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Abstract. In this paper, for the impulsive fractional integro-differential equations in-
volving Caputo fractional derivative in Banach space, we investigate the existence and
uniqueness of a pseudo almost periodic PC-mild solution. The working tools are based on
the fixed point theorems, the fractional powers of operators and fractional calculus. Some
known results are improved and generalized. Finally, existence and uniqueness of a pseudo
almost periodic PC-mild solution of a two-dimensional impulsive fractional predator-prey
system with diffusion are investigated.
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1. INTRODUCTION

The concept of a pseudo almost periodic function was introduced by Zhang [26],
[27] in the early nineties. It is an important generalization of an almost periodic
function. Since then, this pioneer work has attracted more and more attention and
many authors have made important contributions to this theory. For more details
on pseudo almost periodic functions and related topics, one can see [5], [8], [9], [14],
[12], [17] and the references therein.
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In this paper, we investigate the existence and uniqueness of pseudo almost peri-
odic mild solutions of impulsive fractional integro-differential equations

o0

(L1 Dult) + Ault) = f(t.u(®) + (Ku)H) + S Gilu(t)d(t - 7).

k=—o00

where .
(u)(®) = [kt = (s, u()ds,
—0

0<a<l —A: D(A) C X — X is a linear infinitesimal operator of an analytic
semigroup S(t), f,g are pseudo almost periodic in ¢ € R uniformly in the second
variable, Gi: D(G)) C X — X are continuous impulsive operators, §(-) is Dirac’s
delta-function, {7} € T, where T will be defined later. Here the fractional derivative
is understood in Caputo’s sense. We notice that fractional order models have received
much attention in recent years due to their extensive and efficient applications to
nonlinear dynamics concerning fluid flows, electrical networks, viscoelasticity, biology
and many other branches of science [1], [10], [20].

If (1.1) is without impulsive effects, then (1.1) becomes a fractional integro-
differential equation. Existence of almost periodic mild solutions is studied in [7]
by semigroup theory. By the Banach contraction mapping principle, pseudo almost
periodic solutions are studied in [4].

If (Ku)(t) =0 and a = 1, then (1.1) becomes the impulsive differential equations

o0

(1.2) () + Au(t) = ftu(®) + Y Gulu()d(t — ).

k=—o0

For (1.2), the existence and uniqueness of almost periodic solution is investigated
under the condition that A is the infinitesimal generator of an analytic semigroup
by Stamov and Alzabout in [23]. Later, the results of [23] are generalized by Chérif
in [6], where pseudo almost periodic solutions are studied. If A is the infinitesimal
generator of a Cp-semigroup, Liu and Zhang investigate the existence and uniqueness
of almost periodic and pseudo almost periodic solutions in Banach space, see [15],
[16], [18].

Notice that if (Ku)(t) = 0, then (1.1) becomes an impulsive fractional differential
equations and existence and uniqueness of almost periodic solutions are investigated
n [24]. However, for fractional integro-differential equations with impulsive effects,
i.e., (1.1), the study of asymptotic behavior of solutions is rare; particularly for the
pseudo almost periodicity of (1.1), it is an untreated topic and this is the main
motivation of this paper. We will make use of the fixed point theorems and the
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fractional powers of operators to derive some sufficient conditions guaranteeing the
existence and uniqueness of pseudo almost periodic solution to (1.1).

The paper is organized as follows. In Section 2, we recall some fundamental
results about the notion of piecewise pseudo almost periodic functions including
the composition theorem. Sections 3 is devoted to the existence and uniqueness
of pseudo almost periodic mild solution of (1.1) by fractional powers of operators
and fixed point theorems. In Section 4, some interesting examples are presented to
illustrate the main results.

2. PRELIMINARIES AND BASIC RESULTS

Let (X, ||]), (Y, ]]]]) be Banach spaces, © a subset of X and let N, Z, R, and C
stand for the set of natural numbers, integers, real numbers, and complex numbers,
respectively. For A being a linear operator on X, D(A), o(A), R(\, A) and o(A)
stand for the domain, the resolvent set, the resolvent and spectrum of A. Let T be

the set consisting of all real sequences {7} }rez such that kK = gan(Tk_H —7)>0. It
€

is immediate that this condition implies that lim 7, = oo and lim 7, = —occ.
k— o0 k——o0

In order to facilitate the discussion below, we further introduce the following no-
tations

> C(R,X) (or C(R x ©,X)): the set of continuous functions from R to X (from
R x Q to X, respectively).

> BC(R, X) (or BC(R x Q, X)): the Banach space of bounded continuous functions
from R to X (from R x Q to X, respectively) with the supremum norm.

> PC(R, X): the space formed by all piecewise continuous functions f: R — X
such that f() is continuous at ¢ for any ¢ ¢ {7x}rez, f(73), f(7; ) exist, and
f(r,) = f(m) for all k € Z.

> PC(R x ,X): the space formed by all piecewise continuous functions f:
R x © — X such that for any z € Q, f(-,2) € PC(R,X) and for any ¢t € R,
f(t,-) is continuous at = € Q.

Following [20], we recall the fractional integral of order o > 0 as

() = ﬁ/ (t — $)°Lf(s) ds,

and the fractional Caputo’s derivative of the function f of order 0 < o < 1 as
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where I'(a) is the classical Gamma function given by

F(a):/ t*temtdt.
0

Definition 2.1 ([11]). A function f: R — X is said to be almost periodic if for
each € > 0 there exists an I(¢) > 0 such that every interval J of length /(¢) contains
a number 7 with the property that ||f(t + 7) — f(¢)|| < € for all ¢ € R. Denote by
AP(R, X) the set of such functions.

Definition 2.2 ([21]). A sequence {z,} is called almost periodic if for any
€ > 0 there exists a relatively dense set of its e-periods, i.e., there exists a natural
number [ = [(g) such that for k € Z there is at least one number p in [k, k + ] for
which inequality ||zp+p — Zn|| < € holds for all n € N. Denote by AP(Z, X) the set
of such sequences.

For {7y }rez € T, {7]} is defined by
{TIZ =Thyj — Tk}, k€L, jeEL.

It is easy to verify that the numbers T]Z satisfy

T]eri —T]Z zr,iﬂ» - T]z —7i :Tilf for i,j,k € Z.
Definition 2.3 ([21]). A function f € PC(R, X) is said to be piecewise almost
periodic if the following conditions are fulfilled:

(1) {Tg = Tpt; — Tk}, k,j € Z are equipotentially almost periodic, that is, for any
€ > 0 there exists a relatively dense set in R of e-almost periods common for all
of the sequences {7} }.

(2) For any € > 0 there exists a positive number § = d(e) such that if the points
t’ and ¢ belong to the same interval of continuity of f and [t' —t”| < §, then
IF(E) = F(E)] <e.

(3) For any £ > 0 there exists a relatively dense set {2, in R such that if 7 € Q,
then

[f(E+7) = f(B)l <e

for all t € R which satisfy the condition [t — 7| > €, k € Z.

We denote by APr(R, X) the space of all piecewise almost periodic functions. Ob-
viously, APr(R, X) endowed with the supremum norm is a Banach space. Through-
out the rest of this paper, we always assume that {T,Z} are equipotentially almost
periodic. Let YPC(R, X) be the space of all functions f € PC(R, X) such that f
satisfies the condition (2) in Definition 2.3.
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Definition 2.4. A function f € PC(R x , X) is said to be piecewise almost
periodic in ¢ uniformly in x € Q if for each compact set K C Q, {f(-,z): € K} is
uniformly bounded, and given € > 0, there exists a relatively dense set (). such that
Ift+T1,2)— f(t,x)]| <eforallz € K, 7€ Q¢ and t € R, |t — 7] > €. Denote by
APr(R x Q, X) the set of all such functions.

Lemma 2.1 ([21]). If the sequences {T,i} are equipotentially almost periodic,
then for each j > 0 there exists a positive integer N such that on each interval of
length j there are no more than N elements of the sequence {7}, i.e.,

i(t,s) < N(t—s)+ N,
where i(t, s) is the number of the points {7} in the interval s, t].

Lemma 2.2 ([21]). Assume that f € APr(R, X), {zx}rez € AP(Z,X), and {1} },
j € Z are equipotentially almost periodic. Then for each € > 0 there exist relatively
dense sets €. of R and Q. of 7 such that
@) Ift+7)—f@t)| <eforallt e R, |t — 1| >, 7€ Qe and k € Z;
(ii) ||zgtq — k|| < e forallg € Q. and k € Z;
(iii) |7l — 7| <eforallge Q., 7€ Q. and k € Z.

Define
Pap(®.x) = {1 e Pe@ 0 1 - [ )=o),

r

1 T
PAP%([RxQ,X):{fePC([RxQ,X): lim 2—/ £ (¢, 2)||dt =0

uniformly with respect to x € K,

where K is an arbitrary compact subset of Q}

Definition 2.5 ([16]). A function f € PC(R, X) is said to be piecewise pseudo
almost periodic if it can be decomposed as f = g + ¢, where g € APp(R, X) and
¢ € PAPY(R, X). Denote by PAPr(R, X) the set of all such functions. PAPr(R, X)
is a Banach space when endowed with the supremum norm.

Definition 2.6 ([16]). Let PAPr(R xQ, X) consist of all functions f € PC(R x
Q, X) such that f = g + ¢, where g € APr(R x Q, X) and ¢ € PAPY(R x Q, X).

Remark 2.1. The set PAPY(R, X) is a translation invariant subset of PC(R, X).
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The following composition theorem holds for piecewise pseudo almost periodic
functions.

Theorem 2.3 ([16]). Let f € PAPr(R x Q, X), ¢ € PAPp(R, X) and R(p) C Q.
Assume that there exists a constant Ly > 0 such that

[t u) = f& o)l < Lpllu=vl, teR, u,0e

Then f(-,p) € PAPr(R, X).

Next, we introduce the concept of a generalized pseudo almost periodic function
(sequence) which is more general than a pseudo almost periodic function (sequence),
see [2], [13].

Define

. ) 1 &
PAPy(Z,X) = {a: nhi’élo%kz [ :0}.
=—n

~ 1 s
PAPRy (R, X) = {f R — X is measure and lim —/ |f(t)|dt=0}.
r—oo 2r [_.

Definition 2.7 ([2]). A measurable function f: R — X is called generalized
pseudo-almost periodic if f = g+ ¢, where g € AP(R, X), ¢ € PAPy(R, X). Denote
by PAP(R, X) the set of all such functions.

Definition 2.8 ([13]). A sequence {z, }nez is called generalized pseudo almost
periodic if x, = x} + 22, where z} € AP(Z,X), 22 € PAPy(Z,X). Denote by
PAP(Z,X) the set of such sequences.

Lemma 2.4 ([13]). If {z, }ncz is a PAPy(Z, X) sequence, then there exists a func-
tion g € PAPy(R, X) such that g(n) = zp, n € Z.

Similarly to the proof in [16], one has

Theorem 2.5. Assume that a sequence of vector-valued functions {Gy}rez is
generalized pseudo almost periodic, and there exists a constant Li > 0 such that

IGk(u) — Gr(V)|| < Li|ju —v||, w,veQ, ke Z.

If ¢ € PAP(R, X), then Gy(p()) is generalized pseudo almost periodic.
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3. IMPULSIVE FRACTIONAL INTEGRO-DIFFERENTIAL EQUATIONS
In this section, we investigate the existence and uniqueness of piecewise pseudo
almost periodic mild solutions of (1.1).
Let to € R, denote by u(t) = u(t,to,uo),up € X, the solution of (1.1) with an
initial condition
(3.1) ’U,(f,o) = Ug-
The solution u(t) = u(t, ¢, ug) of problem (1.1) and (3.1) is a piecewise continuous

function with points of discontinuity at the moments 7, £ € Z, at which it is
continuous from the left, i.e. the following relations hold:

u(ry) = ulm), u(n) =u(m) + Gr(u(m)), ke€Z,
that is w € PC(R, X). With respect to the norm ||u|| = sup||u(t)||, one can easily
teRr

see that PC(R, X) is a Banach space.

First, we make the following assumptions:

(Hy) —A is the infinitesimal generator of an analytic semigroup S(¢) such that
S(#)|| < Me " fort >0,
where w > 0.
(Hy) k€ C(RT,R) and |k(t)| < Cre™™ for some positive constants Cj, 7.
(Hs) f € PAPr(R x X, X) and there exist constants Ly > 0, 0 < 8 < 1 such that

[f(tu) = f& o)l < Lpllu=vlg, tER, u,ve X,

where Xg, || - || are defined later.
(Hy) g € PAPr(R x Xg,X) and there exists a constant Ly > 0 such that

lg(t,u) — gt V)| < Lgllu—vlls, tER, uve Xp.
Hy) Gi € PAP Z,X) and there exists a constant L; > 0 such that
(

|Gr(uw) — Gx(v)|| < Li]lu —vl|lg, tE€R, u,ve Xg, kel
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Definition 3.1 ([25]). By a PC-mild solution of (1.1) and (3.1) we mean a func-
tion u € PC(R, X) which satisfies the following integral equation:

T (t ~ to)uo + / (t— )" S (= ) (f(s,u(s)) + (Ku)(s)) ds

' fort € [to,Tl],
T (t —to)uo + /t (t =)7Lt = 5)(f(s,u(s) + (Ku)(s)) ds
32) wt)=< F(Eu)(s))ds+ T(t—T)p for t € (71, 7],

T (t = to)uo + / (t =)7L (t = 5)(f(s,u(s)) + (Ku)(s)) ds

to
+ > Tt—m)ue for t € (k) Tho1]s
to<Tr<t
where
y = Gi(u(my), / k(t — 5)g(s, uls)) ds,

/ £.(0)S(E6) b, (1) = a / 06, (0)S(°0) b,

ga(e) _ _eflfl/awa(gfl/a) > 0’
«

R r 1
EROEED :(—1)”—19—"%1% sin(nra), 6 € (0,00),
n=1 :

&4 is a probability density function defined on (0, c0), that is

£a 20, 0€(0,00) and /oofa(f))df):l.
0

Note that when (H;) holds, we deduce that if u(t) is a bounded PC-mild solution
of (1.1) on R, then we take the limit as ¢y — —oo and using (3.2), we obtain

(3.3) u(t) = / (t—s)* L7t —s) (f(s,u(s)) + (Ku)(s)) ds + Z T (t — Ti)yk

- TR<t

Let the operator —A in (1.1) and (3.1) be an infinitesimal operator of an analytic
semigroup S(t) in the Banach space X and 0 € g(A). For any § > 0, we define the
fractional power A~? of the operator A by

L [T
A F(/B)/o 9718t dt

130



A78 is bounded, bijective and A® = (A=%)~1 B > 0 is a closed linear operator
such that D(A4°) = R(A~?). The operator A° is the identity operator in X and for
0 < B < 1, the space Xg = D(A?) with the norm ||z||g = ||4®z| is a Banach space.

Lemma 3.1 ([19]). Let —A be an infinitesimal operator of an analytic semi-
group S(t). Then
(i) S(t): X — D(AP) for every t > 0 and 3 > 0;
(ii) for every x € D(AP), it follows that S(t)APx = APS(t)x;
(iii) for every t > 0, the operator A®S(t) is bounded and

(3.4) |APS(t)|| < Mgt™Pe™™, Mz >0, A > 0;
(iv) for 0 < B3 <1 and x € D(AP), we have

IS(t)z — |l < Cat’| A%, Cp > 0.

Lemma 3.2. Assume that (Hy), (Hz), (Ha4) hold. If w € PAPp(R, Xg), then

(Ku)(t) = / k(t —s)g(s,u(s))ds € PAPr(R, X).

—00

Proof. For u € PAPp(R, Xg), it is not difficult to see that ¢(-) = g(-,u(-)) €
PAPr(R,X) by Theorem 2.3. Let ¢ = ¢1 + @2, where ¢; € APr(R,X), 2 €
PAPY(R, X), then

t

/ k(t—s)g(s,u(s))ds :/ k(t—s)p1(s) ds+/ k(t—s)pa(s)ds := Wy (t)+Ua(t),

—0o0 — 00 —00

where
t

Uy(t) = / k(t —s)pi(s)ds, Wa(t) = / k(t — s)pa(s)ds.

— 00 — 00

(i) U1 € APr(R,X). It is not difficult to see that ¥; € UPC(R,X). Since
p1 € APp(R, X), for € > 0, let Q. be a relatively dense subset of R formed by the
e-periods of 1. f 7 € Q, t €R, |t —t;| > &, i € Z, then

ler(t+7) —pi(B)] <e.
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Hence, by (Hs), for t € R, |t — t;| > ¢, i € Z, one has

t+7
|Wi(t+7)— ||—H/ E(t+7—s)pi(s ds—/ E(t — s)p1(s)ds

- H/_OO k(t —s)(p1(s+7) — ¢1(s))ds

t
C
< [ G+ n) - er)lds < e,
—o0

which implies that ¥; € APp(R, X).
(ii) Uy € PAPY(R, X). In fact, for > 0, one has

—/ () dt = / / Kt — s)pa(s) ds

! T k(s)palt — 5)ds

2r
// Cre= [ (t — 5] ds dt

/ Cre M ®,(s)ds
0

8(9) = 50 [ llealt =)l at

Since py € PAPX(R, X), it follows that ¢o(- — s) € PAPY(R, X) for each s € R by
Remark 2.1, hence 1i_>m ®,.(s) =0 for all s € R. By using the Lebesgue dominated
T [ee]

dt

dt

//\

N

where

convergence theorem, we have ¥y € PAPS(R, X). This completes the proof. O

Lemma 3.3. Assume that (H;)—(Hy) hold. If w € PAPr(R, Xg), then
(O i= [ (=97 (= ) (syu(s) + (Ku)(s) ds
lies in PAPr(R, X3).

Proof. Ifue PAPp(R,Xg), Ku € PAPp(R, X) by Lemma 3.2, and f(-,u(-)) €
PAPr(R, X) by Theorem 2.3. Hence h(-) = (Ku)(-) + f(-,u(-)) € PAPr(R,X). Let
h = hy + ha, where hy € APr(R, X), ha € PAP2(R, X), then

(Au)(t) = /_ (t —s8)* L. (t — s)h(s)ds := A1 (t) + Aa(t),
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where
M) = [ (t= 9 ) ds
Ao(t) = [ (t —5)* L (t — s)ha(s) ds.

(i) Ay € APp(R,Xg). It is not difficult to see that A; € UPC(R, X).

Since

hi € APr(R,X), for ¢ > 0 there exists a relatively dense set €. such that for

TEQ,LER, |t—t;]| >¢,i€ 2,
e (t+7) — ha(t)]| <e.
Hence, by Lemma 3.1, for t € R, |t — t;| > €, i € Z, one has

1ALt +7) = A (®)]lp = [A7(Ar(t+7) = A ()]

< L (t =) HAPL(t = s)l[|ha(s + 7) = ha(s)l| ds

t [o%e)
gaaM@/ / 01 P, (0)(t — s) P lem (=9 qg ds
—o0 JO

= acMjg / / 01 =P (0)oPFTa1e=29" qg dg,
0 0

where 0 =t — s. Note that

o / / 01 =P (0)o Pt 1e= " 4h do
0 0
:a/ fa(H)/ gr=Pg—abfta=le=209" 45 g

- 7)\90(’ a
= ﬁ/ €0 / (A0o™) " A(N") 46 =

ri-5)

Hence, one has

I'il—p)M
At +7) — M) < T2

which implies that A; € APp(R, Xp).
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(ii) Ay € PAPY(R, X;). In fact, for r > 0 one has

u TT|A2<t)|ﬁdt—§ 1AM
// — ) AP (¢ — 8)][ha(s)] ds
\aMﬂ/ / / B1BE(0)(t — 5) P Ha1a M=) 1y (5)]| 46 ds dt
:aMB/ // 01P¢, (0)0~ P12 |y (t — o)|| df do dt
=aMp / / 0P, (0)o2PTe1e= 2" i (5) df do,
where

H (o) = 2% /j [lha(t — o) dt.

Since hy € PAPX(R, X), it follows that ho(- — o) € PAPY(R, X) for each o € R by
Remark 2.1, then lim H, (o) =0 for all 0 € R. Hence Ay € PAPY(R, X3). O
r—00

Theorem 3.4. Assume that (Hy)—(Hs) hold. If © < 1, where

_ F(l B)

1 1
+2LN My (— + ),
then (1.1) has a unique PC-mild solution v € PAPr(R, X3).

Proof. Let F: PAPr(R,Xg) — PC(R,Xg) be the operator defined by

(3.5) (Fu)(t) = 1 (t =)7L (t = 5)(f(s,uls)) + (Ku)(s)) ds
+ > Tt —7)Gr(ul(m)).

We will show that F has a fixed point in PAPr(R, Xg) and divide the proof into
several steps.
(i) Fu € PAPr(R, Xg). For u € PAPp(R, X3), by Lemma 3.3, one has

(Au)(t) = [ (t—s)* L.t — 5)(f(s,u(s)) + (Ku)(s))ds € PAPr(R, X3g).

It remains to show that

(3.6) > T (t — 1)Gi(u(i)) € PAPp(R, Xg).

TR <t
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By Theorem 2.5, Gy(u(r)) € PAP(Z,X). Let Gp(u(t)) = B + Yk, where
Br € AP(Z,X) and v, € PAPy(Z, X), then

N Tt —m)Gru(r)) = Y Tt —m)Be+ Y T(t— 1)y 1= Pi(t) + Pa(t).

TEe<t TE<t TEe<t

Since {Tg}, k,j € 7 are equipotentially almost periodic, hence by Lemma 2.2, for
any € > 0 there exist relative dense sets of real numbers ). and integers ). such
that for 7, <t < Tq1, 7 € Qey, ¢ € Qe |t — 7| > €, |t — Ti41| > €, j € Z, one has

t+7>7 e+ T > Tiqg,

and

Tk+q+1>7'k+1+7'—€>t+7',

that is 7+ <t + 7 < Trtq4+1. Then

J@1(t+)~Ba(B)s= | > T+T—m)B— Y. T
T <t+T TR <t B
< Z |7 (t = 7)(Brtq — Br)llg
TEe<t
= > 1A T = m)I(Brrq — Br)
TE<t
MﬂEZ/ 075 (0)(t — 1)~ *Pe MU= q
T <t

< MﬂE/() ga(9)< Z (g(t - Tk)a)_ﬁe_)‘a(t_ﬂc)u

0<O(t—7,)*<1

+ i Z 6(t — Tk)a)ﬁewtfk)“) dé

J=15<O(t—m) < +1

<M56/mga(9)(ﬂ+ 2N ) a0

mB

1
- 2M5N5(— + 5= 1)
where m = min{f(t — 7,)*: 0 < 0(t — 7,)* < 1}. Hence ®; € APr(R, X3).
Next, we show that ®; € PAP2(R, Xg). Since 7y € ﬁAPO(Z,X), by Lemma 2.4
and [13] there exists g(t) = Yk, t € [k, k-+1) such that g € PAP,(R, X) and g(k) = v,
kel
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By Lemma 3.1, one has
Z 9 t— Ti)Vk dt

1 [ 1
3 [ Iealsar=o [
- TEe<t

—/ S 472 — mlll

T <t

W[ e - my e g(uyavat

TR <t

P[5 [T e - my e oy anar

T <t

< %/_T/O éa(9)< S (Bt — 7)) Fe A0

0<0(t—75)*<1

NSRS <9<t—m)(’rﬁe-w-w“)||g<t>|dedt

J=1j<0(t—71)*<j+1

Mg [T [ 2N 2N
<52/ / 6 (6) —+—)||g<t>|\d9dt

<M+ )5 [ a0l

where N is the constant in Lemma 2.1. Hence

hm—/ [|®2(t)|lgdt =0,

then @y € PAPY(R, X5). So Fu € PAPp(R, Xj5).
(ii) F is a contraction. For u,v € PAPr(R, X3),

II(fU)(t)—(fv)(t)HﬁS/_ It = 5)* 17 (t = 9)[(Ku)(s) + f(5,u(s)))

— ((Kv)(s) + f(s,v(s)))]l| s ds
+ 3 IT @ = 7)[Grlu(m)) = Gr(o(m))]lls

T <t

< [ (t =) HAZL(t = s)I[(Ku)(s) + f(s,u(s)))

— ((Kv)(s) + f(s,v(s)))]ll ds
+ 2 1A T (= ) II[Gr(ulri)) = Gi(o(m))]|

T <t
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< aMg(LyCen™' + L) |lu— |
/ / gl- Bga S)—O(ﬁ-i-a—le—)\&(t—s)”‘ d6 ds

+ L MﬁHU_UHﬁZ/ 0P (0)(t — )~ @Pe M=% 49

Tre<t

_ r'd-p)
< Mp(LyCrn™ " + Ly)—=g=5 llu—vlls

1 1
+ 2L1NM/B<W + e’\——l) ||’LL — ’U||5

= Ofu—wvls.

Since © < 1, F is a contraction.

By (i), F(PAPr(R,Xs)) C PAPr(R, Xgs). Since (ii) holds, by the Banach con-
traction mapping principle, F has a unique fixed point in PAPr(R, Xg), which is
the unique piecewise pseudo almost periodic PC-mild solution of (1.1). ([

If (Ku)(t) =0, then (1.1) is an impulsive fractional differential equation

oo

(3.7) Du(t) + Au(t) = f(t,u(t) + > Gr(u(t)s(t — 7).

k=—o0

By Theorem 3.4, one has the following result:

Corollary 3.5. Assume that (Hy), (H3), (Hs) hold. If MgL;T'(1— 3)/A\'7F +
2L1NMgs(1/mP +1/(e* — 1)) < 1, then (3.7) has a unique PC-mild solution u €
PAPp(R, X3).

4. EXAMPLES

In this section, we provide some examples to illustrate our main results.

Example 4.1. Consider the fractional partial differential equation with impul-
sive effects
0?w(t, x)

‘D¥w(t,x(t)) — D2

= [ b= 9)g(s.w(s,0)) ds 4 F (0 cos(u(t, ),

(4.1) oo
teR, t#m, kel x€(0,1),

w(T,j',x) = (Br + Dw(m,x), keZ, zel0,1],

w(t,0) = w(t, 1) =0,
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where 1 < a < 1, 7 = k + [sink + sinv/2k|/4, F € PAPr(R, X), B € PAP(Z,R).
Note that integero {Tg}, k € Z, 5 € Z are equipotentially almost periodic and
K= iIelg(Tk+1 — 7) > 0; one can see [16], [21] for more details.

?

Let X = (L?[0,1],]|||z2), define the linear operator —A by
D(-A)={ue X: v" € X, u(0) =u(l) =0} and —Au=Au=1u", ue D(—A).

It is well known, see [19] that —A is the infinitesimal generator of a semigroup S(t)
on X with ||S(t)||z2 < e7! for t > 0, hence (H;) holds. Let u(t)r = w(t, z), t € R,
x € [0,1], then (4.8) can be rewritten in the abstract form (1.1). Since G (u) = Sru
and By € PAP(Z,R), (Hs) holds with L; = iulz) |Bk]l- By Theorem 3.4, one has

€

Theorem 4.1. Under assumptions (Hz), (Ha), if L = max{~, Ly, L1} is suffi-
ciently small, then (4.8) has a unique PC-mild PAPr solution.

Example 4.2. Consider a two-dimensional impulsive fractional predator-prey
system with diffusion

e (t,x)v }
r(t,z)v +ul’
teR, t#m, ke,
cao(t, x)u
cpe — A — _
v(t, x(t)) = pa v—l—v{ as(t, z) + r(t,x)u—l—v}’
(42) teR, t#£m, ke,

U(T;_,{E) = U(Tk,x)Ik(CL',U(Tk,iL'),U(Tk,{E)), ke Za

‘D¥u(t,z(t)) = prAu+u {al(t, x) —b(t,x)u —

U(T,j',x) = (7, ) Jg (x, u(g, ), v(TK, 2)), k€ Z,
ou ov

onloa %‘
where 0 < a < 1, in a bounded domain ) C R™ with smooth boundary 0f2, nonuni-
formly distributed in the domain Q = Q x 9Q; A = §?/02% + 0% /023 + ...+ 9% /022
is the Laplace operator and d/9n is the outward normal derivative. g3 > 0, po > 0

o0

)

are diffusion coefficients, the positive functions a1, as,c; and co stand for prey in-
trinsic growth rate, capturing rate of the predator, death rate of the predator and
conversion rate, respectively; one can see [3] for more details.
Let
wn=k+ar, k€L,

where {ax}, ax € R, k € Z is an almost periodic sequence such that

1
suplag| = a < ,
keZ
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then {Tg}, k,j € 7 are equipotentially almost periodic and k = ]ican(TkH — 1) > 0;
€
one can see [23], [24] for more details.
Let w = (u,v) and

- _/\—/.LlA 0
4= 0 )\—M2A]
-u[m(t,x) —b(t,x)u — %} + A
f(taw): (t :)L.u s
I v{—ag(t,x)—l— 0 )’ s }
[l @) e (2, w7, @), v(7k, @) — u(Tr, @)
bWl = | 1, ), s ), 0071, 2)) — 0l )]’

where A > 0, then (4.9) can be rewritten in the form (3.7):
Dw(t) + Aw(t) = f(tw(t)) + Y Gr(w(t))d(t — ).
k=—o00

It is well known [22] that the operator A is sectorial and Rec(A) < —A, the

At and

1 oo
AP = —/ 81~ At qt.
'(B) Jo

analytic semigroup of the operator A is e~

Assume that

(A1) a;(t,z), ci(t,x), i =1,2, b(t,x) and r(t, z) are piecewise pseudo almost periodic
functions with respect to ¢, uniformly for 2 € Q, and positive-valued on R x .

(A2) The sequences of functions {Ij(z,u,v)}, {Jx(z,u,v)}, k € Z are generalized
pseudo almost periodic with respect to k, uniformly for z,u,v € Q.

By Corollary 3.5, one has

Theorem 4.2. Under assumptions (A1), (Az), (Hz), (Hs), if L = max{Ly, L1}
is sufficiently small, then (4.9) has a unique PC-mild PAPr solution.
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