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ABSTRACT. The concept of lushness was introduced recently as a Ba-
nach space property, which ensures that the space has numerical index 1.
We prove that for Asplund spaces lushness is actually equivalent to nu-
merical index 1. We prove that every separable Banach space containing
an isomorphic copy of ¢y can be renormed equivalently to be lush, and
thus to have numerical index 1. The rest of the paper is devoted to
the study of lushness just as a property of Banach spaces. We prove
that lushness is separably determined, is stable under ultraproducts,
and we characterize those spaces of the form X = (R",| - ||) with ab-
solute norm such that X-sum preserves lushness of summands, showing
that this property is equivalent to lushness of X.

1. INTRODUCTION

Let us fix first some notations. All over the paper X stands for a Banach
space, Bx and Sy are, respectively, its closed unit ball and its unit sphere,
X* is the dual space to X, and L(X) is the Banach algebra of bounded
linear operators on X. All linear spaces are over the field K, which can be
either the field R of reals or the field C of complex numbers. For a functional
r* € Sy« and a positive number «, the set of the form

S(Bx,z",a) ={x € Bx : Rez"(z) >1—a}

is called a slice of the unit ball. If A is a subset of X, we write conv(A)
for the convex hull of A and aconv(A) for the absolutely convex hull of A.
Finally, we denote by ext(A) the set of extreme points of the convex subset
A C X. Now the basic definition of our paper:

Definition 1.1. A Banach space X is said to be lush if for every x,y € Sx
and for every € > 0 there is a slice S = S(Bx,z*,¢) C By, x* € Sx+, such
that © € S and dist (y, aconv(9)) < e.
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2 Lush spaces: properties and applications

Among the examples of lush spaces are the real or complex spaces C(K)
and L (u) (see [5] or |9, §3] for a detailed account).

The concept of lushness was introduced recently in [5| as a geometrical
property of a Banach space which ensures that the space has numerical
index 1. The numerical index of a Banach space X was introduced by
G. Lumer in 1968 (see [6]) and it is the best constant of equivalence between
the numerical radius and the usual norm of operators on L(X). Concretely,

n(X) =inf{v(T) : T € L(X), ||T|| =1}
=max{k >0 : k||T|| <v(T) VT € L(X)}.
Here, for T' € L(X), v(T) is its numerical radius:
o(T) = sup{|z*(T'(z))| : = € Sx, z* € Sx+, z*(z) = 1}.

Thus, a Banach space has numerical index 1 iff v(T)) = ||T|| for every
T € L(X). It is clear from the definition that 0 < n(X) < 1, being these
inequalities best possible in the real case. In the complex case, it is a deep
result that n(X) is always bigger or equal than 1/e. Classical references here
are the monographs from the 1970’s |2, 3|. The state-of-the-art on numerical
indices may be found in the recent survey [9] and references therein.

The concept of lushness is proven to be a useful tool in the theory of
numerical index of Banach spaces since in [5] it helped to construct an
example showing that numerical index is not inherited in general by the
dual space, a latent question in the theory from the beginning of the subject.
Also, in [10] the lushness was applied for estimating the related concept of
polynomial numerical index in some real spaces like ¢y or ¢;.

One major difficulty when dealing with Banach spaces with numerical
index 1 is that the definition involves operators, and one has to deal with all
operators, since the analogous property with only compact operators (called
the alternative Daugavet property) is known to be strictly weaker (see [15]).
On the other hand, there are in the literature many isometric properties
which are sufficient conditions for a Banach space to have numerical index 1,
being lushness the weakest of all of them (see |9, §3| for a detailed account).
In [14], it is shown that many of these properties are actually equivalent
to numerical index 1 for Banach spaces with the Radon-Nikodym property.
But this is not true for general Banach spaces (see |5, Example 3.4]). In
this paper we prove that Asplund spaces with numerical index 1 are lush
(section 2).

Section 3 is devoted to renorming. We prove that every separable Banach
space containing an isomorphic copy of ¢y can be equivalently renormed to
be lush, and thus to have numerical index 1. Up to our knowledge, this is the
first non-trivial sufficient condition for renorming with numerical index 1.
Let us say that 1 is the only interesting value of the numerical index from the
isomorphic point of view: in 7] it was proved that “many” Banach spaces
(for instance, reflexive or separable spaces) can be equivalently renormed
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to have any possible value of the numerical index smaller than 1 (i.e. any
number in [0, 1] in the real case and any number in [1/e, 1] in the complex
case). On the other hand, some necessary conditions for a Banach space to
be renormed with numerical index 1 were given in [12].

The rest of the paper is devoted to the study of lushness independently of
its applications to numerical index. We show in section 4 a reformulation of
lushness which allows us to prove that it is separably determined and that
it is inherited by ultraproducts. Finally, section 5 is devoted to characterize
those spaces of the form X = (R", || - ||) with absolute norm such that X-
sum preserves lushness of summands (we show that this property is actually
equivalent to lushness of X).

We have to stress out that the study of lush spaces is still in its “embry-
onal” faze, and that the number of open questions is much bigger than that
of results obtained.

2. LUSHNESS AND NUMERICAL INDEX 1

In this section we give sufficient conditions for lushness which will be
useful in the rest of the paper. Some notation is needed. Given a Banach
space X, a subset A C Sy~ is said to be norming for X if

2] = sup{|a”(2)] : a* € A}

for every x € X. Given a completely regular Hausdorff topological space
2, we write Cp(€2) to denote the Banach space of all K-valued bounded
continuous functions on €2, endowed with the supremum norm. Finally, we
recall the fact that X is Asplund if and only if X* has the Radon-Nikodym
property.

Theorem 2.1. Let X be a Banach space. We consider the following asser-
tions.

(a) There is a completely reqular Hausdorff topological space € and an
isometric embedding J : X — Cy(Q2) such that |z (J*(ds))| = 1
for every s € Q and ™ € ext(Bx+),

(b) There is a norming set A C Bx~ for X such that |z**(a*)| = 1 for
every a* € A and every x** € ext(Bxs),

(c) For each x € Sx and ¢ > 0 there exists x* € Sx+ such that

x €S =S8(Bx,x"¢) and Bx = aconv(S),

(d) X is lush.
(e) n(X)=1.

Then (a) < (b) = (c) = (d) = (e).

In the case when X is an Asplund space, then all the assertions above are
equivalent.



4 Lush spaces: properties and applications

Proof. (a) = (b). It suffices to show that {J*(ds) : s € Q} is norming. To
do so, fixed z € X we observe that

sup [J*(4,)](z) = 2161855(Jx) = [[Jz|| = ]

SEN

(b) = (a). We consider the operator J : X — C}(A) defined by
[Jz](a") = a*(x) (x e X, a* € A),

which is isometric since the set A C B+ is norming. Besides, it is obvious
from the definition of J that J*(d,«) = a* for every a* € A and, therefore,
we have that

|27 (" (0a))| = 1
for every a* € A and every ** € ext(Bxs).
(b)) = (¢). Let ¢ > 0 and z € Sx be fixed. We take z* € A such
that Rex*(z) > 1 — &, we define S = S(Bx,z*,¢), and we prove that

Bx = aconv(S). To do so, we define S = S(Bx«,2", ¢) and we observe
that the hypothesis gives us

B+ = aconv (S)

On the other hand, it is clear that S c gw*, which tells us that

-k
w* —_w

aconv(S) =aconv(S) = By

Finally, we deduce that

Bx = Bx+~ N X = aconv(9) “AX = aconv(S) " = aconv(S).

(¢) = (d) is completely evident and (d) = (e) was proved in |5, Proposi-
tion 2.2].

Finally, the case when X is Asplund follows from [5, Remark 3.5]. U

Let us point out that numerical index 1 and lushness are also equivalent
for Banach spaces with the Radon-Nikodym property. This is an immediate
consequence of [14, Theorem 1] and [5, Proposition 2.2].

Remark 2.2. Let X be a Banach space with the Radon-Nikodym property.
Then, X is lush if and only if n(X) = 1.

We are giving now two classes of spaces where Theorem 2.1 applies. The
first class consists of preduals of L;(u) spaces. Indeed, it is clear that
U of d,u| = 1 for every f € ext(Bp, () and every ¢ € ext(Br_(u). Now,
if Ly(p) has a predual X, then the set ext(Bp,(,) is norming for X and
condition (b) of Theorem 2.1 applies.

Example 2.3. The preduals of any L;(u) space are lush.
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The second class of spaces in which Theorem 2.1 applies is the one of
nicely embedded spaces in Cy(2) spaces. A Banach space X is said to be
nicely embedded in Cp(€2) if there exists a linear isometry J : X — ()
such that for all s € Q2 the following properties are satisfied:

(N1) ||J*d4|| = 1.
(N2) span(J*ds) is an L-summand in X*.
This property was introduced in [18|, where the corresponding examples

can be found. It is immediate that nicely embedded spaces fulfill condition
(a) in Theorem 2.1, so they are lush.

Example 2.4. Any Banach space which nicely embeds into a Cy(£2) space
is lush.

We finish the section with a result concerning duals of Radon-Nikodym
spaces. It is shown in [5, Proposition 4.1| that n(X*) =1 if X is a Banach
space with the Radon-Nikodym property and n(X) = 1. Actually, with the
help of Theorem 2.1, it can be proved that X* is lush.

Proposition 2.5. Let X be a Banach space with the Radon-Nikodym prop-
erty and n(X) = 1. Then, for each x* € Sx« and € > 0 there exists
¥ € Sy« such that

z* € 8 =S5(Bx,x™¢) and Bx« = aconv(95).

In particular, X* is lush.

Proof. Following the proof of |5, Proposition 4.1], one has that
|$***((l)| =1 (I*** c eXt(BX***), a € A)

where A is the set of denting points of By viewed as a subset of By«. Since
X has the Radon-Nikodym property, A is a norming subset of By« for X*
and the result follows from Theorem 2.1. O

3. LUSH RENORMINGS

Our goal in this section is to prove that a separable Banach space con-
taining an isomorphic copy of ¢y can be equivalently renormed to be lush
(in particular, to have numerical index 1). We need two lemmata.

Lemma 3.1. Let X be a separable Banach space containing an isometric
copy of co. Then there is a biorthogonal system {(gn, g)} C Bx x (12Bx~)
such that

. 1
(1) sup |g;, ()] > 2|l
neN

forallz € X.
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Proof. Since a cy-subspace of a separable space is 2-complemented (Sobczyk’s
Theorem, see [1, Corollary 2.5.9] for instance), one can write down X as
co @Y in such a way, that for every e € ¢y, y € Y

1
(2) g el +1lyll) < fle+yll < llell + llyll

Denote by {e,}nen the canonical basis of ¢y and by {e*},en C Y+ C X*
denote the corresponding coordinate functionals. By (2), ||ef|| < 6 for every
n € N. Now, we use the separability of Y to take a norming sequence with
norming tails {y },en C Sy~, that is
sup [y, (W)l =llyll (y€Y, meN).

We write ¥ € ¢g C X* for the natural extensions of y; to the whole of X.
Again, by (2), |||l < 6. Let us show that g, = e,, g% = e + y form the
biorthogonal system we need. Indeed, consider an arbitrary r = e+y € X,
e €co, y €Y. If |ly|| < i[lz|, then |le[| > 2||z| and

sup |, ()] = sup |e (€) + ¥, (y)]

ne

neN

1 1 1
> we) = szl = llell = sllzl = sz
sup [ ()] = 3llzll = llell = 3=l = 3=l

In the opposite case of being |ly|| > ||z||, we select a sequence of indices
ny < ny < --- such that {|7: (y)|} — [ly|l. Then

sup |gp (v)| > limsup |eg, (¢) + 5, (v)

ne

k—o0

. ~% 1
= limsup [z, (y)] = [lyll > 3=l -

k—o00

Lemma 3.2. Let X be a separable Banach space containing an isomorphic
copy of cg. Then there is an isomorphic embedding T : X — {l, such that
T(X) D Cp.

Proof. Remark that if X contains an isomorphic copy of ¢y, then X can
be renormed equivalently to have an isometric copy of ¢o. After this, take
{(gn, 95) }nen from Lemma 3.1 and let us define T : X — £, as follows:

T(x) ={gn(2)}pen € loe (z € X).
The inequality (1) guaranties that

1
3) el < IT(@)] < 12l for all 2 € X,

and the image of g, is the n-th unit vector of ¢y C l, s0 T(X) D ¢p. O

To finish our arguments, we need to use a class of lush spaces which
was also introduced in the aforementioned paper [5], the so-called C-rich
subspaces of C(K).
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Definition 3.3. Let K be a compact Hausdorff space. A closed subspace
X of C(K) is said to be C-rich if for every nonempty open subset U of K
and every € > 0, there is a positive function A of norm 1 with support inside
U such that the distance from h to X is less than €.

Some examples and remarks about C-rich subspaces will be needed.

Remarks 3.4.

(a) Due to [5, Proposition 2.5|, if K is a perfect compact space, then
every finite-codimensional subspace of C(K) is C-rich and, in par-
ticular, lush.

(b) If one considers {, as C(ON), then ¢q is C-rich in {,. Indeed, this
follows easily from the fact that N is a dense subset of SN consisting
of isolated points.

(¢) If X C C(K) is C-rich, then every subspace Y C C(K) containing
X is C-rich.

(d) In particular, every subspace of (., containing cy is C-rich.

(e) Let K be an infinite compact set and X be a Banach space such
that it is C-rich in C(K). Then, X contains an isomorphic copy of
co. Indeed, we take a sequence of disjoint open sets V,, C K. Since
X is C-rich in C(K), for ¢ > 0 and n € N we can find f, € C(K)
such that

supp(f) C Vo, fu =0, |[fu =1, and dist(f,, X) < =

2_7'7,.
The sequence { f,,} is a c¢y-basic sequence in C'(K), and a perturba-
tion argument gives us a basic sequence in X which is equivalent to
{fn} and so, it spans an isomorphic copy of c.

We are now able to state the main result of the section which characterizes
isomorphically the separable Banach spaces containing cy.

Theorem 3.5. For a separable infinite-dimensional Banach space X, the
following conditions are equivalent:

(1) X contains an isomorphic copy of ¢y,
(i7) X is isomorphic to a C-rich subspace of lo, = C(SN),

(13i) X is isomorphic to a C-rich subspace of some C(K).

Proof. (i) = (ii). Lemma 3.2 tells us that there is an isomorphic embedding
T : X — ly such that T'(X) D ¢o. Then, T(X) is a C-rich subspace of /
by Remark 3.4.d and X is isomorphic to 7'(X). The implication (iz) = (i)
is evident and (i7i) = (i) is shown in Remark 3.4.e. O

The following result is an evident consequence of the above theorem.

Corollary 3.6. Every separable Banach space containing an isomorphic
copy of co can be equivalently renormed to be lush and, in particular, to
have numerical index 1.
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As an easy consequence we obtain the following.

Corollary 3.7. Any closed subspace of ¢y can be renormed to be lush and,
wn particular, to have numerical index 1.

Proof. Let X be a closed subspace of ¢y. If X is finite-dimensional, the result
is clear. Otherwise, X contains an isomorphic copy of ¢q [1, Proposition
2.1.1] and the result follows from the above corollary. U

As far as we know, these are the first non-trivial sufficient conditions for
renorming with numerical index 1 appearing in the literature, and they give
a positive partial answer to Problem 21 of [9].

We finish the section with an example showing that the answer to Prob-
lem 22 of [9] (whether any Banach space such that X* contains an isomor-
phic copy of ¢ is renormable with numerical index 1) is negative.

Example 3.8. There is a Banach space Y such that Y* is isomorphic to ¢,
but Y does not admit an equivalent norm with numerical index 1. Indeed,
let us consider the real space Y given in [4] such that Y* is isomorphic
to ¢; and Y has the Radon-Nikodym property. Then, Y is an infinite-
dimensional real Banach space having the Radon-Nikodym property and
it is also Asplund, so [12, Corollary 4| shows that it does not admit an
equivalent norm with numerical index 1.

4. A REFORMULATION OF LUSHNESS

In this section we prove a useful reformulation of lushness which does not
use slices. We use it to reduces lushness of a non-separable space to the
lushness of “sufficiently many” separable subspaces and to study lushness of
ultraproducts.

Theorem 4.1. Let X be a Banach space and let G C Sx+ be a norming
rounded subset for X. Then, the following are equivalent:

(1) X s lush.
(79)g In the real case: for everyx,y € Sx ande > 0, there exist A, Ay = 0,
A+ X =1 and 1,29 € Bx such that
||l‘+$1+1’2|| >3 —¢
and
ly — (Mz1 — damo)|| < e

(1i)c In the complex case: For every x,y € Sx, n € N and € > 0, there
exist M, ..., A =0, > 0\ =1and x1,...,x, € Bx such that

l’—i-ZiL’k

k=1

>n+1—c¢

(4)
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and

27
<eg+ —
n

(5)

- 2mik
y—ZAkexp( - )xk
k=1

(1i1) For every x,y € Sx and for every e > 0 there is z* € G such
that = € S = S(Bx,z*,¢) and dist (y,aconv(S)) < e (i.e. z* in the
definition of lushness can be chosen from G ).

Proof. Let us start with the complex case.

(1) = (i7). Fix z,y € Sx, n € N and ¢ > 0. Since X is a lush space, we
may find 2* € Sx-, p; € 0, 1], j=1,..., N with > ji; =1, 0; € [0, 2a]
and y; € S(Bx, 2", ¢/n) satisfying

N
y— > pjexp(iby)y;
j=1

(6) Rez*(z) >1—¢/n and <e.
Taking into account that the points {M ck=1,... ,n} form an 27”—11et
of [0, 2] we can represent the set of indices {1,..., N} as a disjoint union
of sets Ag, kK =1,...,n in such a way that
2rk 2
(7) 6, — T for every J € Ag.
n n

Let us show that
A = Zuj, and xk:)\ikZujyj if A, #£0
JEAL JEAL
and
A, =0, and arbitrary 1z € S(Bx,x%,¢/n) if A,=0
fulfill the desired conditions. Indeed, it is clear that =, € S(Bx,x*,¢/n),

which ensures validity of (4). The remaining condition (5) follows from (6)
and (7):

& 2mik
y—Z)\kexp( - ):Bk

k=1

=1y — Z ZﬂjeXP(QTjk>yj

kAk#Q) JEAL

, 2m
<ly— Do D myexp(iby)y;|| + o
k:Ak#@ JEAL
N
, 2 27
= |y =Y py exp(i6;)y;|| + o <et——.
j=1

(1) = (di1). For given x,y € Sx and & > 0, we apply (i) with ¢ =
£1/2 and n big enough to ensure that 27” < e1/2. We get A\j,..., A\, =0,
Y1 A =1and xq,...,2, € By satisfying (4) and (5). The first of these
conditions ensures the existence of x* € G such that x and all the z; belong
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to the slice S(Bx,x*,e) C S(Bx,z*, €1). The second condition shows that
dist (y, aconv(S(Bx,x*,€1))) < €1, which proves lushness of X.

The last implication (i7i) = (i) is evident.

In the real case, Sg consists just of two points 1 and —1 and parameters
n and exp (2’;—”“) just disappear from the statement. The proof just follows

the same lines as in the complex case. Il

The following is an application of the above characterization.

Theorem 4.2. For a Banach space X the following two conditions are
equivalent:

(1) X s lush,
(17) Every separable subspace E C X is contained in a separable lush
subspace Y, E CY C X.

Proof. The implication (i7) = (i) is immediate from the definition of lush-
ness.

Let us prove only the more bulky complex case of (i) = (i7). Let (ky, jn)
be the standard “triangle” enumeration of all pairs of naturals. Remark
that, under this enumeration, k, < n and j, < n for all n € N. Let
us construct recurrently a sequence of separable subspaces Fy C Fy C ...,
dense sequences A,, = {a(m,r) : 7 € N} C Sg,, and z,,, ym, € Sx as follows:
for m = 1 we take E; = E, let Ay = {a(1,r) : r € N} be a dense sequence in
Sp, such that every of its elements repeats in it infinitely many times, and
take 1 = a(k,, ji,) = a(1,1), y1 = a(k;,, jj,) = a(1,1). If E,, and A, are
already constructed, we consider z,,, = a(ky,,, jk,.) s Ym = a(k;,,,J;,) and
apply item (ii) of Theorem 4.1 to x,,, Y, with €, = 1/m forn =2,... m.
We get Mnnts - s Amnn = 0, D p_y Amnke = 1 and Zpupts - s Tmpn € Bx

such that
xm+2xm7n,k >n+1—¢,
k=1
and
. 2mik 2m
m /\mn €x Tmn <€m+_7
n =2,...,m. Define F,,; as the linear span of £, and of all the vectors

Tmms, W =2,...,m, s =12 ... ,n Select A1 ={a(m+1,r):r €N}
as a dense sequence in Sg, ., such that every of its element repeats in it

infinitely many times. Put Y = |J,,cy Em- Under this construction Y is
separable, contains E, and the pair (x,,,y,,) runs over all possible values
of (a(r,s),a(t,u)), r,s,t,u € N. Indeed, for the last assertion we observe
that the map m —— (k,,, jm) is bijective from N to N x N, so the map

(m,n) +— ((km, jm), (kn, jn)) is bijective from Nx N to ((Nx N)x (NxN)).
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Thus, the composition of these two maps m —— ((kk,., Jkn)s (Kjns Jjn)) 18
bijective from N to ((N x N) x (N x N)) and so

{(@m>ym) = m € N} = {(alkn,., jr..), alky,., ;) © m € N}
= {(al(, ), a(k,1)) : (i,5,k, 1) € Nx Nx Nx N}

Therefore, {(2m, ym) : m € N} is dense in Sy x Sy and every of its elements
repeats in the sequence infinitely many times. Due to our construction, this
means that item (éi) of Theorem 4.1 takes place for arbitrary x,y from the
fixed dense subset {(zm,ym) : m € N} of Sy x Sy for all n € N and with
arbitrarily small epsilons. This means that Y is lush. U

Let us comment that, since for Asplund spaces lushness is equivalent to
having numerical index 1 (Theorem 2.1), the above result improves [13,
Teorema 3|, where it is proved the following. Let X be an Asplund, weakly
countably determined space with numerical index 1. Then, for every separa-
ble subspace Y of X, there is another separable subspace Z of X containing
Y and such that n(Z) = 1.

We finish the section with an application of Theorem 4.1 to ultraproducts.
Let us recall the notion of (Banach) ultraproducts [8]. Let U be a free
ultrafilter on N, and let {X,},en be a sequence of Banach spaces. We can
consider the (o -sum of the family, [©,enX,], , together with its closed
subspace

N = {{@n nent € [Bren Xy, lim|jeall = 0}

The quotient space (X,)uy = [OnenXnl,_ /Ny is called the ultraproduct of
the family {X,},en relative to the ultrafilter U. Let (z,)y stand for the
element of (X, )y containing a given family {z,} € [©nenXn],_. It is easy
to check that

[ el | = Tz [|z, .

If all the X, are equal to the same Banach space X, the ultraproduct of the
family is called the U-ultrapower of X and it is usually denoted by Xj,.

Our next aim is to show that lushness is inherited by ultraproducts.
Actually, the following stronger version of lushness will be obtained for the
ultraproducts.

Definition 4.3. A complex Banach space X is said to be wultra-lush, if for
every z,y € Sy and n € N there exist A;... A\, > 0, >7 ;A\ = 1 and
x1,...,T, € By such that

x—l—Zxk

k=1

21

~

=n+1 and

- 2mik
y—ZAkeXp( - )xk
k=1

A real Banach space X is said to be ultra-lush, if for every =,y € Sy, there
exist A\i, A\ >0, \{ + Ay =1 and z1,29 € Sx such that

|+ 21 4+ 22| =3 and Y= AT — \oZa.
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As straightforward applications of Theorem 4.1 and the definition of ul-
traproducts, we get the following results.

Corollary 4.4. Let { X, }nen be a sequence of lush spaces and let U be a free
ultrafilter on N. Then E = (X,,),, is ultra-lush. Moreover, the ultraproduct
of any sequence of Banach spaces is ultra-lush whenever it is lush.

Corollary 4.5. Let X be a Banach space and U be a free ultrafilter on N.
Then, the ultrapower E = (X),, is lush if and only if X is lush.

5. UNCONDITIONAL SUMS OF LUSH SPACES

A norm || - ||, on R™ is said to be an absolute norm if
I(ar, . an)lla = [I(ar],- - lan)lla (ar,... a0 €R)
and [[(1,0,...,0)|[o = - = ||(0,...,0, )|, = 1. f E = (R™, || - |l.) is a
space with an absolute norm and Xi,..., X, are Banach spaces, we write

X = [Xl XD, .. @Xn}E to denote the E-direct sum of X7,..., X, that
is, X =X, & --® X,, endowed with the norm

[Gexs )l = Izl - Dl

We will use the fact that absolute norms are nondecreasing and continuous
in each variable. For background, we refer the reader to [3, § 21]. Easy
examples of absolute norms are the /,-norms for 1 < p < oo leading to the
¢,-direct sums of Banach spaces.

Definition 5.1. Let E = (R",|| - ||) be a Banach space with an absolute
norm. We say that E respects lushness if for every collection Xy, X, ..., X,
of lush spaces their E-direct sum X = [X1 X ®...D Xn} 5 is lush.

QOur aim in this section is to characterize those absolute norms which
respect lushness.

Theorem 5.2. A space E = (R",|| - ||) respects lushness if and only if it is
lush itself.

Proof. The “only if” part is evident: if E respects lushness, we can take all
X = R and get lushness of F = [Xl DXoD...D X,JE.

Let us prove the “if” part. Let X;, Xs,...,X, be lush spaces, X =
[Xl PXoD...P X,JE. First of all, let us remark that if all X, are finite-
dimensional, by [17, Theorem 3.1| lushness is equivalent to the following

property
|lz*(z)| =1 (for every z € ext(By) and every z* € ext(Bx-)).
This property can be easily verified taking into account that

ext(Bx) = {(a121, ..., anzy) : (a1,...,a,) € ext(Bg), x) € ext(Bx,)},
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the analogous description for ext(Bx-), and the fact that the sets of extreme
points in Bg and in Bg- admit rotation in each variable.

Now, let us turn to the general case where some of X; are infinite-
dimensional. By a small perturbation argument, it is sufficient to prove
the property of the definition of lushness for a fixed ¢ > 0 and z,y € S,

x=(x1,...,2,), y = (y1,...,Yn) With non-zero zy, yx. Denote
- Tk ~ Yk €
Ok szua ﬁk Hykua Ty Oék’ Yk 5k’ an n+3

By lushness of X, there is 2} € S Xz such that
Ty € Sy = S(Bx,, x5, 0) and  dist(g, aconvSg) < 0.

This means that there is a finite number of elements uy 1, g2, ..., Upm, € Sk
and a finite number of scalars A1, ..., Ay m, such that Z;n:’“l |Akj| =1, and
myg
(8) ?7k - Z )‘k:juk,j < 0.
j=1

We embed X, isometrically into some infinite-dimensional space X p (if X is
infinite-dimensional, then put X} = X}), denote X = [Xl BX60P.. 'EBX”]E
and select linearly independent vectors ey 1,...,€xm, € S % in such a way
that

m
j=1

We consider Yj, = span{e;; : j =1,--- ,my} and introduce a new norm py,
on Y} in such a way that By, p,) = aconv({ek,j cg=1,... ,mk}). Remark
that

(10) pr(w) = ||w|  for every w € Y;.

Remark also that the linear map gy : (Y, px) — X defined by its values
on the basis {ey ;} as gi(ex,;) = uy j, satisfies
gk(B(yk,pk)) = aconv({uk,j cg=1,... ,mk})

and

ge(conv({er; : j=1,...my})) =conv({ur; : j=1,...,my}).
Moreover, thanks to (9), |wr — gr(wy)|| < & for every wi € By, p,)-

We introduce one more auxiliary space (Y,p) = [(Y1,p1)®- - ®(Ya, py)] B

As proved before, since (Yy, px) is isometric to 65’”’“) for every k, Y is a finite-
dimensional lush space and, therefore, n(Y) = 1, implying by [11, Corol-
lary 3.7] that Y is a CL-space. This means, by definition, that By is the
absolutely convex hull of every maximal convex subset (maximal face) of Sy
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For every w = (w1, ..., w,) € By, we denote g(w) = (g1(w1), ..., gn(wy)).
Then, we get that

(11) Jw—g(w)lz <I(d,....0)[[r <nd
and

(12) lg(w)[lx < p(w).
Consider u = (421, .. .,y 2,), where

1 &
=) ey
my <
Jj=1
and v = (8101, ... B,0y), where

mp
Vi = E /\kyjekd'.
j=1

Then u,v € Sy, so there is an f = (fi1,..., fu) € Siv;p)~ such that f(u) =1
and the absolute convex hull of the face ' = {w € S(y,) : Re f(w) = 1}
contains v.

We denote v, = pi(fx) and D = {k : 7 # 0}. Then, we have v =
(Y15 -»m) € S+, = (aq,...,ay) € Sg and

1=Ref(u) =) orRefe(@) <D app < 1.
k=1 k=1
Therefore,
(13) Zaﬂk =1, and fi(Z) =% (k=1,....n).
k=1

So, in particular, fi/v € S(vypr) 18 a supporting functional of the point z
for every k € D, i.e. fi(ex;) = for all k, j.

Finally, let us introduce z* = (y127,...,7x)) € Sx~ and let us prove
that the slice S = S(Bx,z*,¢) is the one we need, namely that z € S and
dist(y,aconV(S)) <e.

The inclusion x € S is simple:

Rez*(x) = Zakﬁk Re i (Tg) > Zak'yk (1-0)=1-0.

k=1 k=1
To estimate the distance from y to aconv(S) we need the following claim:
Claim. g(w) € S for every element w = (wy, ..., w,) € F.

Proof of the claim. First of all, according to (12), ||g(w)|| < 1, so the only
thing we need to prove is the estimation

Rez*(g(w)) > 1 —e.
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Denote ¢ = pi(wy). By the definition of F'; we have

= ZRG fe(we) < Z’Vk¢k <1
1 =1

and, therefore,
(14) S wde=1, and filwy) = ndp (k=1,....n).
k=1

This means that wy/¢ € conv({e;w- g =1,... ,mk}) for every k such

that vror # 0 and so, gr(wy)/dr € conv({u;w- D] = 1,...,mk}) C S
Therefore

Rex*( Z'Vk Rexk gk wk ZT%Q% 1— > 1—c¢,
k=1

which gives us the claim.

Now, let ui,uo,...,u,, be elements of the face F and let \{,..., \,, be
scalars such that > 70 [Aj] = 1, and v = Y 7" | Aju;. Thanks to the claim,
g(u;) € S. Therefore

v=> Agluy)

j=1

dist (y, aconv(S)) < <y —oll +

- Z Ajg(u;)

We continue the estimation using the definition of v and the inequalities (8)

and (11):

<201 (Br, -, Bl + D Nl — g(wy)l| < (n+2)5 <e.
j=1

This completes the proof of the theorem. O

Although the above theorem only deals with finite sums of lush spaces, on
can deduce from it the lushness of some infinite sums. Given an arbitrary
family {X; : i € I} of Banach spaces, we denote by [@;crXi],, (resp.
[©icr Xily,» [®icrXi],_) the co-sum (resp. £1-sum, {o-sum) of the family.

Proposition 5.3. Let {X; : i € I} be a family of lush spaces. Then the
co-, U1- and lo-sums of the family are also lush.

Proof. Let us start with the easier cases co- or £1-sum of the family. In these
two cases, we consider the family of all finite sums (¢o- or ¢; respectively)
of elements of the family {X; : i € I}, viewed as subspaces of the whole
co- or {;-sum. Then, Theorem 5.2 gives us that this is a family of lush
subspaces which is filtered and whose union is dense. The result now follows
straightforwardly from the definition of lushness.

For the f.-sum of the family the above argument does not apply, but
it is not difficult to give a direct proof. Let X denote the /,-sum of the
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family, let (z;), (y;) be elements in the unit sphere of X and let € > 0 be
fixed. By the definition of X, there is iy € I such that ||z;,|| > 1 —e. Since
X, is lush, we may find z} € Sx; such that, writing S;, = S(Bx,,, ;) €),

10
we have
Tiy € Si, and dist (y;,, aconv(S;,)) < e.

Now, defining z* € Sx« as
T ((2) = 75, (z0)  ((2) € X),
and writing S = S(Bx,z* ¢), we clearly have

(z;) €S and dist ((ys), aconv(g)) <e. O

Let us comment that the analogue of Proposition 5.3 for Banach spaces
with numerical index 1 was given in [16, Corollary 4|. On the other hand,
we do not know of any analogous result to Theorem 5.2 for Banach spaces
with numerical index 1.
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