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Roughness is classified by the so-called roughness function, which represents the downward shift of
the velocity profile relative to a smooth wall. The dependence of the roughness function on the
Reynolds number is discussed with the aim of clarifying the difference between d-type and k-type
behaviors. This difference has been traditionally associated with the stability of the flow within the
roughness elements. The present direct numerical simulation results indicate that the difference
more correctly reflects the different contributions from the frictional drag and pressure drag to the
total stress. © 2007 American Institute of Physics. �DOI: 10.1063/1.2821908�

I. INTRODUCTION

The different types of roughness that are encountered in
engineering and environmental flows make it worthwhile try-
ing to establish a meaningful classification for the roughness.
The commonly accepted classification is based on the rough-
ness function, or shift of the mean velocity profile relative to
a smooth wall. The roughness function depends on the den-
sity, height, and nature of the roughness. A distinction was
made between “k-” and “d-” type behavior �historically, “d”
stands for the pipe diameter�. In the context of a rough sur-
face made up of transverse square bars, the cavity width w
has to be larger than the height k in order to achieve a k-type
behavior. For a k-type surface, �U+ is a function of the
roughness height �Hama1 and Perry, Schofield, and Joubert2�,

�U+ = �−1 ln k+ + B , �1�

where B depends on the nature and density of the roughness.
Streeter and Chu3 investigated the flow in three pipes with a
square-threaded internal roughness, while Ambrose4 studied
a pipe with drilled circular holes. Equation �1� is not fol-
lowed for either of the previous papers. On the other hand,
Bisceglia et al.5 found that, for two-dimensional square bars,
the roughness function follows Eq. �1� but with �=0.61. For
the same surface, Perry et al.2 did not find any correlation
between �U+ and k+ and proposed that for this type of
roughness, referred to as d-type, �U+ should be given by

�U+ = �−1 ln d+ + A , �2�

where A depends on the nature and density of the roughness.
These authors suggested that for a k-type roughness, eddies
with length scale of order k are shed into the flow above the
crests of the elements. Further away from the crests, these
eddies diffuse into the flow. On the other hand, for a d-type
rough wall, the elements are closely spaced, stable vortices

form within the grooves, and there is essentially no eddy
shedding into the flow above the elements. This explanation
is not entirely correct since Djenidi, Elavarasan, and
Antonia6 found that, for w /k=1, there is vortex shedding out
of the cavities, and the numerical results of Leonardi et al.7

confirmed this. The ejections are less intense than those
which occur when w /k is in the range 3 to 9 �i.e., for a k-type
roughness�, but the transition from w /k=1 to 3 and 9 appears
to be rather gradual. Therefore, the abrupt transition between
d-type and k-type behavior cannot simply reflect the state of
the vortex shedding out of the cavities. Orlandi, Leonardi,
and Antonia8 introduced a new parametrization avoiding the
use of an error in origin which can be a source of ambiguity.
They found that the roughness function for both d- and
k-type roughness, collapsed into a single curve when plotted
against the rms wall-normal velocity at the crests plane.
Since the rms velocity is correlated with the shedding out of
the cavities, the nature and intensity of the shedding cannot
explain the abrupt transition between d- and k-type rough-
ness.

To our knowledge, Eq. �2� has yet to be validated con-
vincingly, and the distinction between the two types of
roughness remains unclear. For example, Tani et al.9 sug-
gested that a demarcation between k-type and d-type rough-
ness might be made when the pitch to height ratio is equal to
w /k=3. This surface has been identified by other authors as
a k-type roughness �Perry et al.2�. These disagreements are
caused by difficulties in performing accurate measurements
near the wall, in particular the measurements of U� and of
the error in origin. The value of U� is often determined by
the Clauser chart method. For smooth walls, George and
Castillo10 showed discrepancies between mean velocity pro-
files scaled using direct measurements of U� and approxima-
tions based on the Clauser chart. Wei, Schmidt, and
McMurtry11 showed that the Clauser chart method can mask
a possible Reynolds number dependency near a wall. When
the wall is rough, both the wall shear stress and the origin in
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y are unknown. Perry et al.12 outlined that several combina-
tions of U� and error in origin are equally plausible for the
same set of data, thus inducing uncertainties in the magni-
tude of the roughness function. Another way for estimating
the wall shear stress is to neglect the frictional drag �see
Perry et al.2�. For square cavities, Bisceglia et al.5 claimed to
have a 10% error in the value of U� when they neglected the
friction. Another source of error is caused by the machining
of the rough surface. Perry et al.2 showed that the results are
particularly sensitive to the misalignment of the crests, espe-
cially for a d-type roughness.

Direct numerical simulations �DNSs�, albeit at lower
Reynolds numbers, provide reliable values of U� and error in
origin. In the present paper, a new interpretation of d-type
and k-type behavior is attempted by discussing DNS results
for w /k=1,1.5,3 ,7 ,9 ,59 at three different Reynolds num-
bers: Re=2800,7000,12 000 �Re=Ubh /�, Ub=1 /2h�−h

h Udy
is the bulk velocity, h the channel half-width, and � the ki-
nematic viscosity, k /h=0.1�. For a smooth wall channel, the
corresponding values of Re� are 180, 380, and 600, respec-
tively �Re�=U�h /� and U� is the friction velocity�. Further
simulations for w /k=0.5 and 1 �0.15�k /h�0.2 and Re
=2800,5000� have been carried out in order to provide a
larger number of cases with a d-type behavior. Triangular
elements with w /k=1 have been considered to show the im-
portance of the roughness shape in determining a d- or
k-type behavior.

II. NUMERICAL PROCEDURE

The nondimensional Navier–Stokes and continuity equa-
tions for incompressible flows are

�Ui

�t
+

�UiUj

�xj
= −

�P

�xi
+

1

Re

�2Ui

�xj
2 + �, � · U = 0, �3�

where Re= �Uch /�� is the Reynolds number, Uc is the cen-
terline velocity, � is the kinematic viscosity, � is the pressure
gradient required to maintain a constant flow rate, Ui is the
component of the velocity vector in the i direction, and P is
the pressure. The Navier–Stokes equations have been dis-
cretized in an orthogonal coordinate system using the stag-
gered central second-order finite-difference approximation.
Here, only the main features are recalled since details of the
numerical method can be found in Orlandi.13 The discretized
system is advanced in time using a fractional-step method
with viscous terms treated implicitly and convective terms
explicitly. The large sparse matrix resulting from the implicit
terms is inverted by an approximate factorization technique.
At each time step, the momentum equations are advanced
with the pressure at the previous step, yielding an intermedi-
ate nonsolenoidal velocity field. A scalar quantity � projects
the nonsolenoidal field onto a solenoidal one. A hybrid low-
storage third-order Runge–Kutta scheme is used to advance
the equations in time. The roughness is treated by the effi-
cient immersed boundary technique described in detail by
Orlandi and Leonardi.14 This approach allows the solution of
flows over complex geometries without the need of compu-
tationally intensive body-fitted grids. It consists of imposing
Ui=0 on the body surface which does not necessarily coin-

cide with the grid. To avoid that the geometry is described in
a stepwise way, at the first grid point outside the body, the
second derivatives in the Navier–Stokes equations are dis-
cretized using the distance between the velocities and the
boundary of the body rather than using the mesh size.

III. MEAN FLOW

The main argument to support the difference between
d-type and k-type roughness relies on the state of the vortex
shedding �Perry et al.2 and Ikeda and Durbin15�. For the
k-type roughness, eddies with length scale of order k are
supposed to be shed into the flow above the crests of the
elements. On the other hand, for a d-type rough wall, stable
vortices form within the grooves and there is essentially no
eddy shedding into the flow above the elements. Figure 1
shows passive scalar contours superimposed on mean
streamlines for w /k=0.5,1 ,3 ,7. Contours for w /k=0.5,1 ,3
are rather similar even though the first two are usually clas-
sified as d-type while the latter is usually a k-type. On the
other hand, despite differences in the passive scalar contours
and mean streamlines �which reattach on the bottom wall�,
w /k=7 like w /k=3 is classified as k-type. It appears that a
proper distinction between d-type and k-type roughness can-
not be based on the state of the vortex shedding.

To clarify the difference between these two types of
roughness, we discuss in detail how U�, and �U+ depend on
the Reynolds number and on the nature of the roughness �in
this case we consider different values of w /k and different
roughness elements�.

A. Friction velocity

On a rough wall, the total shear stress � is the sum of the
frictional drag �Cf� and the pressure drag �Pd�. The frictional
drag and pressure drag represent the integrals of the wall
shear stress and pressure distributions, respectively, along the
wall �Cf =�−1�0

��Cf�s� ·x�ds, Pd=�−1�0
��P�n� ·x�ds, s is a coordi-

FIG. 1. �Color online� Instantaneous passive scalar contours superimposed
on mean streamlines. From top to bottom, w /k=0.5,1 ,3 ,7.

125101-2 Leonardi, Orlandi, and Antonia Phys. Fluids 19, 125101 �2007�

Downloaded 21 Dec 2008 to 134.148.4.20. Redistribution subject to AIP license or copyright; see http://pof.aip.org/pof/copyright.jsp



nate that follows the wall contour, n� is a unit vector normal
to the wall, s� is a unit vector parallel to the wall, and x� is the
unit vector along x, angular brackets denote averaging with
respect to z and t�. Leonardi et al.16 showed how the wall
shear stress and pressure depend on w /k. We briefly recall
here that, for w /k	7, the mean flow separates at the trailing
edge of the element and reattaches on the upstream vertical
wall of the element. For w /k
7, the flow reattaches on the
bottom wall. As the next element is approached, the stream-
lines are tilted upwards and a new separation region is
formed �see also Fig. 1�. For w /k=9, Leonardi et al.17

showed that the reattachment on the bottom wall moves to-
wards the trailing edge as Re increases and the recirculation
zone becomes smaller; on the roughness crests plane, the
recirculation region �identified by the region where �Cf� is
negative� is larger and more intense at larger Re. This is
further corroborated here for w /k=1 by reference to the Rey-
nolds number dependence in Fig. 2. The skin friction coeffi-
cient has a peak at the leading edge �x=0�. It decreases on
the roughness crests plane as Re increases. Within the cavity,
the recirculating flow is quite weak and no appreciable effect
can be observed. The dependence of pressure on the Rey-
nolds number is weaker than that for the frictional drag. The
distributions of pressure obtained by Leonardi et al.17 for
w /k=9 at three Reynolds numbers very nearly coincide. A
larger dependence on the Reynolds number is observed for
w /k=1. The difference in pressure along the vertical walls of
the cavity is shown in Fig. 3. It is close to zero over nearly
the full height of the roughness element and has a peak near
the crests plane. The results agree reasonably well with Perry
et al.2 The frictional drag and pressure �or form� drag are
obtained by integrating �Cf� and �Pd� over one wavelength.
They are shown in Fig. 4 for three Reynolds numbers. By
increasing the Reynolds number, the form drag differs by
about 5% between Re=2800 and Re=12 000, while the fric-
tional drag decreases appreciably �for w /k=1, it changes by
about 50% between Re=2800 and Re=12 000�. For w /k=9,
the viscous drag is negligible with respect to the form drag,
and consequently the total drag and hence U� depends only
weakly on Re. This applies also to a three-dimensional �3D�

roughness �Xie and Castro18�. The opposite is true for w /k
=1, the viscous drag being the main contributor to the total
drag. The total drag and U� decreases as Re increases. The
difference between the frictional and pressure drag decreases
as Re increases.

B. Roughness function

The effect of the roughness is to shift the mean velocity
profile, with respect to that on a smooth wall, by an incre-
ment �U+, referred to as the roughness function, i.e.,

�U�+ = �−1 ln y+ + C − �U+, �4�

where C and � are constants and “�” denotes normalization
by either U� ���� /��1/2, � is the sum of the frictional drag
and form drags� or � /U�. In Fig. 5, mean velocity profiles in
wall units are shown up to ymax, the location of the maximum
streamwise velocity; ymax does not coincide with the center-
line but is shifted upwards since the channel is asymmetric
�Leonardi, Orlandi, and Antonia19�. In the same figure, re-
sults for the smooth wall channel are reported for Re=2800
and Re=7000. There is good agreement with Kim et al.20

FIG. 2. Normalized ��Ub
2� skin friction coefficient on the horizontal walls

�the origin for x is at the leading edge� of a roughness element for w /k=1.
Flow patterns for this geometry are shown in the inset: �—� Re=2800, �----�
Re=7000, �········� Re=12 000.

FIG. 3. Difference of pressure �normalized by �Ub
2� along the vertical walls

of the cavity for w /k=1 �Pd is on the side AD, Pu on BC�: �—� Re=2800,
�----� Re=7000, �········� Re=12 000, ��� Perry �Ref. 2�.

FIG. 4. Dependence of frictional and form drags �normalized by �Ub
2� on the

Reynolds number: ��� w /k=1, ��� w /k=3, ��� w /k=9. Empty symbols

are for the frictional drag �Cf�, filled symbols are for pressure drag Pd.
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and Moser et al.21 For w /k=9, although U� and  /k do not
vary with Re, the downward shift of �U�+ for Re=12 000 is
larger than that for Re=7000 and 2800 �Fig. 5�. This is due
to the sideways shift produced by the different Re. In fact,
y+=y*U�

* /�*=yh*U� U* /�*=yU� Re, where a star indicates
dimensional units. For w /k=1, the velocity distributions for
Re=7000 and Re=12 000 overlap, while that for Re=2800
is only slightly different.

In Fig. 6, the values of the roughness function are plotted
against k+ for w /k=1,3 ,9 ,59. The values of k+ are large
enough for the flow to be considered fully rough
�Bandyopadhyay22�. For w /k=3,9 ,59, there is good agree-
ment between the DNS data and Eq. �1� �recall that the value
of B in Eq. �1� depends on w /k; i.e., the roughness density�.
On the other hand, for w /k=1, the magnitude of �U+ does
not depend on k+ so that a d-type roughness classification is
appropriate. To further verify the independence of �U+ on

k+, two further simulations have been carried out with differ-
ent values of Re and k /h. It is quite remarkable that two
points relative to different simulations with different Re and
k /h almost virtually coincide. We believe this is the first
numerical evidence that square bars, with w /k=1, behave
like a d-type roughness; i.e., �U+ does not depend on k+.

The different behaviors observed for d- and k-type
roughness can be explained by examining how �U+ depends
on +. Perry et al.2 derived that, for both d-type and k-type
surfaces,

�U+ = �−1 ln + + B�. �5�

Usually, the origin is inferred by fitting the mean veloc-
ity data to Eq. �4� after assuming �=0.41. This origin lies
between the crests plane and the bottom wall. An alternative
strategy is to use the approach of Jackson23 who identified 
with the centroid of the moment of forces acting on the ele-
ments. The two distributions agree quite well for small val-
ues of w /k, while larger differences are observed when w /k
exceeds a value of about 5. The same discrepancy has been
found by Coceal et al.24 for 3D roughness. Although there
are differences between the two values of the error in origin,
Jackson’s method is useful for providing some physical in-
sight into the error in origin. For a k-type roughness, the
contribution to the moment from Pd is large. The error in
origin is proportional to k, viz., =�k, where � depends on
the particular surface �here w /k� but does not depend on Re.
Substituting =�k into Eq. �5�, Eq. �1� applies and its valid-
ity is verified in Fig. 6. For a d-type roughness, Pd is small,
so that Cfk provides the main contribution to the moment
and 	0, implying that the origin is virtually on the crest.
Hence,  is approximately zero and represents a singularity
of Eq. �5�. Since the dependence with k is always associated
with  �through Eq. �5�� and in this case =0, Eq. �1� does
not apply. Therefore, �U+ does not depend on k+ �as verified
in Fig. 6�. The value =0 reflects the fact that the frictional
drag dominates over the pressure drag. The difference in the
dependence of the roughness function on k+, between d-type
and k-type, does not rely on whether or not there is vortex
shedding from the roughness elements. A d-type behavior
ensues when the frictional drag dominates over the pressure
drag, whereas for a k-type roughness the pressure drag is
large. This claim is consistent with the abrupt transition be-
tween d-type and k-type behavior that has been observed in
experiments. The d-type behavior is verified only for =0,
which is a singularity of Eq. �5�. If the magnitude of the
pressure drag is similar or larger than that of the frictional
drag, =�k and, as a consequence of Eq. �5�, a k-type be-
havior applies.

To strengthen the above claim, two further sets of simu-
lations were performed over rough walls with a slightly dif-
ferent geometry to that corresponding to the square cavities;
viz., w=k. For w=1.5k, the form drag becomes comparable
to the frictional drag �Cf =0.0013, Pd=0.001 for Re=2800,
Cf =0.001, Pd=0.000 96 for Re=7000�. When scaled on wall
units, the velocity profiles do not overlap �Fig. 7�, as for the
d-type case, but the roughness function depends on k+, viz.,
�U+= �1 /0.41�ln k+−5.

To further highlight the importance of the pressure con-

FIG. 5. Mean velocity in wall units: Solid lines, Kim et al. �Ref. 20�, Re�

=180, and Moser et al. �Ref. 21�, Re�=395. Symbols represent simulations:
��� smooth wall channel, empty symbols Re=2800, filled symbols Re
=7000. For the smooth wall channel, profiles on both walls are shown; for
clarity, every fourth symbol is plotted. Broken lines are simulations for
w /k=1 and w /k=9: �–-–� Re=2800, �----� Re=7000, �········� Re=12 000.

FIG. 6. Roughness function for w /k=1,3 ,9 ,59 for different values of k+.
Solid lines, Eq. �1� with B=2.6, −0.3, −2.3; ��� w /k=1; ��� w /k=3; ���
w /k=9; ��� w /k=59. Unless indicated, k /h=0.1.
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tribution in determining whether the behavior is d- or k-type,
the roughness elements have been modified slightly. Instead
of square bars, triangular elements have been considered for
the same pitch to height ratio �see inset in Fig. 8�. The cavity,
for � /k=2 �note that, here, w is not constant, so it is more
appropriate to use � to denote the distance between the ele-
ments� is slightly larger than the square cavity. The angles at
the base of the triangle are 63° instead of 90° for the square
cavity. This small change in geometry results in a form drag

which is significantly greater than the frictional drag �Cf

=−0.0006, Pd=0.0045 for Re=2800, Cf =−0.0003, Pd

=0.0042 for Re=7000�. The friction is negative because the
entire cavity is filled by a recirculating flow and the rough-
ness crest, where the shear stress is positive and large, is
reduced compared to the square bars. As a consequence of
the increased form drag, the virtual origin is shifted down-
ward with respect to the d-type case with =0.2k. The mean
velocity profiles, scaled on wall units, have a different rough-
ness function given by �U+= �1 /0.41�ln k+−1 �Fig. 8�.

While Eq. �1� is validated by the present results Eq. �2�
��U+=�−1 ln d++A�, is not verified �in the original paper d
denotes the pipe diameter; there it corresponds to the channel
width�. In the present DNSs, the channel width is constant
and then the values of d+ are proportional to k+. If, for a
d-type the roughness function does not depend on k+ �Fig. 6�,
it does not depend on d+ either. For a rough channel, a d- or
k-type behavior is in fact determined by the flow field near
the rough wall �friction and pressure drag� and not by outer
layer scales �d�.

IV. CONCLUSIONS

The present paper is the first study which confirms that,
for a so called d-type roughness, the roughness function does
not depend on k+. Present results agree with Eq. �1� �k-type
behavior�, but not with Eq. �2�, which was proposed by Perry
et al.2 but is, as yet, unsupported by data. A new interpreta-
tion of the abrupt transition between d-type and k-type
roughness is given in the present paper. The d-type behavior
is obtained when the origin of y is on the crests plane and the
frictional drag is much larger than the pressure drag. The
important difference between d-type and k-type roughness is
related to the relative magnitudes of the frictional and pres-
sure drags.
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