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1 Introduction

P and Py matrices have a long history and wide applications in mathematical sciences.
Fiedler and Ptak first studied P matrices systematically in [1]. For the applications
of P and Py matrices and functions in linear complementarity problems, variational
inequalities and nonlinear complementarity problems, we refer readers to [2—4]. It is
well known that a symmetric matric is a P (Pg) matrix if and only if it is positive
(semi-)definite [2, pp. 147, 153].

On the other hand, motivated by the discussion on positive definiteness of multi-
variate homogeneous polynomial forms [5-8], in 2005, Qi [9] introduced the concept
of positive (semi-)definite symmetric tensors. In the same time, Qi also introduced
eigenvalues, H-eigenvalues, E-eigenvalues and Z-eigenvalues for symmetric tensors.
It was shown that an even order symmetric tensor is positive (semi-)definite if and only
if all of its H-eigenvalues or Z-eigenvalues are positive (nonnegative) [9, Theorem 5].
Beside automatical control, positive semi-definite tensors also found applications in
magnetic resonance imaging [10—13] and spectral hypergraph theory [14-16].

The following questions are natural. Can we extend the concept of P and Py matrices
to P and Py tensors? If this can be done, is it true a symmetric tensor is a P (Pg)
tensor if and only if it is positive (semi-)definite? Are there any odd order P (Pp)
tensors?

In Sect. 3, we will extend the concept of P and Py matrices to P and Py tensors. We
will show that a symmetric tensor is a P (Pg) tensor if and only if it is positive (semi-)
definite. The close relationship between P (Pg) tensors and positive (semi-)definite
tensors justifies our research on P and Py tensors. We will show that there does not
exist an odd order symmetric P tensor. If an odd order non-symmetric P tensor exists,
then it has no Z-eigenvalues. An odd order Py tensor has no nonzero Z-eigenvalues.

In Sect. 4, we will further study some properties of P and Py tensors. We will show
that every principal sub-tensor of a P (P) tensor is still a P (Py) tensor, and give some
sufficient and necessary conditions for a tensor to be a P (Py) tensor.

The class of B matrices is a subclass of P matrices [17,18]. We will extend the
concept of B matrices to B and B tensors in Sect. 5. It is easily checkable if a given
tensor is a B or By tensor or not. We will show that a Z tensor is diagonally dominated
if and only if it is a Bg tensor. It was proved in [19] that a diagonally dominated Z
tensor is an M tensor. Laplacian tensors of uniform hypergraphs, defined as a natural
extension of Laplacian matrices of graphs, are M tensors [16,20-23]. This justifies
our research on B and B tensors.

Some final remarks will be given in Sect. 6. The potential links of P, Py, B and
By tensors with optimization, nonlinear equations, nonlinear complementarity prob-
lems, variational inequalities and the non-negative tensor theory are discussed. These
encourage further research on P, Py, B and B tensors.

2 Preliminaries

In this section, we will define the notations and collect some basic definitions and
facts, which will be used later on.

@ Springer



856 J Optim Theory Appl (2015) 165:854-873

Denote I, := {1,2,...,n} and R" := {(x1,x2,...,x,) :x; € R,i € I,, where
R is the set of real numbers. The definitions of P and Py matrices are as follows.

Definition 2.1 Let A = (g;;) be an n x n real matrix. We say that A is

(1) aPg matrix iff for any nonzero vector x in R”, there exists i € I, such that x; # 0
and

xi(Ax); = 0;
(ii) a P matrix iff for any nonzero vector x in R”,

max x; (Ax); > 0.
iel,

A real mth order n-dimensional tensor (hypermatrix) A = (aj,...;,,) is a multi-
array of real entries a;,...;,,, Where i; € I, for j € I,. Denote the set of all real mth
order n-dimensional tensors by 7, ,. Then, T,, , is a linear space of dimension n"".
Let A = (aj,...i,,) € Tp.n. If the entries a;,...;,, are invariant under any permutation
of their indices, then A is called a symmetric tensor. Denote the set of all real mth
order n-dimensional tensors by S, ,. Then, S,, , is a linear subspace of T, ,. Let
A = (aj,...i,,) € Tn.n andx € R"”. Then Ax™ is ahomogeneous polynomial of degree
m, defined by

n

m R — . . . .
Ax™ = E iy ey Xiy * Xy -

A tensor A € T, , is called positive semi-definite if for any vector x € R", Ax" > 0,
and is called positive definite if for any nonzero vector x € R”, Ax™ > 0. Clearly, if
m is odd, there is no non-trivial positive semi-definite tensors.

In the following, we extend the definitions of eigenvalues, H-eigenvalues, E-
eigenvalues and Z-eigenvalues of tensors in S, , in [9] to tensors in T}y, .

Denote C" := {(x1, x2, ..., x)l:x;eC,ie I,,}, where C is the set of complex
numbers. For any vector x € C", x"~1 is a vector in C" with its ith component
defined as xl.m “lfori e I,. Let A € Ty, ,. If and only if there is a nonzero vector
x € C" and a number A € C such that

Ax" 1 = pxltm=1, 1)

then A is called an eigenvalue of A and x is called an eigenvector of A, associated
with A. If the eigenvector x is real, then the eigenvalue A is also real. In this case,
A and x are called an H-eigenvalue and an H-eigenvector of A, respectively. For an
even order symmetric tensor, H-eigenvalues always exist. An even order symmetric
tensor is positive (semi-)definite if and only if all of its H-eigenvalues are positive
(non-negative). Let A € T, ,. If and only if there is a nonzero vector x € C" and a
number A € C such that

AxX" N =ax, x'x=1, 2)
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then A is called an E-eigenvalue of A and x is called an E-eigenvector of A, associated
with A. If the E-eigenvector x is real, then the E-eigenvalue A is also real. In this
case, A and x are called an Z-eigenvalue and an Z-eigenvector of A, respectively. For
a symmetric tensor, H-eigenvalues always exist. An even order symmetric tensor is
positive (semi-)definite if and only if all of its H-eigenvalues or Z-eigenvalues are
positive (non-negative) [9, Theorem 5].

Throughout this paper, we assume that m > 2 and n > 1. We use small letters
X,u,v,q,..., for scalars, small bold letters x,y, u, ..., for vectors, capital letters
A, B, ..., for matrices, calligraphic letters A, B, . .., for tensors. All the tensors dis-
cussed in this paper are real. We denote the zero tensor in T, , by O.

3 P and P Tensors

Let A = (aj,...i;,) € Tyn,n and x € R". Then, Ax™1 is a vector in R” with its ith
component as

n

m—1Y) ._ oy .
(AX )l_ = Z jigeneiyy Xiy * * * X,y
i2eensim=1
fori € I,,. We now give the definitions of P and Py tensors.

Definition 3.1 Let A = (a;,...i,) € Tin,n. We say that A is

(i) a Py tensor iff for any nonzero vector x in R”, there exists i € I, such that x; # 0
and

Xi (Ax'”*l)' > 0;
1
(ii) a P tensor iff for any nonzero vector x in R”,

max x; (Axm_l)i > 0.

iel,

Clearly, this definition is a natural extension of Definition 2.1.
We first prove a proposition.

Proposition 3.1 Let A € Sy, . If AX™ =0 forallx € R", then A = O.

Proof Denote f(x) = Ax™. Then, f(x) = O for all x € R". This implies all the
partial derivatives of f are zero. Since the entries of A are just some higher-order
partial derivatives of f, we see that 4 = O. O

We now have the following theorem.

Theorem 3.2 Let A € Ty, ,, be a P (Po) tensor. Then, when m is even, all of its H-
eigenvalues and Z-eigenvalues of A are positive (non-negative). A symmetric tensor
is a P (Py) tensor if and only if it is positive (semi-)definite. There does not exist an
odd order symmetric P tensor. If an odd order non-symmetric P tensor exists, then it
has no Z-eigenvalues. An odd order Py tensor has no nonzero Z-eigenvalues.
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Proof Let m be even and an H-eigenvalue A of A be given. If A is a P tensor, then by
the definition of H-eigenvalues, there is a nonzero x € R” and a number A € ) such
that (1) holds. Then by the definition of P tensors, there exists i € I,, such that

0< x,'(AXmil)i = )»x;".
Since m is an even number, we have A > 0. Similarly, if A is a Py tensor, we may
prove that A > 0. By [9, Theorem 5], if all H-eigenvalues of an even order symmetric
tensor are positive (non-negative), then that tensor is positive (semi-)definite. We see
now that an even order symmetric tensor is a P (Pg) tensor only if it is positive (semi-)
definite. By the definitions of P (Pg) tensors and positive (semi-)definite tensors, it
is easy to see that an even order symmetric tensor is a P (Pg) tensor if it is positive
(semi-)definite. Thus, an even order symmetric tensor is a P (Pp) tensor if and only if
it is positive (semi-)definite.
Now, let an Z-eigenvalue A of A be given. If A is a P tensor, then by the definition
of Z-eigenvalues, there is an x € R” and a number A € N such that (2) holds. Then
by the definition of P tensors, there exists an i € I, such that

0 < x;j(Ax" ), = Axiz.

Thus, A > 0. Note that for this, we do not assume that m is even. However, when m is
odd, if A is a Z-eigenvalue of a tensor in 7, , with a Z-eigenvector X, by the definition
of Z-eigenvalues, —A is also a Z-eigenvalue of that tensor with an Z-eigenvector —x.
Thus, if an odd order P tensor exists, then it has no Z-eigenvalues. However, by
[9, Theorem 5], a symmetric tensor always has Z-eigenvalues. Thus, an odd order
symmetric P tensor does not exist. Since an odd order symmetric positive definite
tensor also does not exist and an even order symmetric tensor is a P tensor if and only
if it is positive definite, we conclude that a symmetric tensor is a P tensor if and only
if it is positive definite.

Similarly, if A is a Py tensor, we may prove that all of its Z-eigenvalues are non-
negative. When m is odd, this also means that all of its Z-eigenvalues are non-positive.
Thus, an odd order Py tensor has no nonzero Z-eigenvalues. By [9, Theorem 5], a
symmetric tensor always has Z-eigenvalues. Thus, both the largest Z-eigenvalue Apax
and the smallest Z-eigenvalue Ap;i, of an odd order symmetric Py tensor A are zero.
By [9, Theorem 5], we have

Amax = max{Ax" : x"x = 1}
and

Amin = min{AX" : x ' x = 1}.
Thus, if Ais an odd order symmetric Py tensor, Ax” = Oforallx € R". By Proposition
3.1, this implies that A = O. By the definition of positive semi-definite tensors, if

A is an odd order symmetric positive semi-definite tensor, then A = O. Since an
even order symmetric tensor is a Py tensor if and only if it is positive semi-definite, we
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conclude that a symmetric tensor is a Py tensor if and only if it is positive semi-definite.
The theorem is proved. O

4 Properties of P and Py Tensors

In this section, we will study some properties of P and Py tensors. Based on the
definition of P matrices, Mathias and Pang [24] introduced a fundamental quantity
a(A) corresponding to a P matrix A by

«(A) ;= min ’r_naxxi(Ax)i] 3)

X[oo=1 | i€l

and studied its properties and applications. Mathias [25] showed that & (A) has a lower
bound that is larger than O whenever A is a P matrix. Xiu and Zhang [26] gave some
extensions of such a quantity and obtained global error bounds for the vertical and
horizontal linear complementarity problems. Also see Garcia-Esnaola and Pefia [27]
for the error bounds for linear complementarity problems of B matrices.

In the following, we will show that every principal sub-tensor of a P (Py) tensor is
still a P (Pp) tensor and give some sufficient and necessary conditions for a tensor to
be a P tensor. Let A € Ty, ,,. Define an operator 7 4 : R" — R” by for any x € R”,

Ix[l37" Ax" !, X #0

TA(x) := <=0

“)

When m is even, define another operator F 4 : R” — R” by for any x € R”,

F(x) = (Ax'"*‘)[ml* ] &)

1 1
Here, for a vectory € R”, y[’”*‘ ] is a vector in R", with its ith component to be yi””l .
When m is even, this is well defined. Then, we define two quantities

a(Ty) = min maxx;(T4(x)); (6)
HXHOOZI i€l
for any m, and
a(F ) ;== min maxx;(F4(x)); 7
Ixlloo=1 i€y

when m is even. When m = 2, «(T 4) and «(F 4) are simply o (A) defined by (3). We
will establish monotonicity and boundedness of such two quantities when A is a P
(Pp) tensor. Furthermore, we will show that A is a P (Py) tensor if and only if (7 1) is
positive (non-negative), and when m is even, A is a P tensor (Py) if and only if a(F 4)
is positive (non-negative).
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4.1 Principal Sub-tensors of P (Py) Tensors

Recall thatatensorC € T, , is called a principal sub-tensor of atensor A = (a;,...i,,) €
Tn.n (1 <r < n)iff there is a set J that composed of r elements in 7, such that

C:(a,-l..,,-m), forallil,iz,...,imej.

The concept was first introduced and used in [9] for symmetric tensor. We denote
by A/ the principal sub-tensor of a tensor A € Ty, , such that the entries of A/ are
indexed by J C I, with |J| = r (1 < r < n), and denoted by x; the r-dimensional
sub-vector of a vector x € R", with the components of x; indexed by J. Note that for
r = 1, the principal sub-tensors are just the diagonal entries.

Theorem 4.1 Let A be a P (Py) tensor. Then, every principal sub-tensor of A is
P (Py) tensor. In particular, all the diagonal entries of a P (Py) tensor are positive
(non-negative).

Proof Let a principal sub-tensor .A,J of A be given. Then for each nonzero vector
X = ()le,...,xjr)T € N, we may choose x* = ()c]k,xé‘,...,x,;")T e R" with
xi =x; fori € Jand x; =0 fori ¢ J. Suppose now that A is a P tensor, then there
exists j € I, such that

0 < xJAH™ ;= x;(Ax] ;.

By the definition of x*, we have j € J, and hence, Arj is a P tensor. The case for Py
tensors can be proved similarly. O

4.2 A Necessary and Sufficient Condition for P Tensors

The following is a sufficient and necessary condition for a tensor to be a P tensor.

Theorem 4.2 Let A € Ty, . Then A is a P tensor if and only if for each nonzero
x € R", there exists an n-dimensional positive diagonal matrix Dx such that
x " Dy (AX™ 1) is positive.

Proof First, we show the necessity. Take a nonzero x € R”. It follows from the
definition of P tensors that there is k € I,, such that x; (Axm_l)k > (. Then for an
enough small ¢ > 0, we have

e (AX" D + 6 Z X (.Axm_l) ] >0.
Jelnj#k ’

Take Dy = diag(d, da, ..., d,) withdy = 1 and d; = ¢ for j # k. Then, we have

x Dy(Ax" 1) > 0.
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Now we show the sufficiency. Assume that for each nonzero x € R”, there exists an
n-dimensional diagonal matrix Dx = diag(dy, da, ..., d,) withd; > O foralli € I,
such that

0 < x Dy(Ax"!) = Zn:d,» (i caxm=1y;).

i=1

Since d; > O forall i € I,, there is ani € I, such that x; (Ax"~!); > 0. Otherwise,
x; (Ax™~1); < 0 for all i. Then, S di(x (Ax™~1);) < 0, a contradiction. Hence,
A is a P tensor.

The desired conclusion follows. O

4.3 Monotonicity and Boundedness of «(F 4) and a(7 4)

Recall that an operator 7' : R" — R" is called positively homogeneous iff T (tx) =
tT(x) for each t > 0 and all x € R”. For x € R", it is known well that

1

n 2
IXloo == max{|x;[; i € I,} and x|l := (Z |x,»|2)

i=1

are two main norms defined on R”. Then for a continuous, positively homogeneous
operator T : R" — R”", it is obvious that

1T loo == max 1T (%) lloo

X[l co=

is an operator norm of 7 and ||7 (X)[lco < |7 |lco|X|lco for any x € R". For A € T}, ,,,
let T 4 be defined by (4). When m is even, let F 4 be defined by (5). Clearly, both F 4
and T 4 are continuous and positively homogeneous. The following upper bounds of
the operator norm were established by Song and Qi [28].

Lemma 4.1 (Song and Qi [28, Theorem 4.3]) Let A = (aj,...i,,) € T.n- Then

.....

1
(ii) |Falloo < maxier, (220 i _iiiy.i,|) ™", when m is even.

Leta(F 4)anda(T 4) be defined by (7) and (6). We now establish their monotonicity
and boundedness. The proof technique is similar to the proof technique of [26, Theorem
1.2]. For completeness, we give the proof here.

Theorem 4.3 Let D = diag(d, do, ..., d,) be a non-negative diagonal tensor in
Tin,n and A = (a;,...i,,) be a Py tensor in T, ,,. Then,
(i) a(Ty4) < a(T p+p) whenever m is even;
(ii) a(Ty) < a(TArj)for all principal sub-tensors Arj;
(iii) a(F4) < Ol(FArJ)fOV all principal sub-tensors A,], when m is even;

1
(v) a(F4) < max;ey, (ZZ =1 Iaiiz...iml)’”*l, when m is even.

.....
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Proof (i) By the definition of Py tensors, clearly A+D is a Py tensor. Then, & (7T 41 p)
is well defined. Since m is even, then xim > ( for x; # 0, and so

Ixlloo=1

a(T4) = min I,na}XXi(TA(X))i]
i€l

= min ||x||§_mmaxxi(¢4xm_l)i]
IX]lco=1 iely

< min ||x||§_’" max {x,- (AxX" 1, + dix;"}
[IXllco=1 i€l

= min max x; (||x||§m(A+D)xm_l)']
iel,

xXllco=1 i

= mi (T .
min ?éa}fx’( A+D(X)),]

IXllco=1

=a(TA+D)-

(ii) Let a principal sub-tensor AY of A be given. Then for each nonzero vector
2=(21,...,2) " €N, wemaydefiney(z) = (y1(z), y2(z), ..., ya(2)) | € R"
with y;(z) = z; fori € J and y;(z) = 0 fori ¢ J. Thus, ||Z]lco = ||y(Z)]lcc and
lzll2 = lly(2)[l2. Hence,

a(Ta) = | Iﬁlirll [ma;x xi(T.A(X))i]

= min [||X||§_mmaxxi(AXm_l)i]
iel,

Ix[oo=1

< ~min IIly(Z)Ili_’”maX{y(Z)i(Ay(Z)m‘l),-]}
Iy @)l oo=1 iel,

= min [r_nax zi(||z||%_mArjzm_l)i }
lzlloo=1 | i€y

= min [max zi(T gy (2))i ]

lzllo=1 | i€,

=OK(T_ArJ).

Similarly, we may show (iii).
(iv) Since for each nonzero vector X = (xp, ..., x,) € R" and eachi € I,

X (TAK))i < [Xloo 1AM oo < 1T lloo X156,

Then,
max . (T4 ()i < |Taloo %11
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Therefore, we have
a(Tq) = min {maxx;(T4(x)i} < 1T Allcos
IXllco=1 i€l

and hence, by Lemma 4.1, the desired conclusion follows.
Similarly, we may show (v).

4.4 Necessary and Sufficient Conditions Based Upon «(F 4) and «(7 4)

We now give necessary and sufficient conditions for a tensor A € T}, , to be a P (Pp)
tensor, based upon «(F 4) and a (T 4).

Theorem 4.4 Let A € Ty, . Then

(i) Aisa P (Pgy) tensor if and only if a(T 4) is positive (non-negative);
(ii) whenm is even, Aisa P (Py)tensorifand only ifa (F 4) is positive (non-negative).

Proof We only prove the case for P tensors. The proof for the Py tensor case is similar.

(i) Let A be a P tensor. Then, it follows from the definition of P tensors that for each
nonzero x € R”,

max x; (Ax" 1) > 0,

iel,
and so

max x; (x5 7" AX" ™1 = %[5 7" max x; (Ax" 1), > 0.
i L€lp

n

Therefore, we have

1

a(T4) = min | [

Xlloo=

ax x; (T A(x)); ] > 0.
el

If «(T 1) > O, then it is obvious that for each nonzero y € R”,

max( y ) (T.A (L)) za(T_A)>O.
ict, \|¥lloo/; I¥lloo / /

max yi (TAW)i = max y; (I3 Ay""") > 0.
iel, iel, i

Hence,

Thus, y; (Aym_l)j > 0 for some j € I, i.e., Ais aP tensor.

(i1) Assume that m is even.
Let A be a P tensor. Then for each nonzero x € R”, there exists an i € I,, such
that x; (Ax"~1); > 0, and so
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L

1 1 2=m 1
0 < ximfl (Axm—l)imfl — x,77771 (Xi (Axm—l)imf )

[N]

—m

Since m is even, we have xi’”*' > 0 for x; # 0, and so,

1
0 < x; (AX" D" T = x; (F4(x));.

That is, for each nonzero x € R”, max;¢y, x; (F 4(x)); > 0. Thus, we have

a(Fy) = | min ’rirgxxi(FA(x)),-} > 0.

[Xlloo=1

If a(F4) > 0, then it is obvious that for each nonzero y € R",

max (_y ) (FA (L)) z a(Fq) > 0.
iel, \¥lleo /; I¥lloo / /i

Hence, there exists a j € I, such that

1
YVi(Fa)j = yi(Ay"H7" > 0.

Thus,
m72( _Am—l Yy . m—1 Am—l . 0
Yj YJ( y )] =Y (Ay )]> .

Since m is even, we have y;."_z > 0. Hence, y; (.Ay’”_l)j > 0,ie., AisaP
tensor.

5 B and B( Tensors

An n-dimensional B matrix B = (b;;) is a square real matrix with its entries satisfying
that for alli € I,

n

1 n
> bij > Oand;Zbij > by, i#k.

j=1 j=1
Many nice properties and applications of such B matrices have been studied by Pefia

[17,18]. It was proved that B matrices are a subclass of P matrices in [17].
As anatural extension of B matrices, we now give the definition of B and B tensors.
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Definition 5.1 Let B = (b;,...i,,) € Tin.n. We say that Bis a B tensor ift for alli € I,

Z buzn iy = 0

and

1

nm

— Z biiisip | > bijsjsj  fOrall (o, j3, .oy jim) # (iyiyonn,i).

nim=1

We say that B is a By tensor iff for all i € I,

E buzm iy =

and

1 o ) . .
— Z biiyiy-iny | = bijyjs-j  forall (jo, ja, ..., jm) # G, 1,...,0).

nm

Unlike P and Py tensors, it is easily checkable if a given tensor in 7}, ,, is a B or By
tensor or not.

5.1 Entries of B and B Tensors
We first study some properties of entries of B and By tensors.
Theorem 5.1. Let B = (b, ...i,,) € Tin,n- If B is a B tensor, then for each i € I,
bij...; > max{0, bij, j5...js (2, J3s oo Jm) F (o iy ooy D), J2, j3s ooy Jm € In}.
If B is a By tensor, then for each i € I,
bij..i = max{0, bjj, j5.js G2, J3r oo os Jm) F W0, 000 0), 2, J3s oo s Jm € In).

Proof Suppose that B € Ty, , is a B tensor. By Definition 5.1 that for all i € I,

Z buzn iy > 0 (®)

i2,sim=1
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and
1 o . - :
T Z bityisiy | > bijsjsjm  fOrall (o, jas ..o jm) # (i is ..., i)
..... im=1
©)
Let bikyky-kyy = max{bij,js... : (j2, j3, .-+, jm) # (@i, 1,...,0)}. Then, it follows
from (9) that
n
D biisisein > 1" bk ok = bikaks ok + > bija s jm-
i2,.enim =1 (20 J3s+ves )2t s1)
Thus,

biii.i > bikoksy-kyy = MaX{Dijyjz.jpy = (25 J3s ooy Jm) # (0, .., D}

Therefore, b;;;..; > 0. In fact, suppose bj;;..; =< 0. Then, max{b;j,s...j,
(Jos J3s oo o5 jm) £ (0, ..., 1)} < bjji...i <0, which implies that

Z buzn [ F— <0.

This contradicts to (8). The case for By tensors can be proved similarly. O

Let B = (bi,...i,,) € Tn.n. Foreachi € I,, define

ﬂl(B) = maX{O, bijzj:;'-'jm; (]27 j3’ ) ]m) # (la i’ M) l)’ j27 j3’ M) ]m € In}
(10)
With the help of the quantity 8; (13), we will study further the properties of B tensors.

Theorem 5.2. Let B = (bj,...;,)) € T.n. Then, B is B tensor if and only if for each
i€l

1
Z b11213 i = n"" Bi (B);
02,.im=1

and B is By tensor if and only if for each i € I,

Z biisiz-in = 1" Bi(B).

i2,0ensim=1

Proof Since B;(B) > 0, the desired conclusion directly follows from Definition 5.1.
O

Theorem 5.3. Let B = (b, ...i,) € Tin,n- If B is a B tensor, then for each i € I,
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(l) bii"'i = Zh”2"'im <0 |bii2i3"'in1|;
(ii) bij...i > |bijyjyju | forall (o, j3, ..., jm) #= @0, ....0), j2, J3a, -y jm € In.

If B is a By tensor; then (i) and (ii) hold with “>" being replaced by “>.”

Proof Suppose that 5 is a B tensor. (i) It follows from Proposition 5.2. that for each
iel,
biii — Bi(B) > > (Bi (B) = bijy s ju)- (11
(72,735 Jm) £ 00)
It follows from Definition 5.1 that for all i € I,,,

Bi(B) = 0and B;(B) — bijyjsjy = 0 forall (o, j3s-.s jm) # Grd o).
Then for all b;;,;5...;,, <O,
Bi(B) — biiyiz-ipy = biigize-ipy
and

bij...;i > bjj..; — Bi(B).

So by (11), we have
bij...i > > BiB) = bijpjsju) = D, iisizeiy -
(2535w Jm) 1 iD) biiy iy <O
(ii) is an obvious conclusion by combining Theorem 5.1. with (i).

The case for By tensors can be proved similarly. O

5.2 Principal Sub-tensors of B and By Tensors

We now show that every principal sub-tensor of a B (Bg) tensor is a B (Bg) tensor.

Theorem 5.4. Let B = (b;,...i,,) € Tinn. If B is a B (By) tensor, then every principal
sub-tensor of B is also a B (By) tensor.

Proof Suppose that B is a B tensor. Let a principal sub-tensor B of B be given. Then,
it follows from Theorem 5.3. (i) that for all i € J,

02,..,im€J
Now it suffices to show that for alli € J,

Z biizi3~~im > rm_lb,’jz...jm forall (jo, j3, .-, jm) # (i, ... 1)y Josevey jm € J.
12, im€J
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Suppose not. Then, there is (i, j2, ..., jn) such thati, ja, ..., j, € J and

12,.eny im€dJ

Let bikyks--k,, = Max{biiyiy.ip,; (2,13, ..., 0m) # (I,i,...,i)and iz, i3,...,in €
I,}. Then, bikyks.k,, = bij,...j, - Hence,

“1 ~1 ) . . )

1" Bikgkyedy =P Dikokyeky + E {biizi3~--im : notall of iy, ..., i, arein J}
-1 . . . .

>r" " bijy g jm + E {biiyiz-i,, - notall of iy, ..., iy arein J}

> z biiyiy--ip, + Z {bii2i3---im : notall of ip, ..., i, arein J}

02,.im€J
n
= D> bibisein-
i2,..,im=1
Thus,
1

n
=) D bingigein | = bikoksk-

02,.im=1

nm

which obtains a contradiction since 5 is a B tensor.
The case for By tensors can be proved similarly. O

5.3 The Relationship with M Tensors

Recall that a tensor A = (j,...;,,) € Tn,» is called a Z tensor iff all of its off-diagonal
entries are non-positive, i.e., g;,...;,, < 0 whennever (iy,...,i,) # (i,...,1) [19]; A
is called diagonally dominated iff for alli € /,,

aj.; > Z{|a,~,~2..i,‘m| (i) F ey i) i €Dy =2, m);

A is called strictly diagonally dominated iff for all i € I,,

aj..i > Z{|aii2...im| S im) # ey i)yij € 1y j =2, ..., m).

It was proved in [19] that a diagonally dominated Z tensor is an M tensor, and a strictly
diagonally dominated Z tensor is a strong M tensor. The definition of M tensors may be
found in [19,29]. Strong M tensors are called non-singular tensors in [29]. Laplacian
tensors of uniform hypergraphs, defined as a natural extension of Laplacian matrices
of graphs, are M tensors [16,21-23].

Now we give the properties of a B (Bg) tensor under the condition that it is a Z
tensor.
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Theorem 5.5. Let B = (b;,iyiz-ip,) € Tin,n be a Z tensor. Then, the following proper-
ties are equivalent:

(i) Bis B (By) tensor;
(ii) foreachi € n, 272 ..... in=1 bii,iy..i,, IS positive (non-negative);
(iii) B is strictly diagonally dominant (diagonally dominated).

Proof We now prove the case for B tensors. The proof for the B tensor case is similar.
It follows from Definition 5.1 that (i) implies (ii).

Since B be a Z tensor, all of its off-diagonal entries are non-positive. Thus, for any
of its off-diagonal entry b;;,...;,, we have |b,~,~2,-3...,-m = —bjiyis.i,,- Thus, (ii) means
that for i € I,,,

biii.i > — Z{bii2i3~~im (i, ey im) E ., 0), ij€ly, j= 2,... ,m}
=D Abiisigein | G i) # G )i € 1y j =2, m}
> 0.

Thus, (ii) implies (iii).
From (iii), it is obvious that for each i € I,,,

n
E bii2i3---im > 0.

02,.im=1

Since all the off-diagonal entries of B are non-positive, we have

1 - . . o
p— Z bii2i3~--im > 0> bii2i3~-i,,, for all (in, ..., i) £ (i,...,0).
n 02,.im=1
This shows that (iii) implies (i). O

From this theorem, we see that if a Z tensor is also a Bg (B) tensor, then it is a
(strong) M tensor.

6 Questions and Perspectives
Question 6.1 Is there an odd order non-symmetric P tensor? Is there an odd order
nonzero nonsymmetric Py tensor?

Question 6.2 For a P matrix P, Mathias [25] showed that «(A) has a strictly positive
lower bound. Then for a P tensor A € T, , (m > 2), does ar(F 4) or o(T 4) have a
strictly positive lower bound?

Question 6.3 It is well known that A is a P matrix if and only if the linear comple-
mentarity problem

find z € R"” such thatz > 0, q + Az > 0, and ZT(q + Az) =0
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has a unique solution for all q € R”. Then for a P tensor A € T, , (m > 2), does a
similar property hold for the following nonlinear complementarity problem

find x € R” such that x > 0, q + Ax" 1 >0, and XT(q + AxX" " =072

Question 6.4 When m = 2, it is known that each B matrix is a P matrix. If m is
odd, in general, a B (Bg) tensor is not a P (Pg) tensor. For example, let @;..; = 1 and
aj,...i,, = 0 otherwise. Then, A = (aj,...;, ) is the identity tensor. When m is odd, the
identity tensor is a B tensor, but not a P or Py tensor. But we still make ask, when
m > 4 and is even, is a B (By) tensor a P (Py) tensor?

Question 6.5 A symmetric P (Pg) tensor is positive (semi-)definite. When m > 4 and
is even, is a symmetric B (Bg) tensor positive (semi-)definite? If the answer is “yes”
to this question, then we will have another checkable sufficient condition for positive
(semi-)definite tensors.

Question 6.6 What are the spectral properties of a B (Bg) tensor?

Question 6.7 When m > 4 and is even, is a symmetric non-negative B (Bg) tensor
positive (semi-)definite? If the answer is “yes” to this question, then we will have more
understanding on positive semi-definite, non-negative tensors.

We may also ask the following question:

Question 6.8 What is the relation between non-negative B (Bg) tensors and com-
pletely positive tensors introduced in [33]?

In this paper, we make an initial study on P, P, B and B tensors. We see that they
are linked with positive (semi-)definite tensors and M tensors, which are useful in
automatical control, magnetic resonance imaging and spectral hypergraph theory. The
six questions at the ends of Sects. 3—5 pointed out some further research directions.

In the following, we point out the potential links between the above results and
optimization, nonlinear equations, nonlinear complementarity problems, variational
inequalities and the non-negative tensor theory.

(i) We now discuss the potential link between the above results and optimization, non-
linear equations, nonlinear complementarity problems and variational inequalities.
Question 6.3 has also pointed out the potential link between P tensor and nonlinear
complementarity problems. We may also consider the optimization problem

. m T
min{Ax" + q ' x},
the nonlinear equations [30]
A xm—l =q

and the variational inequality problem [3,4]

find x, € X, such that (x — X”‘)T.Ax;”_1 >0, forallxe X,
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where X is a non-empty closed subset of R”. When A is a P, Py, B or By tensor,
what properties we can obtain for the above problems?

(i1)) We now further discuss the potential link between the above results and the non-
negative tensor theory. The non-negative tensor theory at least include two parts:
the non-negative tensor decomposition [31] and the spectral theory of non-negative
tensors [32]. The recent paper [33] linked these two parts. However, there are still
many questions not answered in non-negative tensors. In the non-negative matrix
theory [34], a doubly non-negative matrix is a positive semi-definite, non-negative
matrix. The research on positive semi-definite, non-negative tensors is very little.
Thus, we may ask a question weaker than Question 6.5.

In a word, this paper is only an initial study on P, Py, B and B tensors. Many
questions for these tensors are waiting for answers.

It should be pointed out that after the first version of this paper, two more papers
[35,36] on P, Py, B and By tensors appeared. In [35], it was proved that an even order
symmetric Bg tensor is positive semi-definite and an even order symmetric B tensor
is positive definite. Some further properties of P, Py, B and B tensors were obtained
in [36]. These answered some questions raised in this paper and enriched the theory
of P, Py, B and By tensors.

7 Conclusions

In this paper, we extend some classes of structured matrices to higher-order tensors. We
discuss their relationships with positive semi-definite tensors and some other structured
tensors. We show that every principal sub-tensor of such a structured tensor is still a
structured tensor in the same class, with a lower dimension. The potential links and
applications of such structured tensors are also discussed.

There are more research topics on structured tensors. In particular, can one construct
an efficient algorithm to compute the extreme eigenvalues of a special structured tensor,
other than the largest eigenvalue of a non-negative tensor? It is well known [32] that
there are efficient algorithms for computing the largest eigenvalue of a non-negative
tensor. Until now, there are no polynomial-time algorithms for computing extreme
eigenvalues of structured tensors in the other cases. The first challenging problem is
to construct an efficient algorithm to compute the smallest real eigenvalue of a Hilbert
tensor [37], with the condition that such a real eigenvalue has a real eigenvector. A
further challenging problem is to address the above problem for a Cauchy tensor [38]
instead of a Hilbert tensor. Note that the Hilbert tensor is a special case of the Cauchy
tensor [38].
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