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Properties of the Taylor Series Expansion

Coefficients of the Jacobian Elliptic Functions

By Alois Schett

Abstract.   Properties of the Taylor series expansion coefficients of the Jacobian

elliptic functions and tables for the first fifteen leading terms are given.   Relations

of these coefficients with the randomization distributions are shown.

Little is known about the Taylor series expansion coefficients of the Jacobian

elliptic functions sn(«, k), cn(«, k) and dn(«, k). No recurrence formula exists for

these coefficients.  Only four to five leading terms of the series are given in literature

an, Pi).
We present in this paper properties of these coefficients, show relations between

them and randomization distributions [3, p. 51], and give tables for the first fifteen

leading terms.

We consider the differential equations

¿- J'ií«) - C, y2iu)y3iu) = 0,

(1) juy2iu)-C2y1iu)y3iu) = 0,

—y3iu) - C3y,iu)y2iu) = 0.

Solution functions of (1) for C, = \,C2 = - 1, C3 = - k2 are the Jacobian

elliptic functions y1 = sn(«, k),y2 = cn(«, k),y3 = dn(«, k) ([1], [2]).

The formal Taylor series of the functions yv y2, y3 read

(2)       *w = „¿^^ [z KxHn£<<*y\\y'tâl -

The summation over the indices/',, j2, j3; hv h2, h3; rv r2, r3 and then relation to

the exponents of y10, y20, y30 axe specified in Theorem I.

-^mO=>'m("o)       im = 1,2,3).

For u0 = 0, y10 = 0, y20 = y30 = 1, this series is convergent in the region \u\ < K'

[2], where
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144 ALOIS SCHETT

r = Kik') = p/2-^-,     *' = y/i^P.
Jo   V(l-iv'2sin2Ö)

For the explicit series of (2), the elements a¡1¡2J3, bnifl2h3, crir2,3 have to be

determined and summation over the indices has to be specified.

Theorem I. a;i/2/3 i= 0 only for

. j n/2 for n even,
/]     ~    'i    4,    ...    ,J], J .      —      <

\(n+ l)/2   for n odd,

j2 = 0, I, ... ,J2; j n/2 for n even,

73 « 0, 1,... ,J3;       2'   3 ~ j (« - i)/2   for « odd,

a«d /j, j2, j3 satisfying the relation jl + j2 + j3 = n.   /,, i2, i3 is obtained from the

relations ix=n + 1 - 2/,, i2 = n - 2j2, i3 = n - 2/3. bhlh2f¡3 =¡¿ 0 only for hx =j3,

h2 =ivh3 =/2.

The exponents s,, s2, s3 axe related to «,, h2, «3 as follows: s1 = « - 2«,, s2 =

« + 1 - 2«2, s3 = « - 2«3.  «V^»^ ^ 0 only for ^ = /2, r2 = /3, r3 = /,.  The

exponents qx, q2, q3 are defined by the relations qi = n - 2r,, q2= n - 2r2, q3 =

« + 1 -2r3.

For u0 = 0, i.e.,

^(u0 = 0) = sn(0, *) = 0,   y2(u0 = 0) = cn(0, k) = 1,

y3(u0 = 0) = dn(0, k) = 1,

we obtain

"t 11 * ° only for7i = ("+1)/2;/2 = °> !> •••>(" ~J)/2; " odd>

bh h h   ^0   on^y f°r n3 = "/2; « ! = 0, 1, ... , «/2 - 1 ; « even,

cr,r2r3 =£ 0    only for r2 = «/2; r3 = \,2, ... , n/2; « even.

In the following table the elements aj,¡2¡3, bhlf,2f,3, crir2r3 and the exponents

i,, i2, ¿3; 5|, s2, s3; q,, q2, q3 axe given as an illustration for « = 3 and « = 4.

Table I

" = 3   ajlj2j3   'I h h '1   h h   bh,h2h3   hl  "2  h3 sl  *2 s3   cr,r2r3   rl   r2 r3  <?1   «2  ^3

1 210013 4 111121 4 111112

1 201031 1 120103 1 102130

4 111211 1 021301 1 012310

n=4        14 211122 4 211032 4 211023

1 220104 1 220014 1 202041

4 121302 14 121212 14 112221

1 202140 4 112230 4 121203

4 112320 1 022410 1 022401
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The following identities and symmetries are valid:

Theorem II.

a'i'2/3    *>Vi'2     %hh'

a'i ¡2 h ~ ah h h '

and therefore,

h 'I >2        ¡2 >i )V

chhh     chhh'

Theorems HI/1. III/2 and III/3 show relations between the randomization distribu-

tion and the elements aj1j2j3, b„lh2h3 and crx,2r3.

Theorem III/l.  The sum of all elements a;i ¡2¡3 for a given n is equal to «!.

Example: « = 4.

«112 + «121 + fl202 + fl211 + fl220 =4 + 4+1 +14+1= 24 = 4!

Theorem III/2. For a given « = 2, the following relation is valid:

J3

£   ahhh>RUh>      Í2=0,1,...,J2,
/3=o

where RU¡   is the number of permutations of n natural numbers with j2 runs up. Tables

of the numbers RU¡2 are given in [3, p. 260, Table 7.2.2].

Example: « = 3.

a20i = 1 =RU0'      a2io + «in = 1 +4 = 5 =RUl.

Permutations       One run up       Zero run up

(underlined)     (underlined)

123 123 123

132 132 132

231 231 231

213 213 213

312 312 312

321 321 321

Total 6 = «! 5 = RU1 1 = RU0

Theorem HI/3.  For a given n > 2 the following relation is valid:

J2

H  a'if2h=pii'     ;'i = 1, 2,...,/,,
/2=0

where P¡   is the number of permutations of n natural numbers with j, - 1 peaks.   The
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numbers P,   are tabulated in [3, p. 261, Table 7.3].

Example: « = 3.

al\l=*=Pl>       «201 +a2io = ! + ! =2=-P2-

Permutations        One peak Zero peak
(underlined)        (underlined)

123 123 123

132 132 132

231 232 231

213 213 213

312 312 312

321 321 321_

Total 6 = «! 2 = />2 4 = P1

Similar results can be obtained for bn n n   and cr using Theorem II.

These theorems can be proved by mathematical induction. Theorem HI/1 follows

from Theorem IH/2 or Theorem HI/3 since the number of permuations of n natural

numbers is equal to n!.

Table II, in the microfiche section attached to this issue, lists the elements a¡ ¡  ¡
1H213

for « = 0, 1, 2, ... , 15.

Putting u0 = 0 the explicit terms of the series for sn(w, k), cn(«, k) and dn(u, k)

read (Theorem I, Theorem II and Table II):

3 5 7

sn(«, k) = u - (1 + k2) ^- + (1 + 14fc2 + k4) |- - (1 + 135A:2 + 135*:4 + *6) —

„9
+ (1 + 1228fc2 + 5478it4 + 1228A:6 + fc8) —

9!

,.ii
-(1 + 11069A;2 + 165826Ä:4 + 165826/t6 + 11069A:8 + A:10) j—

+ (1 + 99642¡fc2 + 4494351*4 + 13180268*:6 + 4494351Ä:8

+ 99642Ä:10+Ä:12)^-
13!

-(1 + 896803Ä:2 + 116294673A:4 + 834687179¿fc6 + 834687179A:8

;15
+ 116294673ifc10 + 896803A:12 + fc14) — +

15!

„0=E„odd)ei) ,?o   W  tr  /1--7-

(terms for «0 < 7 are given in [2]);

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



TAYLOR SERIES COEFFICIENTS OF THE JACOBIAN FUNCTIONS 147

2 4 ft

cn(u, *) = 1 - |j- + (1 + 4A:2) |j- - (1 + 44A:2 + 16/fc4) |p

,.8
+ (1 + 408/fc2 + 912/t4 + 64A:6) ~

8!

-(1 + 3688A:2 + 30768A:4 + 15808A:6 + 256Jt8) j—

+ (1 + 33212A:2 + 870640A:4 + 1538560A:6 + 259328A:8 + 1024/c10) j^

-(1 + 298932/r2 + 22945056A:4 + 106923008A:6 + 65008896A:8

,.14
+ 4180992JV10 +4Q96k12)^-1 + ■••

ne=2;(neeven) \'11=0 /    e'

(terms for «e < 8 are given in [2]);

dn(w, Jfc) = 1 - k2 ||- + (4 + A:2)*2 |j- - (16 + 44/fc2 + A:4)A:2 |j-

„8
+ (64 + 912fc2 + 408A:4 + k6)k2 |j-

- (256 + 15808A:2 + 307 68A:4 + 3688A:6 + A:8) ̂—p

+ (1024 + 259328A-2 + 1538560A;4 + 870640A:6 + 33212k8 + A:10)

- (4096 + 4180992A:2 + 65008896A;4 + 106923008Ä6

14r,2

+ 22945056A-8 + 298932/t1 ° + A:12) ~^?- + —
14!

oo /"el2 \     "e   ■>

ne=2;(neeven) \rg = i      * 2 J /       e'

(terms for ne < 8 are given in [2]).
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