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Abstract

In this work on Polynomial Identity (PI) quantized Weyl algebras we begin with a
brief survey of Poisson geometry and quantum cluster algebras, before using these
as tools to classify the possible centers of such algebras in two different ways. In
doing so we explicitly calculate the formulas of the discriminants of these algebras
in terms of a general class of central polynomial subalgebras. From this we can
classify all members of this family of algebras free over their centers while proving
that their discriminants have the properties of effectiveness and local domination.
Applying these results to the family of tensor products of PI quantized Weyl alge-

bras we solve the automorphism and isomorphism problems.

v



Chapter 1

Introduction

This dissertation concerns properties of the quantizations of Weyl algebras that
are Polynomial Identity (PI) algebras as modules over their centers and how tools
from Poisson geometry and quantum cluster algebras can be used to classify them
via their discriminants. In this chapter we will primarily concern ourselves with
describing the final results of this dissertation and how they fit into current math-
ematical programs being carried out by the community. Chapter 2 will concern
itself with background on quantized Weyl algebras, Poisson geometry, quantum
cluster algebras, and noncommutative discriminants. Explicit determinations of
the centers of these algebras will be given in Chapter 3 reflecting one of the main
findings of this dissertation, a classification of those PI quantized Weyl algebras
free over their centers. We return to covering some preparatory material in Chap-
ter 4 where we describe the Poisson structure of these centers and their Poisson
prime elements. Chapter 5 contains two proofs covering most of the second main
result of this dissertation, first in terms Poisson geometry and then in terms of
quantum cluster algebras. We conclude in Chapter 6 by addressing the solution of
the automorphism and isomorphism questions for PI quantized Weyl algebras and
their tensor products. A final appendix includes a generalization of the results of

Chapter 5.

1.1 Quantized Weyl Algebras
Definition 1.1.1. Let 7" be a commutative integral domain with n € Z,. We
denote by T the group of units of T. Given E := (e,...,€,) € (T*)", along

with the multiplicatively skew-symmetric matrix B := (B8;;) € M,(T*), where



BjrBrj = 1 for all j # k and B;; = 1 for all j € [1,n] where [1,n] = {1,...,n}.

Then the multiparameter quantized Weyl algebra AZ(T') is the unital associative

T-algebra with generators

T1,Y1,T2,Y2,- -, Tny Yn

and relations

YiYr = 5jkykyj>
zjT, = €;8kTrT;,
Yk = Brjyrty,

Yk = €xLriYul;,
-1

Ty — €yirs =14+ Y (6 — Dy,
=1

Vi, k,

(1.1)

Many different points of view have been used to study quantized Weyl alge-

bras of this and related definitions. In [19, 29] they were approached via quantum

groups and Hecke type quantizations, while [6, 20, 21, 26] studied the structure

of their prime spectra and representations. The automorphism and isomorphism

problems, addressing what the group of automorphisms is and when two algebras

are isomorphic, are also covered in the works of [3, 15, 22, 27, 32, 33], while [14]

studies their homological and ring theoretic dimensions. But most of these results

concern generic cases rather than that of specifically PI algebras.

Let us begin by considering sequences of positive integers x; < x2 < -+ < Xn.

Under each sequence, the algebra AZ-B(T') has an N-filtration defined by

degx; = degy; = x;.

This defines the associated graded algebra gr AZ:B(T') as the connected N-graded

skew polynomial algebra with generators z1,%,,...,%,,¥,, where each generator



has degree X1, X1, - - - Xns Xn, and with relations as defined in (1.1) excepting the

final relation which becomes
ijj = Ejyjfja VJ
For gr AE:B(T) to be a PI algebra it can be directly verified using these relations
and the standard identity polynomial that it is necessary and sufficient that each
€, Bix € T™ be a root of unity. Under this condition gr AZ#(T) is module finite
over its center. Similarly, the algebra AZP(T) is module finite over its center if
and only if €; # 1 for all j in addition to the above conditions in the case when

charT = 0.

For this reason we will assume for the remainder of this dissertation that

€j, Bjx € T are roots of unity and €; # 1 for all j. (1.2)
1.2 A Summary of Results

Chan, Young and Zhang [11], based on the works [9, 5], have proposed the closer
study of families, F, of filtered PI algebras A with skew polynomial structures on

their associated graded algebras gr A. They suggest the following approach:

1. Classify the algebras A in F where gr A is free over its center, denoted

Z(gr A). Then, for those algebras:
2. Describe the center Z(A) in terms of Z(gr A).
3. Explicitly determine a formula for the discriminant d(A/Z(A)).
4. Classify Aut(A) and determine related properties of A when applicable.

This dissertation approaches the family of quantized Weyl algebras, assuming

(1.2), in this manner. To begin, we let

€ = exp(27m'mj/dj), ﬁjk = eXp(QWimjk/djk) (13)



for some m;,d;,d;, € Z4, and my, € N for j < k such that ged(m;,d;) =
ged(myy, dj) = 1, while requiring that d;; = di;, and mj, = —my; to ensure
the multiplicative skew-symmetry of B. Note that this permits f;; = 1 (when
m, = 0) for any choice of j, k. Let D(E, B) = lem(d;, djx, 1 < 5,k < n).

A priori, T' may not contain 4, so we interpret the imaginary exponents in (1.3)
as follows. Assume that T" contains a D(FE, B)-th primitive root of unity, denoted
by exp(2mi/D(E, B)), where charT 1 D(E, B). All imaginary exponents in (1.3)
then correspond to powers of this element in 7.

Chan, Young and Zhang solved part (1) of this approach for arbitrary skew
polynomial algebras by means of subtle conditions from number theory on the
defining matrix for these algebras [11, Theorem 0.3]. Unfortunately, checking these
conditions is nontrivial even in the instance of a specific square integer matrix.

For PI quantized Weyl algebras this dissertation covers a more explicit deter-

mination covering the first part of this approach. Furthermore, we prove that

Z(APE(T)) = Z(gr AL (T)):
Theorem 1.2.1. Let T be an integral domain satisfying the conditions in (1.3).

(i) The canonical map gr: AZB(T) — gr AEB(T) induces a T-algebra isomor-

phism Z(AZB(T)) =2 Z(gr AZB(T)) if e, — 1 € T for all j.

(i1) For all integral domains T, the following are equivalent for the quantized
Weyl algebra AZB(T):
(a) The algebra gr AEB(T) is free over its center;
(b) The center Z(gr AL-B(T)) is a polynomial algebra;
(c) The algebra AZ-B(T) is free over its center;

(d) The center Z(AEB(T)) is a polynomial algebra;



(e) d;|d; and dji|d; for all j <1 and k € [1,n].

When these conditions are satisfied, then

d

Z(APP(T)) = Ty 1 < j < ). (1.4)

Additionally, Theorem 3.1.1 describes Z(A®B(T)) for all PI quantized Weyl
algebras AZ-B(T). An initial family that satisfies the conditions in Theorem 1.2.1
is the uniparameter case with €; = ... =€, and g;; = 1 for all j, k.

Following the outlined program, we investigate further the algebras AZ-B(T)
which satisfy the conditions of Theorem 1.2.1 (ii), working through parts (2) and
(3). This investigation follows two different paths, one based on deformation theory

and Poisson geometry, while the other uses quantum cluster algebras. Under the

restrictions in Theorem 1.2.1 (ii), D(E, B) is then
D(E,B) = d,. (1.5)
To establish our Poisson algebra we let

X; = o,V =y € Z(APP(T) (L6)

J

and then define the sequence of elements Zy, ..., Z, € Z(AEB(T)) where Z, := 1
and

Z; = —(1— )5V, X; + Z5 for j e [1,n]. (1.7)
Conveniently we find in Proposition 4.1.2 that Z; = z;lj for normal elements
zj =1+ (&1 — Dy + - + (65 — Vyjo; = 35, y,] € ADB(T).

The algebras AZB(T) may be considered algebras over T'[¢*!], for an indetermi-
nant ¢ specialized at a certain value of €. The nature of this specialization induces a

canonical Poisson algebra structure on Z(AEZ5(T)), turning AZ-5(T') into a Poisson



order over its center [8]. We describe this induced Poisson structure on Z(AEZ-B(T))
and the Poisson prime elements of this algebra. With this information we compute
the discriminant of AZ-B(T) over Z(AEB(T)), establishing that it is both dominat-
ing and effective. Definitions are described in further detail in Chapter 2, but we
note here that throughout this dissertation, two elements ¢; and 5 of any integral

domain 7', will be denoted t; =7« t, when t; and t, are associates.

Theorem 1.2.2. Let T be an integral domain. In the setting of (1.3), assume that

the conditions in Theorem 1.2.1(ii) are satisfied and that charT 1 d,, = D(E, B).

(i) The induced Poisson structure on Z(AZB(T)) is given by (4.2). If T = C,

then the only Poisson prime elements of Z(AEB(T)) up to associates are

A/

(ii) The discriminant of AE-B(T) over its center is given by

A(ALP(T)/Z(ABP(T))) =g 20 @70/ g

N2(d1—-1) N2(dp—1
=Tx T]Zl ...Zn (dn ),

N2

where N :=dy ...d, and n:= (N [15—([d; — l]ej!)> €T, see (5.2) for an

alternate expression for n.

(i) Let AZVPY(T), ..., AEVBU(T) be a collection of quantized Weyl algebras satis-
fying the conditions in Theorem 1.2.1 (ii) and A be their tensor product over
T. If charT 1 D(Ey, By)...D(E;, By), then the discriminant d(A, Z(A)) is

locally dominating and effective in the sense of [9] and [5].

This theorem was proved in [11] for the case when n=n; = ... =n; = 1.



Following convention, we set [k], := (1 — ¢")/(1 — q) and [k],! = [1],...[K],
In Theorem 1.2.2 (i) we compute the discriminant using the trace tr: AZB(T) —
Z(AEB(T)) conventionally associated to the embedding AEB(T) — My2(Z(AEB(T)))

via Z(AEB(T))-bases of AZB(T).

In Theorem A.1.2 a general formula for the discriminant
E.B L; L; .
d(fln7 (T)7T[xj]ayj]71§] S’I’L])

is proven for any collection of central elements xfj,yfj € Z(AEB(T)) without
assuming that the conditions in Theorem 1.2.1 (ii) are satisfied. This formula Is
left for the Appendix because of its rather complicated expression.

In writing two proofs of Theorem 1.2.2 (ii) based on distinct approaches, we
note that both proofs not only yield the explicit formulae for the discriminants,
but they also signify the factors of the discriminants with different meanings. Each
approach uses irreducible factors from two different algebras: the first is calculated

from the factors in the centers of the PI quantized Weyl algebras, while the second

with the factors in the whole PI quantized Weyl algebras:

1. The first proof uses the geometry of the induced Poisson structure from spe-
cialization. The factors of this discriminant are precisely the unique Poisson
primes Zy, . .. Z, from Theorem B (i). This proof can be applied to base rings
T of arbitrary characteristics (under certain change of base and filtration ar-
guments), even though pieces in the Poisson geometric setting would require

T =C.

2. The second proof is derived via quantum cluster algebra structures on the
quantized Weyl algebras. There the irreducible factors of the discriminants
on the whole of the quantized Weyl algebras AZ-(T') are the frozen variables

in the quantum cluster algebras.



Combining Theorem 1.2.1 and Theorem 1.2.2 with the results from [9, 5], we
solve the automorphism and isomorphism questions for tensor products on this
family of quantized Weyl algebras AZB(T) restricted by the conditions of Theorem
1.2.1 (ii).

Theorem 1.2.3. Let A = AZVPY(T)®p- - -@p AJVPU(T) for a collection of quantized
Weyl algebras over an integral domain T, satisfying the conditions in Theorem

1.2.1 (ii). Assume that char T 1 D(Ey, By) ... D(E;, B)) and recall (1.5).
(i) If ¢ € Autyp(A), then the following hold:

1) There exists 0 € S; such that n; = ny and p(ALPi(T)) = Al @Bt (p
(9 n;

Mo (i)

for all i € [1,1].

(2) For a given i € [1,1], denote the standard generators of AZ»Pi(T) and
AEZ((:))’B”(” (T) by 1,915+ -+ Tn, Yn and 2,45, ..,2) Yyl where n = n; =

Ne@y- There exist scalars p, vr, ..., i,V € T and a sequence (11, ...,T,) €

{£1}" such that

o(x;) = s,  d(y;) = viyj, if =1,

o(z)) = py;,  oly;) = v}, if ;= —1.

The scalars satisfy the following equalities for B; = (Bx), Bo@) = (Bjx),

Ei — (61,...,€n) and EU(Z-) = (6’1,... 6’).’

’rn

WiV = T; H €', and ¢ = E;j, Vg, (1.8)
1<k<j
Te=—1
, ﬁ;—év Zf Ty = 17
Bl = V) < k. (1.9)

(Ejﬁjk)iij Zf TE = _1a



(i) Every map ¢ on the x- and y-generators of A with the above properties ex-

tends to a T-linear automorphism of A.

(i) The algebra A is strongly Zariski cancellative and LND? -rigid, see §2.3.1 for

terminology.

The special case where ny = ... =mn; = 1 was proven in [11].

Theorem 1.2.3 solves the isomorphism problem for all tensor products of collec-
tions of quantized Weyl algebras AZ-B(T') that satisfy the conditions of Theorem
1.2.1 (ii). In particular, for two such tensor products A and B with the algebra
isomorphism : A 5 B, then for ¢ := ¢ @ ™! € Auty(A @7 B), we have that
the theorem classifies the automorphisms of A ®7 B. In this way all isomorphisms
P A = B can be found. The theorem can also classify automorphisms of a single
quantized Weyl algebra AZ-Z(T') or the isomorphisms between two quantized Weyl
algebras ¢: AZLB1(T) 5 AP2B2(T) which all satisfy the conditions of Theorem
1.2.1 (ii) by specialization. These specializations are outlined and stated in detail

in Sect. 6.3.



Chapter 2
Background and Definitions

This chapter covers several of the important ideas required to understand the
tools used throughout this dissertation and their origins. We begin in § 2.1 with a
general overview of Weyl algebras motivating the existence of their quantizations.
From there we continue on to a brief review of Poisson algebras and their related
properties in § 2.2.

Before we get down to this we give a formal definition of PI algebras.

Definition 2.1. An algebra, A, may be referred to as a polynomial identity (PI) al-
gebra if it there exists a monic polynomial f € Z (xy, ..., x,), where f(r,...,m,) =

0 for any ay,...,a, € A.
Example 2.0.1. Any polynomial algebra over a field K with n-indeterminates is
a PI algebra with f given by f(x1,2z2) = 2129 — 291y

2.1 Weyl Algebras

The first Weyl algebra arises naturally in mathematics and physics as the ring
of differential operators with polynomial coefficients in one variable. In this con-
text we can consider the ring C|x,d,] where the product rule gives the relation
dp (- f(z)) =z (0. f(x)) + f(x). On the level of operators, this leads to the iden-
tity

Op T =2x- 0, + 1.

This quickly generalizes to n-dimensional Weyl algebras where

An =K (@1, 20,005+, Ony) [ < Op,Tj — 2305, — 635 >

10



where ¢;; is the Kronecker delta. To allow for more general setups and divest some of
the notational conventions, the family of operators {0,,, ..., 0, } is replaced by the
indeterminates {yi,...,y,}. These suggested that the rewritten relations, y;z; =
x;y; + 90,5, could be generalized by skewing the multiplicative commutation, so that
Vi = ¢;;T;y; +0;5, and changing the additive deformation, so that y;z; = z;y; +a;;
for a;; € K. Our approach in Definition 1.1.1 combines these two generalization

approaches in a careful balance to ensure that the resulting algebras exist.

2.2 Poisson Algebras and Related Tools

Here we review background material on Poisson structures for algebras, especially
those obtained via specialization. Followed by an overview of recent work on dis-
criminants of noncommutative algebras, their relations to Poisson geometry, and
their applications to the automorphism and isomorphism problems for algebras.

We quickly build up to this material with the following definitions.

Definition 2.2.1. A k-vector space, g, equipped with a bilinear bracket [-,-] :
g x g — g is called a Lie algebra as long as the bracket operation satisfies the

following two additional properties:
1. that it is reflexive so that [z, 2] = 0 for all z € g;
2. that it satisfies the Jacobi identity where
[z [y, 2] + [y [z 2]l + [z, [z, ] = O for all 7y, 2 € g.

The bracket [-,-] above is referred to as the Lie bracket. Lie algebras are not
necessarily associative algebras, but given an associative Lie algebra, the following

can occur.

Definition 2.2.2. An associative Lie algebra (P, {-,-}) is called a Poisson algebra,

when the Lie bracket [, ] is also a derivation, which is to say that for z,y,z € P

{z,y- 2} ={2,y} -z +y- {2}

11



The bracket {-,-} of a Poisson algebra is referred to as the Poisson bracket and
traditionally is denoted with curly braces as above.
2.2.1 Poisson Structures from Specializations
Begin with a commutative integral domain T and let A be a T'[¢*!]-algebra that
is a torsion free T'[¢*!]-module. For any ¢ € T, the specialization of A at e is
given by the T-algebra A, := A/(q — €)A. The canonical projection o: A — A, is
then a homomorphism of T-algebras and specializing induces a canonical Poisson
structure on Z(A,) as well as a lifting of the hamiltonian derivations of Z(A.) to
derivations of A.:

(i) We define the canonical structure of the Poisson algebra on Z(A.) as below.

For each z1, 29 € Z(A,), choose a ¢; € 07!(z;) and set

{21, 22} == 0 ((c162 — e2¢1) /(g — €)).

A straightforward series of calculations will show that the RHS remains indepen-

dent of the choice of preimages ¢;. We then have {z1, 20} € Z(A,) as

[{217 22}7 O'(CL)] = U([[Clv 02]7 a]/(q - 6)) =0, VaeA

(ii) For each z € Z(A,), one can then construct [12, 25] lifts of the hamiltonian
derivation z — {z,z} of (Z(A.),{.,.}) to derivations of A, as follows. We again

choose ¢ € 07!(z) and set

Here, [c,a]/(q¢ — €) is a proper element of A as [0(c),o(a)] = 0, and thus [c,a] €
ker o = (¢ — €)A. Again a straightforward series of calculations will show that the
RHS does not depend on the choice of preimage of o(a) and that 0, is a derivation

of A.. Importantly, derivations corresponding to distinct preimages of z differ by

12



an inner derivation of A.:
9. —0u =ado((c—C)/(g—¢€)), Ve, €a(z).

Brown and Gordon axiomatized the above situation in [8] as the notion of Poisson
order. In this language, the constructions in (i) and (ii) define A, as a Poisson C.-

order for each Poisson subalgebra C., of Z(A,) where A, is a finite rank C.-module.

2.2.2 Poisson Prime Elements
Let (P,{.,.}) be a Poisson algebra which is also an integral domain as an algebra.

We will require the following definitions.

Definition 2.2.3. (i) An element a € P is called Poisson normal if there exists

a Poisson derivation 0 of A such that
{a,2} = ad(x) Vx e P.
Equivalently, a € P is Poisson normal if and only if the ideal (a) is Poisson.

(ii) An element p € P is called Poisson prime if it is a prime element of the
commutative algebra P which is Poisson normal. Equivalently, p € P is

Poisson prime if and only if (p) is a nonzero prime and Poisson ideal of P.

Critically for our purposes below, when P is the coordinate ring of a smooth
complex affine Poisson variety W, then a given f € C[WW] is Poisson prime if and
only if f is both prime and its zero locus V(f) is a union of symplectic leaves of
W, see [30, Remark 2.4 (iii)].

2.3 Discriminants and Their Relations to Poisson Algebras
We begin our examination of discriminants in relation to Poisson algebras with
the following setup. Consider A, an associative algebra with C a subalgebra of the

center of A, Z(A). A C-valued trace on A is a C-linear map tr: A — C such that

tr(zy) = tr(yz) Vr,y € A.

13



When A is a free C-module of finite rank, one can define [31, 9] a discriminant

d(A/C) € C in the following manner. Given any two C-bases B and B’ of A, let
dn(B,B': tr) :== det ([tr(bD)|pespes) s

where N = |B| = |B'|. When B; and Bj are any two other C-bases of A, then

by [10, Eq. (1.10.1)] we have that
dn (B, By: tr) =cx dy(B,B': tr).
One can define the discriminant of A over C' as
d(A/C) =cx dn(B, B : tr)

for any C-bases B and B’ of A. While, more generally, when A is a finite rank C-
module which is not necessarily free, there are descriptions of what discriminant
and modified discriminant ideals of A over C' can be,[31, 9, 10]. They are defined as
the ideals of C' generated by the elements of the form dy (B, B : tr) and dn(B, B’ :

tr), respectively. We define
dy(B:tr) :=dy(B,B : tr).

For A free and of finite rank over the subalgebra C' C Z(A), there exists a natural
C-valued trace map on A, frequently called the internal trace of A. Any choice of
C-basis of A defines an embedding A — My (C), with N the rank of A over C.
This natural internal trace of A is merely the composition of this embedding and
the standard trace, tr : My(C) — C.

In conjunction with the material in § 2.2.1 the following theorem connects our

work with discriminants with Poisson algebras.

Theorem 2.3.1. [30, Theorem 3.2] Let A be a K[¢g*']|-algebra for a field K of

characteristic 0 which is a torsion free Klg=']-module and ¢ € K*. Assume that

14



the specialization A. == A/(q — €)R is a free module of finite rank over a Pois-
son subalgebra C. of its center and that C, is a unique factorization domain as a

commutative algebra.

(i) Let tr: A. — C. be a trace map which commutes with all derivations 0 of A,

such that 0(C,) C C.. The corresponding discriminantd(Ac/C.) either equals

0 or
d(A/C) =cx [ [ v
i=1
for some (not necessarily distinct) Poisson prime elements py,...,pm € Ce.

(i) The internal trace coming from the freeness of A. as a Cc-module commutes

with all derivations O of Ac such that O(C,) C C..

2.3.1 Applications of Discriminants

Beyond providing a useful tool for understanding Poisson algebras in particular,
discriminants play an important role in algebraic number theory, algebraic geome-
try and combinatorics [18, 34]. In noncommutative algebra they are useful for the
study of orders [31]. Of late, they were found to have high utility in the study of
the automorphism and isomorphism problems for PI algebras and in the Zariski
cancellation problem for noncommutative algebras [5, 9, 10].

Here we will review some of terminology and results in Ceken—Palmieri-Wang—
Zhang [9], Makar-Limanov [28], and Bell-Zhang [5]. To do so, we fix a unital T-
algebra A, before choosing a generating set x1, ..., x, of A, such that {1,x,...,x,}
is T-linearly independent. We define F; A to be the filtration of A where degx; = 1,

Vi, ie., Fx(A) = (T.1+ Ty + - - - + Tx,)*. Here, we further define:

Definition 2.3.2. (i) [9, Definition 2.1 (1)] An element f € A is called locally

dominating if for every ¢ € Autr(A):

1. deg¢(f) > deg f and
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2. dego(f) > deg f if deg(p(x;)) > degx; for at least one 1,

where the degrees are computed with respect to the filtration FpA.

(ii) [, Definition 5.1 (2)] An element f € A is called effective if A has (a possibly
different) filtration Fy A whose associated graded algebra is a connected N-graded
domain with the following property. For every testing N-filtered PI T-algebra S,
whose associated graded is a domain, and for every testing subset {y1,...,y,} C S,

satisfying

1. {1,y1,...,yn} is T-linearly independent and

2. deggy; > deg, x; for all j and deggy; > degy x; for some i (with respect to

the filtration FyA),
f has alift f(xy,...,z,) in the free algebra T'(x, . . . x,) such that either f(y1,...,y,) =
0 or degg f(y1,--.,yn) > deg, f.
We note that a stronger notion of dominating elements of algebras was used
in [9].

Definition 2.3.3. (i) An algebra A is called cancellative, if A[t] = B[t] for an

algebra B implies A = B.

(ii)) An algebra A is called strongly cancellative if, for all k > 1, Alty, ..., t;] =

Blty,...,t;] for an algebra B implies A = B.

Denote LND(A) to be the T-module of locally nilpotent derivations of A. Then,

the Makar-Limanov invariant [28] of A is defined to be

ML(A) == (] Kero,
OELND(A)

with ML(A) := A if LND(A) = 0. An algebra A will be called [5, 28] LND-rigid
when ML(A) = A, and strongly LND-rigid when ML(A[tq,...,tx]) = A for all

ke,
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A locally nilpotent higher derivation of A will be a sequence 0 := (9y = id, 0y, . . .)

of T-endomorphisms of A where
a Z 0;(a)t*
j=0

becomes a well-defined T'[t]-algebra automorphism of A[¢]. This requires that for
all a € A, 0;(a) = 0 for sufficiently large j. It then follows that 0; must be a
derivation of A. LND"(A) then denotes the set of such elements, 0. The higher

Makar-Limanov invariant [5] of A is defined by

ML (A) = ﬂ Ker0, where Kerd = m Ker 0;.

AELNDH (A) j>1

We call an algebra A, strongly LND? -rigid, when ML” (A[t,,...,t;]) = A for all
k € Z, and when T is an extension of Q, then A is LND-rigid if and only if it is

LND"rigid, as described in [5, Remark 2.4 (a)].

Theorem 2.3.4. Assume that A is a T-algebra which is a free module over Z(A)

of finite rank.

(1) [9, Theorem 2.7] If the discriminant d(A/Z(A)) is locally dominating with
respect to the filtration F, A associated to a set of generators {xy,...,x,},

then every ¢ € Autr(A) is affine in the sense that p(F1A) = FA.

(i) [5, Theorem 5.2] If A is a domain and the discriminant d(A, Z(A)) is ef-
fective, then A is strongly LND® -rigid. If, in addition, A has finite Gelfand-

Kirillov dimension, then A is strongly cancellative.

We again note that a stronger cancellation property than the one in Theorem

2.3.4 (ii) was proved in [5, Theorem 5.2]
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2.4 Quantum Cluster Algebras

The final major tool to be used within this dissertation are Cluster algebras, which
were first introduced by Fomin and Zelevinsky in [13]. The quantum cluster algebra
was then first defined by Berenstein and Zelevinsky in [7] before later being further
generalized in [23]. One motivation for naming quantum cluster algebras as they
are is that they have, in general, infinitely many localizations that are isomorphic
to quantum tori whose generators are related by cluster mutations. The whole
quantum cluster algebra is then generated by the union of all such generators.

The second proof of Theorem 1.2.2 (ii) in § 5.2 relies on evaluating the discrimi-
nant of a quantum cluster algebra in terms of the discriminants of its corresponding
quantum tori which are more straightforward to compute. This yields a formula
for the discriminant as a product of frozen cluster variables.

Motivation for this approach can be found from the following insight. Given ¢;
that are not roots of unity, the quantized Weyl algebras AZ-®(T') define symmetric
CGL extensions, and thus by [24, Theorem 8.2] there exist quantum cluster algebra
structures on AZB(T) when T is a field. Focusing instead on the PI case, we will
only need two quantum clusters whose intersection is precisely the set of frozen

variables.

Proposition 2.4.1. Let T' be an integral domain, n € Z., and €;, B, € T™, €; # 1

be such that ¢; —1 € T for all j.

(i) The localization of AFP(T)[y;',1 < j < nl is isomorphic to the mized skew-

polynomial/quantum torus algebra over T" with generators
y;ﬂ?'zja je [17n]
and relations

Sp< )
YiYr = ﬁjkykyja ZjZk = ZkZj, ZjYkp = Ekkgjykzp J ke [17 n] (2-1)
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(ii) The localization of AZB(T) [.7:]-_1, 1 < j < nl is isomorphic to the mized skew-

+1

polynomial/quantum torus algebra over T' with generators x5, zj, j € [1,n]

and relations

. . _ékgj .
TixE = €; BT, J < ki zjzk = 2z, 2tk =€, o xrzi, j,k € [1,n].

Proof. Here part (i) follows from the definition of AZ?(T') and from (3.1) that the
elements y;, z; € AZB(T) must satisfy the stated relations. As the generators z;

of AZB(T) can be redefined in terms of the elements y™', z; by

z; = (e, — 1)y (2 — zj-1),

now that y; is invertible, the isomorphism follows. Part (ii) follows in the exact

same manner considering y; in terms of :z:fl, z; and the remaining relations. O

We note as before that the quantum clusters from parts (i) and (ii) of Proposition
2.4.1 correspond to those constructed in [23, Theorem 1.2]. Starting from the CGL
extension presentations of AZB(T) associated to the adjunction of their generators

in the orders

Yny -y Y1, L1y - - T and Ty, oo T, YL, e ooy Yn,y

respectively. While a useful motivating viewpoint, a technical difference arises as
Proposition 2.4.1 allows the scalars €,...,¢€, to be roots of unity other than 1,

while the general result of [23] requires that each of €y, ..., €, not be roots of unity.
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Chapter 3
Centers of Quantized Weyl Algebras

Having established the building blocks of quantized Weyl algebras and other tools,
we describe the centers of those that are PI. In particular, we will classify those PI
quantized Weyl algebras free over their centers by relating this property to other
properties of the algebras and their associated graded algebras. In calculating the
centers of AZB(T) and gr AE-B(T) we assume the relations (1.3). To determine
the grading we fix positive integers y; < x2 < -+ < Xn, and use the N-filtration
on our algebras AZB(T) from §1.1 where degz; = degy; = x;. We denote the
filtered components by F;AZ(T), for j € N. The canonical map gr: AZ5(T) —

gr AZB(T) is determined by
r o+ F;  ARB(T) for r € F;ARB(T), r ¢ F_ ABB(T).
Following the notation from §1.1, we have
T; = gr(z;), ¥; = er(y;)-
Then, as previously mentioned in §1.2 the elements
zii=1+ (e — Dy + - + (65 — Vyjo; = [35,y;] € APB(T),  j€[l,n]
are normal. In fact,
2Ty = e,?ékgj:ckzj, ZiYp = ei’“gjykzj, J. k€ [l,n]. (3.1)

Setting zp := 1, the last relation from (1.1) becomes

xjyj = Gjijj + ijl, ijlﬂfj = l’ij,l, ijjfl = ijlyja ] € [1,%] (32)
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It then follows that

dj dj

d d
xSy =y, Y =y (3.3)

and hence that, xjj , y;lj € AEB(T) normalize all generators xy, yi.
3.1 Proof of Theorem 1.2.1 (i)

To begin we define the set of elements

C(E,B) = {(bl,al, e ,bn,an) € N2n | d]|(bj — CLj),Vj € [1,71],

bi — a:)m.:
Zw—k(ak—k---—kan)% € Z,Vk € [1,n]}.
- d; dg
Which enables the following explicit description of Theorem 1.2.1 (i). We also

define the extension of T', T" := T|[(¢; — 1)"1,1 < j < n].

Theorem 3.1.1. Let T be an integral domain. Assume the setting of (1.3). The

centers of gr ALB(T) and AEB(T") are given by

Z(gr APB(T)) = Spang { [T 977 @y7)" } = spang { [[75' ), (39)

Z(AS‘,B(T/)) _ SpanT/ { H y}nax{bj70Lj,0}2r'nin{bj,aj}xr'nax{aj7b]~,0}}7 (35)

J J
whose spans range over (by,ay, ..., by, a,) € C(E,B).

The T'-algebras Z(AEB(T")) and Z(gr AZB(T")) are isomorphic.

Conveniently, the theorem implies that for all integral domains 7', the center of

AEB(T) is given by

Z(AE’B (T)) _ Sp&HT/ { H y;nax{bj—aj,O}Zmin{bj,aj}xmax{aj—bj,O}} ﬂ AS’B<T)

J J

avoiding added unpleasantries from 7”. The spanning set here consists of monomi-

als of 2 factors which are powers of the normal elements yjj ) 2y x?j of AZB(T).

Proof. We begin by defining a generic central element r := 72'Z" ... 7 Z% From

(3.1) we have that the elements z; are normal requiring

_ b;i—a; _
(grz)(grzi—1)'r = ¢/ “r(grz)(grz1) ",
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implying that d;|(b; — a;) by the grading. As r must be normal, the identity 7y, =
Y1 forces

b — a: ).
ZM+(ak+...+an)%€Z.
k

establishing the inclusion C in (3.4). In the opposite direction, we have that
gr(z;) = (¢; — 1)7;T; where the elements of the set {Z;,7; | j € [1,n]} gener-
ate gr ALB(T) and thus D holds as well.

It is straightforward to then see the inclusion C in (3.5) follows from the fact that
gr(Z(AEB(T"))) C Z(gr AEB(T")). Then D is proved by a series of calculations
stemming from the fact that z;, x;lj and ygj are normal elements of AZB(T), these
must then normalize the generators xy, yi, enabling the application of the first
four relations in (1.1) along with (3.3).

The isomorphism of T"-algebras Z(AEB(T")) & Z(gr AE-B(T")) is determined in
a canonical manner by r — grr. Here r ranges over the T"-basis of Z(AZB(T"))
expressed by the RHS of (3.5). The fact that the elements I;lj , zj and y;lj normalize

each other, along with the congruences in (3.4) and (3.5) complete the proof. [

3.2 Proof of Theorem 1.2.1 (ii)
The proof of Theorem 1.2.1 (ii) is requires a more elaborate setup. To begin with,
the fact that (a) < (b) in Theorem 1.2.1 (ii) is a general fact for skew polynomial
algebras as determined in [10, Lemma 2.3].

Next, we demonstrate the sequence of implications (¢) = (a) = (b) = (e) =
(c). When (c) is satisfied, AZ-B(T") is a free module over Z(AZB(T")), and an
examination of the leading terms of its basis in conjunction with the fact that

Z(APB(T")) =2 Z(gr AZ-B(T")) (Theorem 3.1.1), proves that (a) holds.
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Again using [10, Lemma 2.3], (a) = (b) and when (b) is satisfied, then Z(gr AZ-5(T))

is a polynomial algebra over 7" with generators 71, ¥y, ..., Tn, ¥,. Thus,
Z(gr AE’B(T)) = T[Eglvg’flj S 75#’??;"]

for a a collection of powers g1, hy,...,gn, hy € Z,. By its explicit description of

the centers, Theorem 3.1.1 implies that
(Fj1%-1)°(7,75)" € Z(gr AP(T))

for all ¢ € N such that di|(c + d;) for £ < j. Focusing on the second term,
(7,7)% € T, ..., @9, 7' ] by assumption it follows that g;|d; and h;|d;.
Additionally, the last commutation relation in (1.1) gives that d;|g; and d;|h; and

thus we have that g; = h; = d; for all j € [1,n]. Furthermore,

Z(gr APB(T)) = T8, 7, ... 70 ).

Y n

Since T;lj g% € Z(gr AE-B(T)), the first and fourth relations in (1.1) yield
B =1 for kelln], (fy)¥ =1 for k<j.

Thus, ezj = 1 for k < j and dj;|d; for all k and di|d; for all k& < j, establishing
that (b) = (e).

Next by assuming (e) we will establish the following
C(E,B) = {(al,bl, ey Oy, bn) c N2n | dj|CLj and dj|bj, \Vlj} (36)

The first part of the definition of C(E, B), requires that d; | (a; — b;) and by (e),
dji | dj, Vk. The second part of the definition of C(E, B) becomes d, | (a + - - - +
an), Vk.Since di | d; for k < j by starting with £ = n and working towards k£ = 1

one may deduce that this condition is equivalent to: di|ay for all k. Then we may
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use that Theorem 3.1.1 and (3.6) imply (1.4), and thus (c) is true. Hence (e) =
(1.4) = (c).

We conclude this by establishing we show that (e) = (d) = (b). It follows that
(1.4) = (d) and we earlier proved that (e) = (1.4), so (e) = (d).

Assuming instead that (d) is satisfied. It then follows from (3.5) that
Z(APA(T) = Z(A7P(D) @r T,

describing Z(AE-B(T")) as a polynomial algebra over T". As Z(AEB(T")) = Z(gr AZB(T"))
as T'-algebras by Theorem 3.1.1, we find that Z(gr AZB(T")) is a polynomial alge-
bra over T”. For the center of a skew polynomial ring to be a polynomial algebra de-
pends on its structure constants rather than the base ring. Therefore Z(gr AZB(T))

is a polynomial algebra over T', so (d) = (b) which completes the proof. O

Example 3.2.1. If we examine the case where n = 2, with 3, = 1 for all j, k.

Then,

C(E,B) = (Z(d4,0,0,0) + Z(0, d;,0,0)+

+ Z(—ds, —ds, d2,0) + Z(0,0,0, ds)) N N*.

Were d; 1 ds, then we have that Z(gr AYP(T)) and Z(AYP(T)) are not a polyno-

mial rings.
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Chapter 4
The Poisson Structure of Z(AX5(T))

In this chapter we describe the Poisson structure induced on the centers of the
PI quantized Weyl algebras by characterizing them as specializations of general
quantizations at roots of unity. This characterization will allow the results of [30]
described in §2.3 to be brought to bear on the questions at hand. Once the Poisson
structure is established we define the exact Poisson primes of Z(AZ5(T)). The
material here extends the background introduced in Chapter 2, enabling proofs of
Theorem 1.2.2 (i) & (ii) in Chapter 5 to follow.

4.1 The Induced Poisson Structure

We begin by defining AZ-5(T),, the algebra over T'[¢*!] with generators T;, ¥;
and relations following (1.1) substituting ¢%™/4 for each ¢; and g™s*/%r for
each (., with ¢ a general indeterminate and AZ?(T), a domain. Now define
¢ = exp(2mi/d,) € T, giving ¢; = e¥»™i/4i and B = eln™ik/dx Then AEB(T)

is the specialization of AZ®(T), at ¢ = € as proven in the following lemma.

Lemma 4.1.1. For any integral domain T, there is a unique T'-algebra homomor-
phism o: APB(T), — AEB(T) such that o(Z;) = x;, o(y;) = y;, o(q) = €. Its
kernel is ker o = (q—€)AEB(T),. The map o realizes AZP(T') as the specialization

of ABB(T), at q = e.

The proof, while straightforward is not particularly enlightening and has been
omitted.

With the map o well-defined, we may proceed to use this specialization to induce
a Poisson structure on Z(AEB(T)). We begin by recalling (1.6) and (1.7) where
X;,Y;, Z; € Z(AEB(T)) are defined.

jrLj
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Proposition 4.1.2. Let T' be an integral domain and assume that the conditions

in Theorem 1.2.1 (ii) are satisfied. Then
o(Z)h = 2 = Z; € Z(APP(T)). (4.1)

The induced Poisson bracket on Z(AZB(T)) is given by

{X;.Y;} = myd;d,e” (XJYJ —(1- Ej)_dj i-1); vj,
xdidgd, ,
{Y]aYk} = Wlﬂi%eily}ykv v]a ka
ik
pedidyd, ,
(X, Y} = —%e—lxjyk, j<k, (4.2)
J
Ak = jdpdy Iy Tk ) ks J <K,
X;, Xy} = djdyd e X;X <k
d] djk
{ Yk} d dyd,, (mk + %> EilXij, g > k
dip  dgj
satisfying
{Zj,Xk} = —5k§jdjdkdne’1Zij, (43)

{ } 6k<3d dkd E_IZ Yk, {Zj, Zk} = 0, Vj, k.

Proof. Beginning with the equation (3.2), we find that

Zldjz

d. ) . -1)/2 d d
= (e = Dy + 251)% = (g — 15 @2y hal 4 Z Ly + 2

for some t; € T'. One can verify this directly by using the ¢g-binomial identities, but
a slicker approach notes that Z(AZP(T)) is generated by z* y* k € [1,n] and

since z € Z(AZB(T)), t; = 0 for all i. Therefore,
o) =2 = (o = )G TPl o

As

1+-4(d;—1 -
e b = (dit (4.4)
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holds, (4.1) follows from the definition (1.7) of Z; by induction on j.

From the first relation in (3.2) we can get

d;i—1
~d;~d; mididy ~dj~d; ~j~i ~d;—1
T - = ) LA
=0
d;
for to=[J(1+q™m/% 4 4 g*Dbmlh) 4 e Tg*).
k=1

Then, since (1.4) implies a(tj}fiﬁj”_?/(q —¢)) =0 when 0 < ¢ < d; we have

dj dj _ dj d

{Xjayj}za< BCEC > = mydjd,e N (X;Y; — (1 —¢;) % Z; 1)

q—¢€

Having taken care of the first relation, the remaining Poisson brackets between
{X;,Ys | j,k € [1,n],j # k} follow from the defining relations of AZ#(T'),. Simi-

larly, the Poisson brackets in (4.3) follow the normalizing identities in AZ#(T),

~~ Opeidn i~ ~ o~ ~ Spcidnfdo~ ~ o~~~ o~
Zjxp = q I n/ T4z, 20k = O GT ZE = 3,

mirroring (3.1) and holding for all j, and k. O

4.2 Poisson Prime Elements of Z(AZP(T))

Having established the Poisson structure of Z(AEB(T)), we can now classify its
Poisson primes. Restricting ourselves to the conditions of interest delineated in
Theorem 1.2.1 (ii) and to the case where 7" = C, we denote by 7 the Poisson
structure on SpecZ(ALB(C)) =2 A?" corresponding to the Poisson bracket above in
Proposition 4.1.2. Following the definitions (1.6)—(1.7) of the elements X, Y}, Z; €

Z(APB(C)) laid out in Chapter 2 we find the following.

Proposition 4.2.1. For T' = C and under the conditions in Theorem 1.2.1 (ii),

the following hold:
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(i ) The Poisson structure m is symplectic on the complement of

(U V(X5)) U (U V(Z))). (4.5)

(ii) The Poisson prime elements of (Z(AEB(T)),{.,.}) are Zy,...,Z,.

Proof. We begin by letting the complement of (4.5) in A?" be labeled W. The
recursion (1.7) is linear and thus the elements Z; € Z(AZP(C)) must be irre-
ducible and hence prime. Similarly, the functions {Xj, Z; | j € [1,n]} thus form a
coordinate chart on W.

Then (i) is established by the fact that {X;, X3} € C[Xy,...,X,],{Z;,Zx} =0
and {Z;, Xy} = —Op<;d;dpd, Z; X.

To establish (ii) requires modestly more work. The brackets in Proposition 4.1.2
demonstrate that Zi,...,Z, are Poisson prime elements of (Z(AZ5(T)),{.,.}).
While Proposition 4.1.2 simultaneously shows that the elements X; are not Poisson
normal, and cannot then be Poisson prime. Given f € Z(AEB(T)) to be any other
Poisson prime element, then, as W is symplectic and the zero locus of a Poisson
prime element consists of a union of symplectic leaves (§2.2.2), V( f) would intersect
W nontrivially forcing V(f) D W. But this is then a contradiction, so no other

Poisson prime element f € Z(AZB(T)) can exist. O

Pleasantly, the combination of Proposition 4.1.2 and Proposition 4.2.1 prove

Theorem 1.2.2 (i).

28



Chapter 5
Two Proofs of Theorem 1.2.2 (ii

This chapter consists of two distinct proofs of Theorem 1.2.2 (ii). While previous
work [17, 23, 24] has shown that there are close connections between Poisson
geometry and cluster algebras, the two proofs here should not necessarily be seen

as a continuation of this idea. In fact, as mentioned previously, the two proofs
describes the irreducible factors of distinct algebras. The first proof focuses on the
Poisson primes of Z(AZB(T)). While the second proof uses the cluster algebra
structure of the entire algebra AZ-B(T).

5.1 A Proof via Poisson Geometry

We begin our first proof via Poisson geometry by denoting tr: AZB(T) — Z(AEB(T)),
the internal trace associated to the natural embeddings AZB(T) — My2(Z(AZB(T)))

by Z(AEB(T))-bases of AZB(T), where N =d; ...d,. Here
B = {a:lllyll1 .. .xﬁ%yi{‘ | lj,l;- € [0,d; — 1]}

defines a Z(AZB(T))-basis of AZB(T). The goal is to show that

eMdy2 (B : tr) = nz¥ D/ g N 1) dy (5.1)
= nz{vz(drl) . zflvz(d”’l)

for some m € Z determined by E and B, with n € T is the scalar defined by

Theorem 1.2.2 (ii), and € = exp(2ny/—1/d,,) € T* as in §4.1. Here

n= <N2(1 — )BT (1 - en)_d”+1>N2, (5.2)

because

(1— )bt H(1 tetote)=J[A-¢€) =4, (5.3)
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Importantly, d;(1 — ¢;)"% " € T*. Now as AZB(T) is defined over Zle] with
B C AEB(Z]e]), it will suffice to prove (5.1) for T' = Z[e], and thus we assume that
T = Zle|.

Using the filtration of AZB(T) from §1.1, and following [10, Proposition 4.10],
we have that

grdy2(B : tr) = dy2(gr B : tr).

But by Theorem 1.2.1 (i) gr B is a Z(gr AZP(T))-basis of gr AZ-B(T), and so the
right hand side of the equation uses the internal trace of gr AZ-B(T) relative to this
basis. We can then apply [10, Proposition 2.8] as gr AZB(T') is a skew polynomial

algebra, to find that
€™ dy2(gr B : tr) = N>V (7)) @Y (z,7,)Y @D
for some m’ € Z. As grz; = (¢; — 1)T;y;, (5.2) implies that
€™ grdy: (B : tr) = £ gr(z{\ﬂ(dl_l) . zflvz(dn_l)), (5.4)

where + = (—1)N*(@t+dn=n) 3 power of € by (4.4). The process of working with
T is simplified by first passing from T' = Z][e] to its field of fractions. Thus to prove
Theorem 1.2.2 (ii), it is suffices to cover the case where T' = Q(e) and, by extension,

the case where T' = C. We therefore assume that 7" = C. Then combining Theorem

2.3.1 and Proposition 4.2.1 (ii), yields

d(ABP(C)/Z(ABP(C)) =cx #1200 (5.5)

n

for some s1,...,s, € N, but (5.4) shows that s; = N?(d; — 1) for each j €
[1,n]. This resolves (5.1) for "= C. The first and second equalities are related by

Proposition 4.1.2, where Z; = zj-lj , and second equality for 7' = C directly follows

by combining (5.5) and (5.4). O
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Remark 5.1.1. We note that a nice conceptual proof of the fact that the discrim-
inant formula in Theorem 1.2.2 (ii) does not depend on the matrix B comes from
the use of 2-cocycle twists [1]. To begin, one may denote by 1, the n X n matrix

filled with 1’s. Then AZ!"(T) and AE-B(T) are Z"-graded by
degy; = —degx; = e,

where ey, . .., e, is the standard basis of Z". The algebra AZB(T) can be obtained

from AZ(T) by the 2-cocycle twist [1] via the cocycle

VLXZL =T, ~(ejex) = 'Y(Gk,ej)_l =\/Bjr, J<k.

When AE-B(T) is of the type required for Theorem 1.2.1 (ii), then so is AZ!(T).
Both algebras have centers generated by x;lj , y;-lj , with the twist on ZF1n(T) triv-
ial, which is to say that it leaves the product invariant with respect to the twist.
By checking the degrees, one can verify that the trace of a homogeneous ele-
ment of AE"(T) is also invariant under the twist implying that the two discrim-
inants d(AZB(T), Z(AEB(T))) and d(AE(T), Z(AE1(T))) are equal. Similar
arguments can establish the independence of the discriminant formula in Theorem
A.1.2 on the entries of the matrix B.

5.2 A Proof via Quantum Cluster Algebras

As above we will show that it is sufficient to prove the theorem in the case when
€;—1 €T for all j, and then proceed to do so. Starting with an arbitrary integral
domain 7', let

T=T[(—-1)""1<j<n]

Assuming that the theorem is valid for 7", by (5.2), we have that

d(ABE(T) | Z(APB(T'))) =y N2V 207D ),

n
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Therefore,
d(ARP(T) | Z(ATP(T))) =pe yN>N 2O oD,

for some v € T'. Again following [9, Propositions 2.8 and 4.10] and using the same

argument as on (5.4),
gr d(AZB(T) ) Z(AZB(T))) =« n(grz0)N @D . (grz,)V @1

with respect to the filtration originally defined in §1.1. This implies that v N2V =7
7 and

d(AgVB(T)/Z(AE,B<T))) —x nziVQ(dl 1) ' Z’rjlv2(d"_1)‘

Henceforth we assume that ¢; — 1 € T for all j. Let A(y,z,7T) be the skew
polynomial algebra over T with generators y;, z;, for j € [1,n] and relations (2.1).

Then Proposition 2.4.1 (i) implies that
ABB(T) [y 1 < j <n] =2 Ay, 2, T)ly; ¥, 1 < j <n]

and we label this algebra A. As Z(AEB(T)) = Tz j ,yj ,1 < j < n], in conjunction

with (1.7) and (4.1) we find that

Z(A) =Ty " %

J’J’

'1<j<n|] and Z(A(y,z,T)):T[y],],1<j<n]

Now both A and A(y, z,T) are free over their centers, and since A is a central
localization of both AZB(T) and A(y, z,T), the internal trace tr: A — Z(A) is an
extension of the internal traces tr: AZB(T) — Z(AEB(T)) and tr: Ay, 2,T) —

Z(A(y, z,T)). Furthermore,

d(A7P(T) ) Z(APP(T))) =z« d(A)Z(A)) =z d(Aly, 2, T)/Z(Aly, 2,T))),
(5.6)
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so by [10, Proposition 2.§]

d(Aly, 2, T)/ Z(A(y, 2, T))) =px N2V M@= N d—1)

n

noting that N € T*.

From (5.6) we have that

d(AEE(T) ) Z(ABB(T))) =g NV gyl 0 i)

n

for a given h; € Z. While Proposition 2.4.1 (ii) implies that

d(ABB(T) ) Z(ABB(T))) =g NNt ggndn N0 N2 (dn)

n

for some g; € Z. As APP(T) is a domain and can be characterized as an iterated

skew polynomial extension, we have that

hidy hndn __ g1dy d
y Ly =k T

which can only occur when g; = h; = 0 as
{yh .. .yfj:r;ll/l ol | lj,1; € N}
defines a T-basis of AZ-B(T). Therefore

A(ALB(T)/Z(ABP(T))) = NV A0 N,

n

and Theorem 1.2.2 (ii) is now proven in a second manner. O

Remark 5.2.1. Chan, Young and Zhang [11] in their proof of the case n = 1 of
Theorem 1.2.2 (ii) also implicitly utilize quantum cluster algebras, despite their
proofs apparent differences. They generate a quantum torus using the elements y,
and y; *z;. Whereas in the above proof one of the clusters is defined by the cluster

variables y, 21, defining the same quantum tori in both proofs.
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Chapter 0

Automorphisms and Isomorphisms of PI
Quantized Weyl Algebras

This final dissertation chapter focuses on the study of tensors of quantized Weyl
algebras, in doing so it completes the proofs of Theorem 1.2.2 (iii) and Theorem
1.2.3. In doing so we first revisit the conditions of effective and locally dominating
functions covered in §2.3.1, defining two new filtrations on our algebras, distinct

from those outlined in §1.1 in order to facilitate working with these definitions.

6.1 Discriminant Properties of PI Quantized Weyl Algebras
To begin our consideration of tensors of quantized Weyl algebras AZ051(T), ..., AF»PH(T)

we begin with the following definitions. Let
l
Z(A) > 2(A) = {7, € 2(A5P(T))}

be the union of the Poisson prime elements over the center of each quantized Weyl
algebra while z

A5 2(4) = |z € ABP (1))
be the union of all normal elements of each quantized Weyl algebra and z(A) C A

and y(A) C A define the collections of all  and y-generators of A. Then Theorem

1.2.2 (iii) can be completed by proving the proposition below.

Proposition 6.1.1. Let AP2PY(T), ..., AP"BI(T) be a set of quantized Weyl al-
gebras over an integral domain T' of characteristic 0, satisfying the conditions in
Theorem A (ii). Let A be their tensor product over T'. The discriminant d(A, Z(A))
18

(i) locally dominating and

(ii) effective.
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Since

A(A/Z(A)) = d(APSP (T) | Z(ABP(T))) .. d(ABPI(T), Z(ABPU(T))),  (6.1)
Proposition 6.1.1 (i) then follows by Lemma 6.1.2 below and Theorem 1.2.2 (ii).
Lemma 6.1.2. Let ¢ € Autr(A).

(i) For each z € z(A), deg¢(z) > 2.

(11) If deg ¢(x) > 1 for at least one x € x(A) or degp(y) > 1 for at least one

y € y(A), then deg ¢p(z) > 2 for some z € z(A).

We define by {F; A} the first new N-filtration of A with degrees on the generators
of

degz =degy =1 forall x € x(A),y € y(A). (6.2)

Proof of Lemma 6.1.2. To prove part (i) we first note that a series of calculations
verifies that the normal elements of AZ#Pi(T) in the first degree of the filtration,
F1AE:Pi(T) are those of the form T.1 and they are simultaneously central elements.
As ¢ is an automorphism, it follows that ¢(z) remains a normal element in A for
every z € z(A). But ¢(z) cannot be central, and thus ¢(z) ¢ F A.

To verify part (ii) we begin with ¢ € Autr(A) such that dego(z) > 1 or
deg ¢(y) > 1 for at least one x € x(A) or y € y(A). In this event we have i € [1,]]
and j € [1,n;] so that the z- and y-generators, T1,y1,...,Tn,, Yn,, of AL#P(T),

satisfy
deg p(x) =degp(yr) =1 for k<j and dego(z;) >1 or dego(y;) > 1.

Then as z; == 14 (e; — )yix1 +- - -+ (e; — 1)y;x; it follows that, deg ¢(x;)p(y;) > 2
and

deg(1 + (1 — D)o(y1) (1) + -+ + (€-1 — Do (y;—1)d(z;j-1)) < 2,
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and hence deg ¢(z;) > 2. ]

Remark 6.1.3. It is worth noting that the discriminants considered in [9, 10, 11]
have unique leading terms in certain generating sets as a general property, which
is to say they are linear combinations of monomials, where the powers of the
trailing monomials are componentwise less than those of a leading one. This implies
the (global) dominance by those discriminants following [9, Lemma 2.2 (1)]. Our
discriminants described in Theorem 1.2.2 (ii) do not possess this property in general

and the proof of their local dominance is thus more involved.

To demonstrate the effectiveness of discriminants of PI quantized Weyl algebras
we now consider our second new filtration on A. Using the trivial filtration on A,
where FyA := A we then let R be any “testing” filtered PI T-algebra. Choosing
elements 6(z),6(y) € R corresponding to each = € z(A), y € y(A) ensuring that
there exists an x or y, where 0(x) ¢ FoR or 0(y) ¢ FyR. Again, there exist i € [1,]
and j € [1,n;] such that the z- and y-generators z1,y1,. .., Tn,, Yn, of ALPi(T)

satisfy
degO(xy,) = degb(yx) =0 for k<j and degfd(z;) >0 or degf(y;) > 0.
And thus,
deg(1+(e1=1)0(y1)0 (1) +- - -+ (€1 =1)0(y;-1)0(x-1)) € Folt, 0(x;)0(y;) ¢ FoR.
Again ensuring that
1+ (e = DOy)0(x1) + -+ - + (¢ = 1)0(y;)0(x;) & FoR.

The discriminant d(A/Z(A)) is then effective by (6.1) and Theorem 1.2.2 (ii).
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6.2 Classifying AutT(®§:1(A5:,B¢))

As above and in Theorem 1.2.3 we let A be a tensor product of quantized Weyl

algebras. For this section we will require the additional notation:

E(A):{EGTX |€:HEE1U"'UEZ};
L(r)y=4{r"e FA|r" =e'r} forre A, ec E(A)U{l},

L= @ Lr). L= P L),

€ E(A)U{1} c€E(A)

Having established this, we proceed directly to the proof of Theorem 1.2.3.

Proof of Theorem 1.2.3. To prove part (i) we again let ¢ € Autr(A), and now
let K be the field of fractions of T. Extending ¢ to a K-linear automorphism
of Ax = A®r K, we use ¢ to refer to both with context for clarification. ¢
then induces a K-linear automorphism on the polynomial algebra Z(Ayg) (estab-
lished in Theorem 1.2.1 and naturally extended to the finite tensor). Likewise,
we have that ¢(d(Ax/Z(Ak)) =xx d(Ax/Z(Ak)). As before the prime divisors
of d(Ax/Z(Ax)) € Z(Ax) are Z(A) and thus, for every Z € Z(A) there exists
ag € KX such that ay'¢(Z) € Z(A).

Given z € z(A), there exists ¢(2)* € Z(A) for some k € Z, . It then follows from
the previous conclusion that given any z € Z(A), there exist 2’ € Z(A), as well as

k., k' € Z, and oy € K*, such that

B(2)F = ap(2).

Using again the filtration (6.2) of A. We have that d(Ax/Z(Ak)) is locally domi-
nating, and by Theorem 2.3.4, ¢(F;Ax) = F1Axk so, ¢(z) € Fy Ak, but by Lemma
6.1.2, ¢(z) ¢ F1Ak. Similarly, we find that 2’ € FoAx and 2’ ¢ F; Ak. Therefore,

k" = k by equivalence of degree in the filtration. As both 2/, ¢(z) € FA are normal
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elements, (3.1) imply that 2z’ and ¢(z) commute. Hence ¢(2)* = ag(2')* requires
that 2/ = a(z) for some a € K, necessarily in K, as 2/ € Ag. Thus
for every z € z(A) there exists o € K* such that a™'¢(z) € z(A). (6.3)

Now, for i € [1,1] we have z € z(A) where L£*(z) = AF#Pi and for each z €
z(A)NALPi we have L*(z9) € ALPi. Then Theorem 1.2.3 part (i) will follow from
¢(F1A) = F1A by applying Theorem 2.3.4 and using the fact that d(Ax/Z(Ak))

is locally dominating.

/

To do so we begin by letting z1,...,2,, and 21,..., 2,

. denote the sequences
. Eo‘ 7 7Bo' [ .
of normal elements in AZ% and A,7)"""" belonging to z(A). Choose z = 1.

Then by (3.1), we have £*(z;_1) € L*(z;), Vj € [1,n;]. In conjunction with the

=

facts (6.3) and that ¢(F1A) = F1 A, there must exist a corresponding sequence

ag, ..., q, € K* such that
¢(z;) = a;2; for j € [1,n]. (6.4)
By (3.1) we have that for all € # 1

L(z)) N Ly(zj_1) #0 if and only € =

J

and

‘Cej_l(zj> N Ll(ijl) = TLC]', Eej- (Zj) N £1<Zj,1) = T’y]

Then equation (6.4) and the fact that ¢(F1A) = F1 A implies that either

P(x5) =pj;, ¢(y;) =vjy; or (6.5)

o(x5) =H5Y;, o(y;) =v;z; (6.6)

for some p;,v; € T. Considering the same setup for ¢~ gives u;,v; € T then

7; = 1 describes the first case and 7; = —1 the second case.
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Recalling that [x;,y;] = z; yields a; = 7,15, i.e.
P(z) = Tj,ujyjz;. (6.7)

The two equalities in (1.8) then follow by applying ¢ to our identity x;y,; —€;y;x; =
z;—1 and using (6.7) given (6.5) or (6.6). Likewise (1.9) follows from applying ¢
to the homogeneous defining relations of AZ-#(T) and using (6.5) or (6.6), which
concludes part(i).

By contrast, part (ii) can be shown directly, while part (iii) combines Theorem
1.2.2 (iii) and 2.3.4 (ii) with the fact that the quantized Weyl algebras have finite

GK-dimension. O
6.3 Special Cases of Theorem 1.2.3 (i)-(ii)

It is worth covering two important special cases of Theorem 1.2.3 (i)—(ii) in more
detail. The following two corollaries classify the automorphisms and isomorphisms

of PI quantized Weyl algebras.

Corollary 6.3.1. Let AEB(T) and Af,/’B/(T) be two quantized Weyl algebras
over an integral domain T satisfying the conditions in Theorem 1.2.1 (ii), where

E=(e,...,6), B' = (é),...,€,), B= (Bjx) and B' = (B};). Then the algebras

) ~n/

!

AEB(T) and AE,/’B (T') are isomorphic if and only if n' = n and there exists a

sequence (T1,...,T,) € {£1}" such that

B;—]Jga Zf Tk = 17

! Tj - !/
€, =¢'s Vj and B =

Vi< k.
(6;Bik)" ™, if 7o =—1,

This theorem for the non-PI case was found in [22], while the theorem for the
case where n = 1 was obtained in [15, 11]. All homogenized PI quantized Weyl
algebras were discussed by [16] building on the results of [4] for the isomorphism
problem on N graded algebras. But this last result does not apply to quantized

Weyl algebras as they lack a nontrivial N-grading.
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Corollary 6.3.2. Let AZB(T) be a quantized Weyl algebra over an integral domain

T satisfying the conditions in Theorem 1.2.1 (ii).
(1) For all scalars py, vy, ..., fin, Uy € T such that pv; =1, V7,
o) = mizj,  dy;) = vy
defines a T-linear automorphism of AZB(T).

(i1) Assume that for some k € [1,n], ¢ = —1, szk =¢; for j <k, 5]2k =1 for
Jj > k. For all scalars pi, vy, ..., pn, vy € T such that pjv; =1 for j < k

and pjv; = —1 for j >k,

o(x;) = iz,  d(y;) = vy;, for all j #k,

O(zr) = pyr,  O(Yr) = ViTk
defines a T-linear automorphism of AZB(T).

All elements of Auty(AE-B(T)) have one of the above two forms.
In particular, Auty(AZB(T)) = (T*)" x Zsy if the pair (E, B) satisfies the con-
dition in (2) for some k € [1,n] and Autr(AZP(T)) = (T*)™ otherwise.
Importantly, when Corollary 6.3.2 (ii) is satisfied, then in Theorem 1.2.1 (ii)

when it requires that d;|dj, for j < k, this implies that ¢; = —1 for all j < k.

The theorem in the non-PI version was obtained in [33], while the case of the

theorem for n = 1 was found by [11].
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Appendix:
The Generalized Discriminant Formula

This appendix contains the proof for a general formula for the discriminants of PI
quantized Weyl algebras over polynomial central subalgebras generated by powers
of pairs of the standard generators of the Weyl algebra. The proof comes from
an extension the approach from Sect. 2.4, which used quantum cluster algebra

techniques then combined with ideas from field theory.

A.1 Setting Up the Generalized Formula

In this section we will work with algebras that are slightly more general than
the quantized Weyl algebras AZZ(T) to enable the use of inductive arguments.
Working over the commutative integral domain 7', we define AZ5¢(T) over the in-
determinate ¢ to be the T'[c]-algebra with generators z1,y1, . . ., Tn, Yn and relations

(1.1), but with the final relation redefined to be

-1

;= €yir; = ¢+ Y _(ex — Dygwy, k.
k=1

.

The T-algebra AZB(T) is then the result of specialization:
A7P(T) = AZPAT) (e — DA P(T).

Assuming again (1.3), for j < k, let

/
myo o Mgk Mg

dj  dy,  d,

where m), € N, d;, € Z, such that ged(mf,,d},) = 1 and define d); = d,.
Fortunately, Theorem 1.2.1 and 3.1.1 remain true in this slightly more general

situation. In fact Theorem 1.2.1 (i) directly implies the following lemma.

Lemma A.1.1. Forl € Z, the following hold:
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(i) « € Z(ADP<(T)) if and only if % € Z(AFP(T)) if and only if

lem(d;, )y, 1 < k < n,k # )|l

(it) ys € Z(ALP(T)) if and only if ys € Z(AFP(T)) if and only if

lem(d;, djg, 1 <k <n,k # j)|l.

Now, every polynomial central subalgebra of AZ5:<(T) of the form
C=Tle,xtr, ykr, . .. alr yEn], (A.8)

has AZB<(T) as a free C-module. We define tr: AZ5¢(T) — C to be the internal
trace function associated to the embedding of AZB¢(T) < M, (C) over C-bases of
AEB(T) where

AN=L% . L2

For AEZ-B<(T) satisfying the conditions of Theorem 1.2.1 (ii) with L; = d;, this
becomes the trace map of §5.1 under the specialization ¢ = 1.

Continuing in the general case as in the case for ¢ = 1, we show that
zj=c+ (6 — Dy + - + (6 — Dy;z; = [z5,y)]
are normal elements of AZB<(T) satisfying (3.1). Beginning with zy = ¢, we find

that

z; = (¢ — D)yjz; + zj—1  and z;-ij =—(1-— ej)djy?jxjj + zjil (A.9)

for j € [1,n], with the second identity is verified in the same manner as its twin in
Proposition 4.1.2. Again we have that :L‘;-lj and yjj commute.
Setting up our induction, let E™ := (eg,...,€,) and B” be the (n — 1) x (n — 1)

submatrix of B obtained by deleting the first row and column.
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Then by Lemma A.1.1, given 21", yi*, ...zt yln € Z(AZB4(T)), then

d;| Ly, for j <k. (A.10)

Theorem A.1.2. Let AZB<(T) be an arbitrary PI quantized Weyl algebra over

an integral domain T|[c| satisfying (1.2). For a choice of central elements

ot oyt ok gk € Z(ARB(TY),

n

denote A, = ABB(T) C, = Tle,al yb, . aln yln] and A,_y = AZ B (1),

) n

Cnfl = T[C/7$§27y2L27 s 7xﬁn7ynn] forn > 17 AO = CU = T[Cl] forn = 1.

(i) The discriminant d(A,/C,) is a polynomial in c&d(E1-Ln).

(i1) By part (i) and (A.10) the discriminant d(A,—1/Cn-1) is a polynomial in
()%, which will be denoted by d(A,_1/Cpn_1)(()4). We have,
A(Ap /Cr) =g OB =AY La=dDA Ly () _ ¢ yEag b Ly (d=DA/Ls

Ly/d1—1

< T A /C) (@ = ¢ = e) )],
i=0
where A = L2 ... L2, 0 = LNLi(1 — )~ 42 and ¢ is a primitive Ly /d,-st

root of unity.

Here we have that C;* = C;"_; = T[¢]* = T, usefully connecting back to the fact
from (5.3), that d;(1 — ¢;)"® % € T. Before continuing our proof let us consider

two examples for small n.

Example A.1.3. (i) Let n = 1. Here the quantized Weyl algebra A7"(T') is defined
given £ = (&), with B = (1) as B is multiplicatively skewsymmetric. Then the

discriminant formula is

A(AT (D) Tle ol y?]) =g i~y E (B — (1= )Py @D
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for @ = LM (Ly(1 — e)~ ),

(ii) Now letting n = 2, the discriminant formula becomes

E,B,c
d(AYP(T) [ Tle, o 1t 252, y3?))
=7 ngLl_dl)Ay§L1—d1)Ang2—d2)Ay§L2—d2)A (CLI . (1 . 61)L1yfll’fl)(d1_l)A/Ll

Lyi/di—1

, (d2—1)d1 L1 L
T [ - 00— ety (1 gyggea] T
=0

Y

now with A = L2123, 0 = AM2[]7_ (L;(1 — &)%) and ¢ a primitive (L, /d;)-st
root of 1. Here, the final product in discriminant expression is a polynomial in
ceed(L1,L2)

A.2 Proof of Theorem A.1.2

We set up this proof with the following notations. Given a field extension K'/K,
let

trK’/K;NK’/]K: K — K

indicate the standard trace and norm functions respectively. For K(«)/K, a finite
separable extension, let f(t) € K[t] be the minimal polynomial of a over K. Let
i) be the K-linear endomorphism of K(«) defined by multiplication by . When

a) = @, g, ..., are the roots of f(t) over its splitting field, then
the characteristic polynomial of u(a) is (t —ay)...(t — ax) € K[t],

see e.g. [33, p. 67, Ex. 14]. In particular,

k k
trp(e) =Y ol Ni@x(g(@) = [Jgla) Vg(t) € K[t]. (A.11)
i=1 i=1
We also set
A =g GoEr TN L dIN (L () Byl gLy (DA Ly (A.12)
Ly/dy—1

X H [d(A"Z—l/CN—l)(Cdl — Cz(l — gl)dlyflxclh)}dllq’
=0

47



Proof of Theorem A.1.2 (ii). Instead of using full quantum clusters as described
in Sect. 2.4, we will use a part of a cluster consisting of the cluster variables x;
and z;. Localizing by z;, we work inductively by relating the discriminant of A,
to that of A,,_;.

To start we reduce the statement of Theorem A.1.2 (ii) to a form that has to do

with the localization in question. Theorem A.1.2 (ii) follows once we show that
AT /CalaT ) =gy A. (A13)
In fact, when this holds we also have that
d(A,/Cp) =< zF1 A (A.14)

for some k € Z. Recalling again the filtration from §1.1, then by [10, Proposition
4.10],

grd(A,/C,) =7« d(gr A,/ erC,),

with this second discriminant computed with respect to the trace on gr.4 derived
from its freeness over grC,. As gr AZB<(T) defines a localization of a skew polyno-
mial algebra over a power of one of its generators 7, [10, Proposition 2.8] applies,

yielding
d(gr An/ ngn) =7x AA(flyl)A(Ll_l) c. (Engn)A(Ln_l) =7x gr A. (A15)

Thus, in (A.14), k = 0, and (A.13) will imply Theorem A.1.2 (ii).

By a similar argument used in §5.2; it will suffice to prove the theorem for the
case where ¢, — 1 € T for all j € [1,n].

Again, we will assume that

6 —1eT” (A.16)

for the remainder of this proof and we will then prove (A.13).

48



Working with the associated graded in (A.14) and using (A.15) yields
7 gr A =1« gr(A,/C,) =rx gr A.

Hence k = 0 again and so (A.13) implies the statement in Theorem A.1.2 (ii).

Now, z; commutes with all z;, y; for 7 > 1. Thus, we find that A,,_; is isomorphic
to the T-subalgebra of A, generated by z; and z;, y; for j > 1 when ¢ = 2;. We will
also let this algebra be A, _; and with central subalgebra Tz, x; ,y] 12<j<n]
being C,,_; in standard abuses of notation.

We will define the prospective bases

= {agyl . aliyl [ € (0,L; — 1]},
B = {17 21, .. 7ZlLl—l}B//,
B:={l,21,...,27" " "}B, and

B® = B{l,1,..., 2.

Showing first from (A.9) that

o _ (e = sy

P —ahal

And thus that,
Calay ™) = Tle,ai™, (e — )4 22y 2 < j <),

Then, since z; normalizes z; and z;, y; for j > 1, and as 21, x;, y;, j > 1 generate
our T[z]-algebra A, _;, we find that B is a C,[z;""]-basis of A,[z;"'] and B’ is a

C,,_1-basis of A, _1]c], where
L

C?’L—l - T[C7 (Cdl - z:([il)Ll/d17 J 7yj 72 < j < n]

Now let tr': A, _1[c] — C,_1 be the T[c]-linear trace function from this latter basis.
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With this preamble complete we now prove (A.13), and thus Theorem A.1.2 (ii),
in two steps.
Step 1. We first connect d( A, [z71]/Colz7 ™)) to d(An-1[c]/Cn_i). For all b, b, € B’
and i,k € [0, L; — 1],
tr(byat - 2hb)) = tr(byb xRy = Lzt o (b)) = Lyat™ ! (Vb))
if i +7 = 0or L; and tr(byx} - 2¥by) = 0 otherwise. Then the determinant of a

Kronecker product of matrices calculated by its standard formula gives
d( Ay ™)/ Caler ™)) =gy o1 2™ ™% det([tr(babo) o, epom pacn) ™
= e LR A [/
Step I1. Now, we may relate d(Ay_1[c]/Co1) to d(An_1/Cn_1). The set B” forms a
Cn_1-basis of A, 1, as A,_1 and C,_; can both be viewed as T'[z{]|-algebras. This
defines tr”: A,,_1 — C,_1, the associated T'[z1]-linear trace of this basis, which
extends to a map tr”: A,_;[c] = C,_1[c] by c-linearity.
Let K be the fraction field of T'[zXy"'] and

F(E) = (= )0 — (1= ) Pabyl € K,
This polynomial is irreducible, separable and z; is a root of it, with irreducibility
coming from the fact that zX'y“* € K but 2{'y® ¢ K. Given the field extension
K(z1)/K. We can relate the traces tr’ and tr” by

tI'/ = trK(zl)/K @) tI‘” (Al?)

with trg(.,)/x extended to Klc, 21, 7} ,yj 7.2 < j < n] by linearity on c, xL and
ijj , for j > 1. In proving (A.17) we will use that z; is central in A,,_]c].
Let oy = 21, g, ..., ar, be the roots of f(t) in its splitting field. These are given

by

(e = (1 —e)Myfraf)Yh for ke [0,dy —1],i €[0,Ly/dy — 1], (A.18)
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for ¢ a primitive (L;/dy)-st root of unity, as stated in the theorem, with £ a
primitive d;-st root of unity.
For a € A,,_; we denote by tr”(a)(z;) the polynomial dependance of tr”(a) on

z1. By (A.11) and (A.17) it follows that
Ly
tr'(a) = Z tr’(a) (o).
j=1
Thus, considering the bases B and B’ we see that
d(An_1[c]/Cp_1) = det [t (210 - zf‘lbg)}i’k;b,{ﬁg = det Z Oé§-+k_2 tr' (b705) (a;)

J ikt by

where in each matrix i, j, k € [1, L;], and b{,b5 € B”. The final matrix is factored

as the product of block matrices, with square matrix blocks of size A/L? = |B"|

by:

[ i - [0 iy - diag(Q(an), - . ., Q(a,)) (A.19)

with 4, € [1, L1], and where I indicates the identity matrix of size A/L? and

Q(z1) = [0"(0705) (21) oy ey

That det Q(21) =rx d(Ap_1/Cn1)(2) follows directly from it’s definition. It then
follows from the fact that the roots «q,...,ar, are given by (A.18), and from
Theorem A.1.2 (i), that the determinant of the third matrix in (A.19) above gives
the product appearing in the second line of (A.12) where A is defined.

By (A.18) we then find that for all k € [1, Ly],

1 — Li,.L1, L1
f/(aj) _ Llac'llfl( €)1yt

= L1l (1 = ¢) I higlimdiy
j (Cdl . O{;il) J ( ) 1 1
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for some i € [0, Ly/d; — 1]. Revisiting (A.19), the determinant of the product of

the first two matrices is

IT (ei- ;)* MM = £ [Nigter (' (1) A/L ==+ Hf )M

1<i<j<n
oA (Li—d) A (Li—d) A
:j:LA/Ll(l—e )(L1 dl)Ll:c( ' I)Llyi T [Ne(ery/x (2 2 Y]

A (Li—d))d (Li—d) 2 _ 2
L R e (S e B

A/L?

Y

which follows from the standard expression for discriminants of finite separable field
extensions as a product of norms [31, pp. 66-67, Ex. 14]. Replacing the determinants
of the matrices in (A.19) in our expression for d(A,_1[]/C,_1), in conjunction with
Step I and (A.16), proves (A.13), which completes the proof of Theorem A.1.2
(ii). O
Proof of Theorem A.1.2 (i). We proceed by induction on n. First assume that
d(A,_1/C,_1) is a polynomial in zf for L = ged(Lo, ..., L,). We will show that

d(A,/C,) is a polynomial in ¢&d(E1ln) T et

d(An1/Cor)(21) = H(ZlL — as)

s

for some a4 in the algebraic closure of the fraction field of T[ T ,y] 12 < <nl.

Then the product
Ly/di—1

IT (e - ayybat) —a)

i=0
defines a polynomial in &1L implying that the product given in the formula
for d(A,/C,) on the second line in part (ii) of the theorem is a polynomial in
cged(Lil) - Ag the product from the first line said formula is a polynomial in ¢,

d(A,/C,) is thus a polynomial in

Cgcd(Ll,L) — Cgcd(Ll ..... Ln)'

This proves the first part of the theorem. n
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