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Some preliminary information

e V. Turunen, M. Ruzhansky, Pseudo-differential operators and symmetries,
Birkhauser, 2009;
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Some preliminary information

e V. Turunen, M. Ruzhansky, Pseudo-differential operators and symmetries,
Birkhauser, 2009;

e The length of the book is 725 pages; it contains the details of the subject that
we are developing and some necessary backgrounds (e.g. on the representation
theory of Lie groups, etc.); describes a new point of view, not trying to
duplicate existing excellent books (Kumano-go, Shubin, Taylor, ...)
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e V. Turunen, M. Ruzhansky, Pseudo-differential operators and symmetries,
Birkhauser, 2009;

e The length of the book is 725 pages; it contains the details of the subject that
we are developing and some necessary backgrounds (e.g. on the representation
theory of Lie groups, etc.); describes a new point of view, not trying to
duplicate existing excellent books (Kumano-go, Shubin, Taylor, ...)

e This approach to pseudo-differential operators on Lie groups may seem
non-familiar for the R™—analysts since it relies on the representation theory of
Lie groups; however, the representation theory that we use is quite simple, is
very relevant, it clarifies/simplifies things, and it allows to attack global

problems (e.g. global hypoellipticity, global solvability, etc.);
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e This approach to pseudo-differential operators on Lie groups may seem
non-familiar for the R™—analysts since it relies on the representation theory of
Lie groups; however, the representation theory that we use is quite simple, is
very relevant, it clarifies/simplifies things, and it allows to attack global

problems (e.g. global hypoellipticity, global solvability, etc.);

e With this approach we can consequently treat quite general manifolds;

1 October 2009 M. Ruzhansky “Pseudo-differential operators and symmetries” (with V. Turunen) Page 2



Some preliminary information

e V. Turunen, M. Ruzhansky, Pseudo-differential operators and symmetries,
Birkhauser, 2009;

e The length of the book is 725 pages; it contains the details of the subject that
we are developing and some necessary backgrounds (e.g. on the representation
theory of Lie groups, etc.); describes a new point of view, not trying to
duplicate existing excellent books (Kumano-go, Shubin, Taylor, ...)

e This approach to pseudo-differential operators on Lie groups may seem
non-familiar for the R™—analysts since it relies on the representation theory of
Lie groups; however, the representation theory that we use is quite simple, is
very relevant, it clarifies/simplifies things, and it allows to attack global

problems (e.g. global hypoellipticity, global solvability, etc.);

e With this approach we can consequently treat quite general manifolds;
e In many respects the resulting theory is overall simpler since it refers to
natural symmetries of spaces, that contain geometric and physical information,

and which are destroyed when working in local coordinates.
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Some preliminary information

e V. Turunen, M. Ruzhansky, Pseudo-differential operators and symmetries,
Birkhauser, 2009;

e The length of the book is 725 pages; it contains the details of the subject that
we are developing and some necessary backgrounds (e.g. on the representation
theory of Lie groups, etc.); describes a new point of view, not trying to
duplicate existing excellent books (Kumano-go, Shubin, Taylor, ...)

e This approach to pseudo-differential operators on Lie groups may seem
non-familiar for the R™—analysts since it relies on the representation theory of
Lie groups; however, the representation theory that we use is quite simple, is
very relevant, it clarifies/simplifies things, and it allows to attack global
problems (e.g. global hypoellipticity, global solvability, etc.);

e With this approach we can consequently treat quite general manifolds;

e In many respects the resulting theory is overall simpler since it refers to
natural symmetries of spaces, that contain geometric and physical information,

and which are destroyed when working in local coordinates.

e In this talk we discuss some aspects (T", S® and SU(2), compact groups).
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Some advertisement: book contents

M. Ruzhansky, V. Turunen:
Pseudo-Differential Operators and Symmetries

Contents:
Part I Foundations of Analysis

A Sets, Topology and Metrics
B Elementary Functional Analysis

C Measure Theory and Integration
D Algebras

Part II Commutative Symmetries

1 Fourier Analysis on R"
Pseudo-differential Operators on R"
Periodic and Discrete Analysis
Pseudo-differential Operators on T"

U = W N

Commutator Characterisation of Pseudo-differential Operators

(To be continued...)
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Book contents, continued

M.

Ruzhansky, V. Turunen:

Pseudo-Differential Operators and Symmetries

... Contents:

Part III Representation Theory of Compact Groups

6
7
8
9

Groups
Topological Groups
Linear Lie Groups
Hopf Algebras

Part IV Non-commutative Symmetries

10
11
12
13

Pseudo-differential Operators on Compact Lie Groups
Fourier Analysis on SU(2)
Pseudo-differential Operators on SU(2)

Pseudo-differential Operators on Homogeneous Spaces
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Some observations

A linear elliptic PDE Dirichlet problem in a bounded smooth €2 C R"” leads to
a pseudo-differential equation on M = 92 (e.g. Calderon projections).
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Some observations

A linear elliptic PDE Dirichlet problem in a bounded smooth €2 C R"” leads to
a pseudo-differential equation on M = 92 (e.g. Calderon projections).

Traditional pseudo-differential calculus on M works via localisations,

destroying the geometric and other global structures of M.

Suppose M = 0f) is “symmetric” (or diffeomorphic to “symmetric”)
= efficient global calculus on 0f)
= solving the original boundary value problem.

Homogeneous spaces:
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Some observations

A linear elliptic PDE Dirichlet problem in a bounded smooth €2 C R"” leads to
a pseudo-differential equation on M = 92 (e.g. Calderon projections).

Traditional pseudo-differential calculus on M works via localisations,

destroying the geometric and other global structures of M.

Suppose M = 0f) is “symmetric” (or diffeomorphic to “symmetric”)
= efficient global calculus on 0f)
= solving the original boundary value problem.

Homogeneous spaces: A transitive action G x M — M of a Lie group G
on a manifold M calculus on M as a “shadow” from that on G.

Chapter 13: YDOs on M <— ¥DOs on G (in this case M = G/K or K\G).
Interesting observation: harmonic analysis on Lie groups and the theory of
UDOs on R™ seem to be “notationally incompatible”.

Examples: G = T" = R"/Z"™ [Agranovich 1990], [Turunen & Vainikko 1998],
[Turunen 2000], [R. & Turunen 2008|. Also, the spheres,
SO(n) x S"t — S 1 SU(n) x M — M with M ={x € C": ||z|c» = 1}.
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Short overview

Chapters 1-2 on R" [Kohn & Nirenberg, Hérmander 1965|:

AN A

fo) = [ @ et af@) = [ e o6 o) de,

R™

‘8?850A(:U’€)’ < Cag <§>m—|a|
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Short overview

Chapters 1-2 on R" [Kohn & Nirenberg, Hérmander 1965|:

fo) = [ @ et af@) = [ e o6 o) de,

R™

‘8?650A(:U’€)’ < Cag <€>m—|a|

Chapters 3—5 on the torus T" = R"™/Z":

AN AN

F& = fl@)e ™™ da, Af(z)= > 2™ ou(x,8) F(£),

T fezn
|Ag0foa(2,€)] < Cap (€)™
[Agranovich 1990], [McLean 1991], [Turunen 2000], [R. & Turunen 2008].
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Short overview

Chapters 1-2 on R" [Kohn & Nirenberg, Hérmander 1965|:

AN

fo) = [ @ et af@) = [ e o6 o) de,

R™

‘8?650A(:U’€)’ < Cag <€>m—|a|

Chapters 3—5 on the torus T" = R"™/Z":

FO =] flz)e ™8 da, Af(x)= Y 2™ g4(z,€) f(£),

Tn fcan
AgOoA(,8)| < Cop (€)™
|[Agranovich 1990], [McLean 1991], [Turunen 2000], [R. & Turunen 2008].
Chapters 5—13 on a compact Lie group G:

/f *drx, Af(x Z dim (¢ ( z) oa(z,§) A(f))a

128080 a(x,8)|| < Cap (&)™ 1, .
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Torus T" = (R/27Z)"
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Torus T" = (R/27Z)"

The idea behind:

T™ as manifold — T™ as group
£ € Z™ defines e¢(x) := €@

ec : T™ — U(1) hence Tn ~ 7n
{e¢ : £ € Z™} is basis for L*(T")

(note: same idea for R7 ~ R™)

FT: C®(T™) — S(Z"™), u(§) = [y uly) e V¢ dy,  u(z) = D tezn e's 4(§).
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Torus T" = (R/27Z)"

The idea behind:

T™ as manifold — T™ as group
£ € Z™ defines e¢(x) := €@

ec : T™ — U(1) hence Tn ~ 7n
{e¢ : £ € Z™} is basis for L*(T")

(note: same idea for R" ~ R™)

FT: C®(T"™) — S(Z"™), u(§) = [ uly) e V¢ dy,  u(z)

“Toroidal” pseudo-differential operators |(Au)(z) = Z e

toroidal symbol 04 € C°(T™x Z" ) satisfies |A?5’§O‘A(QZ,§)) < Oy (£)m el
where Ag = Ag‘ll e Ag‘: is the partial difference operator, where for

= (1,0,0,...,0) € N we define (A¢,0)(&) = (& +e1) —o(£), ete.

[Agranovich ’90], [McLean ’91], [Turunen ’00]; [R-Turunen ’06]-periodisation:
the set of such operators gives a “toroidal” quantisation of the usual
Hormander’s class OpS7's(T") defined by local coordinates — more later.



Discrete and Periodic analysis

For the calculus, we need discrete Taylor polynomials. What is the analogue of
the Taylor expansion on a lattice Z™7 We propose the following:
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Discrete and Periodic analysis

For the calculus, we need discrete Taylor polynomials. What is the analogue of
the Taylor expansion on a lattice Z™7 We propose the following:

Theorem (Taylor expansion on Z") Let p: Z™ — C. Then

pE+0)= 3 1 6OAZDE) + (6 6)
lal<M

where () = anl) gl 9§aj) =00, —1)---(0; — (a; + 1)) and

1
Agra(E0)| < >0 = |0

ja|=M

max |A2T¢p(€é +v)],
ueQ(Q)‘ £ p(€ )

with “discrete box” Q(0) :={veZ" :0; <v; <0 or 0<v; <0,}.
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Discrete and Periodic analysis

For the calculus, we need discrete Taylor polynomials. What is the analogue of
the Taylor expansion on a lattice Z™7 We propose the following:

Theorem (Taylor expansion on Z") Let p: Z™ — C. Then

pE+0)= 3 1 6OAZDE) + (6 6)
lal<M

where () = anl) gl Hj(-aj) =00, —1)---(0; — (a; + 1)) and

max ‘A?+wp(§+ V)|,

w 1 (84
[AEra(€,0)| < Z ] ‘9() B

ja|=M

with “discrete box” Q(0) :={veZ" :0; <v; <0 or 0<v; <0,}.

Using this theorem, one develops all the calculus of globally defined toroidal
symbols on T". Formulae are same as usual, but with J¢—derivatives replaced
by differences A¢. By periodisation theorems it is equivalent to the standard

calculus on T" (as a manifold), but here we have full symbols (thus also FFT).
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Pseudo-diftferential operators on T"

For any operator A : C*°(T") — C°°(T"), consider its toroidal quantisation:

JSYAL

Ap(z) = ) €€ aa(w,€) f(6)

AN

where its toroidal symbol o4 € C°°(T™ x Z™) is uniquely defined by the formula

oa(z,€) = e ¢ Aee (1)

where e, (z) 1= ¢,
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Pseudo-diftferential operators on T"

For any operator A : C*°(T") — C°°(T"), consider its toroidal quantisation:

AN

Ap(z) = ) €€ aa(w,€) f(6)

JSYAL

where its toroidal symbol o4 € C°°(T™ x Z™) is uniquely defined by the formula

oa(z,€) = et Aes(x) | where eg(x) := "¢,

Let m € R. Define toroidal symbol class S™(T™ x Z™) to consist of functions

a(x, &) which are smooth in z for all £ € Z™, and which satisfy

}A?@fJA(a:,f)‘ < Cuapm <§>m_|a|, for all x € T", o, B € N, € € Z".

Theorem (Agranovich, McLean): On T", Hormander’s usual (also (p,6))
class of pseudo-differential operators OpS™(R"™ x R™) of order m € R which are
2m-periodic in T coincides with the class OpS™(T"™ x Z™), i.e. we have

OpS™(T"™ x R™) = OpS™(T™ x Z™).
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Relations between symbols

This theorem tells us about equality between classes of operators. However, we

can now also tell about relations between specific symbols and operators, e.g.:
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Relations between symbols

This theorem tells us about equality between classes of operators. However, we
can now also tell about relations between specific symbols and operators, e.g.:

Theorem.Let 0 < p <1 and 0 <6 < 1. Symbol a € S;’:”(;(T” X Z™) is a toroidal
symbol if and only if there exists an Fuclidean symbol a € SZ?(;(T" x R™) such
that a = a|tnxzn. Moreover, this extended symbol a is unique modulo

ST(T™ x R™).

Chapter 4. Pseudo-differential operators on T" in toroidal quantization:
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Relations between symbols

This theorem tells us about equality between classes of operators. However, we
can now also tell about relations between specific symbols and operators, e.g.:

Theorem.Let 0 < p <1 and 0 <6 < 1. Symbol a € SZL(;(T” X Z™) is a toroidal
symbol if and only if there exists an Fuclidean symbol a € S/T(S(T” x R™) such

that a = a|tnxzn. Moreover, this extended symbol a is unique modulo
ST(T™ x R™).

Chapter 4. Pseudo-differential operators on T" in toroidal quantization:

e periodisation operators, Poisson summation formula;

e relation between toroidal and Euclidean symbols and the corresponding
operators;

e toroidal calculus: compositions, adjoints, compound symbols, ellipticity, ...

e boundedness on L?(T™), LP(T"), and on Sobolev spaces WP?>*(T"); toroidal
wave front sets;

e Fourier series operators, calculus of FSO’s, boundedness of FSO’s on L?(T");

e Applications to hyperbolic problems and integral operators;
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Noncommutative symmetries: S* and SU(2)

To develop similar things on general compact Lie groups we rely on the
representation theory. Let us look at the example of S°. It is much more
convenient for us to look at S® as SU(2) because then we have lots of things

that are known about representations of SU(2).
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Noncommutative symmetries: S* and SU(2)

To develop similar things on general compact Lie groups we rely on the
representation theory. Let us look at the example of S°. It is much more
convenient for us to look at S® as SU(2) because then we have lots of things
that are known about representations of SU(2).

The quaternion space H is (the associative R-algebra) with a vector space basis
{1,1,j,k}, where 1 € H is the unit and

i =j =k’= -1 =ijk.
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Noncommutative symmetries: S* and SU(2)

To develop similar things on general compact Lie groups we rely on the
representation theory. Let us look at the example of S°. It is much more
convenient for us to look at S® as SU(2) because then we have lots of things
that are known about representations of SU(2).

The quaternion space H is (the associative R-algebra) with a vector space basis
{1,1,j,k}, where 1 € H is the unit and

i =j =k’= -1 =ijk.

S® in H and SU(2) are isomorphic and diffeomorphic (there is a bijective

differentiable mapping between them). This gives ¥DOs on sphere S° parallel
to YDOs on SU(2).

Thus, | S* ¢ L SU (2) | This gives ¥DOs on sphere S°.
group
isomorphism

Note that by using the Poincaré conjecture, we can also extend everything to

arbitrary closed (simply connected) 3—manifolds.
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Summary of pseudo-differential operators on SU(2)

SU(2) = the group of 2-by-2 complex unitary matrices of determinant = 1.
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Summary of pseudo-differential operators on SU(2)

SU(2) = the group of 2-by-2 complex unitary matrices of determinant = 1.

Let us define (these are irreducible unitary representations of S* (of SU(2)
actually) ¢!, € C°°(S?), where [ € SN and — < m,n < +[ such that
[ —m,l —n € Z. In Euler’s angles

trn (6, 0,9) = e 7" P (cos(6)),
P! are the Legendre—Jacobi functions.

These are analogues of e**% on T3

I will try to avoid representation theory language in this talk but:
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Summary of pseudo-differential operators on SU(2)

SU(2) = the group of 2-by-2 complex unitary matrices of determinant = 1.

Let us define (these are irreducible unitary representations of S* (of SU(2)
actually) ¢!, € C°°(S?), where [ € SN and — < m,n < +[ such that

[ —m,l —n € Z. In Euler’s angles
tun (8, 0,9) = MO P (cos(6)),
P! are the Legendre—Jacobi functions.

These are analogues of e**% on T3
I will try to avoid representation theory language in this talk but:

for [£] € gg, representations in [¢] are t* = {tﬁnn}fn,n:_l : Hom(S3,U(2] + 1)),
where | = dim(¢) € ;N

(Laplacian has 2+ 1 spherical harmonics of order [; ! — their transformations)
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Summary of pseudo-differential operators on SU(2)

SU(2) = the group of 2-by-2 complex unitary matrices of determinant = 1.

Let us define (these are irreducible unitary representations of S* (of SU(2)
actually) ¢!, € C°°(S?), where [ € SN and — < m,n < +[ such that
[ —m,l —n € 7Z. In Euler’s angles

trn (6, 0,9) = e 7" P (cos(6)),
P! are the Legendre—Jacobi functions.

These are analogues of e**% on T3
I will try to avoid representation theory language in this talk but:

for [£] € éE’ representations in [¢] are t& = {t! fn’n:_l : Hom(S3,U(2] + 1)),
where | = dim(¢) € ;N

(Laplacian has 2+ 1 spherical harmonics of order [; ! — their transformations)

For simplicity, we forget for now about underlying representation theory and

just present some outcomes.
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Fourier analysis on S°

Thus, on S°, we have a family of group homomorphisms
th:S3 — U2 + 1) c CEFD*EHD 17 ¢ 1IN,

Fourier coefficient f(l) of f € C>(S°) is

AN

fl) = . fz) t'(2)" da.

Note that f(l) € CRHDXCHD) ig now a matrix! Fourier series is
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Fourier analysis on S°

Thus, on S°, we have a family of group homomorphisms
th:S3 — U2 + 1) c CEFD*EHD 17 ¢ 1IN,

Fourier coefficient f(l) of f € C>(S°) is
f1) = L@ t'(z)* dz.

Note that f(l) € CRHDXCHD) ig now a matrix! Fourier series is

f@ = 3 @+ Tr(f(z) tl(:z;)).

ZE%NO

AN

Notice: f * g(1) = g(1) F(I).

If A:C*(S%) — C°(S?) continuous & linear then we can define its symbol as
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Fourier analysis on S°

Thus, on S°, we have a family of group homomorphisms
th:S3 — U2 + 1) c CEFD*EHD 17 ¢ 1IN,

Fourier coefficient f(l) of f € C>(S°) is
f1) = L@ t'(z)* dz.

Note that f(l) € CRHDXCHD) ig now a matrix! Fourier series is

f@ = 3 @+ Tr(f(z) tl(:z;)).

ZE%NO

AN

Notice: f * g(1) = g(1) F(I).

If A:C*(S%) — C°(S?) continuous & linear then we can define its symbol as

(CE, l) = O-A(xv l)7 O-A(xa l) — tl(x)*(Atl)(aﬁ) - C(2l+1)x(2l+l)
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Global quantisation of operators on S*

Then we have

AN

Af(z)= Y (2+1) Tr (tl(x) oa(x,1) f(l))

leiNg

where the symbol of A is o 4(z,1) € CEHDXEHD) (is matrix-valued!)

We also note that if

Af(x) = 8 K(z,y) f(y) dy = . f(y) Ra(z,y 'z) dy,

then oa(z,1) = [ Ra(z,y)t'(y)*dy, so we have all the familiar features.

Questions:
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Global quantisation of operators on S*

Then we have

Af(z)= Y (2+1) Tr (tl(x) oa(x,1) f(z))

leiNg

where the symbol of A is o 4(z,1) € CEHDXEHD) (is matrix-valued!)

We also note that if

Af(x) = 8 K(z,y) f(y) dy = . f(y) Ra(z,y 'z) dy,

then oa(z,1) = [ Ra(z,y)t'(y)*dy, so we have all the familiar features.

Questions:

e how to define symbols to recover Hormander’s classes ¥ (S3)?
e.g. do matrices o 4(x,l) have some structure?

e what are difference operators in symbolic inequalities?

Answers: very interesting!
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Comparing definitions

Euclidean space R":

fo) = [ f@etn, Af@) = [ e iaua o fiede,
with [0g070a(z, €)| < Capl€)™ .
Torus T = R"/Z™:

AN AN

1O = | f@e?rtde, Af(@) = ) ™ Eoa(@,F(0).

JSVAL

with [Ag070a(x,€)| < Cap(€)™ .
Sphere S3:

)= | f@i@)yde, Af@)= 3 @+1) T (d@)oa@ ),

l€ 3Ny

with [AY0P0 4 (x,1)| < Cap(l +1)mlel,

Question: what are difference operators A; on symbols on S3?
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Global calculus

With this, all the features of the standard calculus carry over to G:



Global calculus

With this, all the features of the standard calculus carry over to G:
Compositions in R™ [Mikhlin, Calderon & Zygmung, Kohn & Nierenberg]:

Tan(@,6) ~ 3 = (0804)(,€) (D30 (w,€).

a>0

Compositions on T" [Turunen & Vainikko 1998 for S7%(R), R. & Turunen 2007
for S77s(R™) & also for FIOs/FSOs:

1 (874
O-AB(LU7€) ™~ Z a ( ?O-A)(:C7€) (DQ(U )O-B)(xag)a
a>0
D = DY) ... plem) | where D(O) = I and
DI = DI (G —kl) = o (2 — 1) - (5 — KI).

i0x ; i0x ; i0x ;

Compositions on sphere S3:

san(@,l) ~ Y~ (Afo)(a]) (Do) (1),

o
a>0

with appropriate definitions of differences A and derivatives Déa).



Symbol classes

Theorem. [R. & Turunen 2008]

A C®(S3) — C(S3) belongs to the usual Hormander’s class W™ (S%) if and
only if its Lie group symbol o4 € S™(S?)
(where o 4(z,1) = t'(z)*(At')(z)) € CEFV*EHD) 1 ¢ 1Ny).

Definition.

Note: blue condition means rapid off-diagonal decay of matrices!
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Symbol classes

Theorem. [R. & Turunen 2008]

A C®(S3) — C(S3) belongs to the usual Hormander’s class W™ (S%) if and
only if its Lie group symbol o4 € S™(S?)

(where o 4(z,1) = t'(z)*(At')(z)) € CEFV*EHD) 1 ¢ 1Ny).

Definition. Symbol o4 € S™(S?) if and only if for every N > 0 we have
’A?affmu (xal)ij’ < Chaagmn (14 i —j) V(1 + [ymlel
where for u € SU(2) we define
oa. (x,1) =t (u) oz, 1) t'(u)

and kernel K 4(x,y) of A is smooth outside the diagonal x = y.
There are 3 difference operators A, A_, Ay and AY = AT A2 A,

Operators Ay, A_, Ag act on symbols on S and there are explicit formulae
for them.

Note: blue condition means rapid off-diagonal decay of matrices!
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Part IIT (Chapters 6-9): Representation theory

These constructions on the torus are global since we rely not on the structure

of T™ as a surface, but as a group. First, recall a little bit.

1 October 2009 M. Ruzhansky “Pseudo-differential operators and symmetries” (with V. Turunen) Page 18



Part IIT (Chapters 6-9): Representation theory

These constructions on the torus are global since we rely not on the structure

of T™ as a surface, but as a group. First, recall a little bit.

U(m) = {m x m complex matrices A such that A* = A~'}

SUm)={AcU(m):detA=1}
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Part IIT (Chapters 6-9): Representation theory

These constructions on the torus are global since we rely not on the structure

of T™ as a surface, but as a group. First, recall a little bit.

U(m) = {m x m complex matrices A such that A* = A~'}

SUm)={AcU(m):detA=1}

If G is a compact Lie group, its unitary dual G is defined as

G = {[¢] : ¢ continuous irreducible unitary representation of G}

Unitary representations: for each ¢ from the equivalence class [¢|, we have
¢ € Hom(G,U(H)) for some (finite-dimensional) vector space H.
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Part IIT (Chapters 6-9): Representation theory

These constructions on the torus are global since we rely not on the structure

of T™ as a surface, but as a group. First, recall a little bit.

U(m) = {m x m complex matrices A such that A* = A~'}

SUm)={AcU(m):detA=1}

If G is a compact Lie group, its unitary dual G is defined as

G = {[¢] : ¢ continuous irreducible unitary representation of G}

Unitary representations: for each ¢ from the equivalence class [¢|, we have
¢ € Hom(G,U(H)) for some (finite-dimensional) vector space H.

m = dim H is called the dimension of the representation ¢ (dim ¢ := m).

If the group is commutative (e.g. R™, T™), its

representations are one-dimensional (m = 1) — will be important!
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Peter—Weyl theorem

Peter-Weyl theorem: /dim 1);; is an orthonormal basis of L?(G, ug), where
Y = {vi;}7%—; and [¢] € G.
Examples:

e2™@k [ c 7" is an orthonormal basis of T".

e2™T& ¢ c R™ is an “orthonormal basis” of R™.

Since these groups are commutative, 1 X 1 representations are just complex

valued functions, and they simply give the basis.

This also implies that familiar symbols on R™ and T"™ are just complex valued

(and they are matrix-valued for non-commutative groups, e.g. on S? ).
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Chapter 10: YDOs on compact Lie groups

Unitary dual G consists of equivalence classes €] of irreducible unitary
representations £ of G. Choosing a particular representation from [£]|, we can
think that ¢(z) € CHmexdime where dim ¢ is the dimension of representation &.

Note: often there are explicit formulae for &(z).

Fourier coefficient f({) of f € C®(G) is

/ f(z) &(z)" dpc(z).

Note that f(¢&) € CHmé&xdime g now a matrix! Fourier series is

1 October 2009 M. Ruzhansky “Pseudo-differential operators and symmetries” (with V. Turunen) Page 20



Chapter 10: YDOs on compact Lie groups

Unitary dual G consists of equivalence classes €] of irreducible unitary
representations £ of G. Choosing a particular representation from [£]|, we can
think that ¢(z) € CHmexdime where dim ¢ is the dimension of representation &.

Note: often there are explicit formulae for &(z).

Fourier coefficient f({) of f € C®(G) is

/ f(z) &(z)" dpc(z).

Note that f(¢&) € CHmé&xdime g now a matrix! Fourier series is
fl@) = FG'(f) = Y dim(e) Tr (F(¢) £(=)).
1€G

AN

Notice: T (&) = 3(€) F(€).
If A: C°°(G) — C*°(G) continuous & linear then we can define its symbol as

1 October 2009 M. Ruzhansky “Pseudo-differential operators and symmetries” (with V. Turunen) Page 20



Chapter 10: YDOs on compact Lie groups

Unitary dual G consists of equivalence classes €] of irreducible unitary
representations £ of G. Choosing a particular representation from [£]|, we can
think that ¢(z) € CHmexdime where dim ¢ is the dimension of representation &.

Note: often there are explicit formulae for &(z).

Fourier coefficient f({) of f € C®(G) is

/ f(z) &(z)" dpc(z).

Note that f(¢&) € CHmé&xdime g now a matrix! Fourier series is

fl@) = FG'(f) = Y dim(e) Tr (F(¢) £(=)).
1€G

Notice: f *g(&) = 5(€) F(£).
If A: C°°(G) — C*°(G) continuous & linear then we can define its symbol as

(z,8) = oalz,€), oa(z,§) = ()" (AE)(x).
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Chapter 10: YDOs on compact Lie groups

Then we have

= > dim(©) Tr (£(x) 0a(2.8) J1O))

where the symbol of A is o 4(z,&) € CHmexdime (s matrix-valued!)

We also note that if

:/ K(x,y) f(y) dy:/ f(y) Ra(z,y'x) dy,
G G

then o4(z,&) = [, Ra(z,y)é(y) dy, so we have all the familiar features.

(Questions:
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Chapter 10: YDOs on compact Lie groups

Then we have

= > dim(©) Tr (£(x) 0a(2.8) J1O))

where the symbol of A is o 4(z,&) € CHmexdime (s matrix-valued!)

We also note that if

:/ K(x,y) f(y) dy:/ f(y) Ra(z,y'x) dy,
G G

then o4(z,&) = [, Ra(z,y)é(y) dy, so we have all the familiar features.

(Questions:

e how to define symbols to recover Hérmander’s classes ¥ (G)?
e.g. do matrices o4(x, &) have some structure?

e what are difference operators in symbolic inequalities?

Answers: very interesting!
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Comparing definitions

FEuclidean space R™ [Kohn & Nirenberg, Hérmander 1965]:

AN

fo) = [ f@etn, af@) = [ e miauaofiede,

n

with [920704(z,€)] < Cap()™ .
Torus T™ = R™/7Z" [Agranovich 1990, McLean 1991, Turunen 2000]:

f©) = | f@e? ™ ide, Af(@)= ) " Coa(x,€)f (),
B ¢ezn
with [AZ0oa(z,€)] < Cap(&)™ '\
Compact Lie group G:

fle) = /G @)@y de, Af(z)= Y dim(e) Tr(&@oa@ O)F(©)),

with [AZ0]oa(z,€)| < Cap(€)™ .

Question: what are difference operators A¢ on G?
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Space L2(G)

On G we work with mappings

AN

F:G— L(He) C | cmem,
€]eG m=1

satisfying F'([¢]) € L(H¢) for every (€] € G. In matrix representations, we can
view F([¢]) € CHm&)xdim(&) a5 3 dim(£) x dim(§) matrix.

The space L2(G) consists of all mappings

2
|FHL2(G) Z dlm HF ])HHS < 0

where || F([¢])||ms = v/ Te(F([€]) F([€])*).
Parseval’s identity Let f,g € L?(G). Then we have

AN

9)12(6) = Zdlm Te(F(€) 56)") = (F9),9() 125
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What is (€) on G?

For every & € G we can construct the eigenspace H¢ of the Laplacian Lq:
—La|ye = )\gl, for some A\¢ € R. We have dim ¢ = (dim(£))2. We denote

(€)= 1+ A"

Proposition (Dimension and eigenvalues) There exists a constant C' > 0

dim G

such that the inequality dim(&) < C(&) 2

holds for all £ € Rep(G).




What is (£) on G?

For every & € G we can construct the eigenspace H¢ of the Laplacian Lq:
—La|ye = )\gl, for some A\¢ € R. We have dim ¢ = (dim(£))2. We denote

(€)= 1+ A"

Proposition (Dimension and eigenvalues) There exists a constant C' > 0

such that the inequality dim (&) < C(§) "5 holds for all £ € Rep(G).

The space S(G) consists of all mappings H such that for all k € N we have

Zdlm “1H(E)||rs < oo

Proposition S(G) is a Montel nuclear space.

The space S'(G) is the space of all H for which there exists some k € N:

Zdlm FIH(O)||as < 0.

Fourier transform: continuous bijection C®(QR) +— S(G). D'(G) +— S'(Q).




Spaces LP(G)

3 IM
l\)lr—\

For 1 < p < oo, we will write Lp(@) = /P (G dimP(3~ )) for the space of all

H € 8'(G) such that
1/p

VIH@)s | < oo

3 Im
l\)lr—l

1H @ = | Y (dim(€)r-

£]eG

For p = oo, we write LOO((A}) = (> (@, dim_l/Q) for all H € S’(a):

@) = sup (dim(£))/? [|H(£)||us < oo
[£]leG

[A—

Important cases of L2(G) = £2 (é, diml) and L!(G) = - (CA?, dim3/2) are
1/2

\Hll e = Zdlm HOs | 1 Hl g = 3 (@m(€)¥/2 [H(E)|us.
€]eG

1 October 2009 M. Ruzhansky “Pseudo-differential operators and symmetries” (with V. Turunen) Page 25



AN

Some properties of spaces LP(G)

Interpolation of L? (@) spaces Let 1 < pg,p; < oco. Then

(@), L7(@), =17(D),
1—6

1 _ 0
Where0<9<1and§— o —|—p1.

Fourier transforms on L'(G) and L*(G) We have

1 fll Lo @) < N fllLr ), |1FG H|| o (q) < H|| 11 -

Hausdorff-Young inequality Let 1 < p < 2 and % + % = 1. Let f € L?(G)
and H € LP(G). Then HfHLq(é) < || fllzr() and ||-7:(;1HHLQ(G) < ||HHLp(é)-

S AN / S
Duality of LP(G) Let 1 < p < oo and % + é = 1. Then (LP(G)) = L1(G).

AN

Sobolev spaces L (G) For k € N we can define

L2(G) = {H c IP(G): ACH ¢ LP(G) for all o] < k}
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Some (general) conclusions

e One can define full symbols and symbolic calculus on manifolds where

there is a Lie group acting on it (e.g. Lie groups, homogeneous spaces).
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Some (general) conclusions

e One can define full symbols and symbolic calculus on manifolds where

there is a Lie group acting on it (e.g. Lie groups, homogeneous spaces).

e T": toroidal symbols, calculus, equivalence to standard symbols in local
charts. Relation is provided by periodisation. Well-suited for numerics.
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Some (general) conclusions

e One can define full symbols and symbolic calculus on manifolds where

there is a Lie group acting on it (e.g. Lie groups, homogeneous spaces).

e T": toroidal symbols, calculus, equivalence to standard symbols in local
charts. Relation is provided by periodisation. Well-suited for numerics.

e Difference conditions allow to relax regularity in &: e.g. for L?-results.
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Some (general) conclusions

One can define full symbols and symbolic calculus on manifolds where
there is a Lie group acting on it (e.g. Lie groups, homogeneous spaces).

T™: toroidal symbols, calculus, equivalence to standard symbols in local
charts. Relation is provided by periodisation. Well-suited for numerics.

Difference conditions allow to relax regularity in &: e.g. for L*-results.

—> parametrix for hyperbolic systems with multiplicities.
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Some (general) conclusions

One can define full symbols and symbolic calculus on manifolds where
there is a Lie group acting on it (e.g. Lie groups, homogeneous spaces).

T™: toroidal symbols, calculus, equivalence to standard symbols in local
charts. Relation is provided by periodisation. Well-suited for numerics.

Difference conditions allow to relax regularity in &: e.g. for L*-results.
—> parametrix for hyperbolic systems with multiplicities.

Using geometric information, global calculus can be extended to e.g all

compact (simply-connected) manifolds (in dimensions < 3, and higher).
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Some (general) conclusions

One can define full symbols and symbolic calculus on manifolds where
there is a Lie group acting on it (e.g. Lie groups, homogeneous spaces).

T™: toroidal symbols, calculus, equivalence to standard symbols in local
charts. Relation is provided by periodisation. Well-suited for numerics.

Difference conditions allow to relax regularity in &: e.g. for L*-results.
—> parametrix for hyperbolic systems with multiplicities.

Using geometric information, global calculus can be extended to e.g all

compact (simply-connected) manifolds (in dimensions < 3, and higher).

BVP on Q2 = ¥DE on Q2 = ¥DE on S" ! = ¥DE on SU(n).
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Some (general) conclusions

One can define full symbols and symbolic calculus on manifolds where
there is a Lie group acting on it (e.g. Lie groups, homogeneous spaces).

T™: toroidal symbols, calculus, equivalence to standard symbols in local
charts. Relation is provided by periodisation. Well-suited for numerics.

Difference conditions allow to relax regularity in &: e.g. for L*-results.
—> parametrix for hyperbolic systems with multiplicities.

Using geometric information, global calculus can be extended to e.g all

compact (simply-connected) manifolds (in dimensions < 3, and higher).

BVP on Q2 = ¥DE on Q2 = ¥DE on S" ! = ¥DE on SU(n).

Symbolic calculus on (3-dimensional) SU(2) is an example of a
non-commutative calculus, where p(x,[) is a matrix of size
(20 +1) x (21 +1), I € IN. There are 3 first order difference operators.
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Some (general) conclusions

One can define full symbols and symbolic calculus on manifolds where
there is a Lie group acting on it (e.g. Lie groups, homogeneous spaces).

T™: toroidal symbols, calculus, equivalence to standard symbols in local
charts. Relation is provided by periodisation. Well-suited for numerics.

Difference conditions allow to relax regularity in &: e.g. for L*-results.
—> parametrix for hyperbolic systems with multiplicities.

Using geometric information, global calculus can be extended to e.g all

compact (simply-connected) manifolds (in dimensions < 3, and higher).

BVP on Q2 = ¥DE on Q2 = ¥DE on S" ! = ¥DE on SU(n).

Symbolic calculus on (3-dimensional) SU(2) is an example of a
non-commutative calculus, where p(x,[) is a matrix of size
(20 +1) x (21 +1), I € IN. There are 3 first order difference operators.

Developments of many related aspects: standard questions of microlocal
analysis, non-compact spaces, etc.
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Thank you

i |
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