p o n d in g  to  

th e  u p g o in g  a n d  d o w n c o m in g  e x t r a o r d in a r y  w a v e s  a r e  r e p r e s e n te d  b y  I A X a n d  R A 3 

re s p e c t iv e ly . A t  A 1 a  r o o t  o f  (7 ) c o r r e s p o n d in g  to  th e  u p g o in g  e x t r a o r d in a r y  w a v e  

b e c o m e s  e q u a l  to  a  r o o t  c o r r e s p o n d in g  to  th e  d o w n c o m in g  o r d in a r y  w a v e , a n d  in  

c o n s e q u e n c e  a n  u p g o in g  e x t r a o r d in a r y  w a v e -p a c k e t ,  o n  r e a c h in g  th e  le v e l  i n  th e  

io n o s p h e re  w h e re  th e  e le c t r o n  d e n s i ty  is t h a t  c o r r e s p o n d in g  to  th e  p o in t  A l9 is r e f le c te d , 

a n d  is s u b s e q u e n t ly  p r o p a g a te d  in  th e  m a n n e r  o f  a  d o w n c o m in g  o r d in a r y  w a v e -p a c k e t .

cosO

Fi g . 1 3 . qas  a  f u n c t i o n  o f  N. Fi g . 1 4 . A  g r o u p - r a y .
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A t  A 2 a  r o o t  o f  ( 7 ) c o r r e s p o n d in g  to  th e  d o w n c o m in g  o r d in a r y  w a v e  b e c o m e s  e q u a l  to  

a  r o o t  c o r r e s p o n d in g  to  th e  u p g o in g  o r d in a r y  w a v e , so  t h a t ,  w h e n  th e  d o w n c o m in g  

w a v e - p a c k e t  h a s  d e s c e n d e d  to  th e  le v e l in  th e  io n o s p h e r e  w h e r e  th e  e le c t r o n  d e n s i ty  is 

t h a t  c o r r e s p o n d in g  to  th e  p o in t  A 2, i t  is a g a in  re f le c te d  a n d  t r a v e ls  u p  to  th e  le v e l w h e re  

th e  e le c t r o n  d e n s i ty  is t h a t  c o r r e s p o n d in g  to  th e  p o in t  A 3. H e r e  a  r o o t  o f  ( 7 ) c o r r e 

s p o n d in g  to  th e  u p g o in g  o r d in a r y  w a v e  b e c o m e s  e q u a l  to  a  r o o t  c o r r e s p o n d in g  to  th e  

d o w n c o m in g  e x t r a o r d in a r y  w a v e , a n d  in  c o n s e q u e n c e  th e  u p g o in g  w a v e - p a c k e t  is 

r e f le c te d  fo r  th e  t h i r d  t im e  a n d  t h e r e a f t e r  re s u m e s  th e  ty p e  o f  p r o p a g a t io n  a p p r o p r i a t e  

to  th e  e x t r a o r d in a r y  w a v e . T h e  p a t h  fo llo w e d  b y  th e  w a v e - p a c k e t  is th e r e f o re - o f  th e  

fo rm  s h o w n  in  fig . 1 4 . T h e  a r ro w s  i n d ic a te  a s  in  fig . 11 th e  d i r e c t io n s  in  w h ic h  i n 

d iv id u a l  w a v e -c re s ts  a r e  t r a v e l l in g  a c ro ss  th e  w a v e - p a c k e t  in  v a r io u s  p o s it io n s . B e tw e e n  

A 1 a n d  A 2, b e c a u s e  q is p o s i t iv e , t h e  d i r e c t io n  in  w h ic h  in d iv id u a l  w a v e -c re s ts  a r

t r a v e l l in g  a c ro ss  th e  w a v e - p a c k e t  is s lo p in g  u p w a r d s  a l th o u g h  th e  d i r e c t io n  o f  m o t io n  o f  

th e  w a v e - p a c k e t  a s  a  w h o le  is s lo p in g  d o w n w a rd s .  B e tw e e n  D  a n d  b e c a u s e  q is 

n e g a t iv e ,  t h e  d i r e c t io n  in  w h ic h  in d iv id u a l  w a v e -c re s ts  a r e  t r a v e l l in g  a c ro ss  th e  

w a v e - p a c k e t  is s lo p in g  d o w n w a r d s  a l th o u g h  th e  d i r e c t io n  o f  m o t io n  o f  th e  w a v e - p a c k e t  

a s  a  w h o le  is s lo p in g  u p w a r d s .  T h e  ju s t i f i c a t io n  fo r  th is  i n t e r p r e t a t i o n  o f  th e  ( , N )  c u rv e  

1A xA 2D A 3R  in  fig . 1 3 , a n d  fo r  a  n u m b e r  o f  o th e r  s ta te m e n ts  in  th is  s e c tio n , is to  b e  

f o u n d  in  th e  p a p e r  a l r e a d y  r e f e r r e d  to  (B o o k e r 1936).

W e  h a v e  s e e n  t h a t  s t r a t a  w i th in  w h ic h  th e  r a y  th e o r y  b re a k s  d o w n  b e c a u s e  a  r o o t  

o f  th e  q u a r t i c  e q u a t io n  (7) fo r  q c o r r e s p o n d in g  to  a n  u p g o in g  w a v e  is a p p r o x im a te ly  

e q u a l  to  a  r o o t  c o r r e s p o n d in g  to  a  d o w n c o m in g  w a v e  a r e  a s s o c ia te d  w i th  th e  p h e n o 

m e n o n  o f  re f le x io n . W e  n o w  t u r n  o u r  a t t e n t i o n  to  a  to ta l ly  d i f f e r e n t  p h e n o m e n o n  

t h a t  is a s s o c ia te d  w i th  s t r a t a  w i th in  w h ic h  th e  r a y  th e o r y  b re a k s  d o w n  e i th e r  b e c a u s e  

a  r o o t  o f  th e  q u a r t i c  fo r  q c o r r e s p o n d in g  to  th e  u p g o in g  o r d in a r y  w a v e  is a p p r o x im a te ly  

e q u a l  to  a  r o o t  c o r r e s p o n d in g  to  th e  u p g o in g  e x t r a o r d in a r y  w a v e , o r  b e c a u s e  a  r o o t  

c o r r e s p o n d in g  to  th e  d o w n c o m in g  o r d in a r y  w a v e  is a p p r o x im a te ly  e q u a l  to  a  r o o t  

c o r r e s p o n d in g  to  th e  d o w n c o m in g  e x t r a o r d in a r y  w a v e . I n  s t r a t a  s u c h  as th e s e  th e  

p h e n o m e n o n  is o n e  o f  b r e a k d o w n  in  th e  in d e p e n d e n c e  o f  p r o p a g a t io n  o f  th e  m a g n e to 

io n ic  c o m p o n e n ts .

F o r  w a v e s  in c id e n t  v e r t ic a l ly  u p o n  th e  io n o s p h e re  a t  th e  m a g n e t ic  e q u a to r  

p r o p a g a t io n  o f  o n e  o f  th e  m a g n e to - io n ic  c o m p o n e n ts  is e n t i r e ly  u n a f f e c te d  b y  th e  p r e 

se n c e  o f  th e  e a r t h ’s m a g n e t ic  f ie ld . I t  is th is  m a g n e to - io n ic  c o m p o n e n t  w h ic h  is c a l le d  

th e  o r d in a r y  w a v e , th e  o th e r  b e in g  c a l le d  th e  e x t r a o r d in a r y  w a v e , a n d  i t  is b y  c o n t in u i ty  

w i th  th is  s p e c ia l  c a se  t h a t  th e  fo u r  ro o ts  o f  th e  q u a r t i c  e q u a t io n  ( 7 ) fo r  a r e  in  g e n e ra l  

c la ss if ie d  fo r  e a c h  le v e l  in  th e  io n o s p h e re  in to  a n  u p g o in g  o r d in a r y  w a v e , a n  u p g o in g  

e x t r a o r d in a r y  w a v e , a  d o w n c o m in g  o r d in a r y  w a v e  a n d  a  d o w n c o m in g  e x t r a o r d in a r y  

w a v e . I f  in  th e  s p e c ia l  c a se  o f  v e r t ic a l  in c id e n c e  a t  th e  m a g n e tic  e q u a to r  th e s e  fo u r  

ro o ts  a r e  p lo t t e d  as fu n c t io n s  o f  h e ig h t ,  i t  tu r n s  o u t ,  as o n e  w o u ld  e x p e c t , t h a t  th e  r o o t  

c o r r e s p o n d in g  to  th e  u p g o in g  o r d in a r y  w a v e  a t  a n y  o n e  le v e l in  th e  io n o s p h e re  is c o n 

t in u o u s ly  c o n n e c te d  to  th e  r o o t  c o r r e s p o n d in g  to  th e  u p g o in g  o r d in a r y  w a v e  a t  a n y
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o th e r  le v e l  in  th e  io n o s p h e re ,  a n d  lik e w ise  fo r  th e  o th e r  th r e e  ro o ts . N o w  i t  m ig h t  b e  

th o u g h t  t h a t  th is  c o n tin u e s  to  b e  t r u e  fo r  a n y  a n g le  o f  in c id e n c e  a n d  a n y  d i r e c t io n  o f  th e  

e a r t h ’s m a g n e t ic  f ie ld , b u t  th is  is n o t  so. I t  c a n  h a p p e n  fo r  in s ta n c e  t h a t ,  as w e  p a ss  

a w a y  f ro m  th e  s p e c ia l  c a s e  o f  v e r t i c a l  in c id e n c e  a t  th e  m a g n e t ic  e q u a to r ,  th e  tw o  ro o ts  

c o r r e s p o n d in g  to  th e  u p g o in g  o r d in a r y  w a v e  a n d  th e  u p g o in g  e x t r a o r d in a r y  w a v e  fo r  

a  c e r ta in  le v e l z  — z Tin  th e  io n o s p h e r e  b e c o m e  e q u a l  a n d  t h e n  s e p a r a te  a g a in .  

p a s s in g  t h r o u g h  th is  t r a n s i t io n  c o n d i t io n  th e  s i tu a t io n  is (cf. B o o k e r  1934, fig . 8 a n d  1936, 

fig . 4 ) t h a t  th e  r o o t  c o r r e s p o n d in g  to  th e  u p g o in g  o r d in a r y  w a v e  fo r  z < z T is c o n 

t in u o u s ly  c o n n e c te d  to  th e  r o o t  c o r r e s p o n d in g  to  th e  u p g o in g  e x t r a o r d in a r y  w a v e  fo r  

z > z T, w h ile  th e  r o o t  c o r r e s p o n d in g  to  th e  u p g o in g  e x t r a o r d in a r y  w a v e  fo r  z < z T is 

c o n tin u o u s ly  c o n n e c te d  to  th e  r o o t  c o r r e s p o n d in g  to  th e  u p g o in g  o r d in a r y  w a v e  fo r  

z > z T. I f  i n  th e s e  c i r c u m s ta n c e s  a n  u p g o in g  o r d in a r y  w a v e - p a c k e t  p a sse s  th e  le v e l  

z = z T, i t  th e r e u p o n  a c q u i r e s  th e  p r o p a g a t io n  c h a r a c te r i s t ic s  o f  th e  u p g o in g  e x t r a 

o r d in a r y  w a v e ;  i f  th e  w a v e - p a c k e t  s u b s e q u e n t ly  r e tu r n s  to  th e  s u r fa c e  o f  th e  e a r t h ,  i t  

d o e s  so  as a n  e x t r a o r d in a r y  w a v e - p a c k e t  u n le s s  as a  r e s u l t  o f  a  s e c o n d  t r a n s i t io n  i t  

r e g a in s  th e  p r o p a g a t io n  c h a r a c te r i s t ic s  o f  th e  o r d in a r y  w a v e . A  w a v e - p a c k e t  w h ic h  h a s  

th e  p r o p a g a t io n  c h a r a c te r i s t ic s  o f  th e  o r d in a r y  w a v e  b o th  o n  e n te r in g  a n d  o n  le a v in g  

th e  io n o s p h e re  is o f te n  c a l le d  a n  o r d in a r y  w a v e - p a c k e t  t h r o u g h o u t  its  e n t i r e  j o u r n e y  

th r o u g h  th e  io n o s p h e re  e v e n  th o u g h  a lo n g  p a r t  o f  its  p a t h  i t  is p r o p a g a t e d  l ik e  a n  

e x t r a o r d in a r y  w a v e -p a c k e t .  A n  e x a m p le  o f  th is  is p r o v id e d  b y  a n  o r d in a r y  w a v e -  

p a c k e t  in c id e n t  v e r t ic a l ly  u p o n  th e  io n o s p h e re  a t  a  m a g n e t ic  p o le . I n  th is  c a se  th e  

u p g o in g  o r d in a r y  w a v e - p a c k e t  a c q u ir e s  a t  a  c e r t a in  le v e l in  th e  io n o s p h e r e  th e  

p r o p a g a t io n  c h a r a c te r i s t ic s  o f  th e  e x t r a o r d in a r y  w a v e  a n d  as a  r e s u l t  is r e f le c te d  a t  

a  le v e l w h ic h  in  th e  c a se  o f  v e r t i c a l  in c id e n c e  a t  th e  m a g n e t ic  e q u a to r  w o u ld  b e  th e  

le v e l o f  r e f le c t io n  o f  th e  e x t r a o r d in a r y  w a v e ;  o n  its  d o w n w a r d  j o u r n e y  t h r o u g h  th e  

io n o s p h e r e  th e  w a v e - p a c k e t  r e g a in s  a t  a  c e r t a in  ( th e  s a m e )  le v e l th e  p r o p a g a t io n  

c h a r a c te r i s t ic s  o f  th e  o r d in a r y  w a v e  (cf. R a tc l i f f e  1933, fig . 6, a n d  B o o k e r  1934, 

figs. 10 - 1 5 ) . I n  th e  s a m e  w a y  a  w a v e - p a c k e t  w h ic h  h a s  th e  p r o p a g a t io n  c h a r a c te r i s t ic s  

o f  th e  e x t r a o r d in a r y  w a v e  b o th  o n  e n te r in g  a n d  o n  le a v in g  th e  io n o s p h e r e  is c o n 

v e n ie n t ly  c a l le d  a n  e x t r a o r d in a r y  w a v e - p a c k e t  th r o u g h o u t  its  e n t i r e  j o u r n e y  t h r o u g h  

th e  io n o s p h e re  e v e n  th o u g h  a lo n g  p a r t  o f  its  p a t h  i t  is p r o p a g a te d  l ik e  a n  o r d in a r y  

w a v e - p a c k e t .  A n  e x a m p le  o f  th is  is p r o v id e d  b y  figs. 13  a n d  1 4 .

W h a t  a c tu a l ly  h a p p e n s  u n d e r  t r a n s i t io n  c o n d it io n s  is as fo llo w s. S u p p o s e  t h a t  a t  a  

c e r t a in  a n g le  o f  in c id e n c e  d — dT, th e  v a lu e s  o f  fo r  th e  u p g o in g  o r d in a r y  w a v e  a n d  

th e  u p g o in g  e x t r a o r d in a r y  w a v e  a r e  e q u a l  a t  th e  le v e l z  =  z T. T h e n  w h e n  =  th e r e  

is in  th e  n e ig h b o u r h o o d  o f  th e  le v e l z  — z Ta  s t r a tu m  

b e tw e e n  th e  v a lu e s  o f  q fo r  th e  u p g o in g  o r d in a r y  w a v e  a n d  th e  u p g o in g  e x t r a o r d in a r y  

w a v e  is n o t  l a r g e  c o m p a r e d  w i th  th e i r  r a te s  o f  c h a n g e  p e r  v a c u u m  w a v e - le n g th  u p o n  2n. 

C o n s e q u e n tly  th e  in d e p e n d e n c e  o f  p r o p a g a t io n  o f  th e  u p g o in g  m a g n e to - io n ic  c o m p o 

n e n ts  b r e a k s  d o w n  w i th in  th is  s t r a tu m :  a n  in c id e n t  u p g o in g  o r d in a r y  w a v e - p a c k e t  

b e lo w  th is  s t r a tu m  p ro d u c e s  a b o v e  th e  s t r a tu m  a  p a i r  o f  t r a n s m i t te d  u p g o in g  w a v e -
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p a c k e ts ,  o n e  o f  w h ic h  h a s  th e  p r o p a g a t io n  c h a r a c te r i s t ic s  o f  th e  o r d in a r y  w a v e  a n d  th e  

o th e r  o f  th e  e x t r a o r d in a r y  w a v e . A s  6 v a r ie s  f ro m  dT, th e  d i f f e re n c e  b e tw e e n  th e  v a lu e s  

o f  q a t  z  — z T fo r  th e  u p g o in g  o r d in a r y  w a v e  a n d  th e  u p g o in g  e x t r a o r d in a r y  w a v e

in c re a s e s  f ro m  z e ro . S im u l ta n e o u s ly  th e  a m p l i tu d e  o f  o n e  o f  th e  t r a n s m i t te d  w a v e -  

p a c k e ts  d e c re a s e s , a n d  i t  b e c o m e s  n e g lig ib le  w h e n  th e  d i f fe re n c e  b e tw e e n  th e  tw o  v a lu e s  

o f  q b e c o m e s  la r g e  c o m p a r e d  w i th  th e i r  r a te s  o f  c h a n g e  p e r  v a c u u m  w a v e - le n g th  u p o n  

27r. T h e  im p o r t a n t  p o in t  is t h a t ,  i f  th e  t r a n s m i t te d  w a v e - p a c k e t  w h o s e  a m p l i tu d e  

b e c o m e s  n e g lig ib le  as 6 d e c re a s e s  f ro m  0T is, sa y , th e  o n e  w h o s e  p r o p a g a t io n  c h a r a c t e r 

is tic s  a r e  th o s e  o f  th e  o r d in a r y  w a v e , t h e n  th e  t r a n s m i t te d  w a v e - p a c k e t  w h o s e  a m p l i tu d e  

b e c o m e s  n e g lig ib le  as 6 in c re a s e s  f ro m  0T is th e  o n e  w h o s e  p r o p a g a t io n  c h a ra c te r i s t ic s  

a r e  th o s e  o f  th e  e x t r a o r d in a r y  w a v e . C o n s e q u e n t ly  as 6 d e c re a s e s  th r o u g h  dT, th e  w a v e  

t r a n s m i t t e d  t h r o u g h  th e  s t r a tu m  in  th e  n e ig h b o u r h o o d  o f  d u e  to  a n  in c id e n t

o r d in a r y  w a v e  p a sse s  f ro m  a n  o r d in a r y  w a v e  to  a n  e x t r a o r d in a r y  w a v e  v ia  a  l in e a r  

c o m b in a t io n  o f  b o th .  W h e n  6 d iffe rs  s u ff ic ie n tly  f ro m  , th e r e  is n o  s t r a tu m  n e a r  

z  — z Tw h e r e  th e  in d e p e n d e n c e  o f  p r o p a g a t io n  o f  th e  m a g n e to - io n ic  c o m p o n e n ts  b re a k s  

d o w n , b u t  fo r  6 < 6Ta n  u p g o in g  o r d in a r y  w a v e - p a c k e t  a c q u ir e s  a t  th e  le v e l z  =  z T th e  

p r o p a g a t io n  c h a r a c te r i s t ic s  o f  th e  e x t r a o r d in a r y  w a v e  w h e re a s  fo r  >  i t  r e ta in s  th o s e  

o f  th e  o r d in a r y  w a v e . T h is  d o e s  n o t  m e a n  t h a t  fo r  6 < 6T th e  u p g o in g  w a v e - p a c k e t  

su ffe rs  a n y  d is c o n t in u i ty  a t  z  — z T\th e  d i s c o n t in u i ty  is o n ly  o n e  o f  n o m e n c la tu r e ,

e v e n  so  is b y  n o  m e a n s  w i th o u t  s ig n if ic a n c e . I t  is, o f  c o u rs e , p o ss ib le  to  p a s s  th r o u g h  a  

t r a n s i t io n  c o n d i t io n  b y  v a r i a t io n  o f  p a r a m e te r s  o th e r  t h a n  th e  a n g le  o f  in c id e n c e ,  s u c h  

as fo r  e x a m p le  th e  f r e q u e n c y  (cf. B o o k e r  1935, p . 2 7 5 ) . I t  s h o u ld  b e  e m p h a s iz e d  t h a t  

th e r e  c a n  b e  n o  q u e s t io n  o f  re f le x io n  b e in g  a s s o c ia te d  w i th  a  s t r a tu m  in  w h ic h  th e  

in d e p e n d e n c e  o f  p r o p a g a t io n  o f  th e  m a g n e to - io n ic  c o m p o n e n ts  b re a k s  d o w n , u n le ss  o f  

c o u rs e  three ro o ts  o f  th e  q u a r t i c  e q u a t io n  (7 ) fo r  a r e  a p p r o x im a te ly  e q u a l  in  th e  

s a m e  s t r a tu m .

W e  n o t ic e  t h a t  in  fig . *7 th e  tw o  ro o ts  o f  th e  q u a r t i c  e q u a t io n  (7 ) fo r  c o r r e s p o n d in g  to  

th e  u p g o in g  o r d in a r y  a n d  u p g o in g  e x t r a o r d in a r y  w a v e s  b e c o m e  e q u a l  a t  th e  p o in t  / ,  

w h ile  th e  tw o  ro o ts  c o r r e s p o n d in g  to  th e  d o w n c o m in g  o r d in a r y  a n d  d o w n c o m in g  

e x t r a o r d in a r y  w a v e s  b e c o m e  e q u a l  a t  th e  p o in t  R . T h is  m e a n s  t h a t  n e a r  th e  b o t to m  o f  

th e  io n o s p h e re , w h e r e  th e  e le c t r o n  d e n s i ty  is s m a ll ,  th e  in d e p e n d e n c e  o f  p r o p a g a t io n  o f  

th e  m a g n e to - io n ic  c o m p o n e n ts  s h o u ld  b r e a k  d o w n . H o w e v e r ,  as h a s  b e e n  s h o w n  e lse 

w h e re  (B o o k e r 1936), th e  e s s e n tia l  p r o b le m  a s s o c ia te d  w i th  th is  r e g io n  o f  lo w  io n iz a 

t io n  d e n s i ty  is to  lo c a te  th e  s t r a tu m  w h ic h  d iv id e s  th e  d o u b ly  r e f r a c t in g  r e g io n  o f  th e  

io n o s p h e re  f ro m  th e  r e g io n  w h e re  th e  e le c t ro n  d e n s i ty  is so lo w  t h a t  th e  m e d iu m  m u s t  

b e  r e g a r d e d  as is o tro p ic .  T h is  s t r a tu m  is a c tu a l ly  lo c a te d  w h e re  th e  d if fe re n c e  b e tw e e n  

th e  tw o  v a lu e s  o f  q c o r r e s p o n d in g  to  th e  u p g o in g  o r  d o w n c o m in g  m a g n e to - io n ic  

c o m p o n e n ts  ( a t  v e r t ic a l  in c id e n c e  th e  tw o  c o m p le x  re f r a c t iv e  in d ic e s )  is o f  th e  s a m e  

o r d e r  o f  m a g n i tu d e  as th e i r  r a te s  o f  c h a n g e  p e r  v a c u u m  w a v e - le n g th  u p o n  27r. I t  is in  

th is  s t r a tu m  t h a t  th e  l im i t in g  p o la r iz a t io n  o f  th e  d o w n c o m in g  m a g n e to - io n ic  c o m p o n e n ts  

is d e te r m in e d .  I f  th e  r e g io n  o f  lo w  e le c t ro n  d e n s i ty  n e a r  th e  b o t to m  o f  th e  io n o s p h e re
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is o n e  w h ic h  p r o d u c e s  l i t t le  r e f r a c t io n  a n d  is m a in ly  e ffe c t iv e  in  p r o d u c in g  a b s o r p t io n ,  

th e  s t r a tu m  d iv id in g  th e  i s o t ro p ic  f ro m  th e  d o u b ly  r e f r a c t in g  r e g io n  o f  th e  io n o s p h e r e  

is lo c a te d  w h e r e  th e  d i f fe re n c e  b e tw e e n  th e  a b s o r p t io n  in d ic e s  o f  th e  tw o  m a g n e to 

io n ic  c o m p o n e n ts  is o f  th e  s a m e  o r d e r  o f  m a g n i tu d e  a s  th e i r  r a te s  o f  c h a n g e  p e r  v a c u u m  

w a v e - le n g th  u p o n  27r.

7. T h e  g e n e r a l i z e d  m a g n e t o -i o n i c  t h e o r y

T h e  fo re g o in g  d isc u s s io n  o f  p r o p a g a t io n  o f  w a v e -p a c k e ts  i n c id e n t  o b l iq u e ly  u p o n  

th e  io n o s p h e re  h a s  b e e n  b a s e d  u p o n  th e  q u a r t i c  e q u a t io n  ( 7 ) fo r  q w i th o u t  k n o w in g  

p re c is e ly  th e  w a y  in  w h ic h  th e  c o e ff ic ie n ts  i n  th is  e q u a t io n  d e p e n d  u p o n  th e  e le c t r o n  

d e n s i ty ,  t h e  e a r t h ’s m a g n e t ic  f ie ld , t h e  f r e q u e n c y  o f  e le c t ro n ic  c o ll is io n s , t h e  w a v e -  

f r e q u e n c y  a n d  th e  a n g le  o f  in c id e n c e .  T h is  is b e c a u s e , a l th o u g h  w e  h a v e  e m p lo y e d  th e  

te rm in o lo g y  o f  th e  io n o s p h e re  th r o u g h o u t ,  m u c h  o f  th e  a b o v e  d is c u s s io n  is a p p l i c a b le  to  

a n y  s lo w ly  v a r y in g  p la n e - s t r a t i f ie d  d o u b ly  r e f r a c t in g  m e d iu m . W e  h a v e  n o w  r e a c h e d  

th e  s ta g e  h o w e v e r  w h e n  w e  m u s t  a c tu a l ly  e v a lu a te  b y  th e  m e th o d  d e s c r ib e d  i n  § 2 th e  

c o e ff ic ie n ts  in  th e  q u a r t i c  e q u a t io n  (7 ) fo r  q a p p r o p r i a t e  to  a  m e d iu m  c o m p o s e d  o f  

io n iz e d  a i r  u n d e r  th e  in f lu e n c e  o f  th e  e a r t h ’s m a g n e t ic  f ie ld . W e  s h a l l  s u p p o s e  t h a t  i t  is 

o n ly  th e  f re e  e le c tro n s  in  th e  io n iz e d  a i r  w h ic h  d i r e c t ly  a f fe c t  th e  p r o p a g a t io n  o f  w ire le ss  

w a v e s  t h r o u g h  th e  io n o s p h e re .

I n  o r d e r  to  in v e s t ig a te  th e  m a g n e to - io n ic  th e o r y  w e  s h a l l  r e q u i r e  th e  fo l lo w in g  

n o t a t i o n :

e =  c h a r g e  o n  a n  e le c t r o n  ( e .s .u .) .  e is n e g a t iv e  fo r  n e g a t iv e  e le c tro n s .

m =  m a ss  o f  a n  e le c t ro n .

N  =  e le c t r o n  d e n s i ty  ( n u m b e r  o f  f re e  e le c t ro n s  p e r  u n i t  v o lu m e ) .

H °  =  e a r t h ’s m a g n e t ic  f ie ld  ( e .m .u .) .

v =  m e a n  f r e q u e n c y  o f  c o llis io n s  b e tw e e n  a  fre e  e le c t r o n  a n d  n e u t r a l  a i r  m o le c u le s . 

p  =  kc =  277 t im e s  w a v e - f r e q u e n c y .

p H =  | eH°lmc | =  277 t im e s  th e  m a g n e to - io n ic  f r e q u e n c y .

x — {4:71 e2Imp2) N .

y  =  {e/mcp) H ° .

s  =  | y |  “  pulp'

z  =  v/p. 

u — 1 — iz.

p0 =  —u/x.

p =  - y /x .

0 — a n g le  o f  in c id e n c e .

S  — s in  6.

C  =  cos 6.

p =  l j { q ^ - C ^ \ c \ .
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I t  s h o u ld  b e  n o te d  t h a t  x, y  a n d  z  a r e  re s p e c t iv e ly  p r o p o r t io n a l  to  th e  e le c t r o n  d e n s

th e  e a r t h ’s m a g n e t ic  f ie ld , a n d  th e  c o ll is io n a l  f r e q u e n c y .  is th e  r e c ip r o c a l  o f  th e  

s c a t te r in g  in d e x  o f  th e  fre e  e le c tro n s  in  a n  io n iz e d  g a s  w h e n  n o  m a g n e t ic  f ie ld  is 

im p o s e d . F o l lo w in g  D a r w in  (1934) w e  s h a l l  n o t  a p p ly  L o r e n tz ’s c o r r e c t io n  to  th e  th e o r y  

o f  d is p e r s io n  in  a n  io n iz e d  g a s * ; th e  c o r r e c t io n  w o u ld  r e q u i r e  th e  a d d i t io n  o f  a  t e r m  

to  th e  d e f in i t io n  o f  u. I t  m a y  b e  m e n t io n e d  t h a t  th e  d e r iv a t io n  in  th is  s e c t io n  m a y  b e  

r e g a r d e d  a s  c o v e r in g  th e  c a se  o f  a  m e d iu m  in  w h ic h  th e  e le c tro n s  a r e  n o t  fre e , b u t  

possess a  n a t u r a l  a n g u la r  f r e q u e n c y  o f  v ib r a t io n  0). T h e  e x te n s io n  w o u ld  b e  e ffe c te d  

m e r e ly  b y  a d d in g  to  th e  d e f in i t io n  o f  u n o t  o n ly  th e  t e r m  ^  b u t  a lso  a  t e r m  — {(ojp) 2.

I n  o r d e r  to  a v o id  c o n fu s io n  w i th  th e  q u a n t i t ie s  x, y  a n d  z  j u s t  d e f in e d , w e  s h a l l  n o w  

ta k e  th e  C a r te s ia n  c o o rd in a te s  to  b e  (* 1} x2) T a k e  a x is -3  v e r t ic a l ly  

2 3 - p la n e  as th e  p la n e  o f  p h a s e - p r o p a g a t io n .  L e t  th e  p o la r iz a t io n  v e c to r  a n d  th e  e le c tr ic  

in te n s i ty  o f  a  m a g n e to - io n ic  c o m p o n e n t  b e  (cf. (4 )) th e  r e a l  p a r t s  o f

P  — A  e x p  {ik (ct — 2—<7*3) }>1 

E  =  B  expjVA; (ct—Sx  2 — 3)}, J

w h e re  A  a n d  B  a re  c o n s ta n t  v e c to rs . E v e n  th o u g h  w e  a r e  c o n c e rn e d  w ith  a  m e d iu m  

c o n ta in in g  u n b o u n d  e le c tro n s , w e  m a y  r e p r e s e n t  f lo w  o f  c h a r g e  in  th e  m e d iu m  b y  

th e  t im e  d e r iv a t iv e  o f  a  p o la r iz a t io n  v e c to r .  T a k e  M a x w e l l ’s e q u a t io n s  in  th e  fo rm

c u r l H  =  ^  ( E  +  47tP),

c u r lE  =  - - f l . -  
c

E l im in a t io n  o f  H  b e tw e e n  th e s e  g iv e s

c u r l  c u r l  E  =  — - ^ ( E  +  47r P ) ,  
c

w h ic h  is th e  s a m e  th in g  a s

V 2E  — g r a d d i v E — \(E -f-4 7 jp )  =  0. 
c

W h e n P  a n d  E  d e p e n d  o n  t im e  a n d  sp a c e  in  th e  m a n n e r  g iv e n  b y  (3 2 ) , (3 4 ) b e c o m e s

,(C2 — q2) E + 47 =  0,1 

(1 —  q2) E2 +  SqE3 +  47t P2 =  0, - 

SqE2 +  C2E 3 +  4nP3 =  0 ,

o r ,  s o lv in g  fo r  E ,

E \   477pP\y

E 2 =  477 {C2pP2-S q p P 3}, 

E 3 =  477{ — SqpP2 +  (S2p — 1) P 3}.

( 3 6 )

* R e c e n t  o b s e r v a tio n s  (B o o k e r  a n d  B e r k n e r  19 3 8 ) in d ic a te  h o w e v e r  th a t  i t  m a y  b e  n e c e s s a r y  to  

in c lu d e  th is  c o r r e c t io n .

Vo l . C C X X X V I I .  A . 5 5
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I f  w e  n e g le c t  th e  fo rc e  e x e r te d  o n  a n  e le c t r o n  b y  th e  m a g n e t ic  f ie ld  o f  th e  w a v e , th e  

c o n s t i tu t iv e  r e la t io n  b e tw e e n  P  a n d  E  is

P  +  *>P =  (Ne2/m) E +  (■ ) P  A H

W h e n  P  a n d  E  d e p e n d  o n  t im e  in  th e  m a n n e r  g iv e n  b y  (3 2 ) ,  (3 7 ) b e c o m e s

— uP =  (* /4 tt) E + i P A ' y , (3 8 )

o r ,  so lv in g  fo r  E ,  E  =  47r{y00P + i P  A p}. ( 3 9 )

O n  e q u a t in g  th e  e x p re ss io n s  ( 3 6 ) a n d  ( 3 9 ) fo r  E ,  w e  o b ta in

(Po ~ P ) P  1 +  ^ 3 ^ 2  ~  =  °> ]

*Psp i ( P o ~ C 2p) P2+  =  0,1 (40)

ip?P:i +  ( — ^ i + ^ / , ) - f >2 + ( / ,o — ^ 2/ > +  l ) ^ >3 =  0 . )

T h e  f irs t  a n d  s e c o n d  o f  e q u a t io n s  (4 0 ) g iv e

iPi P2 —P

P3{iPi+Sqp) + p 2(p0- CP-p) (pQ -p) {ipl+ Sqp) + p 2p3 ~  (p0—p) ( 9 ^

a n d  s u b s t i tu t io n  in to  th e  t h i r d  g iv es , o n  r e d u c t io n ,

( P o i ) {Po P Y  {p \~pC^p2Jr S 2p l )  ( pQ p )  { S 2PqP % (C 2/>0 + 1 )  p \ \ — 2 p 2p 2Sqp.  ( 4 2 )

S u b s t i tu t in g  fo r  th e  p’s in  te r m s  o f  q, u, x  a n d  y , (4 1 ) b e c o m e s

iPi

L y ^ i ^ - c 2) - ^ ? } + y 2{«(?2- c 2) + c 2*}] (? 2- c 2)

._ _ _ _ _ _ _ _ _ _ 5 _ _ _ _ _ _ _ _ _ _ _ _ _
{u(q2- C 2) +  x} - C2) - S xq}+ y2y ^ q 2- C2)

=  {u(q2-  C2) +  *} {u(q2 -  C2) +  C2x}—y

w h ile  (4 2 ) ta k e s  th e  fo rm  o f  th e  q u a r t i c  e q u a t io n  ( 7 ) fo r  q, v iz :

w h e re

aqA+Pq'i + yq 2 +  8q + e  =  0,

'a =  u(u2—y 2) —x(u2—yf),

P -  %Sxy2y 3,

< y  =  2 u{C2y 2 — {u—x ){C 2u —x )}—x{y\ +  C2y \  +  (1 4- y |} ,

^ =  - 2  C2Sxy2y 3,

[e =  ( u - x ) { ( C 2u - x ) 2- C 4y 2} - C 2{C2u-x)(y } + y § ) .

(4 4 )

(4 5 )

(4 6 )

(4 7 )

(4 8 )

(4 9 )

W i th  th e s e  v a lu e s  o f  a , /?, y, 8 a n d  e (4 4 ) is th e  f u n d a m e n ta l  q u a r t i c  e q u a t io

in c id e n c e  m a g n e to - io n ic  th e o r y .  I t s  f o u r  ro o ts  c o r r e s p o n d  to  th e  u p g o in g  o r d in a r y  

w a v e , th e  u p g o in g  e x t r a o r d in a r y  w a v e , th e  d o w n c o m in g  o r d in a r y  w a v e  a n d  th e  d o w n -
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c o m in g  e x t r a o r d in a r y  w a v e . T h e  e l l ip t ic a l  p o la r i z a t io n  o f  e a c h  o f  th e s e  f o u r  w a v e s  is 

o b t a in e d  b y  s u b s t i tu t in g  th e  a p p r o p r i a t e  v a lu e  o f  q in to  (4 3 ) .

W h e n  th e  e ffe c t  o f  d a m p in g  is n e g le c te d ,  th e  q u a n t i t y  u o c c u r r in g  in  (4 5 ) - ( 4 9 ) is

s im p ly  u n i ty  a n d  w e  h a v e

'd  =  (1  - y 2 )  — * ( 1  - y § ) ,  ( 5 0 )

Sxy2y 3> (5 1 )

< y  = 2{C2y 2- ( l - * )  {C2- x ) } - x { y \  +  C + (1  +

8 =  2C2Sxy2y 3, ( 5 3 )

■ * =  (1  - x ) { ( C * - x ) * - C * y Q - C * ( C * - x )  (y { + y § ) . ( 5 4 )

W h e n  th e  e ffe c t  o f  d a m p in g  is t a k e n  in to  a c c o u n t ,  th e  q u a n t i t y  u o c c u r r in g  in  (4 5 ) - ( 4 9 ) 

b e c o m e s  1 — iz. T h e  f ir s t  o r d e r  c o r r e c t io n s  to  (5 0 )—( 5 4 ) r e q u i r e d  w h e n  a  s m a ll  a m o u n t  

o f  d a m p in g  is t a k e n  in to  a c c o u n t  a r e  fa ',  f/?', a n d  ie', w h e re

a ' =  — z {(3  — y 2) — 2 *}, (5 5 ) 

P ~0 , (5 6 )

. y ' =  2z{C 2{3 — y 2) — 2 (1  + C 2) 2}, 

8'  =  0 , (5 8 )

£ ' =  - z { C 4( 3 - y 2) - 2 C 2(2  +  C 2) * + ( l  +  2 C 2) * 2}. (5 9 )

W e  n o t ic e  t h a t  /?' a n d  8' v a n is h ,  w h ile  a ',’ y' a n d  e' a r e  r e a l  a n d  a r e  in d e p e n d e n t  o f  th e  

d i r e c t io n  o f  th e  e a r t h ’s m a g n e t ic  f ie ld .

8. N u m e r i c a l  s o l u t i o n  o f  t h e  g e n e r a l  c a s e

F r o m  §§ 2—7 w e  see  t h a t  s tu d y  o f  th e  p r o p a g a t io n  o f  w ire le ss  w a v e s  t h r o u g h  a  s lo w ly  

v a r y in g  p la n e - s t r a t i f ie d  io n o s p h e re  u n d e r  th e  in f lu e n c e  o f  th e  e a r t h ’s m a g n e t ic  f ie ld  

r e d u c e s  to  a n  e x a m in a t io n  o f  th e  w a y  in  w h ic h  th e  fo u r  ro o ts  o f  th e  q u a r t i c  e q u a t io n  (4 4 ) 

fo r  q v a r y  w i th  h e ig h t  a b o v e  th e  s u r fa c e  o f  th e  e a r th .  S u p p o s e  t h a t  w e  k n o w  th e  w a y  in  

w h ic h  th e  e le c t r o n  d e n s i ty  a n d  th e  c o ll is io n a l f r e q u e n c y  v a r y  w i th  h e ig h t .  S u p p o s e  a lso  

t h a t  w e  a r e  d e a l in g  w i th  a  re g io n  o f  th e  a tm o s p h e r e  w h ic h  is su f f ic ie n tly  l im i te d  to  b e  

a b le  to  n e g le c t  th e  v a r i a t io n  f ro m  p o in t  to  p o in t  in  th e  m a g n i tu d e  a n d  d i r e c t io n  o f  th e  

e a r t h ’s m a g n e t ic  f ie ld . T h e n  in  (4 5 )—(5 9 ) y ,  S  a n d  C a r e  to  b e  r e g a r d e d  as p re s c r ib e d  

c o n s ta n ts ,  w h ile  x  a n d  z  a r e  k n o w n  fu n c t io n s  o f  h e ig h t ; o u r  p r o b le m  is to  e x a m in e  th e  

c o n s e q u e n t  d e p e n d e n c e  u p o n  h e ig h t  o f  th e  fo u r  v a lu e s  o f  q g iv e n  b y  (4 4 ).

A l th o u g h  th e r e  e x is t  a n a ly t ic a l  m e th o d s  o f  s o lv in g  a n  a lg e b r a ic  q u a r t i c  e q u a t io n ,  

th e  o n ly  p r a c t ic a l  w a y  o f  s e t t in g  a b o u t  th is  p r o b le m  in  g e n e r a l  is to  r e s o r t  to  o n e  o f  th e  

s t a n d a r d  n u m e r ic a l  m e th o d s  (see fo r  e x a m p le  W h i t t a k e r  a n d  R o b in s o n  1932). A  c o n 

v e n ie n t  w a y  o f  d o in g  th is  is f ir s t  o f  a ll  to  n e g le c t  c o m p le te ly  th e  e ffe c t o f  d a m p in g  a n d  to  

e x a m in e  th e  d e p e n d e n c e  o f  th e  fo u r  r e s u l t in g  v a lu e s  o f  q u p o n  e le c t ro n  d e n s i ty ,  t h a t  is, 

to  p u t  z  =  0 a n d  p lo t  qas a  fu n c t io n , o f  *, w h ic h  is p r o p o r t io n a l  to  N , th u s  o b ta in in

5 5 -2
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c u rv e s  o f  th e  ty p e  s h o w n  in  fig . 7 . I f  in  th is  w a y  w e  c a n  o b t a in  th e  ro o ts  o f  (4 4 ) fo r  th e  

c a s e  w h e n  d a m p in g  is n e g le c te d ,  i t  w o u ld  t h e n  b e  p o s s ib le  to  t a k e  in to  a c c o u n t  th e  e ffe c t  

o f  d a m p in g  in  th e  w a y  d e s c r ib e d  in  § 5 ; th e  v a lu e s  o f  a , ytf, , a ',  y#', y ',  8' a n d  e' 

r e q u i r e d  in  ( 3 1 ) a r e  g iv e n  b y  (5 0 )— ( 5 9 ) .

W e  k n o w  th a t ,  o w in g  to  th e  e ffe c t  o f  th e  e a r t h ’s m a g n e t ic  f ie ld  in  p r o d u c in g  a s y m 

m e t r y  b e tw e e n  th e  p r o p a g a t io n  o f  th e  u p g o in g  a n d  d o w n c o m in g  w a v e s , th e  ( , N )  

c u rv e s  a r e  in  g e n e r a l  a s y m m e tr ic a l  w i th  r e s p e c t  to  th e  A -a x is . I n  th e  s a m e  w a y  th e  

(q, x) c u rv e s  a r e  in  g e n e r a l  a s y m m e tr ic a l  w i th  r e s p e c t  to  th e  # -a x is . T o  i l lu s t r a te  th is  

p h e n o m e n o n  c le a r ly  l e t  u s  c o n s id e r  a  c a s e  in  w h ic h  th e  d i r e c t io n  o f  in c id e n c e  is p a r a l le l  

to  th e  e a r t h ’s m a g n e t ic  f ie ld  a n d  th e  d i r e c t io n  o f  re f le x io n  p e r p e n d i c u l a r  to  i t .  T h is  

o c c u rs  a t  a n  a n g le  o f  in c id e n c e  o f  4 5 °  fo r  p r o p a g a t io n  in  th e  m a g n e t ic  m e r id ia n - p la n e

Fi g . 1 5 . qas  a  f u n c t i o n  o f  1.

in  la t i tu d e s  w h e re  th e  m a g n e t ic  d ip  is ± 4 5 °. L e t  u s  th e r e f o re  d r a w  th e  ( , x) c u rv e s  

fo r  th e  c a se  w h e n

V\ ~  y i ~  y% =  1 /^ 2 .  ( 6 0 )

F ig . 15  sh o w s  th e  ( q, x) c u rv e s  o b ta in e d  fo r  a  w a v e - f r e q u e n c y  tw ic e  th e  m a g n

f re q u e n c y  (y — J ) ,  a n d  fig . 16  th o s e  fo r  a  w a v e - f r e q u e n c y  h a l f  th e  m a g n e to -

f r e q u e n c y  (y =  2 ) . IR , A R  r e p r e s e n t  th e  u p g o in g  a n d  d o w n c o m in g  e x t r a o r d in a

w a v e s , w h ile  IB , B R  r e p r e s e n t  th e  u p g o in g  a n d  d o w n c o m in g  o r d in a r y  w a v e s . T h e  

v a lu e s  xA a n d  xB o f  x  c o r r e s p o n d in g  to  th e  p o in ts  A  a n d  B  g iv e  th e  c r i t ic a l  e le c t r o n  

d e n s itie s  r e q u i r e d  fo r  r e f le x io n  o f  th e  e x t r a o r d in a r y  a n d  o r d in a r y  w a v e s  re s p e c t iv e ly . 

T h e  v a lu e s  xDa n d  xE c o r r e s p o n d in g  to  th e  p o in ts  D  a n d  E  g iv e  th e  e le c t r o n  d e n s i t ie s  f

w h ic h  th e  d i r e c t io n s  o f  p h a s e - p r o p a g a t io n  in  th e  u p g o in g  e x t r a o r d in a r y  w a v e  a n d  th e  

d o w n c o m in g  o r d in a r y  w a v e  re s p e c t iv e ly  a r e  h o r iz o n ta l .  W e  c a n  n o w  see  h o w  im p o r t a n t
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i t  is to  c a lc u la te  th e  c r i t ic a l  e le c t r o n  d e n s itie s  r e q u i r e d  fo r  re f le x io n  o f  th e  e x t r a o r d in a r y  

a n d  o r d in a r y  w a v e s  f ro m  th e  v a lu e s  xA a n d  xB o f  x, a n d  n o t  xD a n d  xE. 

o r d in a r y  w a v e  in  fig . 1 6  th e  e le c t r o n  d e n s i ty  c o r r e s p o n d in g  to  th e  p o in t  B  is a b o u t  18  %  

g r e a t e r  t h a n  t h a t  c o r r e s p o n d in g  to  th e  p o in t  E ;it is a b o u t  6 0  %  g r e a t

in  th e  a b s e n c e  o f  th e  e a r t h ’s m a g n e t ic  f ie ld , w h e n  th e  c r i t ic a l  e le c t r o n  d e n s i ty  w o u ld  b e  

g iv e n  b y  x  =  C2 =  T h e  c o r r e s p o n d in g  p e rc e n ta g e s  fo r  th e  o r d in a r y  w a v e  in  fig . 15 

a r e  5  %  a n d  3 0  % ,  th e  in f lu e n c e  o f  th e  e a r t h ’s m a g n e t ic  f ie ld  b e in g  less fo r  th e  h ig h e r  

f r e q u e n c y .  W e  n o t ic e  t h a t  th e  d i s c r e p a n c y  b e tw e e n  th e  e le c t r o n  d e n s i ty  fo r  w h ic h  th e  

d i r e c t io n  o f  g r o u p - p r o p a g a t io n  b e c o m e s  h o r iz o n ta l  a n d  th e  e le c t r o n  d e n s i ty  fo r  w h ic h  

th e  d i r e c t io n  o f  p h a s e - p r o p a g a t io n  b e c o m e s  h o r iz o n ta l  is less m a r k e d  fo r  th e  e x t r a 

o r d in a r y  w a v e  t h a n  fo r  th e  o r d in a r y  w a v e . T h is  c a n  b e  c o n n e c te d  u p  w i th  th e  f a c t

Fi g . 1 6 . qas  a  f u n c t i o n  o f  1 .

t h a t  th e  c r i t ic a l  e le c t r o n  d e n s i ty  r e q u i r e d  to  re f le c t  th e  o r d in a r y  w a v e  in  th e  c a s e  o f  

v e r t i c a l  in c id e n c e  a t  a  m a g n e t ic  p o le  d iffe rs  f ro m  w h a t  i t  is in  th e  c a s e  o f  v e r t ic a l  in c i 

d e n c e  a t  th e  m a g n e t ic  e q u a to r ,  w h e re a s  th e  c r i t ic a l  e le c t ro n  d e n s i ty  r e q u i r e d  to  re f le c t  

th e  e x t r a o r d in a r y  w a v e  is th e  s a m e  in  b o th  cases.

T h e  b r a n c h e s  o f  th e  (q, x) c u rv e s  in  figs. 15  a n d  16  o c c u r r in g  fo r  v a lu e s  o f  x  g r e a te r  

t h a n  th o s e  w h ic h  p r o d u c e  re f le x io n  a r e  o f  n o  in te r e s t  so lo n g  as w e  a r e  c o n c e rn e d  w i th  

w a v e s  in c id e n t  f ro m  b e lo w  u p o n  a n  io n o s p h e re  th e  v a r ia t io n  o f  w h o se  c o n s t i tu t io n  w ith  

h e ig h t ,  p e r  v a c u u m  w a v e - le n g th  u p o n  27r, is s m a ll .  T h e  sc a le  o f  q fo r  th e s e  b r a n c h e s  o f  

th e  ( q, x) c u rv e s  h a s  b e e n  r e d u c e d  b y  a  f a c to r  o f  te n .

I t  m a y  b e  m e n t io n e d  t h a t ,  i f  th e  d i r e c t io n  o f  in c id e n c e  a n d  th e  d i r e c t io n  re v e rs e  to  

t h a t  o f  re f le x io n  a r e  in te r c h a n g e d ,  th e  ( q, x) c u rv e s  a r e  s im p ly  re f

F o r  ( 4 4 ) - ( 4 9 )  sh o w  t h a t  r e v e r s a l  o f  th e  s ig n  o f  S  m e re ly  re v e rse s  th e  s ig n  o f  q. T h is
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im p lie s  t h a t  a t  e v e ry  le v e l in  th e  io n o s p h e r e  o n  b o th  th e  u p w a r d  a n d  d o w n w a r d  

jo u r n e y s  th e  p h a s e - p r o p a g a t io n  a n d  th e  g r o u p - p r o p a g a t io n  o f  th e  s e p a r a te  m a g n e to 

io n ic  c o m p o n e n ts  a r e  s im p ly  r e v e r s e d , w h i le  f ro m  (4 3 ) t h e i r  a b s o lu te  e l l ip t ic a l  p o la r i z a 

t io n s  i n  s p a c e  r e m a in  u n a l t e r e d .

A l th o u g h  th e  z e ro s  a n d  in f in i ty  o f  qar e  n o t  in  g e n e r a l  a s s o c

o f  re f le x io n , i t  is n e v e r th e le s s  h e lp f u l  to  b e  a b le  to  lo c a te  th e m  e a s i ly  w h e n  p lo t t in g  

d ia g r a m s  s u c h  a s  figs. 15  a n d  1 6 . W e  see  f ro m  (5 0 ) t h a t ,  w h e n  th e  e ffe c t  o f  d a m p in g  is 

n e g le c te d ,  a  r o o t  o f  (4 4 ) is in f in i te  w h e n

t h a t  is, w h e n

a = { l - y 2) - x { l - y l ) 0,

( 6 1 )

H e n c e  q b e c o m e s  in f in i te  fo r  o n ly  o n e  v a lu e  o f  x , a n d  th is  v a lu e  is i n d e p e n d e n t  o f  th e  

a n g le  o f  in c id e n c e .  ( 6 1 ) is p o s i t iv e  u n le s s  | 1 <  1

W h e n  th e  e ffe c t  o f  d a m p in g  is n e g le c te d , th e r e  a r e  th r e e  v a lu e s  o f  x  fo r  w h ic h  =  0 . 

F r o m  (5 4 ) th e s e  a r e  g iv e n  b y

e ^ ( l - x ) { ( C 2- x ) 2- C * y 2} - C 2(y2+ y 2) =  0 . ( 6 2 )

T h is  is a  c u b ic  e q u a t io n  fo r  x, a n d  in  g e n e r a l  th e  o n ly  p ra c t ic a l^ w a y  o f  s o lv in g  i t  is to  

r e s o r t  to  o n e  o f  th e  s t a n d a r d  n u m e r ic a l  m e th o d s .  T h e r e  a r e ,  h o w e v e r ,  tw o  s p e c ia l  c ase s 

in  w h ic h  th e r e  is a  s im p le  a n a ly t i c a l  s o lu t io n . O n e  is th e  c a s e  o f  e a s t-w e s t  t r a n s m is s io n :  

w h e n

y% =  0 , y l+ y l  =  y 2,

t h e  ro o ts  o f  ( 6 2 ) a r e  x  =  C2o r  J{1 +  C 2±  

T h e  o th e r  is th e  c a se  o f  n o r th - s o l i th  t r a n s m is s io n  in  e q u a to r ia l  re g io n s :  w h e n

y\ = y% =  °> yi = ±y>

t h e  ro o ts  o f  ( 6 2 ) a r e  x  =  1 o r  C 2( l ± y ) .  ( 6 4 )

0
' • »  V a l u e ,  o f *  '--------------------  W ,

for which j«0

Fi g . 1 7 . T h e  z e r o s  o f  q, y<  1 .

1

A r w .

 ̂ ® * V a l u e s  o f  jc

f o r  w h ic h  <j«0

Fi g . 1 8 . T h e  z e r o s  o f  1.

T h e  n a tu r e  o f  th e  d e p e n d e n c e  o f  th e  ro o ts  o f  (6 2 ) u p o n  th e  a n g le  o f  in c id e n c e  is s h o w n  

in  figs. 17  a n d  18  fo r  w a v e - f re q u e n c ie s  a b o v e  a n d  b e lo w  th e  m a g n e to - io n ic  f r e q u e n c y  

re s p e c t iv e ly . T h e  v a lu e s  o f  x  fo r  w h ic h  q =  0 a r e  p lo t te d  

v e r t ic a l ly .  F ig . 17  re fe rs  to  a  w a v e - f r e q u e n c y  tw ic e  th e  m a g n e to - io n ic  f r e q u e n c y  

(y — i )  a n d  fig . 18  to  a  w a v e - f r e q u e n c y  h a l f  th e  m a g n e to - io n ic  f r e q u e n c y  2 ) . 

T h e  b r o k e n  c u rv e s  r e f e r  to  th e  s p e c ia l  c a s e  o f  e a s t-w e s t  t r a n s m is s io n  a n d  a r e  p lo t t e d
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f ro m  th e  v a lu e s  ( 6 3 ) o f  x, w h i le  th e  c o n t in u o u s  c u rv e s  r e fe r  to  th e  s p e c ia l  c a s e  o f  n o r th -  

s o u th  t r a n s m is s io n  in  e q u a to r ia l  re g io n s  a n d  a r e  p lo t t e d  f ro m  th e  v a lu e s  (6 4 ) o f  x. 

A l th o u g h  in  th e  g e n e r a l  c a se  th e  a n a ly t ic a l  s o lu t io n  o f  th e  c u b ic  e q u a t io n  ( 6 2 ) a p p e a r s  

to  b e  o f  l i t t le  p r a c t i c a l  v a lu e ,  n e v e r th e le s s  w e  c a n  p ro v e  t h a t  its  th r e e  ro o ts  a r e  r e a l  a n d  

a r e  r e p r e s e n te d  in  figs. 17  a n d  18  b y  c u rv e s  ly in g  in  th e  th r e e  s h a d e d  re g io n s , so  t h a t  fo r  

a  g iv e n  a n g le  o f  in c id e n c e  in te r v a ls  o f  x  w i th in  w h ic h  th e  th r e e  z e ro s  o f  m u s t  lie  a r e  

g iv e n  b y  th e  in te r c e p ts  o f  th e s e  s h a d e d  re g io n s  u p o n  a  h o r iz o n ta l  l in e  d r a w n  fo r  th e  

a p p r o p r i a t e  v a lu e  o f  S 2. W e  h a v e  fo r  a n y  o f  th e  v a lu e s  ( 6 3 ) o f  x

e =  - S 2C2y 2x, ( 6 5 )

a n d  fo r  a n y  o f  th e  v a lu e s  ( 6 4 ) o f  x

e =  -\-S2C2{y\ +yx. 

H e n c e ,  i f  e d o e s  n o t  v a n is h  o n  th e  b o u n d a r y  o f  a  s h a d e d  r e g io n , i t  h a s  o n e  s ig n  o n  th e  

b r o k e n  p o r t io n  o f  th e  b o u n d a r y  a n d  th e  re v e r s e  s ig n  o n  th e  c o n tin u o u s  p o r t io n ,  a n d  

th e r e f o re  v a n is h e s  a lo n g  so m e  l in e  in  th e  in te r io r .

9 . Ea s t -w e s t  t r a n sm i s s i o n

A lth o u g h  th e  a n a ly t i c a l  s o lu t io n  o f  th e  q u a r t i c  e q u a t io n  (4 4 ) fo r  q a p p e a r s  to  b e  o f  

l i t t le  p r a c t i c a l  v a lu e  in  g e n e r a l ,  t h e r e  a r e  n e v e r th e le s s  so m e  in te r e s t in g  s p e c ia l  c ases  in  

w h ic h  (4 4 ) is a c tu a l ly  a  q u a d r a t i c  fo r  q2; th e  a n a ly t ic a l  s o lu t io n  is t h e n  o f  c o n s id e ra b le  

v a lu e .  T h is  s im p li f ic a t io n  o c c u rs  w h e n  ^  — 8 — 0 , w h ic h , a c c o rd in

o c c u rs  w h e n  e i th e r  H \  =  0 , o r  H \ — 0 , o r  

th e  p la n e  o f  p h a s e - p r o p a g a t io n  is p e r p e n d ic u la r  to  th e  m a g n e t ic  m e r id ia n - p la n e  

(e a s t-w e s t  t r a n s m is s io n ) ;  th e  s e c o n d  is t h a t  in  w h ic h  th e  e a r t h ’s m a g n e t ic  f ie ld  is 

h o r iz o n ta l  ( p r o p a g a t io n  in  e q u a to r ia l  r e g io n s ) ; th e  th i r d  is t h a t  o f  v e r t ic a l  in c id e n c e . 

T h e  la s t  c a se  m a y  b e  in c lu d e d  in  th e  f irs t fo r  w h e n  in c id e n c e  is v e r t ic a l  th e  p la n e  o f  

p h a s e - p r o p a g a t io n  is in d e te r m in a te  a n d  so  a x e s  1 a n d  2 m a y  b e  c h o s e n  to  m a k e  £ =  0. 

W e  s h a l l  e x a m in e  th e  c o m b in e d  f ir s t a n d  th i r d  cases in  th e  p r e s e n t  s e c tio n , a n d  th e  

s e c o n d  c a se  in  th e  fo llo w in g  se c tio n .

W h e n  (44 ) is a  q u a d r a t i c  fo r  q2, (q, x) c u rv e s  o f  th e  ty p e  in d ic a te d  in  figs

b e c o m e  s y m m e tr ic a l  a b o u t  th e  * -ax is  (cf. fig . 6 ) , a n d  i t  is t h e n  m o re  c o n v e n ie n t  to  d r a w  

c u rv e s  s h o w in g  th e  v a r i a t io n  o f  q2 w i th  x  (cf. fig . 5 ) . O n  a c c o u n t  o f  th e  s y m m e try  w h ic h  

w e  n o w  h a v e  in  th e  ( q, x) c u rv e s , th e  z e ro s  a n d  in f in i ty  o f  q (o r  q2)} w h ic h  a r e  g iv e n  b y

( 6 1 ) a n d  ( 6 2 ) , a r e  d o u b le  ro o ts  o f  (4 4 ) o f  th e  ty p e  to  b e  a s s o c ia te d  w ith  th e  p h e n o m e n o n  

o f  re f le x io n . M o re o v e r ,  t r a n s i t io n s  o f  th e  ty p e  d isc u sse d  o n  p p .  4 3 1  etseq. m u s t  o c c u r  in  

p a ir s ,  o n e  fo r  th e  u p g o in g  w a v e s  a n d  th e  o th e r  fo r  th e  d o w n c o m in g  w a v e s , a n d  so a  

w a v e -p a c k e t  w h ic h  h a s  th e  p r o p a g a t io n  c h a ra c te r is t ic s  o f  th e  o r d in a r y  w a v e  w h e n  i t  

e n te r s  th e  io n o s p h e re  m u s t  n e c e s s a r ily  h a v e  th e  p r o p a g a t io n  c h a ra c te r is t ic s  o f  th e  

o r d in a r y  w a v e  w h e n  i t  le a v e s  th e  io n o s p h e re  e v e n  th o u g h  o v e r  p a r t  o f  its  p a th  i t  m a y
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b e  p r o p a g a t e d  l i k e  a n  e x t r a o r d i n a r y  w a v e - p a c k e t .  I n  o r d e r  n o t  t o  o v e r l o o k  t h e  e f f e c t  

o f  t r a n s i t i o n s  i t  i s  d e s i r a b l e  t o  p l o t ,  n o t  t h e  v a r i a t i o n  o f  w i t h  w h e n  — 0 ,  b u t  t h e  

v a r i a t i o n  o f  l i m  q2 w i t h  x.
z - >  0

W h e n  t h e  p l a n e  o f  p h a s e - p r o p a g a t i o n  is  p e r p e n d i c u l a r  t o  t h e  m a g n e t i c  m e r i d i a n  

p l a n e  (. H 2 = 0 ) , i t  i s  m o r e  c o n v e n i e n t  t o  g o  b a c k  t o  e q u a t i o n s  (4 1 ) a n d  (42 ) a n d  p

p2 =  0 , r a t h e r  t h a n  t o  p u t  y 2 = 0  i n  (43 ) a n d  (4 4 ) . I f  w e  d o  t h i s ,  w e

( 6 7 )

v ( / > o + l )  ( P o ~ P ) 2- ( P i  +  S y 3) =  0 . ( 6 8 )

S i n c e  p c o n t a i n s  q2, (6 7 ) m a y  b e  r e a r r a n g e d  s o  a s  t o  e x p r e s s  q2 i n  t e r m s  o f  {P2J

( 6 8 ) i s  a  q u a d r a t i c  e q u a t i o n  fo r  {P o ~ P )  a n d  i n  v i e w  o f  (67 ) m a

r a t i c  f o r  (P2/P x).I f  w e  c a r r y  o u t  t h e s e  t r a n s f o r m a t i o n s  a n d  s u b s t i t u t e  fo r  t h e  p0, p x a n d

io3 i n  t e r m s  o f  u, x } y x an d  y 3i w e  o b t a i n

q 2  =  C2 ~ u + iy* (P 2IP{)’ ' ( 6 9 )

( « — x) P \ ~ 2im3P2Px +  x)P2 — 0 , (7 0 )

w h e r e  m3 =  ( y l+ S 2y l) /2 y 3. (7 1 )

( P2/Px) r e p r e s e n ts  th e  p r o je c t io n  o n  to  th e  1 2 - p la n e  o f  th e  e l l ip t ic a l  p o la r i z a t io n  o f  a  

m a g n e to - io n ic  c o m p o n e n t ,  a n d  th e  tw o  v a lu e s  o f  (P2IPX) g iv e n  b y  th e  q u a d r a t i c  (70 ) 

r e f e r  to  th e  o r d in a r y  a n d  e x t r a o r d in a r y  w a v e s . T h e  c o r r e s p o n d in g  v a lu e s  o f  q2 a r e  

o b ta in e d  b y  s u b s t i tu t in g  th e  a p p r o p r i a t e  v a lu e s  o f  in to  (6 9 ) . T h e  e x p l ic i t

e x p re s s io n  fo r  q2 in  te rm s  o f  x, y x, y 3, z, S  a n d  C is

w h e r e  u i s  u n i t y  w h e n  d a m p i n g  is  n e g l e c t e d  a n d  1 — w h e n  d a m p i n g  is  t a k e n  i n t o  

a c c o u n t .

I f  w e  p u t  S  =  0  a n d  C —1 i n  ( 6 9 ) - ( 7 2 ) ,  w e  r e c o

w h i c h  a p p l y  t o  t h e  s p e c i a l  c a s e  o f  v e r t i c a l  i n c i d e n c e  a n d  w h i c h  h a v e  b e e n  d e r i v e d  b y  

A p p l e t o n  (1 9 3 2 ) . M e t h o d s  fo r  d e a l i n g  w i t h  e q u a t i o n s  (69 ) a n d  (70 ) i n  t h e  c a s e  o f  v e r t i c a l  

i n c i d e n c e  h a v e  b e e n  a d e q u a t e l y  d i s c u s s e d  b y  a  n u m b e r  o f  w r i t e r s  ( a l r e a d y  c i t e d  o n  

p .  4 1 3 ) ,  a n d  s i n c e  t h e s e  m e t h o d s  r e q u i r e  l i t t l e  m o d i f i c a t i o n  i n  t h e  m o r e  g e n e r a l  c a s e  o f  

e a s t - w e s t  t r a n s m i s s i o n  t h e r e  is  n o  n e e d  t o  d i s c u s s  t h e m  i n  d e t a i l  h e r e .

T y p i c a l  c u r v e s  s h o w i n g  t h e  v a r i a t i o n  w i t h  x  o f  l i m  q2 a r e  s h o w n  i n  f ig s .  19 a n d  2 0

Z-+ 0

fo r  w a v e - f r e q u e n c i e s  a b o v e  a n d  b e l o w  t h e  m a g n e t o - i o n i c  f r e q u e n c y  r e s p e c t i v e l y .  

F i g .  19 i s  d r a w n  fo r  a  f r e q u e n c y  t w i c e  t h e  m a g n e t o - i o n i c  f r e q u e n c y  ( =  | )  a n d  fo r  

a n  a n g l e  o f  i n c i d e n c e  o f  4 5 ° (S2 =  C2 — ^ ) .  T h e  s e r ie s  o f  c u r v e
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e a s t-w e s t  t r a n s m is s io n  i n  g o in g  f r o m  th e  m a g n e t i c  e q u a t o r  to  a  m a g n e t ic  p o le , t h a t  is, 

a s | y j y  | d e c re a s e s  f r o m  u n i t y  to  z e ro  a n d  | y | in c re a s e s  f ro m  z e ro

w o rd s  a s th e  q u a n t i t y  | m3 1 d e f in e d  in  (7 1 ) d e c re a s e s  f ro m  in f in i ty  to  \ S 2y. T h e  c o n 

t in u o u s  c u rv e s  r e f e r  to  t h e  o r d i n a r y  w a v e  a n d  th e  b r o k e n  c u rv e s  to  th e  e x t r a o r d in a r y  

w a v e . T h e  in f in i ty  o f  q2 is g iv e n  b y  (6 1 ) a n d  th e  z e ro s  b y  (6 3 ) . W e  see  t h a t  fo r  e a s t-w e s

t r a n s m is s io n  u s in g  w a v e - f r e q u e n c ie s  g r e a t e r  t h a n  th e  m a g n e to - io n ic  f r e q u e n c y  th e  

c r i t ic a l  e le c t r o n  d e n s i ty  r e q u i r e d  fo r  r e f le x io n  o f  th e  e x t r a o r d in a r y  w a v e  is g iv e n  b y

. \  *  =  « l  +  C W ( S H 4 C y ) } ,  (73)

w h ile  t h a t  fo r  t h e  o r d i n a r y  w a v e  is g iv e n  b y

x  =  C2. ( 7 4 )

U P O N  A  S T R A T I F I E D  D O U B L Y  R E F R A C T I N G  I O N O S P H E R E  443

Fi g . 1 9 .

T h e  v a lu e  ( 7 3 ) o f  x  d o e s  n o t  v a r y  as w e  g o  f ro m  th e  m a g n e t ic  e q u a to r  to  a  m a g n e tic  p o le  so 

lo n g  as th e r e  is n o  v a r i a t i o n  i n  th e  a n g le  o f  in c id e n c e  o r  in  th e  r a t io  o f  th e  w a v e - f re q u e n c y  

to  th e  m a g n e to - io n ic  f r e q u e n c y .  T h e  v a lu e  (74 ) o f  is e n t i r e ly  in d e p e n d e n t  o f  th e  e a r th  s

Vo l . C C X X X V I I .  A .
56
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m a g n e t ic  f ie ld , so  t h a t  fo r  e a s t-w e s t  t r a n s m is s io n  w i th  a  g iv e n  a n g le  o f  in c id e n c e  t h e  

c r i t ic a l  e le c t r o n  d e n s i ty  r e q u i r e d  to  r e f le c t  th e  o r d in a r y  w a v e  is th e  s a m e  a s  i f  t h e  e ffe c t  

o f  th e  e a r t h ’s m a g n e t ic  f ie ld  w e re  n e g le c te d .  T h e  l in e a r  n a t u r e  o f  th e  d e p e n d e n c e  o f  

u p o n  a; fo r  th e  o r d in a r y  w a v e  in  th e  c a se  mz = c c  i n  fig . 19 sh o w s t h a t  fo r  e a s t-w e s t  

t r a n s m is s io n  a t  t h e  m a g n e t ic  e q u a t o r  th e  e n t i r e  p r o p a g a t io n  o f  th e  o r d in a r y  w a v e  is 

c o m p le te ly  u n a f f e c te d  b y  th e  p re s e n c e  o f  th e  e a r t h ’s m a g n e t ic  f i e l d ; i t  m a y  b e  m e n t io n e d  

t h a t  in  th is  s p e c ia l  c a se  v a r i a t i o n  o f  th e  a n g le  o f  in c id e n c e  m e r e ly  in v o lv e s  m o v in g  th e  

(<72, #) c u rv e s  b o d i ly  p a r a l le l  to  th e  ^ 2-a x is .

W e  n o t ic e  in  fig . 19 t h a t ,  a s  | m 3 1 d e c re a s e s  t h r o u g h  th e  v a lu e  ( 1 +  C 2) , t h e  o r d in a r y

a n d  e x t r a o r d in a r y  w a v e s  e x c h a n g e  t h e i r  ty p e s  o f  p r o p a g a t io n  fo r  v a lu e s  o f  g r e a t e r  

t h a n  2 C2/  (1  +  C2) . T h is  is b e c a u s e ,  w h e n  th e  e f fe c t  o f  d a m p in g  is t a k e n  in to  a c c o u n t ,  t h e  

tw o  c o m p le x  v a lu e s  o f  q2c o r r e s p o n d in g  to  th e  o r d in a r y  a n d  e x t r a o r d i

e q u a l  w h e n  th e  tw o  c o n d it io n s

a r e  s a t is f ie d ;  c o n s e q u e n t ly  th e  in d e p e n d e n c e  o f  p r o p a g a t io n  o f  th e  m a g n e to - io n ic  

c o m p o n e n ts  b re a k s  d o w n  in  th e  n e ig h b o u r h o o d  o f  th e  c o n d i t io n s  (7 5 ) a n d  a  t r a n s i t io n  

o f  th e  ty p e  d e s c r ib e d  o n  p p .  431  etseq. ta k e s  p la c e .  B u t  s in c e  th e  v a lu e  2 C 2/ ( 1 +  C 2) o f  

x  o c c u r r in g  in  (75 ) in  g e n e r a l  e x c e e d s  th e  v a lu e  2 o f  x  r e q u i r e d  to  r e f le c t  th e  o r d in a r y  

w a v e  a n d  th e r e f o re  a lso  th e  v a lu e  (73 ) o f  a: r e q u i r e d  to  r e f le c t  th e  e x t r a o r d in a r y  w a v e , 

i t  fo llo w s t h a t  th e  t r a n s i t io n  o c c u r r in g  u n d e r  th e  c o n d i t io n s  (75 ) is in  g e n e r a l  p f  n o  

p r a c t ic a l  s ig n if ic a n c e . A n  e x c e p t io n  o c c u rs  a t  v e r t i c a l  in c id e n c e  w h e n ,  w i th  =  0  a n d  

C —  1 , th e  c r i t ic a l  e le c t r o n  d e n s i ty  r e q u i r e d  to  r e f le c t  th e  o r d in a r y  w a v e  b e c o m e s  t h a t  

c o r r e s p o n d in g  to  a: =  1 , w h i le  th e  t r a n s i t io n  c o n d i t io n s  (7 5 ) b e c o m e

T h e  e f fe c t  o f  th e  t r a n s i t io n  o c c u r r in g  a t  v e r t i c a l  in c id e n c e  u n d e r  th e  c o n d i t io n s  (76 ) 

h a s  a l r e a d y  b e e n  s tu d ie d  e ls e w h e re  (B o o k e r 1 9 3 4 , 1 9 3 5 ; G o u b a u  1 9 3 5  a ) .  W h e n  th e  

d i r e c t io n  o f  th e  e a r t h ’s m a g n e t ic  f ie ld  b e c o m e s  s u f f ic ie n tly  n e a r  to  th e  v e r t i c a l  to  m a k e  

(cf. (7 5 ) )  m\c e a s e  to  b e  a p p r e c ia b ly  g r e a te r  t h a n  {CS2/ ( 1  +  C 2)}2 + C2z 2 a t  t h e  le v e l  i n  th e  

io n o s p h e r e  w h e re  x  =  2 C 2/ ( 1  +  C'2) , a n d  w h e n  s im u l ta n e o u s ly  th e  a n g le  o f  in c id e n c e  

b e c o m e s  s u ff ic ie n tly  s m a ll  to  c a u s e  th e  le v e l  a: =  2 C 2/ ( 1  +  C 2) to  b e  o v e r la p p e d  b y  th e  

s t r a tu m  in  th e  n e ig h b o u r h o o d  o f  th e  le v e l  x =  C2 w i th in  w h ic h  re f le x io n  o f  th e  o r d in a r y  

w a v e  is t a k in g  p la c e ,  t h e n  th e  o r d in a r y  w a v e  b e g in s  to  p e n e t r a t e  th is  le v e l a n d  to  b e  

re f le c te d  f ro m  th e  le v e l w h e r e  th e  e le c t r o n  d e n s i ty  is g iv e n  b y

2 C 2

^ l  +  C 2’

(75 )

(76 )

*  =  ! { i + c 2+ y ( S 4+ 4 c y ) } . (7 7 )
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W h e n  th e  c o n d i t io n  o f  v e r t i c a l  in c id e n c e  a t  a  m a g n e t ic  p o le  is r e a c h e d ,  th e  o r d in a r y  

w a v e  is w h o lly  r e f le c te d  f ro m  th e  le v e l (7 7 ) , w h ic h  th e n  ta k e s  th e  s im p le r  fo rm  =  1 

T h e s e  r e m a r k s  a r e  s u b je c t  o f  c o u rs e  to  th e  r e s t r i c t io n  t h a t  th e  e ffe c t  o f  d a m p in g  is n o t  so 

m a r k e d  a s to  o b l i t e r a t e  r e f le x io n  fo r  a l l  p r a c t ic a l  p u rp o s e s .

A s th e  w a v e - f r e q u e n c y  d e c re a s e s  to  th e  m a g n e to - io n ic  f r e q u e n c y ,  th e  v a lu e s  (61 ) a n d  

(73 ) o f  #  d e c re a s e  to  z e ro . W h e n  th e  th ic k n e s s  o f  th e  s t r a tu m  in  th e  io n o s p h e re  b e tw e e n  

th e  z e ro  (7 3 ) a n d  th e  in f in i ty  (6 1 ) o f  q2b e c o m e s  c o m p a r a b le  w i th  a  v a c u u

u p o n  27r, t h e  e x t r a o r d in a r y  w a v e  b e g in s  to  p e n e t r a t e  th is  s t r a tu m ,*  p e n e t r a t io n  b e c o m in g  

c o m p le te  w h e n  th e  w a v e - f r e q u e n c y  r e a c h e s  th e  m a g n e to - io n ic  f r e q u e n c y .  P e n e t r a t io n  

o n ly  b e g in s  h o w e v e r  w h e n  y  d if fe rs  f ro m  u n i ty  b y  a  q u a n t i t y  o f  th e  o r d e r  o f  m a g n i tu d e  

o f  th e  r a t e  o f  c h a n g e  o f  #(oc N )with h e ig h t  p e r  v a c u u m  w a v e - le n g th  u p o n  277 n e a r  th e

b o t to m  o f  th e  io n o s p h e re ,  a n d  i t  m u s t  b e  r e m e m b e r e d  t h a t  w h e n  d a m p in g  is t a k e n  

in to  a c c o u n t  th e  e x t r a o r d in a r y  w a v e  is s t ro n g ly  a b s o r b e d  fo r  w a v e - f re q u e n c ie s  in  th e  

n e ig h b o u r h o o d  o f  th e  m a g n e to - io n ic  f r e q u e n c y  (cf. B o o k e r  1 9 3 5 , p . 2 8 2 ). F o r  w a v e -  

f re q u e n c ie s  less t h a n  th e  m a g n e to - io n ic  f r e q u e n c y  1 ) , th e  v a lu e  (73 ) o f  x  is n e g a t iv e  

a n d  so  h a s  n o  p h y s ic a l  s ig n if ic a n c e . A s th e  w a v e - f r e q u e n c y  d e c re a s e s  th r o u g h  th e  

m a g n e to - io n ic  f r e q u e n c y  th e  v a lu e  (61 ) o f  x  a lso  b e c o m e s  n e g a t iv e ,  b u t  w i th  f u r th e r  

d e c re a s e  o f  f r e q u e n c y  i t  in  g e n e r a l  p a sse s  to  a  p o s i t iv e  v a lu e  v ia  in f in i ty  a n d  th e n  re fe rs  to  

th e  o r d in a r y  in s te a d  o f  th e  e x t r a o r d in a r y  w a v e . A  ty p ic a l  e x a m p le  o f  th e  v a r i a t io n  w i th  

# o f  l im  q2 fo r  a  w a v e - f r e q u e n c y  less t h a n  th e  m a g n e to - io n ic  f r e q u e n c y  is s h o w n  in  fig . 2 0 .
z-+ 0

T h e  f ig u re  a c tu a l ly  re fe rs  to  e a s t-w e s t t r a n s m is s io n  in  a  

l a t i tu d e  w h e re  th e  m a g n e t ic  d ip  is ± 4 5 °  fo r  a  w a v e -  

f r e q u e n c y  h a l f  th e  m a g n e to - io n ic  f r e q u e n c y  a n d  fo r  a n  

a n g le  o f  in c id e n c e  o f  4 5 °, t h a t  is, to  th e  c a s e  w h e n

y\ - W

S 2 --

V2 

C2 =

2 ’1

h

(78)

- 1

- 2

c ----------

i  2 "x

b

+

f

T h e  c o n t in u o u s  c u rv e  re fe rs  to  th e  o r d in a r y  w a v e  a n d  th e  

b r o k e n  c u rv e  to  th e  e x t r a o r d in a r y  w a v e . W e  see  t h a t  fo r  

e a s t-w e s t  t r a n s m is s io n  u s in g  w a v e - f re q u e n c ie s  less t h a n  th e  

m a g n e to - io n ic  f r e q u e n c y  th e  c r i t ic a l  e le c t ro n  d e n s i ty  r e 

q u i r e d  fo r  re f le x io n  o f  th e  o r d in a r y  w a v e  is in  g e n e r a l  g iv e n  

b y  ( 7 4 ) , w h ile  t h a t  fo r  th e  e x t r a o r d in a r y  w a v e  is g iv e n  b y  

( 7 7 ) . H o w e v e r ,  as th e  c o n d i t io n  o f  v e r t ic a l  in c id e n c e  a t  a  m a g n e t ic  p o le  is a p p r o a c h e d  

a  t r a n s i t io n  o c c u rs  u n d e r  th e  c o n d it io n s  (75 ) a n d  th e r e a f te r  th e  o r d in a r y  w a v e  is 

re f le c te d  f ro m  th e  le v e l ( 7 7 ) a n d  th e  e x t r a o r d in a r y  w a v e  is n o t  re f le c te d  a t  a ll.

Fi g . 20 . E a s t - w e s t  t r a n s 

m is s io n ,  1.

* N o  p o s s ib i l i ty  s e e m s  to  e x is t  o f  s e p a r a te  r e f le c t io n s  f ro m  th e  u p p e r  a n d  lo w e r  b o u n d a r ie s  o f  th e  

s t r a tu m  in  th e  m a n n e r  s u g g e s te d  b y  S a h a  a n d  R a i  19 3 7 ; th is  s e e m s  c le a r  p h y s ic a l ly  a n d  m a y  b e  

r ig o r o u s ly  p r o v e d  m a th e m a t ic a l ly .

5 6 -2
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1 0 . P r o pa g a t i o n  i n  e q u a t o r i a l  r e g i o n s

W h e n  th e  e a r t h ’s m a g n e t ic  f ie ld  is h o r iz o n ta l  (H% — 0 ) ,  w e  p u t  p3 =  0  i n  (4 1 ) a n d  

(42 ) a n d  o b ta in  (cf. (67 ) a n d  ( 6 8 ))

i Pi  =  Po= P ( ™ )

P\

> 0 + 1 )  ( P o - P ) 2- M + C V I )  ( P o - P ) - P p o P i  =  0 , ( 8 0 )

w h ic h  m a y  b e  r e w r i t t e n  a s (cf. (6 9 ) a n d  (7 0 ))

a2 — r i ______ *____
9 u —iy2(PJPi) ’

. ( a - * )  P l + ^ i m ^ P ^ + u S 1! ^  =  0 , ^

w h e re m2 =  (y i +  C 2y i ) / 2 6 y 2. (83)

(P 3/P j)  r e p re s e n ts  th e  p r o je c t io n  o n  to  th e  1 3 -p la n e  o f  th e  e l l ip t ic a l  p o la r i z a t io n  o f  a  

m a g n e to - io n ic  c o m p o n e n t ,  a n d  th e  tw o  v a lu e s  o f  {PJP{} g iv e n  b y  th e  q u a d r a t i c  (82 ) 

re fe r  to  th e  o r d in a r y  a n d  e x t r a o r d in a r y  w a v e s . T h e  c o r r e s p o n d in g  v a lu e s  o f  a r e  

o b ta in e d  b y  s u b s t i tu t in g  th e  a p p r o p r i a t e  v a lu e s  o f  (P3/Pi) i n to  (8 1 ) . T h e  e x p l ic i t  

e x p re s s io n  fo r  q2 i n  te rm s  o f  x, y l5 y 2, z , S  a n d  C is

C2-
x{u—x)

K(M— * ) — i ( y ? + cW) ±  n/ { 1  (y 1+ C 2y l ) 2 + ( “ — *
(84 )

w h e re  u is u n i ty  w h e n  d a m p in g  is n e g le c te d  a n d  1 — w h e n  d a m p in g  is t a k e n  in to  

a c c o u n t .

T h e  c a s e  o f  e a s t-w e s t  t r a n s m is s io n  a t  th e  m a g n e t ic  e q u a to r  m a y  b e  o b ta in e d  b y  

p u t t i n g

V\ =  y =  0

in  e i th e r  (8 4 ) o r  (7 2 ) , a n d  i t  is c le a r  t h a t  th e  tw o  f o r m u la e  g iv e  th e  s a m e  re s u l t .

T y p ic a l  c u rv e s  s h o w in g  th e  v a r i a t i o n  o f  q2 w i th  x  w h e n  d a m p in g  is n e g le c te d  a r e  s h o w n  

in  figs. 2 1  a n d  2 2  fo r  w a v e - f re q u e n c ie s  a b o v e  a n d  b e lo w  th e  m a g n e to - io n ic  f r e q u e n c y  

re s p e c t iv e ly . F ig . 2 1  a c tu a l ly  re fe rs  to  p r o p a g a t io n  in  e q u a to r ia l  re g io n s  in  a  p la n e  

m a k in g  a n  a n g le  o f  4 5 °  w i th  th e  m a g n e t ic  m e r id ia n - p la n e  fo r  a  w a v e - f r e q u e n c y  tw ic e  

th e  m a g n e to - io n ic  f r e q u e n c y  a n d  fo r  a n  a n g le  o f  in c id e n c e  o f  4 5 ° , t h a t  is, to  th e  c a s e  

w h e n

y \ ~  y \ — hy2> y y  =  

S 2 — G 2 =  1 . 

T h e  c o n t in u o u s  c u rv e  re fe rs  to  th e  o r d in a r y  w a v e  a n d  th e  b r o k e n  c u rv e  to  th e  e x t r a 

o r d in a r y  w a v e . F r o m  (61 ) w e  see  t h a t  th e  in f in i ty  o f  q2 is g iv e n  b y

x  — 1 —y 2, ( 8 6 )
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Fi g . 21 . P r o p a g a t i o n  i n  e q u a t o r i a l  r e g io n s ,  1 .

Fi g . 22. N o r t h - s o u t h  t r a n s m is s io n  i n  e q u a t o r i a l  r e g io n s ,  1 .
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i n d e p e n d e n t  o f  th e  a n g le  b e tw e e n  th e  h o r i z o n ta l  d i r e c t io n  o f  th e  e a r t h ’s m a g n e t ic  f ie ld  

a n d  th e  p la n e  o f  p h a s e - p r o p a g a t io n .  T h e  z e ro s  o f  2 m u s t  in  g e n e r a l  b e  o b ta in e d  b y  

n u m e r ic a l  s o lu t io n  o f  th e  c u b ic  e q u a t io n  (62 ) fo r  x; in te r v a ls  w i th in  w h ic h  th e y  m u s t  lie  

a r e  g iv e n  b y  fig . 17. L e t  xD, xE a n d  xF (xD^ x E^ x F)b e  th e  th r e e  ro o ts  o f  (6

t h a t  fo r  p r o p a g a t io n  in  e q u a to r ia l  re g io n s  u s in g  w a v e - f r e q u e n c ie s  g r e a te r  t h a n  th e  

m a g n e to - io n ic  f r e q u e n c y  th e  c r i t ic a l  e le c t r o n  d e n s i ty  r e q u i r e d  fo r  re f le x io n  o f  th e  e x t r a 

o r d in a r y  w a v e  is g iv e n  b y  x  =  xD, w h ile  t h a t  fo r  th e  o r d in a r y  w a v e  is g iv

F o r  n o r th - s o u th  t r a n s m is s io n  in  e q u a to r ia l  re g io n s  =  0 , =  ± y )  th e r e  is

a n  a n a ly t ic a l  s o lu t io n  o f  th e  c u b ic  e q u a t io n  (62 ) fo r  x  g iv e n  b y  (6 4 ) . F ig . 2 2  re fe rs  to  

n o r th - s o u th  t r a n s m is s io n  in  e q u a to r ia l  re g io n s  fo r  a  w a v e - f r e q u e n c y  h a l f  th e  m a g n e to 

io n ic  f r e q u e n c y  (y =  2 ) . T h e  se ries  o f  c u rv e s  sh o w s  th e  e ffe c t  o f  in c r e a s in g  th e

in c id e n c e  f ro m  0  to  \ t\. B e c a u se  th e  w a v e - f r e q u e n c y  is less t h a n  th e  m a g n e to - io n ic  

f r e q u e n c y  (y> 1 ) , o n e  o f  th e  ro o ts  o f  th e  c u b ic  e q u a t io n  (62 ) fo r  x  is n e g a t iv e  (cf. f ig . 18

a n d  so h a s  n o  p h y s ic a l  s ig n if ic a n c e , a n d  th e  s a m e  is t r u e  o f  th e  v a lu e  ( 8 6 ) o f  w h e r e  2 is 

in f in i te .  W e  see  t h a t  fo r  n o r th - s o u th  t r a n s m is s io n  in  e q u a to r ia l  re g io n s  th e  c r i t ic a l  

e le c t r o n  d e n s i ty  r e q u i r e d  fo r  re f le x io n  o f  th e  o r d in a r y  w a v e  is g iv e n  b y

x  =  1 w h e n  O ^ O ^ ta n -1 J y ,  

a n d  x — C2( l  + y )  w h e n  

W e  n o t ic e  f ro m  (87 ) t h a t  fo r  a n g le s  o f  in c id e n c e  less t h a n  t a n - 1  J y  th e  le v e l  o f  re f le x io n  

o f  th e  o r d in a r y  w a v e  is in d e p e n d e n t  o f  th e  v a lu e  o f  th e  a n g le  o f  in c id e n c e .  W e  a lso  see  

f r o m  fig . 2 2  t h a t  fo r  n o r th - s o u th  t r a n s m is s io n  in  e q u a to r ia l  re g io n s  U sing  w a v e - f r e q u e n 

cies less t h a n  th e  m a g n e to - io n ic  f r e q u e n c y  th e  c r i t ic a l  e le c t r o n  d e n s i ty  r e q u i r e d  fo r  

re f le x io n  o f  th e  e x t r a o r d in a r y  w a v e  is g iv e n  b y

x  =  C 2( l  + y .)  w h e n  O ^ ^ ^ t a n ” 1 J { \y ) .  (89 )

W h e n  th e  a n g le  o f  in c id e n c e  e x c e e d s  t a n _ 1N/( J y ) ,  th e  s ta te  o f  a f fa irs  e x is t in g  fo r  th e  

e x t r a o r d in a r y  w a v e  m a y  b e  a p p r e c ia te d  m o re  e a s ily  f ro m  th e  (q, x), o r  (q, N ),  c u rv e s  

t h a n  f ro m  th e  ( q2, x) c u rv e s . W h e n  6 >  t a n - 1 J { \ y ) , th e  ( , N ) c u rv e s  a r e  r e a d i ly  se e n  t

th e  fo rm  s h o w n  in  fig . 13 e x c e p t  t h a t ,  o w in g  to  th e  n a tu r e  o f  th e  s p e c ia l  c a se  w i th  w h ic h  

w e  a r e  c o n c e rn e d ,  th e  c u rv e s  a r e  s y m m e tr ic a l  w i th  r e s p e c t  to  th e  A -a x is . I n  th e s e  s p e c ia l  

c i r c u m s ta n c e s  th e re fo re  A 2 a n d  B  in  fig . 13 c o in c id e  w i th  D  a n d  E re s p e c t iv e ly , w h i le  A x 

a n d  A3 a r e  re f le x io n s  o f  e a c h  o th e r  in  th e  A -a x is .  T h e  g r o u p - r a y  fo r  th e  e x t r a o r d in a r y  

w a v e  is th e re fo re  o f  th e  ty p e  s h o w n  in  fig . 14, e x c e p t  t h a t  A 1 a n d  A 3 a r e  a t  th e  s a m e  le v e l,  

D  c o in c id e s  w i th  A 2, a n d  th e  w h o le  g r o u p - r a y  is s y m m e tr ic a l  a b o u t  th e  v e r t i c a l  th r o u g h  

A 2. I t  is c le a r ly  th e  c o m m o n  le v e l o f  A 1 a n d  A 3 w h ic h  g iv e s th e  c r i t ic a l  e le c t r o n  d e n s i ty  

r e q u i r e d  to  r e f le c t  th e  w a v e , a n d  i t  th e re fo re  fo llo w s t h a t  fo r  n o r th - s o u th  t r a n s m is s io n  in  

e q u a to r ia l  r e g io n s  u s in g  w a v e - f re q u e n c ie s  less t h a n  th e  m a g n e to - io n ic  f r e q u e n c y  th e  

c r i t ic a l  e le c t r o n  d e n s i ty  r e q u i r e d  fo r  re f le x io n  o f  th e  e x t r a o r d in a r y  w a v e  is g iv e n  b y

* =  l  +  ( ^ j )  w h e n  t a n - 1 V ( l y ) s S 0 < i f f - (90 )
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T h e  e x t r a o r d i n a r y  w a v e  is  r e f l e c t e d  i n  s u c c e s s i o n  a t  t h e  l e v e l s

x  =  C 2 ( l + y )  l  w h e n  t a n  < # < t a n  , (91)

a n d

x  — 1x  — 1 ► w h e n  t a n -1  J y ^ 0 < \ (92 )

I t  s h o u l d  b e  n o t e d  t h a t ,  w h e n  6  i s  i n  t h e  n e i g h b o u r h o o d  o f  t a n -1  J y ,  t h e  r e f l e c t i n g  

s t r a t u m  i n  t h e  n e i g h b o u r h o o d  o f  t h e  l e v e l  w h e r e  =  I  is  p a r t i a l l y  p e n e t r a b l e  b o t h  fo r  

t h e  o r d i n a r y  w a v e - p a c k e t  a r r i v i n g  f r o m  b e l o w  a n d  fo r  t h e  e x t r a o r d i n a r y  w a v e - p a c k e t  

a r r i v i n g  f r o m  a b o v e .  W e  m a y  a l s o  p o i n t  o u t  t h a t  fo r  g l a n c i n g  i n c i d e n c e  ( 6  n e a r l y  e q u a l  

t o  \ t t) t h e  e x t r a o r d i n a r y  w a v e ,  i n  a d d i t i o n  t o  s u f f e r i n g  r e f l e x i o n  f r o m  t h e  l e v e l  w h e r e  

x  — I ,  w o u l d  a l s o  s u f f e r  p a r t i a l  r e f l e x i o n  f r o m  t h e  r e g i o n  o f  s m a l l  e l e c t r o n  d e n s i t y  

( p r o v i d e d  o f  c o u r s e  t h e  e f f e c t  o f  d a m p i n g  w e r e  s u f f i c i e n t l y  s m a l l ) .

W h e n  th e  p la n e  o f  p r o p a g a t io n  d o e s  n o t  n e c e s s a r ily  c o in c id e  w i th  th e  m a g n e t ic  

m e r id ia n - p la n e ,  th e  s ta te  o f  a f fa irs  e x is tin g  in  e q u a to r ia l  re g io n s  fo r  w a v e - f re q u e n c ie s  

less t h a n  th e  m a g n e to - io n ic  f r e q u e n c y  is as fo llo w s. L e t  xD, xE a n d  xF {xD^ x E ^ x F) 

b e  th e  th r e e  ro o ts  o f  th e  c u b ic  e q u a t io n  (62 ) g iv in g  th e  z e ro s  o f  q. T h e n  th e  c r i t ic a l  

e le c t r o n  d e n s i ty  r e q u i r e d  fo r  r e f le x io n  o f  th e  o r d in a r y  w a v e  is g iv e n  b y  xE. T h a t  fo r  

t h e  e x t r a o r d in a r y  w a v e  is g iv e n  b y  x  =  

g la n c in g  in c id e n c e  in  th e  m a g n e t ic  m e r id ia n - p la n e  to  m a k e

I n  t h e  l a t t e r  c a s e  t h e  e x t r a o r d i n a r y  w a v e  s u f f e r s  r e f l e x i o n  i n  s u c c e s s i o n  a t  t h e  l e v e l s

th e  c r i t ic a l  e le c t ro n  d e n s i ty  b e in g  g iv e n  b y  (94 ) a n d  (9 6 ). (94) a n d  (96) a r e  o b ta in e d  

b y  e x p re s s in g  th e  c o n d i t io n  t h a t  th e  tw o  v a lu e s  (84) o f  q 2 a re  e q u a l ,  a n d  (93 ) b y  e x p re ss 

in g  th e  c o n d i t io n  t h a t  th is  c o m m o n  v a lu e  o f  q 2 is p o s it iv e .

± S Y 2 {C 2y 22 - y \ ) > { C 2y 2 + y 2) \ (93 )

(96)

(94)

(95)
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1 1 . Su m m a r y

A  s t u d y  is  m a d e  o f  t h e  p r o p a g a t i o n  o f  w a v e - p a c k e t s  i n c i d e n t  o b l i q u e l y  u p o n  a  s l o w l y  

v a r y i n g  p l a n e - s t r a t i f i e d  d o u b l y  r e f r a c t i n g  m e d i u m  w i t h  a  v i e w  t o  a p p l y i n g  t h e  r e s u lt s  

t o  t h e  i o n o s p h e r e .  T h e  m a g n e t o - i o n i c  t h e o r y  i n  t h e  f o r m  g i v e n  b y  A p p l e t o n  is  o n l y  

s u i t a b l e  fo r  i n v e s t i g a t i n g  v e r t i c a l  p r o p a g a t i o n  i n  t h e  i o n o s p h e r e .  T h e  t h e o r y  is  g e n e r a l 

i z e d  s o  a s  t o  b e  c a p a b l e  o f  d e s c r i b i n g  o b l i q u e  p r o p a g a t i o n  o f  a  m a g n e t o - i o n i c  c o m p o n e n t  

t h r o u g h  t h e  i o n o s p h e r e  w i t h o u t  u s i n g  a  r e f r a c t i v e  i n d e x  w h i c h  d e p e n d s  i n  a  c o m p l i c a t e d  

w a y  u p o n  a n  u n k n o w n  a n g l e  o f  r e f r a c t i o n .  T h e  f u n d a m e n t a l  f o r m u l a  o f  t h e  o b l i q u e -  

i n c i d e n c e  m a g n e t o - i o n i c  t h e o r y  is  a n  a l g e b r a i c  q u a r t i c  e q u a t i o n  fo r  a  q u a n t i t y  w h i c h  

d e p e n d s  u p o n  t h e  p r e s c r i b e d  a n g l e  o f  i n c i d e n c e  a n d  w h i c h  a t  v e r t i c a l  i n c i d e n c e  b e c o m e s  

i d e n t i c a l  w i t h  t h e  w e l l - k n o w n  r e f r a c t i v e  i n d e x .  T h e  f o u r  r o o t s  o f  t h e  q u a r t i c  e q u a t i o n  

f o r  q  c o r r e s p o n d  t o  t h e  u p g o i n g  o r d i n a r y  w a v e ,  t h e  u p g o i n g  e x t r a o r d i n a r y  w a v e ,  t h e  

d o w n c o m i n g  o r d i n a r y  w a v e  a n d  t h e  d o w n c o m i n g  e x t r a o r d i n a r y  w a v e .  T h e  l e v e l  

i n  t h e  i o n o s p h e r e  w h e r e  i n d i v i d u a l  w a v e - c r e s t s  a r e  m o v i n g  h o r i z o n t a l l y  a c r o s s  a  

c h a r a c t e r i s t i c a l l y  p o l a r i z e d  w a v e - p a c k e t  is  g i v e n  b y  t h e  c o n d i t i o n  — 0 ,  w h i c h  is  

e q u i v a l e n t  t o  p u t t i n g  t h e  a n g l e  o f  r e f r a c t i o n  e q u a l  t o  i n  S n e l l ’s L a w .  B u t  t h e  l e v e l  

o f  r e f l e x i o n  o f  t h e  m a g n e t o - i o n i c  c o m p o n e n t  is  t h e  l e v e l  w h e r e  t h e  w a v e - p a c k e t  a  

whole  i s  t r a v e l l i n g  h o r i z o n t a l l y  a n d  is  g i v e n  b y  t h e  c o n d i t i o n  t h a t  t h e  r o o t  o f  t h e  q u a r t i c  

e q u a t i o n  fo r  q  c o r r e s p o n d i n g  t o  t h e  u p g o i n g  m a g n e t o - i o n i c  c o m p o n e n t  s h o u l d  b e  e q u a l  

t o  a  r o o t  c o r r e s p o n d i n g  t o  a  d o w n c o m i n g  m a g n e t o - i o n i c  c o m p o n e n t .

T h e  d e ta i le d  a p p l ic a t io n  o f  th e s e  re s u lts  to  th e  io n o s p h e re  d e p e n d s  o n  o u r  a b i l i ty  to  

so lv e  th e  f u n d a m e n ta l  q u a r t i c  e q u a t io n  fo r  , a n d  th e  o n ly  p r a c t ic a l  w a y  o f  a c h ie v in g  

th is  in  g e n e r a l  is to  r e s o r t  to  o n e  o f  th e  s t a n d a r d  n u m e r ic a l  m e th o d s .  S p e c ia l  c ase s w o rk e d  

o u t  in  th is  w a y  s h o w  t h a t  th e  c r i t ic a l  e le c t r o n  d e n s i ty  r e q u i r e d  fo r  re f le x io n  o f  a  m a g n e to 

io n ic  c o m p o n e n t  c a n  e a s ily  b e  as m u c h  as 25  %  in  ex cess o f  th e  e r ro n e o u s  v a lu e  w h ic h  

w o u ld  b e  c a lc u la te d  b y  p u t t i n g  th e  a n g le  o f  r e f r a c t io n  e q u a l  to  in  S n e l l ’s L a w .

T h e  a n a l y t i c a l  s o l u t i o n  o f  t h e  q u a r t i c  e q u a t i o n  fo r  q  i s  s u f f i c i e n t l y  s i m p l e  t o  b e  o f  

p r a c t i c a l  v a l u e  i n  t h e  c a s e  o f  e a s t - w e s t  t r a n s m i s s i o n  ( i n c l u d i n g  v e r t i c a l  i n c i d e n c e )  a n d  

i n  t h e  c a s e  o f  p r o p a g a t i o n  i n  e q u a t o r i a l  r e g i o n s .  O w i n g  t o  t h e  s y m m e t r i c a l  i n f l u e n c e  o f  

t h e  e a r t h ’s m a g n e t i c  f i e l d  u p o n  t h e  p r o p a g a t i o n  o f  t h e  u p g o i n g  a n d  d o w n c o m i n g  w a v e s  

i n  t h e s e  s p e c i a l  c a s e s ,  i t  i s  l e g i t i m a t e  t o  c a l c u l a t e  t h e  c r i t i c a l  e l e c t r o n  d e n s i t i e s  o f  t h e  

m a g n e t o - i o n i c  c o m p o n e n t s  f r o m  t h e  c o n d i t i o n  (q — 0) t h a t  t h e  d i r e c t i o n  o f  p h a s e -  

p r o p a g a t i o n  is  h o r i z o n t a l .  R e p r e s e n t a t i v e  c u r v e s  a r e  d r a w n .
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