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Abstract. We study some classes of pseudo-differential operators with
symbols a admitting anisotropic exponential type growth at infinity.
We deduce mapping properties for these operators on Gelfand—Shilov
spaces. Moreover, we deduce algebraic and certain invariance properties
of these classes.
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0. Introduction

In the paper we deduce algebraic and continuity properties for a family of
anisotropic pseudo-differential operators of infinite orders when acting on
Gelfand—Shilov spaces. We permit superexponential growth on correspond-
ing symbols and deduce continuity properties in the full range of (classical)
Gelfand—Shilov spaces. We also deduce that the operator classes are closed
under compositions.

Pseudo-differential operators (as well as Fourier integral operators) with
ultra-differentiable symbols a(x, &) which are permitted to grow faster than
polynomials at infinity, are commonly known as operators of infinite order.
Operators of infinite order appear naturally when dealing with various kinds
of partial differential equations, usually emerging in science and engineering.
Such operators have been studied in different ways, e.g. in [2-9,11,12,15—
17,29,35]. Keyparts of these investigations consist of deducing fundamental
algebraic and continuity properties.

The assumptions on the symbols for pseudo-differential operators with
infinite order are more extreme compared to classical pseudo-differential op-
erators. For the symbols to operators of infinite order, stronger regularity are
imposed while growth conditions are relaxed compared to symbols of classical
operators (Gevrey regularity and exponential type bound conditions instead
of smoothness and polynomial bound conditions).
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In order to meet the more extreme conditions on symbols to operators of
infinite order, the spaces of Schwartz functions and their distribution spaces,
feasible when dealing with classical pseudo-differential operators, are replaced
by Gelfand—Shilov spaces and their distribution spaces. For fixed s,0 > 0,
the Gelfand-Shilov space S7(R?) (£7(R?)) consists of all f € C>°(RY) such
that

1
07 f ()] < hPPlg1eemrlels (0.1)
for some (for every) h,r > 0. (See [22] and Sect. 1 for notations.) For ¢ > 1,
S?(R?) represents a natural global counterpart of the Gevrey class G? (R?)
but, in addition, the condition (0.1) encodes a precise description of the
behavior at infinity of f.

Continuity properties for operators of infinite order are important when
investigating well-posedness for partial differential equations in the frame-
work of Gelfand—Shilov spaces. Some studies are performed in [2,11,25,35]
where the symbols have exponential growth with respect to the momentum
variable. In [11,12,14,24,25] such operators are applied to Cauchy problems
for hyperbolic and Schrédinger equations in Gevrey classes. Parallel results
have also been obtained in Gelfand—Shilov spaces (see [3,4,7,8,10,29]). In
the latter case, the symbols of the involved operators of infinite order admit
exponential growth both in configuration and momentum variables, i.e. in
the phase space variables.

For pseudo-differential operators of infinite order, their symbols should
obey conditions of the form

0207 a(w,€)| < BlotPlatez gz ezl #1617 (0.2)
or, what seems to be more general,
020 a(x, )] < hltPlal? Bl w(a, €) (0.3)

for some positive constants s, s;, 0, 0; and some positive function w(z, §) de-
fined on the phase space R??, j = 1,2. A common condition is that w should
be moderate, meaning that it exists a positive function v on R?? such that

w(z+y,&+n) S w(, oy, n).
This implies that w must satisfy conditions of the form
w(z, &) < erl=l+leh

(cf. [20] or Proposition 1.6). Hence, for such w, (0.3) does not need to be
fulfilled when (0.2) holds for some s; < 1 or o7 < 1. If instead w fails to be
moderate, then in reality it is always assumed that

1 1
w(z, &) = erlel*r el (0.4)

for some positive constants s; and ;. Consequently, if w is not moderate,
then in reality, the cases (0.2) and (0.3) agree.

In most of the contributions [2-9,11,12,15-17,29,35] mentioned above,
it is assumed that s, s;,0,0; > 1 and that w(z,§) is allowed to grow at most
subexponentially.
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An exception concerns [16] by Cordero, Nicola and Rodino, where it is
merely assumed that s = o0 > 0 and it is evident that in their analysis, w
must be moderate, admitting exponential growth of the symbols.

In [16] it also seems to be the first time where characterizations of
symbols satisfying (0.3) in terms of estimates with corresponding short-time
Fourier transforms are performed (cf. [16, Theorem 3.1]) and where continuity
of operators with infinite order is obtained for Gelfand—Shilov spaces of the
forms S (R?) with s less than one (cf. [16, Proposition 4.7]). Here we remark
that some implicit steps in such directions are given in [31]. (Cf. Theorems
3.9 and 6.15 in [31].) These continuity properties are established by using
methods based on modulation space theory and short-time estimates on the
symbols of the operators, instead of the usual micro-local techniques. We
also remark that the extension of the complete calculus developed in [3,4] in
this case is out of reach due to the lack of compactly supported functions in
S3(R%) and ¥2(R?) when s < 1.

In [9], pseudo-differential operators with symbols satisfying (0.2) with

81:822012022825 (05)

are considered, which for example is interesting in connection with Shubin-
type pseudo-differential operators. In particular, superexponential growth on
the symbols is permitted, giving that the growth conditions on the symbols
are even more relaxed compared to [16].

In [9] it is deduced that such operators of infinite order are continuous
on the Gelfand-Shilov spaces S¢ or 33, depending on the precise conditions
on h and 7 in (0.2), and their distribution spaces. Here it is also proved that
such operator classes are algebras under compositions.

In Sect. 3 we extend the results in [9] to the anisotropic case, where the
conditions in (0.5) for (0.2) are relaxed into

§1 = S = S, 01 =02 =0, S+021. (05)I

We prove that operators with such symbols are continuous on the (anisotropic)
Gelfand-Shilov spaces S7(R?) and X7(R?) (again depending on the precise
conditions on h and 7 in (0.2)), and their distribution spaces. We also prove
that our operator classes are algebras under compositions, thereby receiving
full extension of the results in [9] to the anisotropic case.

In a similar way as in [9, 16], our analysis is based on characterizations of
our symbols in terms of suitable estimates of their short-time Fourier trans-
forms. On the other hand, an essential part of the analysis in [16] is based
on suitable applications of almost diagonalization property for the operators.
Such technique works well when w in (0.2) is moderate. Since this is not the
case in our situation when s < 1 or ¢ < 1, we can not use such approach.
Instead we accept certain types of gaps between symbol estimates and esti-
mates on corresponding short-time Fourier transforms, which neither harm
our analysis nor threat our conclusions.

Finally we remark that rates of growth and Gevrey regularity are usually
different and not so related to each others, leading to differences between the
choice of s and the choice of 0. Hence, the restriction s = o in [9] and in
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several other contributions or problems, is not natural. We therefore believe
that it is relevant to consider, as it is done in Sect. 3, the anisotropic case
where s and o are allowed to be different.

An example where anisotropic operators of infinite order appear con-
cerns certain initial value problems for Schrodinger type equations with data
in Gelfand—Shilov spaces (see [1]). On the other hand, in the present paper
we do not give specific applications which require a long treatise.

The paper is organized as follows. In Sect. 1, after recalling some basic
properties of the spaces S7(R?) and ©7(R?), we introduce several general
symbol classes. In Sect. 2 we characterize these symbols in terms of the be-
havior of their short time Fourier transform. In Sect. 3 we deduce continuity
on §7(RY) and 37 (R?) and their distribution spaces, composition and in-
variance properties for pseudo-differential operators in our classes. Finally,
in order to make it easy for the reader and the community we have, in Ap-
pendix A, collected some essential properties and included some short proofs
for moderate weights. These properties can essentially be found in the liter-
ature, but at different places (see e.g. [20,31]). For example, here we show
that moderate weights are bounded by exponential functions.

1. Preliminaries

In this section we recall some basic facts, especially concerning Gelfand-Shilov
spaces, the short-time Fourier transform and pseudo-differential operators.

We let . (R?) be the Schwartz space of rapidly decreasing functions on
R? together with their derivatives, and by .#/(R?) the corresponding dual
space of tempered distributions.

1.1. Gelfand—Shilov Spaces
We start by recalling some facts about Gelfand—Shilov spaces. Let 0 <
h,s,o € R be fixed. Then S;h(Rd) is the Banach space of all f € C°(RY)
such that
_ 2207 f ()|
fllsz, = sup, 52, flaralars gio < ()

endowed with the norm (1.1).

The Gelfand-Shilov spaces S7(R?) and X7(R?) are defined as the in-
ductive and projective limits respectively of &7 ,»(R%). This implies that

SIRY) = 87,RY) and BI(RY) =[] S%L,RY), (1.2)
h>0 h>0
and that the topology for S7(RY) is the strongest possible one such that the
inclusion map from S;h(Rd) to S7(RY) is continuous, for every choice of
h > 0. The space X (R¥) is a Fréchet space with seminorms || - [|ss , k> 0.
Moreover, ¥7(R%) # {0}, if and only if s + 0 > 1 and (s,0) # (%, 1), and
S?(RY) # {0}, if and only if s + o > 1.
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The spaces S?(R?) and 37 (R?) can be characterized also in terms of

the exponential decay of their elements, namely f € S?(R%) (respectively
f € X2(R%)), if and only if

0 @) S Wty el

for some h,r > 0 (respectively for every h,r > 0). Moreover we recall that
for s < 1 the elements of S7(RY) admit entire extensions to C?¢ satisfying
suitable exponential bounds, cf. [18] for details.

The Gelfand-Shilov distribution spaces (S7)'(R?) and (£7)(RY) are
the projective and inductive limit respectively of (SZ,) (R?). This means
that

() (RY) = V(87 (RY) and  (87)RY) = [ J(S%,)'RY).  (1.2)
h>0 h>0
We remark that in [28] it is proved that (S7)(R?) is the dual of S, ,(R?),
and (X7)(R?) is the dual of ¥7(R?) (also in topological sense).
For every s, 0 > 0 we have

SI{(RY) < SI(RT) = BT R — S (RY) (1.3)

for every € > 0. If s+ o > 1, then the last two inclusions in (1.3) are dense,
and if in addition (s, o) # (1, 3), then the first inclusion in (1.3) is dense.

From these properties it follows that .7/ (R?) — (57)'(R%) when s+o >
1, and if in addition (s, o) # (3, 3), then (S7)'(R?) — (27)/(R?).

The Gelfand—Shilov spaces possess several convenient mapping proper-
ties. For example they are nuclear and invariant under translations, dilations,
and to some extent tensor products and (partial) Fourier transformations, cf.
[18,26,27)).

The Fourier transform .7 is the linear and continuous map on .#(R%),
given by the formula

(F1)(€) =f&) = (2m)7% | @0 da
when f € .Z(R?). Here (-, -) denotes the usual scalar product on R?. The
Fourier transform extends uniquely to homeomorphisms from (S7)'(R%) to
(82)(R?), and from (27)"(R?) to (X2)'(R?). Furthermore, it restricts to
homeomorphisms from S7(R9) to S(R?), and from %7 (R%) to 22 (RY).

Some considerations later on involve a broader family of Gelfand—Shilov
spaces. More precisely, for sj,0; € R4, j = 1,2, the Gelfand—Shilov spaces
Sovoz(RA1+dz) and $71-02(R%+492) consist of all functions F € C>°(R41+42)

S$1,82 $1,52
such that
|20 252001002 F (2, 10)| S hlortAIHloatBel g 151,152 31171 55172 (1.4)

for some h > 0 respectively for every h > 0. The topologies, and the duals
(801702)/(Rd1+d2) and (Eol,ag)/(Rdl—o—dQ)

51,82 81,52

of
So1,02 (Rd1+d2) and Y192 (Rd1+d2)’

51,82 81,82
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respectively, and their topologies are defined in analogous ways as for the
spaces 87 (R?) and %7 (R?) above.

The following proposition explains mapping properties of partial Fourier
transforms on Gelfand—Shilov spaces, and follows by similar arguments as in
analogous situations in [18]. The proof is therefore omitted. Here, .%; F' and
F,F are the partial Fourier transforms of F(x1,z2) with respect to z; € R%
and o € R% | respectively.

Proposition 1.1. Let sj,0; > 0, j = 1,2. Then the following is true:
(1) the mappings 1 and Fo on .7 (RU+9) restrict to homeomorphisms

T :801,02(Rd1+d2) —>581’62(Rd1+d2)

S$1,82 01,82

and

Fy - 801702(Rd1+d2) HSUl,Sz(Rlerdz);

51,82 $1,02

(2) the mappings F1 and Fa on (RN are uniquely extendable to
homeomorphisms

T (501-,02)/(Rd1+d2) N (581,02)/(Rd1+d2)

1,52 01,82

and

Fo (801,02)/(Rd1+d2) N (801752)/(Rd1+d2).

51,82 51,02

The same holds true if the SJ}:72-spaces and their duals are replaced by

corresponding X717 -spaces and their duals.

The next two results follow from [13]. The proofs are therefore omitted.

Proposition 1.2. Let s;,0; > 0, j = 1,2. Then the following conditions are
equivalent:

(1) F e 801,022 (Rd1+dz) (F € No1,02 (Rd1+d2));

81,8 51,52

(2) for some r >0 (for every r > 0) it holds

1 1 1 1
[Flar,a0)| S e 0mI7 #1021 gng |Bey,&)] el el ™),

We notice that if s;+0; < 1 for some j = 1,2, then 77> (R%+d2) and
772 (RMF2) are equal to the trivial space {0}. Likewise, if 5; = 0; =

for some j = 1,2, then $7°72(R%+42) = {0}.

81,52

N|—=

1.2. The Short Time Fourier Transform and Gelfand—Shilov Spaces
We recall here some basic facts about the short-time Fourier transform and
weights.
Let ¢ € S7(R?)\0 be fixed. Then the short-time Fourier transform of
f € (S87)(R?) is given by
(Vo )(@,&) = (2m)~

d
2

(f.0(- —@)e )2
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Here (-, )2 is the unique extension of the L2-form on S7(R%) to a contin-
uous sesqui-linear form on (S7)'(RY) x S7(R?). In the case f € LP(RY), for
some p € [1,00], then V, f is given by

d
2

Vof(@.8) = (2m)7% | F(W)dly —o)e " ay.

The following characterizations of the 172 (R%F42), %9172 (R%+2)

and their duals follow by similar arguments as in the proofs of Propositions
2.1 and 2.2 in [32]. The details are left for the reader.

Proposition 1.3. Let s;,0; > 0 be such that s; +o0; > 1, j = 1,2. Also let
¢ € 87172 (RMT2)\0 and let f be a Gelfand-Shilov distribution on R4z,
Then the following is true:

(1) f e Souoz(R4+d2) if and only if

51,52

Vo f(21,72,81,62)| S 677”('9“|i+‘12‘é+|&|%+‘&‘£), (1.5)
holds for some r > 0;
(2) if in addition ¢ € £I+72(RU+42)\0, then f € X7472(RU+92) if and

. 51,82 81,82
only if

1 1 1 1
Vi f (21, 22,1, &) S ez Flza] *2 +]61| 71 +[€2] 72) (1.6)
holds for every r > 0.

A proof of Proposition 1.3 can be found in e.g. [21] (cf. [21, Theorem
2.7]). The corresponding result for Gelfand—Shilov distributions is the follow-
ing improvement of [31, Theorem 2.5]. See also [32].

Proposition 1.4. Let s;j,0; > 0 be such that s; +o; > 1, j = 1,2. Also let
¢ € ST (RN T2)\0 and let f be a Gelfand-Shilov distribution on R4z,
Then the following is true:

(1) f € (8or22)(R4+d2) if and only if

81,82

1 1 1 1
|V¢f<$17 (E2u 61752)' < e""(|.’£1\ ot +|3L‘2| 2 +‘fl| o +|€2‘ i ) (17)
holds for every r > 0;
(2) if in addition ¢ € £71:32(RIF92)\0, then f € (£71:2)' (R4T42), if and
only if
Vo f(z1,m2,81,82)] S er(|“"1‘ﬁ+|m2|é*‘gllﬁﬂ&"%) (1.8)

holds for some r > 0.

Remark 1.5. We notice that any short-time Fourier transform of a Gelfand—
Shilov distribution with window function as Gelfand—Shilov function or even
a Schwartz function makes sense as a Gelfand—Shilov distribution.

In fact, let

Ty : (87)'(RY) x (87)'(RY) — (87)'(R*),
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and
Ty : (87)'(R*) — (87)'(R™)
be the continuous mappings
Ti(f.0)=f@ ¢, f¢c(S))RY,
and
(ToF)(x,y) = F(y,y —x), F e (S)R™).

Also let (Z2F)(x, -) be the partial Fourier transform of F(x,y) with respect
to y € R?, which is continuous from (S7)'(R*?) to (S7;3)'(R*?). Then

Vof = (Fa0Ta0Ty)(f, ). (1.9)

By defining V,f as the right-hand side of (1.9) when f,¢ € (S7)(R%), it
follows that the map
(f,0) = Vo f (1.10)
is continuous from (S7) (R%) x (S7) (RY) to (S7:2) (R2%).
In the same way (1.10) extends uniquely to a continuous map from
(22)'(RY) x (27)'(RY) to (X75) (R*).
By similar arguments it follows that if f, ¢ € (S71:22)"(R%+42) (f ¢ €

51,52

(291:g2)'(R4H42)) then Vy f is still defined as some sort of Gelfand-Shilov
distibution, given as the dual of a Gelfand—Shilov space, defined in terms of

Komatsu functions (see e.g. [13]).

1.3. Weight Functions
A function w on R? is called a weight or weight function if w,1/w € L (R?)

loc
are positive everywhere. It is often assumed that w is moderate. This means

that
w(z+y) Swlv(y), z,yecRL (1.11)

for some positive function v on RY. If (1.11) is fulfilled for some positive
function v on R?, then w is also called v-moderate. The positive function
v € L (R?) is called submultiplicative if it is even and (1.11) holds with
w=v. We let Z5(R?) be the set of all moderate functions on R<.

For any s > 0, let Z,(R%) (#?(R?)) be the set of all weights w on R?
such that

1
wia+y) S wlx)er®

for some r > 0 (for every r > 0).
More generally, if d = d; + dy with dy > 0 and (s1, s2) € Rf_, then we
let

PARY) = 2, (RIFE)(PURY) = 70, (RIH)

51,52

be the set of all weight functions w on R4 +%2 such that

1 1
w(y + Y1, 22 + ya) < w(wy, zg)em 1™t Hlv2l*2)

LjyYj € Rdj? .]: 1727 (112)
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for some r > 0 (for every r > 0). In particular, if w € 2, ,,(R4+d2)
(we 20 . (RUTd2)) then

§1,82
1 1 1 1
ezl Hlz2l22) < () pg) < eIzl Flazlo2) (1.13)

for some r > 0 (for every r > 0).
The following proposition shows among others limitations concerning
growths and decays for moderate weights.

Proposition 1.6. Let d = dy + dy and s,s;,t; € Ri be such that d; > 0 are
integers and t; = max(1,s;), j = 1,2. Then the set Z5(R?) is non-increasing
with respect to s,

P s (Rd1+d2) =Pty (RlerdQ)7 (1.14)
and

P11 (ROTE) = g (RITd2), (1.15)

The statements in Proposition 1.6 are essentially presented at different
places in the literature (cf. [20,30,31]). For conveniency we present a proof
in Appendix A, and refer to [20,31] for more facts about weights.

1.4. Pseudo-Differential Operators
Let M(d, R) be the set of all d x d-matrices with entries in R, A € M(d,R)
and s > % be fixed, and let a € S;(R??). Then the pseudo-differential operator

Op4(a) with symbol a is the continuous operator on S;(R%) is defined by
the formula

(OpA(@)f)(z) = (2m)~° / / a(e — Al — y),€) f(y)ei™vE dyde.  (1.16)

We set Op,(a) = Op,(a) when t € R, A =1¢-TI and I is the identity matrix,
and notice that this definition agrees with the Shubin type pseudo-differential
operators (cf. e.g. [30]).

If instead s,0 > 0 are such that s + 0 > 1, a € (875)'(R??), then
Opy4(a) is defined to be the linear and continuous operator from S7(R?) to
(87)(R%) with the kernel in (S7)'(R>2?), given by

Koa(z,y) = (F5 a)(x — Az — ),z —y). (1.17)
It is easily seen that the latter definition agrees with (1.16) when a € L' (R24).
If t = 1, then Op,(a) is equal to the Weyl operator Op®(a) for a. If

instead ¢ = 0, then the standard (Kohn-Nirenberg) representation a(z, D) is
obtained.

1.5. Symbol Classes

Next we introduce function spaces related to symbol classes of the pseudo-
differential operators. These functions should obey various conditions of the
form

020 a(x,€)| < WtPlal? Brw(z, €), (1.18)
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on the phase space R??. For this reason we consider norms of the form

ol wup [ sup (Z%a@ O .
ey 704/3611)\1«1 w,gell){d hletBlale Blsw(x, €) 7 |

indexed by h > 0.

Definition 1.7. Let s, 0 and h be positive constants, let w be a weight on
R4 and let

1 1
wy(z, &) = erlzl= el ),

(1) The set F‘(”)h(RQd) consists of all @ € C°°(R2?9) such that ||a||F?,§;h, in

(1.19) is finite. The set T3 (R24) consists of all a € C°°(R2%) such
that Ha||ra,s;;1 is finite for every r > 0, and the topology is the projective

limit topology of I‘G 5 h(de) with respect to r > 0;

(2) The sets I“(”)(de) and F?S)O(de) are given by

0,8 2d o,8;h 2d o,s;0 2d o,s;h 2d
IO R = [T (R*) and TR = (T (R
h>0 h>0

and their topologies are the inductive and the projective topologies of

F'(’ws) "(R2) respectively, with respect to h > 0.

Furthermore we have the following classes.
Definition 1.8. For s;,0; >0, j =1,2, h,r >0 and f € C°°(Rd1+d2), let
05,052 f (21, )| )

1 1
hlaitazlg lorgglozer(jzi]*1 +lza]2)

1f1lnr) = sup < (1.20)

where the supremum is taken over all a; € N% s € N% 21 € R and

To € R%.

(1) Tgrg2(RB+42) consists of all f € C*°(R™¥%) such that | f]|p,. is
finite for some h,r > 0;

(2) 7072 (RATE) consists of all f e C°(R™+%) such that for some
h >0, || fll(h,r is finite for every r > 0;

(3) [grg20(R™M+42) consists of all f € C°(R%*4) such that for some
7> 0, || fll(h,r is finite for every h > 0;

(4) I‘gll”g;” (R%1+42) consists of all f € C°°(R™ ") such that ||f||(s,. is

finite for every h,r > 0.

In order to define suitable topologies of the spaces in Definition 1.8,
let (T132) () (RT %) be the set of f € C (R %) such that || f||(n, is

S$1,S82

finite. Then (I'J1:22) (5, (R?T92) is a Banach space, and the sets in Definition

81,52

1.8 are given by
FUhUz(Rd1+d2) _ U (Fﬂl,az)(h T)(Rd1+d2)7

$1,52 81,82
h,r>0
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PR = | (ﬂ (rz;:;’;xmr)(Rdl*@)) ,

h>0 \r>0
POt = (ﬂ (F‘;;,f;xh,r)(Rdl*dQ))
>0 \h>0

and

I\U1,U2;0(Rd1+d2) _ ﬂ (F01702)(h’r)(Rd1+d2)’

$1,52;0 51,52
h,r>0

and we equip these spaces by suitable mixed inductive and projective limit
topologies of (I'71:72) ) (R¥T42).

81,82

2. Characterizations of Symbols via the Short-Time Fourier
Transform

In this section we characterize the symbol class from the previous section in
term of estimates of their short-time Fourier transform.
In what follows we let k be defined as

(r) 1 when r < 1, (2.1)
Kk(r) = :
271 when r > 1.

In the sequel we shall frequently use the inequality
: < k(s (|x

which follows by straight-forward computations.

1
“t+ly

|z +y %), s >0, x,yERd,

Proposition 2.1. Let s,0 > 0 be such that s+ o0 > 1 and (s,0) # (%, %),

é € XT(RH\0, r > 0 and let f be a Gelfand-Shilov distribution on R®. Then
the following is true:

(1) If f € C>®(R?) and satisfies

10° f(2)| < hl*lateerlel® (2.2)
for every h > 0 (for some h > 0), then
(Vi (, )] S exterlal =il (2.3)
for every h > 0 (for some new h > 0);
(2) If
Vo (,€)| S el —hlel® (2.4

for every h > 0 (for some h > 0), then f € C>®(R%) and satisfies

- 1
10° f(2)| < hlolateents rlel?

for every h > 0 (for some new h > 0).
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Remark 2.2. If s > 1, then Proposition 2.1 is a special case of [16, Theorem
3.1]. In fact, the latter result asserts that Proposition 2.1 holds true for a
larger class of window functions and with a general moderate function w(x)
in place of the moderate functions

1 —1 1
z— el and g ents )rlele

On the other hand, if instead s < 1, then the latter functions fail to be
moderate. Consequently, [16, Theorem 3.1] does not cover Proposition 2.1 in
the case when s < 1.

Proof of Proposition 2.1. We only prove the assertion when (2.2) or (2.4) are
true for every h > 0, leaving the straight-forward modifications of the other
cases to the reader.

Assume that (2.2) holds. Then for every z € R? the function

y Fu(y) = fly +2)d(y)
belongs to X7 (Rd), and
[ « o k(s YHr|z % —7 %
05 F ()| < hl Lo er(s™ Drlals —rolyl
for every h,ro > 0. In particular,
|Fa(y)] < 67 rlal gmrolul® g (B (g)] < enlsrlel* gmralel®
(2.5)

for every ro > 0. Since |V, f(z, )| = |F,(€)], the estimate (2.3) follows from
the second inequality in (2.5), and (1) follows.
Next we prove (2). By the inversion formula we get

f@) = Cry 40l [ Vottumota = e dyan. (26)
Here we notice that

(@, y,m) = Vo f(y,m)d(x — y)e' ™

is smooth and

(y,m) — NV f(y, 77)36¢(x _ y)ei<;v,17)

is an integrable function for every x,  and (3, giving that f in (2.6) is smooth.
By differentiation and the fact that ¢ € 37 we get

0 F@) = > (g)iw' / /R Vo (4@ 9) (@ —y)e' " dydn

B<la

( )//R nPerl® e=hlnl® (97=B ) (z — y)| dydn

BLa
Z( )h'“ e // P le=nl? grlal® g=mile=ul* gy
BLla

2/\

2/\
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for every hi,he > 0. Since

InPe —hln|= | < hW'(gI)U —hlnlw (2.7)
we get

0% f ()]
< plol // —Benl7 grlul¥ g—hale—yl® g g
X () oa o [[[ ettt ity

BLla
1 1
< (4h2)|”“o¢!"/ erlvl= g=hale=yl= g, (2.8)
Rd

Since |y|* < r(s™1)( %) and hy can be chosen arbitrarily
large, it follows from the last estimate that

1y 1
0% f ()] S (4h)!*aloerstslele,
for every ho > 0. O

By similar arguments we get the following result. The details are left
for the reader.

Proposition 2.1'. Let sj,0; > 0 be such that s; + 0; > 1 and (sj,0;) #
v3), =12, ¢ € X772 R4+9)\0, » > 0 and let f be a Gelfand-Shilov
33
dzstmbutzon on Rd1+d2. Then the following is true:
(1) if f € O®(R%*9) and satisfies
1 1
109192 f (21, 22)| < plortezly 191,102 or(J21] 1 +za| 72) (2.2)
for every h > 0 (resp. for some h > 0), then
1 1 1 1
Vo f (21, 22,1, 6)| S (s Drlea [ *T 4(sy Drlaa| 2 —h(lea 7T Heal2) (g 3y

for every h > 0 (resp. for some new h > 0);

(2) if
1 1 a1 g
|V¢f($1,x2,§1,§2)| 5 er(‘xl‘ﬂ Hloz] #2)=h(|&] 71 +]€2]72) (24>/
for every h > 0 (resp. for some h > 0), then f € C°(R%+92) gnd
satisfies

1 1
-1 -1 ;

o feY a1ta o oo K(s rlzy| 1 +k(s rlxel| 2

19091002 f (1, m2)| < hlortazlg 191 g, 102 en(s0 )rlal (s2 " )rlws]

Ty Tx2 ’

for every h > 0 (resp. for some new h > 0).

As a consequence of the previous result we get the following.
Proposition 2.3. Let sj,0; > 0 be such that s;+0; > 1 and (s;,0;) # (3, 1),
J=12 € X (RU+42)\0 and let f be a Gelfand-Shilov distribution on

R4+ Then the following is true:

(1) there exist h > Oandr > 0 such that (2.4)" holds if and only if
f c ['91,92 (Rd1+d2)

1,52
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(2) there exists r > 0 such that (2.4)" holds for every h > 0 if and only if
f c Fal,@;o (Rd1+d2);

1,82

(3) (2.4) holds for every h > 0andr > 0 if and only if f € D707 (RA+dz2),

51,8250

By similar arguments that led to Proposition 2.3 we also get the follow-
ing. The details are left for the reader.

Proposition 2.4. Let s;,0; > 0 be such that s; +o0; > 1, 7 = 1,2, ¢ €
S22 (RIH92)\0 and let f be a Gelfand—Shilov distribution on R 42, Then

there exists h > 0 such that (2.4)" holds for every r > 0, if and only if
f c F01,020(Rd1+d2).

51,523

We also have the following version of Proposition 2.1, involving certain
types of moderate weights.

Proposition 2.5. Let 5,0 > 0 be such that s+ 0 > 1, ¢ € STE(R?**)\0 (¢ €
S5(RYMN\0), w e 2 ,(R*) (w e P, ,(R*)) and let a be a Gelfand-Shilov
distribution on R?%. Then the following is true:

(1) if a € C°(R>?) and satisfies

0207 a(x,&)| < hloTPlal? Blrw(, €), (2.9)

for some h > 0 (for every h > 0), then

1 1
Voa(a, & m,9)| < wla, eI+, (2.10)
for some r >0 (for every r > 0);

(2) if (2.10) holds for some r > 0 (for every r > 0), then a € C>=(R>?)
and (2.9) holds for some h >0 (for every h > 0).

We note that [16, Theorem 3.1] is more general than Proposition 2.5
when s = o, since the former result is valid for a strictly larger class of
window functions. It is also evident that Proposition 2.5 follows from [16,
Theorem 3.1] and its proof, also when s and o are allowed to be different.
In order to be self-contained we present a short proof of Proposition 2.5 in
Appendix B, where the first part is slightly different compared to the proof
of [16, Theorem 3.1].

3. Invariance, Continuity and Algebraic Properties for
Pseudo-Differential Operators

In this section we deduce invariance, continuity and composition properties
for pseudo-differential operators with symbols in the classes considered in
the previous sections. In the first part we show that for any such class S,
the set Op4(S) of pseudo-differential operators is independent of the matrix
A. Thereafter we show that such operators are continuous on Gelfand—Shilov
spaces and their duals. In the last part we deduce that these operator classes
are closed under compositions.
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3.1. Invariance Properties

An essential part of the study of invariance properties concerns the operator
e!{4Ps.Dz) when acting on the symbol classes in the previous sections.

Theorem 3.1. Let s, s1,53,0,01,02 > 0 be such that
8"_0—217 81"_0—1217 82"_0-2211 SZSSI and 01§0_27
and let A € M(d,R). Then the following is true:

(1) eXAPeDa) on (R) restricts to a homeomorphism on ST1:52(R2?),

and extends uniquely to a homeomorphism on (ST1:22)'(R*?);
(2) if in addition (s1,01) # (3,3) and (s2,02) # (3, 3), then e!(APeDe)
restricts to a homeomorphism on %7152 (R2%), and extends uniquely to

a homeomorphism on (391:52)'(R*®);

(3) eAPe:Da) s g homeomorphism on F;’;;O(Rm);

(4) if in addition (s,0) # (1,1), then e'APeDe) s 4 homeomorphism on

I759(R*) and on ngg (R2%).

The assertion (1) in the previous theorem is proved in [9] and is essen-
tially a special case of Theorem 32 in [34], whereas (2) can be found in [9,10].
Thus we only need to prove (3) and (4) in the previous theorem, which are
extensions of [9, Theorem 4.6 (3)].

Proof. Let ¢ € S;’j(RQd)a pa = e!APeDa) gy and let A* be the transpose of
A. Then ¢4 € 875 (R?*®) in view of (1) and

|(Vou (eH4PePa)) (2,6 m.y)| = |(Voa) (@ — Ay, € = A'nyny)l - (3.1)

by straight-forward computations. Then a € I‘Z”[S,;O(RM) is equivalent to that
for some h > 0,

Voa(w, &, m,y)| < (15 HED)=hlnl= 41yl ),

holds for every r > 0, in view of Proposition 2.4. By (3.1) and (1) it follows
by straight-forward computation, that the latter condition is invariant under
the mapping e4P¢:P=) and (3) follows from these invariance properties. By
similar arguments, taking ¢ € X2:5(R??) and using (2) instead of (1), we

deduce (4). O

Corollary 3.2. Let s,0 > 0 be such that s+o > 1 and o < s. Then ei{AD¢, D)
is a homeomorphism on 8% (R?%), $7(R?), (87)'(R?*%) and on (X7)'(R%).

We also have the following extension of (4) in [9, Theorem 4.1].

Theorem 3.3. Let w € Z,,(R??), 5,0 > 0 be such that s + o > 1. Then
a € F‘(’L’Us);o(RQd) if and only if e/APeDx)g ¢ F‘(’L’f);o(de).

We need some preparation for the proof and start with the following
proposition.
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Proposition 3.4. Let s,0 > 0 be such that s+ 0 > 1 and (s,0) # (3,1),
¢ € STL(R*\0, w € P ,(R*) and let a be a Gelfand-Shilov distribution

on R?. Then the following conditions are equivalent:

(1) a € r‘gS)O(RQd)

(2) for every a, 3 € N4, h >0, r >0 and z,y,&,n in R it holds

00f (=m0 Vya(e,€,n,9)) | S Tl A1, eI+,
(3.2)

(3) for a= 3 =0, (3.2) holds for every h >0, r >0 and z,y,&,n € RY.
Proof. Obviously, (2) implies (3). Assume now that (1) holds. Let

Fo(z,&y,m) = alz +y,§ +n)oly,n).
By straight-forward application of Leibniz rule in combination with (1.12)

we obtain

03078103 Fa(,€,y,m)| < ) (aly)? (8181) (e, €)M +1017)

for every h > 0 and R > 0. Hence, if

03 0¢ Fa(,€,y.m)

hletBlale Blsw(z, €)'

then {Gahoe: & € R} is a bounded set in X7:5(R??) for every fixed

h > 0. Let %3 F, be the partial Fourier transform of F,(x, &, y,n) with respect
to the (y,n)-variable. Then

Ga,hw,& (yv 77) =

1020 (F2Fu)(x,€, ¢, 2)| < hlotPlat? gisw (a, €)= 117,

for every h > 0 and r > 0. This is the same as (2).

It remains to prove that (3) implies (1), but this follows by similar
arguments as in the proof of Proposition 2.1. The details are left for the
reader. O

Proposition 3.5. Let r > 0, ¢ € [1,00], s,0 > 0 be such that s+ o > 1 and
(s,0) # (3.3), ¢ € BTL(R*)\0, w € P, ,(R*?), and let

wr(2,€,1,y) = w(a, e MW +1l),
Then

F‘(’ws)o (R??) = ﬂ{a € (B72)' (R*); |lw; ' Vgal| poea < 00} (3.3)
r>0

Proof. Let ¢o € £25(R?*)\0, a € (375)'(R*), and set
FO,G(Xv Y) - ‘(qu)oa)(xa &, y)|a Fa(X7 Y) - |(V¢a)(z, &, y)‘
and G(x7€an7y) = ‘(V¢¢0)(x7€an7y)|a
where X = (z,£) and Y = (y, 7). Since Vy¢o € £75(R*), we have

D T .
0<G(z,6m,y) < e rlels +lgle +inlo+lyls)  for every 1 > 0. (3.4)
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By [19, Lemma 11.3.3], we have F, < Fy , * G. We obtain
(wy - Fu)(X,Y)
1 1
Sw(X)Lerlyl=+ml=) // Foo(X — X1,Y —Y1)G(X1, Y1) dX 1dY;
R4d

< // (Wit - Foo)(X — X1, Y = Y1)G1 (X1, Y1) dX1dY, (3.5)
R4d
for some Gy satisfying (3.4) in place of G and some ¢ > 0 independent of R.
By applying the L°°-norm on the last inequality we get

[y F ||L°° R44)

< sup (// sup(w F0a>(-,Y—Y1>)G1(X1,Y1>dX1dY1)
RAd
< sup (Iws' - Fo.a) (- = (0,Y) || ) Gl prar = [lwe - Foallnos.a-

We only consider the case ¢ < co when proving the opposite inequality.
The case ¢ = oo follows by similar arguments and is left for the reader.
By (3.5) we have

ot Pl / (sup H(-,Y)") dY,
R2
where H = K; * G and K; = ]CT - Fo.q, 7 > 1. Let Y1 = (y1,m1) be new

variables of integration. Then Minkowski’s inequality gives

sup H(X,Y)
X
1 1
< // (sup Ky (-, Y — Yy))e~crlv=wnl=+ln=ml9)q(x, v})dX,dy;
R4d

1 1
< HK2||LOO //RM e_cr(|y—y1|ﬂ+\7I—771\0)G(X1’Y1)XmdYI.

By combining these estimates we get

||w7?1 : Fa”%*»q

1 1
< |IFa / ( / / 6Cr(y?“'SJF”’71|°)G(X17Y1)dX1dY1> ay
R2d R4d

= [ K2 |7 -
That is,
oyt - Fallzea S llwzer - Foallze,

and the result follows. O

Proof of Theorem 3.5. The case s = o = % follows from [9, Theorem 4.1].
We may therefore assume that (s, o) # (5, 3). Let ¢ € £75(R*) and ¢4 =
e!ADe:Da) gy Then ¢y € %25 (R*), in view of (2) in Theorem 3.1.

Also let
1 1
wA,T(:E7€a 7, y) = OJ(.T - Ay,g - A*n)eir(lyl ° +|77| 7 )
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By straight-forward applications of Parseval’s formula, we get

|(Vou (AP P=0a)) (2,61, )| = | (Voa) (x — Ay, € — A%, )]
(cf. Proposition 1.7 in [30] and its proof). This gives

€1<AD51Dz>a)

lworVaallLra = [lwxt Vi, ( [Lra

Hence Proposition 3.5 gives

a € F‘(’U’JS);O(RM) & \\w&iv¢a|\Lm < oo forevery R>0

ADe:Da) || e < 00 for every 7 > 0

& wanVoale'
& HwoiiVm(e“AD&’D’”)a)HLoo < oo forevery r >0

PN ei<AD£va>a c Fc(fj);O(de),

and the result follows in this case. Here the third equivalence follows from
the fact that

Wo,r+c ,S Wt r ,S Wo,r—cs

for some ¢ > 0. O

We note that if A, B € M(d,R) and a,b € (S75)'(R*?) or a,b €
(22:5) (R??), then Proposition 1.1 and its proof in [33] give

Opa(a) = Opp(b) & AWPeDalg — (i(BDeDalyy (3.6)
The following result follows from Theorems 3.1 and 3.3. The details are
left for the reader.
Theorem 3.6. Let s,s1,82,0,01,09 > 0 be such that
s+o>1, si4+o01>1, sst+o3>1 s9<s and o1 <09,

A,BeM(d,R), w e P ,(R??), and let a and b be Gelfand-Shilov distribu-
tions such that Op 4(a) = Opg(b). Then the following is true:

(1) a € 87122 (R*) (resp. a € (S7422) (R??)) if and only if b € ST152 (R?)

51,02 51,02 51,02
(resp. b € (SI152)' (R*));
2) a € £91352(R2?) (resp. a € (27:52) (R??)) if and only if b € 9132 (R2?
81,02 51,02 §1,02
(resp. b € (E;‘;ﬁg)'(RM));
(3) a € T7,.0(R??) if and only if b € T75.o(R*). If in addition (s, o) #
L1y then a € TZ5°(R2Y) if and only if b € T759(R?*?), and a €
272 5,0 s,0
F;’;zg(RQ(i) if and only if b € FZ,’(‘;;;?)(RM);

(4) a € T (R*) if and only if b € T(;°(R*).

3.2. Continuity for Pseudo-Differential Operators with Symbols of Infinite
Order on Gelfand—Shilov Spaces of Functions and Distributions

Next we deduce continuity for pseudo-differential operators with symbols in
the classes given in Definitions 1.7 and 1.8. We begin with the case when the
symbols belong to F‘(’ws) (R%d) or T7?  (R2%).

5,030
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Theorem 3.7. Let A € M(d,R), s,0 > 0 be such that s+ o > 1, w €
20 (R??) and let a € I“(Tws) (R%d). Then Op,(a) is continuous on S?(R?

and on (S7)'(R%).

Since I‘E‘;}S)(de) C I'75o(R?*) when w € 22 (R*), the preceding

result is an immediate consequence of the following.

~—

Theorem 3.8. Let A € M(d,R), s,0 > 0 be such that s + o > 1 and let
a €T?S (R*). Then Opy(a) is continuous on ST (RY) and on (S7)(RY).

s,0;0

Remark 3.9. Let s,0 and A be the same as in Theorem 3.8, w € 2? (R*)
and let a € F?ws) (R24). Then the following is true:

(1) Theorems 3.7 and 3.8 agree in the case when s,0 > 1;

(2) Theorem 3.7 is a strict subcase of Theorem 3.8 when s < 1 or o < 1,
because I‘Zf) (R??) is strictly contained in I']’;.,(R?) for such choices
s and o. For example, in this case, there are symbols a which satisfy
the hypothesis in Theorem 3.8 and which grow superexponentially in
some directions, while the symbols in Theorem 3.7 are allowed to grow

at most exponentially, in view of Proposition 1.6;

(3) Proposition 4.7 in [16] is a consequence of Theorem 3.7. More precisely,
ifs=o02> % and w = 1, then Theorem 3.7 agrees with Proposition 4.7
in [16], and asserts that Op™(a) is continuous on Sy(R%);

(4) the analysis in [16] which lead to Proposition [16, Proposition 4.7], in-
volving a technique on almost diagonalization for pseudo-differential op-
erators can be performed to deduce Theorem 3.7 in the case s = o > %
We note that as a corner stone in the analysis in [16], the weight w needs
to be moderate, giving that the symbols in [16] need to be bounded by
exponential functions. Consequently, it seems impossible to include sym-
bols with superexponential growth in both x and £ in the analysis in
[16]. In particular, Theorem 3.8 in the case s = ¢ < 1 seems not possible
to reach with the methods in [16].

For the proof of Theorem 3.8 we need the following result.

Lemma 3.10. Let s,0 > 0 be such that s+ o > 1, hy > 1, Q1 be a bounded
set in 87y, (RY), and let

hy > 2°%*hy and hs >2*7Th,.
Then

_ x7 f(x) . d
QQ—{II—)WLWS,‘]CGQl, 'YGN

is a bounded set in 87, (RY), and

D%’Yf(:c) d
{13 = {z = (23Fs+o fy Yol lsgle fe, v, 0eN }

is a bounded set in 87 (RY).
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Proof. Since €2y is a bounded set in 87, (R%), there is a constant C' > 0 such
that

12°DP f(z)] < CHTPlars e o, B e N, (3.7)
for every f € Q7. We shall prove that (3.7) is true for all f € Q5 for a new

choice of C' > 0, and hs in place of h;.
Let f € Q. Then

B x7 fo(z)
f(x) - (21+Sh1)|’7|’y!5

for some fy € Q1 and v € N?. Then
2> DP (27 fo)(x)
(215 hy ) [vIAls

> B) A |zt T098 70 fo ()]
Yo/ (¥ —70)! (21tshy)lviyle

|22 D f(x)| =

Yo<7,8

< > <5>(7)%,.h'1“+ﬁ+”*2”°‘(a+7—70)!5(ﬁ—vo)!"
~ Y0/ Mo/ (21+shy)lviqts

Yo<v,B

SHetPlarge S (ﬁ)(v)z_uﬂ)w((OHrv*70)170!)5((/3*70)!70!)"

14! |
Yo<v.8 o7 X0 @ A

< hletPlasgie ; (i)(l})rmsw (%)(a:v)
Y0<7,8

Sh|1a+6|a!s,3!0 Z 2lBlglvlg=(1+s)|vlgslat|
Yo<7v,8
S 2slelalBlpiethlgiege 3™ g
Yo<B

S 152,

Y0<pB

Since

we get
|z DP f(z)| < C2°10122101pletBl s 1o < oplotPl s gre

for some constant C' which is independent of f, and the assertion on {2
follows.
The same type of arguments shows that

D5
{xHM%;fte,éeNd} (3.8)

is a bounded set in 87,54, (R%), and the boundedness of Q3 in S, (R%)
follows by combining the boundedness of Qy and the boundedness of (3.8) in
82, (R%). O

Lemma 3.11. Let s,7 > 0, and set

s J
mo®) =3 o and g (z) = my(r{z)?) ¢ 0, z € R
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Then 1 1 1 1
C’_le(QS_‘S)Tﬁ@)E < mS,T(x) < C€(25+E)T§<$>;7 (39)
for every e > 0, and
z® la| 15 —rle|?
<h ! 3.10
ms,r(m) ~ Mo e ’ ( )

for some positive constant r which depends on d, s and T only.

The estimate (3.9) follows from [23], and (3.10) also follows from com-
putations given in e. g. [9,23]. For sake of completeness we present a proof of
(3.10).

Proof. We have

(x;
O/] ]
M 7 (

H'::]&

where
gk(t) _ tk 72r0t%
for some rg > 0 depending only on d, s and 7. Let

go.k(t) = Cre ", t>0,

t>0,

where

Cr = sup(t‘gke_mt).
>0

Then g (t) < go)k(t%), and the result follows if we prove Cj, < hEk!®.
By straight-forward computations it follows that the maximum
of t5¥e~70t is attained at t = sk/ro, giving that

sk s
q(5> (k)® < hkkts, %<S>,
Tro€ To

where the last inequality follows from Stirling’s formula. O

Proof of Theorem 3.8. By Theorem 3.1 it suffices to consider the case A = 0,
that is for the operator

o~

Opy(a)fa) = (2m)7% [ ale,F(©e'") de.

Observe that

1 > 7 o .
ST (1= Agyieited) = it
msﬂ.(x) = (j!)Zs( 5)

Let hy > 0 and f € ©, where Q is a bounded subset of S, (R?). For fixed
a, 3 € N we get

(27) % 2% D2 (Opy(a) f)(x)
g Z( ) DI ale, F () de

v<B
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- mfj@) 2 <ﬁ) 9r:61(2), 30

v<pB v

where

~

) = T _ I (DB Yalx PACRIN TS
900(5) = 3 G [ 0= a0 (€08 a0 fte)) e ag

By Lemma 3.10 and the fact that (25)! < 475!2, it follows that for some
h >0,

o { e, = A€ Da(,O](©))

;j >0, B,y eN?
h|ﬂ+7|+jj!237!gﬂlger|x‘§ J Y }

is bounded in S$(R?) for every r > 0. This implies that for some positive
constants h and rg we get

(1 — A¢) (€Y DBa(x, ) f(£))| S WATTIHI j12sy1e groerlal s —rolel

for every r > 0. Hence,

o

Tj . % _ %
|9T757“/(x)| S N2s h|ﬁl+j]!25’y!a(ﬁ—’y)!aeﬁx‘ / e rol&] d¢
j=0 (‘7) Rd

1 X 1
< hlPlg1o erlzls Z(Th)j = plBlgroeriels
Jj=0

for every r > 0, provided 7 is chosen such that 7h < 1.
By inserting this into (3.11) and using Lemma 3.11 we get for some
h > 0 and some 75 > 0 that

D2 (Opola) ) ()| S hl*latrerole!® 2 (§> 197,6,(2)]

v<B

< h‘a+5|a!s/6!o'e—('r‘u—7')‘x|% Z 1] < (Qh)loz-‘rﬁ\a!Sﬁ!a’
Y<pB

provided that r above is chosen to be smaller than ry. Then the continuity
of Op4(a) on 87 (R?) follows. The continuity of Op4(a) on (S7)(RY) now
follows from the preceding continuity and duality. O

Next we shall discuss corresponding continuity in the Beurling case. The
main idea is to deduce such properties by suitable estimates on short-time
Fourier transforms of involved functions and distributions. First we have the
following relation between the short-time Fourier transforms of the symbols
and kernels of a pseudo-differential operator.

Lemma 3.12. Let A € M(d,R), s,0 > 0 be such that s+ o > 1, a €
(875) (R*) (a € (375) (R*)), 6 € 875 (R*?) (¢ € BT5(R?)), and let
Ka,A(xay) = (27‘-)7

4
2

(Z5 'a)(z — Az —y),z —y)
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and
Wla,y) = Kpale,y) = 2m) 2 (Fy '9) (@ — Alw —y),z —y)
be the kernels of Op4(a) and Op 4(¢), respectively. Then
(271_)(1677;<337y577714*(£+n)> (VwKa,A)(J?, v, &, 17)
= (Voa)(z — Az —y), —n+ A" (€ +n),E+ 1,y — ). (3.12)

The essential parts of (3.12) is presented in the proof of [33, Proposition
2.5]. In order to be self-contained we here present a short proof.

Proof. Let
Ta(z,y) = v — Az —y)
and

Q = Q(xaw17y7€7§1a77) = <£L’ - y7§1 - TA*(_U7§)> - <.’IJ1,£ +77>

By formal computations, using Fourier’s inversion formula we get

(Vo Ka,a)(2,9,€,m)
(2m) % //KaA 1,y 0@ =g = gle @O g gy

_ (271_)72d // a(x17£1)¢(x1 — TA(x,y)7£l — TA* (_1775))eiQ(z,z1,yx§7§1w) dmldgl

= (2m) e TV ATEED) (Vo) (Ta (2, y), Tax (—1,€),€ + 1,y — @),

where all integrals should be interpreted as suitable Fourier transforms. [

Before continuing discussing continuity of pseudo-differential operators,
we observe that the previous lemma in combination with Propositions 2.3
and 2.4 give the following.

Proposition 3.13. Let A € M(d,R), s,0 > 0 be such that s+ o > 1 and
(s,0) # (3,3), ¢ € SIR*)\0, a be a Gelfand-Shilov distribution on R*?
and let K, 4 be the kernel of Opy(a). Then the following conditions are
equivalent:

(1) a € LT3 (R?) (resp. a € T350(R));

(2) for some r >0,

VoK a2y, €,m)| < e (=A@ Hn=A* €0 2)=h(&+n] = +a—pl D)
holds for some h > 0 (for every h > 0).

By similar arguments we also get the following result. The details are
left for the reader.

Proposition 3.14. Let A € M(d,R), s,0 > 0 be such that s+ 0 > 1, ¢ €
S7(R?*N\0, a be a Gelfand—Shilov distribution on R*? and let K, 4 be the
kernel of Op 4(a). Then the following conditions are equivalent:

(1) @ € D75 4(R2) (resp. a € T59(R2) );
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(2) for some h >0 (for every h > 0),
VoK a(,y,€,m)| S e (7= A@=WIE Hn=A" €0 2)=h(&+nl = +a—pl D)
holds for every r > 0.

Theorem 3.15. Let A € M(d,R), s,0 > 0 be such that s+oc > 1 and (s,0) #
(3,5), and let a € T75°(R?*®). Then Op4(a) is continuous on LI (R?), and
is uniquely extendable to a continuous map on (X7) (RY).

Proof. By Theorem 3.1 we may assume that A = 0. Let
g(z) = Opy(a) f(z) = (Kao(z, ), f) = (ha, f),

where hg . = Kao(z, ), and let ¢; € X7(R?) be such that ||¢;|l2 = 1,
7 = 1,2. By Moyal’s identity we get

9(x) = (haa, [r2®a) = Ve, haz, Vo, f)r2m2a),

and applying the short-time Fourier transform on g and using Fubini’s theo-
rem on distributions we get

V¢2g(x,§) = <J(:U,§, ')7F>7
where
F(yan) = V¢1f(y7 _n)a J(xagayﬂﬁ = V¢Ka,0(xaya€a77)

and ¢ = QSQ ® ¢1.

Now suppose that r > 0 is arbitrarily chosen. By Proposition 2.3 we get
for some ¢ € (0,1) which depends on s and ¢ only, that for some ry > 0 and
with 7 = (r +79)/c that

1 1 1 1
|J (2, &, y,m)| S erolel=Fmle)g=rily=zl=+ltnl7)
1 1 1 1
< g~ ((eri=ro)[z|s +eri[€]7) orilyls +(ritro)In|=
1 1 1 1
< ezl el T) gra(lyl=+inle)

where r5 only depends on r and rg.
Since f € X9(R?) we have

[F (2, ) < /]

where h > 0 only depends on r3, and thereby depends only on r and rg. This
implies

<Ifllse (// erz<y|i+|n|i>e—<1+r2>(|y|i+ni>dydn> o—r(lal* +el?)
~ s;h

1 1
= || fllsg, e rete el (3.13)

1 1
S::h’e*(lﬂz)(lf\ < HIEle),

which shows that g € ©7(R?) in view of [32, Proposition 2.1].
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Since the topology of %7 (R%) is given by the semi-norms
1 1
g sup |Vy,g(x,&)er(l el
z,£eR4

it follows from (3.13) that Op(a) is continuous on ¥7(R?).
By duality it follows that Op(a) is uniquely extendable to a continuous
map on (%7)"(R9). O

The following result follows by similar arguments as in the previous
proof. The verifications are left for the reader.

Theorem 3.16. Let A € M(d,R), s,0 > 0 be such that s+oc > 1 and (s,0) #
(3,%), and let a € T35(R?*®). Then Op4(a) is continuous from %I (RY) to
§7(R™), and from (S7)/(R%) to (£7)/(RY).
3.3. Compositions of Pseudo-Differential Operators
Next we deduce algebraic properties of pseudo-differential operators consid-
ered in Theorems 3.8, 3.15 and 3.16. We recall that for pseudo-differential
operators with symbols in e. g. Hormander classes, we have

Opg(ar#oaz) = Opg(a1) © Opg(az),

when

a1#oa2(x,§) = (eiw&Dy)(al(gj’ §az(y, 77)) ’(y m=(z.£)

More generally, if A € M(d,R) and a1# 4a2 is defined by
(14 4ay = €itADeD2) ((e—i(ADg7Dz>a1)#0 (e—i<ADg>Dx)a2)> 7 (3.14)

for a; and as belonging to certain Hormander symbol classes, then it follows
from the analysis in [22] that
Opa(a1#4a2) = Op4(a1) o Op,(az) (3.15)

for suitable a; and as.
We recall that the map a — K, 4 is a homeomorphism from ngj(RQd)
to S7(R??) and from $75(R?*?) to X7(R??). It is also obvious that the map

(K, K) (<x,y> o Ky o Ko)ay) = | Ko 2)Kal(zry) dz)

Rd
is sequentially continuous from S7(R??) x S7(R??) to S7(R?*!), and from
Y7 (R?) x 7 (R2?) to £7(R>?). Here we have identified operators with their
kernels. For compositions with three operator kernels we have

(Kl o KZ o Kg)(:l?, y) - <K27 TKl,K:; ($, Y, - )>

with Tk, k,(x,y, 21, 22) = K1(2, 21) K3(22,9)
when K; € L?(R??), j = 1,2,3. Notice that

(K1, K2, K3) = ((2,9) = (K2, Tk, k5 (7,9, )
is sequentially continuous from S7(R>2?) x (87)(R2?%) x 87 (R2?) to ST (R?9),

and from %7 (R2?) x (X7) (R?4) x 27(R2?) to X7 (R?%). The following result
follows from these continuity properties and (3.15).

(3.16)
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Proposition 3.17. Let A € M(d,R), and let s,0 > 0 be such that s + o > 1.

Then the following is true:

(1) the map (a1,a2) — a1# 40z is continuous from ST5(R*) x ST3(R?)
to 87 (R*?);

(2) the map (a1, az) v a1# 402 is continuous from X35 (R??) x £T5(R*)
to X5 (R*);

(3) the map (a1,as,a3) — a1#02# 403 from S;’j(RQd) X S;”’j(RQd) X
S5 (R?) to ST (R*) extends uniquely to a sequentially continuous
and associative map from ST5(R*) x (875)(R*?) x ST3(R*) to
873 (R);

(4) the map (a1,a2,a3) — a1#aa0#aas from BT5(R??) x LT5(R*M) x
Eg;jl(RQd) to Zg;;(Rw) extends uniquely to a sequentially continuous
and associative map from X35(R*?) x (225) (R?*?) x B75(R??) to
S5 (R,

We have the following corresponding algebra result for Pg;g;o and related
symbol classes.

Theorem 3.18. Let A € M(d,R), and let s,0c > 0 be such that s + o > 1.
Then the following is true:

(1) the map (1) in Proposition 3.17 extends uniquely to a continuous map
Jrom T75 o (R?) x T ((R*) to T75.0(R?*), and from 750 (R24) x

s,0;0 s,0;0 s,0;0
g,s;0 0,s;0
FS,U;O(RQd) to FS,O‘;O (RQd);
(2) if in addition (s,0) # (1, %), the map (2) in Proposition 3.17 extends

uniquely to a continuous map from TT5O(R*™) x TT50(R™) to

F§77§?0(R2d), and from Fg:;f,(Rw) X I‘g;?o(RQd) or from F‘S’:?O(de)

XF;’:{i(RZd) to Fg:f,(de).

Proof. We prove only the first assertion in (2). The other statements follow
by similar arguments and are left for the reader.

By Theorem 3.6 it suffices to consider the case when A = 0. Let
¢1, 02,03 € BI(RH\0, a; € TTF(R??), j = 1,2, and let K be the ker-
nel of Opg(a1) o Opy(az). By Proposition 3.13 we need to prove that for some
r >0,

Viros K (2,3, €, )| S el +Inlo)=henl? +o—yl) (3.17)
for every h > 0.
Therefore, let h > 0 be arbitrarily chosen but fixed, and let K; be the
kernel of Opg(a;), j = 1,2,
F1(I,y75a77) = V¢1®¢2K1($ay75,77)7
FQ(ma Y, fa 77) = V¢2®¢3K2(33, Y, _ga 7])

and

G(LE, y:fﬂ?) = V¢1®¢3K(I‘,y,§, 77)
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Then
G(%Qafﬂ?) = /de F1($7Z7§aC)F2(Z7yaC777) dZdC (318)

by Moyal’s identity (cf. proof of Theorem 3.15). Since a; € I'75°(R??) we
have for some r¢ > 0 that

|Fy(z,y,&,n)] < eTU(lxﬁ+|n|%)—r(|§+n\%+\$—y|%)
and
|Fy(2,y,€,m)| < oro(lzl s +inl %) —r (1| & +lz—y|*)

for every r > 0. By combining this with (3.18) we get for some rg > 0,

|G(x,y,&,n)] < // y ePro.r1 (9,281, +rg,ry (2,9,2,6,1,C) dzdc, (3.19)
R

Y.,
Gror, 9, 2,60,¢) =10 (|2

)
and ¢ > 1 is chosen such that

1 1 1 1
P) and Je+nls <c(lglF +nlF), 2y &n e R

)

where r1 > 2cr + crg,

1 1 1
Pl ) = (- als +ly - 2

1 1 1
Fpls) = (Je+ClF o2

@To,r(xay7za€7na<) =To (|$

1

“ Aty

|x+y%§c<|x

Then

1 1 1
el ) = (= ero) (= mle + Iy - 2

‘)
and

1 1 1 1
Gra (@, 2,6,0,€) < ero (|l + Inf7 ) = 2er (€ +CJ5 + o —21%) .

This gives

@To,h (:TJ, Y, z, 5; n, C) S Ccro <|l‘

1 1 1
< er <|x s —|—|77|0) — 2cr (|C—7]|U +ly—=z

Pro,r (xayv 275777, C) + ¢r0,r1 (xay’za'f,na C)

< 2erg (Jof* +Inf% ) = 2er (J6+ 1% +1¢—nl* + o — 2| +]y— =

b,

Since
1 1 1 1
~2er (16 +CI7 +1C—nl® + o — 2" +ly—2]*)

1
< (lenlt +le

1 1 1 1 1
) —er(le+clm+Ic—mle + =2 +ly— =)
1 1 1 1

<—r(le+nls+lz—yl*) —er (le+¢I° +lz—2I%)

we get by combining these estimates with (3.19) that
- 11 1 1 1 1
Gz, y,6m)| < // e2erollal S +1n 7 )=r(Ig+nl @ +lo—y| 3)=er(6+¢17 +Ho=215) goqe.
~ JJRr2d

1 1 1 1
<~ 2ero(lzl 5 +In| ) —r(|E+n| 7 +lz—y|5)
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Since rg > 0 is fixed and » > 0 can be chosen arbitrarily, the result
follows. O

Theorem 3.19. Let A € M(d,R), s,0 > 0 be such that s + o0 > 1, and let
w; € P »(R?*Y), j=1,2. Then the following is true:
(1) the map (a1, az2) — a1# a2 from g (R24) x i (R?) to g (R24) js

uniquely extendable to a continuous map from FZ’U‘??(RM) X F‘(’L’U‘i;)O(RQd)

to T (R24);

(wiw2)
(2) if in addition w; € @20(1:{2(1), Jj =1,2, then the map (a1, as) — a1# 402
Jrom 873(R*) x 872(R*) to ST3(R*™) is uniquely extendable to a
continuous map from T'7° (R2??) x I‘Zf (R%2) to T7*  (R2).

(1) 2) (@1w2)

For the proof we need the following lemma.

Lemma 3.20. Let w be a weight on R*, wy(x,&) = w(x,x,&,€) when x,€ €
R?, 5,0 > 0 be such that s + o > 1. Then the trace map which takes

RY 3 (2,y,&,m) — F(z,y,£,n)

to
RQd > (l‘,f) = F(l’,l‘,f,f)

is linear and continuous from F‘(Tws) (R*) into FE’;}Z)(RQd). The same holds

true with F?j);o and F?;}SO;)() in place of F((’j) and F'(’;)SO), respectively, at each

occurrence.

Lemma 3.20 follows by similar arguments as in the proof of Lemma 3.10,
using the Leibniz type rule

o2l (Fon60) = X 3 (%) (7) @ 0f o301 0,60

v<ad<p
The details are left for the reader.

Proof of Theorem 3.19. We may assume that A = 0 by Theorem 3.1. We
only prove (2). The assertion (1) follows by similar arguments and is left for
the reader.

Let

Fopas(21,22,81,82) = a1(x1,&1)az(22,62)
and

w(z1,r2,81,82) = wi(w1, 1 )we (w2, &2)-
By the definitions it follows that the map T which takes (a1, a2) into Fy, 4,
is continuous from I“(’O’i)(RQd) X F?;)Z)(de) to Fa’f) (RA9).

Theorem 3.3 declares that the map T, which takes F(z1,22,&1,&2)
to e!Per:De2) Pz, 29,€1,&) is continuous on FU“’)S)(RM). Hence, if Ty is
the trace operator which takes F'(z1,x2,&1,&2) into Fy(z, &) = F(x,x,&,§),
Lemma 3.20 shows that 7" = T3 o Ty o T} is continuous from I'7’® (RQd) X

(w1)
F((chz) (R¥) to T7?  (R24).

(wiw2)
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By [22, Theorem 18.1.8] we have T'(ai,as) = aj#gaz when aj,as €

Y25 (R*). If instead a; € F‘(Tj)(de), j = 1,2, then we take T(aq,az) as the

definition of a1 #yas. By the continuity of T it follows that (aj, as) — a1#¢as
is continuous from ' N (de) ree (RM) to 7% (R24).

(w2 (wiwz)
Since F“ 8 (R2d) ey, o(R??), we get Opy (a1#paz) =Opg(a1)oOpy(az)
and that a; #Oag is uniquely defined as an element in Fs o O(R2d) in view of
(R%), since all

these symbol classes are subspaces of C>°(R>2?). O

Theorem 3.18. Hence aj#qas is uniquely defined in F (o WQ)
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Appendix A.

In this appendix we explain some facts on moderate weights and in particular
give a proof of Proposition 1.6.

Ifd=dy +---+d, and s = (s1,...,5,) € R} with d; > 0 being
integers, j = 1,...,n, then we let

PR = Py, o, ROTHE(PURY) = 20 (RBTTY)

be the set of all weight functions w on R4+ *9n such that

L 1
w(xl + Y1, 0+ yn) SW(fh . ,Q;n)eT(\yl\ S1 4|y | o0 )7
zj,y; ERY, j=1,...,n, (1.12)’

for some r > 0 (for every r > 0). In particular, if w € &, 4 (Rt +dn)

(we P (RO++dn)) then

S15--38n

S1ye

1 1 1 1
—r(|@1] 51+ |zn | on) Sw(xy,. .. xn) S er(zi]*1 +-tfzn| on) (1.13)/

for some r > 0 (for every r > 0).
The proof of Proposition 1.6 in Sect. 1 is based on the following.

Proposition A.1. Let w € Zx(R?). Then w is v-moderate for some submul-
tiplicative weight v which satisfies

v(z+y) <o(x)o(y),  z,yeR™

Proposition A.1 follows by letting v(x) = max(vo(z),vo(—z)), where

vo() = sup (“W)

yeR? w(y)
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It follows that v satisfies all required properties. (See also (2.14) and (2.15)
in [31].)

The following proposition is a multi-linear version of Proposition 1.6 in
Sect. 1.

Proposition 1.6'. Let d = dy + --- +d,, and s,t € R} be such that d; > 0

are integers and t; = max(1,s;), j = 1,...,n. Then the set Zs(R?) is non-
increasing with respect to 1, ..., Sy,
P ooy BRET Dy = g, (RO (1.14)
and
Py (R Ty = ppROF ), (1.15)

Proof. 1t is evident that P, s, C Py, . s, Whensg; <sj,j=1,...,n,
which shows that &, . (R¥**dn) is non-decreasing with respect to s.
By the definition it follows that if w € &, (R¥FT ) then w is

moderate with respect to

1 1
o(xy, ..., xy,) = ezl Hotlzal)

for some r > 0. Hence, &, . (RO Td) C 25 (RY).

In order to prove (1.15), suppose that w € &, (R4t Fdn) In
view of Proposition A.1, w is v-moderate for some submultiplicative v. Hence,
[20, Lemma 4.2] shows that

V(1 ..., 2,) S emlmt D
for some r > 0, which gives
W(ZL 4+ Y1, T+ Yn) Sw(@, ..., 2, Il FlumD) (A1)

and we obtain Zp C £ ;1. Since reversed inclusion was given above, (1.15)
follows.

Next we prove (1.14)". First we observe that &, C &, because s; < t;.
In order to prove the opposite inclusion, let w € &5. A combination of (1.12)’
and (A.1) gives

S

w(T1,. ., T F Yy, T5) ,Sw(ajl,...,:z:j,...,xj)eﬂyjl

5, Y5 eRY%, j=1,...,n,

for some r > 0, and we obtain by repeating use of this estimate and induction,

1
w(xl +y1,$2 +yQa"'axn +yn) S w(l’l,l'g +yQa"'vmn +yn)er‘y1‘tl

1 1
r 2 p t1
S Wy, o, ...y Ty + yn)e1¥21 2 el
1 1
t t
= W(T1,Ta, . .o, Ty + Y )" W21 FlV2172)
1 1
r [EIEE tn
5...§w(x1’x2’...’xn)e (Jya [yn ).

This implies that w € &;, and hence, #; C Z;. Since opposite inclusion was
already achieved, we get (1.14)’. O
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Appendix B.
In this appendix we present a short proof of Proposition 2.5.

Proof of Proposition 2.5. Let X = (x,§) € R*?, Y = (y,n) € R?>? and ¢ €
S5 (R*)\0. Suppose that w € Z; ,(R??) and that (2.9) holds for all & > 0.
If

Fx(Y)=w(X) ta(Y + X)o(Y)

1 1
then the fact that w(X) < w(Y + X)emoU¥l=+117) gives that YV +— Fx (V) is
bounded in 3J°7 with respect to X € R??. Hence

1050 Fxc(y, )] S hleH8late gree (vl 41117,

for every h,r > 0. In particular,

1 1
Via(z,&n,y)| = [(FFx) (. y)w(X)| S w(X)e o),
for every r > 0. This gives (1) in one of the cases. The other case follows by
similar arguments and is left for the reader.
Next we prove (2) in the case when w € Z;, and ¢ € 7. The other

case follows by similar arguments and is left for the reader. Therefore, suppose
(2.10) holds for all r > 0. By differentiation, the facts that

1 1
w(Z) < w(X)ero(\x—Z|S+|€—C\”)7 Z=(z,¢) € R2d
and ¢ € ¥7>; for some ro > 0, and (2.6) give

20t 9 5 XX (%) ()10 = )t - 9L 5000,

Y<a 6B

where

// e~ (o) e =15 1yl 416017 +1019) gy g7

1 1 1 1
5 UJ(X) // y |77"/y |6—T(\Z\ s +lyl s +I<l e +nl ")deZ 5 h\’H—Sl,Y!o(;!sw(X)
R

for every h,r > 0. It follows that (2.9) holds for every h > 0 by using the
estimates above and similar computations as in (2.8). O
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