
Ps❡✉❞♦s♣❡❝tr❛❧ ❈♦♥✈❡① ❖♣t✐♠✐③❛t✐♦♥ ❢♦r P♦✇❡r❡❞

❉❡s❝❡♥t ❛♥❞ ▲❛♥❞✐♥❣

▼❛r❝♦ ❙❛❣❧✐❛♥♦✶

❉❡✉ts❝❤❡s ❩❡♥tr✉♠ ❢ür ▲✉❢t✲ ✉♥❞ ❘❛✉♠❢❛❤rt✱ ❇r❡♠❡♥✱ ●❡r♠❛♥②✱ ✷✽✸✺✾

❖✈❡r t❤❡ ❧❛st ②❡❛rs t✇♦ ♥❡✇ t❡❝❤♥♦❧♦❣✐❡s t♦ s♦❧✈❡ ♦♣t✐♠❛❧✲❝♦♥tr♦❧ ♣r♦❜❧❡♠s ✇❡r❡

s✉❝❝❡ss❢✉❧❧② ❞❡✈❡❧♦♣❡❞✱ t❤❛t ✐s ♣s❡✉❞♦s♣❡❝tr❛❧ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ❛♥❞ ❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥✱

t❤❡ ❢♦r♠❡r ❢♦r s♦❧✈✐♥❣ ❣❡♥❡r❛❧ ♥♦♥❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣ ♣r♦❜❧❡♠✱ ❛♥❞ t❤❡ ❧❛tt❡r ❛✐♠❡❞

❛t s♦❧✈✐♥❣ ❝♦♥✈❡① ♣r♦❜❧❡♠s ✭❡✳❣✳✱ s❡❝♦♥❞✲♦r❞❡r ❝♦♥✐❝ ♣r♦❜❧❡♠s✮ ✐♥ r❡❛❧✲t✐♠❡✳ ■♥ t❤✐s

♣❛♣❡r ❛ ❢r❛♠❡✇♦r❦ ❢♦r ❝♦♠❜✐♥✐♥❣ t❤❡♠✱ ✇✐t❤ ❛ ♠♦t✐✈❛t✐♦♥❛❧ ❡①❛♠♣❧❡✱ ❛r❡ ❞❡s❝r✐❜❡❞✳

❚❤❡ ❜❡♥❡✜ts ♦❢ t❤❡ ♥❡✇ ♣r♦♣♦s❡❞ ♠❡t❤♦❞ ❛r❡ ❞❡♠♦♥str❛t❡❞ ❢♦r t❤❡ ❞❡s❝❡♥t ♣❤❛s❡ ♦❢

t❤❡ ◆❆❙❆ ▼❛rs ❙❝✐❡♥❝❡ ▲❛❜♦r❛t♦r②✳ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s s❤♦✇ t❤❛t t❤❡ ♣r♦♣♦s❡❞

❛❧❣♦r✐t❤♠s ❧❡❛❞ t♦ ♠♦r❡ ❛❝❝✉r❛t❡ r❡s✉❧ts ✇✐t❤ r❡s♣❡❝t t♦ st❛♥❞❛r❞ tr❛♥s❝r✐♣t✐♦♥ ♠❡t❤✲

♦❞s✳

◆♦♠❡♥❝❧❛t✉r❡

❘♦♠❛♥

Ac ❂ ❈♦♥t✐♥✉♦✉s ▲❚■ ❞②♥❛♠✐❝ ♠❛tr✐①

Ad ❂ ❉✐s❝r❡t❡ ▲❚■ ❞②♥❛♠✐❝ ♠❛tr✐①

Bc ❂ ❈♦♥t✐♥✉♦✉s ▲❚■ ❝♦♥tr♦❧ ♠❛tr✐①

Bd ❂ ❉✐s❝r❡t❡ ▲❚■ ❝♦♥tr♦❧ ♠❛tr✐①

D ❂ ❉✐s❝r❡t❡ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♠❛tr✐①

F ❂ ❉✐s❝r❡t❡ ❢✉♥❝t✐♦♥ ✈❡❝t♦r

f ,g ❂ ●❡♥❡r✐❝ ❢✉♥❝t✐♦♥s

✶ ●◆❈ ❊♥❣✐♥❡❡r✱ ◆❛✈✐❣❛t✐♦♥ ❛♥❞ ❈♦♥tr♦❧ ❉❡♣❛rt♠❡♥t✱ ❆■❆❆ ▼❡♠❜❡r

✶



g ❂ ●r❛✈✐t② ✈❡❝t♦r✱ ❬♠✴s✷❪

In ❂ ■❞❡♥t✐t② ♠❛tr✐① ♦❢ ❞✐♠❡♥s✐♦♥s n

i✱j✱k✱m✱n ❂ ◆♦♥✲♥❡❣❛t✐✈❡✱ ✐♥t❡❣❡r ✐♥❞✐❝❡s

J ❂ ❈♦st ❢✉♥❝t✐♦♥

kt ❂ P❤②s✐❝❛❧ t✐♠❡ ✲ ♣s❡✉❞♦s♣❡❝tr❛❧ t✐♠❡ ❝♦♥✈❡rs✐♦♥ ❢❛❝t♦r✱ ❬s❪

L̃n(τ) ❂ ▲❡❣❡♥❞r❡ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ n

Ln(τ) ❂ ▲❡❣❡♥❞r❡✲▲♦❜❛tt♦ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ n

m ❂ ▲❛♥❞❡r ♠❛ss✱ ❬❦❣❪

On1×n2
❂ ❩❡r♦ ♠❛tr✐① ♦❢ ❞✐♠❡♥s✐♦♥s n1✱n2

P (τ) ❂ ▲❛❣r❛♥❣❡ ♣♦❧②♥♦♠✐❛❧

Rn(τ) ❂ ▲❡❣❡♥❞r❡✲❘❛❞❛✉ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ n

r ❂ P♦s✐t✐♦♥ ✈❡❝t♦r✱ ❬♠❪

Tc ❂ ❚❤r✉st ✈❡❝t♦r✱ ❬◆❪

t ❂ ●❡♥❡r✐❝ t✐♠❡✱ s

v ❂ ❱❡❧♦❝✐t② ✈❡❝t♦r✱ ❬♠✴s❪

xc(t)✱ uc(t) ❂ ●❡♥❡r✐❝ ❝♦♥t✐♥✉♦✉s st❛t❡ ❛♥❞ ❝♦♥tr♦❧

X✱ U ❂ ❉✐s❝r❡t❡ st❛t❡ ❛♥❞ ❝♦♥tr♦❧ ✈❡❝t♦r

x(t)✱ u(t) ❂ ●❡♥❡r✐❝ st❛t❡ ❛♥❞ ❝♦♥tr♦❧

z ❂ ▲♦❣❛r✐t❤♠ ♦❢ ❧❛♥❞❡r✬s ♠❛ss

●r❡❡❦

α ❂ ❚❤r✉st❡r s②st❡♠ ♣❛r❛♠❡t❡r✱ ❬s✴♠❪

Γ✱ σ ❂ s❧❛❝❦ ✈❛r✐❛❜❧❡s✱ ❬◆✱ ◆✴♠❪

Φ ❂ ▼❛②❡r t❡r♠

Ψ ❂ ▲❛❣r❛♥❣❡ t❡r♠

ρ ❂ ❚❤r✉st ❧✐♠✐t✱ ❬◆❪

τ ❂ Ps❡✉❞♦s♣❡❝tr❛❧ t✐♠❡

ω ❂ ❘❛❞❛✉ ✴ ▲♦❜❛tt♦ q✉❛❞r❛t✉r❡ ✇❡✐❣❤ts

✷



❖♣❡r❛t♦rs ❛♥❞ s✉❜s❝r✐♣ts

˙(·) ❂ ❋✐rst t✐♠❡ ❞❡r✐✈❛t✐✈❡✱ ❬· ✴s❪

(·)0 ❂ ✜rst ❡❧❡♠❡♥t ♦❢ ✈❛r✐❛❜❧❡ (·)✱ [·]

(·)f ❂ ✜♥❛❧ ❡❧❡♠❡♥t ♦❢ ✈❛r✐❛❜❧❡ (·)✱ [·]

(·)l ❂ ▲♦✇❡r ❧✐♠✐t✱ ❬·❪

(·)max ❂ ▼❛①✐♠✉♠ ❧✐♠✐t✱ ❬·❪

(·)(t0) ❂ ✈❛r✐❛❜❧❡ (·) ❡✈❛❧✉❛t❡❞ ❛t ✐♥✐t✐❛❧ t✐♠❡ t0✱ ❬·❪

(·)(tf ) ❂ ✈❛r✐❛❜❧❡ (·) ❡✈❛❧✉❛t❡❞ ❛t ✜♥❛❧ t✐♠❡ tf ✱ ❬·❪

(·)x ❂ x ❝♦♠♣♦♥❡♥t ♦❢ ✈❡❝t♦r (·)✱ ❬·❪

(·)y ❂ y ❝♦♠♣♦♥❡♥t ♦❢ ✈❡❝t♦r (·)✱ ❬·❪

(·)z ❂ z ❝♦♠♣♦♥❡♥t ♦❢ ✈❡❝t♦r (·)✱ ❬·❪

(·)u ❂ ❯♣♣❡r ❧✐♠✐t✱ ❬·❪

■✳ ■♥tr♦❞✉❝t✐♦♥

❖✈❡r t❤❡ ❧❛st ②❡❛rs t❤❡ s♣❛❝❡ r❛❝❡ ❤❛s s❡❡♥ ❛ ❞r❛♠❛t✐❝ ♣❛r❛❞✐❣♠ s❤✐❢t✳ ❲❤✐❧❡ ✐♥ t❤❡ ❧❛st ✹✵

②❡❛rs ♦❢ t❤❡ ✷✵t❤ ❝❡♥t✉r② t❤❡ ❝❤❛❧❧❡♥❣❡ ✇❛s ♣❧❛②❡❞ t♦ ❡st❛❜❧✐s❤ ❛ ♠✐❧✐t❛r② s✉♣r❡♠❛❝② ❜❡t✇❡❡♥ t❤❡

✇❡st❡r♥ ❛♥❞ t❤❡ ❡❛st❡r♥ ❜❧♦❝❦s✱ t❤❡ ❣❧♦❜❛❧ ✐♠♣❡r❛t✐✈❡ ✐s ♥♦✇ t❤❡ ❡❝♦♥♦♠✐❝❛❧ s✉st❛✐♥❛❜✐❧✐t② ♦❢ t❤❡

s♣❛❝❡ ♠✐ss✐♦♥s✳ ❙♣❛❝❡❳ ❬✶❪ s❤♦✇❡❞ t❤❛t t❤❡ r❡✉s❛❜✐❧✐t② ✐s t❤❡ ❦❡② ❢♦r ❛ ❞r❛♠❛t✐❝ r❡❞✉❝t✐♦♥ ♦❢ t❤❡

❝♦sts ❛ss♦❝✐❛t❡❞ ✇✐t❤ s♣❛❝❡ ❡①♣❧♦r❛t✐♦♥ ✜rst ❛♥❞ ❝♦♠♠❡r❝✐❛❧ ❡①♣❧♦✐t❛t✐♦♥ ❧❛t❡r ♦♥✳ ❖♥❡ ♦❢ t❤❡ ❝r✐t✐❝❛❧

❢❛❝t♦rs ❢♦r ❤❛✈✐♥❣ ❛♥ ❡✣❝✐❡♥t ❞❡s❝❡♥t ❛♥❞ ❧❛♥❞✐♥❣ s②st❡♠ ✐s t❤❡ s♣❛❝❡❝r❛❢t✬s ❝❛♣❛❜✐❧✐t② t♦ ❣❡♥❡r❛t❡

r❡❛❧✲t✐♠❡ ❣✉✐❞❛♥❝❡ s♦❧✉t✐♦♥s✳ ❚❤❡s❡ ✐♥❝❧✉❞❡ tr❛❥❡❝t♦r✐❡s ❛♥❞ ❝♦♠♠❛♥❞s✱ ✇❤✐❝❤ s❛t✐s❢② ❛❧❧ t❤❡ ❝r✐t❡r✐❛

♦❢ t❤❡ ♠✐ss✐♦♥ ✇❤✐❧❡ ♣r♦♣❡r❧② ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ ✉♥❝❡rt❛✐♥t✐❡s ❛❝t✐♥❣ ♦♥ t❤❡ s②st❡♠✱ ✭❢♦r ❡①❛♠♣❧❡ t❤❡

s♣❛❝❡❝r❛❢t ❤❛s t♦ ❜❡ ❛❜❧❡ t♦ r❡✲❝♦♠♣✉t❡ ✐ts tr❛❥❡❝t♦r② ✇✐t❤♦✉t ✈✐♦❧❛t✐♥❣ ❛♥② ❝♦♥str❛✐♥t✱ ❧✐❦❡ ❛ ❣✐✈❡♥

❣❧✐❞❡s❧♦♣❡ ❧✐♠✐t r❡q✉✐r❡❞ ❢♦r ♣r♦♣❡r ❤❛③❛r❞✲❛✈♦✐❞❛♥❝❡✮✳

❙❡✈❡r❛❧ ♠❡t❤♦❞s ✇❡r❡ ❞❡✈❡❧♦♣❡❞ ♦✈❡r t❤❡ ②❡❛rs✳ ❚❤❡ ✜rst ❢❛♠✐❧② ♦❢ ♠❡t❤♦❞s ✐s ❛ ❤❡r✐t❛❣❡ ♦❢ t❤❡

❆♣♦❧❧♦ ❡r❛✱ ❛♥❞ ✐s ❝♦♥s❡q✉❡♥t❧② ♥❛♠❡❞ ❆♣♦❧❧♦ ❣✉✐❞❛♥❝❡ ❬✷❪✱ ♦r✐❣✐♥❛❧❧② ✉s❡❞ ❢♦r t❤❡ ▼♦♦♥ ❧❛♥❞✐♥❣✳

■♥ t❤✐s ❝❛s❡ ❛♥ ❛❝❝❡❧❡r❛t✐♦♥ ♣r♦✜❧❡ ✇❛s ❝♦♠♣✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✐♥✐t✐❛❧ ❛♥❞ ✜♥❛❧ ✭❞❡s✐r❡❞✮ ♣♦s✐t✐♦♥

❛♥❞ ✈❡❧♦❝✐t②✳ ❚❤✐s ♠❡t❤♦❞ s♦❧✈❡s ❢♦r t❤❡ ❞❡s✐r❡❞ t❡r♠✐♥❛❧ ❝♦♥❞✐t✐♦♥s✱ ❜✉t ✐t ✐s ♥♦t ♦♣t✐♠❛❧ ✐♥ t❡r♠s

✸



♦❢ ♣r♦♣❡❧❧❛♥t ❝♦♥s✉♠♣t✐♦♥✱ ♥♦r ❛❧❧♦✇s ❢♦r ✐♥❝❧✉❞✐♥❣ ❢✉rt❤❡r ❝♦♥str❛✐♥ts✳ ❆♥ ❛❧t❡r♥❛t✐✈❡ ❛❧❣♦r✐t❤♠

✐s t❤❡ ❣r❛✈✐t② t✉r♥ ❬✸✕✺❪✱ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❤❛✈✐♥❣ t❤❡ t❤r✉st ❞✐r❡❝t✐♦♥ ♣❛r❛❧❧❡❧ ❛♥❞ ♦♣♣♦s✐t❡ t♦ t❤❡

✈❡❧♦❝✐t② ✈❡❝t♦r ❞✉r✐♥❣ t❤❡ ♣♦✇❡r❡❞ ❞❡s❝❡♥t ♣❤❛s❡✳ ❆ ❞r❛✇❜❛❝❦ ♦❢ t❤✐s ❛♣♣r♦❛❝❤ ❝❛♥ ❜❡ t❤❡ ❤✐❣❤ ✜♥❛❧

✈❡❧♦❝✐t② ❛❝❤✐❡✈❡❞ ❜② t❤❡ s♣❛❝❡❝r❛❢t ❬✻❪✳ ❚❤✐s r✐s❦ ❝❛♥ ❜❡ ♠✐t✐❣❛t❡❞ ❜② st❛rt✐♥❣ t❤❡ ♠❛♥❡✉✈❡r ❡❛r❧✐❡r✳

❍♦✇❡✈❡r✱ t❤❡ ❝♦rr❡❝t ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✭❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ❛❝❤✐❡✈❡♠❡♥t ♦❢ t❤❡ ❞❡s✐r❡❞ ✜♥❛❧

❝♦♥❞✐t✐♦♥s✮ ❞❡♣❡♥❞s ♦♥ t❤❡ ✐♥✐t✐❛❧ st❛t❡s✱ ❛♥❞ t❤❡r❡❢♦r❡✱ r❡q✉✐r❡s ❢✉rt❤❡r ♠♦❞✐✜❝❛t✐♦♥s t♦ ❜❡ ✉s❡❞✳

❚❤✐s ✇❛s t❤❡ ❝❛s❡ ❢♦r t❤❡ ❱✐❦✐♥❣ ♠✐ss✐♦♥s ❬✼❪✳ ❚❤❡ ♣♦✇❡r❡❞ ❞❡s❝❡♥t ❛❧❣♦r✐t❤♠ ✇❛s ✐♥ t❤✐s ❝❛s❡ ❜❛s❡❞

♦♥ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ❣r❛✈✐t②✲t✉r♥ t❡❝❤♥✐q✉❡ ✇✐t❤ t✇♦ ❛❧t✐t✉❞❡✲✈❡❧♦❝✐t② ♣r♦✜❧❡s✱ ❡♠♣❧♦②❡❞ t♦

❣❡♥❡r❛t❡ ❛♥ ✐♥t❡r♣♦❧❛t❡❞ s♦❧✉t✐♦♥ ❢♦r ❛♥② ✐♥✐t✐❛❧ ❛♥❞ ✜♥❛❧ ❝♦♥❞✐t✐♦♥s ❡①♣❡r✐❡♥❝❡❞ ❞✉r✐♥❣ t❤❡ ❞❡s❝❡♥t✳

❆ ♣❛r❛❞✐❣♠ s❤✐❢t ✇❛s ❡①♣❡r✐❡♥❝❡❞ ✇✐t❤ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥ ❬✽❪✱ ❛ ❝❧❛ss

♦❢ ♠❡t❤♦❞s ✇❤✐❝❤ ❛❧❧♦✇ t♦ ♦❜t❛✐♥ ✐♥ r❡❛❧ t✐♠❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥s ❢♦r ❛❧❧ t❤♦s❡ ♣r♦❜❧❡♠s s❛t✐s❢②✐♥❣

s♦♠❡ s♣❡❝✐✜❝ ❝r✐t❡r✐❛ ✭t❤❛t ✐s✱ ❢♦r ❛❧❧ t❤♦s❡ ♣r♦❜❧❡♠s ✇❤✐❝❤ ❛r❡ s✉❜❥❡❝t t♦ ❝♦♥✈❡① ❝♦♥str❛✐♥ts✮✳ ❚❤❡

♠❡t❤♦❞ ❢♦✉♥❞ ❢✉rt❤❡r ❛❡r♦s♣❛❝❡ ❛♣♣❧✐❝❛t✐♦♥s ✭❡✳❣✳✱ t❤❡ ❛t♠♦s♣❤❡r✐❝ ❡♥tr② ❣✉✐❞❛♥❝❡ ♣r♦❜❧❡♠ ❬✾❪✮✱ ❛♥❞

✐♥ ❣❡♥❡r❛❧ t♦ ♥♦♥✲❝♦♥✈❡① ♣r♦❜❧❡♠s ❛s ✇❡❧❧ ❬✶✵❪✳ ■♥ t❤❡ ✜❡❧❞ ♦❢ ❊♥tr②✱ ❉❡s❝❡♥t✱ ❛♥❞ ▲❛♥❞✐♥❣ ✭❊❉▲✮

❛♣♣❧✐❝❛t✐♦♥s ❛ ❜r❡❛❦t❤r♦✉❣❤ ✇❛s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ❧♦ss❧❡ss ❝♦♥✈❡①✐✜❝❛t✐♦♥ ❢♦r

t❤❡ ▼❛rs ♣♦✇❡r❡❞ ❞❡s❝❡♥t ❬✶✶✕✶✹❪✳ ❚❤❡ ♠❡t❤♦❞ ✇❛s s✉❝❝❡ss❢✉❧❧② ❞❡♠♦♥str❛t❡❞ ✐♥ ✷✵✶✸ ✇✐t❤ t❤❡

▼❛st❡♥ ❙♣❛❝❡ ❙②st❡♠s✬s ❳♦♠❜✐❡ ✢✐❣❤t ❬✶✺❪ ❛♥❞ ✐♥ t❤❡ ❧❛st s✉❝❝❡ss❢✉❧ ✢✐❣❤ts ♦❢ ❙♣❛❝❡❳✬s ❋❛❧❝♦♥ ✾

❬✶❪✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ♦♣t✐♠✐③❡s t❤❡ ❝♦♥s✉♠♣t✐♦♥ ♦❢ ♣r♦♣❡❧❧❛♥t ♠❛ss✱ ❛♥❞ ❛❧❧♦✇s ❢♦r t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢

❢✉rt❤❡r ❝♦♥str❛✐♥ts✱ s✉❝❤ ❛s t❤❡ ❛✈♦✐❞❛♥❝❡ ♦❢ ♥♦♥✲♣❤②s✐❝❛❧ s✉❜✲s✉r❢❛❝❡ tr❛❥❡❝t♦r✐❡s ❛♥❞ ❣❧✐❞❡s❧♦♣❡

❧✐♠✐ts ❞✉r✐♥❣ t❤❡ ❞❡s❝❡♥t✳

❆♥ ❛❧t❡r♥❛t✐✈❡ ❛♣♣r♦❛❝❤ ❤❛s ❛r✐s❡♥ ✇✐t❤ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ♣s❡✉❞♦s♣❡❝tr❛❧ ♦♣t✐♠❛❧ ❝♦♥tr♦❧✱ ❛

❝❧❛ss ♦❢ ♠❡t❤♦❞s ♣❛rt✐❝✉❧❛r❧② ❡✣❝✐❡♥t ❢♦r ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ♥♦♥✲❝♦♥✈❡① ♣r♦❜❧❡♠s✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ♣♦✇❡r❡❞

❞❡s❝❡♥t ❣✉✐❞❛♥❝❡ ♣r♦❜❧❡♠ ❬✶✻✕✶✾❪✳ ❚❤❡② ✉s❡ ♥♦♥✲✉♥✐❢♦r♠ ❣r✐❞s✱ ❧❡❛❞✐♥❣ t♦ s♠♦♦t❤❡r r❡s✉❧ts✱ ❛♥❞

❛ s♠❛❧❧ ♥✉♠❜❡r ♦❢ ♥♦❞❡s r❡q✉✐r❡❞ t♦ ❝♦♠♣✉t❡ ❛ ✈❛❧✐❞ s♦❧✉t✐♦♥ ❬✷✵✕✷✷❪✳ ❚❤❡ r❡s✉❧t✐♥❣ ❞✐s❝r❡t✐③❡❞

♥♦♥❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣ ✭◆▲P✮ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ t❤❡r❡❢♦r❡ s♦❧✈❡❞ ✇✐t❤ ♦♥❡ ♦❢ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ♦✛✲

t❤❡✲s❤❡❧❢ ◆▲P ♣❛❝❦❛❣❡s✱ s✉❝❤ ❛s ❙◆❖P❚ ❬✷✸❪ ♦r ■P❖P❚ ❬✷✹❪✳ ❍♦✇❡✈❡r t❤❡s❡ ♠❡t❤♦❞s ❝❛♥♥♦t ✐♥

❣❡♥❡r❛❧ s♦❧✈❡ t❤❡ ✉♥❞❡r❧②✐♥❣ ♥♦♥❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣ ✭◆▲P✮ ♣r♦❜❧❡♠ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡✱ ♠❛❦✐♥❣

❤❛r❞❡r t❤❡✐r ❞✐r❡❝t ✉s❡ ✐♥ r❡❛❧✲t✐♠❡✳ ▼♦r❡♦✈❡r✱ t❤❡s❡ ❛❧❣♦r✐t❤♠s ❝♦♠♣✉t❡ ♦♥❧② ❧♦❝❛❧ ♦♣t✐♠❛✱ ❛♥❞ ❢♦r

✹



❝♦♠♣❧❡① ♣r♦❜❧❡♠s t❤❡② ♠✐❣❤t r❡q✉✐r❡ ❛ ❣♦♦❞ ✐♥✐t✐❛❧ ❣✉❡ss✳

■♥ t❤✐s ✇♦r❦ ✇❡ ♣r❡s❡♥t ❛ ♥♦✈❡❧ ♠❡t❤♦❞ ❜❛s❡❞ ♦♥ t❤❡ ❤②❜r✐❞✐③❛t✐♦♥ ♦❢ ♣s❡✉❞♦s♣❡❝tr❛❧ ♠❡t❤♦❞s

❛♥❞ ❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥✱ ❧❡❛❞✐♥❣ t♦ t❤❡ ♣r♦♣♦s❡❞ ♣s❡✉❞♦s♣❡❝tr❛❧ ❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥✱ ♣♦t❡♥t✐❛❧❧②

❛❜❧❡ t♦ ♣r♦✈✐❞❡ ❛ ♠♦r❡ ❛❝❝✉r❛t❡ ❝❧❛ss ♦❢ ♠❡t❤♦❞s ❢♦r r❡❛❧✲t✐♠❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧✳ ❆ ✜rst st❡♣ ✐♥ t❤❛t

s❡♥s❡ ❝❛♥ ❜❡ ❛❧r❡❛❞② ❢♦✉♥❞ ✐♥ ❬✷✺❪✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❛t ❝❛s❡ ❈❤❡❜②s❤❡✈ ♣♦❧②♥♦♠✐❛❧s ✇❡r❡ ♦♥❧② ✉s❡❞ ❢♦r

✐♥t❡r♣♦❧❛t✐♥❣ t❤❡ ❝♦♥tr♦❧s✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ♥❡✐t❤❡r t❤❡ ♣r♦♣❡rt✐❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✉s❡ ♦❢ ♥♦♥✲

✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥s ♦❢ ♥♦❞❡s✱ ♥♦r t❤❡ ❞❡❞✐❝❛t❡❞ ❞✐✛❡r❡♥t✐❛❧ ❛♥❞ ✐♥t❡❣r❛❧ ♦♣❡r❛t♦rs ✇❡r❡ ❡①♣❧♦✐t❡❞✳

■♥ t❤❡ ♣r❡s❡♥t ✇♦r❦ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ♣s❡✉❞♦s♣❡❝tr❛❧ ♠❡t❤♦❞s ❛r❡ ❞❡❡♣❧② ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ♣r❡✲

❡①✐st✐♥❣ ❝♦♥✈❡① ❢r❛♠❡✇♦r❦✳ ❚❤❡ ✐❞❡❛ ✐s ✐♠♣r♦✈❡ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❝✉rr❡♥t ♠❡t❤♦❞s ✇✐t❤♦✉t

❤❛✈✐♥❣ ❛♥ ❡①❝❡ss✐✈❡ ✇♦rs❡♥✐♥❣ ♦❢ t❤❡ r❡❛❧✲t✐♠❡ ❝❛♣❛❜✐❧✐t② ♦❢ t❤❡ ❝♦♥✈❡① ❢r❛♠❡✇♦r❦ ❜② ❛❞♦♣t✐♥❣

♣s❡✉❞♦s♣❡❝tr❛❧ ♦♣❡r❛t♦rs✳ ■♥ ❢❛❝t✱ t❤❡✐r ❧✐♥❡❛r✐t②✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❤✐❣❤❡r ❛❝❝✉r❛❝② t❤❡② ♣r♦✈✐❞❡

✇✐t❤ r❡s♣❡❝t t♦ st❛♥❞❛r❞ ♦♣❡r❛t♦rs ✭s✉❝❤ ❛s ✜♥✐t❡ ❞✐✛❡r❡♥❝❡s ❢♦r ❞✐✛❡r❡♥t✐❛t✐♦♥✱ ♦r t❤❡ tr❛♣❡③♦✐❞❛❧

r✉❧❡ ❢♦r ✐♥t❡❣r❛t✐♦♥✮ ❛❧❧♦✇ t♦ ❞❡✜♥❡ ❛ ♥❡✇ ♠❡t❤♦❞✱ ✇❤✐❝❤ ✐s st✐❧❧ r❡❛❧✲t✐♠❡ ❝❛♣❛❜❧❡✱ ❛♥❞ ❛t t❤❡ s❛♠❡

t✐♠❡ ♠♦r❡ ❛❝❝✉r❛t❡ t❤❛♥ st❛♥❞❛r❞ ❝♦♥✈❡① ❛♣♣r♦❛❝❤❡s✳

❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥s ✷ ❛♥❞ ✸ ♣r♦✈✐❞❡ ❛ ❜r✐❡❢ ♦✈❡r✈✐❡✇ ♦♥ Ps❡✉❞♦s♣❡❝tr❛❧

♠❡t❤♦❞s ❛♥❞ ❈♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥✱ r❡s♣❡❝t✐✈❡❧②✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ t❤❡ ❧❛tt❡r r❡❢❡rs t♦ ❛ s♣❡❝✐❛❧

❢♦r♠ ♦❢ ❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥✱ t❤❛t ✐s✱ t❤❡ ❙❡❝♦♥❞✲❖r❞❡r ❈♦♥✐❝ Pr♦❣r❛♠♠✐♥❣ ✭❙❖❈P✮✳ ■♥ ❙❡❝✳ ✹ ❛

s✐♠♣❧❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❡①❛♠♣❧❡✱ ♠♦t✐✈❛t✐♥❣ t❤❡ ✇♦r❦✱ ✐s ♣r❡s❡♥t❡❞✱ ✇❤✐❧❡ t❤❡ ♣r♦❜❧❡♠ ✇❡ ❢♦❝✉s ♦♥✱

t❤❛t ✐s✱ t❤❡ ▼❛rs ♣♦✇❡r❡❞ ❞❡s❝❡♥t ♣r♦❜❧❡♠ ✐s ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝✳ ✺✳ ❚❤❡ ♥❡✇ ♣s❡✉❞♦s♣❡❝tr❛❧ ❝♦♥✈❡①

♦♣t✐♠✐③❛t✐♦♥ ❢r❛♠❡✇♦r❦ ✐s ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝✳ ✻✱ ✇❤✐❧❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s s❤♦✇✐♥❣ t❤❡ ❜❡♥❡✜ts ♦❢

t❤❡ ♣r♦♣♦s❡❞ t❡❝❤♥✐q✉❡s ❛r❡ t❤❡ s✉❜❥❡❝t ♦❢ ❙❡❝✳ ✼✳ ❋✐♥❛❧❧②✱ ❙❡❝✳ ✽ ♣r❡s❡♥ts s♦♠❡ ❝♦♥❝❧✉s✐♦♥s ❛❜♦✉t

t❤✐s ✇♦r❦✳

■■✳ ❖✈❡r✈✐❡✇ ♦♥ Ps❡✉❞♦s♣❡❝tr❛❧ ♠❡t❤♦❞s

❆✳ ❖♣t✐♠❛❧ ❈♦♥tr♦❧ Pr♦❜❧❡♠

❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❛♣♣r♦❛❝❤❡s ❢♦r t❤❡ ❣❡♥❡r❛t✐♦♥ ♦❢ r❡❢❡r❡♥❝❡ tr❛❥❡❝t♦r✐❡s✳ ❙♦♠❡ ♠❡t❤♦❞s ❡①♣❧♦✐t

t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ s♣❡❝✐✜❝ ♣r♦❜❧❡♠ ✇❡ ❞❡❛❧ ✇✐t❤✳ ❖❢t❡♥✱ t❤❡② r❡q✉✐r❡ s✐♠♣❧✐✜❝❛t✐♦♥s t♦ ♠❛❦❡ t❤❡

♣r♦❜❧❡♠ ♠❛t❤❡♠❛t✐❝❛❧❧② tr❛❝t❛❜❧❡✱ ❛♥❞ t❤❡r❡❢♦r❡ ❣❡♥❡r❛t❡ s♦❧✉t✐♦♥s ✈❛❧✐❞ ✉♥❞❡r ❣✐✈❡♥ ❤②♣♦t❤❡s❡s✳ ❆

✺



❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤✱ ✇❤✐❝❤ ✐s ❣❛✐♥✐♥❣ ♣♦♣✉❧❛r✐t②✱ ❛♥❞ ❜❡♥❡✜ts ❢r♦♠ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ❝♦♠♣✉t❛✲

t✐♦♥❛❧ ❝❛♣❛❜✐❧✐t✐❡s ♦❢ ♠♦❞❡r♥ ❈P❯s✱ ✐s t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ tr❛❥❡❝t♦r② ❣❡♥❡r❛t✐♦♥ ♣r♦❜❧❡♠ ❛s ❛♥

♦♣t✐♠❛❧✲❝♦♥tr♦❧ ♣r♦❜❧❡♠✳ ❚❤✐s ♠❡❛♥s t❤❛t ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r s♦❧✉t✐♦♥s ♠✐♥✐♠✐③✐♥❣ ✭♦r ♠❛①✐♠✐③✐♥❣✮

❛ ❣✐✈❡♥ ❝r✐t❡r✐♦♥✱ ❛♥❞ s❛t✐s❢②✐♥❣ ❛t t❤❡ s❛♠❡ t✐♠❡ s❡✈❡r❛❧ ❝♦♥str❛✐♥ts✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞✐✛❡r❡♥t✐❛❧ ✭✐✳❡✳✱

t❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ♦❢ ❛ s♣❛❝❡❝r❛❢t✮ ❛♥❞ ✴ ♦r ❛❧❣❡❜r❛✐❝ ✭❡✳❣✳✱ t❤❡ ♠❛①✐♠✉♠ ❤❡❛t✲✢✉① t❤❛t ❛

✈❡❤✐❝❧❡ ❝❛♥ t♦❧❡r❛t❡ ❞✉r✐♥❣ t❤❡ ❛t♠♦s♣❤❡r✐❝ ❡♥tr②✮✳ ❚❤❡ st❛♥❞❛r❞ ❢♦r♠ ❢♦r r❡♣r❡s❡♥t✐♥❣ ♦♣t✐♠❛❧✲

❝♦♥tr♦❧ ♣r♦❜❧❡♠s ✐s t❤❡ s♦✲❝❛❧❧❡❞ ❇♦❧③❛ ♣r♦❜❧❡♠✳ ●✐✈❡♥ ❛ st❛t❡ ✈❡❝t♦r x(t) ∈ R
ns ✱ ❛ ❝♦♥tr♦❧ ✈❡❝t♦r

u(t) ∈ R
nc ✱ t❤❡ s❝❛❧❛r ❢✉♥❝t✐♦♥s Φ(t,x,u) ❛♥❞ Ψ(t,x,u)✱ ❛♥❞ t❤❡ ✈❡❝t♦r g(t,x,u) ∈ R

ng ✇❡ ❝❛♥

❢♦r♠✉❧❛t❡ t❤❡ ♣r♦❜❧❡♠ ❛s ❢♦❧❧♦✇s✿

min J = Φ [tf ,x (tf ) ,u (tf )] +

∫ tf

t0

Ψ [x(t),u(t)] dt ✭✶✮

s✉❜❥❡❝t t♦ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s

ẋ = f (t,x,u) ✭✷✮

❛♥❞ t♦ t❤❡ ♣❛t❤ ❝♦♥str❛✐♥ts

gL ≤ g (t,x,u) ≤ gU ✭✸✮

❚❤❡ ✜rst t❡r♠ ✐♥ t❤❡ ❝♦st ❢✉♥❝t✐♦♥ ♦❢ ❊q✳ ✭✶✮ t❛❦❡s t❤❡ ♥❛♠❡ ♦❢▼❛②❡r t❡r♠✱ ❛♥❞ r❡♣r❡s❡♥ts ♣✉♥❝t✉❛❧

❝♦♥str❛✐♥ts ✭❡✳❣✳✱ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ ❛ ❞✐st❛♥❝❡ ❛❝❝♦r❞✐♥❣ t♦ ❛ ❣✐✈❡♥ ♠❡tr✐❝✮✱ ✇❤✐❧❡ t❤❡ ❛r❣✉♠❡♥t

♦❢ t❤❡ ✐♥t❡❣r❛❧ ✐s ❝❛❧❧❡❞ t❤❡ ▲❛❣r❛♥❣❡ t❡r♠ ❛♥❞ ✐s ✉s❡❞ t♦ ♠❛①✐♠✐③❡ ♦r ♠✐♥✐♠✐③❡ ✈❛r✐❛❜❧❡s ♦✈❡r t❤❡

❡♥t✐r❡ ♠✐ss✐♦♥ ✭❡✳❣✳✱ t❤❡ ❤❡❛t ❧♦❛❞ ♦❜t❛✐♥❡❞ ❜② ✐♥t❡❣r❛t✐♥❣ t❤❡ ❤❡❛t✲✢✉① ♦✈❡r t✐♠❡✮✳ ❚❤❡ ✐♥❡q✉❛❧✐t✐❡s

✐♥ ❊q✳ ✭✸✮ ❛r❡ ♠❡❛♥t ❛s ❝♦♠♣♦♥❡♥t✲✇✐s❡✳ ◆♦t❡ t❤❛t ❛❧t❤♦✉❣❤ ♥♦t s♣❡❝✐✜❝❛❧❧② ❡①♣r❡ss❡❞✱ ✇❡ ❛❧✇❛②s

r❡❢❡r t♦ ❛✉t♦♥♦♠♦✉s s②st❡♠s ♦❢ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ❚❤❡r❡❢♦r❡ t❤❡ t✐♠❡ ❞❡♣❡♥❞❡♥❝② ✐♥ ❊q✳ ✭✷✮

✐s ♥❡✈❡r ❡①♣❧✐❝✐t✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ ✇❡ ❞❡❛❧ ✇✐t❤ ♣❤②s✐❝❛❧ s②st❡♠s✱ t❤❡ ♣r♦❜❧❡♠ ❤❛s ✉s✉❛❧❧② ❜♦✉♥❞❡❞

✻



st❛t❡s ❛♥❞ ❝♦♥tr♦❧s✱ t❤❛t ✐s✱ x(t) ❛♥❞ u(t) ❛r❡ ❝♦♠♣❛❝t ✐♥ R
ns ❛♥❞ R

nc ✱ r❡s♣❡❝t✐✈❡❧②✿

xL ≤ x(t) ≤ xU ✭✹✮

uL ≤ u(t) ≤ uU ✭✺✮

❊q✉❛t✐♦♥s ✭✶✮✲✭✺✮ r❡♣r❡s❡♥t ❛ ❣❡♥❡r✐❝ ❝♦♥t✐♥✉♦✉s ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠✳ ■♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ✇❡ ✇✐❧❧

s❡❡ ❤♦✇ t❤✐s t②♣❡ ♦❢ ❖♣t✐♠❛❧✲❈♦♥tr♦❧ Pr♦❜❧❡♠ ✭❖❈P✮ ❝❛♥ ❜❡ tr❛♥s❝r✐❜❡❞ ❜② ✉s✐♥❣ Ps❡✉❞♦s♣❡❝tr❛❧

♠❡t❤♦❞s✳

❇✳ Ps❡✉❞♦s♣❡❝tr❛❧ ▼❡t❤♦❞s

◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❢♦r s♦❧✈✐♥❣ ❖❈Ps ❛r❡ ❞✐✈✐❞❡❞ ✐♥t♦ t✇♦ ♠❛❥♦r ❝❧❛ss❡s✱ ♥❛♠❡❧②✱ ✐♥❞✐r❡❝t ♠❡t❤✲

♦❞s ❛♥❞ ❞✐r❡❝t ♠❡t❤♦❞s✳ ■♥❞✐r❡❝t ♠❡t❤♦❞s ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ P♦♥tr②❛❣✐♥ ▼❛①✐♠✉♠ Pr✐♥❝✐♣❧❡✱ ✇❤✐❝❤

❧❡❛❞s t♦ ❛ ♠✉❧t✐♣❧❡✲♣♦✐♥t ❜♦✉♥❞❛r②✲✈❛❧✉❡ ♣r♦❜❧❡♠✳ ❉✐r❡❝t ♠❡t❤♦❞s✱ ✐♥st❡❛❞✱ ❝♦♥s✐st ✐♥ t❤❡ ♣r♦♣❡r

❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❖❈P ✭♦r tr❛♥s❝r✐♣t✐♦♥✮✱ ❤❛✈✐♥❣ ❛s ❛ r❡s✉❧t ❛ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ◆▲P ♣r♦❜❧❡♠✳

Ps❡✉❞♦s♣❡❝tr❛❧ ♠❡t❤♦❞s r❡♣r❡s❡♥t ❛ ♣❛rt✐❝✉❧❛r ❛r❡❛ ♦❢ ✐♥t❡r❡st ✐♥ t❤❡ ❢r❛♠❡ ♦❢ t❤❡ ✇✐❞❡r ❝❧❛ss ♦❢

❞✐r❡❝t ♠❡t❤♦❞s✳ ❊①❛♠♣❧❡s ♦❢ t♦♦❧s ✐♠♣❧❡♠❡♥t✐♥❣ ♣s❡✉❞♦s♣❡❝tr❛❧ ♠❡t❤♦❞s ✐♥❝❧✉❞❡ ❉■❉❖ ❬✷✻❪ ❛♥❞

❙P❆❘❚❆◆ ❬✶✻✱ ✶✼✱ ✷✷✱ ✷✼✱ ✷✽❪✳ ❋♦r ♣s❡✉❞♦s♣❡❝tr❛❧ ♠❡t❤♦❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ❛r❡ ✈❛❧✐❞✿

• ✧❙♣❡❝tr❛❧✧ ✭✐✳❡✳✱ q✉❛s✐✲❡①♣♦♥❡♥t✐❛❧✮ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ◆▲P s♦❧✉t✐♦♥ t♦ t❤❡ ❖❈P s♦❧✉t✐♦♥ ✇❤❡♥

t❤❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s ❡♠♣❧♦②❡❞ ✐s ✐♥❝r❡❛s❡❞ ✭❛♥❞ t❤❡ ♣r♦❜❧❡♠ ✐s s♠♦♦t❤✮

• ❘✉♥❣❡ ♣❤❡♥♦♠❡♥♦♥ ✐s ❛✈♦✐❞❡❞

• ❙tr❛✐❣❤t❢♦r✇❛r❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥

• ❙♣❛rs❡ str✉❝t✉r❡ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ◆▲P ♣r♦❜❧❡♠

• ▼❛♣♣✐♥❣ ❜❡t✇❡❡♥ t❤❡ ❞✐s❝r❡t❡ ❝♦st❛t❡s ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ◆▲P ❛♥❞ t❤❡ ❝♦♥t✐♥✉♦✉s ❝♦st❛t❡s

♦❢ t❤❡ ❖♣t✐♠❛❧ ❈♦♥tr♦❧ Pr♦❜❧❡♠ ✐♥ ✈✐rt✉❡ ♦❢ t❤❡ Ps❡✉❞♦s♣❡❝tr❛❧ ❈♦✈❡❝t♦r ▼❛♣♣✐♥❣ ❚❤❡♦r❡♠

❬✷✾❪✳

❚❤❡ tr❛♥s❝r✐♣t✐♦♥ ♣r♦❝❡ss ❞♦❡s ♥♦t ♦♥❧② ✐♥✈♦❧✈❡ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❞✐s❝r❡t❡ ♥♦❞❡s✱ ❜✉t ❛❧s♦ ❞❡t❡r✲

♠✐♥❡s t❤❡ ❞✐s❝r❡t❡ ❞✐✛❡r❡♥t✐❛❧ ❛♥❞ ✐♥t❡❣r❛❧ ♦♣❡r❛t♦rs ♥❡❡❞❡❞ t♦ s♦❧✈❡ t❤❡ ❛ss♦❝✐❛t❡❞ ❖❈P✳ ❚❤❡r❡❢♦r❡✱

✼



tr❛♥s❝r✐♣t✐♦♥ ✐s ❛ ♠♦r❡ ❣❡♥❡r❛❧ ♣r♦❝❡ss t❤❛♥ ❞✐s❝r❡t✐③❛t✐♦♥✳ ❚❤❡ ♠✐♥✐♠✉♠ ❢✉♥❞❛♠❡♥t❛❧ st❡♣s ♦❢ ❛

tr❛♥s❝r✐♣t✐♦♥ ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

• ❞♦♠❛✐♥ ❞✐s❝r❡t✐③❛t✐♦♥

• ❞✐s❝r❡t❡ t♦ ❝♦♥t✐♥✉♦✉s ❝♦♥✈❡rs✐♦♥ ♦❢ st❛t❡s ❛♥❞ ✴ ♦r ❝♦♥tr♦❧s

• ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❞✐✛❡r❡♥t✐❛❧ ❛♥❞ ✐♥t❡❣r❛❧ ♦♣❡r❛t♦rs

❆♠♦♥❣ t❤❡ ❢❛♠✐❧✐❡s ♦❢ ♣s❡✉❞♦s♣❡❝tr❛❧ ♠❡t❤♦❞s t✇♦ ✇❡r❡ ❝♦♥s✐❞❡r❡❞ ❢♦r t❤✐s ✇♦r❦✿ t❤❡ ✢✐♣♣❡❞

❘❛❞❛✉ Ps❡✉❞♦s♣❡❝tr❛❧ ♠❡t❤♦❞ ✭♦r ❢❘P♠✮ ❛♥❞ t❤❡ ▲♦❜❛tt♦ Ps❡✉❞♦s♣❡❝tr❛❧ ♠❡t❤♦❞ ✭▲P♠✮✳ ■t ✐s

✇♦rt❤ s❛②✐♥❣ t❤❛t t❤❡s❡ ❛r❡ ♥♦t t❤❡ ♦♥❧② ♣♦ss✐❜❧❡ ❝❤♦✐❝❡s✱ ❛s ♦t❤❡r s❡ts ♦❢ ♥♦❞❡s✱ ❧✐❦❡ ❈❤❡❜②s❤❡✈

❬✸✵❪ ♦r ●❛✉ss ❬✷✶❪ ❡①✐st✳ ❚❤❡ r❡❛s♦♥ ❜❡❤✐♥❞ t❤✐s ❝❤♦✐❝❡ ✐s t❤❛t t❤❡ ❢❘P♠ ❛❧❧♦✇s ❢♦r ❛ ♥❛t✉r❛❧ ❛♥❞

str❛✐❣❤t❢♦r✇❛r❞ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ ♣r♦❜❧❡♠✱ ❛♥❞ s❤♦✇s ❛ s♠♦♦t❤❡r ❝♦♥✈❡r❣❡♥❝❡

♦❢ t❤❡ ❝♦st❛t❡s ✇✐t❤ r❡s♣❡❝t t♦ ♦t❤❡r ♠❡t❤♦❞s ❬✷✶❪✱ ✇❤✐❧❡ ▲P♠ ✐s ❢♦r s♦♠❡ ♣r♦❜❧❡♠s ♠♦r❡ ❛❝❝✉r❛t❡

❛♥❞ ❢❛st❡r ✐♥ ❝♦♥✈❡r❣✐♥❣ t❤❛♥ ♦t❤❡r P❙ ♠❡t❤♦❞s✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s ✉s❡❢✉❧ t♦ ❤❛✈❡ ❛ ❧♦♦❦ ❛t t❤❡s❡ t✇♦

♠❡t❤♦❞s✱ ❛♥❞ ❛t t❤❡✐r tr❛♥s❝r✐♣t✐♦♥✳ ❚❤✐s ✇✐❧❧ ❜❡ t❤❡ ♣✉r♣♦s❡ ♦❢ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥✳

❈✳ ❋❧✐♣♣❡❞ ❘❛❞❛✉ Ps❡✉❞♦s♣❡❝tr❛❧ ♠❡t❤♦❞ ❛♥❞ ▲♦❜❛tt♦ Ps❡✉❞♦s♣❡❝tr❛❧ ♠❡t❤♦❞

❋❧✐♣♣❡❞ ❘❛❞❛✉ Ps❡✉❞♦s♣❡❝tr❛❧ ♠❡t❤♦❞ ✐s ❛♥ ❛s②♠♠❡tr✐❝ ♣s❡✉❞♦s♣❡❝tr❛❧ ♠❡t❤♦❞✱ ✇❤♦s❡ ♥♦❞❡s

❛r❡ t❤❡ r♦♦ts ♦❢ t❤❡ ✢✐♣♣❡❞ ▲❡❣❡♥❞r❡✲❘❛❞❛✉ ♣♦❧②♥♦♠✐❛❧✱ ❞❡✜♥❡❞ ❛s t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ▲❡❣❡♥❞r❡

♣♦❧②♥♦♠✐❛❧ ♦❢ ♦r❞❡r n ❛♥❞ n− 1 ✇✐t❤ ❝♦❡✣❝✐❡♥t ❡q✉❛❧ t♦ ✶ ❛♥❞ ✲✶ r❡s♣❡❝t✐✈❡❧②✳

Rn(τ) = L̃n(τ)− L̃n−1(τ) τ ∈ [−1, 1] ✭✻✮

❆♥ ❡①❛♠♣❧❡ ♦❢ r♦♦ts ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ▲❡❣❡♥❞r❡✲❘❛❞❛✉ ♣♦❧②♥♦♠✐❛❧ ♦❢ ♦r❞❡r 10 ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳

✶✭❛✮✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣♦❧②♥♦♠✐❛❧✳

❘❡♠❛r❦ ✶ ◆♦t❡ t❤❛t t❤❡ Rn(−1) ✐s ♥♦t ❛ r♦♦t ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ♣♦❧②♥♦♠✐❛❧✱ t❤❡r❡❢♦r❡ ✐t ✐s ♥♦t ❛ ❝♦❧❧♦❝❛t✐♦♥ ♣♦✐♥t✱

❛❧t❤♦✉❣❤ ✐t ✐s r❡q✉✐r❡❞ ❢♦r t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ♦✈❡r t❤❡ ❧❡❢t✲♦♣❡♥✱ r✐❣❤t✲❝❧♦s❡❞

✐♥t❡r✈❛❧ (−1,+1] ♦♥❧② t❤❡s❡ ♣♦❧②♥♦♠✐❛❧s ❛r❡ ♦rt❤♦❣♦♥❛❧✳

▲♦❜❛tt♦ Ps❡✉❞♦s♣❡❝tr❛❧ ♠❡t❤♦❞ ✐s ✐♥st❡❛❞ ❜❛s❡❞ ♦♥ ❛ s②♠♠❡tr✐❝ s❡t ♦❢ ♥♦❞❡s✱ ❛ss♦❝✐❛t❡❞ ✇✐t❤
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t❤❡ r♦♦ts ♦❢ t❤❡ ▲❡❣❡♥❞r❡✲▲♦❜❛tt♦ ♣♦❧②♥♦♠✐❛❧✱ ❞❡✜♥❡❞ ❛s

Ln(τ) = (1− τ2)
˙̃
Ln−1 τ ∈ [−1, 1] ✭✼✮

✇❤❡r❡ ˙̃
Ln−1 ✐s t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ▲❡❣❡♥❞r❡ ♣♦❧②♥♦♠✐❛❧ ♦❢ ♦r❞❡r n− 1✳ ❚❤❡ r♦♦ts ♦❢ t❤❡ ▲❡❣❡♥❞r❡✲

▲♦❜❛tt♦ ♣♦❧②♥♦♠✐❛❧ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣♦❧②♥♦♠✐❛❧ ♦❢ ♦r❞❡r 10 ❛r❡ r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✶✭❜✮✳

❚❤❡s❡ ❞✐s❝r❡t❡ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❞♦♠❛✐♥ ❛r❡ ✉s❡❢✉❧ t♦ r❡❝♦♥str✉❝t ❝♦♥t✐♥✉♦✉s r❡♣r❡s❡♥t❛t✐♦♥s

♦❢ t❤❡ ❢✉♥❝t✐♦♥s x(t) ❛s✿

x(t) ∼=
n∑

i=0

XiP (t), P (t) =
n∏

k=0
k 6=i

t−tk
ti−tk ✭✽✮

✐♥ ❝❛s❡ ♦❢ ❢❘P♠✱ ❛♥❞

x(t) ∼=
n−1∑
i=0

XiP (t), P (t) =
n−1∏
k=0
k 6=i

t−tk
ti−tk ✭✾✮

✇❤✐❝❤ ❤♦❧❞s ✐♥ ❝❛s❡ t❤❡ ▲P♠ ✐s ❛❞♦♣t❡❞✳ ❋r♦♠ t❤❡ ✐♥s♣❡❝t✐♦♥ ♦❢ ❊qs✳ ✭✽✮ ❛♥❞ ✭✾✮ ♦♥❡ ❝❛♥ s❡❡ ❛ ✜rst

❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♠❡t❤♦❞s✳ ■♥❞❡❡❞✱ ❣✐✈❡♥ n ❝♦❧❧♦❝❛t✐♦♥ ♥♦❞❡s✱ ❢❘P♠ ❞❡✜♥❡s n+1 ❞✐s❝r❡t✐③❛t✐♦♥

♥♦❞❡s✱ ✇❤✐❧❡ ▲P♠ ❤❛s n ❞✐s❝r❡t✐③❛t✐♦♥ ♥♦❞❡s✱ t❤❛t ✐s✱ ❛❧❧ t❤❡ ❞✐s❝r❡t❡ ♥♦❞❡s ❛r❡ ❝♦❧❧♦❝❛t✐♦♥ ♥♦❞❡s t♦♦✳

❚❤✐s ❞✐✛❡r❡♥❝❡ ✇✐❧❧ ❛✛❡❝t t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ✐♥tr♦❞✉❝❡ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ❛s

✇❡ ✇✐❧❧ s❡❡✱ ❛♥❞ ❤❛s ❝♦♥s❡q✉❡♥❝❡s ♦♥ t❤❡ ♣r♦♣♦s❡❞ ♣s❡✉❞♦s♣❡❝tr❛❧ ❝♦♥✈❡① ♠❡t❤♦❞ t♦♦✳ ❚❤✐s ✇✐❧❧ ❜❡

❢✉rt❤❡r ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝✳ ❱■✳

❆♥ ❡①❛♠♣❧❡ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❜t❛✐♥❡❞ ✈✐❛ ❊qs✳ ✭✽✮ ❛♥❞ ✭✾✮ ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣s✳ ✶✭❝✮

❛♥❞ ✶✭❞✮✱ ✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥ 1/(1 + 25τ2) ✐s r❡❝♦♥str✉❝t❡❞ ❜② ✉s✐♥❣ ✷✺ ❢❘P♠ ❛♥❞ ✷✺ ▲P♠ ♥♦❞❡s✱

r❡s♣❡❝t✐✈❡❧②✳ ■♥ ❜♦t❤ ❝❛s❡s t❤❡ ♦r✐❣✐♥❛❧ ❢✉♥❝t✐♦♥ ✐s ❛♣♣r♦①✐♠❛t❡❞ ✈❡r② ✇❡❧❧ ✇✐t❤ t❤❡ t✇♦ s❡ts ♦❢

❞✐s❝r❡t❡ ♥♦❞❡s✳

❘❡♠❛r❦ ✷ ◆♦t❡ t❤❛t t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❜❡❝♦♠❡s ♠♦r❡ ❛❝❝✉r❛t❡ ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s ✐s ✐♥❝r❡❛s❡❞✳ ❚❤✐s ✐s

t❤❡ ♦♣♣♦s✐t❡ ❜❡❤❛✈✐♦r ♦❜s❡r✈❡❞ ✇❤❡♥ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥s ♦❢ ♥♦❞❡s✱ ✇❤✐❝❤ s✉✛❡r ❢r♦♠ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❘✉♥❣❡

P❤❡♥♦♠❡♥♦♥✱ ❛r❡ ❡♠♣❧♦②❡❞✳

❖♥❝❡ t❤❡ ❞♦♠❛✐♥ ❤❛s ❜❡❡♥ ❞✐s❝r❡t✐③❡❞✱ ❛♥❞ t❤❡ ❞✐s❝r❡t❡✲t♦✲❝♦♥t✐♥✉♦✉s ❝♦♥✈❡rs✐♦♥ ♦❢ st❛t❡s ❤❛s

❜❡❡♥ ❞❡✜♥❡❞✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r ♥❡❡❞s t♦ ❜❡ ❞❡✜♥❡❞✳ ❚❤✐s ✐s r❡q✉✐r❡❞ ❢♦r t❤❡

✾
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✭❞✮ ▲♦❜❛tt♦ ❝♦♥t✐♥✉♦✉s ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❛ ❢✉♥❝t✐♦♥✳

❋✐❣✳ ✶ ❚r❛♥s❝r✐♣t✐♦♥ st❡♣s✿ ❞♦♠❛✐♥ ❞✐s❝r❡t✐③❛t✐♦♥ ✇✐t❤ ❢❘P♠ ✭❛✮✱ ❛♥❞ ▲P♠ ✭❜✮ ❛♥❞ ❝♦♥t✐♥✉♦✉s
r❡❝♦♥str✉❝t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥s ✇✐t❤ ❢❘P♠ ✭❝✮ ❛♥❞ ▲P♠ ✭❞✮✳

♣r♦♣❡r r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ ❊q✳ ✭✷✮✳ ❚❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r ✇✐❧❧ ❜❡ ✐♥ t❤❡ ❢♦r♠

Ẋi
∼= D ·Xi, i = 1, ...n ✭✶✵✮

❛♥❞ t❤❡ ❞②♥❛♠✐❝s ❞❡✜♥❡❞ ✐♥ ❊q✳ ✭✷✮ ✇✐❧❧ ❜❡ r❡♣❧❛❝❡❞ ❜②

D ·X =
tf − t0

2
f(t,X,U) ✭✶✶✮

✇❤❡r❡ t0 ❛♥❞ tf ❛r❡ t❤❡ ✐♥✐t✐❛❧ ❛♥❞ ✜♥❛❧ t✐♠❡✱ ❛♥❞ t❤❡ t❡r♠ tf−t0
2 ✐s ❛ s❝❛❧❡ ❢❛❝t♦r r❡❧❛t❡❞ t♦ t❤❡

tr❛♥s❢♦r♠❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♣❤②s✐❝❛❧ t✐♠❡ ❞♦♠❛✐♥ t✱ ❛♥❞ t❤❡ ♣s❡✉❞♦s♣❡❝tr❛❧ t✐♠❡ ❞♦♠❛✐♥ τ ∈ [−1, 1]✱

❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❛✣♥❡ tr❛♥s❢♦r♠❛t✐♦♥s✱

t =
tf − t0

2
τ +

tf + t0
2

✭✶✷✮

τ =
2

tf − t0
t−

tf + t0
tf − t0

✭✶✸✮

✶✵
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✭❜✮ ▲♦❜❛tt♦ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r ❡①❛♠♣❧❡✳
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✭❝✮ ❘❛❞❛✉ ✐♥t❡❣r❛❧ ♦♣❡r❛t♦r ❡①❛♠♣❧❡✳
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✭❞✮ ▲♦❜❛tt♦ ✐♥t❡❣r❛❧ ♦♣❡r❛t♦r ❡①❛♠♣❧❡✳

❋✐❣✳ ✷ ❚r❛♥s❝r✐♣t✐♦♥ st❡♣s✿ ❞❡✜♥✐t✐♦♥ ♦❢ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ✇✐t❤ ❢❘P♠ ✭❛✮ ❛♥❞ ▲P♠ ✭❜✮✱
❛♥❞ ✐♥t❡❣r❛❧ ♦♣❡r❛t♦rs ✇✐t❤ ❢❘P♠ ✭❝✮ ❛♥❞ ▲P♠ ✭❞✮✳

✇❤✐❝❤ ❤♦❧❞ ❢♦r ❜♦t❤ ❢❘P♠ ❛♥❞ ▲P♠✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♠❡t❤♦❞s ✐s ✐♥ t❤❡ ♠❛tr✐① D✳ ■♥

t❤❡ ❝❛s❡ ♦❢ t❤❡ ❢❘P♠ ✐t ❤❛s ❞✐♠❡♥s✐♦♥s [n× (n+ 1)]✳ ❆❣❛✐♥✱ t❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ st❛t❡s

❛r❡ ❞❡✜♥❡❞ ❢♦r n+1 ❞✐s❝r❡t❡ ♣♦✐♥ts✱ ✇❤✐❧❡ t❤❡ ❝♦♥tr♦❧s U ❛♥❞ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ st❛t❡s f(t,X,U)

❛r❡ ❞❡✜♥❡❞ ✐♥ t❤❡ n ❝♦❧❧♦❝❛t✐♦♥ ♣♦✐♥ts✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ✐♥✐t✐❛❧ st❛t❡ X0 ✐s ❛♥ ✐♥♣✉t ❛♥❞ ♥♦t

❛♥ ♦✉t♣✉t ♦❢ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ✐♥ t❤❡ ❢❘P♠✱ ❛♥❞ ✐t ✐s t❤✉s ❛ss✉♠❡❞ t♦ ❜❡ ❦♥♦✇♥✳ ■♥ t❤❡ ▲P♠

✐♥st❡❛❞ t❤❡ ♠❛tr✐① D ❤❛s ❞✐♠❡♥s✐♦♥s ❡q✉❛❧ t♦ [n × n]✳ ❚❤❡ ✐♥✐t✐❛❧ st❛t❡ ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡

♦♣t✐♠✐③❛t✐♦♥ ♣r♦❝❡ss✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ ✐t ✐s ❣❡♥❡r❛❧❧② ❦♥♦✇♥✱ ❢✉rt❤❡r ❝♦♥str❛✐♥ts ♥❡❡❞ t♦ ❜❡ ✐♠♣♦s❡❞

✶✶



t♦ ♠❛❦❡ s✉r❡ t❤❛t t❤❡ s♦❧✉t✐♦♥ ❢♦✉♥❞ ❜② t❤❡ ♦♣t✐♠✐③❡r s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥ x(t0) = x0✳ ■❢ ✇❡ ❧♦♦❦

❛t ❢❘P♠ ✭s♣❡❝✐✜❝❛❧❧② ❛t ❊q✳ ✭✽✮✮✱ ❛♥❞ ✇❡ t❛❦❡ t❤❡ ❞❡r✐✈❛t✐✈❡ ✇✳r✳t✳ t✐♠❡✱ ✇❡ ❣❡t

ẋ(t) ∼=
d

dt

n∑

i=0

XiP (t) =

n∑

i=0

Xi

d

dt
Pi(t) ✭✶✹✮

❛s t❤❡ ♥♦❞❛❧ ♣♦✐♥ts ❛r❡ t✐♠❡✲✐♥❞❡♣❡♥❞❡♥t✳ ❲❤❡♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ ▲P♠ ✐♥st❡❛❞ ✭❊q✳ ✭✾✮✮ ✇❡ ❤❛✈❡

ẋ(t) ∼=
d

dt

n−1∑

i=0

XiP (t) =

n−1∑

i=0

Xi

d

dt
Pi(t) ✭✶✺✮

❚❤❡s❡ t✇♦ s❡ts ♦❢ ❞❡r✐✈❛t✐✈❡s ❝❛♥ ❜❡ ❡✣❝✐❡♥t❧② ❝♦♠♣✉t❡❞ ✇✐t❤ t❤❡ ❇❛r②❝❡♥tr✐❝ ▲❛❣r❛♥❣❡ ■♥t❡r♣♦❧❛t✐♦♥

❬✸✶❪✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r ❢♦r t❤❡ t✇♦ ♠❡t❤♦❞s ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣s✳ ✷✭❛✮ ❛♥❞ ✷✭❜✮✱

✇❤❡r❡ D ✐s ✉s❡❞ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s t❡st ❢✉♥❝t✐♦♥ F (τ) = Ae−τ sin(ωτ)✱

✭A = 5✱ ω = 10✮ s❛♠♣❧❡❞ ✐♥ ✷✺ ❝♦❧❧♦❝❛t✐♦♥ ♥♦❞❡s✳ ■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡ ♣♦❧②♥♦♠✐❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s

✜t t❤❡ ❞❡r✐✈❛t✐✈❡s ✈❡r② ✇❡❧❧✳

■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r✱ ✇❡ ♥❡❡❞ ❛♥ ✐♥t❡❣r❛❧ ♦♣❡r❛t♦r✱ ✉s❡❞ t♦ ❞✐s❝r❡t✐③❡ t❤❡

▲❛❣r❛♥❣❡ t❡r♠ ❞❡✜♥❡❞ ✐♥ ❊q✳ ✭✶✮✳ ■♥ t❤❛t ❝❛s❡ t❤❡ ●❛✉ss q✉❛❞r❛t✉r❡ ❢♦r♠✉❧❛ ✐s ✉s❡❞ ❬✸✷❪✳ ❋♦r t❤❡

❢❘P♠ t❤❡ ❛♣♣r♦❛❝❤ ❝♦♥s✐sts ♦❢ r❡♣❧❛❝✐♥❣ t❤❡ ❝♦♥t✐♥✉♦✉s ✐♥t❡❣r❛❧ ✇✐t❤ t❤❡ ❞✐s❝r❡t❡ s✉♠ ❣✐✈❡♥ ❜②✿

∫ tf

t0

Ψ [t,x(t),u(t)] dt =
tf − t0

2

n∑

i=1

wiΨ [Xi,Ui] ✭✶✻✮

✇❤✐❧❡ ❢♦r t❤❡ ▲P♠ ✐t ❜❡❝♦♠❡s

∫ tf

t0

Ψ [t,x(t),u(t)] dt =
tf − t0

2

n−1∑

i=0

wiΨ [Xi,Ui] ✭✶✼✮

❙✐♥❝❡ ❜♦t❤ ♠❡t❤♦❞s ❤❛✈❡ t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ n ❝♦❧❧♦❝❛t✐♦♥ ♥♦❞❡s✱ ❜♦t❤ s✉♠s ✉s❡ n ♥♦❞❡s t♦ r❡♣r❡s❡♥t

t❤❡ ✐♥t❡❣r❛❧ ♦♣❡r❛t♦rs✳ ■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t ❊qs✳ ✭✶✻✮ ❛♥❞ ✭✶✼✮ ②✐❡❧❞ ❡①❛❝t r❡s✉❧ts ❢♦r ♣♦❧②♥♦♠✐❛❧s

♦❢ ♦r❞❡r ❛t ♠♦st ❡q✉❛❧ t♦ 2n− 2 ❛♥❞ 2n− 3 ❢♦r ❢❘P♠ ❛♥❞ ▲P♠✱ r❡s♣❡❝t✐✈❡❧② ❬✷✶❪✳ ❖♥❝❡ ❛❣❛✐♥✱ t❤❡

♣r❡s❡♥❝❡ ♦❢ t❤❡ t❡r♠ tf−t0
2 ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♠❛♣♣✐♥❣ ❜❡t✇❡❡♥ ♣s❡✉❞♦s♣❡❝tr❛❧ ❛♥❞ ♣❤②s✐❝❛❧

✶✷



t✐♠❡ ❞♦♠❛✐♥s ❞❡s❝r✐❜❡❞ ✐♥ ❊q✳ ✭✶✷✮ ❛♥❞ ✭✶✸✮✳ ❋♦r t❤❡ ❢❘P♠ t❤❡ ✇❡✐❣❤ts wi ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛s

w = flip(w̃) ✭✶✽✮

w̃j =





2

n2
, j = 1

(1− τj)

n2L̃n(τj)2
, j = [2, ...n]

✭✶✾✮

✇❤❡r❡ t❤❡ ♦♣❡r❛t♦r ✢✐♣ s✐♠♣❧② ♠✉❧t✐♣❧✐❡s t❤❡ ✐♥♣✉t ❜② ❛ ❢❛❝t♦r ❡q✉❛❧ t♦ −1✱ ❛♥❞ s♦rts t❤❡ r❡s✉❧ts ✐♥

✐♥❝r❡❛s✐♥❣ ♦r❞❡r✳ ❋♦r t❤❡ ▲P♠ t❤❡ ❢♦r♠✉❧❛ ✐s

wj =





2

(n− 1)n
, j = 0

2

(n− 1)nLn−1(τj)2
, j = [1, . . . , n− 1]

✭✷✵✮

❚♦ ❣✐✈❡ ❛ ♣r❛❝t✐❝❛❧ ❡①❛♠♣❧❡ t❤❡ ✐♥t❡❣r❛❧ ♦❢ t❤❡ t❡st ❢✉♥❝t✐♦♥ F (τ) = 2τ + 2 − τ2 ❤❛s ❜❡❡♥ ❝♦♠✲

♣✉t❡❞✳ ❘❡s✉❧ts ❛r❡ t❤❡♥ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❛♥❛❧②t✐❝❛❧ ✐♥t❡❣r❛❧✱ ❛♥❞ ✇✐t❤ t❤❡ tr❛♣❡③♦✐❞❛❧ r✉❧❡ ✭❋✐❣s✳

✷✭❝✮✱✷✭❞✮✮ ❛♣♣❧✐❡❞ ✉s✐♥❣ t❤❡ s❛♠❡ ♥♦❞❡s✳ ◆✉♠❡r✐❝❛❧❧②✱ ✇❡ ❣❡t ❡①❛❝t❧② t❤❡ ❛♥❛❧②t✐❝❛❧ r❡s✉❧t✱ t❤❛t

✐s 3.3333 ❢♦r ❜♦t❤ t❤❡ ♣s❡✉❞♦s♣❡❝tr❛❧ ♠❡t❤♦❞s✱ ✇❤✐❧❡ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ tr❛♣❡③♦✐❞❛❧ r✉❧❡ ❣✐✈❡s

3.3298 ❛♥❞ 3.3296✱ r❡s♣❡❝t✐✈❡❧②✱ ❝♦♥✜r♠✐♥❣ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ q✉❛❞r❛t✉r❡ ❢♦r♠✉❧❛ ❛♣♣❧✐❡❞ t♦ t❤❡

❢✲❘P♠ ❛♥❞ ▲P♠ ♣♦✐♥ts✳ ◆♦t❡ t❤❛t ✇❤❡♥ n ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ♥♦❞❡s ❛r❡ ✉s❡❞ t❤❡ tr❛♣❡③♦✐❞❛❧

r✉❧❡ ❣✐✈❡s ❜❡tt❡r r❡s✉❧ts ✭✸✳✸✸✶✵✮✱ ❜✉t st✐❧❧ ✐♥❢❡r✐♦r t♦ t❤❡ ♣s❡✉❞♦s♣❡❝tr❛❧ ♦♥❡s✳

❖♥❝❡ t❤❛t t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❛♥❞ ✐♥t❡❣r❛❧ ♦♣❡r❛t♦rs ❤❛✈❡ ❜❡❡♥ ❞❡s❝r✐❜❡❞✱ ✇❡ ❛r❡ r❡❛❞② t♦ s✉♠♠❛r✐③❡

t❤❡ ❣❡♥❡r❛❧ ◆▲P tr❛♥s❝r✐♣t✐♦♥s✱ ✇❤✐❝❤ ❛♣♣r♦①✐♠❛t❡s t❤❡ ♦r✐❣✐♥❛❧ ❖❈P ❛s ❢♦❧❧♦✇s✳

❋❧✐♣♣❡❞ ❘❛❞❛✉ Ps❡✉❞♦s♣❡❝tr❛❧ ♠❡t❤♦❞

▼✐♥✐♠✐③❡ ✭♦r ♠❛①✐♠✐③❡✮ t❤❡ ❝♦st ❢✉♥❝t✐♦♥ J ✱ ❢♦r n ♥♦❞❡s✱ ❛♥❞ i = 1, . . . , n✱

J = Φ [Xf ] +
tf − t0

2

n∑

i=1

wiΨ [Xi,Ui] ✭✷✶✮

✶✸



s✉❜❥❡❝t t♦ t❤❡ ♥♦♥❧✐♥❡❛r ❛❧❣❡❜r❛✐❝ ❝♦♥str❛✐♥ts

F = D ·X−
tf − t0

2
f(t,X,U) = 0 ✭✷✷✮

❛♥❞ t♦ t❤❡ ♣❛t❤ ❝♦♥str❛✐♥ts

gL ≤ G (Xi,Ui) ≤ gU ✭✷✸✮

❚❤❡ ❞✐s❝r❡t❡ st❛t❡s ❛♥❞ t❤❡ ❝♦♥tr♦❧s ❛r❡ ❜♦✉♥❞❡❞✱ ❛s ✐♥ t❤❡ ❝♦♥t✐♥✉♦✉s ❢♦r♠✉❧❛t✐♦♥✳

xL ≤ Xi ≤ xU ✭✷✹✮

uL ≤ Ui ≤ uU ✭✷✺✮

▲♦❜❛tt♦ Ps❡✉❞♦s♣❡❝tr❛❧ ♠❡t❤♦❞

▼✐♥✐♠✐③❡ ✭♦r ♠❛①✐♠✐③❡✮ t❤❡ ❝♦st ❢✉♥❝t✐♦♥ J ✱ ❢♦r n ♥♦❞❡s✱ i = 0, . . . , n− 1✱

J = Φ [Xf ] +
tf − t0

2

n−1∑

i=0

wiΨ [Xi,Ui] ✭✷✻✮

s✉❜❥❡❝t t♦ ❊qs✳ ✭✷✷✮✲✭✷✺✮✳

❚❤❡s❡ ❡q✉❛t✐♦♥s ♣r♦✈✐❞❡ t❤❡ t♦♦❧s✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❝♦♠❜✐♥❡❞ ✇✐t❤ ❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥✱ ❜r✐❡✢②

s✉♠♠❛r✐③❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳

■■■✳ ❖✈❡r✈✐❡✇ ♦♥ ❈♦♥✈❡① ❖♣t✐♠✐③❛t✐♦♥

❖✈❡r t❤❡ ❧❛st t❤✐rt② ②❡❛rs s❡✈❡r❛❧ r❡s❡❛r❝❤❡rs ❢♦❝✉s❡❞ ♦♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥

t❤❡♦r② ❬✽✱ ✸✸✱ ✸✹❪✳ ❚❤❡② ❞❡♠♦♥str❛t❡❞ t❤❛t ❢♦r ❛ ❧❛r❣❡ ❝❧❛ss ♦❢ ♣r♦❜❧❡♠s t❤❡ ❦❡②✲♣r♦♣❡rt② ✐s ♥♦t

t❤❡ ❧✐♥❡❛r✐t② ♦❢ t❤❡ s②st❡♠✱ ❜✉t t❤❡ ❝♦♥✈❡①✐t②✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ s♦❧✈❡❞ ✐♥ r❡❛❧✲t✐♠❡✱

❛♥❞ ✐❢ t❤❡ ♣r♦❜❧❡♠ ✐s ❢❡❛s✐❜❧❡✱ t❤❡ ❝♦♠♣✉t❡❞ s♦❧✉t✐♦♥ ✐s t❤❡ ❣❧♦❜❛❧ ♦♣t✐♠✉♠✳ ■♥ ❣❡♥❡r❛❧ ❛ ❝♦♥✈❡①

♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

min J = f0(x) ✭✷✼✮

✶✹



s✉❜❥❡❝t t♦

fi(x) ≤ ai, i = 1, . . . ,m ✭✷✽✮

✇❤❡r❡ x ∈ R
n r❡♣r❡s❡♥ts t❤❡ ✈❡❝t♦r ♦❢ ✈❛r✐❛❜❧❡s t♦ ❜❡ ❞❡t❡r♠✐♥❡❞✳ ❚❤❡ ❢✉♥❝t✐♦♥s fi✱ i = 0, . . . ,m

❛r❡ ❝♦♥✈❡① ❢✉♥❝t✐♦♥s✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡② s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s❤✐♣✳

fi(αx+ βy) ≤ αfi(x) + βfi(y), i = 0, . . . ,m, α+ β = 1, α ≥ 0, β ≥ 0 ✭✷✾✮

❚❤❡ ♣r❡✈✐♦✉s ❡①♣r❡ss✐♦♥ s✉❣❣❡sts ♦♥❡ ♦❢ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❝♦♥✈❡① ♣r♦❜❧❡♠s✱ t❤❛t ✐s✱ t❤❡② ❣❡♥❡r❛❧✐③❡

t❤❡ ♥♦t✐♦♥ ♦❢ ❧✐♥❡❛r✐t② ♦❢ ❛ ❢✉♥❝t✐♦♥✱ ❧❡❛❞✐♥❣ t♦ t❤❡ ♥♦t✐♦♥ ♦❢ ❝♦♥✈❡①✐t②✱ ✇❤✐❝❤ ❤❛s t❤❡ ❡q✉❛❧✐t② ❛s

s♣❡❝✐❛❧ ❝❛s❡ ✐♥st❡❛❞ ♦❢ t❤❡ ✐♥❡q✉❛❧✐t② ✐♥ ❊q✳ ✭✷✾✮✳ ❋✉rt❤❡r ❞❡t❛✐❧s ❛♥❞ ❡①❤❛✉st✐✈❡ ❡①♣❧❛♥❛t✐♦♥s ❝❛♥

❜❡ ❢♦✉♥❞ ✐♥ ❬✸✸❪ ❛♥❞ ❬✽❪✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ❝❤❛r❛❝t❡r✐③❡ ❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥✿

• ❆ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ♣r♦❜❧❡♠s ❝❛♥ ❜❡ r❡❢♦r♠✉❧❛t❡❞ ✐♥ ❝♦♥✈❡① ❢♦r♠

• ❚❤❡r❡ ❛r❡ ❡✣❝✐❡♥t ♠❡t❤♦❞s t♦ s♦❧✈❡ ❝♦♥✈❡① ♣r♦❜❧❡♠s ✭❡✳❣✳✱ ♣r✐♠❛❧✲❞✉❛❧ ✐♥t❡r✐♦r ♣♦✐♥t ♠❡t❤♦❞s

❬✸✺❪✮✱ s✉❝❤ t❤❛t ✐t ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ♠♦r❡ ❛♥❞ ♠♦r❡ ❛ ♠❛t✉r❡ t❡❝❤♥♦❧♦❣②

• ❚❤✐s ❝❧❛ss ♦❢ ♠❡t❤♦❞s ❞♦❡s ♥♦t r❡q✉✐r❡ ❛♥ ✐♥✐t✐❛❧ ❣✉❡ss ✭❛ ♣r♦❜❧❡♠ ✇❤✐❝❤ ❛✛❡❝ts ♠❛♥② ♣r♦❜❧❡♠s

✇❤❡♥ ◆▲P s♦❧✈❡rs ❛r❡ ❡♠♣❧♦②❡❞✮

• ■❢ ❛ s♦❧✉t✐♦♥ ❢♦r t❤❡ ♣r♦❜❧❡♠ ❡①✐sts✱ ✐t ✐s t❤❡ ❣❧♦❜❛❧ ♦♣t✐♠✉♠✳

❲❤✐❧❡ t❤❡ ❝❛t❡❣♦r② ♦❢ ❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥ ✐s st✐❧❧ q✉✐t❡ ❧❛r❣❡✱ ❛♥❞ ✐♥❝❧✉❞❡s s❡✈❡r❛❧ s✉❜✜❡❧❞s ✭❡✳❣✳✱

❙❡♠✐❞❡✜♥✐t❡ ♣r♦❣r❛♠♠✐♥❣✱ ◗✉❛❞r❛t✐❝❛❧❧② ❝♦♥str❛✐♥❡❞ q✉❛❞r❛t✐❝ ♣r♦❣r❛♠♠✐♥❣✱ ❛♥❞ s♦ ♦♥✮✱ ✇❡ ✇✐❧❧

✐♥st❡❛❞ ❢♦❝✉s ♦♥ ❛ s♣❡❝✐✜❝ ❢♦r♠ ♦❢ ❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥✱ t❤❛t ✐s✱ t❤❡ s♦✲❝❛❧❧❡❞ ❙❡❝♦♥❞✲♦r❞❡r ❈♦♥✐❝

Pr♦❣r❛♠♠✐♥❣ ✭♦r ❙❖❈P✮✳ ❚❤✐s s♣❡❝✐✜❝ s✉❜❝❧❛ss ♦❢ ♠❡t❤♦❞s ✇✐❧❧ ❜❡ ❜r✐❡✢② ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♥❡①t

s❡❝t✐♦♥✱ ✇❤❡r❡❛s ♠♦r❡ ❡①t❡♥s✐✈❡ ❛♥❞ r✐❣♦r♦✉s ❞❡s❝r✐♣t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✸✸✱ ✸✹✱ ✸✻❪✳

✶✺



❆✳ ❙❡❝♦♥❞✲❖r❞❡r ❈♦♥✐❝ Pr♦❣r❛♠♠✐♥❣

❆♥ ✐♥t❡r❡st✐♥❣ s✉❜❝❛t❡❣♦r② ♦❢ ❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥ ✐s r❡♣r❡s❡♥t❡❞ ❜② ❙❡❝♦♥❞✲❖r❞❡r ❈♦♥✐❝ Pr♦✲

❣r❛♠♠✐♥❣✳ ❚❤✐s ❞❡✜♥✐t✐♦♥ ❡♥❝❧♦s❡s ❛❧❧ t❤❡ ♣r♦❜❧❡♠s ✇❤✐❝❤ ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛s ❢♦❧❧♦✇s✿

min cT0 x ✭✸✵✮

s✉❜❥❡❝t t♦

A0x = b0

‖Aix+ bi‖2 ≤ cTi x+ di, i = 1, . . . , p

✭✸✶✮

✇✐t❤ x ∈ R
n×1 r❡♣r❡s❡♥t✐♥❣ t❤❡ ✈❛r✐❛❜❧❡s t♦ ❞❡t❡r♠✐♥❡✱ c0 ∈ R

n×1 ✐s t❤❡ ✈❡❝t♦r ❞❡✜♥✐♥❣ t❤❡ ❝♦st

❢✉♥❝t✐♦♥✱ ✇❤❡r❡❛s A0 ∈ R
m×n ❛♥❞ b0 ∈ R

m×1 ❞❡s❝r✐❜❡ t❤❡ ❧✐♥❡❛r s②st❡♠ ♦❢ m ❡q✉❛t✐♦♥s t❤❛t t❤❡

s♦❧✉t✐♦♥ ❤❛s t♦ s❛t✐s❢②✳ ❚❤❡ t❡r♠s Ai ∈ R
mi×n✱ bi ∈ R

mi×1✱ ci ∈ R
n×1 ❛♥❞ di ∈ R ❞❡s❝r✐❜❡ ❛ ❝♦♥✐❝

❝♦♥str❛✐♥t ♦❢ ♦r❞❡r mi + 1✳ ❚❤❡s❡ ❝♦♥str❛✐♥ts ✐♠♣❧② t❤❛t✱ ❣✐✈❡♥ t❤❡ ❛✣♥❡ tr❛♥s❢♦r♠❛t✐♦♥s

t = cTi x+ di

y = Aix+ bi, i = 1, . . . , p

✭✸✷✮

t❤❡ s♦❧✉t✐♦♥ ✇✐❧❧ ❛❧✇❛②s ❜❡ ❝♦♥t❛✐♥❡❞ ✇✐t❤✐♥ t❤❡ ✈♦❧✉♠❡ ♦❢ ❡❛❝❤ ♦❢ t❤❡ p mi✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥❡s✳ ❆♥

❡①❛♠♣❧❡ ❢♦r mi = 2 ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✸✳

y
2

t

y
1

❋✐❣✳ ✸ ❊①❛♠♣❧❡ ♦❢ ✸✲❉ ❝♦♥❡✳ ❚❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ❝♦♥❡ s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥ ‖y‖
2
≤ t

✶✻



❆♠♦♥❣ t❤❡ ♦t❤❡rs✱ ❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣ ♣r♦❜❧❡♠s✱ ♦r q✉❛❞r❛t✐❝❛❧❧② ❝♦♥str❛✐♥❡❞ ♣r♦❜❧❡♠s ❝❛♥

❜❡ r❡❢♦r♠✉❧❛t❡❞ ❛s ❝♦♥✐❝ ♣r♦❣r❛♠♠✐♥❣ ♣r♦❜❧❡♠s✳ ▼♦r❡♦✈❡r✱ t❤❡② ❝❛♥ ❡✣❝✐❡♥t❧② ❜❡ s♦❧✈❡❞ ❜② ✉s✐♥❣

♣r✐♠❛❧✲❞✉❛❧ ✐♥t❡r✐♦r ♣♦✐♥t ♠❡t❤♦❞s ❬✸✼❪✱ ❛♥❞ s❡✈❡r❛❧ s♦❧✈❡rs✱ s✉❝❤ ❛s ❙❡❉✉▼✐ ❬✸✽❪ ❛♥❞ ❊❈❖❙ ❬✸✾❪✱ ❛r❡

❛✈❛✐❧❛❜❧❡✳ ❚❤❡s❡ ❛s♣❡❝ts ♠❛❦❡ t❤❡ ❙❖❈P t❡❝❤♥♦❧♦❣② ❛♣♣❡❛❧✐♥❣ ❢♦r s❡✈❡r❛❧ ❛♣♣❧✐❝❛t✐♦♥s✱ ✐♥❝❧✉❞✐♥❣

t❤❡ ♦♥❡ ✉s❡❞ ❛s ❡①❛♠♣❧❡ ✐♥ t❤✐s ✇♦r❦✳ ❋✉rt❤❡r ❙❖❈P ❛♣♣❧✐❝❛t✐♦♥s ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ ❬✸✻❪✳

■❱✳ ❆ ♠♦t✐✈❛t✐♦♥❛❧ ❡①❛♠♣❧❡

❚♦ ♠♦t✐✈❛t❡ t❤❡ ♣r❡s❡♥t ✇♦r❦ ✇❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ ❛ ✈❡r② s✐♠♣❧❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ ✇❤✐❝❤ ❝❛♥

❜❡ ❢♦r♠✉❧❛t❡❞ ❛s ❛ ❙❖❈P ♣r♦❜❧❡♠✳ ❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ♠✐♥✐♠✐③✐♥❣ t❤❡ ♥♦r♠ ♦❢ t❤❡ ✜♥❛❧ st❛t❡ ♦❢

❛ ✜rst✲♦r❞❡r ❧✐♥❡❛r s②st❡♠✳

min J = ‖x(tf )‖2 ✭✸✸✮

❚❤❡ s②st❡♠ ❜❡❤❛✈✐♦r ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥

ẋ = ax+ bu, x, u, a, b ∈ R ✭✸✹✮

s✉❜❥❡❝t t♦

‖u(t)‖2 ≤ umax, t ∈ [t0, tf ] ✭✸✺✮

❚❤❡ ✜♥❛❧ t✐♠❡ ✐s tf = 5 s✳ ❲❡ ❝❛♥ ❞✐s❝r❡t✐③❡ t❤❡ t✐♠❡✱ t❤❡ st❛t❡ ❛♥❞ t❤❡ ❝♦♥tr♦❧ ✐♥ ♥✰✶ ♥♦❞❡s✱ s✉❝❤

t❤❛t

tk = kdt, k = 0, . . . , n,

dt = (tf − t0)/n

✭✸✻✮

■❢ ✇❡ ✐♥t❡❣r❛t❡ ❊q✳ ✭✸✹✮ ❜② ✉s✐♥❣ ❛ tr❛♣❡③♦✐❞❛❧ s❝❤❡♠❡ ✇❡ ❣❡t

xk+1 = xk +
1

2
dt [axk+1 + buk+1 + axk + buk] , k = 0, . . . , n− 1 ✭✸✼✮

✶✼



✐t ✐s ❝❧❡❛r t❤❛t ✇❡ ❝❛♥ ❢♦r♠✉❧❛t❡ t❤❡ ♣r♦❜❧❡♠ ❛s ❙❖❈P ♣r♦❜❧❡♠✳ ▲❡t ✉s ❞❡✜♥❡ t❤❡ ❞✐s❝r❡t❡ st❛t❡

✈❡❝t♦r ❛s

X =

[
x0 u0 . . . xn un s

]T
✭✸✽✮

✇❤❡r❡ t❤❡ ❡❧❡♠❡♥ts xi ❛♥❞ ui✱ i = 0, . . . , n ❛r❡ t❤❡ ❞✐s❝r❡t❡ st❛t❡s ❛♥❞ ❝♦♥tr♦❧s✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ s

✐s ❛ s❧❛❝❦ ✈❛r✐❛❜❧❡✳ ■❢ ✇❡ ✐♠♣♦s❡ t❤❛t

‖xn‖2 ≤ s ✭✸✾✮

❛♥❞

‖ui‖2 ≤ umax, i = 0, . . . , n ✭✹✵✮

✇❤✐❝❤ ❝❧❡❛r❧② ❛r❡ ❝♦♥✐❝ ❝♦♥str❛✐♥ts✱ t❤❡ ❝♦st ❢✉♥❝t✐♦♥ ❜❡❝♦♠❡s

c =
[
O1×2(n+1) 1

]T
✭✹✶✮

❋✐♥❛❧❧②✱ t❤❡ ❞✐s❝r❡t❡ ❞②♥❛♠✐❝s ✇✐❧❧ ♣r♦✈✐❞❡ t❤❡ ♠❛tr✐① A ❛♥❞ t❤❡ ✈❡❝t♦r b s✉❝❤ t❤❛t

AX = b ✭✹✷✮

✇✐t❤

A =




1 0 0 0 . . . . . . . . . 0

−(1 + dt
2 a) −dt

2 b (1− dt
2 a) −dt

2 b . . . . . . . . . 0

0 0 −(1 + dt
2 a) −dt

2 b (1− dt
2 a) −dt

2 b . . . 0

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

0 0 . . . . . . −(1 + dt
2 a) −dt

2 b (1− dt
2 a) −dt

2 b




✭✹✸✮
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❛♥❞

b =

[
x0 0 . . . 0

]T
✭✹✹✮

❘❡s✉❧ts ♦❜t❛✐♥❡❞ ❜② ✉s✐♥❣ t❤✐s ❞✐s❝r❡t✐③❛t✐♦♥ s❝❤❡♠❡ ✐♥ ✶✵✵ ♥♦❞❡s ❛r❡ r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✹✭❛✮✱ ✇❤❡r❡

t❤❡ st❛t❡ ❛♥❞ t❤❡ ❝♦♥tr♦❧ ❛r❡ ❞❡♣✐❝t❡❞✳
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✭❜✮ ♦❞❡✹✺ ✈❛❧✐❞❛t✐♦♥✳

❋✐❣✳ ✹ ❖♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠ s♦❧✈❡❞ ✇✐t❤ ❙❖❈P ❞✐s❝r❡t✐③❛t✐♦♥ ✲ st❛♥❞❛r❞ ❛♣♣r♦❛❝❤ ✭❛✮✱
❛♥❞ ✈❛❧✐❞❛t✐♦♥ ✈✐❛ ▼❛t❧❛❜✬s ♦❞❡✹✺ ✭❜✮✳

❲❡ ❝❛♥ s❡❡ t❤❛t t❤❡ st❛t❡ ✐s ❝♦rr❡❝t❧② ❞r✐✈❡♥ t♦ ✵✱ ❛s ❡①♣❡❝t❡❞✳ ❚❤❡ s♦❧✉t✐♦♥ s❛t✐s✜❡s ❛❧❧ t❤❡

✐♠♣♦s❡❞ ❝♦♥str❛✐♥ts✳ ❚❤❡ ❧✐♥❡❛r s②st❡♠ r❡♣r❡s❡♥t✐♥❣ t❤❡ ❞②♥❛♠✐❝s ✐s s❛t✐s✜❡❞ ✇✐t❤ r❡s✐❞✉❛❧s ✐♥ t❤❡

♦r❞❡r ♦❢ 10−14✳ ❍♦✇❡✈❡r✱ ❛ ✈❛❧✐❞❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ ✈✐❛ ▼❛t❧❛❜✬s ♦❞❡✹✺ s❤♦✇s ❛ ♠✉❝❤ ❧❛r❣❡r ❡rr♦r

✇❤❡♥ t❤❡ ♦❜t❛✐♥❡❞ ❝♦♥tr♦❧s ❛r❡ ✉s❡❞ t♦ ♣r♦♣❛❣❛t❡ t❤❡ ✐♥✐t✐❛❧ st❛t❡ ✭✐♥ t❤✐s ❝❛s❡ ❡q✉❛❧ t♦ ✷✮✳ ❚❤❡ t✇♦

s♦❧✉t✐♦♥s ❛r❡ ❝♦♠♣❛r❡❞ ✐♥ ❋✐❣✳ ✹✭❜✮✳ ◆♦t❡ t❤❛t ❡✈❡♥ ✐❢ t❤✐s ✐s ❛ s✐♠♣❧❡ ❛♣♣❧✐❝❛t✐♦♥✱ ❛♥❞ ❛ r❡❧❛t✐✈❡❧②

❧❛r❣❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s ✇❛s ❡♠♣❧♦②❡❞✱ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡❝♦♠❡s ♥♦♥tr✐✈✐❛❧✳ ❋♦r t❤❡ ❝❛s❡ ❛♥❛❧②③❡❞ ❤❡r❡

t❤❡ ♠❛①✐♠✉♠ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ s♦❧✉t✐♦♥s ✐♥ t❡r♠s ♦❢ ✜♥❛❧ st❛t❡s ✐s ❡q✉❛❧ t♦ ✵✳✷✷✳ ❲❡ ❝❛♥

s♦❧✈❡ t❤❡ s❛♠❡ ♣r♦❜❧❡♠ ✇✐t❤ t❤❡ ♣r♦♣♦s❡❞ ♣s❡✉❞♦s♣❡❝tr❛❧ ❝♦♥✈❡① ❛♣♣r♦❛❝❤ ✭t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s

♦♠✐tt❡❞ ❤❡r❡ ❢♦r ❜r❡✈✐t②✱ ❛♥❞ ❢✉❧❧② ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝✳ ❱■✮✳ ❘❡s✉❧ts ♦❜t❛✐♥❡❞ ❜② ✉s✐♥❣ t❤❡ s❛♠❡ ♥✉♠❜❡r

♦❢ ♥♦❞❡s ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✺✭❛✮✱ ✇❤❡r❡ t❤❡ st❛t❡ ❛♥❞ t❤❡ ❝♦♥tr♦❧ ❛r❡ r❡♣r❡s❡♥t❡❞✱ ❛♥❞ ❋✐❣✳ ✺✭❜✮✱

✇❤❡r❡ t❤❡ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ♦♣t✐♠❛❧ ❛♥❞ ♣r♦♣❛❣❛t❡❞ s♦❧✉t✐♦♥s ❝❛♥ ❜❡ s❡❡♥✳

■♥ t❤✐s ❝❛s❡ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ s♦❧✉t✐♦♥s ✐s r❡❞✉❝❡❞ t♦ ✵✳✵✵✷✷✱ t❤❛t ♠❡❛♥s ✶✪ ♦❢ t❤❡ ❡rr♦r

♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ st❛♥❞❛r❞ ❛♣♣r♦❛❝❤✳ ◆♦t❡ t❤❛t ♥♦ ❞✐✛❡r❡♥❝❡ ✐♥ ❈P❯ t✐♠❡s ✇❡r❡ ♦❜s❡r✈❡❞ ❜❡t✇❡❡♥

t❤❡s❡ ❡①❛♠♣❧❡s ✭❛❜♦✉t ✶✸✵ ♠s ✇❤❡♥ st❛♥❞❛r❞ tr❛♥s❝r✐♣t✐♦♥ ✇❛s ❡♠♣❧♦②❡❞ ✈❡rs✉s ✶✶✺ ♠s ✇❤❡♥ t❤❡
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✭❜✮ ♦❞❡✹✺ ✈❛❧✐❞❛t✐♦♥✳

❋✐❣✳ ✺ ❖♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠ s♦❧✈❡❞ ✇✐t❤ ❙❖❈P ❞✐s❝r❡t✐③❛t✐♦♥ ✲ ♣s❡✉❞♦s♣❡❝tr❛❧ ❝♦♥✈❡①
❛♣♣r♦❛❝❤ ✭❛✮✱ ❛♥❞ ✈❛❧✐❞❛t✐♦♥ ✈✐❛ ▼❛t❧❛❜✬s ♦❞❡✹✺ ✭❜✮✳

♣s❡✉❞♦s♣❡❝tr❛❧ ❝♦♥✈❡① ❛♣♣r♦❛❝❤ ✇❛s ✉s❡❞✮✳ ❚❤✐s s✐❣♥✐✜❝❛♥t ❞✐✛❡r❡♥❝❡ ♦❢ ❛❝❝✉r❛❝② ♠♦t✐✈❛t❡s t♦

❛♣♣❧② t❤❡ ♣r♦♣♦s❡❞ t❡❝❤♥✐q✉❡ t♦ ♠♦r❡ ❞❡♠❛♥❞✐♥❣ s❝❡♥❛r✐♦s✳

❱✳ ▼❛rs P♦✇❡r❡❞ ❉❡s❝❡♥t

■♥ ✷✵✶✷ ◆❆❙❆✬s r♦✈❡r ❈✉r✐♦s✐t② s✉❝❝❡ss❢✉❧❧② ❧❛♥❞❡❞ ♦♥ t❤❡ ♠❛rt✐❛♥ s✉r❢❛❝❡ ❬✹✵❪✳ ❖♥❡ ♦❢ t❤❡

♠♦st ❝❤❛❧❧❡♥❣✐♥❣ ♣❛rts ♦❢ t❤❡ ❢❛♠♦✉s 7 ♠✐♥✉t❡s ♦❢ t❡rr♦r ❬✹✶❪ ✇❛s t❤❡ ❞❡s❝❡♥t ♣❤❛s❡✱ ✇❤❡r❡ t❤❡

r❡tr♦r♦❝❦❡ts ✇❡r❡ ✉s❡❞ t♦ ❝♦✉♥t❡r❛❝t ▼❛rt✐❛♥ ❣r❛✈✐t② ❛♥❞ ❡♥s✉r❡ t❤❡ ♣r♦♣❡r ❝♦♥❞✐t✐♦♥s ❢♦r ❛ s♦❢t

t♦✉❝❤❞♦✇♥✳ ❚❤✐s ♠✐ss✐♦♥ ✐s ❛ ♣❡r❢❡❝t ❡①❛♠♣❧❡ ♦❢ ❤♦✇ ❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥ ❝♦✉❧❞ ❜❡ ❛♣♣❧✐❡❞ t♦ ❢❛❝❡

❝♦♠♣❧❡① ❛♥❞ ❝❤❛❧❧❡♥❣✐♥❣ s❝❡♥❛r✐♦s✳ ❆♥ ❡❧❡❣❛♥t ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ▼❛rs ❞❡s❝❡♥t ♣r♦❜❧❡♠ ❝❛♥ ❜❡

❢♦✉♥❞ ✐♥ ❬✶✶❪✳ ❙♣❡❝✐✜❝❛❧❧②✱ t❤❡ ♦♣t✐♠❛❧✲❝♦♥tr♦❧ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ st❛t❡❞ ❛s ❢♦❧❧♦✇s✳ ❲❡ ❛r❡ ✐♥t❡r❡st❡❞

✐♥ ♠❛①✐♠✐③✐♥❣ t❤❡ ✜♥❛❧ ♠❛ss ♦❢ t❤❡ ❧❛♥❞❡r

max J = m(tf ) ✭✹✺✮

s✉❜❥❡❝t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t ♦❢ ❡q✉❛t✐♦♥s✿

ṙ = v

v̇ =
Tc

m
+ g

ṁ = −α ‖Tc‖

✭✹✻✮

✷✵



X

Y

Z

r

❋✐❣✳ ✻ ❙✉r❢❛❝❡✲✜①❡❞ r❡❢❡r❡♥❝❡ ❢r❛♠❡✳

r ∈ R
3 ✐s t❤❡ ♣♦s✐t✐♦♥ ✈❡❝t♦r✱ ❛♥❞ v ∈ R

3 r❡♣r❡s❡♥ts t❤❡ ✈❡❧♦❝✐t② ✈❡❝t♦r✱ ❜♦t❤ ❡①♣r❡ss❡❞ ✐♥ ❛ s✉r❢❛❝❡✲

✜①❡❞ r❡❢❡r❡♥❝❡ ❢r❛♠❡✱ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✻✳ ❚❤❡ ▼❛rt✐❛♥ ❣r❛✈✐t② ✈❡❝t♦r ✐s ❞❡✜♥❡❞ ❛s g = [0 0 −3.7114]

♠✴s✷✳ ◆♦t❡ t❤❛t ❛ss✉♠✐♥❣ ❛ ❝♦♥st❛♥t✱ ✈❡rt✐❝❛❧ ❣r❛✈✐t② ✈❡❝t♦r ✐s ❛ ✈❛❧✐❞ ❛ss✉♠♣t✐♦♥ ❣✐✈❡♥ t❤❡ ❛❧t✐t✉❞❡

♦❢ t❤❡ ❧❛♥❞❡r ❛t t❤✐s st❛❣❡ ♦❢ t❤❡ ♠✐ss✐♦♥✳ ▼♦r❡♦✈❡r✱ t❤❡ ✈❡❧♦❝✐t✐❡s ❛r❡ ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ t❤❡ ♦♥❡s

❡①♣❡r✐❡♥❝❡❞ ❞✉r✐♥❣ t❤❡ ❡♥tr② ❛♥❞ ✐♥✐t✐❛❧ ❞❡s❝❡♥t ♣❤❛s❡✱ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ❛❡r♦❞②♥❛♠✐❝ ❛❝❝❡❧❡r❛t✐♦♥s

❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞ ✐♥ t❤✐s ❝♦♥t❡①t✳ Tc ∈ R
3 ✐s t❤❡ ♥❡t t❤r✉st ✈❡❝t♦r ✐♥ ◆❡✇t♦♥✱ ❛♥❞ ✐s t❤❡ ❝♦♥tr♦❧ ♦❢

t❤❡ s②st❡♠✳ m ✐s t❤❡ ♠❛ss ♦❢ t❤❡ ❧❛♥❞❡r✱ ✐♥✐t✐❛❧❧② ❡q✉❛❧ t♦ ✶✾✵✺ ❦❣✳ ❚❤❡ t✐♠❡ ♦❢ ✢✐❣❤t ✐s ❛ss✐❣♥❡❞

❛♥❞ ❡q✉❛❧ t♦ ✽✶ s✳ ❚❤❡ ❝♦❡✣❝✐❡♥t α ✐♥ t❤❡ ❧❛st ♦❢ ❊q✳ ✭✹✻✮ ✐♥❝❧✉❞❡s ♣❛r❛♠❡t❡rs ♦❢ t❤❡ t❤r✉st❡rs✬

s②st❡♠✱ ❛♥❞ ✐s ❝♦♠♣✉t❡❞ ❛s

α =
1

Ispge cosφ
✭✹✼✮

✇❤❡r❡ Isp = 225 s ✐s t❤❡ s♣❡❝✐✜❝ ✐♠♣✉❧s❡ ♦❢ t❤❡ t❤r✉st❡rs✱ ❛♥❞ ge = 9.807 ♠✴s✷ ✐s t❤❡ ❊❛rt❤✬s

❣r❛✈✐t❛t✐♦♥❛❧ ❝♦♥st❛♥t✳ ❚❤❡ ❧❛♥❞❡r ✐s ❡q✉✐♣♣❡❞ ✇✐t❤ n = 6 t❤r✉st❡rs✱ ❤❛✈✐♥❣ ❛ ❝❛♥t ❛♥❣❧❡ φ = 27

❞❡❣r❡❡s ❛♥❞ ❛❜❧❡ t♦ ♣r♦✈✐❞❡ ❛ t❤r✉st Ti ❛❧♦♥❣ ❡❛❝❤ ♦❢ t❤❡ ❛①❡s✳ ❚❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ Ti ❛♥❞ Tc,i

✐s

Tc,i = TmaxnTi cosφ, i = x, y, z ✭✹✽✮

✷✶



✇✐t❤ Tmax ❡q✉❛❧ t♦ ✸✳✶ ❦◆✳ ◆♦t❡ t❤❛t Ti ♦❜❡②s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥str❛✐♥t✿

Tl ≤ Ti ≤ Tu, i = 1, . . . , 3 ✭✹✾✮

✇✐t❤ Tl ❂ ✵✳✸ ❛♥❞ Tu ❂ ✵✳✽✳ ■♥✐t✐❛❧ ❛♥❞ ✜♥❛❧ ♣♦s✐t✐♦♥s ❛♥❞ ✈❡❧♦❝✐t✐❡s ❛r❡✿

r(t0) =




2000

0

1500




♠, r(tf ) =




0

0

0




♠

v(t0) =




100

0

−75




♠✴s, v(tf ) =




0

0

0




♠✴s

✭✺✵✮

❆ ❢✉rt❤❡r ❝♦♥❞✐t✐♦♥ t♦ ❜❡ ✐♠♣♦s❡❞ ✐s t❤❡ s♦✲❝❛❧❧❡❞ ❣❧✐❞❡s❧♦♣❡ ❝♦♥str❛✐♥t✿

tan−1


 rz(t)√

r2x(t) + r2y(t)


 ≥ θ̃alt = 4 ❞❡❣ ✭✺✶✮

❚❤✐s ❝♦♥str❛✐♥t ❡♥s✉r❡s t❤❛t ❞✉r✐♥❣ ✐ts ❞❡s❝❡♥t t❤❡ ❧❛♥❞❡r ♠♦✈❡s ✇✐t❤✐♥ ❛ ❝♦♥❡ ❤❛✈✐♥❣ ❛ s❡♠✐✲❛♥❣❧❡

❡q✉❛❧ t♦ 90− θ̃alt ❞❡❣r❡❡s✱ ❛♥❞ t❤❡r❡❢♦r❡ ❞♦❡s ♥♦t r❡❞✉❝❡ t❤❡ ❛❧t✐t✉❞❡ ❜❡❧♦✇ ❛ ❣✐✈❡♥ t❤r❡s❤♦❧❞ ✇❤✐❧❡

r❡❛❝❤✐♥❣ t❤❡ t❛r❣❡t ♣♦s✐t✐♦♥✳ ❆❝✐❦♠❡s❡ ❛♥❞ P❧♦❡♥ ❬✶✶❪ s❤♦✇❡❞ t❤❛t t❤✐s ♥♦♥✲❝♦♥✈❡① ♦♣t✐♠❛❧ ♣r♦❜❧❡♠

❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❛♥ ❡q✉✐✈❛❧❡♥t ❝♦♥✈❡① ♦♥❡✳ ▲❡t ✉s ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛❜❧❡s✿

u =
Tc

m

σ =
Γ

m

z = log(m)

✭✺✷✮

❚❤❡ s❝❛❧❛r ✈❛r✐❛❜❧❡s Γ ❛♥❞ σ ❛r❡ ✐♥tr♦❞✉❝❡❞ t♦ ♦✈❡r❝♦♠❡ t❤❡ ♥♦♥❝♦♥✈❡①✐t② ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❝♦♥tr♦❧

s❡t✳ ❲✐t❤ t❤❡s❡ ❞❡✜♥✐t✐♦♥s✱ t❤❡ ♣r♦❜❧❡♠ ❜❡❝♦♠❡s✿

✷✷



min J =

tf∫

t0

σ(t)dt ✭✺✸✮

s✉❜❥❡❝t t♦✿

ṙ = v

v̇ = u+ g

ż = −ασ

✭✺✹✮

❚❤❡ ❧♦ss❧❡ss ❝♦♥✈❡①✐✜❝❛t✐♦♥ ❡♥s✉r❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t② r❡♠❛✐♥s t✐❣❤t✿

‖u(t)‖ ≤ σ(t) ✭✺✺✮

❚❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s ♦❢ ❊q✳ ✭✺✷✮ ✐♠♣❧✐❡s t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥str❛✐♥t ❛❝t✐♥❣ ♦♥ z ❤❛s t♦ ❜❡

s❛t✐s✜❡❞✿

ρle
−z(t) ≤ σ(t) ≤ ρue

−z(t) ✭✺✻✮

❛♥❞ t❤❡s❡ ❧✐♠✐ts ❛r❡ ❛♣♣r♦①✐♠❛t❡❞ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝♦♥❞✲♦r❞❡r ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ❛♥❞ ✜rst✲♦r❞❡r

❚❛②❧♦r ❡①♣❛♥s✐♦♥ ❢♦r t❤❡ ❧♦✇❡r ❛♥❞ t❤❡ ✉♣♣❡r ❜♦✉♥❞❛r✐❡s✿

ρle
−zl

[
1− (z − zl) +

1

2
(z − zl)

2

]
≤ σ(t) ≤ ρue

−zu [1− (z − zu)] ✭✺✼✮

❚❤❡ ❝❡♥t❡rs ♦❢ ❡①♣❛♥s✐♦♥ zl ❛♥❞ zu ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦

zl,i = log(m0 − αρlti), i = 0, . . . , n

zu,i = log(m0 − αρuti), i = 0, . . . , n

✭✺✽✮

❛♥❞ t❤❡ t❡r♠s ρl ❛♥❞ ρu ❛r❡ ❡q✉❛❧ t♦ t❤❡ ♠✐♥✐♠✉♠ ❛♥❞ t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡s ♦❢ Tc✳ ▼♦r❡♦✈❡r✱ ❊q✳

✭✺✶✮ ♥❡❡❞s t♦ ❜❡ s❛t✐s✜❡❞ t♦♦✳ ❚❤✐s ❝♦♥str❛✐♥t✱ t♦❣❡t❤❡r ✇✐t❤ ❊q✳ ✭✺✹✮ ❞❡✜♥❡ t❤❡ ❡♥t✐r❡ ❝♦♥✈❡①

✷✸



♣r♦❜❧❡♠ t♦ ❜❡ s♦❧✈❡❞✱ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❤❛✈✐♥❣ ns = 7 st❛t❡s✱ ❛♥❞ nc = 4 ❝♦♥tr♦❧s✳ ❋✉❧❧ t❡❝❤♥✐❝❛❧

❞❡t❛✐❧s ♦♥ t❤❡ ❧♦ss❧❡ss ❝♦♥✈❡①✐✜❝❛t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶✶❪✱ ✇❤✐❧❡ ❢✉rt❤❡r ❡♥❤❛♥❝❡♠❡♥ts ❛r❡ ❝♦✈❡r❡❞

✐♥ ❬✹✷❪✱ ❬✹✸❪✳ ■♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ❛♣♣❧② t❤❡ ♣s❡✉❞♦s♣❡❝tr❛❧ ❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠ t♦

t❤❡ ♦r✐❣✐♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠✳

❱■✳ Ps❡✉❞♦s♣❡❝tr❛❧ ❈♦♥✈❡① ❖♣t✐♠✐③❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t t❤❡ ♣s❡✉❞♦s♣❡❝tr❛❧ ❝♦♥✈❡① ❢r❛♠❡✇♦r❦ ❢♦r ❣❡♥❡r❛t✐♥❣ r❡❛❧✲t✐♠❡ ❝❛♣❛❜❧❡

♦♣t✐♠❛❧ s♦❧✉t✐♦♥s ❢♦r t❤❡ ▼❛rs ❞❡s❝❡♥t ♣❤❛s❡✳ ❲❡ ✉s❡ t❤❡ ✢✐♣♣❡❞ ❘❛❞❛✉ ♠❡t❤♦❞ ❛♥❞ t❤❡ ▲♦❜❛tt♦

♠❡t❤♦❞✱ ❛♥❞ ✇❡ ❡♠♣❤❛s✐③❡ t❤❡ ❞✐✛❡r❡♥❝❡s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ st❛♥❞❛r❞ tr❛♥s❝r✐♣t✐♦♥ ♠❡t❤♦❞s✳

❆✳ ❋❧✐♣♣❡❞ ❘❛❞❛✉ Ps❡✉❞♦s♣❡❝tr❛❧ ❈♦♥✈❡① ♠❡t❤♦❞

❚❤❡ ✜rst st❡♣ ✐s t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝r❡t❡ t✐♠❡st❡♣s✱ ❛♥❞ t❤❡ st❛t❡ ✈❡❝t♦r r❡♣r❡s❡♥t✐♥❣ t❤❡

s♦❧✉t✐♦♥✳ ❋♦r n ❝♦❧❧♦❝❛t✐♦♥ ♥♦❞❡s ✇❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ n r♦♦ts ♦❢ t❤❡ ❘❛❞❛✉✲▲❡❣❡♥❞r❡

♣♦❧②♥♦♠✐❛❧s ❛s ❞❡✜♥❡❞ ✐♥ ❊q✳ ✭✻✮✳ ❚❤❡ r♦♦ts ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❞✐s❝r❡t❡ s❡t ♦❢ ♣s❡✉❞♦s♣❡❝tr❛❧

t✐♠❡s τi✱ i = 0, . . . , n✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❝♦♥✈❡rt❡❞ ✐♥t♦ ♣❤②s✐❝❛❧ t✐♠❡ ❜② ✉s✐♥❣ t❤❡ ✜rst ♦❢ t❤❡ ❛✣♥❡

tr❛♥s❢♦r♠❛t✐♦♥s ❞❡✜♥❡❞ ❜② ❊q✳ ✭✶✷✮✱ ❧❡❛❞✐♥❣ t♦

ti =
tf − t0

2
τi +

tf + t0
2

, i = 0, . . . , n ✭✺✾✮

❚❤❡ ❞✐s❝r❡t❡ t✐♠❡ ✈❡❝t♦r ✐s ♥♦♥✲✉♥✐❢♦r♠✱ ✐♥ ❞✐✛❡r❡♥❝❡ t♦ t❤❡ st❛♥❞❛r❞ tr❛♥s❝r✐♣t✐♦♥✳ ❋♦r t❤❡ st❛t❡s

❛♥❞ t❤❡ ❝♦♥tr♦❧s ✇❡ ♣r♦♣♦s❡ t♦ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❡❝t♦r✿

X =

[
r1 v1 z1 u1 σ1 . . . rn vn zn un σn

]T
✭✻✵✮

◆♦t❡ t❤❛t t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ✭r0✱ v0✱ ❛♥❞ z0✮ ❛♥❞ t❤❡ ✐♥✐t✐❛❧ ❝♦♥tr♦❧s ✭u0 ❛♥❞ σ0✮ ❛r❡ ❡①❝❧✉❞❡❞

❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ X✱ ❝♦♥s✐st❡♥t❧② ✇✐t❤ t❤❡ ❢❛❝t t❤❛t t❤❡ ✐♥✐t✐❛❧ ♥♦❞❡ ♦❢ t❤❡ ❢❘P♠ ✐s ♥♦t ❝♦❧❧♦❝❛t❡❞✳

❈♦st ❢✉♥❝t✐♦♥

❚❤❡ ✈❡❝t♦r c r❡♣r❡s❡♥t✐♥❣ t❤❡ ❝♦st ❢✉♥❝t✐♦♥ ✇✐❧❧ ❜❡ ❛ ✈❡❝t♦r ❤❛✈✐♥❣ ❞✐♠❡♥s✐♦♥s n(ns + nc) × 1✳ ❖❢

✷✹



t❤❡s❡✱ ♦♥❧② n ❡❧❡♠❡♥ts✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ σi ✈❛❧✉❡s✱ ❛r❡ ❞✐✛❡r❡♥t ❢r♦♠ ③❡r♦✳ ❚❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡

ci =





tf − t0
2

wj , i = j(ns + nc), k = 1, . . . , n

0 ♦t❤❡r✇✐s❡

✭✻✶✮

✇❤❡r❡ wj ❛r❡ t❤❡ ❘❛❞❛✉ q✉❛❞r❛t✉r❡ ✇❡✐❣❤t ❞❡✜♥❡❞ ✐♥ ❊qs✳ ✭✶✽✮✱✭✶✾✮✱ ❛♥❞ t0 ❛♥❞ tf ❛r❡ t❤❡ ✐♥✐t✐❛❧

❛♥❞ ✜♥❛❧ t✐♠❡s✱ ❛ss✉♠❡❞ ❦♥♦✇♥✳ ◆♦t❡ t❤❛t t❤❡ ✇❡✐❣❤ts ✇❡r❡ s✐♠♣❧② ❛ss✉♠❡❞ ❡q✉❛❧ t♦ dt = (tf −

t0)/(n+ 1) ✐♥ t❤❡ st❛♥❞❛r❞ tr❛♥s❝r✐♣t✐♦♥✳

❉②♥❛♠✐❝s

■❢ ✇❡ ❞❡✜♥❡ t❤❡ ❝♦♥t✐♥✉♦✉s st❛t❡ ✈❡❝t♦r ❛s

xc = [r v z]
T ✭✻✷✮

❛♥❞ t❤❡ ❝♦♥tr♦❧ ❛s

uc = [u σ]
T ✭✻✸✮

t❤❡ ❞②♥❛♠✐❝s ♦❢ ❊q✳ ✭✺✹✮ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡✲s♣❛❝❡ r❡♣r❡s❡♥t❛t✐♦♥✿

Ac =




O3×3 I3 0

O3×3 O3×3 O3×1

O1×3 O1×3 0



, Bc =




O3×3 0

O3×3 0

O1×3 −α




✭✻✹✮

✇❤❡r❡ On1×n2
❛♥❞ In3

❛r❡ t❤❡ ③❡r♦ ♠❛tr✐① ♦❢ ❞✐♠❡♥s✐♦♥s n1 ❛♥❞ n2 ❛♥❞ t❤❡ ✐❞❡♥t✐t② ♠❛tr✐① ♦❢

❞✐♠❡♥s✐♦♥s n3✱ r❡s♣❡❝t✐✈❡❧②✳ ■♥ t❤❡ st❛♥❞❛r❞ tr❛♥s❝r✐♣t✐♦♥ t❤❡ ♠❛tr✐❝❡s Ac ❛♥❞ Bc ✇❡r❡ ❝♦♥✈❡rt❡❞

✐♥ t❤❡✐r ❞✐s❝r❡t❡ ❝♦✉♥t❡r♣❛rts Ad ❛♥❞ Bd✳ ❚❤❡s❡ ♠❛tr✐❝❡s ✇❡r❡ t❤❡♥ ✉s❡❞ ✐♥ t❤❡ ❞✐s❝r❡t❡ s❝❤❡♠❡ ❢♦r

❜✉✐❧❞✐♥❣ t❤❡ ❧✐♥❡❛r s②st❡♠ ❞❡✜♥❡❞ ✐♥ ❊q✳ ✭✸✶✮✳ ■♥st❡❛❞✱ ✇✐t❤ ♣s❡✉❞♦s♣❡❝tr❛❧ ❝♦♥✈❡① ❢r❛♠❡✇♦r❦ ✇❡

❝❛♥ s❦✐♣ t❤✐s tr❛♥s❢♦r♠❛t✐♦♥✱ ❛♥❞ ❞✐r❡❝t❧② ✉s❡ Ac ❛♥❞ Bc✳ ❚❤❡ r❡❛s♦♥ ✐s t❤❡ ❞✐✛❡r❡♥t ❝♦♥str✉❝t✐♦♥ ♦❢

t❤❡ ❧✐♥❡❛r s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s✳ ■♥ t❤❡ st❛♥❞❛r❞ tr❛♥s❝r✐♣t✐♦♥ t❤❡ s②st❡♠ ✐s ❝♦♥str✉❝t❡❞ ❜② ❡①♣❧♦✐t✐♥❣

✷✺



t❤❡ ❡q✉❛t✐♦♥

x(k + 1) = Adx(k) +Bdu(k) +Bdg ✭✻✺✮

■♥ ♦✉r ❝❛s❡ ✇❡ ❜✉✐❧❞ t❤❡ r❡s✐❞✉❛❧s ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❛s

ẋ(t) = Acxc(t) +Bcuc(t) +Bcg ✭✻✻✮

s✐♥❝❡ ẋ ∼= Dx✱ ❛♥❞ ❦❡❡♣✐♥❣ ✐♥ ♠✐♥❞ ❊q✳ ✭✷✷✮ ✇❡ ❝❛♥ ✇r✐t❡

(D− ktAc)xc(t)− ktBcuc(t) = ktBcg ✭✻✼✮

✇❤✐❝❤✱ ❡✈❛❧✉❛t❡❞ ✐♥ t❤❡ n ♥♦❞❡s ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥s

A0,dyn =




D1,1Ins
− ktAc −ktBc . . . . . . D1,nIns

Ons×nc

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

Dn,1Ins
Ons×nc

. . . . . . Dn,nIns
− ktAc −ktBc




✭✻✽✮

b0,dyn =




−D1,0x0 + ktBcg

✳✳✳

✳✳✳

−Dn,0x0 + ktBcg




✭✻✾✮

❚❤❡ t❡r♠ kt ✐s ❞❡✜♥❡❞ ❛s (tf − t0)/2✳ ◆♦t❡ t❤❛t t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ✐s ❡①♣❧♦✐t❡❞

t♦ ❝♦♥str✉❝t t❤❡ ✈❡❝t♦r b0,dyn t❤r♦✉❣❤ t❤❡ ✜rst ❝♦❧✉♠♥ ♦❢ t❤❡ ♠❛tr✐① D✱ r❡♣r❡s❡♥t✐♥❣ t❤❡ ❞✐s❝r❡t❡✱

♥♦♥✲❝♦❧❧♦❝❛t❡❞ ♣♦✐♥t ❝♦rr❡s♣♦♥❞✐♥❣ t♦ x0✳

❋✐♥❛❧ ❈♦♥❞✐t✐♦♥s

❆r❜✐tr❛r② ✜♥❛❧ ❝♦♥❞✐t✐♦♥s ❝❛♥ ❜❡ ♠❡t ❜② ✐♠♣♦s✐♥❣ ❢✉rt❤❡r t❡r♠s ✐♥ t❤❡ s②st❡♠ ♦❢ ❧✐♥❡❛r ❡q✉❛t✐♦♥s✳

✷✻



❙✉♣♣♦s✐♥❣ t❤❛t ❛❧❧ t❤❡ s✐① ❝♦♠♣♦♥❡♥ts ♦♥ ♣♦s✐t✐♦♥ ❛♥❞ ✈❡❧♦❝✐t② ❛r❡ ❝♦♥str❛✐♥❡❞ t♦ s♦♠❡ ✈❛❧✉❡s rf ✱

vf ✱ ✇❡ ❝❛♥ ✐♠♣♦s❡ t❤❡♠ ❜② ❞❡✜♥✐♥❣ ❛ ❢✉rt❤❡r ♠❛tr✐① A0,fc✱ ❛♥❞ ❛ ❢✉rt❤❡r ✈❡❝t♦r b0,fc ❛s

A0,fc =

[
O(ns−1)×ns

O(ns−1)×nc
. . . . . . I(ns−1) O(ns−1)×nc+1

]
✭✼✵✮

b0,fc =

[
rf vf

]T
✭✼✶✮

❘❡♠❛r❦ ✸ ◆♦t❡ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ r♦✇s ♦❢ A0,fc ❛♥❞ ❡❧❡♠❡♥ts ♦❢ b0,fc ❛r❡ ✐♥ t❤✐s ❝❛s❡ ❡q✉❛❧ t♦ ns − 1 ❜❡❝❛✉s❡ t❤❡

✜♥❛❧ ♠❛ss ✐s ♥♦t ❝♦♥str❛✐♥❡❞✳

❘❡♠❛r❦ ✹ ❚❤❡ ♥✉♠❜❡r ♦❢ r♦✇s ♦❢ A0,fc ❛♥❞ ❡❧❡♠❡♥ts ♦❢ b0,fc✱ ❝❛♥ ❜❡ ❢✉rt❤❡r r❡❞✉❝❡❞ ✐♥ ❝❛s❡ ♦♥❧② s♦♠❡ ♦❢ t❤❡

❝♦♠♣♦♥❡♥ts ♦❢ rf ❛♥❞ vf ❛r❡ ❝♦♥str❛✐♥❡❞✳ ■♥ t❤❛t ❝❛s❡ ✐t ✐s s✉✣❝✐❡♥t t♦ ❞❡❧❡t❡ t❤❡ r♦✇s ❛♥❞ ❡❧❡♠❡♥ts ❝♦rr❡s♣♦♥❞✐♥❣

t♦ t❤❡ ♥♦♥✲❝♦♥str❛✐♥❡❞ ✜♥❛❧ ✈❛❧✉❡s✳

❚❤❡ ❧✐♥❡❛r s②st❡♠ r❡♣r❡s❡♥t✐♥❣ t❤❡ ❞②♥❛♠✐❝s ❛♥❞ t❤❡ ✜♥❛❧ ❝♦♥❞✐t✐♦♥s ✐s t❤❡r❡❢♦r❡ ❣✐✈❡♥ ❜② t❤❡

❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥

A0X = b0 ✭✼✷✮

✇❤❡r❡

A0 =

[
A0,dyn A0,fc

]T
, b0 =

[
b0,dyn b0,fc

]T
✭✼✸✮

❈♦♥str❛✐♥ts

❆s ✜rst st❡♣ ✇❡ ♥❡❡❞ t♦ ✐♥❝❧✉❞❡ t❤❡ ❝♦♥❞✐t✐♦♥ ❞❡s❝r✐❜❡❞ ❜② ❊q✳ ✭✺✺✮✳ ❚❤✐s ✐s ❞♦♥❡ ❜② ✐♥❝❧✉❞✐♥❣ t❤❡

❢♦❧❧♦✇✐♥❣ ❝♦♥✐❝ ❝♦♥str❛✐♥t✿

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥




1 0 0 0

0 1 0 0

0 0 1 0







ux

uy

uz

σ




i

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥
2

≤

[
0 0 0 1

]




ux

uy

uz

σ




i

, i = 1, . . . , n ✭✼✹✮
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❚❤❡ ❣❧✐❞❡s❧♦♣❡ ❝♦♥str❛✐♥t ✇✐❧❧ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥✐❝ ✐♥❡q✉❛❧✐t②✿

∥∥∥∥∥∥∥∥∥∥∥∥



1 0 0

0 1 0







rx

ry

rz




i

∥∥∥∥∥∥∥∥∥∥∥∥
2

≤

[
0 0 1

tan θalt

]




rx

ry

rz




i

, i = 1, . . . , n ✭✼✺✮

❚❤❡ ❞✐s❝r❡t❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ ❊q✳ ✭✺✼✮ ❝❛♥ ❜❡ ♠♦❞❡❧❡❞ ❛s ❛ ❝♦♥✐❝ ❝♦♥str❛✐♥t t♦♦✳ ▲❡t

✉s ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛tr✐❝❡s ❛♥❞ ✈❡❝t♦rs✿

Aρ =

[
ρle

−zl
√
2
2 0

]

i

, bρ = −

[
ρle

−zl + zl 1

]

i

, cρ =
[
ρle

−zl
(
1 + zl +

1
2z

2
l

)]
i

✭✼✻✮

❛♥❞

Ac =




bρ
2

Aρ


 , bc =




cρ
2 + 1

2

0


 , cc = −

bρ
2 , dc =

1
2 −

cρ
2 ✭✼✼✮

❲✐t❤ t❤❡s❡ ❞❡✜♥✐t✐♦♥s✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✐♠♣♦s❡ t❤❡ ✜rst ♣❛rt ♦❢ ❊q✳ ✭✺✼✮ ❛s

‖Acz̃ + bc‖2 ≤ cTc z̃ + dc, i = 1, . . . , n ✭✼✽✮

✇❤❡r❡

z̃ =




z

σ




i

✭✼✾✮

❋✐♥❛❧❧②✱ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ❊q✳ ✭✺✼✮ ✐s ❛ ❧✐♥❡❛r ❝♦♥str❛✐♥t✱ ❛♥❞ ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❊q✳ ✭✼✾✮✱

✐s ❞✐s❝r❡t✐③❡❞ ❛s

[
ρue

−zu 1

]
z̃ ≤ ρue

−zu (1 + zu) z̃, i = 1, . . . , n ✭✽✵✮

✷✽



❚❤❡ ❡♥t✐r❡ ♣r♦❜❧❡♠ ✐s t❤❡r❡❢♦r❡ ❡①♣r❡ss❡❞ ❛s

min J = c0X ✭✽✶✮

s✉❜❥❡❝t t♦ t❤❡ ❧✐♥❡❛r s②st❡♠ ♦❢ ❊q✳ ✭✼✷✮✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❝♦♥str❛✐♥ts ♦❢ ❊qs✳ ✭✼✹✮✲✭✽✵✮✱ ❛♥❞

r❡♣r❡s❡♥ts t❤❡ tr❛♥s❝r✐♣t✐♦♥ ♦❢ t❤❡ ▼❛rs ♣♦✇❡r❡❞ ❞❡s❝❡♥t ♣r♦❜❧❡♠ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✢✐♣♣❡❞ ❘❛❞❛✉

Ps❡✉❞♦s♣❡❝tr❛❧ ❈♦♥✈❡① ♠❡t❤♦❞ ✭♦r ❢❘P❈♠✮✳ ❚❤❡ ✐♥✐t✐❛❧ st❛t❡ ✐s ❦♥♦✇♥✱ ❛♥❞ t❤❡ ✐♥✐t✐❛❧ ❝♦♥tr♦❧ ✐s

❡①tr❛♣♦❧❛t❡❞ ❢r♦♠ t❤❡ ❝♦♥tr♦❧ ❤✐st♦r② ♦♥❝❡ t❤❛t t❤❡ ♣r♦❜❧❡♠ ✐s s♦❧✈❡❞✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡

✐♥✐t✐❛❧ ❝♦♥tr♦❧ ❝♦♠♣❧❡t❡s t❤❡ s♦❧✉t✐♦♥ ✇✐t❤ ❛❧❧ t❤❡ ♠✐ss✐♥❣ ✐♥❢♦r♠❛t✐♦♥✳

❇✳ ▲♦❜❛tt♦ Ps❡✉❞♦s♣❡❝tr❛❧ ❈♦♥✈❡① ♠❡t❤♦❞

▲❡t ✉s ❞❡✜♥❡ ♥♦✇ t❤❡ ▲♦❜❛tt♦ Ps❡✉❞♦s♣❡❝tr❛❧ ❈♦♥✈❡① ♠❡t❤♦❞ ✭♦r ▲P❈♠✮✳ ❋♦r n ♥♦❞❡s✱ t❤❡

❢♦❧❧♦✇✐♥❣ ✈❡❝t♦r ✐s ✉s❡❞✿

X =

[
r0 v0 z0 u0 σ0 . . . rn−1 vn−1 zn−1 un−1 σn−1

]T
✭✽✷✮

■♥ t❤✐s ❝❛s❡ ❛❧❧ t❤❡ ❞✐s❝r❡t❡ ♥♦❞❡s ❛r❡ ❝♦❧❧♦❝❛t❡❞✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ✇❡ ❤❛✈❡ t♦ ✐♥❝❧✉❞❡ t❤❡ ✐♥✐t✐❛❧

❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❝❡ss✱ ❛♥❞ t❤❛t ✇❡ ❤❛✈❡ t♦ ❝♦♥str❛✐♥ t❤❡♠ t♦ ❜❡ ❡q✉❛❧ t♦ t❤❡

❛ss✐❣♥❡❞ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ♦❢ ♦✉r ♣r♦❜❧❡♠✳

❈♦st ❢✉♥❝t✐♦♥

❚❤❡ ❝♦st ❢✉♥❝t✐♦♥ ✐s ❢♦r♠❛❧❧② ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ♦♥❡ ♦❢ ❊q✳ ✭✻✶✮✱ ✇✐t❤ t❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ t❤❛t t❤❡

✇❡✐❣❤ts ❛r❡ ❝♦♠♣✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ❣✐✈❡♥ ✐♥ ❊q✳ ✭✷✵✮✳

❉②♥❛♠✐❝s

❚❤❡ ♠❛tr✐① A0,dyn ❛♥❞ t❤❡ ✈❡❝t♦r b0,dyn ❤❛✈❡ t❤❡ s❛♠❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ ❜✉t t❤❡②

❛r❡ s❧✐❣❤t❧② ❞✐✛❡r❡♥t✳ ◆♦✇ t❤❡ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♠❛tr✐① D ✐s sq✉❛r❡❞ ♦❢ ❞✐♠❡♥s✐♦♥s n× n✳ ❙✐♥❝❡ t❤❡r❡

✷✾



❛r❡ ♥♦ ❞✐s❝r❡t❡✱ ♥♦♥✲❝♦❧❧♦❝❛t❡❞ ♥♦❞❡s✱ t❤❡ ❦♥♦✇♥ ✈❡❝t♦r b0,dyn ❞♦❡s ♥♦t ❝♦♥t❛✐♥ t❤❡ ✐♥✐t✐❛❧ st❛t❡s✿

A0,dyn =




D1,0Ins
− ktAc −ktBc . . . . . . D1,n−1Ins

Ons×nc

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

Dn,0Ins
Ons×nc

. . . . . . Dn,n−1Ins
− ktAc −ktBc




✭✽✸✮

b0,dyn =




ktBcg

✳✳✳

✳✳✳

ktBcg




✭✽✹✮

❋✐♥❛❧ ❈♦♥❞✐t✐♦♥s

❆s ❢♦r t❤❡ ❢❘P❈♠ ✇❡ ✐♠♣♦s❡ t❤❡ ✜♥❛❧ ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ s②st❡♠ ♦❢ ❧✐♥❡❛r ❡q✉❛t✐♦♥s✳ ❚❤❡ ♠❛tr✐①

A0,fc ❛♥❞ t❤❡ ✈❡❝t♦r b0,fc r❡♠❛✐♥ ✉♥❝❤❛♥❣❡❞ ✇✐t❤ r❡s♣❡❝t t♦ ❊qs✳ ✭✼✵✮ ❛♥❞ ✭✼✶✮✳

■♥✐t✐❛❧ ❈♦♥❞✐t✐♦♥s

❙✐♥❝❡ t❤❡ ✐♥✐t✐❛❧ st❛t❡s ❛r❡ ♥♦✇ ✈❛r✐❛❜❧❡s✱ ✇❡ ❤❛✈❡ t♦ ✐♠♣♦s❡ t❤❛t t❤❡② ❛r❡ ❡q✉❛❧ t♦ t❤❡ ❦♥♦✇♥ ✐♥✐t✐❛❧

❝♦♥❞✐t✐♦♥s✳ ■♥ ❛ s✐♠✐❧❛r ❢❛s❤✐♦♥ t♦ ✇❤❛t ✇❛s ❞♦♥❡ ✐♥ ❊qs✳ ✭✼✵✮ ❛♥❞ ✭✼✶✮ t❤❡s❡ ❝♦♥str❛✐♥ts ❛r❡ ❡♥s✉r❡❞

❜② ❞❡✜♥✐♥❣ ❛ ♠❛tr✐① A0,ic ❛♥❞ ❛ ✈❡❝t♦r b0,ic ❛s

A0,ic =

[
Ins×ns

Ons×nc
. . . . . . Ons×ns

Ons×nc

]
✭✽✺✮

b0,ic =

[
r0 v0 z0

]T
✭✽✻✮

❘❡♠❛r❦ ✺ ❚❤❡ ♥✉♠❜❡r ♦❢ r♦✇s ✐♥ t❤✐s ❝❛s❡ ✐s ❡q✉❛❧ t♦ ns✱ ❛s ❛❧❧ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❛r❡ ❛ss✐❣♥❡❞✳

❚❤❡ ❧✐♥❡❛r s②st❡♠ r❡♣r❡s❡♥t✐♥❣ t❤❡ ❞②♥❛♠✐❝s✱ t❤❡ ✜♥❛❧ ❛♥❞ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ✐s t❤❡r❡❢♦r❡

✸✵



❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥

A0X = b0 ✭✽✼✮

✇✐t❤

A0 =

[
A0,ic A0,dyn A0,fc

]T
, b0 =

[
b0,ic b0,dyn b0,fc

]T
✭✽✽✮

❈♦♥str❛✐♥ts

❚❤❡ ❝♦♥str❛✐♥ts ❛r❡ ❛ss✐❣♥❡❞ ❡①❛❝t❧② ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ❢♦r t❤❡ ❢❘P❈♠✳ ❚❤❡r❡❢♦r❡✱ ❊qs✳ ✭✼✹✮

t❤r♦✉❣❤ ✭✽✵✮ ❤♦❧❞ ❢♦r t❤❡ ▲P❈♠ t♦♦✱ ❢♦r i = 0, . . . , n−1✳ ❚❤❡ ✐♥✐t✐❛❧ st❛t❡s ❛r❡ tr✐✈✐❛❧❧② s❛t✐s✜❡❞✱ ❛♥❞

t❤❡ ✐♥✐t✐❛❧ ❝♦♥tr♦❧ ❛r❡ ❞✐r❡❝t❧② ❝♦♠♣✉t❡❞ ❜② t❤❡ ♦♣t✐♠✐③❡r✳ ❚❤❡ tr❛♥s❝r✐♣t✐♦♥ ✐s t❤❡r❡❢♦r❡ ❝♦♠♣❧❡t❡

❛♥❞ ♥♦ ❢✉rt❤❡r ❛❝t✐♦♥s ❛r❡ r❡q✉✐r❡❞✳

❱■■✳ ◆✉♠❡r✐❝❛❧ P❡r❢♦r♠❛♥❝❡s

❆ s❡r✐❡s ♦❢ s✐♠✉❧❛t✐♦♥s t♦ ❛ss❡ss t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞s ✇❛s ♣❡r❢♦r♠❡❞✳ ❚❤❡

s♦❧✉t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✺✵ ♥♦❞❡s ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣s✳ ✼✲✾✳ ❲❡ ❝❛♥ s❡❡ ❢r♦♠ ❋✐❣✳ ✼✱ ✭s❤♦✇✐♥❣

♣♦s✐t✐♦♥✱ ✈❡❧♦❝✐t②✱ ❛❝❝❡❧❡r❛t✐♦♥ ❛♥❞ ❝♦♥tr♦❧s✮ t❤❛t t❤❡ s♦❧✉t✐♦♥ ✐s ❢✉❧❧② ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ r❡s✉❧ts ♦❢

❬✶✶❪✳ ❚❤❡ ❣❧✐❞❡s❧♦♣❡ ❝♦♥str❛✐♥t ✐s ❛❧s♦ ❢✉❧❧② s❛t✐s✜❡❞ ✭❋✐❣✳ ✽✮✳ ❚❤❡ ✜♥❛❧ ♠❛ss ❝♦♥s✉♠♣t✐♦♥ ✐s ❡q✉❛❧

t♦ ✸✾✾✳✺ ❦❣✳ ❋✐❣✉r❡ ✾ s❤♦✇s t❤❡ ❝♦♥tr♦❧ ❤✐st♦r②✿ t❤❡ ♦r✐❣✐♥❛❧ ♥♦♥✲❝♦♥✈❡① ❝♦♥tr♦❧ ❝♦♥str❛✐♥ts ❛r❡

s❛t✐s✜❡❞ t♦♦✳

❚♦ ♣❡r❢♦r♠ ❛ ♠♦r❡ s②st❡♠❛t✐❝ ❛♥❛❧②s✐s ♦❢ t❤❡ r❡s✉❧ts t❤❡ ♣r♦❜❧❡♠ ❤❛s ❜❡❡♥ s♦❧✈❡❞ ❢♦r ❡❛❝❤ ♦❢

t❤❡ t❤r❡❡ tr❛♥s❝r✐♣t✐♦♥ ♠❡t❤♦❞s ✭✐✳❡✳✱ ❢❘P❈♠✱ ▲P❈♠ ❛♥❞ st❛♥❞❛r❞ tr❛♥s❝r✐♣t✐♦♥✮ ✇✐t❤ t✇♦ ❞✐✛❡r❡♥t

❙❖❈P s♦❧✈❡rs ✭❊❈❖❙ ❬✸✾❪✱ ❛♥❞ ❙❉P❚✸ ❬✹✹❪✮ ❜② ✈❛r②✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s ❜❡t✇❡❡♥ ✹✵ ❛♥❞ ✶✷✵✳

❚❤❡ ❝♦♠♣❛r✐s♦♥ ❤❛s ❜❡❡♥ ♣❡r❢♦r♠❡❞ ✐♥ t❡r♠s ♦❢

• ❈♦st ❢✉♥❝t✐♦♥

• ▼❡❛♥ ❛♥❞ ♠❛①✐♠✉♠ ❡rr♦r ❜❡t✇❡❡♥ ♦♣t✐♠❛❧ ❛♥❞ ♣r♦♣❛❣❛t❡❞ s♦❧✉t✐♦♥s ✭♦❞❡✹✺✮

• ❈P❯ t✐♠❡
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❋✐❣✳ ✼ ❙♦❧✉t✐♦♥ ♦❜t❛✐♥❡❞ ✇✐t❤ ✢✐♣♣❡❞ ❘❛❞❛✉ ♣s❡✉❞♦s♣❡❝tr❛❧ ❝♦♥✈❡① ♠❡t❤♦❞ ✲ st❛t❡s ❛♥❞ ❝♦♥✲
tr♦❧s✳

❋♦r ❛ ❜❡tt❡r ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❈P❯ t✐♠❡s ❡❛❝❤ r✉♥ ❤❛s ❜❡❡♥ r❡♣❡❛t❡❞ ✶✵ t✐♠❡s✳ ❆❧❧ t❤❡

❝❛s❡s ❤❛✈❡ ❜❡❡♥ r✉♥ ♦♥ ❛ ❧❛♣t♦♣ ❤❛✈✐♥❣ ❛ ✐✼✲✸✻✽ ♣r♦❝❡ss♦r ✇✐t❤ ❝❧♦❝❦ ❢r❡q✉❡♥❝② ♦❢ ✷✳✻ ●❍③✳ ❘❡s✉❧ts

❛r❡ ❞❡♣✐❝t❡❞ ❢r♦♠ ❋✐❣✳ ✶✵✭❛✮ t❤r♦✉❣❤ ✶✺✭❜✮✳ ■♥ t❡r♠s ♦❢ ❢✉❡❧ ✉s❛❣❡ ✭❋✐❣s✳ ✶✵✭❛✮ ❛♥❞ ✶✵✭❜✮✮ ✇❡

❝❛♥ ♦❜s❡r✈❡ t❤❛t ❢♦r ❜♦t❤ ❊❈❖❙ ❛♥❞ ❙❉P❚✸ t❤❡ ♣s❡✉❞♦s♣❡❝tr❛❧ ❝♦♥✈❡① ❢r❛♠❡✇♦r❦ ❣❡♥❡r❛t❡s ❜❡tt❡r

❝♦st ✐♥❞✐❝❡s✱ ❡✈❡♥ ✇✐t❤ s♠❛❧❧❡r ♥✉♠❜❡r ♦❢ ♥♦❞❡s✱ ✇❤❡r❡ t❤❡ ❞✐✛❡r❡♥❝❡ ❝❛♥ ❜❡ ✉♣ t♦ ✵✳✾ ❦❣✳ ❙✐♠✐❧❛r

❞✐✛❡r❡♥❝❡s ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ❢♦r t❤❡ ♠❡❛♥ ❡rr♦rs ♦♥ ♣♦s✐t✐♦♥ ✭❋✐❣s✳ ✶✶✭❛✮ ❛♥❞ ✶✶✭❜✮✮ ❛♥❞ ✈❡❧♦❝✐t②

✭❋✐❣s✳ ✶✷✭❛✮ ❛♥❞ ✶✷✭❜✮✮✱ ✇❤❡r❡ t❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞s ❧❡❛❞s t♦ ♠✉❝❤ ❜❡tt❡r r❡s✉❧ts✳

▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ✐♥ t❡r♠s ♦❢ ♣♦s✐t✐♦♥s ✭❋✐❣s✳ ✶✶✭❛✮ ❛♥❞ ✶✶✭❜✮✮ t❤❡ ♠❡❛♥ ❡rr♦r r❛♥❣❡s ❢r♦♠

✹✽ ♠ ✭❢♦r n = 40✮ t♦ ✶✺ ♠ ✭n = 120✮✳ ❲❤❡♥ ♣s❡✉❞♦s♣❡❝tr❛❧ ❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥ ✐s ✉s❡❞ t❤❡s❡
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❋✐❣✳ ✾ ❙♦❧✉t✐♦♥ ♦❜t❛✐♥❡❞ ✇✐t❤ ✢✐♣♣❡❞ ❘❛❞❛✉ ♣s❡✉❞♦s♣❡❝tr❛❧ ❝♦♥✈❡① ♠❡t❤♦❞ ✲ ❝♦♥tr♦❧ s♣❛❝❡✳

❡rr♦rs ❛r❡ ✸✳✹ ❛♥❞ ✵✳✸✻ ♠✱ r❡s♣❡❝t✐✈❡❧②✳ ◆♦t❡ ❛❧s♦ t❤❛t t❤❡ ❡rr♦r ✐s ♥♦t ♦♥❧② s♠❛❧❧❡r ✐❢ ❝♦♠♣❛r❡❞

✇✐t❤ t❤❡ st❛♥❞❛r❞ ♠❡t❤♦❞s✱ ❜✉t ❛❧s♦ ❞❡❝r❡❛s❡s ♠♦r❡ r❛♣✐❞❧②✱ ❢♦r ❜♦t❤ ❢❘P❈♠ ❛♥❞ ▲P❈♠✳ ❙✐♠✐❧❛r

❝♦♥❝❧✉s✐♦♥s ❝❛♥ ❜❡ ❞r❛✇♥ ❢♦r t❤❡ ✈❡❧♦❝✐t② ❡rr♦rs ✭❋✐❣s✳ ✶✷✭❛✮ ❛♥❞ ✶✷✭❜✮✮✱ ✇❤✐❝❤ ❛r❡ r❡❞✉❝❡❞ ✉♣ t♦ ✷✺

t✐♠❡s ✭✸✳✵✺ ♠✴s ❢♦r t❤❡ st❛♥❞❛r❞ ♠❡t❤♦❞s ❛❣❛✐♥st ✵✳✶✵ ♠✴s ✇❤❡♥ ♣s❡✉❞♦s♣❡❝tr❛❧ ❝♦♥✈❡① ♠❡t❤♦❞s

✸✸



❛r❡ ❡♠♣❧♦②❡❞✮ ❢♦r n = 40✳ ❚❤❡ r❛t✐♦ ✐♥❝r❡❛s❡s ✉♣ t♦ ✽✸ t✐♠❡s ✭✶ ♠✴s ✈❡rs✉s ✵✳✵✶✷ ♠✴s✮ ✇❤❡♥ n

❜❡❝♦♠❡s ❡q✉❛❧ t♦ ✶✷✵✳ ❚❤❡ ❞✐✛❡r❡♥❝❡s ❜❡❝♦♠❡ ❡✈❡♥ ❧❛r❣❡r ✇❤❡♥ t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡s ❛r❡ t❛❦❡♥✳ ❋♦r

t❤❡ ♣♦s✐t✐♦♥s ✐♥❞❡❡❞ ✭❋✐❣✳ ✶✸✭❛✮ ❛♥❞ ✶✸✭❜✮ t❤❡ ❡rr♦r ✐s r❡❞✉❝❡❞ t♦ ✸✳✽✪ ♦❢ t❤❡ ✈❛❧✉❡ ♦❜t❛✐♥❡❞ ✇✐t❤

st❛♥❞❛r❞ ♠❡t❤♦❞s ✇❤❡♥ n = 40 ♥♦❞❡s ❛r❡ t❛❦❡♥✱ ❛♥❞ t♦ ✶✪ ✇❤❡♥ n ✐s ❡q✉❛❧ t♦ ✶✷✵✳ ❚❤✐s ♣❡r❝❡♥t❛❣❡

✐s ♠♦r❡ ♦r ❧❡ss ❝♦♥st❛♥t✱ ❛♥❞ ❡q✉❛❧ t♦ ✺✪ ✇❤❡♥ t❤❡ ♠❛①✐♠✉♠ ✈❡❧♦❝✐t② ❡rr♦rs ❛r❡ ❝♦♥s✐❞❡r❡❞✱ ✇✐t❤

r❡❢❡r❡♥❝❡ t♦ ❋✐❣s✳ ✶✹✭❛✮ ❛♥❞ ✶✹✭❜✮✳

❋r♦♠ ❋✐❣✳ ✶✺✭❛✮ ✇❡ ❝❛♥ ♦❜s❡r✈❡ t❤❛t ✇✐t❤ ❊❈❖❙ t❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞s ❛r❡ s❧♦✇❡r t❤❛♥ t❤❡

st❛♥❞❛r❞ t❡❝❤♥✐q✉❡✱ ❡✈❡♥ ✐❢ q✉✐t❡ ❡✣❝✐❡♥t ❢♦r s♠❛❧❧ ♥✉♠❜❡r ♦❢ ♥♦❞❡s✳ ▼♦r❡♦✈❡r✱ t❤❡ ❈P❯ t✐♠❡ ❢♦r

t❤❡ st❛♥❞❛r❞ ♠❡t❤♦❞ ✐s ❧❡ss s❡♥s✐t✐✈❡ t♦ t❤❡ ✐♥❝r❡❛s❡ ✐♥ t❤❡ s✐③❡ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✉♥t✐❧ ♥ ❂ ✶✷✵✱ ✇✐t❤

❛♥ ♦❜s❡r✈❡❞ ❈P❯ t✐♠❡ ❜❡t✇❡❡♥ ✷✺ ❛♥❞ ✶✸✾ ♠s✳ ❋♦r t❤❡ t✇♦ ♣s❡✉❞♦s♣❡❝tr❛❧ ♠❡t❤♦❞s t❤❡ ❈P❯ t✐♠❡s

❛r❡ ❜❡t✇❡❡♥ ✷✶✼ ✭❜❡st ❝❛s❡✱ ♦❜t❛✐♥❡❞ ✇✐t❤ ▲P♠✮ ❛♥❞ ✺✸✺✽ ♠s ✭✇♦rst ❝❛s❡✱ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✉s❡

♦❢ t❤❡ ❢❘P♠✮✳ ❚❤✐s ✐s ♠❛✐♥❧② ❞✉❡ t♦ t❤❡ ❧❛r❣❡st ♥✉♠❜❡r ♦❢ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ t❤❡ s❡✈❡r❛❧ ❞✐s❝r❡t❡

st❛t❡s ✭♥♦t❡ t❤❛t t❤❡ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♠❛tr✐① D ❝r❡❛t❡s ❞❡♣❡♥❞❡♥❝✐❡s ❛♠♦♥❣ ❛❧❧ ♦❢ t❤❡♠✱ ✇❤✐❧❡ t❤❡

♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ✉s❡❞ ✐♥ t❤❡ st❛♥❞❛r❞ ♠❡t❤♦❞s ✐♠♣❧✐❡s t❤❛t ♦♥❧② t✇♦ ❝♦♥s❡❝✉t✐✈❡ ❞✐s❝r❡t❡ st❛t❡s

❛r❡ ❧✐♥❡❛r❧② ❞❡♣❡♥❞❡♥t ✇✐t❤ r❡s♣❡❝t t♦ ❡❛❝❤ ♦t❤❡r✳

❆ ❞✐✛❡r❡♥t s❝❡♥❛r✐♦ ✐s ♦❜s❡r✈❡❞ ✇❤❡♥ ❙❉P❚✸ ✐s ❛❞♦♣t❡❞ ✭❋✐❣✳ ✶✺✭❜✮✮✳ ■♥ t❤✐s ❝❛s❡ t❤❡ t✐♠❡

❞✐✛❡r❡♥❝❡s s✐❣♥✐✜❝❛♥t❧② ❞❡❝r❡❛s❡✱ ❛♥❞ t❤❡ ❈P❯ t✐♠❡s ❛r❡ ❣❡♥❡r❛❧❧② ❧❛r❣❡r t❤❛♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s

❝❛♠♣❛✐❣♥✳ ❲❤❡♥ st❛♥❞❛r❞ tr❛♥s❝r✐♣t✐♦♥ ✐s ✉s❡❞ t❤❡ ❈P❯ t✐♠❡s r❛♥❣❡ ❢r♦♠ ✼✻✸ t♦ ✷✶✺✻ ♠s✱ ❛❣❛✐♥st

❛ r❛♥❣❡ ♦❢ [1998, 13570] ♠s ♦❜t❛✐♥❡❞ ✇❤❡♥ t❤❡ ❢❘P❈♠ ✐s ❡♠♣❧♦②❡❞✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♦❜s❡r✈❡ t❤❛t

t❤❡s❡ r❡s✉❧ts ❛r❡ ♠✉❝❤ s♠♦♦t❤❡r ❛♥❞ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s ✇✳r✳t✳ t❤❡ ♦♥❡s ♦❜t❛✐♥❡❞

❜② ✉s✐♥❣ t❤❡ ▲P❈♠✳ ■♥ ❢❛❝t✱ t❤✐s ♠❡t❤♦❞ s❤♦✇s ♠✉❝❤ ❧❛r❣❡r ♦s❝✐❧❧❛t✐♦♥s ❜❡t✇❡❡♥ ✹✵ ❛♥❞ ✺✵ ♥♦❞❡s✱

❛s ✇❡❧❧ ❛s ❜❡t✇❡❡♥ ✽✷ ❛♥❞ ✾✵✱ ❛♥❞ ❛❜♦✈❡ ✶✶✵ ♥♦❞❡s✳ ❆ ❞❡❡♣❡r ❛♥❛❧②s✐s ♦❢ t❤❡s❡ r❡s✉❧ts r❡✈❡❛❧❡❞

t❤❛t✱ ❛❧t❤♦✉❣❤ t❤❡ s♦❧✉t✐♦♥ ✐s ❛❧✇❛②s ✈❛❧✐❞ ❛♥❞ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❡①♣❡❝t❡❞ ♦♥❡✱ ❢♦r t❤♦s❡ ❝❛s❡s t❤❡

❙❉P❚✸ s♦❧✈❡r ❤❛s ❝♦♥✈❡r❣❡♥❝❡ tr♦✉❜❧❡s✳ ❚❤❡ s❛♠❡ ✐ss✉❡ ❛✛❡❝ts t❤❡ st❛♥❞❛r❞ tr❛♥s❝r✐♣t✐♦♥ ✐♥ t❤❡

r❛♥❣❡s [60 80] ❛♥❞ [100 120]✱ ✇❤✐❧❡ t❤✐s ✐ss✉❡ ♥❡✈❡r ❛✛❡❝ts t❤❡ ❘❛❞❛✉✲❜❛s❡❞ ♠❡t❤♦❞✱ s✉❣❣❡st✐♥❣ t❤❛t

t❤✐s ♦♥❡ ✐s ♣r❡❢❡r❛❜❧❡ ❛s ♠♦r❡ ♥✉♠❡r✐❝❛❧❧② st❛❜❧❡✱ ❛♥❞ ❛❝❝✉r❛t❡ ❛s t❤❡ ▲♦❜❛tt♦ ♦♥❡✳

❆❧❧ t❤❡s❡ r❡s✉❧ts ❛r❡ ❛❧s♦ s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡s ✶ ❛♥❞ ✷✱ ✇❤✐❝❤ ♣r♦✈✐❞❡ ❛ q✉✐❝❦ ♦✈❡r✈✐❡✇ ♦❢ t❤❡

♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞s✳ ❙♣❡❝✐✜❝❛❧❧②✱ ❛s ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥❡❞✱ ❙❉P❚✸ ❝♦♠♣✉t❡s t❤❡

✸✹



s♦❧✉t✐♦♥ ✐♥ ❛ ❣❡♥❡r❛❧❧② ❧❛r❣❡r ❛♠♦✉♥t ♦❢ t✐♠❡✳ ❚❤✐s ✐s ♠❛✐♥❧② ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❡ ✇❤✐❧❡ ❊❈❖❙ ✐s

s♣❡❝✐❛❧✐③❡❞ ❢♦r ❙❖❈P✱ ❙❉P❚✸ ✐s ❝♦♥❝❡✐✈❡❞ ❢♦r s♦❧✈✐♥❣ s❡♠✐❞❡✜♥✐t❡ ♣r♦❣r❛♠♠✐♥❣ ✭❙❉P✮ ♣r♦❜❧❡♠s✱

✇❤✐❝❤ ✐s ❛ ❧❛r❣❡r ❜r❛♥❝❤ ♦❢ ❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥✱ ❛♥❞ t❤❡r❡❢♦r❡ ✐t ✐s s❧✐❣❤t❧② ❧❡ss ♦♣t✐♠✐③❡❞ ✐♥ ❤❛♥❞❧✐♥❣

❙❖❈P ♣r♦❜❧❡♠s✳ ■♥ ❣❡♥❡r❛❧ ✇❤❛t ✇❡ ❝❛♥ ♦❜s❡r✈❡ ✐s t❤❛t ❢♦r ❛ s♠❛❧❧ ♥✉♠❜❡r ♦❢ ♥♦❞❡s t❤❡ ❞✐✛❡r❡♥❝❡

♦❢ t✐♠❡ ❜❡t✇❡❡♥ st❛♥❞❛r❞ ❛♥❞ ♣r♦♣♦s❡❞ ♠❡t❤♦❞s ✐s r❡❞✉❝❡❞ ✭✐t t❛❦❡s ❜❡t✇❡❡♥ ✶✳✷ ❛♥❞ ✶✸ t✐♠❡s

♠♦r❡✮✱ ❜✉t t❤❡ ❛❝❝✉r❛❝② ✐♥ ♣♦s✐t✐♦♥ ✐s ❜❡t✇❡❡♥ ✶✺ ❛♥❞ ✷✵ t✐♠❡s ❜❡tt❡r✱ ❛♥❞ ✐♥ t❡r♠s ♦❢ ✈❡❧♦❝✐t② t❤❡

❡rr♦r ✐s r❡❞✉❝❡❞ ❜② ❛ ❢❛❝t♦r ✈❛r②✐♥❣ ❜❡t✇❡❡♥ ✶✺ ❛♥❞ ✷✵ t✐♠❡s✳ ❚❤✐s ✐♠♣r♦✈❡♠❡♥t ❛t ❛ r❡❞✉❝❡❞ ❈P❯

❝♦st ♠❛❦❡s t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠s ❛ ✈❛❧✐❞ ❛❧t❡r♥❛t✐✈❡ ❢♦r t❤✐s r❛♥❣❡ ♦❢ ♥♦❞❡s✳ ❘❡♠❛r❦ ✻ ◆♦t❡ t❤❛t✱

❞❡s♣✐t❡ t❤❡ ✉s❡ ♦❢ ❈❱❳✱ t❤❡ ❈P❯ t✐♠❡s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✶✺✭❜✮ ❛r❡ t❤❡ ♦♥❡s ♦❜t❛✐♥❡❞ ❜② ❙❉P❚✸ ♦♥❧②✱ ✐✳❡✳✱ ✇✐t❤♦✉t

t❛❦✐♥❣ t❤❡ ♣❛rs✐♥❣ t✐♠❡ ✐♥t♦ ❛❝❝♦✉♥t✳

❋♦r ✇❤❛t r❡❣❛r❞s t❤❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ t✇♦ ♣r♦♣♦s❡❞ ♠❡t❤♦❞s✱ ❡✈❡♥ ✐❢ ❜♦t❤ ♣❡r❢♦r♠ ✇❡❧❧✱

t❤❡ ✉s❡ ♦❢ t❤❡ ❢❘P❈♠ ✐s r❡❝♦♠♠❡♥❞❡❞ ❢♦r t❤r❡❡ r❡❛s♦♥s✿ ✜rst✱ ✐t ✐s ♠♦r❡ ❛❝❝✉r❛t❡ t❤❛♥ ▲P❈♠ ✐♥

✐♥t❡❣r❛t✐♥❣ t❤❡ ❝♦st ❢✉♥❝t✐♦♥ ✐♥ ✈✐rt✉❡ ♦❢ t❤❡ ❤✐❣❤❡r ♦r❞❡r ❛❝❝✉r❛❝② ♦❢ ✐ts q✉❛❞r❛t✉r❡ ❢♦r♠✉❧❛✳ ❙❡❝♦♥❞✱

❢♦r t❤❡ ✢✐♣♣❡❞ ❘❛❞❛✉ ♣♦✐♥ts ❛ ❞✐r❡❝t ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❞✐s❝r❡t❡ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡rs ❛♥❞ t❤❡

❝♦♥t✐♥✉♦✉s ❝♦st❛t❡s ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s ❖❈P ❤♦❧❞s ✐♥ ✈✐rt✉❡ ♦❢ t❤❡ ❈♦✈❡❝t♦r ▼❛♣♣✐♥❣ ❚❤❡♦r❡♠✱ ✇❤✐❧❡

t❤✐s ✐s ♥♦t tr✉❡ ❢♦r t❤❡ ▲♦❜❛tt♦✲❜❛s❡❞ ❢r❛♠❡✇♦r❦ ❬✷✶✱ ✷✾❪✳ ❋✐♥❛❧❧②✱ t❤❡ ❢❘P❈♠ ❞♦❡s ♥♦t s❤♦✇ ❛♥②

♥✉♠❡r✐❝❛❧ ✐ss✉❡✱ ✇❤✐❝❤ ♠✐❣❤t ❛✛❡❝t t❤❡ ▲♦❜❛tt♦ ♠❡t❤♦❞✳ ❆❧❧ t❤❡s❡ r❡❛s♦♥s ♠❛❦❡ t❤❡ ❢❘P❈♠ ♠♦r❡

♣r♦♠✐s✐♥❣ ❢♦r ❢✉t✉r❡ ❛♣♣❧✐❝❛t✐♦♥s✳
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❚❛❜❧❡ ✶ P❡r❢♦r♠❛♥❝❡ ♦❜t❛✐♥❡❞ ✇✐t❤ ❊❈❖❙

◆♦❞❡s ▼❡t❤♦❞ ♠❡❛♥ ❈P❯ t✐♠❡ ✭♠s✮ ♠❡❛♥ ♣♦s ❡rr♦r ✭♠✮ ♠❡❛♥ ✈❡❧ ❡rr♦r ✭♠✴s✮

✹✵
❢❘P❈♠ ✷✼✶ ✸✳✷✷ ✵✳✶✵✺
▲P❈♠ ✷✶✼ ✸✳✹✷ ✵✳✶✶✷
❙❈♠ ✷✺ ✹✼✳✾✶ ✸✳✵✺✶

✻✵
❢❘P❈♠ ✽✵✺ ✶✳✺✶ ✵✳✵✹✽
▲P❈♠ ✶✶✼✹ ✶✳✹✸ ✵✳✵✹✼
❙❈♠ ✽✽ ✸✵✳✾✺ ✷✳✵✶✹

✽✵
❢❘P❈♠ ✺✸✺✽ ✵✳✽✶ ✵✳✵✷✻
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❱■■■✳ ❈♦♥❝❧✉s✐♦♥s

■♥ t❤✐s ♣❛♣❡r✱ ♣s❡✉❞♦s♣❡❝tr❛❧ ♠❡t❤♦❞s ❛♥❞ ❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥ ❛r❡ ❝♦♠❜✐♥❡❞ t♦ ♣r♦✈✐❞❡ ❛ ♠♦r❡

❛❝❝✉r❛t❡ r❡❛❧✲t✐♠❡ ♦r✐❡♥t❡❞ ❢r❛♠❡✇♦r❦ ❢♦r ♦♣t✐♠❛❧ ❝♦♥tr♦❧✳ ❚✇♦ ♣s❡✉❞♦s♣❡❝tr❛❧ ♠❡t❤♦❞s ❛r❡ ❡♠✲

♣❧♦②❡❞ ❢♦r t❤✐s ❤②❜r✐❞✐③❛t✐♦♥✱ ❧❡❛❞✐♥❣ t♦ t❤❡ ✢✐♣♣❡❞ ❘❛❞❛✉ ♣s❡✉❞♦s♣❡❝tr❛❧ ❝♦♥✈❡① ♠❡t❤♦❞ ❛♥❞ t♦ t❤❡

▲♦❜❛tt♦ ♣s❡✉❞♦s♣❡❝tr❛❧ ❝♦♥✈❡① ♠❡t❤♦❞✳ ❚❤❡ ♣r♦♣♦s❡❞ ❛♣♣r♦❛❝❤❡s ❛r❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ▼❛rs ♣♦✇❡r❡❞

❞❡s❝❡♥t s❝❡♥❛r✐♦ ❛♥❞ ❝♦♠♣❛r❡❞ ✇✐t❤ st❛♥❞❛r❞ ❝♦♥✈❡① ♠❡t❤♦❞s✳ ❚❤❡ ❝♦♠♣❛r✐s♦♥ ✐s ♣❡r❢♦r♠❡❞ ✐♥

t❡r♠s ♦❢ ❢✉❡❧ ✉s❛❣❡✱ ❛s ✇❡❧❧ ❛s ♣♦s✐t✐♦♥ ❛♥❞ ✈❡❧♦❝✐t② ❡rr♦rs✱ ❛♥❞ ❈P❯ t✐♠❡✳ ❚✇♦ ❞✐✛❡r❡♥t s♦❧✈❡rs

✭t❤❛t ✐s✱ ❊❈❖❙ ❛♥❞ ❙❉P❚✸✮ t♦ ❛ss❡ss t❤❡ r❡s✉❧ts ✐♥ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❝♦♥t❡①t ❛r❡ ✉s❡❞✳

❇♦t❤ t❤❡ ♣r♦♣♦s❡❞ ❛♣♣r♦❛❝❤❡s ❧❡❛❞ t♦ r❡s✉❧ts t❤❛t ❝❛♥ ❜❡ ✉♣ t♦ ✶✵✵ t✐♠❡s ♠♦r❡ ❛❝❝✉r❛t❡ t❤❛♥

t❤❡ ♦♥❡s ♦❜t❛✐♥❡❞ ✇✐t❤ st❛♥❞❛r❞ ♠❡t❤♦❞s✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ r❡s✉❧ts ✐s ❛❧s♦

s✐❣♥✐✜❝❛♥t ❢♦r t❤❡ ❝❛s❡s ✇❤❡r❡ ❛ s♠❛❧❧ ♥✉♠❜❡r ♦❢ ♥♦❞❡s ✭✹✵â⑨➇✺✵✮ ✇❛s ❝♦♥s✐❞❡r❡❞✳ ❚❤✐s r❛♥❣❡ ♦❢

♥♦❞❡s ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❤❛✈✐♥❣ ❈P❯ t✐♠❡s ♦♥ t❤❡ ♦r❞❡r ♦❢ ❛❜♦✉t ✷✷✵â⑨➇✽✵✵ ♠s✳ ❚❤✐s s✉❜s❡t ♦❢

♥♦❞❡s t❤❡r❡❢♦r❡ r❡♣r❡s❡♥ts t❤❡ r❡❣✐♦♥ ✇❤❡r❡ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ♣s❡✉❞♦s♣❡❝tr❛❧ ❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥

♣r♦✈✐❞❡s ❛ ❧❛r❣❡ ✐♠♣r♦✈❡♠❡♥t ♦❢ ❛❝❝✉r❛❝② ❛t t❤❡ ♣r✐❝❡ ♦❢ ❛ r❡❛s♦♥❛❜❧② ✐♥❝r❡❛s❡❞ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡✳

❆❝❦♥♦✇❧❡❞❣♠❡♥ts

❚❤❡ ❛✉t❤♦r t❤❛♥❦s t❤❡ ❉▲❘ ❚❡❝❤♥♦❧♦❣② ▼❛r❦❡t✐♥❣ ❞❡♣❛rt♠❡♥t✱ t❤❡ ❏♦st❛r♥❞t ❆● P❛t❡♥t ❆t✲

t♦r♥❡②s ❛♥❞ t❤❡ ●❡r♠❛♥ P❛t❡♥t ❖❋✜❝❡ ✭❉P▼❆✮ ❢♦r t❤❡ str♦♥❣ s✉♣♣♦rt ✐♥ ✜❧✐♥❣ t❤❡ ❛♣♣❧✐❝❛t✐♥ ❢♦r

t❤❡ ♣❛t❡♥t ✶✵✷✵✶✼✷✶✾✵✼✻✳✵✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❇❧❛❝❦♠♦r❡✱ ▲✳✱ ✏❆✉t♦♥♦♠♦✉s Pr❡❝✐s✐♦♥ ▲❛♥❞✐♥❣ ♦❢ ❙♣❛❝❡ ❘♦❝❦❡ts✱✑ ❚❤❡ ❇r✐❞❣❡✱ ❱♦❧✳ ✹✱ ✷✵✶✻✳

❬✷❪ ❇❡♥♥❡tt✱ ❋✳✱ ✏▲✉♥❛r ❞❡s❝❡♥t ❛♥❞ ❛s❝❡♥t tr❛❥❡❝t♦r✐❡s✱✑ ❆❡r♦s♣❛❝❡ ❙❝✐❡♥❝❡s ▼❡❡t✐♥❣s✱ ❆♠❡r✐❝❛♥ ■♥st✐t✉t❡

♦❢ ❆❡r♦♥❛✉t✐❝s ❛♥❞ ❆str♦♥❛✉t✐❝s✱ ❏❛♥✳ ✶✾✼✵✳

❬✸❪ ❈♦♥♥♦r✱ ▼✳ ❆✳✱ ✏●r❛✈✐t② t✉r♥ tr❛❥❡❝t♦r✐❡s t❤r♦✉❣❤ t❤❡ ❛t♠♦s♣❤❡r❡✳✑ ❏♦✉r♥❛❧ ♦❢ ❙♣❛❝❡❝r❛❢t ❛♥❞ ❘♦❝❦❡ts✱

❱♦❧✳ ✸✱ ◆♦✳ ✽✱ ❆✉❣✳ ✶✾✻✻✱ ♣♣✳ ✶✸✵✽✕✶✸✶✶✳

❬✹❪ ❏✉♥❣♠❛♥♥✱ ❏✳✱ ✏●r❛✈✐t② t✉r♥ tr❛❥❡❝t♦r✐❡s t❤r♦✉❣❤ ♣❧❛♥❡t❛r② ❛t♠♦s♣❤❡r❡s✱✑ ▼❡❡t✐♥❣ P❛♣❡r ❆r❝❤✐✈❡✱

❆♠❡r✐❝❛♥ ■♥st✐t✉t❡ ♦❢ ❆❡r♦♥❛✉t✐❝s ❛♥❞ ❆str♦♥❛✉t✐❝s✱ ❆✉❣✳ ✶✾✻✼✳

❬✺❪ ▼❝■♥♥❡s✱ ❈✳ ❘✳✱ ✏●r❛✈✐t②✲❚✉r♥ ❉❡s❝❡♥t ❢r♦♠ ▲♦✇ ❈✐r❝✉❧❛r ❖r❜✐t ❈♦♥❞✐t✐♦♥s✱✑ ❏♦✉r♥❛❧ ♦❢ ●✉✐❞❛♥❝❡✱

❈♦♥tr♦❧✱ ❛♥❞ ❉②♥❛♠✐❝s✱ ❱♦❧✳ ✷✻✱ ◆♦✳ ✶✱ ❏❛♥✳ ✷✵✵✸✱ ♣♣✳ ✶✽✸✕✶✽✺✳
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❬✻❪ ❙♦st❛r✐❝✱ ❘✳ ❛♥❞ ❘❡❛✱ ❏✳✱ ✏P♦✇❡r❡❞ ❉❡s❝❡♥t ●✉✐❞❛♥❝❡ ▼❡t❤♦❞s ❋♦r ❚❤❡ ▼♦♦♥ ❛♥❞ ▼❛rs✱✑ ●✉✐❞❛♥❝❡✱

◆❛✈✐❣❛t✐♦♥✱ ❛♥❞ ❈♦♥tr♦❧ ❛♥❞ ❈♦✲❧♦❝❛t❡❞ ❈♦♥❢❡r❡♥❝❡s✱ ❆♠❡r✐❝❛♥ ■♥st✐t✉t❡ ♦❢ ❆❡r♦♥❛✉t✐❝s ❛♥❞ ❆str♦♥❛✉✲

t✐❝s✱ ❆✉❣✳ ✷✵✵✺✳

❬✼❪ ■♥❣♦❧❞❜②✱ ❘✳ ◆✳✱ ✏●✉✐❞❛♥❝❡ ❛♥❞ ❈♦♥tr♦❧ ❙②st❡♠ ❉❡s✐❣♥ ♦❢ t❤❡ ❱✐❦✐♥❣ P❧❛♥❡t❛r② ▲❛♥❞❡r✱✑ ❏♦✉r♥❛❧ ♦❢

●✉✐❞❛♥❝❡✱ ❈♦♥tr♦❧✱ ❛♥❞ ❉②♥❛♠✐❝s✱ ❱♦❧✳ ✶✱ ◆♦✳ ✸✱ ▼❛② ✶✾✼✽✱ ♣♣✳ ✶✽✾✕✶✾✻✳

❬✽❪ ❇♦②❞✱ ❙✳ ❛♥❞ ❱❛♥❞❡♥❜❡r❣❤❡✱ ▲✳✱ ❈♦♥✈❡① ❖♣t✐♠✐③❛t✐♦♥✱ ✷✵✵✹✳

❬✾❪ ▲✐✉✱ ❳✳ ❛♥❞ ▲✉✱ P✳✱ ✏❙♦❧✈✐♥❣ ♥♦♥❝♦♥✈❡① ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s ❜② ❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥✱✑ ❏♦✉r♥❛❧ ♦❢

●✉✐❞❛♥❝❡✱ ❈♦♥tr♦❧✱ ❛♥❞ ❉②♥❛♠✐❝s✱ ❱♦❧✳ ✸✼✱ ◆♦✳ ✸✱ ✷✵✶✹✱ ♣♣✳ ✼✺✵✕✼✻✺✳

❬✶✵❪ ▲✐✉✱ ❳✳✱ ❙❤❡♥✱ ❩✳✱ ❛♥❞ ▲✉✱ P✳✱ ✏❊♥tr② tr❛❥❡❝t♦r② ♦♣t✐♠✐③❛t✐♦♥ ❜② s❡❝♦♥❞✲♦r❞❡r ❝♦♥❡ ♣r♦❣r❛♠♠✐♥❣✱✑

❏♦✉r♥❛❧ ♦❢ ●✉✐❞❛♥❝❡✱ ❈♦♥tr♦❧✱ ❛♥❞ ❉②♥❛♠✐❝s✱ ❱♦❧✳ ✸✾✱ ◆♦✳ ✷✱ ✷✵✶✺✱ ♣♣✳ ✷✷✼✕✷✹✶✳

❬✶✶❪ ❆❝✐❦♠❡s❡✱ ❇✳ ❛♥❞ P❧♦❡♥✱ ❙✳ ❘✳✱ ✏❈♦♥✈❡① ♣r♦❣r❛♠♠✐♥❣ ❛♣♣r♦❛❝❤ t♦ ♣♦✇❡r❡❞ ❞❡s❝❡♥t ❣✉✐❞❛♥❝❡ ❢♦r ♠❛rs

❧❛♥❞✐♥❣✱✑ ❏♦✉r♥❛❧ ♦❢ ●✉✐❞❛♥❝❡✱ ❈♦♥tr♦❧✱ ❛♥❞ ❉②♥❛♠✐❝s✱ ❱♦❧✳ ✸✵✱ ◆♦✳ ✺✱ ✷✵✵✼✱ ♣♣✳ ✶✸✺✸✕✶✸✻✻✳
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