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Dragomir introduced the Jensen-type inequality for harmonic convex functions (HCF) and Baloch et al. studied its different
variants, such as Jensen-type inequality for harmonic h-convex functions. In this paper, we aim to establish the functional form of
inequalities presented by Baloch et al. and prove the superadditivity and monotonicity properties of these functionals. Fur-
thermore, we derive the bound for these functionals under certain conditions. Furthermore, we define more generalized
functionals involving monotonic nondecreasing concave function as well as evince superadditivity and monotonicity properties of

these generalized functionals.

1. Introduction

Convexity is natural and simple notion which has found
applications in business, industry, and medicine. During the
study of convexity, many researchers have been fascinated
by generalization of this class and have tried to find out those
classes of functions which have close relation with this class
(but not convex in general). Harmonic convex functions
(HCFs) [1], harmonic («,m)-convex functions [2], har-
monic (s,m)-convex functions [3, 4], and harmonic
(p, (s,m))-convex functions [5] are among these classes. For
a quick glance on importance of these classes and appli-
cations, see [6-9] and references therein. The class of har-
monic convex functions (HCFs) and its different variants are
very important classes that gained prominence in the theory
of inequalities and applications as well as in other branches
of mathematics. Many researchers have been working on the
class of harmonic convex functions (HCFs) due to its sig-
nificance and have been trying to explore about it more and

more. During this study, recently different generalizations of
the class of harmonic convex functions (HCFs) have been
found, for example, see [10-13] and references therein.

The importance of the class of HCFs continuously en-
courages us and many other researchers to explore more
about it, and the following paper is a link to it. For the better
understanding of the results of present paper, we first recall
some basic definitions.

Definition 1. Consider I ¢ R\{0}. A function f: I — R is
HCF on I if

f( W Ww,

tw, + (1 - Hw,

)stf(w2)+(l—f)f(w1)) (1)

holds, for allw,, w, € I andt € [0, 1]. If we reverse the above
inequality, the function f becomes harmonic concave.

Remark 1 (see [14]).
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(i) The function f(w) =In w is a HCF on the interval
(0, 00), but it is not a convex function.

(ii) The function

(1 —-w

— O<w<l,
w
f(w)=10, l<w<2, (2)
w—
— w>2,
w

is another example of HCF, which is neither convex nor
concave.

Baloch et al., in [7], observed some remarkable facts for
the class of HCFs.

Proposition 1. For I CR\{0}, a function f: 1 — R, we
have the following facts:

(1) If I c (0,00) and f is nondecreasing and convex
function, then f is HCF

(2) If I c (0,00) and f is nonincreasing function and
harmonically convex, then f is convex function

(3) If I ¢ (-00,0) and f is nondecreasing function and
harmonically convex, then f is convex function

(4) If I c (—00,0) and f is nonincreasing function and
convex, then f is HCF

Varosanec, in [15], proposed the concept of h-convexity
(also, see [16-18]) to unify numerous generalized aspects of
convex functions. In a similar fashion, harmonic h-convexity
unifies the various types of harmonic convexities.

Definition 2 (see [19]). Consider a nonnegative function
h: [0,1] — R*. Then, the function
f: ICR\{0} — (0, 00) is said to be harmonic h-convex on
I if the inequality

f( W W,

I et S 1- ,

) hOf ) +h-Df ) O
holds, for all w;,w, € I and t € [0, 1]. Furthermore, if we
reverse inequality (3), then f becomes harmonic h-concave.

Remark 2. We provide few examples of harmonic h-convex
(concave) functions as follows:

(i) Obviously, with h(t) =t, the class of nonnegative
harmonic convex (concave) functions on I become
a particular case of the class of harmonic h-convex
(concave) functions on I.

(ii) Let t € (0,1) and h(t) = t>. Consider a function
f:[-1,00Ut(0,1] — R defined by f(x)=1,
which is neither nonincreasing nor nondecreasing

1

f( (l/wl) + (an) - (I/Bn) ZZ:I bu/wzx
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h-convex function. Therefore, f is a harmonic
h-convex function by Proposition 1 given in [7].
(iii) Let t € (0,1) and h: (0,1) — (0,00) be a real-
valued function such that 4 (t) >t on (0, 1). Then, the
following four functions, h, (t) =t, h,(t) =t’(s €
(0,1)), h;(t) = 1/t, and h,(t) = 1, satisty the con-
ditions of the function h mentioned above. Therefore,
f is a harmonic h-convex function for & = 1,2, 3,4 if
f:I<(0,00) — (0,00) is a nondecreasing convex
function, or harmonic s-convex function, or harmonic
Godunova-Levin function or harmonic P-function.

(iv) Let f: (0,00) — (0,00) be a nondecreasing
continuous function and h: [0,1] — (0,00) be a
continuous  self-concave function such that
fltw, + 1 -tw,) <h(t)f (w,) + (1 -1) f (w,),
for some t € (0,1) and all w,,w, € (0,00). Then, f
is a h-convex function by Lemma 1 of [20], and
hence, f is a harmonic h-convex function by
Proposition 1 of [7].

Definition 3. A function h: ICR — R is said to be a
submultiplicative function if

h(wyw,) <h(w;)h(w,), (4)

for all w,, w, € I.If inequality (4) is reversed, then / is said to
be supermultiplicative function. If just equality holds in
relation (4), then h is said to be multiplicative function.

Definition 4. A function h: ICR — R is said to be a
subadditive function if

h(w, +w,) <h(w,) + h(w,), (5)

for all w,, w, € I.If inequality (5) is reversed, then / is said to
be superadditive function. If just the equality holds in re-
lation (5), then h is said to be additive function.

Jensen-type inequality for HCFs is proposed by Drag-
omir [21].

Theorem 1. Let I < (0,00) be an interval. If f: I — R is
HCEF, then

1 1 n
/ ( (1/B,) Y, ba/w) - (B) Lbaf(ws),  (®

Holds, for all w,,...,w, €I and by,...,b,>0 with
22:1 b(x = Bn'

In [22], Baloch et al. derived the following results:

Theorem 2. Let I CR\{0}. If f: I — R is HCF, then, for
any finite positive sequence (w,),_, € I and b;,...,b,>0
with " _ b, = B,, we have

a=1"a

)Sf(w1)+f(wn) ~(108) Y s (), )
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Theorem 3. Let b,,...,b, be positive real numbers (n>2)
and B, =Y b, If h ID(O 1) — R is a nonnegative
supermultzplzcatzve function and if f is harmonic h-convex
function, (w,);_, € I, then

/ ((I/Bn)zl’;_1 ba/le)S Zj‘(%)if (o) (8)

1

f( (Vw,) + (1/w,) -

If h is a submultiplicative function, ), h(b,/B,)>1
and f is harmonic h-concave then inequality (9) is reversed.

Remark 3. Importance of the class of HCFs can be guessed
by the following applications in the field of mathematics:

(i) Harmonic convexity provides a useful analytic tool
to calculate several known definite integrals such as
Jz (e”/x™)dw, IZ e’ dw, IZ (sin w/w")dw, and jz
(cos w/w")dx Vn € N, where a,b € (0, 00), see [7]

(ii) Inequality (6) provides a very short proof of the
discrete form of Hoélder’s inequality (see [22])

Theorem 4. Let h: I2(0,1) — R be a nonnegative
supermutiplicative function on I. Let by, ...,b, be positive
real numbers (n>2) such that B, = Za b, and
Yo h(byB,) <1. If f is harmonic h-convex on I CR\{0},
then, for any finite positive increasing sequence (w,);_; € I,
we have

s ) < ) £ - () ) ©)

(iii) By inequalities (6) and (7), we can easily prove
weighted HGA inequality (see [14])

Many researchers considered the functionals related to
Jensen’s inequality and tried to find properties and bound
for these functionals (for example, see [23-30]). In the se-
quel, the set of all nonnegative n-tuples b = (b,,...,b,),
such that B, = Y"_ b, >0, will be denoted with °.

The difference between the right-hand and the left-hand
side of inequalities (6)-(9) defines the following functionals:

M\ (f,w,b) = Zbaf(w

My (fiwb) = B, [ f (wy) + f (w,)]

Z bocf (w

1
((1/Bn>za b0 ) (1

1

<(1/w )+ (1w, -

(B>, ba/wa>’ ()

LBy = fl) g )= Zh( ) R (e e s SIS

For a fixed function f and n-tuple w, Z,(f,w,.),
My (fw,.), My (f,wW,.),and M, (f,w,.) can be considered
as functions on 932, which is a convex subset in R”. Fur-
thermore, because of inequalities (6)-(9), we have ./, (f,w,
b)>0, #,(f,w,b)>0, #;(f,w,b)>0,and 4, (f,w,b) >
0, for all b € %’2.

2. Main Results

In this section, we establish some properties of functionals
related to Jensen-type inequalities for HCFs.

Theorem 5. Letb = (b,...,b,) andc= (cy,...,c,) betwo
n-tuples from B°. Let I € (0,00) be an interval. If f: I — R
is a HCF, h: 12 (0,1) — R is a nonnegative multiplicative
and additive function on J, and if w= (w,,...,w,) € I",
h(a)+h(1 —a)=2, then M;(f,w,.), for i=1,2,3,4, de-
fined by (10)-(12) are superadditive on %’2, ie.,

M (fw, b+ €)= M (f,w,b) + M (f,w,0) =0, (14)

fori=1,2,3,4.

Proof. Takei =1 in (28) and starting from definition, we have
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anombs =3 bore ) -0 ey o e

a=1
(15)
=Y bW+ Y cuf () - (B, +Cf 1 ,
a=1 ¢ ¢ a=1 ¢ ¢ ! ! (UBn + Cn) ZZ:I bzx + Ctx/wzx
while, after arranging and harmonic convexity of f, yields
1 f 1
(l/B +C,) Y0 by +culw, (B,/B,+C,).(1/B,) ¥"_ byJw, +(C,/B, + C,).(1/C,) ¥, cJw,
(16)
B, 1 C, 1
5 (wmysam) 5 (weyss ca/w)'
Finally, combining relation (15) and inequality (16), we
obtain
n n 1
My (f>w,b+c)> D; bof (wg) + ; cof (W) = an(W;M)
(17)
1
C | =M, (f,w,b) + M, (f,W,C).
Now, taking i = 2 in (28) and starting from the defini-
tion, we have
Mo (f,w,b+¢) = (B, +C,)[f (wy) + f(w,)] = Y (by +¢,)
a=1
-(B,+C,) !
nt Culf (Vw,) + (V/w,) = (1/B, +C,) ¥h_, b, + c,Jw,
=B, [f (wl) + f(wn)] +C, [f (wl) + f(wn)] (18)

- Z:bocf (wa) - Z:Caf (wtx) - (Bn + Cn)

1
f((l/wl) (i/w,) ~ (1B, +C)Za1b“+c/w)

while, after arranging and harmonic convexity of f, yields



Journal of Mathematics 5

1 1

f((I/wl)+(1/wn)—(1/Bn+Cn)ZZ 104+ ¢4 /w) ((1/3 +Co) Xe- (ba+ca)((1/w1)+(1/wn)—(1/wa)))

1
) f( (Ba/ By + C) Xomr (BalBy) (Vwy) + (1w,) = (1/wy)) + (Cul B, + C,) Ty (¢a/C) (Vw)) + (1w, ) = (l/wa))>

B, 1 C, 1
= Bn + Cn f(zz—l (ba/Bn) ((l/wl) + (l/wn) - (l/wa))) " Bn + Cn f(zz—l (Coc/Cn) ((l/wl) + (l/wn) - (l/wzx))>

B, 1 C, 1
=B+, \Ww) + (w) — (UB) 3 buw, ) T B+, 7\ (Tw,) + (Vw,) — (11C,) 37 e,
(19)
Finally, combining relation (18) and inequality (19), we
obtain
%Z(f’w>b +C)ZBn[f(wl) +f(wn)] +C [ (wl) +f Z baf(wa)
L B, 1
- Speat =+ e I (s - iy 55 ) 0
n 1 —
00005 o e e s ) < P A o)
Taking i = 3 in (28) and starting from the definition, we
have
a bto = L L b, +¢c, 1
s(frmbe _a; B,+C, fwa)=f (1/B,+C,) Y by + c Jw,
- S )+ 3 h{ 5o )
f((l/B +C)Zglbw+c/w> 1)

I a0 25

1
_f((l/Bn+Cn)ZZ 1 by + e Jw )

M)

while, after arranging and harmonic h-convexity of f, yields
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1

f( (I/Bn + Cn) ZZ=1

1
(pi +Ca/wtx)) B f( (Bn/Bn +Cn)'(1/Bn) ZZ=1 (ba/wa) (C /B +C ) (I/C )Za lca/w )

B, 1 C,

Sh<Bn+Cn>f<(1/B )sz 1 zx >+h<Bn+Cn)f<(1/Cn) Za 1 lX ) (22)
B, 1 C, 1

e o) o e ) (e

Finally, combining relation (21) and inequality (22), we
obtain

ﬂ3(f,w,b+c)2h<

)Zh(?)ﬂw (me) 5{E e

e ) amyse ) o ve ) (wes o)

5t EH ) e A mysrom) -
) EE e (o)

[Zh )@ sy /wa>)] [Z O )]

= M5 (f,W,b) + M5 (f,W,c).

ﬂi(f)wsb)z'ﬂi(fyw)c)’ (25)
Similarly, it can be proved that

on B.
My(f,w,b+c)> M, (f,w,b)+ M, (f,W,c). (Zéllj) "

Proof. 'The monotonicity property follows directly from
Theorem 6. Letb = (by,...,b,) andc= (c;,...,c,) betwo  gyperadditivity. Since b > ¢, b can be represented as the sum

n-tuples from B, such that b>c, (i.e, by>cpa=1,...,n).  of two n-tuples: b — ¢ and ¢. Applying (28), we have
Let 1< (0,00) be an interval. If f: I — R is a HCF and if

w=(w,...,w,) €I", then M;(f,w,.), for i=1,2,3,4,
defined by (10)-(12) satisfy the following inequality:

M (f,w,b)=M;(f,w, (b-—c)+c)=M;(f,w, (b—¢))+M;(f,W,c). (26)

Finally, Z; (f,w, (b — c)) >0 by (10)-(12). So, we have that Let I € (0,00) be an interval. If f: I — R is a HCF and
M (f,w,b)>M;(f,w,c), which proves the theorem. O ifw= (w,...,w,) € I" be any n-tuple, then

ML, (f,w,0) > My (f,w,b) = mdly (f,w,c),  (28)
Theorem 7. Letb = (b,,...,b,) andc = (cy,...,c,) be two

fori=1,2,3,4.
n-tuples from 9B°. Let m and M be real constants such that ort 3
m>0. b.—mc.>0 Proof.  Since m=>0, b, —mc,>0and Mc,-b,>0, a =1,
(27) ...n, this implies that b — mc and Mc - b are in 95’2. Then,

Mc, =b, 20, a=1,...n by Theorem 5, we obtain
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Mi(f,w,b)=>M;(f,w, (b-mc)) + M;(f,w,mc)

(29)
>md;(f,w,c).
Similarly, we obtain
‘%i(f)w)b)SM‘%i (f)w) C)’ (30)

7
that is,
MM (f,w,c)=> M (f,w,b)=m;(f,w,c). (3|1:|)

Corollary 1. Letb, w, f, and functional M, be as in Theorem
5. Then,

max{b, VY (f,w) = M (f,w,b) > min {b, V! (fow) o (fori = 1,2), (32)
where
l
% - -
(33)
1
% = .
(fow) =nlf (w)+ f(w Z f(we) ”f< (1/w,) + (1/w,) - (1/n) 30, l/wa>
M (fyw,b)> M (f, W, b)) (35)
Proof. Let b, € %" be a constant n-tuple, i.e.,
. . On the contrary,
by =(minfoch-- o minfend) 9
Then, for any b € %Y, we have b>b, ;.. So, by applying
Theorem 6, we have
2 1
%1 (f’W;bmm :lrzlklgl b(x}{“zlf ((1/}1)22_1 l/w‘x>}’
(36)

M\ (f> W, by ) = min {b, }{n[f(wl) +f(wa)] = 2f(wa)

1<k<n

Le., My (f,w, b)) = ming ., {b, )4 (f,w). So, it proves
the right-hand side of inequality (35). The left-hand in-
equality is obtained similarly by exchanging the role of min
and max.

To present our next results, we need to introduce the
following notations:

J(R) = {b = {b}yens by €R  are
By ==Y 4e1b, #0, for all K € Pf(N)}

such that

1
nf( (l/wl) + (l/wn) - (1/n) ZZ:I l/wzx) })

F*(C,R):={f e F(C,R): f(x)>0, for all x € C}
J*(R) = {b e J(R): b, >0, for all k € N}

I (R) = {w = {w,} ens w, € C, for all k € N}
Pf(N) = {K ¢ N: K is finite}

HConv (C,R) := the cone of all HCFs on C

F(C,R) := the linear space of all real functions on C

Now, we consider more general functionals:
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1

D, (bew‘I’)—BK‘I’[

K aek

92 (f,K,b,W, \Ij) = BK\IJ|: (W )+f(X2)
K aeKk

z bocf(wcx) _f<(1/w1)

2, buf (wd) ((1/BK)ZaeKba/wa>]’

1
+(1/x,) - (1/BK)ZaeKbrx/wa>:|’
(37)

D5 (f, K, bw;¥) =¥ [Zh< )f(w‘x) f((l/BK)

aeK

P,(f,K,b,w; ¥) ::‘I’[f(

K aeK

where f € HConv(C,R), K € Pf(N), beJ " (R), we],
(C), and ¥: (0,00) — R is a convex function whose
properties will determine the behavior of functional
9D,;,i =1,2,3,4, as follows. Obviously, for ¥ (t) = t, we re-
capture, from functional 9;, the functional .#; considered in
Theorem 5.

First of all, we observe that, by Jensen-type inequality,
the functional 9, is well defined and positive homogenous in
the third variable, that is,

2;(f,K,mb,w;¥) = m2,(f,K,b,w;¥), (38)

for any m>0 and b € J* (R).
The following result concerning the superadditivity and
the monotonicity of the functional 9;,i = 1, 2, as function of

theKboc/wzx ):|’

) h( )f(w

1

(I/BK)ZaEKba/wa)],

((l/wl) +(1/x,) -

(i) If b,c € J*(R), then
2:(f,K,b+ew;¥)>9,(f,K,b,w; V) + 2, (f, K, c,w; V).
(39)

That is, D; is superadditive as a function of weights.

(ii) If b,c € J* (R), with b>c, meaning that b;>c;, for
each i € N and ¥: (0,00) — (0,00), then
2.(f,K,bw; V) >, (f,K,c,w;¥)>0. (40)

That is, D; is monotonic nondecreasing as function of
weights.

weights holds. O
Proof
Theorem 8. Let f € HConv(C,R), K € Py (N), w € J..(C), (i) Letb,c € J* (R); then, by the harmonic convexity of
and ¥: (0,00) — R be monotonic nondecreasing and fonC
concave function. ’
o X v f (W) - f :
- c w.) -
By +Ck & o ¢ (1/Bg + Bg) Y qek (ba + €4)/wy

BK ((I/BK)theKbocf (wtx)) + CK ((1/CK)Z¢x€KCtxf (wtx))

By +Cg

1
- f( (Bx/By + Ck)- (1/B) Y gekbolw, + (Ci/ B + Cy). (I/CK)Z(xéKCa/wa>

By (1/Bk) Y aexbof (Wa)) + Cx (1/Cx) FaerCof (wa))

By +Cg
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_ BKf(l/(l/BK)ZuEKba/wa) + CKf(l/(l/CK)Z(xeKCtx/wa)

By +Cy
_ BK [(UBK)Zaeszxf (wa) — f(l/(l/BK)ZaeKba/wa)] (41)
By +Cg
CK [(I/CK)ZaeKCaf (wa) — f(l/(l/CK)ZaeKcoc/w(x)]
By +Cx ’
Since ¥ is monotonically nondecreasing and con-
cave, then, by (40),
L Y Geredsw) - i : )
BK + CK acK (1/BK + BK)ZaeK (ba + sz)/wzx
BK\P [(I/BK)theKbocf (w ) f(l/(l/BK)ZaeKba/wa)] (42)
By +Cg
\P[(l/CK)ZaeKCaf(wa) - f(l/(l/CK)ZaeKca/wa)]
By +Cg '
which, by multiplication with Bg + Cg > 0, produces (ii) If b>c, then by (i),
the desired result (39) for i = 1.
Similarly, we can easily verify result (39), for i = 2.
2,(f,K,bw;¥) =92, (f,K, (b-c) +c,w; ¥) (43)
>2,(f,K,(b-¢),w;¥)+9,(f,K,c,w;¥)>Z,(f,K,c,w; ¥),
since 9, (f, K, (b—-c¢),w;¥)>0. O If there exist the numbers 1 and M with M >m >0 such
that M ¢>b >mc, then
Corollary 2. Let f € HConv(C,R), K € Py (N),we ], (C),
and ¥: (0,00) — R be a monotonically nondecreasing and
concave function.
MC \y[ LY ef (w,) f< )]
ek & ‘a (1/Cx zae,{c Jw
> B,V b f (w, 44
e Bt w0~ )| “

1 1
>mCr¥ [C_K D;(Caf (w"‘) B f( (I/CK)ZaeKCa/wa)].

In particular,
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M 1
i\ /) e
m Cx aek

w[; S bof (w,) - f

aeK
m 1

aeK

For a function ®: (0,00) — (0, c0), we now consider
the functionals

Z szf (wa) - f

Journal of Mathematics

< (I/CK)ZlaeKctx/wrx)]

1
( (I/BK)ZaeKba/wa)] (45)

ZM“’[C_K % et (1/CK>zlaech/wa)]'

1 1
Du(f Kb wi ¥, ) = %q’(b““’[zw@(ba) 2 W)~ f ( <1/zad<q>(b»)zmq»(ba)/wa)]’
©,(f K bw ¥, 0) = Y 0(b)¥| £ () +f(wn>—(1/2@(%))2@(%)]‘(%) (46)

1

) f< (Vw,) + (1w,) = (1 E ek ® (btx))ZaeK(D(ba)/woc):I,

where f € HConv(C,R), KeP;(N), we],(C), and
b € J*(R). Now, if we denote ll;y ®(b) the sequence
{® (b))} en» then we observe that, for i = 1,2,

D;(f,K,b,w; ¥,0) = D, (f,K, D (b),w; V). (47)

The following result may be stated.

Corollary 3. Let f € HConv(C,R), K € Py (N),we ], (C),
and ¥: (0,00) — (0,00) be monotonically nondecreasing

and concave function. If ®: (0,00) — (0,00) is concave,
then D;(f,K,.,w;¥,®) is also concave on J*(R), for
i=1,2.

Proof. Utilizing the properties of monotonicity, super-
additivity, and positive homogeneity of functional
2,(f,K,.,w;V¥), we have

D, (£, K, tb+ (1 - ), w; ¥, @) = D, (f, K, © (tb + (1 — £)c), w; ¥)
>, (f,K,t® (b) + (1 - )@ (), w; ¥)
> P, (f, K,t® (b),w; ¥) + D, (f, K, (1 - )® (c), w; ¥) (48)
= t9,(f,K, ® (b),w; ¥) + (1 - D, (f, K, © (c), w; ¥)
=tD,(f, K, b,w; ¥, ®) + (1 - D, (f, K, , w; ¥, D),

for any b,ce€ J*(R) and t € [0,1], which proves the
statement.

The following result concerning the superadditivity and
monotonicity of the functional Z;(f,K,b,w;¥), for
i=1,2, as an index set function holds. O

Theorem 9. Let f € HConv(C,R), K € Py(N), we ], (C)
and b € J*(R). Assume that ¥: (0,00) — (0,00) is a
monotonically nondecreasing and concave function.

(i) If K,L € P;(N) with KNL#¢,

2.(f,KULbw;¥)>9,(f,K,b,w; ¥) + 2,(f,L,b,w; V). (49)

That is, 2;(f,K,.,w;¥) is superadditive as an index
set function on P, (N).

(i) If K,L € Pf(N) with L ¢ K and ¥: (0,00) —
(0,00), then
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D, (f,K,b,w; ¥)>D,(f,L,b,w; ¥)(20).  (50)  Proof

(i) Let K,L € P;(N) with KNL#¢. By the harmonic

. . . . convexity of f on C, we have
Thatis, 9; (f, K, ., w; ¥) is monotonically nondecreasing yof f

as an index set function on P I (N).

LY b f(w,) —f( 1 )

PKUL jeKuL (UPKUL)ZjeKULba/wa
_ By ((1/Bg) Yaexbaf (wa)) + PL((VPL)Y1erqif (x1))
By +P;

1
f( (B /By + Pyp). (1/Bg) Y. gexbo/wy + (PL/Bg + Pp). (I/PL)ZleL‘Zl/xl)

< By ((1/By) Yaekbaf (wa)) + Py (VPL) Y1 qrf (x1)) (51)
- By + P;

_ By f (1/ (1/Bg) Y uexbalWo) + PLf (1 (1/PL) Y111/ %1)
By + P,

— BK [(I/BK)ZaeKbaf(wa) B f(l/(l/BK)Z(xeKboc/w(x)]
By + P}

N PL[(1/Py)Yieranf (x1) = f (1 (V/PL) Yierail)]

By + P,

Since ¥ is monotonically nondecreasing and con-
cave, then, by (50),

1 1
¥ Prur ngZULb"‘f (1) = f( (I/PKUL)ZjeKuLba/wa>:|

>BK\II[(1/BK)szeKb¢xf(wa) B f(l/(l/BK)Z(xeKba/wa)] (52)
B By + P,

4 P Y [(VP)Yieraif (xr) = f (U (VP Yieraif (1))
By +P;

>

which, by multiplication with Bx + P; > 0, produces (ii) Let K, L € P;(N) with L C K; then,
the desired result (48) for i = 1.

Similarly, we can easily verify result (48), for i = 2.

D,(f, K, b,w;¥) = D, (f, (K\L) UL, b,w; ¥) > D, (f, K\L,b,w; ¥) + D, (f, L, b, w: ¥)

(53)
>9,;(f,L,b,w;¥)(>0),

since 9;(f, K\L,b,w;¥)>0. O
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3. Conclusion

First of all, we have presented the refinement of Jensen-type
inequality, and further, we have discussed several important
aspect of functionals associated with Jensen-type inequalities
for the HCFs. On the basis of ideas discussed in this paper
along with the literature present on HCFs, we encourage
the interested researcher to explore more interesting results
for this class of functions.
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