PROPER r-HARMONIC SUBMANIFOLDS INTO ELLIPSOIDS AND
ROTATION HYPERSURFACES

S. MONTALDO AND A. RATTO

ABSTRACT. The study of r-harmonic maps was proposed by Eells-Sampson in 1965 and by
Eells-Lemaire in 1983. These maps are a natural generalization of harmonic maps and are
defined as the critical points of the r-energy functional E,.(¢) = (1/2) [,, [(d*+d)"(¢)|? dvas,
where ¢ : M — N denotes a smooth map between two Riemannian manifolds. If an r-
harmonic map ¢ : M — N is an isometric immersion and it is not minimal, then we say
that ¢(M) is a proper r-harmonic submanifold of N. In this paper we prove the existence
of several new, proper r-harmonic submanifolds into ellipsoids and rotation hypersurfaces.

1. INTRODUCTION

Harmonic maps are the critical points of the energy functional

(1) Ble) =5 [ 1dglduy

where ¢ : M — N is a smooth map between two Riemannian manifolds M and N. In par-
ticular, ¢ is harmonic if it is a solution of the Euler-Lagrange system of equations associated
to (1.1), i.e.

(1.2) —d*dyp = trace Vdyp =0 .

The left member of (1.2) is a vector field along the map ¢ or, equivalently, a section of
the pull-back bundle ¢~ (T'N): it is called tension field and denoted 7(y). In addition, we
recall that, if ¢ is an isometric immersion, then ¢ is a harmonic map if and only if ¢(M) is
a minimal submanifold of N (see [7, 8] for background).

A related topic of growing interest deals with the study of polyharmonic maps, or r-harmonic
maps: these maps, which provide a natural generalization of harmonic maps, are the critical
points of the r-energy functional (as suggested in [8], [11])

(13) Bie) =5 [ 1@+ ar (o) dow

In the case that r = 2, the functional (1.3) is called bienergy and its critical points are
the so-called biharmonic maps. There have been extensive studies on biharmonic maps (see
[14, 19] for an introduction to this topic and [20, 22] for an approach which is related to
this paper). In 1989 Wang [28] studied the first variational formula of the r-energy (1.3)
while the expression for its second variation was derived in [17], where it was shown that a
biharmonic map is not always r-harmonic (r > 3) and, more generally, that an s-harmonic
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map is not always r-harmonic (2 < s < r). On the other hand, any harmonic map is trivially
r-harmonic for all » > 2. Therefore, we say that an immersed submanifold of N is a proper
r-harmonic submanifold if the immersion is an r-harmonic map which is not harmonic (or,
equivalently, not minimal).

As a general fact, when the ambient has nonpositive sectional curvature there are several
results which assert that, under suitable conditions, an r-harmonic submanifold is minimal
(see [5], [15], [18] and [25], for instance), but the Chen conjecture that a biharmonic subman-
ifold of R™ must be minimal is still open (see [6] for recent results in this direction). More
generally, the Maeta conjecture (see [15]) that any r-harmonic submanifold of the Euclidean
space is minimal is open. By contrast, in our recent paper [23] we produced several new
proper r-harmonic submanifolds of the Euclidean unit sphere S™ (r > 4, extending the pre-
vious results of [16] for 7 = 3). The aim of this paper is to continue the work started in [23]
and describe some extensions to cases where the ambient manifold does not have constant
sectional curvature. In particular, we shall construct new examples of r-harmonic subman-
ifolds into Euclidean ellipsoids. The search for critical points in the presence of ellipsoidal
deformation of an Euclidean sphere was started by R.T Smith in [27] and has a long history
in the theory of harmonic maps (see [1, 2, 9, 12], for instance). In order to explain the type
of results which we will obtain in this context, let E™(b) C R™™! (b > 0) be the Euclidean
ellipsoid defined by

2

b2
(of course, E™(1) = S™). We shall study submanifolds of E™(b) obtained by intersection
with a hyperplane of the type x,,.1 = constant and prove the following

(1.4) z%+...+xfn+

Theorem 1.1. Assume r,m > 2 and b > 0. Let us consider submanifolds of E™(b) C R™*!
of the following type:

Yor = St - Emb)C R™xR

W (sina*w, bcos a*) ,
where 0 < o < 7 is a fived value. Then @q(S™1) = S™(sina*) is a proper r-harmonic
submanifold of E™(b) if and only if
1

\/g (\/b2(r—2)2+4(7“—1)+b(r—2)> +1

Remark 1.2. We point out that the right member of equation (1.5) is always a real number
in the interval (0,1). Therefore, for all r,m > 2 and b > 0, we have the existence of two
proper r-harmonic parallel hyperspheres which lie in a symmetric position with respect to
the equator plane x,,;1 = 0. The case r = 2 of Theorem 1.1 was proved in [21] by different
methods, while the spherical case a = b,r > 3 was first obtained in [16, 23].

(1.5) sina* =

In the context of rotation surfaces, we shall prove the following result:
Theorem 1.3. Assume that C > 0. Let Spar C R? be the paraboloid of revolution defined by
(1.6) z=C (2" +97).
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Then a circle Cpx = Spar N {2z = a*?} is a proper r-harmonic submanifold of Spar (v > 3) if
and only if

1

(1.7) (a*)* = )

Remark 1.4. It is well-known that Sy, admits no closed geodesic. In addition, it was
proved in [24] that there exists no proper biharmonic curve in Sy, a fact which, together
with Theorem 1.3, suggests that the study of proper r-harmonic submanifolds may display
phenomena which are substantially different from those observed in the biharmonic case. In
this order of ideas, we point out that the original motivation of the Eells-Sampson work [10]
was to investigate the existence of a harmonic map in a given homotopy class: in Example 4.2
below we shall provide an instance where a homotopy class does not admit any harmonic
representative, but it does contain an r-harmonic map for each r > 2.

Our paper is organized as follows: in Section 2 we recall some basic facts and fundamental
formulas concerning r-harmonic maps. In Section 3 we introduce two families of rotationally
symmetric manifolds which are suitable to prepare the ground for our study of r-harmonic
submanifolds of ellipsoids and rotation hypersurfaces. In this section we shall also compute
all the relevant equations which we will need in our symmetric context. Next, in Section 4,
we shall first provide the proof of Theorem 1.1 and 1.3. In the second part of Section 4 we
shall prove the existence of certain proper, r-harmonic Clifford’s torus type submanifolds
and also study r-harmonic immersions into rotation hypersurfaces. In the latter context
we shall find that the existence of proper r-harmonic parallel hyperspheres requires positive
radial curvature of the ambient space.

2. GENERALITIES ON r-HARMONIC MAPS

In order to make this paper reasonably self-contained we recall here some basic facts about r-
harmonic maps (details and proofs can be found in [8] and [15]). Let ¢ : (M, gar) — (IV, gn)
be a smooth map between two Riemannian manifolds M and N of dimension m and n
respectively. Then dy is a 1-form with values in the vector bundle ¢ 'T'N or, equivalently,
a section of T*M ® ¢ 'T'N. In local charts dy is described by

op” 0

: : 0
dr' @ — =] dz' @ — |

2.1 =
(2.1) dp ox; 0y, 0y,

where, here and below, the Einstein’s sum convention over repeated indices is adopted. The
second fundamental form Vdyp is a covariant differentiation of the 1-form dyp, i.e., a section
of ®*T*M ® ¢ 'TN. The local coordinates expression for the second fundamental form is

i 0
(2.2) Vdgo = (Vdgo)zj dx'dx’ ® 6—% ,
where
0 o1
v B A R

= ol = MTh ol + "Ths0l el .
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Now, since 7(¢) = —d*dp is the trace of the second fundamental form, its description in
local coordinates is

(2.4) (r(9)) = (~d"dg)" = gt (Vdp)], .

For our purposes, it is useful to recall the definitions of the rough laplacian and of the sectional
curvature operator. We shall denote by VM, V¥ and V¥ the induced connections on the
bundles TM, TN and ¢ 'TN respectively. The rough Laplacian on sections of ¢~ (T'N),
denoted by A, is defined by

(2.5) A=dd=-) {ViVi-Viu ),

i=1 '
where {e;}™, is a local orthonormal frame on M. The curvature operator on N is the
(1, 3)-tensor defined by:

(2.6) RY(X, Y)W = VYV W = VIVEW = VX W .
We now proceed to a general description of the r-energy (1.3) when r > 2. If r =25, s > 1:
1 * * * *
(2.7) Ey(p) = 5/]\/[ (gd d)...(d CQ% gd d)...(d dZ‘P>N dvyg
s times s times

s—1

- 5 (E 0. s

Now, the map ¢ is 2s-harmonic if, for all variations ¢y,

T(@) >N dvy

d
iy =0.
ar 2 (1) - 0
Setting
aSOt -1
V=7 r TN
d
(2.8) — Eos(r) = - / (T25(0), V') dvns
dt +=0 M

where the explicit formula for the 2s-tension field m(y) is:

(o) — RY (ZQHT(M ds@(ej)) dg(e;)

——2s5—1

723(30) = A

—_

s—
——s—{—1

(2.9) - {RN (vgj AT (), A

1

() di(e;)

~
Il

——s—f—1

_ RN (E*“T(gp),ng T(so)) dw(ej)} )

where A" = 0 and {e;}7L, is alocal orthonormal frame on M (here and below, the sum over

J is not written but understood). Of course, ¢ is 2s-harmonic if 755(¢) vanishes identically.
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In the case that r = 2s + 1, the relevant modifications are:

Fou(y) = + /M (d(d'd).. (@ d)p. d(@d)...(dd)p), doy

20 e s
_ % /M (V2 B (), VE D () )y dous
maenil) = B77(0) = BY (377 r(p), dp(e)) diey)
(2.11) 3 {RY (Ve 371 2(0), B 1(9)) diles)
R (B 7(0). 6, 37 ' (9)) dele)) |

— RV (V587 (o). B 1(0)) deley)

3. ROTATIONALLY SYMMETRIC MANIFOLDS AND THE RELEVANT EQUATIONS

First, let us introduce a family of manifolds which will be suitable for our purposes. We set
(3.1) (M, gu) = (S™' % I, f2 (@) gsm—1 + k*(e)da?)

where I C R is an open interval and f(«), k(a) are smooth, positive functions on 7. In
some instances, one or both the endpoints of I will be admitted: by way of example, if
I =[0,400), k() =1 and

f0)=0, f(O0)=1

f@90)=0 forall¢>1,

then our manifold (3.1) is a model in the sense of Greene and Wu (see [13]). In particular,
if f(a) = a (respectively, f(a) = sinha) we have the Euclidean space R™ (respectively,
the hyperbolic space H™). In a similar spirit, if I = [0,7], f(a) = sina and k?(a) =
b?sin? a + cos?a (b > 0), then the manifold (3.1) is isometric to the Euclidean ellipsoid
E™(b) € R™*! defined in (1.4). By way of summary, we shall refer to a manifold as in (3.1)
as to a rotationally symmetric manifold and, to shorten notation, we shall write My to
denote it.

(3.2)

Remark 3.1. Performing a suitable change of coordinates, it is always possible to reduce
the study of manifolds of the type (3.1) to the case that £ = 1. However, in order to describe
more directly some applications to ellipsoids and rotation surfaces (see Section 4 below), it
is convenient to consider here the general case of metrics as in (3.1).

We work with coordinates w;, « on My, where wy, ..., wy,_1 is a set of local coordinates
on S™ 1. A straightforward computation, based on the well-known formula
1 090 Ogey 09
(3.3) Tk = = gt gijt + gei  9Yij ’
72 dy;  Oy; Oy

leads us to establish the following lemma:



Lemma 3.2. Let wy, ..., Wy—1, be local coordinates as above on My . Then their associ-
ated Christoffel’s symbols Ffj are described by the following table:

(i) If1<ijhk<m-—1: T%="°T%

(i) I1<ij<m—1: TIp=—LIL0 g,
(3.4) (i) H1<ij<m-—-1: T}, =254

(iv) f1<j<m-1: F{;lm:():l—‘}nm,

(v) Ifi=j=k=m: e, =52 .

where SFfj and gs denote respectively the Christoffel symbols and the metric tensor of S™1
with respect to the coordinates wy, ..., Wy_1.

Now we are in the right position to start our process of computing the quantities and equa-
tions which are relevant to the study of r-harmonicity in the context of rotationally symmet-
ric manifolds (3.1). Our first goal is to derive the condition of r-harmonicity for a parallel
hypersphere in M. More precisely, let us consider maps of the following type:

Pax - Sm_l — Mf,k
(3.5)
w = (w,a),

where o is a fixed constant value in the interior of the interval I. We focus on finding under
which conditions a map .+ as in (3.5) is proper r-harmonic. As a first step we shall prove
the following

Proposition 3.3. Assume that m,r > 2. Let @, : S™* — M/ be a map of the type (3.5).
Then its r-enerqy s

(3.6) B () = 5 VoI(S™ ) (0,
where

”2 o (r—1)
(3.7 er(a) = (m— 1Y f(a) [J,;Tﬂlﬂ |

The proof of Proposition 3.3 is based on a series of lemmata in which we compute, using
Lemma 3.2, the relevant covariant derivatives. To this purpose, it is convenient to begin
with a specific preliminary work. First, we observe that dy.« (0/0w;) = 0/0w; for all
1 <j <m—1 and so, if it is clear from the context, we will not state explicitly whether a
vector field 0/0w; is to be considered on the domain or on the codomain. The next lemma
is elementary:

Lemma 3.4. Let ¢+ be a map as in (3.5). Then

(3.8) T(Par) = F(a*)%
where we have set

Now we prove three lemmata which will play a key role:
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Lemma 3.5. Let ¢+ be a map as in (3.5). Then

(3.10) dr (o) = G(a¥) i: dw' ® 3i)~ ,
where we have set :

o o 4 (@)
(3.11) G(a™) = F(a") o)’

Proof. dr(pa+) is a section of T*M ® ¢~ 'T'N. Equation (3.10) tells us that we just have to
verify that

(3.12) (d1(pa+)); = F(a) o) f1<:< 1
and
(3.13) (dT((pa*)); =0 whenever i # j .

Now, (3.12) and (3.13) are a simple consequence of the following:

0
irtow) () = Voo low)

o 0 ‘ 0
(3.14) = Viou 'l )8_a = F(@) Vo, M
0 0
= D) R p— mo_—
- F(O{) |:Fzm 8wk + Fzm aa
f'la) o 0 f'lar) 0
= Fla") ——=9 — = F(a” ,
(o) flax) " Owg >f(oz*) ow;
where, in (3.14), we have used the explicit expression of the Christoffel symbols given in
Lemma 3.2. ]
Lemma 3.6. Let ¢+ be a map as in (3.5). Then
(3.15) Td(r(par)) = H(0") o
where
. o fla7) f'(a”)
1 H = —1
(3.16) (@) = (m = 1) 6(a) LG
Proof. We compute (see [8]):
m—1
0 0
0o 9 — ST gk 9
2 (S (a0 5, TS
0 0
1 I dw @ —— 1+ T dw” & —
(3.17) + I, dw ®8w5+ i dw ®8a
0 flar) f'(e) 9
= FT)’L 2 _ = — L v a_
iy W' ® O k2 (o) (95)ir du™ @ oo



Next, using Lemma 3.5 and (3.17), we obtain

m—1
” 0 0
* N * b — | —
d d(T(gDa*)) = gs 2 <G(Oé )Va/awi (dw ® 8wg> awj)
@) e D
(3.18) = (m—-1)G(a") 2(0)  da’
so ending the proof of this lemma. 0

We are now in the right position to complete the proof of Proposition 3.3:

Proof. The proof of Proposition 3.3 reduces to an iteration of the calculations which we have
performed in Lemmata 3.4, 3.5, 3.6. We have:

1 1
Bapor) = 5 [ Irlow) digns = 3 VOIE"™) F2(a") K@)
Sm—1
1
(3.19) = 5vol(Sm—l) eo(a*).

1
Balow) = 5 [ ldr(or)Pdoses

= 1Vol (S™ 1) (m — 1) f2(a*) G*(a¥)

2
(3.20) _ %Vol (S™1) (m — 1) f2(a”) F2(a")
= LVeI(E™) (m 1) J;((j; &s(a”)
_ %Vol (S™1) e5(a”).
Bilpw) = 5 [ | 10d(rlpw)) Pdigns = 3 VoI (§71) H2(a") (o)
(3.21) = %Vol (8™71) (m—1)? —F(O,;?(ﬁ)(a*) G*(a”)
= Vo) (m -1’ % F*(o”)
= V) m- ) 2 )

1
= 5 Vol (Sm_l) 54((1*).

Now the iterative procedure can be made explicit and we recognize the pattern

(3.22) Eri1(par) = (m—1) J;éj)) E,(¢ar)

from which the conclusion follows by induction. O
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Remark 3.7. The conclusion of Proposition 3.3 is also true for » = 1, but this is not of
interest for our purposes.

There are some geometrically significant instances where, instead of (3.1), it is convenient
to consider the following family of manifolds:

(3.23) (M, gnr) = (S x S x I, fi(@)gsm + f3(a)gse: + K*(a)da?)
where py, pe are positive integers, I C R is an interval and f;(«), f ( ), k() are smooth,
positive functions in the interior of /. In particular, if we choose I = [0, (7/2)], fi(a) =

a sina, fo(a) =b cosa and k%(a) = a®cos? a + b?*sin a (a,b > 0), then the manifold (3.23)
is isometric to the Euclidean ellipsoid EP1P21(q, b) C RP1TP2+2 defined by

i S A V7 S T
a? + b?

(of course, EP1TP2T1(1 1) = SPrtP2tl) - We shall refer to a manifold as in (3.23) as to a

generalized rotationally symmetric manifold and, to shorten notation, we shall write My, ¢, &

to denote it. Let S"(R) denote the Euclidean, n-dimensional sphere of radius R. Next,
instead of (3.5), we study:

(,OS* : Sm(Rl) XSP2(R2) — thf%k

(3.24) =1

(3.25)
(Rl U),RQ Z) — (w,z,a*) )

where Ry, Ry > 0, w, z denote the generic coordinates of a point of SP* and SP? respectively,
and o is a fixed constant value in the interior of the interval I. Now, as above, we want to
determine under which conditions a map ¢%. as in (3.25) is proper r-harmonic: a straight-
forward adaptation (whose details are omitted) of the proof of Proposition 3.3 leads us to
the following result:

Proposition 3.8. Assume that py,ps > 1,7 > 2 and Ry, Ry > 0. Let <pg* be a map of the
type (3.25). Then its r-energy is

« T

(3.26) E(¢5.) = %Vol (SP1(R1)) Vol (S (Ry)) ey (o),

where
= P2 ’ (r-2)
(Z} file) file) + ]Zg fa(a) fé(a)) %fp(a) + % 2]

(3.27)  €%(a) = ) )

r

4. NEW EXAMPLES OF r-HARMONIC IMMERSIONS

Our first general result is the following:

Theorem 4.1. Assume that m,r > 2. Let @ : S™ 1 — My, be a map of the type (3.5).
Then its image o (S™1) is a proper r-harmonic submanifold of S™ if and only if f'(a*) # 0
and €l.(a*) = 0, where e,(«) is the function defined in (3.7).
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Proof. If p,+ is a map of the type (3.5), then the induced metric on S™~! is simply given by
f?(a*) gsm-1. Therefore, since r-harmonicity is preserved by multiplication of the Riemann-
ian metric of the domain manifold by a positive constant, we conclude that if ¢+ is a proper
r-harmonic map, then its image @, (S™!) is a proper r-harmonic parallel hypersphere, of
radius R = f(a*), into Myy,. Therefore, we just have to show that a map as in (3.5) is proper
r-harmonic if and only if f'(a*) # 0 and €/.(a*) = 0. According to Proposition 3.3 ¢,(a*) is,
up to a constant, the r-energy of ¢,+. Now, a direct computation as in Proposition 3.1 of
23] (see this reference for details) shows that, in the spirit of [26],

(4.1) T (Par) = Tr(a®) % for all r>2

for some functions 7T, (c). Next, we can obtain the explicit expression of the r-tension field
T, (o) by means of the following argument. Let us consider the variation

(42) Spa*,t = (w, Oé* _'_ t)
Clearly,
89004* t 0
4.3 o9
(4.3) ot |,_, O«
Then, because of (2.8) (which also holds when 7 is odd), (4.1) yields:
d o
(1.4 GBed| = = [ nee) g, dise

= —Vol(S™ T, (a*)k*(a).
On the other hand, direct calculation using (3.6) gives:

d 1 de,(a* + 1)

_Er a* = 3 T dvgm-

g red| =3 /Sml T

1
(4.5) = 5\/01(8’”_1) el (a¥).
Comparing (4.4) and (4.5) we conclude immediately that
le (o) 0

4. (Par) = — = —= — for all > 2.
( 6) T(<P ) 2k:2(a*) e or a r >
Finally, observing that the harmonicity of ¢(a*) is equivalent to the condition f’(a*) = 0,
the conclusion of the proof follows immediately from (4.6). U

As a first application of Theorem 4.1, we can now proceed to the proof of the Theorem 1.1
stated in the introduction:

Proof of Theorem 1.1. The proof is a consequence of Theorem 4.1 with f2(a) = sin? @ and
k2(a) = b%sin® a + cos? a. Indeed, in this case the condition ¢’.(a) = 0 takes the form

COS2 «

2 4 2 2 _
bQSinza—l—cos?a> [0*(r — 1) tan® o + b*(r — 2) tan® a — 1] = 0.

—28In o cos « (

Now, f'(a*) = cos o does not vanish if (1.5) holds, and it follows that o must satisfy

b(r — 1) tan® o + b*(r — 2)tan’a* — 1 =0
10



from which (1.5) follows by a routine computation. O
Now we give the proof of Theorem 1.3:

Proof of Theorem 1.3. It suffices to observe that Sp,,/{O} is isometric to a 2-dimensional
rotationally symmetric manifold as in (3.1), with

I=(0,+), f(a)=a and k*(a)=1+4Ca
Then we apply Theorem 4.1 and deduce that the submanifold
Co = (a*sin¥, a* cosd,Ca*?) (0 <9 < 2m)
is proper r-harmonic in Sp,, if and only if €/ (a*) = 0, where

€r(oz):a2[ L ](H)

1+ 4C2a?
Finally, computing ¢/ («), we easily obtain (1.7). O
Example 4.2. Let us consider the following complete surface of revolution S parameterized
by
(4.7) S (asind, acos ¥, tan(a — w/2)) ,

where 0 < ¥ < 27 and 0 < a < 7. As the distance from the rotation axis is an increasing
function of «a, we know from Clairaut’s relation that S does not admit any closed geodesic.
Now, for a value @ € (0, 7), we define a map ¢g : S — S by

vx(¥) = (asind, @cos ¥V, tan(a — 7/2)) .

Because of the previous observation ¢z is not homotopic to any harmonic map. By contrast,
using Theorem 4.1 with f(a) = a and k?(a) = 1+ (1/sin*a), it is easy to deduce that
Yo = (a* sindd, a* cos ¥, tan(a* — w/2)) is r-harmonic if and only if o* verifies

sina +2(r — Dacota+ 1 = 0.

In particular, a simple analysis of this equation enables us to conclude that, for each r > 2,
Y is homotopic to an r-harmonic map.

Next, we consider a revolution torus 72 in R?® parameterized by
(4.8) T (sin¥(C + cos @), cos ¥(C' + cos o), sin ) ,
where 0 < ¥, a < 27, while C' > 1 is a fixed constant. We have

Corollary 4.3. Assume r > 2 and C > 1. Let us consider submanifolds of T?> C R® of the
type
(4.9) (sin?(C + cosa™), cos I(C + cosa™), sina™),

where 0 < o < 27 is a fized value. Then (4.9) is a proper r-harmonic submanifold if and
only if

\/CQ(T— 1)24+4r—C(r—1)

2r
11

(4.10) cosa =



Proof. The proof is an application of Theorem 4.1 with f2(«) = [C' + cos a]? and k*(a) = 1.
Indeed, in this case the condition €/ () = 0 takes the form

sin® () (cos a + C) [r cos(2a) + 2C(r — 1) cosa +r — 2] = 0.
Now, sin a* # 0 otherwise the submanifold is minimal. It follows that a* must satisfy
(4.11) rcos(2a*) +2C(r — 1) cosa* +r —2 = 0.
Finally, a simple analysis of (4.11) shows that the only admissible solution is (4.10). O

Remark 4.4. The special case r = 2 in Corollary 4.3 was first proved in [4] by different
methods.

More generally, we can consider a hypersurface of revolution Sy, C R™*! given by

(4.12) Srev (y(a)w, z(a)) € R™ x R,

where w € S™! and the rotating profile curve is such that y(a) > 0 and y*(a) + 2"%(a) = 1.

Then we have the following more general version of Corollary 4.3 (the proof is similar and
so we omit it):

Corollary 4.5. Assume r,m > 2. Let us consider a parallel hypersphere S™1(y(a*)) of
Srev C R™TL of the type

(4.13) (y(@")w, z(a")),
where o* is a fized value. Then this hypersphere is a proper r-harmonic submanifold of Siey
if and only if y'(a*) # 0 and

V@), ye)
yla*) — y?(a¥)
Remark 4.6. Condition (4.14) can be reformulated as follows:
(4.15) —(r — 1) Kpaa(a®) + H* () = 0,

where K,q(a*) is the sectional curvature of S, with respect to any section parallel to 9/0«
and H(a*) is the mean curvature of S™(y(a*)) in S,y. Therefore, on any proper, parallel
r-harmonic hyperphere K,,q must be a strictly positive constant. We also observe that, in
the case that S, is a surface of revolution in R?, (4.15) becomes

—(r — DK(a") + K2(a*) = 0,

where K is the Gaussian curvature of the rotation surface and x, is the geodesic curvature
of the parallel. This condition was found by Maeta in the case of r-harmonic curves with
constant geodesic curvature in 2-dimensional space forms (see [17] and [4] for the case r = 2).

(4.14) (r—1) ~0.

Remark 4.7. By integrating the ordinary differential equation

(4.16) (r = 1)y (@)y(a) + ™ (@) = 0
associated to condition (4.14) it is possible to construct a rotation hypersurface with the

property that all its parallel hyperspheres are proper r-harmonic submanifolds. All the
explicit solutions of (4.16) are given by:

1 a _ 2 ]
y(a) =Ca™m,  2(a) :/ Vl_oz(rTl)wu,
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where C' > 0 is a fixed constant and the rotating curve is defined for « in (ag, +00), where

ag = /C(r —1)/r, so that it produces a not complete rotation hypersurface. This example
was found in [4] in the case r = 2.

Now we state the version of Theorem 4.1 in the context of generalized rotational manifolds
(3.23). The proof is a simple modification of the arguments of Theorem 4.1 and so we omit
it.

Theorem 4.8. Let 05 be a map as in (3.25). Then ©S. is a proper r-harmonic map (r > 2)
if and only if
D1 * / * b2 * / *
(4.17) ?fl(a ) file®) + ?ﬁ(a ) fa(e®) # 0
1 2
and o is a critical point of the function €5 defined in (3.27).

Next, we want to study the existence of proper, r-harmonic generalized Clifford’s tori in the
family of ellipsoids EP**P2+1(qa, b) defined in (3.24). As a first application of Theorem 4.8 we
have the following proposition:

Proposition 4.9. Assume r > 2, p;,ps > 1 and a,b, Ry, Ry > 0. Let us consider:

Oar - SPl(Rl) < SP2<R2) - E”1+p2+1(a,b) C Rpitl o Rp2tl
(4.18)
(Riw, Ryz) > (asin a*w, beos a*z) |
where w, z denote the generic coordinates of a point of SP*, SP? respectively and o™ is a fixed
value in (0, (mw/2)). Then pq- is proper r-harmonic if and only if

(4.19) {“2§%% - b2§%%] Iy
and o is a critical point of the function

cos® asin® o a2p_1% cos’ a + bzp_% sin? o (r-2)
(4.20) e (a) = o i |

ie., 0 <t=sin?a* <1 is a root of the third order polynomial

Qr(t) = a' o —d” ((r —1) (aQﬁ - bzp_2) —(a® - bQ)Tp—lg +2(2a° — 192)&) t

R R? R3 Ry R
421 2(3(a — ) 2L g2 (B2 P2 )2
42 o <(“ ACRRAANCE

—(a® — b? OL2ﬁ — b2p—2) £3.

o= (-

Proof. The proof follows by Theorem 4.8 with I = (0, (7/2)), fi(a) = asina, fo(a) = bcosa
and k2?(a) = a?cos® a+b*sin® . In particular, here (4.17) becomes (4.19) and the condition
e’ (a*) = 0 is equivalent to the requirement that ¢ = sin o* is a root of the polynomial Q,. ()
defined in (4.21). O

T

We can now state our main result in this context:
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Theorem 4.10. Assume r > 2, p1,ps > 1 and a,b > 0. Let us consider a Clifford’s torus
type submanifold SP* (asin a*) x SP2 (bcos a*) of EP11P2T(a, b) C R x RP2HL defined by

(4.22) (asina*w,bcosa*z) € EPTP2 (g b) € RPH x RP2HL

where w, z denote the generic coordinates of a point of SP*, SP? respectively and o™ is a fixed
value in (0, (7/2)). Sett = sin® a* for convenience. Then the submanifold (4.22) is proper
r-harmonic if and only if

(4.23) £ 2

p1+ P2
and 0 <t <1 is a root of the following fourth order polynomaual:

P(t) = a’p1— (4a® + (r — 2)b°) pit
(4.24) + ((6a® + (2r — 5)b°)p1 + a*(r — 1)ps) t?
(462 + = D)y + )
+(a® = ) (pr + p2)t".

Proof. We want to use Proposition 4.9. In the case of maps as in (4.18) the induced pull-back
metric identifies the domain with SP* (asin a*) x SP2 (bcos o*). Therefore, in order to ensure
that an r-harmonic map of type (4.18) is an isometric immersion, it is enough to consider
those roots of the polynomial in (4.21) which satisfy the additional condition R? = a?sin® o
and R2 = b? cos® o*. Using this remark, it is not difficult to check that the condition that
a Clifford’s torus type submanifold of the type (4.22) is not minimal is equivalent to (4.23),
while the polynomial (4.21) becomes (4.24). O

Remark 4.11. We point out that
P.(0)=a’p; >0 and P.(1) = —b*py < 0.

Therefore, P,(t) always admits at least one root ¢ in the interval (0, 1). It is not difficult to
verify that this root satisfies (4.23) (i.e., the associated submanifold is not minimal) provided
that

@ pi(p+ (e —2)

0 " pa(p2 +pi(r—2))

A direct numerical analysis also shows that, for suitable large values of r, there are cases
where we have three distinct roots in (0, 1) which all give rise to proper r-harmonic subman-

ifolds. By way of example, let a = 2,b =1,p; = 1,ps = 1. If r < 60 then there is only one
admissible root, but if » > 60 there are three distinct admissible solutions.

Remark 4.12. The case r = 2 of Corollary 4.10 was proved in [21] by different methods,
while the spherical case a = b, > 3 was first obtained in [16, 23].

(4.25)
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