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Introduction. A Jacobi field was originaly defined for a geodesic in a
Riemannian manifold. It has been generalized for a minimal variety in a
Riemannian manifold by some authors. (Simons [4]). Recently intersting papers
concerning this problem have been published ([2],[3]). In the present paper we
shall shortly generalize the Jacobi field on the minimal variety and give a
sufficient condition on which the generalized one becomes trivial. In the last
section we shall give a theorem concerning the conjugate boundary on a
minimal hypersurface.

1. First we explain the notations adopted in this paper. Let X, be an
n-dimensional Riemannian manifold. For simplicity we assume that X, be of
class C*. We denote by (x',---,x") a local coordinate system of X,. The
fundamental quadratic form of X, is denoted by

ds* = g, dx*dx" .

Hereafter the Greek indices range over 1,--.,n. The Christoffel symbols and
the curvature tensor are given by

A 1
& { o } = 5 0 Gure + Gurs = Guoa)s 9" Ga = B,

(1.2) R — {;”w} - {L} + {;H:ﬂ}— {:ﬂH:@},

where for example g¢,,. denotes 99,,/0x°. We write

(1. 3) Rlp.am = gxo' R(-ruom .

It is well-known that

(1. 4) Rx;mm = _Rp/tam = _leuu = Ramlp .
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Let X,, be an m-dimensional submanifold of X,. We assume that 1 <m <n
and X, be of class C~ and differentiably imbedded in X,. We denote by

(¥, +++,y™ a local coordinate system of X,. The fundamental quadratic form
of X,, is denoted by
(1.5) ds* = g;;dy'dy’,

where we put

= Gz BiBé‘,
(1.6) {gu G

Bi = 2x*/oy'.

Hereafter the Latin indices range over 1,--,m. For simplicity we assume
that x*s are functions of class C~ with regard to y*s. We put

9 g =8,
i l ia
(L.7) U /C} = T g '(.(/'/'u..k + e — Gik.a) s
B; = g” gz,LBy b

where for example g, denotes 2g;./0y’. The Euler-Schouten’s tensor is
given by

{

(18) H:;=B12,;+ {7\’ }BfB;"—*i a}Bla':Bf,],
po ij

where the semicolon denotes the covariant differentiation along X,. In this

case B} is a contrvariant vector in the sense of X, and is a covariant vector in
N a ..
the sense of X,.. Therefore we use {#Q}B;’ or {ij} for the indices of X,

or X,, respectively. Hereafter we shall adopt this convention for the covariant
differentiation along X,. It is well-known that

(1.9) HY, = Hi,
and

(1.10) guH;B:=0.
We write

(1 11) I_Iu‘j = glthyj’ H“:j = H'fwgiu,gjb *
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2. Let G be a bounded orientable domain of X, and let 9G be its
boundary. First we consider the case where G is covered by a pair of local
coordinate systems (y',«-+,y™) and (z',+--,z2"). However we can easily see
that our results hold when G is covered by several coordinate systems. The
area of G is given by

@1 f Lgig 2yt - dy™
G

where |g;;| denotes the determinant whose elements are g;’s. We consider
an infinitesimal transformation

(2.2) 7 = 2(y) + &v'(y)

where € denotes an infinitesimal constant and v(y) denotes any vector along X,
which is normal to X,, and vanishes on 9G and is of class C' with regard to
ybs. It is well-known that the first variation of the integral (2.1) by the
infinitesimal transformation (2.2) is given by

9 - aLﬁ — ;a,ﬁ _?,I‘ 2 i. . m
o (25 2 () o
where

(2.4) L(x*, BY) = [g:;1".

Therefore in order that the area of G be minimal it is necessary that

©.5) oL G, ( oL ) _

ox' oy \ OB
which leads to
(2.6) H*=Hig¢" =0.
If (2.6) holds everywhere, such an X,, is called a “minimal variety”.
3. Let X,, be a minimal variety. Let us shift it slightly by an
infinitesimal transformation of the form (2.2) where we assume that v* is of

class C? and normal to X,,. Let us calculate the first variation of H* By the
assumption we have
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H'=Hl ¢ =0,

3.1
S guBiv"=0.

N

po ‘ ) B:Z.j ,gij ’g“ and

7
jk} . For

example we have 8B} ;= &v',;,; We have from (1.8) and these variations

First we compute the first variation ofj(

(3‘ 2) 8H1 — —8[2H§;gw BZ vu;b gia. gjb + B;IC gak gii
(=Bt va + Bj v, + B:vﬁztj;i)guw
—9Y(vl; + Rl B Bi v7)],

where 8H* denotes the first variation of H*.  Our result coincides with that
of Duschek ([1]) which was obtained by the parametric method. Meanwhile
we have from (3.1)

(3. 3) -’]l“" 'vI;Ll/ BJ + gu.m o H:Zb = 0 .

Hence we have from (3.2) and (3. 3)

SH* = &@® — Bi BY){Av" + (R%,, Bi Bl g" + 2H5 HY) v},

3.4

S Av” = v7,;9Y .

If

(3.5) (8, — BiBH){Av + (R°,,. By By g/ + 2HFHY) v} =0,

i.e., the normal component of the vector
(3.6) J* = Av° + (R°,,..B; B¢ g*’ + 2H; HY) v*

vanishes, then we say that the infinitesimal transformation (2.2) preserves the
minimal property of the variety.

REMARK. In our notations the second variation of the intergral (2.1)
given by Duschek ([1]) becomes

(3.7) ~te| @ - BBy + R BB )

—va;i(ZFIling + H;] igzk)} vx'grs‘ 1/2dyi e dy;"' ’
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where v, = g,,v". If v* is normal to X,,, then (3.7) becomes
1 2 o 1/2 1 m
(3'8) _4278 J Vg | Grs dy "'dy .

The same result was obtained by Simons in a different manner ([2])p.73).
When ©* satisfies J* = 0 and is normal to X,,, it is called a “Jacobi field”.

When v* satisfies (3.5) and is normal to the minimal variety X,, we call
it a “pseudo-Jacobi field”. From (3.5) and (3.8) we see that the second
variation of the area (2.1) is zero when 7" is a pseudo-Jacobi field. Let G be
a bounded orientable domain of a minimal variety and let 2G be its boundary.
A pseudo-Jacobi field which vanishes on 2G is called a “pseudo-Jacobi field on
G”. Let v* be a pseudo-Jacobi field on G. Then we have from (3.5)

(3.9 0= f (8 — BLBY){Av" + (R%,. By Bt g' + 2H*,, H') v} v,do

- f (A + (R, By B g' +21, Hyo Yo,de

1 .. ‘
B f [ 2 g”(glﬂvl 'Uﬂ);i;j - gxu'U?i‘U’;ng”

+ (Rawe Bi B g" + 2H 5, H,') ‘UI‘U":I do,

where do = |g,;|'"* dy' -+ +dy™.  The first term of the last integral vanishes
by the theorem of Stokes and the second term is negative definete. Hence we
have the

THEOREM 1. If the quadratic form
(3.10) (Ruuws Bt By g¥ + 2H,; H.') X* X*

is everywhere negative semi-definite on G, where X* denotes any wveéctor
normal to G, then the pseudo-Jacobi field on G is identically zero.

PROOF. We have from (3.9) and the assumption
v, = 0.

Since v* vanishes on ¢G, v* must vanish everywhere on G. Q. E. D:
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REMARK. When Ryu. = K(Gpo 92x — 910 Jus), 1. €., the space is of constant
curvature, then the condition of theabove theorem becomes*“(mKg,,+2H,;;H,"7) X* X"
is everywhere negative semi-definite on G”.

4. Let us consider the case where m =n — 1, i.e. X,, is a hypersurface.
Let n* be the unit normal vector to a minimal hypersurface X, ,. Putting
v* = pn* we have from (3.5)

(4.1) Ap + p(hy; B + Ry, n"n* BBy gi) =0,

where we put

(4.2) B}, = Hi; = n*hyy, Ap = pi;9Y, nl; = —Bihl,,
’ hiy = g* hyy, h' = g'* g’ hay, hi; = hyi.
Meanwhile we have

(4.3) Ap* = 20Ap + 2p:p ;9% .

Hence (4.1) leads to

(4.4) _%* Ap* — pip ;g + p(hi; Y + Ropen”n* B By g'?) = 0.
Since
(4.5) By By gt = g™ — n*n”

we have from (4.4)

1

(4. 6) 7 Apl - P_-,;P‘jgij + Pg(hij hlj + Rlunln“> = 0 .

If p =0 on the boundary of an orientable domain D on X,_, and p satisfies
(4.1) in D, then we have from (4.6) and Green’s theorem

4.7 f (pip,g" — p(hi, ¥ + Ryunn®)} do =0,
D

where do denotes the volume element of X, , and we assumc that 9D is
smooth and orientable, If a relation
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(4.8) hi W + Ryymn" =0

holds everywhere in D, then we see from (4.7) that

(4.9) p:i=0

everywhere in D, i.e. p =0 everywhere in D. Thus we have the

THEOREM 2. Let D be an orientable domain of a minimal hypzrsurface
in a Riemannian space and let 2D be smooth and orientable. If

hijhij + R;unl n* é 0

holds everywhere in D, then there is no non-trivial pseudo-Jacobi field on D.

R . . .
REMARK. When R,, = G Le the space is an Einstein space, then

the inequality (4. 8) becomes
(4.10) hy; b + %go.

5. In this section we shall generalize a theorem concerning the conjugate
points in the classical differential geometry. Let g be a geodesic on a surface
of the euclidean 3-space. Let P be a point on g and P be its first conjugate

P Q Q P’

/——0\’\5]

Fig .1

point. The following fact is well-known : It is impossible that a point Q" on
the geodesic arc PP’ be the first conjugate point of a point Q on PP’. The
proof is done by the Jacobi equation

ay
ds®

(5.1) + K(s)Y =0,

where K denotes the Gaussian curvature of the surface and s denotes the
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arc-length of g. In this case we assume that there exists a solution of (5.1)
which vanishes at P and P’ and is not zero at any point on the arc PP. The
same thing doesn’t hold for the pair of points Q,Q. Let us generalize the
above theorem to the case of a minimal hypersurface of a Riemannian manifold.
We see from (1.4) the tensor

(5. 2) RZ(»[.L;: B?Bé't g” + ZI_Inj Hz”

is symmetric with regard to A and 7. Hence if there exist two pseudo-Jacobi
fields v* and w?’, then we have from (3.5)

(5.3) W' AV — g, V' Aw! = {(gviw" — g whiv") gt} ;= 0.
In the case of X,_, (5.3) becomes

(5.4) {(p.ap — Y.up)gt},; =0,

where we put

(5.5) vi=pn’, wt = Ynt,
@i=0op/y, Y.=0Y/oyt.

Fig .2

Let G be an orientable domain of a minimal hypersurface X, ; and D be its
sub-domain. We assume that 9D be smooth and orientable. Let v* or w’ in
(5.5) be a pseudo-Jacobi field on X, ; and vanish on oG or 9D and be not
zero at any point in G or D respectively. Integrating (5.4) over D we have

5.6) 0= f @iV — ¥.ip) g} ydo = f (Pt — V@) N'dS ,
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where do denotes the volume element of X,_, and dS denotes the surface
element of 9D and N* denotes the unit normal vector to 9D in X,_,. The
positive direction of N' is directed outwards. Since 4 = 0 on 9D we have
from (5.6)

G.7) f (Vi N)@dS = 0.

Since ¢ is not zero at any point of D, if for example v is positive in D, then
¥ N* is not positive on 9D. We assume that ¢ ; N’ is not zero at some point
on 9D. Considering that ¢ is not zero at any point on 9D, we see that the
left hand side of (5.7) is not zero. Thus we arrive at a contradiction. Hence
we have the

THEOREM 3. Let X, ,(n>2) be a minimal hypersurface of a Riemannian

space X,. It is impossible that the following (1i)~(v) hold simultaneously :

(1) G and D are domains of X,_, and G D D and 9G N 9D = ¢,

(i) G is orientable,

(iii) 9D is smooth and orientable,

(iv) ©* is a pseudo-Jacobi field on X,_, which vanishes on oG and is
not zero at amy point of G,

(v) w' =+n* is a pseudo-Jacobi field on X,., which wvanishes on 2D
and is not zero at any point of D and ; N' is not zero at some
point on 90D, where n* denotes the unit normal vector to X,_, and
N denotes the wunit normal vector to 9D in X,_, whose positive
direction is directed outwards.
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