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Abstract

Recently R.Diaz and E.Pariguan introduced [2] the k-generalized
Gamma function I'y(x), Beta function By (z,y) and Zeta function ((z, s)
and gave some identities which they satisfy. We give some more prop-
erties and inequalities for the above k-generalized functions.
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1 Introduction

In [2] the authors introduced the generalized k-Gamma function I'y(z) as

1™ (nk x/k—1
[p(z) = lim %, k>0, ze€C—-kZ, (1.1)

where (z),x is the k-Pochhammer symbol and is given by
(@)pr = x(x+k)(z+2k)..(x+(n—1)k), z€C, keR, neN*t. (12)

It is obvious that I'y(x) — ['(x), for & — 1, where I'(x) is the known Gamma
function. Also, for Re(x) > 0, it holds

Fk(x):/ etk ay (1.3)
0
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and it follows easily that
1¢(x)::k%—1r(%). (1.4)

In the same paper they introduced the k-Beta function By(x,y) as

Dy (2)Di(y)
Bi(z,y) = ———, R >0, R > 0, 1.5
k(T,y) To@ ) e(r) e(y) (1.5)
and k-Zeta function as
k 0 1. 1.6
£0x+yk x>0, 5> (1.6)

The function By(x,y) satisfies the equality

1
Bi(z,y) = %/ tETY (1 — ) FLdt, (1.7)
0
from which follows
Bula,y) = 187, 2). (1.9
k™ k' k

We mention that limy_, Bx(z,y) — B(z,y) and k-Zeta function is a general-
ization of Hurwitz Zeta function ((z,s) = > -, ﬁ which is a generalization

of the Riemann Zeta function ((s) = > 07| =.

The motivation to study properties of generalized k-Gamma and k-Beta
functions is the fact that (z),x appears in the combinatorics of creation and
annihilation operators [3 and refs there in].

Recently M.Mansour [4] determined the k-generalized Gamma function by
a combination of some functional equations.

In this paper we use the definitions of the above generalized functions to
prove a formula for I'y(2z) which is a generalization of the Legendre duplica-
tion formula for I'(z) and to prove inequalities for the function By(z,y) , for
x,y,k > 0 and z +y # k and the product I'y(z)I'x(1 — z), for 0 < z,k < 1.
We also give monotonicity properties for ¢ (x) = 0,1 (k,x) where ¥(k,z) =
log Tx(x) and (i (z, s) for s € N and s > 2.

We mention that using (1.4) the following equalities hold:

[n(ak) =k 'T'(a), k>0, a€R (1.9)

n(nk)=k"'(n—-1), k>0, neN (1.10)
Lu(k) =1 k>0, (1.11)
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and

-1 (21 ‘\/7_T

Also, using (1.5) and (1.8) the following equalities hold:

, k>0, neN. (1.12)

N | =

T
Bk(x+kay): :z:—i—yBk(aC’y)’ Bk(x>y+k): xf_yBk(xay)a x,y,k>0
(1.13)
1 1
Bk(xa k) = Ea Bk(k7y> = & x,y,k >0 (114)
1
By (ak, bk) = EB(CL, b), a,b k>0, (1.15)
and

— DI

By(nk,nk) = % k>0, nen. (1.16)

2 The function [';(z)

Theorem 2.1 Let 2,k > 0 and ¢, (z) be the logarithmic derivative of I'y(z).
Then the function 9} (x) is completely monotonic.
Proof From (1.4) we get

log T.(z) = (% — 1) logk + log r(%)

or by setting 1(k, z) = log T'y(x) we obtain

bk, z) = (% —1)logk + log r(%). (2.1)
From (2.1) we get
0.0(k, ) = 1 logh+u(7) 22

We remind that ¢(7) = 9,(logT'(¥)). From (2.2) taking the derivative with
respect to x we have

2k, ) = /() (23

1
Rk, 2) = 5o (7)

and by induction we obtain

ok, 2) = o ()
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or if we call ¥y (z) = 0,0 (k, x), then the equation

(n o 1 n) /L
W) = ™) (2.4)

holds. It is known [1] that ¢/(z) is completely monotonic for x > 0, so from
(2.4) it follows the desired result.

Remark 2.1 (i) From (2.3) it follows that I'y(z) is logarithmic convex on
(0, 00) which is proved in [2].
(ii) Theorem 2.1 is a generalization of the known [1] result that the function
V() = %% is completely monotonic.

Proposition 2.1 For z > 0 the function ¢ (k,z) = logI'y(x) satisfies the

partial differential equation:
—2?kO2(k, x) + 2200 (k, o) + K*op(k, 2) = —x — k. (2.5)

Proof From (2.1) taking the first and second derivatives of ¢ (k,x) with
respect to k we obtain

T T 1 r X
=——1 — — — — —(= 2.
and 2 3 1 2
9 T T T T x° T
Ot(k,z) = s logh— o5+ o5+ ?1/)(%) +5Y (E) (2.7)

From (2.3), (2.6) and (2.7) we get (2.5).

Remark 2.2 Theorem 11 of [2, page 6] has a mistake in the right hand side
of the same partial differential equation.

Theorem 2.2 The function I'y(x) satisfies the equality

k oo k
T
for x € C' with Re(x) > 0.
Proof From (1.7) it follows that
[ -
Bi(z,x) =~ [ te (1 —t)x " dt
k Jo

or by setting t = &~

2 ! .
Bk(l‘,l’) = W/O (]_ — T2)E71d7"
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or by setting r? = u we obtain

1

1
1 4 z_q
By(r,x) = W/o w2 (1 —u)r " du = WB(E’ E) = WBk(% 5)

or
22 Th(x + k/2)
From (1.9) for a = 1/2 we get T'y(k/2) = /%, since I'(1/2) = /7, so from
(2.9) and (1.5) we get the equality (2.8).

By(z,x) =

(2.9)

Remark 2.3 Theorem 2.2 is a generalization of the Legendre duplication
formula of T'(z) [1].

3 The function (i(z, s)

Theorem 3.1 (i) Let z,k > 0 and s > 1. Then the positive function (x(z, s)
decreases with respect to x and also decreases with respect to k.

(ii) Let > 0 and s > 1. Then the positive function (x(z, s) decreases with
respect to s for x > 1, and k > 0, v > 0 and increases with respect to s for
1/>0,0<k:<%and0<m<1—1/k.

Proof From (1.6) we obtain

0.Cr(x, s) :Z x—i—l/ksﬂ’ kx>0, s>1
v=0
or
0xC(z,5) = —sC(z, s+ 1) (3.1)
and
OCr(z, s) = Z x—i—l/kS“: SZ x+1/k;5+1’ k,x >0, s>1.(3.2)
1/:0 v=1

So (3.1)and (3.2) prove theorem 3.1 (i).
Also, the definition (1.6) gives

et == T 33)

If 2 > 1 then x > 1 — vk, for v,k > 0 thus In(x 4+ vk) > 0, so from (3.3) it
follows that the function (x(x,s) decreases with s > 1 and if 0 < k < % and
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0 <z < 1— vk then In(z + vk) < 0 so from (3.3) it follows that the function
Ck(z, s) increases with s > 1.

Proposition 3.1 Let x > 0, £ > 0 and s > 1. Then the function (j(z, s)
satisfies the identities:

Iz, s) = (=1)"(8)n1Ck(z, s+ n) (3.4)
i) = (19 B0 (35)

and
Ce(z+k,s) = ((x,8) — % (3.6)

Proof From (3.1) we obtain
ang(xa S) = _Saka(xa s+ 1) = (_1)25(5 + 1)Ck(x7 5+ 2)

and repeating the same procedure we get (3.4) since s(s+1)...(s+n—1) = ($)n.1.
In [2] it was proved that

=~ 1
2 p—
p(k, x) = ; IR (3.7)
so, from (1.6) for s = 2 and (3.7) we get
0ok, x) = Gi(2, 2). (3.8)

Differentiating (3.7) with respect to z and using (3.1) for s = 2 we get

a;lqu)(k? ZL‘) = (_1)23!Ck(x7 4)

and by induction we obtain (3.5).
The equation (3.6) follows from the definition (1.6) since

1 1 1
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4 Inequalities for By(z,y) and ['y(2)['x(1 — z)

Theorem 4.1 Let z,y,k > 0 and = + y # k. Then the function By(z,y)
satisfies the inequalities:

225 | g2t
ey A G Dy (4.1)
Lemma 4.1 The function B(z,y) satisfies the inequalities
22— (z+y) 1 — 92—(z+y)
m<3($7iy)<m, r,y>0, z+4+y#l. (42)

Proof of Lemma 4.1 The function B(z,y) is defined [1] by the integral

1
B(x,y):/ (1 — )yt
0

which it can be written as
1/2 1
Bla,y) = / (1 1)t + / - ld (43)
0 1/2
If 0 <t <1/2thent < 1—t, so the following inequalities hold

1/2 1/2 1/2
/ o2 < / (1=t < / (1 —t)=+v2at (4.4)
0 0 0

and if 1/2 <t < 1 then 1 —t < ¢, so the following inequalities hold

1 1 1
/ (1 —t)"tv=2dt < / N1 =)t < / Y2t (4.5)
1/2 1/2 1/2
From (4.3), using the inequalities (4.4) and (4.5) and evaluating the integrals
on the left and right side of the above inequalities we obtain the inequalities
(4.2).

Proof of theorem 4.1 By setting ¥ and ¥, instead of x and y respectively
in (4.2) and taking in account the relation (1.8) we get the inequalities (4.1).

Corollary 4.1 Let x,y,k > 0. Then the function By(x,y) satisfies the
inequalities:

91— 1 —2l=%"

< Bylz,y) < ———. 4.6
or +y +y
PARE 1—2-5%"

L < Bury) < —— " (4.7)

) )
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Proof The above inequalities follow from (4.1) by setting = + k (or y + k)
instead of x (or y) and taking in account relations (1.13).

Corollary 4.2 Let 0 <z <1 and 0 < k£ < 1. Then the following inequali-
ties for the product I'y(z)T'x(1 — ) hold

1

() *T(1/k)

1

(B)'*L(1/k)(2 — D

- <Ti(2)Th(l—2) < o (4.8)
Proof By setting y = k + 1 — x instead of y in (4.1) we obtain
2% < By(z, k+1—12) <1—2""%, (4.9)
Using (1.5) the inequalities (4.9) become
gt @ikt 172) oy gip (4.10)

Fp(k+1)

From (1.4) we obtain easily

and 1)
)
From (4.10) using the above equalities we obtain the inequalities (4.8).

Ti(k + 1) = Tg(1) = k511
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