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Pseudo-spherical evolutes of curves on a spacelike surface
in three dimensional Lorentz-Minkowski space

Takami SATO

March 9, 2012

Abstract

In this paper we introduce the notion of pseudo-spherical evolutes of curves on a
spacelike surface in three dimensional Lorentz-Minkowski space which is analogous to the
notion of evolutes of curves on the hyperbolic plane. We investigate the the singularities
and geometric properties of pseudo-spherical evolutes of curves on a spacelike surface.

1 Introduction

In this paper we study the the singularities of pseudo-spherical evolutes of curves on a spacelike
surface in three dimensional Lorentz-Minkowski space. The study of the extrinsic differential
geometry of submanifolds in Minkowski space is of special interest in relativity theory. There
are some papers that investigate codimension two spacelike submanifolds in Lorentz-Minkowski
space, for instance, in [3]. Inspired by these papers, we are particularly interested in spacelike
curves in three dimensional Lorentz-Minkowski space as a special case, that is, submanifolds of
codimension two in the space. As an application of the idea in [3], we considered curves on a
spacelike surface in three dimensional Lorentz-Minkowski space in the last paper [6]. Moreover
in [2], it was investigated the evolutes of hyperbolic plane curves and those geometric properties.
Inspired by the above results, we introduce the notion of pseudo-spherical evolutes of curves on
a spacelike surface in three dimensional Lorentz-Minkowski space and investigate the geometric
propoerties. The principal tools for the study of evolutes of hyperbolic plane are the hyperbolic
Frenet-Serret formula and hyperbolic height functions on hyperbolic plane curves (cf., [2]). In
our case, we adopt a special pseudo-orthonormal frame in R which is called the Lorentzian
Darbouz frame and have the Frenet-Serret type formulae (cf., §2). Since we consider a spacelike
surface M, we can choose a future directed unit timelike normal vector field n along the surface.
For a curve = on the surface, we restrict the normal vector field n along ~, so that we have a
unit timelike normal vector field n., along «. Moreover, we choose the unit tangent vector field
t and another normal vector field b along 7. As a result, we construct a pseudo-orthonormal
frame {t,n.,b} along the curve «v. We define two families of functions on a curve, timelike
height function H” and spacelike height function H®. By differentiating these functions, we
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obtain new invariants oy and op which characterize the each conditions of derivation of H T
and H*. For instance, agItT = ang = a;gT = (0 if and only if oy = 0 and some other conditions.
In §3, we also define two important curves h., in the hyperbolic space and d., in de Sitter space
by observing the conditions of first and second derivation of H” and H® respectively. We call
h. a hyperbolic evolute of v relative to M and d., a de Sitter evolute of « relative to M. We
show that the hyperbolic evolute h., is constant if and only if o5 = 0. In this case the curve ~
is a special curve on the surface M, which is called a hyperbolic-slice (or an H-slice) of M. We
also show that the de Sitter evolute d is constant if and only if op = 0 and define a special
curve on the surface M called a de Sitter-slice(or an D-slice) of M. We consider H-slice and
D-slice of M as the model curves on the surface M. Moreover where oy = 0 and o, # 0, it is
a point where v has third order contact with one of the tangent H-slices of M, and we also the
same argument about v and tangent D-slice where op = 0 and o), # 0. Here we remark that
tangent D-slice is always non-singular, but we have the case that H-slice has a singular point
(cf., §3). As an application of the theory of unfoldings of functions in [1], we give a classification
of singularities of both the hyperbolic evolute and the de Sitter evolute in Theorem 5.4, which
is one of the main results in this paper.

We explain in §2 the basic notions of Lorentz-Minkowski space and introduce Lorentzian
Darboux frame that will be used throughout the paper. In §3 is devoted to the study of two
important height functions, the hyperbolic height function and the de Sitter height function
by considering the relationship with invariants oy and op. Moreover, in §4, we have the main
results in this paper that local properties of the curve and the hyperbolic evolute and the de
Sitter evolute of the curve provided by the invariant oy and op. Finally in §5 we consider
Euclidean plane curves and the hyperbolic plane curves and curves on a surface of the graph
of a function as a special case.

2 Definitions and Basic Facts

In this section we prepare some definitions and basic facts which we will use in this paper.
For basic concepts and details of properties, see [5, 6]. Let R? be a three-dimensional vector
space. For any © = (20, 21,72),Y = (Yo, ¥1,%2) € R3, the pseudo-scalar product of & and y is
defined by (x,y) = —xoyo + 191 + T2y2. We call (R3 (,)) Minkowski 3-space. We write R}
instead of (R?,(,)). We say that a non-zero vector © € R? is spacelike, lightlike or timelike if
(,z) >0, (x,x) = 0 or (x,x) < 0 respectively. The norm of the vector x € R} is defined
by || = ||= \/|{(z,z)|. Here we define the notion of planes. For a non-zero vector v € R? and a
real number ¢, we define a plane with pseudo-normal v by

P(v,c) = {x € R} | (xz,v) =c }.

We call P(v,c) a spacelike plane, a timelike plane or a lightlike plane if v is timelike, spacelike
or lightlike respectively. We now define Hyperbolic plane by

H:(-1)={z e R} | (z,x) = —1,20 > 0}

and de Sitter 2-space by
St={zeR}|(z,z)=1}

Here we define

—€y €1 €
aNb= Qo ap as|,
bo b1 b
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where a = (ag, a1, az), b = (b, b1, b2) and {eg, €1, €3} is the canonical basis of R3.

We now prepare some basic facts of curves on a spacelike surface. We consider a spacelilke
embedding X : U — R} from an open subset U C R% We write M = X (U) and identify M
and U through the embedding X . Here, we say that X is a spacelike embedding if the tangent
space T,,M consists of spacelike vectors at any p = X (u). Let 4 : I — U be a regular curve
and we have a curve v : I — M C R} defined by ~v(s) = X (¥(s)). We say that v is a curve on
the spacelike surface M. Since -y is a spacelike curve, we can reparameterize it by the arc-length
s. So we have the unit tangent vector t(s) = v/(s) of v(s). Since X is a spacelike embedding,
we have a unit timelike normal vector field n along M = X (U) defined by

Xy (u) A Xy, (1)
1 X () A Xy (W) ||

n(p) =

for p = X (u). We say that n is future directed if (n,eq) < 0. We choose the orientation of M
such that n is future directed. We define n,(s) = n o y(s), so that we have a unit timelike
normal vector field n. along . Therefore we can construct a spacelike unit normal section
b(s) € N,(M) by b(s) = t(s) A n,(s). It follows that we have (n.,,n,) = —1, (n,,b) =
0, (b,b) = 1. Then we have a pseudo-orthonormal frame {¢(s), n,(s), b(s)}, which is called the
Lorentzian Darboux frame along «y. By standard arguments, we have the following Frenet-Serret

type formulae:
t'(s) = fin(s)7,(5) + g (5)b(s),
(s) = £n(s)t(s) + 74(5)b(s),
s) = —/fg( Jt(s) + 7g(s5)m4(s),
where k,(s) = —(t/(s),n,(5)), ry(s) = (t'(s),b(s)) and 7,(s) = —(b'(s), n,(s)). Here, we have
the following properties of «v characterized by the conditions of kg, Ky, 74.

y
(

LS

a geodesic curve if and only if kg =0
~ s an acymptotic curve if and only if x, =0
a principal curve if and only if 7, = 0

3 Height Functions

In this section, we introduce two families of functions on a curve on a spacelike surface M
~: I — M C R3. We now define two families of functions as follow:

H' I x Hi(-1) — R;  (s,v) — (v(s),v),

HY :IxS?—R; (s,v)— (y(s),v),
We call HT the timelike height function of v on M and H® the spacelike height function of ~
on M. We denote hl(s) = H”(s,v) for any fixed v € H2(—1) and hj(s) = H(s,v) for any
fixed v € S?.
Here we calculate the derivative of H?. By Frenet-Serret type formulae, we have

ML y(s).) = (t) =0




Since v € H%(—1), there are A\, u € R such that v = An,(s) + ub(s) and —\* + p? = —1 if
oHT

e = 0. Here we have

O’HT
0s?

= (t'(s),v) = (Kpny + Kyb, Aty + ub) = =iy, + sy = 0.

Therefore, % = ‘%ZT =0 if and only if v = An,(s) + ub(s), =A\? + p? = —1 and Ak, = pk,.
It means that

20,2 2\ _ .2
N (ky — K,) = K,

2

Since A, u € R, we can consider under the condition ng > ki

, then we have

S ! (1 ()70 (5) + Fon (5)B(5)).

3(5) — w3(5)

t OHT _ 92HT _ 93HT
s ~  0s2 — 09s3

Moreover we have tha

= 0 if and only if

2

r, 2 r_ *
Kgkin' + KTy — KTy — Knkiy = 0. (*)

Under the condition x? > &7, (which implies x7 > 0,) the equation (*) is divided by 2, so that

we have
! 2
/{n I{/TL
<—> + 74 (1— (—> ) =0.

Kg Kg

/ 2
We now define oy by oy = (’Z—Z) + 74 (1 — <:—Z> ) . If we calculate the 4th derivative of H?,
we can show that the above conditions with the extra condition

O*HT
Ost

" / 2,1 / 22 "
= —Kgkn — 2KgKq Th — Kg' Ty + 26pk, Ty + Ky Tg" + kpkg =0

is equivalent to the conditions og(s) = 0 and (og)'(s) = 0.
Moreover, we calculate the derivatives of H® under the condition x2 > /if], (which implies

/ 2
k2 > 0,) as the above, and we also define op = (ﬂ) + 74 (1 — (:—Z) > .

Kn

As a consequence, we have the following proposition:

Proposition 3.1 (A) For any (s,v) € I x H*(—1), we have the followings:
(1) (hL)'(s) = 0 if and only if v = An,(s) + ub(s) where A\, u € R such that —\* + p? = —1.
(2) (hy)'(s) = (hy)"(s) = 0 if and only if
1
o (15 (5)72(5) + K ()B(5))
Rg(s) = Ko (s)

and K2(s) > Kp(s).
(3) (hT)(s) = (h1Y"(s) = (K1)"(s) = 0 if and only if
vt L (k) (8 (3) + Ra(s)b(s)).
k2(s) — n2(s)




ka(s) > k2(s), and oy = 0.
2) (WTY(s) = (B1)"(s) = (R1)"(s) = (KE)(s) = O if and only if

v=+ (Fg(s)my(s) + Kn(5)b(s)),

ka(s) > ki(s), og = 0 and (og) = 0.

(B) For any (s,v) € I x S?, we have the followings:
(1) (h5)(s) =0 if and only if v = An,(s) + ub(s) where A\, i € R such that —\? + p* = —1.
(2) (h3)'(s) = (h3)"(s) = 0 if and only if

v= (g (5)(5) — i (5)B(5))

and r7,(s) > K2 (s).
(3) (hy)'(s) = (h3)"(s) = (hy)"(s) = 0 if and only if

v== (Kvg<3)n‘y(s) - H"(‘S)b(‘s))?

ko(s) > K2(s), and op = 0.
(4) (h3)'(s) = (h3)"(s) = (hg)"(s) = (k) W(s) = 0 if and only if

v =+ ! (kg(s)n~y(s) — Kn(s)b(s)),
K2(s) (s)

n

|
=N
Q@ N

kin(s) > k2(s), op =0 and (op)’ = 0.

By the above proposition, we have two invariants oy and op.
We now respectively define curves h, : [ — H7(—1) and d : [ — S7 by

0 0
hols) = n(s) + bi(s)
K2(s) — K2(s) r2(s) — r2(s)
0 F(5)
dy(s) = ns(s) - bi(s)
(5) JR2(s) — R2(s)

K2 (s) — 12
We call hy a hyperbolic evolute of v relative to M and d., a de Sitter evolute of v relative to M
respectively. We also call one of hy and d, a pseudo-spherical evolute of v relative to M. By
straightforward calculations, we have h.(s) = 0 if and only if oy (s) = 0. Moreover, we have
d’(s) = 0 if and only if op(s) = 0. Therefore, h,(s) = v is constant if and only if o4 (s) = 0.
In this case, by Proposition 3.1, h] (s) is constant, that is, there is a real number ¢ € R such
that (y(s),vo) = ¢. It means that Im~y = P(vg,c) N M. It suggests that curves of the form
P(v,c) N M for v € HI(—1) are the candidates of model curves on M. These might play a
similar role to lines in Euclidean plane. We call it a hyperbolic-slice (or, an H-slice) of M. By
the same way, we can also define de Sitter-slice (or, a D-slice) of M by P(v,c)N M for v € Si.

|
=N
o

:
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Here we remark that we can consider the above H-slice under the condition x,, # 0. If x, = 0,
we have h.(s) = n.. It means that P(v,¢) is tangent space at p = X (u) for v € H3(—1) and
P(v,c) N M has a singular point.

We consider the geometric meanings of the invariants oy and op. For the purpose, we
introduce the following another family of function:

HT R x H2(-1) — R; (x,v) — (z,v).
We denote b (z) = H" (x,v) for any fixed vy € H?(—1), then, we have
hiy (8) = (¥(5),v0) = H(7(s), v0) = by, (¥(5))

Moreover, for any sy € R and vy = h(so), (% [m) ' (c) is an H-slice of M. By Proposition
3.1, (b )7!(co) = P(vo,co) is tangent to v at vy(so), so that (b [a/)"'(co) is an H-slice of M
tangent to «y at y(so), where ¢o = hj, (s0). We denote that TP, ~(s0) = P(vo, o) which is called
a spacelike tangent plane of v at 'y(so) with respect to vy = h~(sg). Moreover, if k,,(sg) # 0, then
the H-slice (b7 |ar) " (co) is non-singular at y(so). Then we call it a tangent H-slice of v at y(so)
relative to M. 1t is denoted by TM,-y(SO)' Now let F': R — R (respectively, F|y; : M — R) be
a submersion and ~(sq) C F~1(0) N M. We say that v and F~'(0) (respectively, F~1(0) N M)
have contact of order k if the function f = F o~y(s) satisfies f(s0) = f'(s0) = -~ = f®(s0) =0
and f* 1) (s) # 0. Under the above notations and by Proposition 3.1, we can conclude ~ and
TP ~(so) ave contact of order three at (so) if and only if oy (s0) = 0 and o7 (so) # 0. Under
the assumption that k,(sg) # 0 the above conditions are equivalent to the condition that ~

and Tﬁ, ~(50) have contact of order three at «(sg). Therefore, we have the following proposition:

Proposition 3.2 Let v : 1 — M be a reqular curve on M. Then the following conditions are
equivalent:

(1) v and the spacelike tangent plane TP;ZN(SO) have contact order three,
(2) ou(so) =0 and o'y (so) # 0.
If kn(so) # 0, then the tangent H-slice Tﬁﬁ(SO) of v at vy(so) is non-singular and the above
two conditions are equivalent to the following condition:
(3) v and the the tangent H-slice TH ) have contact order three.

Moreover, if k,(so) = 0 then the spacelzke tangent plane TP?

voy(s0) 1S the tangent plane
T M.

y of M and t(so) is an asymptotic direction of M at ~y(sp).

50

On the other hand, P(v,c) for v € 5% is a timelike plane. Therefore a D-slice is always a
regular curve. We also define

HY R x S? — R, (z,v) — (x,v).

By exactly the same arguments as the above case, we have the notions of timelike tangent
plane of v at y(sg) with respect to vy = d~(s) and tangent D-slice of v at ~(so) relative to M,
respectively. We respectively denote these as Ton'y 50) and TM~, (s0) . In this case the tangent
D-slice is always non-singular at y(so). It also follows from Proposition 3.1 that v and T’

have contact of order three at v(sg) if and only if op(sg) = 0 and o', (so) # 0.

Y (s0)

Proposition 3.3 The following conditions are equivalent:
(1) v and the timelikelike tangent plane T PL oy(so) Have contact order three,

(2) op(sg) =0 and ofy(sg) # 0,
(3) v and the the tangent D-slice T]\?’,Y(SO) have contact order three.



As a consequence, we have the model curves on M if pseudo-spherical evolutes are constant,
that is, hfy =0or dfy = 0. In the next section, we investigate the singularities of pseudo-spherical
evolute.

4 Unfoldings of Functions

In order to investigate the singularities of pseudo-spherical evolutes, we apply the theory of
unfoldings of functions.

First, we give a quick review on the theory of unfoldings of functions of one variable. Detailed
descriptions are found in the book[1]. Let F : (R x R", (sg,z9)) — R be a function germ. We
call F' an r-parameter unfolding of f, where f(s) = F,,(s). We say that f has type Ay at s
if fP)(sg) =0 forall 1 <p <k and f5+D(s) # 0. We also say that f has type Asy at sq if
f®(s9) = 0forall 1 < p < k. Let F be an unfolding of f and f(s) has type A (k = 1) at so. We
denote the (k — 1)-jet of the partial derivative S at so by j* V(55 (s, 20))(s0) = Zf;ll ;s
fori=1,...,r. Then F is called an R*-versal unfolding if the (k —1) x r matrix of coefficients
(aj;) hasrank k—1 (k—1 < r). Under the same condition as the above, F'is called an R-versal
unfolding if the k x r matrix of coefficients (o, vj;) has rank k (k < r), where ap; = g—fi(so, xo).

We now introduce important sets concerning the unfoldings relative to the above notions.
The bifurcation set Br of F'is

. .. OF PF
Bp = {z € R"|3s; with %(s,m) = W(s,x) =0}

Then we have the following fundamental result of the unfolding theory (cf., [1]):
Theorem 4.1 Let F': (R x R, (sg,20)) = R be an r-parameter unfolding of f which has the
type Ay at sq. If F is a R*-versal unfolding and k=3, then the germ of Br at xq is diffeomorphic
to (C' x R"72,0) as set germs. Here, C' = {(x1,x2)| 112 = 223} is the ordinary cusp.

Here we have the following proposition:
Proposition 4.2 Let v : I — M be a unit speed curve with k,(sg) # 0.

(1) If hl (s) has type As at so, then H is an R*-versal unfolding of hl, (s).
(2) If k3 (s) has type As at so, then H® is an R*-versal unfolding of h3 (s).

Proof. We denote ~(s) = (zo(s), x1(s), za(s)), v = (vo,v1,/—1 +v3 —v}) € H*(—1). There-

fore we have
HT (5,v) = —w0(8)vo + 2101 + —1+ vg — vi

8HT . Vo OHT U1

and

Zol(s) + Ta2(s) , —— =x1(8) — To(S
dvo o(s) Vol+ 02— 02 2(5) vy 1(s) V=1+v5—vf .
O?HT O?HT
e = —h(s) + () 5 = @ (8) — —esh(s)
ds0vg —1+ v} — v} ds0u —1+ v} — v}



PHT Vo PHT

N (%]
0s20vy To(s) +

(s 7 T as) —
V—l—l—v%—v% 2(5) 0s20v; 1(5) V—l—l—v%—v%

(1) By Proposition 3.1, hX(sy) has type Az at s if and only if

75(s)

v+ ! (kg (5)7(5) + £ (3)b(5)),

3(5) — w3(5)

ko(s) > ko(s), og = 0, and o7 # 0.
For the purpose, we require the

) —xp(s) + \/%HIQ(S) z1(s) — \/%Mfz(s)
| —rg(s) + == 75(s) {(s) — —5—=75(s)

\/71+v(2)7'u% 2 \/71+v(2)7vf 2
to be non-singular. Therefore we calculate determinant of this matrix.

Vo

\/71+087v%
I/ PN I P ro V1

det A = (—(2j2y — 2y27), oy — THTY, TeT| — T17p) _—\/m
0 1

—1
Vg
—1 2_,,2
o A nonon N +111)1O "
= ((zg, 21, 29) N (x5, 27, 25)) | ——2=—
041492 0r 12 —1+v§—vf
—1
1 o
= — 2(t/\(/in?‘LA,nL/@'gb)) Uy

—1+v3 — v} \/TH
’ig"w ) + Kn(5)b(s)))
/,12 —K2(s

= — (kb + Kyn, £

V1403 — v}

rg(s) — K (s)

9
= F #0
—14 v} —0?
By the same way, if we consider the spacelike height function H®, we can prove (2). O

As a consequence, we have the following theorem:

Theorem 4.3 Let~ : [ — M be a reqular curve. Then we have the following assertions:
(A1) The hyperbolic evolute at h~(sq) is reqular if og(sg) # 0.
(A2) The following conditions are equivalent:
(i) The germ of the hyperbolic evolute at h(so) is diffeomorphic to the ordinary cusp,
(i) om(so) =0 and o'y (sg) # 0,
(iii) v and the spacelike tangent plane TPS ) have contact order three where vo = hy(so),
(iv) If kn(so) # 0, then the tangent H—slzce TM7 of v at v(so) is non-singular, and ~y

and the the tangent H-slice Tﬁ ~(s hcwe contact order three.



(B1) The de Sitter evolute at d(so) is regular if op(sg) # 0.
(B2) The following conditions are equivalent:
i) The germ of the de Sitter evolute at d(so) is diffeomorphic to the ordinary cusp,

)
)
(
(i) v and the timelikelike tangent plane TP{;F(W(SO) have contact order three,

(iii) op(so) =0 and o'h(so) # 0.

(iv) 4 and the the tangent D-slice TJ\IBI’,Y(SO) have contact order three.
Proof. (A1) By the assertion of Proposition 3.1, we have h.(s) = 0 if oy (s) = 0. It means
that the hyperbolic evolute at h,(so) is regular if oy (sg) # 0.

(A2) By Proposition 3.1, the bifurcation set of H” is

Br s) | 53>I€721

S S L 1C) R PR 1C) R
JR2(s) — 2(5) JR2(s) — 2(5)

By Theorem 4.1 and Proposition 4.2, the germ of the bifurcation set is diffeomorphic to the
ordinary cusp if oy = 0 and o, # 0. Moreover we have other equivalences by Proposition 3.2.
This complete the proof for (Al) and (A2).

If we consider the spacelike height function H®, we can prove the remaining assertions of
the theorem. O

5 Examples

In this section we consider some examples which explain the difference from the Euclidean
plane curves.

5.1 Curves on a spacelike plane

Suppose that M = RZ = {x = (vo,71,22) € R? | o = 0}. We consider a plane curve
~ : I — R2. In this case we have n, = eg, t(s) = v/(s) and b(s) = t(s) A eo. It follows
that x,(s) = 7,(s) = 0 and ry(s) = (t'(s),b(s)) = k(s). Then we have the following classical
Frenet-Serret formulae on Euclidean plane:

{ £(s) = w(s)b(s),
b'(s) = —rk(s)t(s).

Here we have oy = 0 and the constant hyperbolic evolute h-(s) = n, = e of ~ relative to M
It means that H-slice is M = P(v,c) N M. Moreover, we do not have de Sitter evolutes. It is
known [1, page 37, 2.30] that the evolute of « is defined by

1
€4(s) = Y(5) + 175b(s)

Therefore, we have a completely different situation from those of the Euclidean plane curves.



5.2 Curves on the hyperbolic plane H?(—1)

Suppose that M = H?(—1). In this case, we have n,(s) = v(s) , t(s) = v'(s) with [|t(s)|| = 1
and b(s) = t(s) A ny(s). We call {t,~,b} the Lorentzian Saban frame. Therefore, we have
kn(s) = 1,74(s) = 0. By the Frenet-Serret type formulae in §3, we have the following[2]:

) = + £g(s)b(s),

s

t'(s
Y'(s) = t(s)
b(s) = —rq(s)t(s),

Here, we have oy = (%)’ ,and op = Ky'. Moreover we have the hyperbolic evolute of ~ relative
g

to M, hy(s) = <\/H§ 1’nfy+\/2 -

9. —
(= 7
evolute hﬂ,(s) was investigated in [2]. By Theorem 4.3, the evolute at h,(sg) is the regular
if oy = (= ) # 0, and is the ordinary cusp locally if oy = (Kig)’ =0, and oy’ = (K—lg)” # 0.
K2 —2(K

Since oy = ;—Zg and ol = %)2, or(s) = oy(s) = 0 if and only if x}(s) = &} (s) = 0.

) (s) for 2(s) > 1 and the de Sitter evolute of ~ relative

to M, d,(s) = b) (s) for K2(s) < 1. The singularities of the hyperbolic

Moreover the de Sitter evolute at d~(sg) is the regular if op = k,/ # 0, and is the ordinary cusp
locally if op = K,/ =0, and op’ = k" # 0. Therefore the cusp of the pseudo-spherical evolute
corresponding to the point y(s) with «{(s) = 0 and x;(s) # 0. We call it the ordinary vertex
of v.

Here we consider H-slices under the condition /{3 > 1 and consider D-slices under the
condition /463 < 1. Since we have a well-known classification theorem of totally umbilical surfaces
(cf.,[4]), we can conclude that an H-slice is a (hyperbolic) circle if ry # 0 and 7 > 1, and a
D-slice is an equidistant curve if k4 # 0 and H?] < 1.

5.3 Curves on a surface of graphical representation

Suppose that X (z,y) = (f(x,y),z,y) with f(0,0) = 0 and 9f/0x(0,0) = 9f/0y(0,0) = 0,
which is called the Monge form. Here we denote f, = 0f/0z, f, = 0f/0y, X, = 0X /Ox and

X, = 0X /0y. Since X is a spacelike embedding, we have || X .|| = —f24+1 >0, | X, || = —f7+
Ce . X.wn X, (w)
1 > 0, and a unit timelike normal vector field n(p) = —||X X ()] —m( s fos )

with —1 + f2 4 f7 <0 where p = X (u) = X (z,y).
(1) De Sitter evolutes

We now consider the curve vy(z) = X(x,0) = (f(x,0),2,0), where f(z,y) is a smooth
function. Here we denote d—g =4, fo = fu(z,0), and f,(z, 0) Since J(x) = (fz, 1,0), we

have the unit tangent vector field ¢(z) = \/1_( fz,1,0), and the two unit normal vector fields

nv(x) = W( fwafy) ( ) mm(fyafxfyy

1 — f2). By straightforward cal-

lati h _ <@ > _ —fyfor (2) = <@ > _
culations, we have k,(z) T<(x),b() it and kp(x ) (x),ny(z)
fax T where s is the arc-length. Therefore we have (x) = -, that is, (@> (x)(1—
A-f2)(A-f2-12)2 (1- fT) Fin
fg) 2 = —f,. By differentiation of the both sides, we have <:—g> (1—f§)§ (:—9> (;JCITJ;J;E = —fya-
n n _ 5
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" / /
Moreover, we have (:—Z) (1— ff)% -2 (”—9> afor 4 (E> {M} — — fyze. Therefore we

)z A\ | -

have . ,
Y Y K

£2(0) = ~£,0.0 =0, () 0 = ~£u00.0. (£2) (0) = ~£.00.0).

n n

On the other hand, we have

%(:p): 1 <‘_fy fazx
ds (1= —f2=f2: \ o fom

f;?_]‘ f:r:a:
_fmfy fyz

Y

‘_facfy f:cx
’1_f5 fy:c

)

Then we have

nla) = (b, G2@)

1
- (1 — f%)(l _ fg _ fyz)Q{nyfyI - fachnyyx + fxfyfzx
tfoafof? = F2 Fofoe — Foo + 2fuaf? — fuafi}.

By the same calculations as those for =%, we have

79(0) = = f,(0,0), and 7,(0) = — fy2.(0,0).

We now consider the special case

flz,y) = agT? + anry + agy® + azr® + anr’y + annry® + agsy®.

Then we have f,;(0,0) = a11, fy(0,0) = a21, f22(0,0) = ago, frz2(0,0) = asp. Since xy4(0) = 0,
we can define d., where k,(0) = ag # 0. Moreover we have

O'D(O) = —2a11, 0'2)(0> = —2a21

It means that we have op(0) = 0,0,(0) # 0 if a3 = 0 and agy # 0. Therefore f(x,y), which is
asg # 0, a11 = 0 and ag; # 0, is an example of de Sitter evolute which has a cusp at the origin.
For instance, we havef(z,y) = 2%y — 3z

(2) Hyperbolic evolutes

We now consider X (z,y) = (f(z,y),z,y) where f(z,y) = 5(y — g(z)) and g(z) is a smooth

function, and we investigate the curve v(z) = X (z, g(z)) = (0, z, g(z)). Here we denote 2 = 4,

% =3, fo = fo(2,0), and f,(x,0). Since ¥(x) = (0,1, g(x)), we have the unit tangent vector

field t(z) = ————(0, 1, g(z)), and the two normal vector fields

V1483 (@)
-1
n () =
\/1 - f:?(xa O) - f;(%,())
1
r) =
V1= F2(.0) = f2(2,0)/T+ §(2)
By the same arguments as those in the case for de Sitter evolutes, we have
—(14 ¢*(z))2 ~1
( (z)) () = _ —
(1 +g2@)(1 = 12 = 1))

11

(fo(‘r?O)?fy(x?O))v

b( (g(x)fz(x,O)—fy(x,O),—g(x),l)

o T @0+ w0

(=9(2) fez (2, 0)+ fya(, 0))



Moreover we have
2(0) = -2 (@)/@ =0, (“—) (0) = 8§(0). 7,(0) = 0. 75(0) = —(0).

We now consider the special case g(z) = agz?® + azz®. Then we have §,.(0) = az, 9(0) = as.

Since k,(0) = —%ag, we can define h. where ay # 0. Moreover we have

o1(0) = 0, 0}(0) #0

if agy # 0. Therefore g(z), which is as # 0, is an example of hyperbolic evolute which has a
cusp at the origin.
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