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PROPOSED FRACTURE THEORY OF A 
DISPERSION STRENGTHENED GLASS MATRIX 

D. P. H. Hasselman and R. M. Fulrath 
. . 

> 
.··' . 

j ~ ' 

Inorganic Materials Research Division, Lawrence Radiation Laboratory, 
· . and Department of Mineral Technology, College of Engineering, 

· · · · University of California, Berkeley, California 

'ABSTRACT 

A fracture theory is proposed for a composite system based on a 

continuous glass matrix. It is hypothesized that hard crystalline dis

persions within the glass matrix will limit the size of Griffith flaws and 

. ' 

lead to strengthening of the composite. Quantitative relations are derived 

for the effect of a dispersed phase on composite strength. At low volume 

fr:actions of the dispersed phase, the average flaw size is statistically 

reduced independent of the size of the dispersed particles. At high volume 

<fractions of the dispersed phase, ·the average flaw size is governed by the 

< • 

average distance between particles dispersed in the matrix. The strength 

of a composite should, therefore, be a function of the volume fraction of 

the dispersed phase at low volume fractions and dependent on both the 

volume fraction and particle size of the dispersed phase at high volume 

fractions. 

For the verification of the above theory, crossbending strength 

·measurements w:ere made on a sodium borosilicate glass .containing vary-
::·,. ., . . 

.. ing v~lume fra~tions ·of. spheroidized alumina. over a range of particie sizes.· 
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. Values of the average distance between dispersed particles ranged from 
./ 

, approximately 15 to 500p. ·aood agreement with theory was founq. Values· 

of glass surfac~ energy calculated from the experimental data agree well 

·with literature data. 

At the time this work was done the writers were, respectively, 
graduate student research assistant and associate professor of ceramic 
engineering, Inorganic Materials 'Research Division, Lawrence Radiation 

·. L'aboratory, and Department of Mineral Technology, College of Engineering, 
: University 'of California. · · 
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I. INTRODUCTION 

Calculations of the theoretical strength of brittle solids based on 

force-distance relationships between atoms suggest values of strength 

of the order of one tenth of the value of Young's modulus of elasticity. 
1 

Observed values of strength of commercial materials generally 

are less than the theoretical values by two or three ·orders of magnitude. 

I 

This huge discrepancy is attributed to the existance of structural flaws 

within the material which act as sources of weakness. Among the various 

approaches
2
• 

3 
to determine quantitatively the effect of the pre~en.ce of 

flaws on strength, Griffith Sa calculated the elastic energy stored in the 

.~ . . 

vicinity of an elliptical flaw oriented with the major axis perpendicular to 

the applied stress and determined the decrease of this energy with iricreas

ing flaw size. Equating this decrease of elastic energy with the energy 
,_;· 

needed to form the fracture surface resulted in the critical stress; i.e., 

the macroscopic strength (S ), required for failure .. For a flat plate 
. '0 ' ; . 

c'ontaining an elliptical flaw the expression for (S ) becomes: .• 
' .· 0 

·S =(·~·)· t . 
· o 71'a · 
' . . . . 

(1) 

where 'Y = the surface energy. '' 

E = Young's modulus of elasticity. 

' . * 
a = twice the major axis of the ellipse, .i.e., the flaw size. 

'.·· . '··· * The Griffith equation for surface flaws generally is expressed in : · ; : 
. terms of the flaw depth {a/2) when the specimen is subjected to a uni- .· · · 
form tensile stress. In this study cross-bending' tests were used on _. · 

··". 
··, . ~:. 

' ' . . 

.. :; '' ·' relatively thin specimens. Because of the high stress gradients imposed 
· ·.. in this type of test it is the opinion of the authors that the original Griffith . ~ 

equation for.a flat plate with an elliptical flaw is more applicable." The 
flaw size is now the length of the flaw measured along the surface.· · 

. " 
.. · .. : . ; .:-

· .. ,· 
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The predicted inverse square root relationship betweeri strength · 

, and flaw size ~as confirmed for glasses by a .number of investigators. 
3

a, 
4 

· 

A rough estimate of the flaw size of a glass can be made by substitution 

of appropriate values for the physical quantities in equation (1) and 

solving for a. Taking S
0 

= 104 psi, 'Y = 5. x 10
3 

erg. cm-
2 

for the 

surface energy, 
5

, 
6 

and E ~ 10 
7 

psi, equation (1) yields a va~ue for the 

flaw size of the order of 50p. For a high strength brittle ceramic {such 

as alumina) the flaw size can be calculated to be of the order of a few 

microns. The flaw size in glasses, therefore, are considerably larger 

than those in high strength crystalline. ceramics. Although flaw-free 

laboratory specimens of glass can be manufactured which exhibit near 

theoretical values of strength, commercial glasses willcontain surface 

flaws due to mechanical handling, abrasion, etc. 

. It is the purpose of this paper to propose a fracture theory based on 

the criterion that hard crystalline dispersions within the glass will limit 

the flaw size which can be pr_oduced in the surface. The result of limiting: 

the fla.w· size will give rise to an increase in strength. 

II. THEORETICAL 

The effect of the existence of dispersions on the size of flaws dis-· .. 

· tributed statistically throughout the bulk or ~surface of a glass speciman 

can be divided into two regions. The first region (hereafter refer;red to .. : 

as Region I) is- characteriz~d in that the· average distance between 
.· .. , . 

.b. 

.. 
• 

I. 

.·. 

' . ~ 

..... 
..... 

f 

.. • l 

· particles is greater than the flaw size. This condition can be attained 

with proper volume fraCtions and particle size of the dispersed phase. 

. ,' 

·: . 
' " 

However in this region •. at least on a statistical basis~· the size of th_e ~ 

t 
I. 

,_; ( ' 

···, .. ' .. 

. : .:· 

! .• 

' . .' 

... ; . 

-.. · 
'•',; 

. . . ·~ . 

. . 
'· 
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average flaw will be reduced, the reduction being equal to volume fraction 

of dispersed phase or: 

a =· a ( 1 -. tp ) 
. 0 

where a = the flaw size within the composite • 

a
0 

= original flaw size within the glass. 

~ = volume fraction of the dispersed phase. 

(2) 

Substitution for a in equation (1) and rearranging, the effect of dispersions 
j 

on the strength ( S) of the composite, can be written: 

1. 
S = So ( 1 - ¢) - 2 (3) 

At higher volume fractions or smaller particle· size, the flaw size 

as given by .equation (2) will be larger than the ·average distance between 

particles, i.e.,. flaw size is now .governed by the "mean free path" between 

. particles. This region will be referred to as Region II. A convenient 

expression for the "mean free path", (d), between spherical particles of 

. uniform r.adius, (R ), distributed statistically throughout a matrix, can be 

obtained from the expressions given by Fullman 
7 

and is. given by: 

d .:.: 4R(l- (>) 
- 3~ 

(4) 

Substitution of 'd for a in equation (1) yields for the strength (S) in 

the Region II: 

~ 
. . . ') 1. . . . 2 

_ 3 'YE ¢ 
S - 1rR ( l - cp) . 

The results of expressions (3) arid (5) for the effect of dispersion 

,I , 

. (5) 

.on the strength of a brittle glass matrix can be summarized as follows: 

· · ~:.· In Region I strength is a fuhct~on of volume fraction only, requiring 
_·,.:·: . ' : ·' !·. . . . . . ' 

.. ,, :•' 
·• l. 

'. 
. . . . . ~ 

relativ-ely large volume fractions before an appreciable increase in 

/" 

.'. 

' I 

j; .. 

t: 
' ~~ i' . 

i;·' ,., . 
. '• 
' ~ I ' 

. ' <,.,,. 
-: . 'i;-.· 

. ,. . . . . '~ 

. ' 

I . .. 
f .. . '~ 
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strength is obtained. In Region U strength is a function of volume 

fraction as well as particle size. A plot of strength against the reciprocal 

square root of the "mean free path" should at high values of "mean free 

. path" be practically horizontal apart from minor deviation as dictated by 

·equation {3). .Where the "mean free path" equals the original flaw size, 

a discontinuity in slope should occur. As the "mean free path" decreases,· 

the plot should follow a straight line passing through the origin.· At this 
i 

point it is of interest to. point out the analogy ~etween the theory proposed 

in the present paper and the theory of dispersion strengthened metals and 

. 8 
alloys discussed by Ansell. r 

III. EXPERnvrENTAL 

A. Materials 

· The. system selected for the verification of the above theory con

sisted of a glass m~trix containing spherical particles of alumina. The 

glass used was of the same composition as the D-glass (16% Na
2
o, 14% 

B
2
o

3 
, 70% Si0

2
) employed in·_?revious inves;tigations. 

9 
. The coefficient 

of thermal expansion.of this glass is nearly identical to the coefficient 

of thermal expansion of alumina. Therefore, internal stresses are avoided. 

The alumina consisted of an alumina powder spheroidized in a D. C. plasma • · ·. 

jet. The spheroidized powder was separated into suitable size fractions 

.·: by means of an air elutriation. The spheroidized alumina parti~le size 

ranged from approximately 15. to 60./". Particle size was determined 

microscopically. During spheroidization some porosity was introduced ..... , 

:;: : in the alumina spheres as observed by Das and Fulrath.10 The porosity: 

•' 

: ~:- •: . 

. ·, 

I·. 

determined by pycnometer technique was approximat~ly 8% • 
. ,, 

' . . 
I '•,, 

. \ .. , "' .. ' 

.: . 

·, ' .. 
'· ·_,· . ' 

,•' 

. ,··. 

I 

:I 
• I 

.I 
~ ,, 

' • ;I 

' . • I 
:· 
!' 
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. ·. 
Glass-Al

2
0

3 
compacts were produced by intimately mixing desired 

. proportions of the glass in powder form (average particle size 3-5p) . 

with the alumina followed by vacuum-hot-pressing at 7'25° C for 15 min • 

. : Blanks 2 m. diameter by approximately one quarter inch thick were pre-· 

pared. Volume fraction of spheroidized alumina ranged from 0. 055 to· 

0. 475. Composites were made with the matrix "mean free' path" ranging 

- from about 14 to· 500_p •. Compacts containing more than 50 volume per-

cent alumina could not be ,pressed to full density, presumably due to 

particle-particle contact. Similarly$ fully dense compacts containing 

alumina spheres of particle size smaller than about 15p could not be 

obtained. 

After hot-pressing, the _compacts were cemented to high alumina ... 
·,· \ . 

porcelain ceramic plates and cut into strength specimens approximately 

0. 070 in.' thick with a precision diamond saw using kerosene as a coolant. 

The diamond blade thickness was 0. 020 in. The blade speed was 2800 

surface ft/min. The saw .was advanced through the specimen at a rate 

,.'." ' of approximately 0. 35 in. per.minute. The saw cut was made through the 

./. compact as well as the underlying ceramic plate.· In this manner chipping 

·of the edges of the strength specimens was avoided. After cutting the 

·~ .. 

strength specimens were removed from the plate and any remaining cement 

-~ removed with ethyl alcohol.; · Profil~meter * measurements of the cut 

- ... · :{·· ~ :. 
·:' ~ ·_ .' •, . :·.'·· : surface gave an rms surface roughness of 20 micro-inches (approximately 

: . . . . . ' . 

. ·~ . 

': .. , . 
:.:.~/:· •• J ' 

'' ! 

. ·~· 

. ' 

"'· 

· .. ·one half micron}. independent. ~f composition and direction along the 
' ' . i· . . . 

·-·. surface~ ·Microscopic measurements suggested a maximum surface , 

' .. ~ 
. I' . ,·. ·,, __ ; 

.... i 
' . ; .: 

. ·. * · Type Q, Physicists Rese~fch Company, 'Ann Arhor, Michigan. 
.· , : . ·! 

' 
~ '' j ·• ·' . 

;._ H . 
;: .. 

.-• ·! "' 
·.1. ' 

• I, 
~l ., . . ; . . . ... ·~ ' 

. ' ~: :; ; 

' . :' ·". ~ '~ ·, ! I . : • . ·i : ' ' 
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. >. 
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roughness ranging from one to two microns. No further surface treat- · 

ment was given. A surface roughness of 20 micro.:.inches corresponds 

. . . 

to a surface obtained in a wet grinding operation and should assure an · 

. adequate number of flaws in the surface. Figure 1 shows a typical as-

cut surface of. a glass specimen. 

Crossbending strength measurements were made usirig 4-point load-. 

ing and a 3/4 in.· span. , Specimens were loaded to failure in approxi

mately 20 sec. Specimenswere loaded so that the diamond sawed sur

face was stressed. For most compositions 30 or· more data points were 

obtained. 

In order to render visible the Griffith flaw, the lithium ion exchange 

process described by Ernsberger
11 

was used. Heating a glass containing . 

sodium ~ons in a eutectic mixture ofKN0
3

-LiN0
3 

causes an exchange 

. between the sodium and lithium ions. Due to the smaller size of the 

lithium ions,; this creates a tensile stress in the surface. Moistening 

the glass, catalyses the propagation of cracks--the resulting cracks 

being representative of or originating at the original Griffith flaw. In 

order to see the results of cracks in the present material more clearly, 

the aqueous-HF etch ~sed byErnsberger was eliminated and a gold plating 

was substituted to increase the reflectivity of' the surface . 

B. Experimental Results 

·Table I. l~sts .the mean values of crossbending strengt~ and their 

. standard deviations for the various compositions and particle sizes. 

Original glass strength was .14, 7 00 psL Figure 2 shows the values of 

strength plotted against, the_ reciprocal square root of the calculated 

"mean free path":·. Th~se results agree with those predicted •. The 
.. · : '. I f ~: 1 ' • ' • 

· .. ii. 
;. ~-- : . 

;f_ t_l • 

· .. ,, 
i .. ( ._· .; 

. ' 
' ' -~ 
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II 
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-1 
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division between Region I and II was obtained by drawing a horizontal 

·· line from the original glass strength to the straight line describing 
1 

Region II. . This results in a value of d-
2 

of 0. 158 or a flaw size of 

. approximately 40p • Values of strength of composites with "mean free 

path" greater than 40p then fall in Region I, as shown in Fig. 3, which 

illustrates strength plotted against volume fraction. 

. Considerable di~ficulty was enc·ountered in revealing the Griffith 

flaws by means of the lithium ion exchange. Generally, the cracks could. 

not be distinguished from the general background of the surface markings 

due to the diamond sawing. · It was found however that with partial oblique 

. _ - _light, cracks in the. surface could be made visible due to reflection of the 

:· incident light at cracks oriented more or less perpendicularly to the in-

. :cident _light as shown in Figs. 4a and 4b. Figure 4a shows normal 

illumination, while Fig~ 4b shows the same area under oblique lighting. 

Figure 5 shows the same phenomena in a composite containing 42. 3 volume 

) ... 

percent of 42p alumina spheres. Much better results ;were obtained with ... 

specimens which were first polished to eliminate all other surface mark-

ings follbwed bY the lithium ion exchange. Figures 6a, b, and c show the 

Griffith cracks in glass containing 0, 10. 9, and 42. 3 volume perc.ent 

: alumina having calculated values of "mean free path" of oo , 81, and 

13. 5 microns, respectively .. The cracks .in Fig. 6c do not appear to be 

·. as wide as those in Fig .. 6a and b. This is thought to be due to the con

. straining effect of the alumina particles. The sample of Fig. 6b with a 

. :·"mean free path'' of 81 p., lies in Region I and the figure clearly illustrates 

the partial limiting of the. flaw size~ Similarly the sample of Fig. 6c lies 
. . . . . 

. ' 

t; 

·: .· 

i' 
. ! 

. ;, : ~ . 

,' \ ·, '· 

I • ·~ . ~ 

,, 
: l ''• 
,'I 
. ! 

':··, 

; 
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in Region II and illustrates the complete limiting of the flaw size by the . 

dispersed particles. 

Figure 7 shows a fracture surface. Crack propagation appears to 

take. place preferentially through the glass matrix~ The alumina spheres 

. . appear to offer considerable resistance to crack propagation. · 

IV. DISCUSSION 

The experimental results as illustrated in Fig. 2 appear to be in 

agreement with the hypothesis advanced in this paper. The .experimental 

results in: Region II seem to lie on a straight line through 'the origin in 

support of the validity of equation (5). 

The experimental values for strength in Region I~ as· shown in Fig. 3; 

all are less than predicted by equation (3). Only at higher volume fraction~ 

does a smooth curve drawn through the experimental points appear to be 

parallel to the predicted curve. The validity of equation (3) appears in · 
. . . 

·doubt. However, it is felt that this discrepancy, at least in part, can be. 
. ' . 

attributed to stress concentration near the dispersed particles, which 
. . . . 

· arise due to the differences in elastic. properties of the two phases. This 

. is being investigated currently and will be the subject of discussion in a 

future report • 

: f 

I ~ • 

It is of interest to note that for the experimental data for strength 

•· the coefficient of variation of all composites is less than the coefficient 

of the glass itself>. With a few exceptions, the coefficient of variation 

generally decreases with increasing volume fraction of dispersions. This 

. suggests that this type of composite can be employed in industrial design 

with a greater degree of re~iability. A lower coefficient of variation 
. . . . . . . • . .. · .. ' . . ·. .· . . '12 

. (for strength) for multl.phase systems was also observed by others~ 

. ~ ·. 

. ' .. · 
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.! 

• 
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The presence of some porosity within the dispersed spheres does not 

.. appear to have affected the results for strength. If the pores had been . 

responsible for failure~ the addition of the dispersions would have caused 

a decrease in strength~ in contradiction with observation . 

It appears unfortunate that with the hotpressing technique used for 

the manufacture of the specimens, that composites with matrix "mean 

free path" less than ab?ut 15;-< could not be produced. Smaller "mean 

free paths" would have allowed the investigation of strength behavior in 

Region II over a wider region of stress. However~ other manufacturing 

··.techniques which may be suggested will have the disadvantage of less 

control over the final microstructure, introducing uncertainties in the 

values of "mean free path" .. 

The actual value to be used for surface energy when applymg the 

Griffith criterion· to glass- always presents some difficulty as to whether 

one should use the thermodynamic surface free energy or the surface 

energy found in crack propagation studies. The present study allows an 

estimate of the surface energy applicable to the glass used. Examination 

of equation (5) reveals that the surface energy ( 'Y) can be calculated 

from the slope of the data iii Region II as shown in Fig.: 2 by means of: 

'Y . = 
• 2 ' 
17'(slope) , .. 

4E 
. . . ·· .... :; '•·9b'. 

Substitution of the appropriat~ value for·E yields a surface energy of 
.• . . ~2 

approximately 4~ 000 ergs. em. ; in good agreement with values reported 

in the literature. 
5 ~ 6 

: It is of interest to note that thesize of thecracks pr~duced by the 
. . :; . ' . . . . . ,, 

lithium-ion exchange process), .as shown in.Fig. 6a, are approximately 
! . ,. 

'· -.:.:. . . ··~ 

' •, 
. , ; 

; .· .... ;· __ 

·, .. 
'. 

! ·./ .. · .. 
,.; ' 

.. ~: ·. ~ ,:; ' . ' 

.· ' . ·. '•, 

: -~· 

•.' 

,I :• 

.. 
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equal to the flaw si.ze calculated from equation (1). It appears, there-

fore, that at least for the present glass and the ion-exchange treatment, 

- that the cracks do represent. the Griffith flaws_ and are not necessarily 

. flaws enlarged by the ·ion exchange treatm.ent. The results shown in 

Figs. 6a, b, and c clearly illustrate the effect of di'spersiaB on flaw size 

. in support of the. theory advanced in this paper. 

It should be pointed out that the results obtained in the present 
I 

study presumably are v~lid only for the range of values of "mean free 

path"., particle size and levels of stress investigated. At higher values 

of stress other types of flaws may become operative, such as those which 

may exist within the dispersed phase. For flaws within the dispersed · 

phase, strength would be a function of particle· size only and independent 

of volum_e fraction. Because of the relatively large flaw size, the theory 

and results of this investigation from a practical viewpoint appear to.be 

·applicable to glasses only.· Other brittle matrices, such as high strength 

dense alumina, have relatively small flaw size { """'lp ), making it diffi

cult to select a compqsite system which would reduce the size of these 

small flaws. 

It is suggested here that the fracture behavior. of -many industrial 

ceramics containing appreciable fractions·of a glassy phase may be 

gove~ed by the theory outlined in this paper • 

. .V. SUMMARY_AND CONCLUSION 

A fracture theory is presented for a glass matrix contairiing a 

dispersed phase of crystalline particles, based.on the hypothesis that the 

·•· 

'';')· 
I 1 .~ I, 

,1' 

• .... 

• .. 
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flaws. Expressions ar·e derived for-the strength of the composite in terms 

:of volume fraction and particle size. · The theory is supported by experi

. mental values for strength obtained for a sodium borosilicate glass con

taining a dispersed phase of spherical alumina particles. Values fpr 

:. 

the fracture surface energy for the glass calculated from the experimental 

data agree with literature values. . . . I . 
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Table I. Crossbending Strength of Sodium Borosilicate Glass Matrices 
Containing Dispersed Spherical Alumina Particles 

(psi x lo-4) (Glass Strength = 14~ 700* psi) 

Alumina particle Volume fraction Alz03 (if>) 

size (microns) 0.055 o. 109 0.216 0.320 0.423 0.475 

'. 

60+ -r 1. 32 1. 32 1. 41 .1. 60 L 69 

' . (10. 2) (5. 6) (5. 9) ... . (5. 3) (5. 4) 

.51+ 1. 44 : .. · 1. 31 1. 38 1. 60 1. 68 

(8. 1) (6. 3). (5. 6) (6. 4) (5. 1) 

42+ 1. 32 1. 28. 1. 39 1. 60 1. 72 

(8. 4) (9. 0) (6. 8) (6. 9) (4 •. 4) 

32+ : 1. 38 
. ' 

1. 56 '., 1. 35 1. 89 2. 10 tl, ... 

. .. 
. (9. 4,) (8. 2) (1 0~ 8) (4. 9) . (10. 6) 

.25++ 1. 36 
'·. 1. 33 1. 58. 1. 92 2. 12 

/ 
: (10. 0) (6. 8) . (7. 8) (4. 9) (9. 3) 

21++ 1. 54 1. 56 1. 82 2. 16 ** 2. 36 . 

. (11. 6) (9. 1) (7. 6) (6. 1) (3. 7) 

15++ 1. 46 1. 67 2. 06 . 2. 53 

.f. (5. 3) (5. 3) (5. 2) '(6.5)' 

\ro. 

Numbers in parenthesis represent coefficient of variation (percent). 

* Coefficient of variation 12. 7%. 

+ Particle size range, approximately ± 10%. 

++ Particle size range, approximately ± 15%. 
. ·' 

. ' ' ' :'' . 
** Average of six specimens. All other strength values average of 

approximately thirty specimens; · . · · 
. ' ' 

I :i . : ·, , : ~ . . ..~. ..I:~: .. ' 
. ·.• ;:,;: . . . :: . 
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FIGURE CAPTIONS 

' ' 

Fig •. 1 Typical as-cut surface of a glass specimen. 

Fig. 2 Expe:dmental data for strength plotted against reciprocal 

square root of "mean free path". 

Fig. 3 Experimental data for strength in Region I as a function of .. 

volume fraction dispersions. 

Fig. 4 Griffith cracks iri relatively smooth surface of an as -cut 

glass specimen under conditions of: a. normal illumination,' 

,, 

Fig. 5 

. <. 

Fig. 6 

. b. partially oblique illumination ( x 260). 

Griffith cracks in specimens composed of glass matrix con·-

taining 42. 3 volume percent of 4~ diameter alumina spheres• 

Partially oblique illumination (x 260) • 

Griffith cracks in polished surface of glass matrix containing 

a: 0, b: 10. 9, and c: 42. 3 volume percent 1~ diameter 

spherical alumina •. 

"I 

Fig;· 7 • Fracture surface of glas·s matriX containing 32. 0 volume 

·,, 

'' I 

,, 
! ' 

percent of 32? diameter alumina sphere~ ( x 260 ) •. ' 

. . ~ 

•, 
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