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ABSTRACT. In this paper, we study strong convergence of some proximal-type algorithms to a solution of split
minimization problem in complete p-uniformly convex metric spaces. We also analyse asymptotic behaviour
of the sequence generated by Halpern-type proximal point algorithm and extend it to approximate a common
solution of a finite family of minimization problems in the setting of complete p-uniformly convex metric spaces.
Furthermore, numerical experiments of our algorithms in comparison with other algorithms are given to show
the applicability of our results.

1. INTRODUCTION

Let X be a geodesic space and f be any real-valued function defined on X. If there exists a point v € X such that
fl@) = mi)r(lf(v), then v is called a minimizer of f and is denoted by ¥ ::argmi)rglf(v) (that is, argmi)r(lf(v) denotes
ve ve ve

the set of minimizers of f). The problem of finding such a point v € X for which f(v) = mi)r(l f(v), is called a
ve

Minimization Problem (MP), which is very useful in optimization theory, convex and nonlinear analysis. Many
authors have proposed some efficient and implementable algorithms and obtain some convergence theorems for
solving MPs and some of their generalizations, (see for example, [21, 22, 23, 33, 35, 43, 49]). The Proximal
Point Algorithm (PPA) is a well-known method for finding solutions of MPs. It was introduced by Martinet
[32] and was further developed by Rockafellar [11] in Hilbert spaces. Rockafellar [11] proved that the PPA
converges weakly to a minimizer of a proper convex and lower semicontinuous functional (to be defined in
Section 2) and raised a very important question as to whether the PPA converges strongly or not. The question
was resolved in the negative by Giiler [21] who constructed a counterexample showing that the PPA does not
necessarily converges strongly (see also [9, 10] for more counterexamples on this subject matter). In other
words, except additional conditions are imposed on either the convex functional or on the underlying space,
only weak convergence results for PPA are expected. In 2000, Kamimura and Takahashi [24] modified the PPA
into Halpern-type PPA, so that its strong convergence is guaranteed. The study of PPA has been generalized
from Hilbert spaces to differentiable manifolds, in particular, the Hadamard manifolds (Riemannain manifolds
of nonpositive sectional curvature) see for example [20, 30, 40] and the references therein. Baédk [6] continued
along this line and introduced the PPA in Hadamard spaces (complete CAT(0) spaces) as follows: For arbitrary
point x; in a Hadamard space X, define the sequence {z,} iteratively by

(].].) xn+1 - J;{n(mn)v

where p, > 0 for all n > 1, and J[: : X — X is the Moreau-Yosida resolvent of a proper convex and lower
semicontinuous functional defined by

1
Jlf(x) = arggi}r{l (f(v) + QudQ(v,x)) .
Bagcdk [0] proved that the PPA A-converges (to be defined in Section 2) to a minimizer of f under the assumption
that >°°° | j1,, = 0o and that f has a minimizer in X. Since then, different modifications of the PPA have been
studied in Hadamard spaces, as well as in Hilbert and Banach spaces (see [4, 5, 44, 48] and the references
therein).

The PPA have now been generalized to p-uniformly convex metric spaces, introduced by Noar and Silberman
[34] in 2011 as follows: Let 1 < p < 0o, a metric space (X, d) is called p-uniformly convex with parameter ¢ > 0
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if and only if (X, d) is a geodesic space (to be defined in Section 2) and
(1.2)  d(v,(1=t)zdty)? <(1—-t)d(v,z)? +td(v,y)? — gt(l —t)d(x,y)? Vz,y,v € X, t € [0,1].

Let X be a p-uniformly convex metric space. Choi and Ji [14] introduced the notion of resolvent mapping of a
proper, convex and lower semicontinuous functional f in X as follows: For z € X and u > 0, J,{ X > X is
defined by

1
(1.3) JI(x) = argvmei)rfl (f(v) + Mdp(v’x)) .
Clearly, if p = 2, then (1.3) reduces to the Moreau-Yosida resolvent. Using (1.3), they obtained the following
result.

Theorem 1.1. [I4, Theorem 3.6] Let X be a p-uniformly convex metric space with parameter ¢ > 0 and
diameter a > 0. Let f : X — (—o00,00] be a proper uniformly convex, lower semicontinuous function, and {py}

be a sequence of positive real numbers such that lim ﬁ = 0. Suppose that the sequence {x,} in X is
n—oo
generated by the following PPA:

(1.4) Ty = Jl’;(mn,l), n>1,

i=1 Hi

where JL is defined in (1.3). Then, {x,} converges to a minimizer of f.

Kuwae [28] defined the resolvent .J. gf of f in p-uniformly convex metric space slightly different from that in (1.3)
as follows:
1
f - i P
(1.5) Ji(z) = arg min (f(v) + T d(v, ) ) .

off course, (1.5) is more general and known to be applicable in obtaining solutions of initial boundary value
problems for p-harmonic maps (see [28] for more details). Kuwae [28] also established the unique existence of
the resolvent JJ of f under Assumption 3.21 of [25] (see [28, Proposition 3.26]). Furthermore, he proved the
existence of the minimizer of a coercive proper lower semicontinuous functionals.

We emphasize here that the results of Kuwae [28], Choi and Ji [14] naturally extend contemporary results in
Hadamard spaces (as well as Hilbert and Banach spaces). For example, Theorem 1.1 is an extension of [0,
Theorem 1.4] from Hadamard space to p-uniformly convex spaces. In general, existing results concerning PPA
in Hadamard spaces cannot be simply carried into p-uniformly convex metric spaces due to the structure of
the space; the smoothness constant ¢ (see inequality (1.2)) among others, always serves as a natural obstacle
to be overcome in order to extend existing results on PPA to p-uniformly convex metric space. Moreover,
CAT(0) spaces are 2-uniformly convex metric spaces with parameter ¢ = 2 and CAT(k) spaces (k > 0) with
diam(X) < =" are 2-uniformly convex metric spaces with parameter ¢ = (7 — 2v/ke) tan(vke) for any 0 <

2Vk
€ < ﬁ—diam(X ) (see [42]). Furthermore, p-uniformly convex metric spaces are obvious generalization of
p-uniformly convex normed spaces without using the modulus of convexity for p € (1,00) (see [14, Example
2.2]). It is also known in [47] that normed spaces and their convex subsets are convex metric spaces but the

converse of this statement is not always the case. In addition, inequality (1.2) has numerous applications in
Finsler geometry and metric geometry; the nonlinearization of the geometry of Banach space and other related
fields (see for example [29, 34, 39, 36, 37, 38, 415]). For more details on p-uniformly convex metric spaces see
[29, 34, 39, 36, 37, 38] and the references therein.

Motivated by the above results and facts, we study some proximal-type algorithms for finding solutions of Split
Minimization Problems (SMP) in p-uniformly convex metric spaces. We also study the asymptotic behaviour of
the sequence generated by Halpern-type PPA and extend it to approximate a common solution of finite family of
MPs in p-uniformly convex metric spaces. Furthermore, numerical experiments of our algorithms in comparison
with other algorithms are given to show the applicability of our results

This paper is organized as follows: In section 2, we study the geometry of p-uniformly convex metric spaces.
We also study some fundamental properties of the resolvent defined in (1.5). In section 3, we carry out strong
convergence analysis on some proximal-type algorithms. First (in Subsection 3.1), we study the Backward-
Backward Algorithm (BBA) and its convergence to a SMP. Secondly (in Subsection 3.2), we recall the importance
of the Alternating Proximal Algorithm (APA) and prove that it converges strongly to a SMP. Finally (in
Subsection 3.3), we study asymptotic behaviour of the sequence generated by Halpern-type PPA and extend
it to examine the behaviour of the sequence given by Halpern-type algorithm involving a finite composition of
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resolvents of proper convex and lower semicontinuous functions. We then employ this algorithm to approximate
a common solution of finite family of MPs in a complete p-uniformly convex metric space. In Section 4, we give
numerical example of our algorithms and compare them with other useful algorithms.

2. PRELIMINARIES

2.1. Geometry of p-uniformly convex metric space.

Definition 2.1. A metric space X is called a geodesic space if every two points x,y € X are joined by a geodesic
path c¢: [0,d(z,y)] — X such that ¢(0) = 2 and ¢(d(x,y)) = y. In this case, ¢ is an isometry and the image of ¢
is called a geodesic segment joining x to y. The space X is said to be uniquely geodesic if every two points of
X are joined by exactly one geodesic segment.

Inequality (1.2) ensures that p-uniformly convex metric spaces are uniquely geodesic (see [38, Lemma 2.2]). Also,
CAT(0) spaces are examples of uniquely geodesic metric spaces (see [18]). Concrete examples of p-uniformly
convex metric spaces can be found in [14].

Definition 2.2. Let {x,} be a bounded sequence in a geodesic metric space X. Then, the asymptotic center
A({x,}) of {x,} is defined by
A({z,}) = {v € X : limsup d(7,x,) = inf limsupd(v, z,).

n—00 €X pnooco

The sequence {z,} in X is said to be A-convergent to a point v € X if A({x,, }) = {v} for every subsequence

{zn,} of {z,}. In this case, we write A- lim z,, = ¥ and we say that ¥ is the A-limit of {z,,}. The notion of
n—roo

A-convergence in a metric space was introduced by Lim [31], and it is known as an analogue of the notion of
weak convergence in a Banach space. Thus, it is sometimes referred to as the notion of weak convergence in
metric space.

Definition 2.3. Let X and Y be two complete p-uniformly convex metric spaces. Then the Cartesian product
X x Y is a complete p-uniformly convex metric space endowed with the metric d: (X xY) x (X xY) — [0,00)
defined by

(2~1) d((xhyl)a ($27y2)) = [dX(JUhl“Q)p + dY(y17y2)p]% , Vo, z0 € X, Y1, €Y.

The following lemma plays an important role in this paper.

Lemma 2.4. For 1 < p < o0, let X be a p-uniformly convex metric space with parameter ¢ > 0 and f : X —
(—00,400] be a proper convex and lower semicontinuous function. Then, for all a,b,c,d € X, we have

d(a,b)? +d(c,d)? < % (d(a,c)? + d(a,d)? + d(b,c)? + d(b,d)?) .

Proof. From (1.2), we obtain that

1 1.1 1 \?
< — — — —
0 < d<2a@2b,2c@2d>

< 7 |dlacy +dla.dy +dv, 0 + d(v,ay - 5 (dle.d) + d(a,b)")]

~ | =

which implies
d(a,b)P + d(c,d)? < g (d(a, c)? + d(a,d)? + d(b,c)? + d(b,d)P) .
c

2.2. Fundamental properties of resolvent of convex functions.

Definition 2.5. Let X be a geodesic space. A mapping f : D C X — (—o00,00] is called convex if for any
geodesic path [z,y] ;== {te ® (1 —t)y : 0 < ¢t < 1} joining z,y € X, we have that

fltze (1 -t)y) <tf(x)+ (1 —-1)f(y),

and is called uniformly convex (see [14]), if there exists a strictly increasing function ¢ : Ry — R such that

(322 5v) < 50 + 50)] - o(dCe.))
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We also recall that f: D C X — (—o0,00] is called proper, if its domain D := {v € X : f(v) < +oo} # 0, and
f is said to be lower semi-continuous at a point ¥ € D if f(v) < liminff(z,) for each sequence {z,} in D such
n—oo

that lim z,, = 0.
n—oo

Proposition 2.6. [16] Let X be a geodesic space and f : X — (—o00,+00] be a proper uniformly convex and
lower semicontinuous function. Then, there exists a unique minimizer v € X of f (that is v ::argmi)r(l f)).
ve

Proposition 2.7. For 1 < p < oo, let X be a p-uniformly convex metric space with parameter ¢ > 0 and
f:X — (—o0,+00] be a proper convex and lower semicontinuous function. Then, for any p > 0 and z € X,
there exists a unique point, say Jﬂf(w) € X such that

1 1
Wﬁd(ﬁ(ﬂf%w)p = inf <f(v) + p/ﬂ,_ld(v,w)p> :

F(IL () +
Proposition 2.7 (referred to as the unique existence of resolvent of a proper convex and lower semicontinuous
function) is proved in [28, Proposition 3.26] under Assumption 3.21 of [28]. Using Proposition 2.6, we prove
Proposition 2.7 without this assumption. Our proof is similar to the proof of [14, Lemma 3].

Proof. Let Gﬁ(v) = f(v)+ W%ld(v, z)P. Clearly, G£ is a proper and lower semicontinuous mapping. Also, Gl{

is uniformly convex. For this, let v = tvy ® (1 — t)vy for all v1,v9 € X and ¢t € [0,1] (in particular, t = %), we
obtain from the convexity of f and (1.2) that
1 1 1 1 1 1 c
f
Gu(§U1 (5] 5’[}2) < 5 (f(vl) + I)/ﬁ?ld(vhx)p) + 5 <f(’l}2) + plupld(’l}27x)p> — Wd(vl, U2)p
1 c
= Gh) +Gl(v2) - sy )
which implies that G{L is uniformly convex. Hence, by Proposition 2.6, we obtain the desired conclusion. |

We now obtain some basic properties of the resolvent of a proper convex and lower semicontinuous function.

Lemma 2.8 (Firmly nonexpansive-type property). For 1 < p < oo, let X be a p-uniformly convex metric
space with parameter ¢ > 0 and f : X — (—o00,+00] be a proper conver and lower semicontinuous function.
Then, for all x1,x5 € X, we have

1
d(Jf w1, Jjwo)P < - [d(J] 21, @) + d(J] 20, 21)P = d(Jf 21, 1)P — d(J] w2, 22)"] .

Proof. From (1.5), we obtain that

f(Jlz) + = d(Jfz,x)P < f(2) + pﬂpild(z,x)p Vz € X.

Now, set z = (1 —t)v ® tJ/f:n, t € [0,1). Then, we obtain from the convexity of f and the inequality (1.2) that

(1-1)
f(Jlx) + pupfld(,];:x,x)? < (L=t)f() +tf(Tjx) + o d(v,z)?
f P _ ct(1-1) fo\P
+p’up_1d(J#x,x) Do T d(v, J,z)?,
which implies (since ¢ # 1) that
t
(2.2) Pt f (@) + d(T ) < T () + d(v, o) = Sd(v, T
Ast — 1in (2.2), we obtain
2.3 prP (TS 2) +d(Jfx, x)P < ppPT f(v) + d(v, x)P — 4 v, JIx)P.
/ / 9 /
Now, for z1,2z2 € X, we obtain from (2.3) that
c
(2.4) p,upflf(JI{xl) + d(.]};arl, x)P < pupflf(Jlfxg) + d(JixQ,xl)p — §d(J,{x2, Jl{xl)p
and
_ _ c
(2.5) puP 1f(J5352) + d(J;{ffz,xz)p < puf lf(J;{xl) + d(J;'fothQ)p - §d(J;{$17 Jiﬂﬂz)p-
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Adding (2.4) and (2.5), we obtain

1
d(Jf @y, Jfwg)P < - [d(Jf w1, @2) + d(J] @, 21)P — d(Jf w1, 21)P — d(J] 22, 22)"] .

O
Remark 2.9. (a) Observe that if ¢ > 2 and p = 2 in Lemma 2.8, then by the definition of quasilinearization
mapping in CAT(0) space (see [11] and [19]), one obtains that Jl{ is a firmly nonexpansive mapping in

a CAT(0) space. That is,
—_—
d(]jml,Jil'Q)Q S <J££L’1J££L’2,ZL’1CL’2> VCUl,xQ S X,

which by Cauchy-Swartz inequality gives that J7 is nonexpansive in CAT(0) space.

(b) From (2.3), we obtain that
2 _
d(v, Jiz)? < = [d(v,2)" — d(Jfz,2)" = put ™" (f(Jf2) = f(0))], Pv € X.
(¢) If we replace convexity of f with uniform convexity in Lemma 2.8, then (b) becomes

d(v, J,{x)p < % [d(v, z)P — dp(J,fx,a:) — ppPt (¢(d(v,.]l{x)) —|—f(J[:x) - f)], YweX.

Lemma 2.10 (Nonexpansive property). For 1 < p < oo, let X be a p-uniformly convex metric space with
parameter ¢ > 2 and f : X — (—o0,+00] be a proper conver and lower semicontinuous function. Then, the
resolvent J/f of f is nonexpansive. That is, for all x1,x5 € X, we have

d(Jzle, J’{l‘g) S d(l‘l,xg).

Proof. By Lemma 2.4 and Lemma 2.8 (note that ¢ > 2), we obtain that

12
d(Jl{.’Eth{(EQ)p < o s (d(ijl,Jl{xg)p +d(J,fx1,x1) + d(Jl{xmxg)p +d(x1,x2)p) - d(JP{xhxl)p — d(JlJ:xg,xg)p
1
< 3 [d(J,fxl,Jﬁ:xg)p + d(z1, )],
which yields the desired conclusion. O

Lemma 2.11 (Monotonicity of resolvent). For 1 < p < oo, let X be a p-uniformly convexr metric space with
parameter ¢ > 0 and f : X — (—o0,400] be a proper conver and lower semicontinuous function. Then, for
0 < p1 < po, we have

d(Jlflx,x) < d(ngx,x) Vo e X.

Proof. Let x € X. We obtain from (1.5) that

2.6 J} Lt wap < £(I1 d(J}, ,x)P

(2.6) F(J0) + — = d(J, 2, 2)P < f(Jj,2) + T (Ji, @, z)P
2 2

Similarly, we obtain
1 1

(2.7) I x) + pupfld(J/flx,x)P < f(IL2) + —=d(J ],z 2)P.
1 1

Adding (2.6) and (2.7), we obtain that

p p
<1 - 11)_1> d(Jlflsc,x)p < (1 - ;_1> d(ngx,x)p.

Ha

p—1
Since, 0 < pq < pe, therefore 1 — (%) > 0. Thus, we obtain that

d(Jl-flx, x) < d(JLw,x).

O

We end this section with the following important result which is an analogue of [27, Lemma 3.1] in the setting
of CAT(0) space.
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Lemma 2.12. For 1 < p < oo, let X be a p-uniformly convexr metric space with parameter ¢ >0 and f: X —
(=00, +00] be a proper, convex and lower semicontinuous function. For uy,ps > 0 and x1, x5 € X, the following
inequality holds:

c -1 -1 d : -1 3 -1 -1 -1 4
E(uf +ub )d(ngxl,Jlfzxg)p—l—ug d(Jlflxl,xl)p—Fuf d(JngQ,xg)pgu’f d(J,{lxl,xg)p—i—ug d(Jlfza:g,xl)p.

Proof. Put ¢ =2z, and v = szxg in (2.3) to obtain
_ _ c
pur® 1f(J,]:ICU1) + d(J,flﬂfl,%)p < pm? 1f(J/;ﬂQ) + d(J529327$1)p - id(JmﬂCz» J,{1$1)p~
That is,

C —
§d(t]ﬁ:1$17=]f 29)P + d(J] @y, @1)P + put Tt (F(T] 20) = F(T],22)) < d(J] w2, 21)7,

iz
from which we obtain that
pih [%d(%xl, J/:sz)p + d(J,flﬂﬁl,xl)p +pd ! (f(J,fll‘l) - f(Jf:z??z))}
(2.8) < pug_ld(ngxg, x1)P.
Similarly, we obtain
pui ! [gd(Jf;iﬂ% J;{1=’U1)p + d(J[;xz,m)p +pub! (f(J;];@) - f(Jf:lfUl))}
(2.9) < pulffld(‘filml,xg)p.
Adding (2.8) and (2.9), we obtain the desired conclusion. O

3. STRONG CONVERGENCE ANALYSIS

In this section, we study strong convergence of some proximal-type algorithms.

Remark 3.1. In general, PPA is known to converge only weakly even in a Hilbert space; to obtain strong
convergence results for PPA (see [(]), we need to impose additional assumption(s) on either the convex function
or on the underlying space.

Since our interest in this paper is to obtain strong convergence results, we shall rely on the above remark in our
study. That is, we shall assume in the next two subsections that, the proper lower semicontinuous function f is
uniformly convex, and in the last subsection that, the smoothness constant ¢ of X is in [2,00) (in this case, f
needs not to be uniformly convex).

3.1. Backward-backward algorithm. The BBA is defined for an initial point x1 € X as:
n — JI ny
(3.1) Yn = I ®
Tn+l = Jl]:ny'ru n > 1a

where {u,} is a sequence of positive real numbers and f,g : X — (—o00, 00| are two proper, convex and lower
semicontinuous functions (see [3] for related work in the frame work of Hadamard spaces). In what follows, we
shall study strong convergence of Algorithm (3.1) to a solution of the following SMP:

(3.2) min ¥(z,y) such that (z,y) € X x X, where ¥(x,y) = f(z) + g(y) Va,y € X.
We begin with the following lemma.

Lemma 3.2. For 1 < p < oo, let X be a p-uniformly convexr metric space with parameter ¢ >0 and f,g: X —
(=00, +00] be two proper, conver and lower semicontinuous functions. Let {x,} and {y,} be defined by (3.1),
where {un} is a sequence of positive real numbers. Then, for any v = (x,y) € X x X, we have

Z?:_ll d(U, Ui)p - % Z?:Z d(l}, U’i)p
1 1 3
PZ?:1 1y

(3.3) (v,) — U(v) <

where vy, = (Tp,yn) € X x X.
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Proof. By (3.1) and (1.5), we obtain that

1 1
(3.4) 9(n) + —=7d(yn, 2n)" < g(y) + ——d(@n, y)”
Pln Pln
and
1
(3.5) f@ns1) + — = d(@ns1,y0)" < f(2) + —5—d(yn, )"
DPlmn Pln

Adding (3.4) and (3.5), we obtain for all z,y € X that

f(xn+1)4‘g(yn)+'pui_1[d(xn+1vyn)p+'d(ynvxn)p} < flz)+9(y)
1

bln
In particular, for y = y,,, we obtain that
1 1
BT ) + o s gn)? + dsan)’) < S@) o [0 2)? + )
n n

Now, by interchanging f and g, and starting the iteration process at y; in (3.1), then by an argument similar to
above, we obtain that

Gns1) + F(@n) + —t @nsn, 2)? + @ pn)’] < 9) + 1)

n

1
DPln
By setting = z,, in (3.8), we obtain
1 1
(3'9) g(yn-i-l) + ]F [d(yn-‘rla -rn)p + d(xna yn)p] < g(y) + pup_l [d(xnv y)p + d(ynv xn)p] :
Adding (3.7) and (3.9), we obtain
1
f(xn+1) + g(yn+1) + ZF [d(anrh yn)p + d(ynJrh xn)p] < f(x) + g(y)
1
+? [d(l‘n, y)p + d(yna x)p] )
Pln
which gives by (2.1) that
1
(310) \IJ(’Un+1) + ?d(’l}n+17vn)p S \IJ(’U) + ?d(’l}n,v)p.
Thus, by Remark 2.9 (b), (or inequality (2.3)), we obtain that
c
(3.11) it (B (vng1) = ¥(v) < d(v,00)" = 5d(v, Ung1)"-

By letting v = v, in (3.10), we obtain that

1
\I}(/Un+1) + Fd(anrla Un)p S \I}(vn)a

n
which implies that {¥(v,,)} is monotone non-increasing. Thus, we obtain from (3.11) that

n—1

P (W)~ U)W < p S (W) — ()
=1

i=1
n—1
Z d(v,v;)P — g Z d(v,v;)P,
i=1 ;

which yields the desired conclusion. O

IN

(3.12)

Theorem 3.3. For 1l < p < oo, let X be a complete p-uniformly convexr metric space with parameter ¢ > 0 such
that the diameter of X x X is K > 0. Let f,g : X — (—o00,+00] be two proper, uniformly convex and lower
semicontinuous functions and {x,}, {yn} be sequences defined by (3.1), where {u,} is a sequence of positive real
numbers such that lim ——"——= = 0. Then, {(x,,yn)} converges to a solution of (3.2).

n—oo Zinzl H;
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Proof. Since the diameter of X x X is K > 0, therefore we obtain from (3.3) that

Z?:_f d(” UZ) - 2 Zl 2 (U Uz)
Py i Nf '
(n— 1)K
pZz LM
That is, nlgnéo U(vy,) < ¥(v) for all v € X x X, which implies that

(3.13) U(v,) — U(v)

T — 0, asn — oo

(3.14) lim ¥(v,) = inf U(v).

n—00 veE(X XX)

Furthermore, we obtain by Proposition 2.6 that, there exists a unique minimizer v € (X x X) of ¥. Thus, by
(3.14), we obtain that

(3.15) lim U(v,) = U(v).

n— oo

Also, using the uniform convexity of ¥, we obtain that there exists a function ¥ : Ry — Ry with ¢(t) = 0 <~
t = 0 such that

U (;vn D ;vm> < ;(\Il(vn) + U(vp)) — Y(d(vn, vm)), Yn,m > 1.

Since 1(t) = 0 <= t = 0, we obtain from (3.15) that d(v,,vm,) — 0, as n,m — oo. Thus, {v,} is a Cauchy
sequence in X x X. As X is complete, so X x X is also complete. Thus, {v,,} converges to a point say ¢ € X x X.
It follows from the lower semicontinuity of ¥ (since f and g are lower semicontinuous functions) and (3.3) that

U(v) = i}I{lf X\I’(v). Therefore, we conclude that {v,} = {(zn,yn)} converges to a solution of (3.2). O
vEX X

Remark 3.4. If X is a complete 2-uniformly convex metric space in Theorem 3.3 with parameter ¢ = 2 for X x X,
then (3.13) becomes

Z?:_f d(v, Ui)2 Z? 2 d(v, Ui)g
2 Zz 1 Hi
d(v,v1)* v1)2

<
221 1 Nz

which implies that lim ¥(v,) = inf ®(v), provided lim Z?:ll p; = oo. In this case, we do not need the
n—00 vE(X XX) n— 00 -

U(vn) —¥(v)

IN

assumption that X x X has a diameter K > 0. Thus, we obtain the following result from Theorem 3.3.

Corollary 3.5. Let X be a complete 2-uniformly convex metric space (in particular, a complete CAT(0) space)
and f,g: X — (—o00,400] be two proper, uniformly convex and lower semicontinuous functions. Suppose that
{zn} and {yn} are sequences defined by (3.1), where {u,} is a sequence of positive real numbers such that
oo 1 tn = 00. Then, {(xn,yn)} converges to a solution of (3.2).

3.2. Alternating proximal algorithm. In problem (3.2), the functions f and g are defined on the same space
X. In this subsection, we shall consider the SMP for the case where f and g are defined on two different
p-uniformly convex metric spaces, say X and Y respectively. That is, we consider the following SMP:

(3.16) min ¥(z,y) such that (z,y) € X x Y,

where X and Y are p-uniformly convex metric spaces and ¥ : X X Y — (—o0,400] is a function defined
by ¥(z,y) = f(x)+9(y); f: X = (—o0,+o0] and g : ¥ — (—o0,+00] are two proper convex and lower
semicontinuous functions.

To solve problem (3.16), we define the following algorithm called the APA: For arbitrary point v; = (x1,¥1) in
X x Y, the sequence {v,} = {(2n,yn)} in X x Y is defined as follows:
(Tn,Yn) = (Tnt1,Yn) = (Tnt1:Ynt1),

(3.17) Tat1 = ALY (0@, ya) + rd(on, 2)) , z € X,
Yn+1 = argmin (\I](x'nfl*hy) + %d(y,,“y)P) , Y€ Y, n > 17
yey pun
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where {p,} is a sequence of positive numbers. We remark here that, in each iteration, we have to solve the
following subproblems:

(3.18) min ¥(z,yn) + —5— d*(x,,x), where x € X

and

(3.19) min U (z,41,y) + ?dQ(yn, y), where y € Y.
Un

In order to solve the subproblem (3.18) or (3.19), we employ the following PPA: For arbitrary z; € X, {z,} is
generated by

. 1
(3.20) Tn41 = argmin <f(x) + I;l_ld(xn,x)p) ,n>1,
where f(z) = ¥(z,y,). This process has been studied in several settings. For instance, in Euclidean spaces (see
[1, 3]), Hilbert spaces (see [2, 13]), Hadamard manifolds (see [16]) and Hadamard spaces (see [15]).
Algorithm (3.17) has many applications, for instance, it has applications in decision science ([1]), game theory
([2, 16]), PDE’s and many other disciplines (see [2, 15]). Furthermore, unlike Algorithm (3.1), Algorithm (3.17)
allows us to check or monitor what happens in each space of action after a given iteration (see [15]).

Therefore, it is of practical importance to study problems of the form (3.16) using Algorithm (3.17). To this
end, we present the following convergence result for problem (3.16).

Theorem 3.6. For 1 < p < oo, let X and Y be two complete p-uniformly conver metric spaces with parameter
¢ > 0 and such that the diameter of X xY is K > 0. Let f : X — (—o0,+0o0] and g : Y — (—o00,400] be two
proper, uniformly convex and lower semicontinuous functions and {(zn,yn)} be the sequence defined by (3.17),
where {pn} is a sequence of positive real numbers such that lim —"—5-1 = 0. Then, {(xn,yn)} converges to a

solution of (3.16).

n—00 2.i=1 H;

Proof. By (3.17) (also see (3.20)), we obtain that

(321) f(l’n_H) + g(yn) + Z#d(l’n, In+1)p < f(l:) + g(yn) + Wd(l‘n’x)p
and
(3.22) 9(Ynt1) + f(@ns1) + Wd(yn,ynﬂ)p < g(@) + f(zng1) + ]ﬁd(yn,y)’f

Adding above two inequalities, we obtain that

Z# [d(Tn, p41)” + d(Yn, Yn+1)"] < f(2) + 9(y) +

which gives by (2.1) that

f(xn+1) + g(yn+1) + [d(l’n, x)p + d(y’n7 y)P} ]

pur—t

1 1
(3.23) U(Zpy1,Yns1) + Fd((xm Yn)s (Tnt1, Ynt1)) < W(z,y) + p—1 d((zn,Yn), (,9))".

n Pln
Set v = (z,y) and v, = (zn,yn) in (3.23), to get

1
— 1 d(Un, Vp41)” < ¥(0) + ——d(vn, v).
Plin Plin

As in the proof of (3.10) -(3.12), we can show that that
Sy d(v,vi)? — § 3T, d(v,vi)?
n—1 — :
Py M '
Hence, by a proof similar to that of Theorem 3.3, we obtain the desired conclusion. O

(3.24) U (vp41) +

(3.25) U(v,) = U(v) <

Corollary 3.7. Let X andY be two complete 2-uniformly convex metric spaces (in particular, complete CAT(0)
spaces). Let f: X — (—oo,+o0] and g : Y — (—o00,+00] be two proper, uniformly convex and lower semicon-
tinuous functions. Suppose that {(xn,yn)} is a sequence defined by (3.17), where {u,} is a sequence of positive
real numbers such that Y " | pn = 00. Then, {(zn,yn)} converges to a solution of (3.16).

Proof. Tt follows from Theorem 3.6 and Remark 3.4. (]
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3.3. Halpern-type proximal point algorithm. In this subsection, we study the asymptotic behaviour of the
sequence {x,} generated by the following Halpern-type PPA:

) € X7
(3.26) o
Tpt1 = apu® (1 — ozn)JlJ:n:En,

where {@,} and {u,} are sequences in [0,1) and (0,00) respectively, and f : X — (—o0,400] is a proper
convex and lower semicontious function. We also extend our study to examine the behaviour of the sequence
given by the following Halpern-type PPA involving finite composition of resolvents of proper convex and lower
semicontinuous functions:

u,r1 € X,
(3.27) -~ m o f
Tpt1 = apu® (1 — ay) ]_[j:1 Jil xy, n>1,

We shall employ Algorithm (3.27) to find common solution of a finite family of MPs.

where H;nzl J/:J = J;{i o J;{i 0---0 J,Jj:f’l o Jlffzb, {an} is a sequence in [0,1) and {u,} is a sequence in (0, c0).

For our strong convergence results in this subsection, we only need the proper lower semicontinuous function f to
be convex (not uniformly convex). However, we shall assume that the smoothness constant ¢ of the p-uniformly
convex metric space X is in [2,00) (see Remark 3.1).

Lemma 3.8. For 1 < p < 0o, let X be a p-uniformly convex metric space with parameter ¢ > 2 and f : X —
(=00, +00] be proper, convex and lower semicontinuous function such that for >0 F(JI) # 0 (where F(J1)

denotes the set of fixed points of Jl{) Then, F(JIJ:) = argmi)rflf(y).
ye

Proof. Let © € F(Jf). Then, by (1.5), we obtain that

] 1 -
f@) < flv) + Wﬁd(v,v) :

Let v=(1—-t)y®tv for all y € X and t € [0,1). Then, by the convexity of f and (1.2), we obtain that

= (1—t) o ct(l—1t) ,
1—1t <(1-t d p d P ———=d P,
(1= 070 < (1= 0f) + Dty op + oy - 58 a0
Since ¢ > 2, therefore we obtain that
t(1—1t) - _ (1—-1) _
ppr d(y,0)P < (1-1) (f(y) — f(v)) + Wd(y,v)p,
which implies that
td(y, 0)? < puP~" (f(y) — f(0)) + d(y, 0)".
As t — 1, we obtain that
0< f(y)— f(v) Vy € X.
H U i .
ence, U € argzr/rél)rflf(y)
Conversely, suppose that v € arglréi;f(l f(y). Then, we obtain by (1.5) that
y
f(JLo) + 1 d(J]v,0)P < f(v) + = d(v,D)P.

Let v=(1-1t)1& tJ[:@, for t € [0,1). Then, we obtain by the convexity of f and (1.2) that

1 o _ _ _ o

Wd(Jl{v,v)p < A-t)f(v)—-(1- t)f(JgU) + pupfld((l —1)v® thv,v)p
-t t Fooow_ CHL—)
< Wd(vw)”wupﬂd(%%v)p - Wd(*]u“v“)p=
which implies that
ct(1—1) -
<1 + =5 - t) d(J}v,0)" <0.

Since t # 1, we obtain that v € F(J,{) Hence, F(J/:) = argminf(y). O

yeX

We now recall important results which will be needed in the proofs of the main theorems of this subsection.
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Remark 3.9. Inequality (1.2) ensures that the function x — d(.,z)? : X — [0,00) is a convex and lower
semicontinuous function.

Remark 3.10. [12],[19]. Let X be a complete p-uniformly convex metric space. Then,

(i) every bounded sequence in X has a unique asymptotic center,
(ii) every bounded sequence in X has a A-convergent subsequence.

Lemma 3.11. [50]. Let {a,} be a sequence of non-negative real numbers satisfying
An 41 S (]- - an)an + an(sn + Yn, M Z 07

where {a, }, {dn} and {~v,} satisfy the following conditions:

(Z) {an} c [07 1]7 Yoot = 00,

(i) limsup,, _, . 0, <0,

Then lim a, = 0.
n— 00

Lemma 3.12. For 1 <p < oo, let X be a complete p-uniformly conver metric space with parameter ¢ > 2 and

f:X = (—o0,+00] a proper, conver and lower semicontinuous function. Let {u,} be a sequence of positive

real numbers. Suppose lim p,, = oo and A({J] x,}) = {0} for some bounded sequence {x,} of X. Then v is a
n— oo n

manimizer of f, that is, v € argmi)r(lf(y).
ye

Proof. By Lemma 2.12, we obtain that
c
2
which implies

(bt + V)d(T], 2, JT0P + d(J] wn,20)? + ph (T 0,0 < d(T70,2)P + b~ (T 20, 0)P,

1
%d(‘]ﬂfnz"’ Jf?j)p < Fd(e]fﬁ, xn)p + d(e]}:nl'n, 1—})17

By lim p, = oo and {z,} is bounded, we obtain that
n—00

S lim sup d(Jg:na:m J/5)P < limsup d(Jl’:n:Um v)P.

n—oo n—oo

Furthermore, since A({J[;xn}) = {0} and ¢ > 2, we obtain that

(3.28) limsupd(JIf T, JIT) < limsupd(Jﬁ: Zp,T) = inf limsupd(Jg Ty Y)-
n—00 " n—00 " ye€X n—oo "
By (3.28), Remark 3.10 (i) and Lemma 3.8, we obtain that v € F(J/) = argmi}r;f(y). O
ye

Theorem 3.13. For 1 < p < oo, let X be a complete p-uniformly convexr metric space with parameter ¢ > 2
and f: X = (—o0,4+00] a proper, convex and lower semicontinuous function. Let {x,} be the sequence defined
by (3.26), where {a,} is a sequence in [0,1) and {u,} is a sequence in (0,00) such that lim p, = oo. Then,
n—oo

the following hold:

(i) The sequence {J[ Zn} s bounded if and only if argmi)rgf(y) £ 0.

n e
(ii) If lim o, =0, > 07y = 00 and argmi)r(lf(y) #0, then {xn} and {J] x,} converge to an element of
n— 00 ye "

arggr/rél)r(lf(y),

Proof. (i) Suppose that {.J} x,} is bounded. Then by Remark 3.10 (i), there exists o € X such that A({J] z,}) =
{v}. Thus, from (3.26) and Remark 3.9, we obtain that

A(@p41,0)P < apd(u,v)P + (1 — an)d(Jl{nme))p,

which implies that {z,} is bounded. Also, since li_>m fin, = o0 and A({J] x,}) = {0}, we obtain by Lemma 3.12

that ¥ is a minimizer of f. Hence, argmi}rglf(y) £ ().
ye
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Conversely, let arg;réijr(lf(y) # (). Then, we may assume that v is a minimizer of f. Thus by (3.26), Remark 3.9
and Lemma 2.10, we obtain that
d(xps1,0)? apd(u, )P + (1 — an)d( LT, 0)P
apd(u, )P + (1 — an)d(:n v)?
max{d(u,?)?, d(x,, v)P},

IN N CIA

which implies by induction that
(3.29) d(z,,0)? < max{d(u,v)?,d(x1,0)"} Vn > 1.
Therefore, {z,} is bounded. Consequently, {Jf;xn} is also bounded.

(ii) Since argng(lf(y) # (), we obtain from (3.29) that {z, } and {J,fna:n} are bounded. Furthermore, we obtain
y

by (1.2) and Lemma 2.10 that

1—
d(ps1,7)P M
and(u, D) + (1 — ap)d(@n, )P — an(1 — oy )d(u, J;fnxn)p
(3.30) (1 — ap)d(xn, )P + apdy Vn > 1,
where 6, = d(u,v)P + (an —1)d(u, J} x,)P. Now, set v, = J} x, Vn > 1. Then, by the boundedness of {.J} .},
we obtain by Remark 3.10 (ii) that there exists a subsequence {v,, } of {v,} that A-converges to some ¢ € X.
Thus, by Remark 3.10 (i), we obtain that A({v,,}) = {0}. Moreover, klim tn, = o0 and {z,, } is bounded.

— 00

Hence, by Lemma 3.12, we obtain that ¢ is a minimizer of f.

IN

and(u, )P + (1 — ozn)d(Jgnxn,ﬁ)p - d(u, J;fnxn)p

A

Next, we show that {x,} converges to 0. Observe that

d(u, )P <liminfd(u,v,,)? = lim d(u,v,, )? = liminf d(u, v,)?.
k—oo ) k—o0 )

n—oo
Thus,
lim sup d,, < d(u,9)? — lim inf d(u,v,)? <0.
n—o00 n—oo
Now, Lemma 3.11 applied to (3.30), gives that {z,} converges to o. O

In what follows, we intend to apply Theorem 3.13 to establish convergence of Halpern-type PPA (3.27) involving
finite composition of resolvents of f.

Lemma 3.14. For 1 < p < oo, let X be a p-uniformly convexr metric space with parameter ¢ > 2 and f : X —
(=00, +00] a proper, convex and lower semicontinuous function. Then, for p > 0, we have the following:

(i) d(z*, Jl-fx)p—l—d(JF{m,x)p <d(z*,z)P for allz € X and z* € F(Jﬂf) (where F(Jgf) denotes the set of fized
points of J; 7);
(i) F (H J(”) — A", F (J(J ) , where [[7, ) = Jfio gl oo Jim =t o Jfn.
Proof. (i) Let z € X and 2* € F(J}{). Then by setting v = 2* in (2.3), we obtain that
c * — *
d(Tha, e < ppt™t (£(a") = f(T]o)) + d(a” 2} — d( ]z, )"
Since z* € F(JL{), therefore by Lemma 3.8 we obtain that f(z*) < f(Jl{x) Hence, we obtain that
* f f *
d(z*, Jyz)? +d(Jyz, 2)P < d(a*, x)P.
(ii) Clearly, N, F (J,Sj)) CF (HLJ,S”) . Thus, we only have to show that F (H}Z 1J,Sj)) CnmLF (J,Sj)).
For this, let x € F (H;-n:lJ,Sj)) and y € N7, F (J,Sj)>, we obtain by Lemma 2.10 that

ﬁJﬁj)% ﬁjﬁj)y
j=1 j=1
P

d ﬁJij)x Y

Jj=2

p

d(z,y)?

(3.31)

IN



SPLIT MINIMIZATION PROBLEM IN P-UNIFORMLY CONVEX METRIC SPACES

Furthermore, we obtain by (i), Lemma 2.10 and (3.31) that

P " P " P
d HJP(Lj)x,y —d HJP(Lj)x,y
Jj=2 j=1

a
—
=
t}/.

B
—
=
>

8

A

p

d(z,y)? —d HJ;(Lj)f -y
j=1

IN

p p
= d|[[/P%y | —d|]]/P2-v] .
j=1 j=1
which implies
(3.32) [[79z=]]79 =
j=1 j=2
Similarly, we obtain that
d| [[79 ][/ < d|[[79zy| —d| ][]/
j=3 j=2 j=3 j=2
m P
< dx,y)P —d | [[7P=y
j=2
m p m p
< d{[[7Pzy]| —d|]]7Px -y
Jj=1 j=1
which implies
(3.33) 179z =]]79x.
j=2 j=3

Continuing in this manner, we can show that

(3.34) [["9z=]]70z=-= ] /Pz=J"w=ua
j=3 j=4 j=m-—1

From (3.34), we have
(3.35) x=Jm.
From (3.34) and (3.35), we obtain

(3.36) v= [ /Qz=J T =Tl a.
j=m—1

Continuing in this manner, we obtain from (3.32)-(3.36) that

(3.37) x:Jlfm‘Qx: :J,fo:Jlflx.

That is,

(3.38) Jlflx = Ji2m — .= ng—lx = sz = 7.

Hence, we obtain the desired conclusion.

13
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Theorem 3.15. For 1 < p < oo, let X be a complete p-uniformly conver metric space with parameter ¢ > 2 and

fi+ X = (—o0,+00] be proper, convex and lower semicontinuous functions. Let {x,} be a sequence generated

by (3.27), where {ay} is a sequence in [0,1) and {u,} is a sequence in (0,00) such that lim p, = oco. If
n—oo

lim o, =0, Y07y = 00 and T':= N2, argzr}réi}r(lfj(y) # (), then the sequence {x,} converges to an element of

n— oo

I.

Proof. By Theorem 3.13 (ii) and Lemma 3.8, we obtain that {z,} converges to an element of F (H;n:l J,fj) .

Therefore, we conclude by Lemma 3.14 (ii) and Lemma 3.8 that {x,} converges to an element of T". O

Corollary 3.16. Let X be a complete 2-uniformly convex metric space (in particular, complete CAT(0) space)

and f; + X — (—o0,400] be proper, conver and lower semicontinuous functions. Let {x,} be a sequence

generated by (3.27), where {a,} is a sequence in [0,1) and {un} is a sequence in (0,00) such that lim u, = oo.
n— o0

If lim a, =0, Y07 o = 00 and T := N7, argmi)r(lfj(y) # (), then the sequence {x,} converge to an element
n—oo ye

of .
Proof. Take p =2 = ¢ in Theorem 3.15. (]
4. NUMERICAL EXAMPLES

Let X = R* be endowed with the Euclidean norm. For x = (21, 72,73, 74) € X, define f,g: X — (—o00, 0] by

£() = @) ~ alB, ga) = FI1BG) - b3,

where
31 =2 2 —1
1 3 4 5 3
A=lg 3 1 4| ada=|g1,
5 2 3 1 4
2 3 1 -1 3
-4 3 2 0
B=1_1 5 2 -4 mdb=1
) 7T 4 3 2
Then, f and g are proper convex and lower semicontinuous functions (see [17, 32]). Thus, by [32], we know that

Jlf(:v) = prox/ (z) = (I + A'A)"Y(z + Ala) and JY(z) = prox?(z) = (I + B'B) "' (z + B'D).
Hence, the BBA (3.1) (studied in this paper) becomes

(4.1) yn = (I +B'B)"(zn + B'D).
' Tpi1 = (I + A'A) "y, + Ala), n > 1,

the classical PPA (1.4) (studied by Choi and Ji [14]) becomes

(4.2) Tpy1 = (I + A'A) "z, + Ala), n > 1,
the Halpern-type PPA (3.27) (studied in this paper) becomes

(4.3) Tni1 = aqu+ (1 — o) (Ji2,), n > 1,
where a,, = m, Vn > 1,

and the hybrid PPA in [49, Algorithm 3.1] becomes

2n = (I + A*A)~Y(z,, + Ala),
(4'4) Yn = (1 —an)zn,

Tpt1 = (1 - ﬂn)zn + Bnyn, n > 1,

and 3, = 3;);1 for all n > 1.

1
where Ay = m

Case 1: Take x1 = (1,0.5,—1,1)%.
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Case 2: Take r; = (—1,2,—1,3)".

Case 3: Take 1 = (6,7,9,11)%.

Case 4: Take 21 = (—6,—2,—0.2, —0.5)".

Using different choices of the initial vector x; (that is, Case 1-Case 4), we compared Algorithms (4.1)-(4.4)
as shown in the graphs and table below. Notice that we only considered the table for Case 1 since the tables
for other cases are similar to it. The graphs and table show that our algorithms (Algorithms (4.1) and (4.3))

converges faster than Algorithms (4.2) and (4.4) studied by Choi and Ji [14], and Ugwunnadi et. al. [18]
respectively.
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Table 1. Numerical results for BBA (4.1)

No. of iterations

Xn=(Xn1, Xn2, Xn3, Xn4)t

Errors=| [ Xn- Xn-1] |2

1 (1.0000, 0.5000, -1.0000, 1.0000)

2 (0.7135 0.2351, -0.2993, -0.5831) 1.7746
3 (0.7233, 0.2384, -0.3074, -0.5963) 0.0186
4 (0.7237, 0.2385, -0.3077, -0.5966) 0.0006
5 (0.7237, 0.23852, -0.3077, -0.5967) 0.0000
6 (0.7237, 0.2385, -0.3077, -0.5967) 0.0000
7 (0.7237, 0.2385, -0.3077, -0.5967) 0.0000

Table 2. Numerical results for the classical PPA (4.2) of Choi and Ji

No. of iterations Xn=(Xn1, Xn2, Xn3, Xna)* Errors=| | Xn- Xn-1] |2

1 (1.0000, 0.5000, -1.0000, 1.0000)

2 (0.0853, 1.3349, 0.3046, -0.2646) 2.1988
3 (-0.1074, 2.1758, 0.2707, -0.7311) 0.9814
4 (-0.2410, 2.8344, 0.1748, -1.0603) 0.7544
5 (-0.3439, 3.3444, 0.0962,-1.3126) 0.5836
6 (-0.4236, 3.7390, 0.0350, -1.5077) 0.4514
41 (-0.6956, 5.0868, -0.1739, -2.1738) 0.0001
42 (-0.6956, 5.0868, -0.1739, -2.1738) 0.0000
43 (-0.6956, 5.0868, -0.1739, -2.1738) 0.0000
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Table 3. Numerical results for Halpern-type PPA (4.3)

No. of iterations Xn=(Xn1, Xn2, Xn3, Xn4)" Errors=| | Xn- Xn1]| |2

1 (1.0000, 0.5000, -1.0000, 1.0000)

2 (0.0513, 1.5315, 0.3144, -0.4422) 2.4024
3 (0.0444, 1.5491, 0.3271, -0.4470) 0.0233
4 (0.0439, 1.5615, 0.3292, -0.4516) 0.0133
5 (0.0436, 1.5691, 0.3304, -0.4545) 0.0083
6 (0.0433, 1.5742, 0.3311, -0.4564) 0.0055
9 (0.0425, 1.5960, 0.3344, -0.4647) 0.0000
10 (0.0425, 1.5960, 0.3344, -0.4647) 0.0000
11 (0.0425, 1.5960, 0.3344, -0.4647) 0.0000

Table 4. Numerical results for Hybrid PPA (4.4)

No. of iterations Xn=(Xn1, Xn2, Xn3, Xn4)" Errors=| | Xn- Xn1]| |2

1 (1.0000, 0.5000, -1.0000, 1.0000)
2 (0.0853, 1.3349, 0.3046, -0.2646) 2.1988
3 (-0.1002, 2.0308, 0.2526, -0.6824) 0.8343
4 (-0.2054, 2.5399, 0.1752, -0.9386) 0.5847
5 (-0.2809, 2.9218, 0.1191, -1.1259) 0.4357
6 (-0.3386, 3.2175, 0.0771, -1.2700) 0.3366

221 (-0.6866, 5.0385, -0.1678, -2.1507) 0.0003

222 (-0.6867, 5.0387, -0.1678, -2.1508) 0.0002

223 (-0.6867, 5.0389, -0.1679, -2.1509) 0.0002
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