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Abstract. The study of r-harmonic maps was proposed by Eells-Sampson in 1965 and by
Eells-Lemaire in 1983. These maps are a natural generalization of harmonic maps and are
defined as the critical points of the r-energy functional Er(ϕ) = (1/2)

∫
M
|(d∗+d)r(ϕ)|2 dvM ,

where ϕ : M → N denotes a smooth map between two Riemannian manifolds. If an r-
harmonic map ϕ : M → N is an isometric immersion and it is not minimal, then we say
that ϕ(M) is a proper r-harmonic submanifold of N . In this paper we prove the existence
of several new, proper r-harmonic submanifolds into ellipsoids and rotation hypersurfaces.

1. Introduction

Harmonic maps are the critical points of the energy functional

(1.1) E(ϕ) =
1

2

∫
M

|dϕ|2 dvM ,

where ϕ : M → N is a smooth map between two Riemannian manifolds M and N . In par-
ticular, ϕ is harmonic if it is a solution of the Euler-Lagrange system of equations associated
to (1.1), i.e.

(1.2) −d∗dϕ = trace∇dϕ = 0 .

The left member of (1.2) is a vector field along the map ϕ or, equivalently, a section of
the pull-back bundle ϕ−1 (TN): it is called tension field and denoted τ(ϕ). In addition, we
recall that, if ϕ is an isometric immersion, then ϕ is a harmonic map if and only if ϕ(M) is
a minimal submanifold of N (see [7, 8] for background).
A related topic of growing interest deals with the study of polyharmonic maps, or r-harmonic
maps: these maps, which provide a natural generalization of harmonic maps, are the critical
points of the r-energy functional (as suggested in [8], [11])

(1.3) Er(ϕ) =
1

2

∫
M

|(d∗ + d)r(ϕ)|2 dvM .

In the case that r = 2, the functional (1.3) is called bienergy and its critical points are
the so-called biharmonic maps. There have been extensive studies on biharmonic maps (see
[14, 19] for an introduction to this topic and [20, 22] for an approach which is related to
this paper). In 1989 Wang [28] studied the first variational formula of the r-energy (1.3)
while the expression for its second variation was derived in [17], where it was shown that a
biharmonic map is not always r-harmonic (r ≥ 3) and, more generally, that an s-harmonic
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map is not always r-harmonic (2 ≤ s < r). On the other hand, any harmonic map is trivially
r-harmonic for all r ≥ 2. Therefore, we say that an immersed submanifold of N is a proper
r-harmonic submanifold if the immersion is an r-harmonic map which is not harmonic (or,
equivalently, not minimal).
As a general fact, when the ambient has nonpositive sectional curvature there are several
results which assert that, under suitable conditions, an r-harmonic submanifold is minimal
(see [5], [15], [18] and [25], for instance), but the Chen conjecture that a biharmonic subman-
ifold of Rn must be minimal is still open (see [6] for recent results in this direction). More
generally, the Maeta conjecture (see [15]) that any r-harmonic submanifold of the Euclidean
space is minimal is open. By contrast, in our recent paper [23] we produced several new
proper r-harmonic submanifolds of the Euclidean unit sphere Sm (r ≥ 4, extending the pre-
vious results of [16] for r = 3). The aim of this paper is to continue the work started in [23]
and describe some extensions to cases where the ambient manifold does not have constant
sectional curvature. In particular, we shall construct new examples of r-harmonic subman-
ifolds into Euclidean ellipsoids. The search for critical points in the presence of ellipsoidal
deformation of an Euclidean sphere was started by R.T Smith in [27] and has a long history
in the theory of harmonic maps (see [1, 2, 9, 12], for instance). In order to explain the type
of results which we will obtain in this context, let Em(b) ⊂ Rm+1 (b > 0) be the Euclidean
ellipsoid defined by

(1.4) x21 + . . .+ x2m +
x2m+1

b2
= 1

(of course, Em(1) = Sm). We shall study submanifolds of Em(b) obtained by intersection
with a hyperplane of the type xm+1 = constant and prove the following

Theorem 1.1. Assume r,m ≥ 2 and b > 0. Let us consider submanifolds of Em(b) ⊂ Rm+1

of the following type:

ϕα∗ : Sm−1 → Em(b) ⊂ Rm × R

w 7→ (sinα∗w, b cosα∗) ,

where 0 < α∗ < π is a fixed value. Then ϕα∗(Sm−1) = Sm−1(sinα∗) is a proper r-harmonic
submanifold of Em(b) if and only if

(1.5) sinα∗ =
1√

b

2

(√
b2(r − 2)2 + 4(r − 1) + b(r − 2)

)
+ 1

Remark 1.2. We point out that the right member of equation (1.5) is always a real number
in the interval (0, 1). Therefore, for all r,m ≥ 2 and b > 0, we have the existence of two
proper r-harmonic parallel hyperspheres which lie in a symmetric position with respect to
the equator plane xm+1 = 0. The case r = 2 of Theorem 1.1 was proved in [21] by different
methods, while the spherical case a = b, r ≥ 3 was first obtained in [16, 23].

In the context of rotation surfaces, we shall prove the following result:

Theorem 1.3. Assume that C > 0. Let Spar ⊂ R3 be the paraboloid of revolution defined by

(1.6) z = C
(
x2 + y2

)
.
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Then a circle Cα∗ = Spar ∩ {z = α∗2} is a proper r-harmonic submanifold of Spar (r ≥ 3) if
and only if

(1.7) (α∗)2 =
1

4C2(r − 2)
.

Remark 1.4. It is well-known that Spar admits no closed geodesic. In addition, it was
proved in [24] that there exists no proper biharmonic curve in Spar, a fact which, together
with Theorem 1.3, suggests that the study of proper r-harmonic submanifolds may display
phenomena which are substantially different from those observed in the biharmonic case. In
this order of ideas, we point out that the original motivation of the Eells-Sampson work [10]
was to investigate the existence of a harmonic map in a given homotopy class: in Example 4.2
below we shall provide an instance where a homotopy class does not admit any harmonic
representative, but it does contain an r-harmonic map for each r ≥ 2.

Our paper is organized as follows: in Section 2 we recall some basic facts and fundamental
formulas concerning r-harmonic maps. In Section 3 we introduce two families of rotationally
symmetric manifolds which are suitable to prepare the ground for our study of r-harmonic
submanifolds of ellipsoids and rotation hypersurfaces. In this section we shall also compute
all the relevant equations which we will need in our symmetric context. Next, in Section 4,
we shall first provide the proof of Theorem 1.1 and 1.3. In the second part of Section 4 we
shall prove the existence of certain proper, r-harmonic Clifford’s torus type submanifolds
and also study r-harmonic immersions into rotation hypersurfaces. In the latter context
we shall find that the existence of proper r-harmonic parallel hyperspheres requires positive
radial curvature of the ambient space.

2. Generalities on r-harmonic maps

In order to make this paper reasonably self-contained we recall here some basic facts about r-
harmonic maps (details and proofs can be found in [8] and [15]). Let ϕ : (M, gM)→ (N, gN)
be a smooth map between two Riemannian manifolds M and N of dimension m and n
respectively. Then dϕ is a 1-form with values in the vector bundle ϕ−1TN or, equivalently,
a section of T ∗M ⊗ ϕ−1TN . In local charts dϕ is described by

(2.1) dϕ =
∂ϕγ

∂xi
dxi ⊗ ∂

∂yγ
= ϕγi dx

i ⊗ ∂

∂yγ
,

where, here and below, the Einstein’s sum convention over repeated indices is adopted. The
second fundamental form ∇dϕ is a covariant differentiation of the 1-form dϕ, i.e., a section
of �2T ∗M ⊗ ϕ−1TN . The local coordinates expression for the second fundamental form is

(2.2) ∇dϕ = (∇dϕ)γij dx
idxj ⊗ ∂

∂yγ
,

where

(∇dϕ)γij =

[
∇∂/∂xi

(
ϕβ` dx

` ⊗ ∂

∂yβ

)
∂

∂xj

]γ
(2.3)

= ϕγij − MΓkijϕ
γ
k + NΓγβδϕ

β
i ϕ

δ
j .
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Now, since τ(ϕ) = −d∗dϕ is the trace of the second fundamental form, its description in
local coordinates is

(2.4) (τ(ϕ))γ = (−d∗dϕ)γ = gijM (∇dϕ)γij .

For our purposes, it is useful to recall the definitions of the rough laplacian and of the sectional
curvature operator. We shall denote by ∇M ,∇N and ∇ϕ the induced connections on the
bundles TM, TN and ϕ−1TN respectively. The rough Laplacian on sections of ϕ−1 (TN),
denoted by ∆, is defined by

(2.5) ∆ = d∗d = −
m∑
i=1

{∇ϕ
ei
∇ϕ
ei
−∇ϕ

∇M
ei
ei
} ,

where {ei}mi=1 is a local orthonormal frame on M . The curvature operator on N is the
(1, 3)-tensor defined by:

(2.6) RN(X, Y )W = ∇N
X∇N

Y W −∇N
Y ∇N

XW −∇N
[X,Y ]W .

We now proceed to a general description of the r-energy (1.3) when r ≥ 2. If r = 2s, s ≥ 1:

E2s(ϕ) =
1

2

∫
M

〈 (d∗d) . . . (d∗d)︸ ︷︷ ︸ϕ, (d∗d) . . . (d∗d)︸ ︷︷ ︸ϕ 〉N dvM(2.7)

s times s times

=
1

2

∫
M

〈∆s−1
τ(ϕ), ∆

s−1
τ(ϕ) 〉

N
dvM

Now, the map ϕ is 2s-harmonic if, for all variations ϕt,

d

dt
E2s(ϕt)

∣∣∣∣
t=0

= 0 .

Setting

V =
∂ϕt
∂t

∣∣∣∣
t=0

∈ Γ(ϕ−1TN) ,

(2.8)
d

dt
E2s(ϕt)

∣∣∣∣
t=0

= −
∫
M

〈 τ2s(ϕ), V 〉
N
dvM ,

where the explicit formula for the 2s-tension field τ2s(ϕ) is:

τ2s(ϕ) = ∆
2s−1

τ(ϕ)−RN
(

∆
2s−2

τ(ϕ), dϕ(ej)
)
dϕ(ej)

−
s−1∑
`=1

{
RN

(
∇ϕ
ej

∆
s+`−2

τ(ϕ),∆
s−`−1

τ(ϕ)
)
dϕ(ej)(2.9)

− RN
(

∆
s+`−2

τ(ϕ),∇ϕ
ej

∆
s−`−1

τ(ϕ)
)
dϕ(ej)

}
,

where ∆
−1

= 0 and {ej}mj=1 is a local orthonormal frame on M (here and below, the sum over
j is not written but understood). Of course, ϕ is 2s-harmonic if τ2s(ϕ) vanishes identically.
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In the case that r = 2s+ 1, the relevant modifications are:

E2s+1(ϕ) =
1

2

∫
M

〈 d (d∗d) . . . (d∗d)︸ ︷︷ ︸ϕ, d (d∗d) . . . (d∗d)︸ ︷︷ ︸ϕ 〉N dvM

s times s times(2.10)

=
1

2

∫
M

〈∇ϕ
ej

∆
s−1

τ(ϕ), ∇ϕ
ej

∆
s−1

τ(ϕ) 〉
N
dvM ;

τ2s+1(ϕ) = ∆
2s
τ(ϕ)−RN

(
∆

2s−1
τ(ϕ), dϕ(ej)

)
dϕ(ej)

−
s−1∑
`=1

{
RN

(
∇ϕ
ej

∆
s+`−1

τ(ϕ),∆
s−`−1

τ(ϕ)
)
dϕ(ej)(2.11)

− RN
(

∆
s+`−1

τ(ϕ),∇ϕ
ej

∆
s−`−1

τ(ϕ)
)
dϕ(ej)

}
−RN

(
∇ϕ
ej

∆
s−1

τ(ϕ),∆
s−1

τ(ϕ)
)
dϕ(ej) .

3. Rotationally symmetric manifolds and the relevant equations

First, let us introduce a family of manifolds which will be suitable for our purposes. We set

(3.1) (M, gM) =
(
Sm−1 × I, f 2(α)gSm−1 + k2(α)dα2

)
,

where I ⊂ R is an open interval and f(α), k(α) are smooth, positive functions on I. In
some instances, one or both the endpoints of I will be admitted: by way of example, if
I = [0,+∞), k(α) ≡ 1 and

(3.2)

 f(0) = 0 , f ′(0) = 1;

f (2`)(0) = 0 for all ` ≥ 1 ,

then our manifold (3.1) is a model in the sense of Greene and Wu (see [13]). In particular,
if f(α) = α (respectively, f(α) = sinhα) we have the Euclidean space Rm (respectively,
the hyperbolic space Hm). In a similar spirit, if I = [0, π], f(α) = sinα and k2(α) =
b2 sin2 α + cos2 α (b > 0), then the manifold (3.1) is isometric to the Euclidean ellipsoid
Em(b) ⊂ Rm+1 defined in (1.4). By way of summary, we shall refer to a manifold as in (3.1)
as to a rotationally symmetric manifold and, to shorten notation, we shall write Mf,k to
denote it.

Remark 3.1. Performing a suitable change of coordinates, it is always possible to reduce
the study of manifolds of the type (3.1) to the case that k ≡ 1. However, in order to describe
more directly some applications to ellipsoids and rotation surfaces (see Section 4 below), it
is convenient to consider here the general case of metrics as in (3.1).

We work with coordinates wj, α on Mf,k, where w1, . . . , wm−1 is a set of local coordinates
on Sm−1. A straightforward computation, based on the well-known formula

(3.3) Γkij =
1

2
gk`
(
∂gj`
∂yi

+
∂g`i
∂yj
− ∂gij
∂y`

)
,

leads us to establish the following lemma:
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Lemma 3.2. Let w1, . . . , wm−1, α be local coordinates as above on Mf,k. Then their associ-
ated Christoffel’s symbols Γkij are described by the following table:

(3.4)

(i) If 1 ≤ i, j, k ≤ m− 1 : Γkij = SΓkij
(ii) If 1 ≤ i, j ≤ m− 1 : Γmij = − f(α) f ′(α)

k2(α)
(gS)ij

(iii) If 1 ≤ i, j ≤ m− 1 : Γjim = f ′(α)
f(α)

δji
(iv) If 1 ≤ j ≤ m− 1 : Γjmm = 0 = Γmjm ,

(v) If i = j = k = m : Γmmm = k′(α)
k(α)

.

where SΓkij and gS denote respectively the Christoffel symbols and the metric tensor of Sm−1
with respect to the coordinates w1, . . . , wm−1.

Now we are in the right position to start our process of computing the quantities and equa-
tions which are relevant to the study of r-harmonicity in the context of rotationally symmet-
ric manifolds (3.1). Our first goal is to derive the condition of r-harmonicity for a parallel
hypersphere in Mf,k. More precisely, let us consider maps of the following type:

(3.5)
ϕα∗ : Sm−1 → Mf,k

w 7→ (w, α∗) ,

where α∗ is a fixed constant value in the interior of the interval I. We focus on finding under
which conditions a map ϕα∗ as in (3.5) is proper r-harmonic. As a first step we shall prove
the following

Proposition 3.3. Assume that m, r ≥ 2. Let ϕα∗ : Sm−1 → Mf,k be a map of the type (3.5).
Then its r-energy is

(3.6) Er(ϕα∗) =
1

2
Vol(Sm−1) εr(α∗),

where

(3.7) εr(α) = (m− 1)r f 2(α)

[
f ′2(α)

k2(α)

](r−1)
.

The proof of Proposition 3.3 is based on a series of lemmata in which we compute, using
Lemma 3.2, the relevant covariant derivatives. To this purpose, it is convenient to begin
with a specific preliminary work. First, we observe that dϕα∗ (∂/∂wj) = ∂/∂wj for all
1 ≤ j ≤ m− 1 and so, if it is clear from the context, we will not state explicitly whether a
vector field ∂/∂wi is to be considered on the domain or on the codomain. The next lemma
is elementary:

Lemma 3.4. Let ϕα∗ be a map as in (3.5). Then

(3.8) τ(ϕα∗) = F (α∗)
∂

∂α
where we have set

(3.9) F (α∗) = − 1

2

ε′1(α
∗)

k2(α∗)
= − (m− 1)

f(α∗) f ′(α∗)

k2(α∗)
.

Now we prove three lemmata which will play a key role:
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Lemma 3.5. Let ϕα∗ be a map as in (3.5). Then

(3.10) dτ(ϕα∗) = G(α∗)
m−1∑
i=1

dwi ⊗ ∂

∂wi
,

where we have set

(3.11) G(α∗) = F (α∗)
f ′(α∗)

f(α∗)
.

Proof. dτ(ϕα∗) is a section of T ∗M ⊗ ϕ−1TN . Equation (3.10) tells us that we just have to
verify that

(3.12) (dτ(ϕα∗))
i
i = F (α∗)

f ′(α∗)

f(α∗)
if 1 ≤ i ≤ m− 1

and

(3.13) (dτ(ϕα∗))
i
j = 0 whenever i 6= j .

Now, (3.12) and (3.13) are a simple consequence of the following:

dτ(ϕα∗)

(
∂

∂wi

)
= ∇ϕ

∂/∂wi
τ(ϕα∗)

= ∇ϕ
∂/∂wi

F (α∗)
∂

∂α
= F (α∗)∇ϕ

∂/∂wi

∂

∂α
(3.14)

= F (α∗)

[
Γkim

∂

∂wk
+ Γmim

∂

∂α

]
= F (α∗)

f ′(α∗)

f(α∗)
δki

∂

∂wk
= F (α∗)

f ′(α∗)

f(α∗)

∂

∂wi
,

where, in (3.14), we have used the explicit expression of the Christoffel symbols given in
Lemma 3.2. �

Lemma 3.6. Let ϕα∗ be a map as in (3.5). Then

(3.15) d∗d (τ(ϕα∗)) = H(α∗)
∂

∂α
,

where

(3.16) H(α∗) = (m− 1)G(α∗)
f(α∗) f ′(α∗)

k2(α∗)
.

Proof. We compute (see [8]):

m−1∑
`=1

(
∇∂/∂wi

(
dw` ⊗ ∂

∂w`

))
= − SΓγik dw

k ⊗ ∂

∂wγ

+ Γβiγ dw
γ ⊗ ∂

∂wβ
+ Γmiγ dw

γ ⊗ ∂

∂α
(3.17)

= Γmiγ dw
γ ⊗ ∂

∂α
= −f(α∗) f ′(α∗)

k2(α∗)
(gS)iγ dw

γ ⊗ ∂

∂α
.
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Next, using Lemma 3.5 and (3.17), we obtain

d∗d (τ(ϕα∗)) = − gijS
m−1∑
i,`=1

(
G(α∗)∇∂/∂wi

(
dw` ⊗ ∂

∂w`

)
∂

∂wj

)
= (m− 1)G(α∗)

f(α∗) f ′(α∗)

k2(α∗)

∂

∂α
,(3.18)

so ending the proof of this lemma. �

We are now in the right position to complete the proof of Proposition 3.3:

Proof. The proof of Proposition 3.3 reduces to an iteration of the calculations which we have
performed in Lemmata 3.4, 3.5, 3.6. We have:

E2(ϕα∗) =
1

2

∫
Sm−1

|τ(ϕα∗)|2 dvSm−1 =
1

2
Vol (Sm−1) F 2(α∗) k2(α∗)

=
1

2
Vol (Sm−1) ε2(α∗).(3.19)

E3(ϕα∗) =
1

2

∫
Sm−1

|dτ(ϕα∗)|2 dvSn−1

=
1

2
Vol (Sm−1) (m− 1) f 2(α∗)G2(α∗)

=
1

2
Vol (Sm−1) (m− 1) f ′2(α∗)F 2(α∗)(3.20)

=
1

2
Vol (Sm−1) (m− 1)

f ′2(α∗)

k2(α∗)
ε2(α

∗)

=
1

2
Vol (Sm−1) ε3(α∗).

E4(ϕα∗) =
1

2

∫
Sm−1

|d∗d (τ(ϕα∗)) |2 dvSm−1 =
1

2
Vol (Sm−1) H2(α∗) k2(α∗)

=
1

2
Vol (Sm−1) (m− 1)2

f 2(α∗) f ′2(α∗)

k2(α∗)
G2(α∗)(3.21)

=
1

2
Vol (Sm−1) (m− 1)2

f ′4(α∗)

k2(α∗)
F 2(α∗)

=
1

2
Vol (Sm−1) (m− 1)

f ′2(α∗)

k2(α∗)
ε3(α

∗)

=
1

2
Vol (Sm−1) ε4(α∗).

Now the iterative procedure can be made explicit and we recognize the pattern

(3.22) Er+1(ϕα∗) = (m− 1)
f ′2(α∗)

k2(α∗)
Er(ϕα∗)

from which the conclusion follows by induction. �
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Remark 3.7. The conclusion of Proposition 3.3 is also true for r = 1, but this is not of
interest for our purposes.

There are some geometrically significant instances where, instead of (3.1), it is convenient
to consider the following family of manifolds:

(3.23) (M, gM) =
(
Sp1 × Sp2 × I, f 2

1 (α)gSp1 + f 2
2 (α)gSp2 + k2(α)dα2

)
,

where p1, p2 are positive integers, I ⊂ R is an interval and f1(α), f2(α), k(α) are smooth,
positive functions in the interior of I. In particular, if we choose I = [0, (π/2)], f1(α) =
a sinα, f2(α) = b cosα and k2(α) = a2 cos2 α + b2 sin2 α (a, b > 0), then the manifold (3.23)
is isometric to the Euclidean ellipsoid Ep1+p2+1(a, b) ⊂ Rp1+p2+2 defined by

(3.24)
x21 + . . .+ x2p1+1

a2
+
y21 + . . .+ y2p2+1

b2
= 1

(of course, Ep1+p2+1(1, 1) = Sp1+p2+1). We shall refer to a manifold as in (3.23) as to a
generalized rotationally symmetric manifold and, to shorten notation, we shall write Mf1,f2,k

to denote it. Let Sn(R) denote the Euclidean, n-dimensional sphere of radius R. Next,
instead of (3.5), we study:

(3.25)
ϕCα∗ : Sp1(R1)× Sp2(R2) → Mf1,f2,k

(R1w,R2 z) 7→ (w, z, α∗) ,

where R1, R2 > 0, w, z denote the generic coordinates of a point of Sp1 and Sp2 respectively,
and α∗ is a fixed constant value in the interior of the interval I. Now, as above, we want to
determine under which conditions a map ϕCα∗ as in (3.25) is proper r-harmonic: a straight-
forward adaptation (whose details are omitted) of the proof of Proposition 3.3 leads us to
the following result:

Proposition 3.8. Assume that p1, p2 ≥ 1, r ≥ 2 and R1, R2 > 0. Let ϕCα∗ be a map of the
type (3.25). Then its r-energy is

(3.26) Er(ϕ
C
α∗) =

1

2
Vol (Sp1(R1)) Vol (Sp2(R2)) εCr (α∗),

where

(3.27) εCr (α) =

(
p1
R2

1

f1(α) f ′1(α) +
p2
R2

2

f2(α) f ′2(α)

)2

k2(α)


p1
R2

1

f ′21 (α) +
p2
R2

2

f ′22 (α)

k2(α)


(r−2)

.

4. New examples of r-harmonic immersions

Our first general result is the following:

Theorem 4.1. Assume that m, r ≥ 2. Let ϕα∗ : Sm−1 → Mf,k be a map of the type (3.5).
Then its image ϕα∗ (Sm−1) is a proper r-harmonic submanifold of Sm if and only if f ′(α∗) 6= 0
and ε′r(α

∗) = 0, where εr(α) is the function defined in (3.7).
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Proof. If ϕα∗ is a map of the type (3.5), then the induced metric on Sm−1 is simply given by
f 2(α∗) gSm−1 . Therefore, since r-harmonicity is preserved by multiplication of the Riemann-
ian metric of the domain manifold by a positive constant, we conclude that if ϕα∗ is a proper
r-harmonic map, then its image ϕα∗(Sm−1) is a proper r-harmonic parallel hypersphere, of
radius R = f(α∗), into Mf,k. Therefore, we just have to show that a map as in (3.5) is proper
r-harmonic if and only if f ′(α∗) 6= 0 and ε′r(α

∗) = 0. According to Proposition 3.3 εr(α
∗) is,

up to a constant, the r-energy of ϕα∗ . Now, a direct computation as in Proposition 3.1 of
[23] (see this reference for details) shows that, in the spirit of [26],

(4.1) τr(ϕα∗) = Tr(α
∗)

∂

∂α
for all r ≥ 2

for some functions Tr(α). Next, we can obtain the explicit expression of the r-tension field
τr(ϕα∗) by means of the following argument. Let us consider the variation

(4.2) ϕα∗,t = (w, α∗ + t).

Clearly,

(4.3)
∂ϕα∗,t
∂t

∣∣∣∣
t=0

=
∂

∂α
.

Then, because of (2.8) (which also holds when r is odd), (4.1) yields:

d

dt
Er(ϕα∗,t)

∣∣∣∣
t=0

= −
∫
Sm−1

〈 τr(ϕα∗),
∂

∂α
〉
Mf,k

dvSm−1(4.4)

= −Vol(Sm−1)Tr(α∗)k2(α∗).
On the other hand, direct calculation using (3.6) gives:

d

dt
Er(ϕα∗,t)

∣∣∣∣
t=0

=
1

2

∫
Sm−1

d εr(α
∗ + t)

dt

∣∣∣∣
t=0

dvSm−1

=
1

2
Vol(Sm−1) ε′r (α∗).(4.5)

Comparing (4.4) and (4.5) we conclude immediately that

(4.6) τr(ϕα∗) = − 1

2

ε′r (α∗)

k2(α∗)

∂

∂α
for all r ≥ 2.

Finally, observing that the harmonicity of ϕ(α∗) is equivalent to the condition f ′(α∗) = 0,
the conclusion of the proof follows immediately from (4.6). �

As a first application of Theorem 4.1, we can now proceed to the proof of the Theorem 1.1
stated in the introduction:

Proof of Theorem 1.1. The proof is a consequence of Theorem 4.1 with f 2(α) = sin2 α and
k2(α) = b2 sin2 α + cos2 α. Indeed, in this case the condition ε′r(α) = 0 takes the form

−2 sinα cosα

(
cos2 α

b2 sin2 α + cos2 α

)r [
b2(r − 1) tan4 α + b2(r − 2) tan2 α− 1

]
= 0.

Now, f ′(α∗) = cosα∗ does not vanish if (1.5) holds, and it follows that α∗ must satisfy

b2(r − 1) tan4 α∗ + b2(r − 2) tan2 α∗ − 1 = 0
10



from which (1.5) follows by a routine computation. �

Now we give the proof of Theorem 1.3:

Proof of Theorem 1.3. It suffices to observe that Spar/{O} is isometric to a 2-dimensional
rotationally symmetric manifold as in (3.1), with

I = (0,+∞), f(α) = α and k2(α) = 1 + 4C2α2.

Then we apply Theorem 4.1 and deduce that the submanifold

Cα∗ = (α∗ sinϑ, α∗ cosϑ,C α∗2) (0 ≤ ϑ ≤ 2π)

is proper r-harmonic in Spar if and only if ε′r(α
∗) = 0, where

εr(α) = α2

[
1

1 + 4C2α2

](r−1)
.

Finally, computing ε′r(α), we easily obtain (1.7). �

Example 4.2. Let us consider the following complete surface of revolution S parameterized
by

(4.7) S : (α sinϑ, α cosϑ, tan(α− π/2)) ,

where 0 ≤ ϑ ≤ 2π and 0 < α < π. As the distance from the rotation axis is an increasing
function of α, we know from Clairaut’s relation that S does not admit any closed geodesic.
Now, for a value α ∈ (0, π), we define a map ϕα : S1 → S by

ϕα(ϑ) = (α sinϑ, α cosϑ, tan(α− π/2)) .

Because of the previous observation ϕα is not homotopic to any harmonic map. By contrast,
using Theorem 4.1 with f(α) = α and k2(α) = 1 + (1/ sin4 α), it is easy to deduce that
ϕα∗ = (α∗ sinϑ, α∗ cosϑ, tan(α∗ − π/2)) is r-harmonic if and only if α∗ verifies

sin4 α + 2(r − 1)α cotα + 1 = 0.

In particular, a simple analysis of this equation enables us to conclude that, for each r ≥ 2,
ϕα is homotopic to an r-harmonic map.

Next, we consider a revolution torus T 2 in R3 parameterized by

(4.8) T 2 : (sinϑ(C + cosα), cosϑ(C + cosα), sinα) ,

where 0 ≤ ϑ, α ≤ 2π, while C > 1 is a fixed constant. We have

Corollary 4.3. Assume r ≥ 2 and C > 1. Let us consider submanifolds of T 2 ⊂ R3 of the
type

(4.9) (sinϑ(C + cosα∗), cosϑ(C + cosα∗), sinα∗) ,

where 0 ≤ α∗ ≤ 2π is a fixed value. Then (4.9) is a proper r-harmonic submanifold if and
only if

(4.10) cosα∗ =

√
C2(r − 1)2 + 4r − C(r − 1)

2r
.

11



Proof. The proof is an application of Theorem 4.1 with f 2(α) = [C + cosα]2 and k2(α) ≡ 1.
Indeed, in this case the condition ε′r(α) = 0 takes the form

sin2r−3(α)(cosα + C) [r cos(2α) + 2C(r − 1) cosα + r − 2] = 0.

Now, sinα∗ 6= 0 otherwise the submanifold is minimal. It follows that α∗ must satisfy

(4.11) r cos(2α∗) + 2C(r − 1) cosα∗ + r − 2 = 0.

Finally, a simple analysis of (4.11) shows that the only admissible solution is (4.10). �

Remark 4.4. The special case r = 2 in Corollary 4.3 was first proved in [4] by different
methods.

More generally, we can consider a hypersurface of revolution Srev ⊂ Rm+1 given by

(4.12) Srev : (y(α)w, z(α)) ∈ Rm × R,
where w ∈ Sm−1 and the rotating profile curve is such that y(α) > 0 and y′2(α) + z′2(α) ≡ 1.
Then we have the following more general version of Corollary 4.3 (the proof is similar and
so we omit it):

Corollary 4.5. Assume r,m ≥ 2. Let us consider a parallel hypersphere Sm−1(y(α∗)) of
Srev ⊂ Rm+1 of the type

(4.13) (y(α∗)w, z(α∗)) ,

where α∗ is a fixed value. Then this hypersphere is a proper r-harmonic submanifold of Srev

if and only if y′(α∗) 6= 0 and

(4.14) (r − 1)
y′′(α∗)

y(α∗)
+
y′2(α∗)

y2(α∗)
= 0.

Remark 4.6. Condition (4.14) can be reformulated as follows:

(4.15) −(r − 1)Krad(α∗) +H2(α∗) = 0,

where Krad(α∗) is the sectional curvature of Srev with respect to any section parallel to ∂/∂α
and H(α∗) is the mean curvature of Sm−1(y(α∗)) in Srev. Therefore, on any proper, parallel
r-harmonic hyperphere Krad must be a strictly positive constant. We also observe that, in
the case that Srev is a surface of revolution in R3, (4.15) becomes

−(r − 1)K(α∗) + κ2g(α
∗) = 0,

where K is the Gaussian curvature of the rotation surface and κg is the geodesic curvature
of the parallel. This condition was found by Maeta in the case of r-harmonic curves with
constant geodesic curvature in 2-dimensional space forms (see [17] and [4] for the case r = 2).

Remark 4.7. By integrating the ordinary differential equation

(4.16) (r − 1)y′′(α)y(α) + y′
2
(α) = 0

associated to condition (4.14) it is possible to construct a rotation hypersurface with the
property that all its parallel hyperspheres are proper r-harmonic submanifolds. All the
explicit solutions of (4.16) are given by:

y(α) = Cα
r−1
r , z(α) =

∫ α

α0

√
1− C2

(r − 1)2

r2
u−

2
r du,
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where C > 0 is a fixed constant and the rotating curve is defined for α in (α0,+∞), where

α0 = r
√
C(r − 1)/r, so that it produces a not complete rotation hypersurface. This example

was found in [4] in the case r = 2.

Now we state the version of Theorem 4.1 in the context of generalized rotational manifolds
(3.23). The proof is a simple modification of the arguments of Theorem 4.1 and so we omit
it.

Theorem 4.8. Let ϕCα∗ be a map as in (3.25). Then ϕCα∗ is a proper r-harmonic map (r ≥ 2)
if and only if

(4.17)
p1
R2

1

f1(α
∗) f ′1(α

∗) +
p2
R2

2

f2(α
∗) f ′2(α

∗) 6= 0

and α∗ is a critical point of the function εCr defined in (3.27).

Next, we want to study the existence of proper, r-harmonic generalized Clifford’s tori in the
family of ellipsoids Ep1+p2+1(a, b) defined in (3.24). As a first application of Theorem 4.8 we
have the following proposition:

Proposition 4.9. Assume r ≥ 2, p1, p2 ≥ 1 and a, b, R1, R2 > 0. Let us consider:

(4.18)
ϕα∗ : Sp1(R1)× Sp2(R2) → Ep1+p2+1(a, b) ⊂ Rp1+1 × Rp2+1

(R1w,R2z) 7→ (a sinα∗w, b cosα∗z) ,

where w, z denote the generic coordinates of a point of Sp1, Sp2 respectively and α∗ is a fixed
value in (0, (π/2)). Then ϕα∗ is proper r-harmonic if and only if

(4.19)

[
a2
p1
R2

1

− b2
p2
R2

2

]
6= 0

and α∗ is a critical point of the function

(4.20) εr(α) =
cos2 α sin2 α

k2(α)

a2
p1
R2

1

cos2 α + b2
p2
R2

2

sin2 α

k2(α)


(r−2)

,

i.e., 0 < t = sin2 α∗ < 1 is a root of the third order polynomial

Qr(t) = a4
p1
R2

1

− a2
(

(r − 1)

(
a2
p1
R2

1

− b2 p2
R2

2

)
− (a2 − b2)r p1

R2
1

+ 2(2a2 − b2) p1
R2

1

)
t

+a2
(

3(a2 − b2) p1
R2

1

+ b2r

(
p1
R2

1

− p2
R2

2

))
t2(4.21)

−(a2 − b2)
(
a2
p1
R2

1

− b2 p2
R2

2

)
t3.

Proof. The proof follows by Theorem 4.8 with I = (0, (π/2)), f1(α) = a sinα, f2(α) = b cosα
and k2(α) = a2 cos2 α+ b2 sin2 α. In particular, here (4.17) becomes (4.19) and the condition
ε′r(α

∗) = 0 is equivalent to the requirement that t = sin2 α∗ is a root of the polynomial Qr(t)
defined in (4.21). �

We can now state our main result in this context:
13



Theorem 4.10. Assume r ≥ 2, p1, p2 ≥ 1 and a, b > 0. Let us consider a Clifford’s torus
type submanifold Sp1 (a sinα∗)× Sp2 (b cosα∗) of Ep1+p2+1(a, b) ⊂ Rp1+1 × Rp2+1 defined by

(4.22) (a sinα∗w, b cosα∗z) ∈ Ep1+p2+1(a, b) ⊂ Rp1+1 × Rp2+1,

where w, z denote the generic coordinates of a point of Sp1, Sp2 respectively and α∗ is a fixed
value in (0, (π/2)). Set t = sin2 α∗ for convenience. Then the submanifold (4.22) is proper
r-harmonic if and only if

(4.23) t 6= p1
p1 + p2

and 0 < t < 1 is a root of the following fourth order polynomial:

Pr(t) = a2p1 −
(
4a2 + (r − 2)b2

)
p1t

+
(
(6a2 + (2r − 5)b2)p1 + a2(r − 1)p2

)
t2(4.24)

−
(
(4a2 + (r − 4)b2)p1 + a2rp2

)
t3

+(a2 − b2)(p1 + p2)t
4.

Proof. We want to use Proposition 4.9. In the case of maps as in (4.18) the induced pull-back
metric identifies the domain with Sp1 (a sinα∗)× Sp2 (b cosα∗). Therefore, in order to ensure
that an r-harmonic map of type (4.18) is an isometric immersion, it is enough to consider
those roots of the polynomial in (4.21) which satisfy the additional condition R2

1 = a2 sin2 α∗

and R2
2 = b2 cos2 α∗. Using this remark, it is not difficult to check that the condition that

a Clifford’s torus type submanifold of the type (4.22) is not minimal is equivalent to (4.23),
while the polynomial (4.21) becomes (4.24). �

Remark 4.11. We point out that

Pr(0) = a2p1 > 0 and Pr(1) = −b2p2 < 0.

Therefore, Pr(t) always admits at least one root t in the interval (0, 1). It is not difficult to
verify that this root satisfies (4.23) (i.e., the associated submanifold is not minimal) provided
that

(4.25)
a2

b2
6= p1(p1 + p2(r − 2))

p2(p2 + p1(r − 2))
.

A direct numerical analysis also shows that, for suitable large values of r, there are cases
where we have three distinct roots in (0, 1) which all give rise to proper r-harmonic subman-
ifolds. By way of example, let a = 2, b = 1, p1 = 1, p2 = 1. If r < 60 then there is only one
admissible root, but if r ≥ 60 there are three distinct admissible solutions.

Remark 4.12. The case r = 2 of Corollary 4.10 was proved in [21] by different methods,
while the spherical case a = b, r ≥ 3 was first obtained in [16, 23].
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