PULSATING SEMI-WAVES IN PERIODIC MEDIA AND SPREADING
SPEED DETERMINED BY A FREE BOUNDARY MODEL

YIHONG DU AND XING LIANG*

ABSTRACT. We consider a radially symmetric free boundary problem with logistic nonlinear
term. The spatial environment is assumed to be asymptotically periodic at infinity in the radial
direction. For such a free boundary problem, it is known from [7] that a spreading-vanishing
dichotomy holds. However, when spreading occurs, only upper and lower bounds are obtained in
[7] for the asymptotic spreading speed. In this paper, we investigate one dimensional pulsating
semi-waves in spatially periodic media. We prove existence, uniqueness of such pulsating semi-
waves, and show that the asymptotic spreading speed of the free boundary problem coincides
with the speed of the corresponding pulsating semi-wave.

1. INTRODUCTION

We are interested in the evolution of the positive solution u(t,r) (r = |z|, z € RN, N > 1),
governed by the following diffusive logistic equation with a free boundary:

uy — dAu = u(a(r) — f(r)u), t>0, 0<r <h(t),
ur(t,0) =0, u(t,h(t)) =0, t>0,

h/(t) = _/qur(ta h(t))v t>0,

h(O) :h07u(07r) :uO(T)7 0 <7 < ho,

(1.1)

where Au = u,., + #ur; r = h(t) is the free boundary to be determined; hg, 1 and d are given
positive constants; ug € C2([0, ho]) is positive in [0, hg) and ufy(0) = ug(ho) = 0; the functions
a(r) and B(r) are positive and satisfy the following conditions:

(i) «, € C"([0,00)) for some v € (0,1),
(1.2) (ii) there exist positive L-periodic functions a and b in C*°(R) such that
limy oo (le(r) = a(r)] + B(r) = b(r)[) = 0.

Problem (1.1) may be viewed as describing the spreading of a new or invasive species with
population density u(t, |z|) over an N-dimensional habitat, which is radially symmetric, het-
erogeneous and asymptotically space-periodic near infinity in the radial direction. The initial
function ug(|z|) stands for the population in its early stage of introduction. Its spreading front is
represented by the free boundary |z| = h(t), which is a sphere 0By, () with radius h(t) growing at
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a speed proportional to the gradient of the population density at the front: h'(t) = —pu,(t, h(t)).
(A deduction of this condition based on ecological considerations can be found in [6].) The co-
efficient functions a(|x|) and S(|z|) represent the intrinsic growth rate of the species and its
intra-specific competition respectively, and d is the random diffusion rate.

Problem (1.1) was studied recently in [7], and when «, 3 are positive constants and the space
dimension is one, this problem was considered earlier in [10]. In both cases, it was shown that a
unique solution pair (u, h) exists, with u(¢,7) > 0 and A'(t) > 0 for t > 0 and 0 < r < h(t), and
a spreading-vanishing dichotomy holds, namely, a spatial barrier r = R* exists, such that either

e Spreading: the free boundary breaks the barrier at some finite time (i.e., h(tg) > R* for
some to > 0), and then the free boundary goes to infinity as ¢t — oo (i.e., limy_oo h(t) =
o0), and the population spreads to the entire space and stabilizes at its positive steady-
state, or

e Vanishing: the free boundary never breaks the barrier (h(t) < R* for all ¢ > 0), and
the population vanishes (lim;_,o u(t,r) = 0).

Moreover, when spreading occurs, it follows from Theorem 3.6 of [7] that

h(t h(t
lim inf Q > k., limsup Q < k*
t—o0 t—o0
for some positive constants k, and k* determined by the pairs (oo, 5°°) and (o™, B ), respec-
tively, where
Qo = liminf a(r), % := limsup 5(r),
r—=00 r—00
a® = limsup a(r), P := liminf B(r).
r—00 r—00

It follows that if both lim, o a(r) and lim,_,~ B(r) exist, then lim; @ = k exists, and

one may regard k as the asymptotic spreading speed.

The main purpose of this paper is to show that under condition (1.2), lim;_,«, @ also exists,
and we will use pulsating semi-waves (to be defined below) induced by (1.1) to determine this
limit. These semi-waves are solutions of the one dimensional problem

up — dug, = ufa(z) — b(x)ul, teR, —oco <z < h(t),
(1.3) { w(t, h(t)) = 0, W(t) = —pun(t, h(L)), t € R.

Asymptotic spreading in spatially periodic environment based on Cauchy problem models has
received extensive study recently. The spreading speed in such models is usually determined
by the so called pulsating fronts, whose existence, uniqueness and other properties have been
investigated by many authors; see [1, 2, 3, 4, 5, 12, 13, 15, 21] and the references therein for
more details. In particular, a pulsating front of the reaction diffusion equation

(1.4) ug — dug, = ula(z) — b(z)u], (t,z) € R?,

is a solution to this equation of the form wu(¢,x) = ¥(x — ct, x), where ¢ (the speed) is a positive
constant and the function ¥ (¢, x) (the profile) is L-periodic in z; moreover, lim;_,_ o u(t, z) = 0,
lim¢_, 4 oo u(t, z) is the unique positive steady state of (1.4). It can be shown that u(t, x) is strictly
increasing in ¢. Let us also observe that u(t + %, x) =u(t,z — L).

By a well-known result of Berestycki, Hamel and Roques [5], there is a minimal speed ¢, > 0
such that for each ¢ > ¢, (1.4) has a pulsating front with average speed ¢, and no pulsating
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front exists with average speed ¢ < ¢,. Moreover, it was shown by Berestycki, Hamel and Nadin
[2] that this minimal average speed ¢, is the spreading speed for the Cauchy problem

v — dvgg = vla(z) — b(x)v], x € R, t > 0; v(0,x) = vo(z), z € R,

where the initial function vy(x) is nonnegative with nonempty compact support.

In contrast to (1.4), we will show that there is only one average speed C' = C(u) for which
(1.3) has a pulsating semi-wave, and such a semi-wave is unique up to translations in ¢ (see
Theorem 1.2). Moreover, as mentioned above, this average speed is the spreading speed for the
free boundary model (1.1) when spreading happens (Theorem 1.3). Furthermore, we will show
that as p — 0o, C(u) increases to ¢, (Theorem 4.2).

We now describe our results more precisely. Our definition below for pulsating semi-waves to
(1.3) is motivated by the notion of pulsating fronts and ideas in [17, 20].

Definition 1.1. We call (u(t,z), h(t)) a pulsating semi-wave of (1.3) if it solves (1.3) and
(i) u(t,z) =U(h(t),h(t) —x) >0 fort € R, x < h(t),
(ii) there exists T > 0 such that h'(t) is a positive T-periodic function and h(t+T)—h(t) = L,
(iii) U(t,&) € CY3(R x [0, +00)) is L-periodic in T.

It will become clear below that C' := L/T is the (average) speed of the semi-wave. Let us also
observe that u(t + T, z) = u(t,z — L).
Theorem 1.2. Problem (1.3) always has a pulsating semi-wave (i, h). The pulsating semi-
wave is unique up to translations in t. Furthermore, im;_+o0 h(t)/t = LT, @ (t,z) > 0, and
u(t,x) = ¢(x) as t — +oo uniformly in any interval of the form (—oo, M|, M € R, where ¢ is
the unique positive solution of

—ddge = Plaz) — b(z)9], = € R'.

Note that the existence and uniqueness of ¢ is a consequence of Theorem 2.3 of [11]; more
general results can be found in [19]. Using Theorem 1.2, we can deduce the following result on
the asymptotic spreading speed determined by (1.1).

Theorem 1.3. Suppose that (1.2) holds, (u, h) is the unique solution of (1.1) and limy_,oo h(t) =
oo, then

. h(t) , . .

lim - = L/T, where L/T is the average speed of the semi-wave in Theorem 1.2.

t—o00

We remark that Theorem 1.3 only gives the asymptotic speed of the free boundary |z| =
h(t). However, from its proof, one sees that for any o € (0,a/b), where a = min, a(r) and
@ = max;, b(r), the set {x : u(z,t) > o} expands to RY with asymptotic speed L/T. Therefore
this agrees with the spreading speed in the usual sense.

The existence part of Theorem 1.2 will be proved in section 2, while section 3 is devoted to
the proof of the rest of Theorem 1.2 as well as some further basic properties of the pulsating
semi-wave. The proof of Theorem 1.3 is given in section 4, where we also show that the spreading
speed L/T increases strictly in p, and as p — oo, the spreading speed converges to c,, which is
the minimal speed of the pulsating fronts to (1.4).

This paper is a sequel to [9], where the time-periodic case of the free boundary problem was
considered. It turns out that very different techniques have to be used to handle the space-
periodic case, though some ideas in the time-periodic case can be borrowed. Similar to the
approach in [9], we prove the existence of a pulsating semi-wave via a fixed point argument.
However, the techniques here are completely new. The proof for uniqueness of the pulsating
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semi-wave is based on ideas introduced in [9], with considerable changes in the arguments.
In [22], independently, (1.3) and its corresponding initial value problem are investigated by a
completely different method, which is based on the approach developed in [12].

Our analysis in this paper carries over easily when the logistic nonlinearity u[a(r) — 5(r)u] is
replaced by a more general Fisher-KPP type function f(r,u), which is smooth and satisfies

(i)  f(r,0) =0, f(r,q(r)) =0, where ¢(r) is bounded from above and below
by positive constants,
(1¢)  lim f(r,u) = g(r,u) locally uniformly in u € [0, 00), with g periodic in 7,
r—00
(#i7)  f(r,u)/u is strctly decreasing in u, for every r > 0.
With care, one could further extend the results to the case that dAw is replaced by div(d(|z|)Vu),
and g is replaced by p(r), with suitable conditions on d(r) and pu(r).
2. EXISTENCE OF PULSATING SEMI-WAVES

We use C7 (R) to denote the set of all L-periodic C¥ functions and suppose that p,a,b € C7(R)
for some v € (0, 1), with both a and b positive. In order to prove the existence of a pulsating
semi-wave, we consider the following problem

2.1) p(T)(Ur +Ug) — dUge = Ula(r = §) = b(T = U], (7,€) € R x (0,00),
' U(r,0) =0, reR,
The relationship between (2.1) and (1.3) is given in the following result.
Proposition 2.1. If (2.1) has a positive solution U (T, &) which is L-periodic in T, and satisfies
pUe(7,0) = p(7) > 0 for T € R, then (u(t,x), h(t)) given by

h(t)

(2.2) u(t,x) = U(h(t), h(t) — z), t = / L g
0

is a pulsating semi-wave to (1.3).

Proof. Clearly

1=1(t) or 1 () = p(h(t)).

p(h(t))’
We calculate to obtain
— dugy = W (t)(Ur + Ug) — dUg
(h(t)) Ur(h(t), h(t) — x) + Ug(h(t), h(t) — )] — dUg
Ula(z) — b(z)U]

and
W (1) = p(h()) = pU(h(t), 0) = —puuy (£, h(D))
It is evident that u(¢, h(t)) = U(h(t),0) = 0.
It remains to show that A/(t) is T-periodic for some T' > 0 and h(T) — h(0) = L. We prove
that h/(t) is T-periodic with
7 [ v s
o p(s)
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h(t) h(t+T)
t= / s and t4+7T = / s
o p(s) 0 p(s)
- /h(t-‘rT) ﬂ
hty — P(s)
Since p(7) is L-periodic and positive, we have
T /L ﬁ _ /h(t)+L ﬁ
o p(s) h(t) p(s)
ht+T) g hO+L g
/h(t) p(s) /h(t) p(s)’

h(t+T)=nh(t)+ L, K (t+T)="n'(t).
Thus (u(t,x),h(t)) is indeed a pulsating semi-wave of (1.3). O

Indeed, from

we obtain

Hence

which implies that

Let us note that the pulsating semi-wave given by (2.2) satisfies h(0) = 0. It is easily seen
that for any fixed ¢y € R, (u(t + to,x), h(t + to)) is also a pulsating semi-wave to (1.3). It will
be shown that the pulsating semi-wave is unique subject to this kind of time shifts.

To prove the existence of a function pair (p(7),U(7,€)) such that (2.1) holds and p(1) =
pUe(7,0), we break the argument into two major steps. In step one, we show that for any given
positive p € C7(R), (2.1) has a unique maximal nonnegative solution UP which is L-periodic in
7. This defines a mapping T : p — ,LLU?(',O). In the second step, we show that 7" has a fixed

point p*, and thus obtain the required solution pair (p*,UP").

In order to apply suitable fixed point theorems to the operator T, it is convenient to con-
sider nonnegative p, but h(t) is not well defined for such p. To avoid this difficulty, we use a
perturbation approach. For small € > 0, we replace the original problem (2.1) by

23) { pe(T)(Ur + Ug) — dUge = Ula(r — &) —b(r — U], (7,€) € R x (0, +00),
U(r,0) =0, TeR.
where
pe(T) = max{p(7), €}.
We will show that (2.3) has a unique maximal nonnegative solution UP“(7,£) that is L-periodic
in 7, and the operator T¢ : p — uUé’ “(+,0) has a fixed point p¢. Moreover, we will show that there

exists 6 > 0 such that p¢ > ¢ for all small e. Hence (p¢, UP*¢) solves the original unperturbed
problem when € € (0, 6], and UP"€ is a positive solution.

2.1. Existence of UP*. In this subsection we show that for any p € C7(R) and € > 0, (2.3) has
a maximal nonnegative solution UP¢. We also determine exactly when this solution is positive.
To this end, we need the following eigenvalue problem

9.4 [’eU = )\CL(T - §)U7 (7-7 5) € R27
(24) where LU = pc(7)(Uy + Ug) — dUg.

Proposition 2.2. The following conclusions hold:
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(1) For any nonnegative p € CY(R), and € > 0, o € R, there exists a unique (o, p,€) € R
with corresponding positive function dope = Gape(T,€) € CH2(R x R), which is L-
periodic both in T and &, such that (\,U) = (M, p, €), €% dap.) satisfies (2.4).

(2) Let

M(p,e) =sup {A € R: 3¢ € CV*(R x R), ¢(7,£) is positive
and L-periodic in T, and Lep > Aa(T — §)¢}.

Then there is a unique oy € R such that A\i(p,€) = Ao, p,€). Moreover, o > 0.
(3) Suppose X = A(l,p, €) is the principal eigenvalue of the eigenvalue problem

{ LU = Xa(t — U, (1,6) eRx (0,1),

(2.5)
U(r,€) = U(r + L,€),U(r,0) = U(r,1) = 0.

Then ;\(l,p, €) decreases to \1(p,€) as | — +00.

(4) S\(Z,p, €) is continuous in (I,p,e) and N o, p,€) is continuous in («,p,€), where l,e > 0,
a € R and p € C/(R).

(5) AMa,p,€) is concave in c.

Proof. All the conclusions here follow from the main results of [18], except that we need to prove
that oy > 0 in conclusion (2). By conclusions (4) and (5), A(a,p, €) is continuous and concave
in o. Moreover, it is obvious that A(0,p,€) = 0 (with corresponding ¢y, a positive constant).
Hence, we only need to prove that there is some o/ > 0 such that A(¢/,p,€) = 0. To show this,
due to the uniqueness of the principal eigenvalue proved in [18], it suffices to find a positive
function ¢g(7, £) which is L-periodic in 7, and a positive number ', such that Uy := ealgd)()(T, §)
satisfies LUy = 0. We now look for such a function ¢g of the special form ¢g(7,§) = 1(7). Then
LUy = 0 reduces to

{p W/ (7) + Ip(r)el — da! o) b = o,

Hence

¢/:()é,|: d o/—l} .
pe(T)
Since (1) is L-periodic, we have

L
d
o / dr =1L,
0 Pe(T)
which implies o/ > 0. Clearly

W(r) = exp / o {pil?‘;) - 1] dr > 0.

This completes our proof. O

We also need the following auxiliary logistic problem
(2.6) pe(T)(Uyr + Ug) = dUge = Ula(r — £) = b(r = &)U, (7,€) € R%.
The following result is contained in [19].
Proposition 2.3. Problem (2.6) has a positive solution U = U"(1,€) which is L-periodic
both in T and & if and only if A(0,p,€) < 1. Moreover, for any nonnegative L-periodic continuous

initial function ¢ = (&) £ 0, the solution of (2.6) with U(0,&) = (&), denoted by U(T,&,1),
satisfies Erfoo \U(7,&,4) = U (1,€)| = 0 uniformly for € € R.
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Remark 2.4. If p(7) > € for 7 € R, then by the transformation in Proposition 2.1, u(t,z) =
U (h(t), h(t)—x) is a positive entire solution of (1.4), which is L-periodic in z and fOL 1/p(T)dT-
periodic in t. Hence it must coincide with ¢(x), the unique positive periodic solution of —duz, =
ula(x) — b(x)u], x € R.

Now, we are ready to show the main result of this subsection.

Proposition 2.5. The following conclusions hold:

(1) For any fized p € C}(R) and any positive constant €, problem (2.3) admits a mazimal
nonnegative L-periodic in T solution UP¢ = UP<(1,£) in the sense that any other non-
negative L-periodic in T solution is bounded from above by UP€. Furthermore, UP¢ = 0
if and only if \1(p,€) > 1.

(2) For any p € C/(R) and € > 0 with A\i(p,€) < 1, UP€ is the unique positive L-periodic in
T solution of (2.3). Moreover, 6231 \UP<(7,6) — U (1,€)| = 0 uniformly for 7 € R.

o

Proof. First, we make use of some simple facts whose easy proof can be found in Step 1 of the
proof of Proposition 2.1 in [9]. Suppose that u! is the unique positive solution of

—duge = u(@—bu) in (0,7),
(2.7) { u(O)&: 0, u(f)= oo,

where

@ =maxa(r), b =minb(r),

and u™ is the limit of u! as | — +00. Then u™ = 1> (£) < maxa/min b, and for every constant
M > 1, Mu®™ is a supersolution of (2.3). By a sweeping argument, any L-periodic in 7 solution
of (2.3) is bounded from above by sup u*°.

Let us now prove conclusion (1). When A;(p,€) > 1, by Proposition 2.2, there is some ag > 0
such that A1 (p,€) = A(ap,p,€). It is easily seen that the corresponding function e®¢¢,, , . and
its product with any positive constant are L-periodic in 7 supersolutions of (2.3). Suppose that
(2.3) has a positive L-periodic in 7 solution U. Then by the boundedness of U, we can suppose
that Me®¢pa, pe(T,&) > U(T,€) on R x [0, +00). We may assume that M > 0 is the minimal
constant such that the above inequality holds. Since ag > 0, equality must hold at some (79, &)
in the above inequality. But the strong maximum principle shows that it is impossible. Hence
the maximal nonnegative L-periodic solution UP€ is identically 0 when A;(p,€) > 1.

In the remaining case Ai(p,e) < 1, by Proposition 2.2, there is some large [ such that
A(,p,€) < 1. Suppose that gz~5l7p7€ > 0 is the corresponding eigenfunction of (2.5) normalized
by max (5171,76 = 1. Then for any sufficiently small constant =,

Youpe(T. €= 1), TERE€E[l,2]

P(1,§) =
0, TeR, R\ [],2]]

is a subsolution of (2.3). Therefore, we can find a maximal positive L-periodic in 7 solution UP>€
in the order interval [¢), u®°]. Since any positive solution of (2.3) is bounded from above by u*°,
UP¢ is the maximal positive solution.

Finally we prove conclusion (2). Let ¥ (7,§) be defined as above, with | = kL for some large
positive integer k, so that it is an L-periodic in 7 subsolution of (2.3) for small 7. For each
nonnegative integer ¢ we define

IJZ)’L'(Ta 5) = d}(Tag - ZkL)
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It is easily seen that 1); is a subsolution of (2.3). Let U = U(r,£) be a positive L-periodic
in 7 solution of (2.3). For each i > 0, there exists o; € (0,1) such that U(7,&) > o9;(T,§)
for 7 € R and £ > 0. For any o € [0y, 1], o1); is a subsolution of (2.3). We claim that
U(r,&) > oi(1,€) for all 7 € R, £ > 0 and o € [0y, 1]. Otherwise, there exists o, € (0;, 1] and
(T, &) € (0, L] x ((¢ + 1)kL, (i + 2)kL) such that

U<7'7 5) > U*wi<77 5) for 7 € R, § > 0; U(T*,f*) = 04i(Ta, &x)-

We may then apply the strong maximum principle to conclude that U = 0,1;, a contradiction.
This proves the claim, which implies in particular,

(2.8) U(1,&) > i(1,€) for T € R, € > 0.

Let {&} be an arbitrary sequence increasing to +oo as ¢ — +oo, and define U;(7,§) =
U(r,& +&). By applying standard LP theory (see [16]) to the equation satisfied by U; and
Sobolev embedding (see Lemma 3.3 in [14]), one sees that by passing to a subsequence, U; — U
as i — oo locally uniformly in R?, and U is L- perlodlc in 7. Moreover, if we write & = n; L + §Z
with & € [0, L), and assume that & — 50, then U(r,& — &) solves (2.6). Furthermore, due to
(2.8), we always have sup(; ¢)cp2 U(r,€—£&) > 7. Therefore, U(r, & — &) is a positive L-periodic
in 7 solution of (2.6). Hence U(t,& — &) = U"(7,£). Clearly the above discussion implies that

lim |U(r, &) — U”(7,€)| = 0 uniformly for 7 € R.
E—+oo

It remains to show the uniqueness of U. We follow a standard argument. If there is another
positive L-periodic in 7 solution U # U, then from the conclusion proved above, we have

im q(T’ &)
g+ U(T, €)
Moreover, by the Hopf boundary lemma, Ug(7,0) and Ug(T, 0) are bounded away from 0 and oo
for all 7 € R. Therefore there is some M € (0,1) such that U(r,&) > MU(t,€) on R x [0, +00),
and we may assume that M takes the maximal value such that this inequality holds (we may
interchange U and U to guarantee M < 1). Due to (2.9), either U(7,&) = MU (10, &) at some
70 € R, & € (0,+00) or %—g(m, 0) = M%%(T(), 0), and the strong maximum principle then implies
U= MU. But M < 1 implies that MU is not a solution of (2.3). This contradiction completes
our proof. O

We may now define the mapping 7 on C7 (R) by T(p) = pU{(-,0).

(2.9)

= 1 uniformly in 7 € R.

2.2. T¢ has a fixed point. We are going to use Schauder’s fixed point theorem to conclude
that T has a fixed point.

Lemma 2.6. T is completely continuous on C7(R).

Proof. First, we show that for any positive § € (0,1), the norm of U{“(-,0) in C?(R) can be
controlled by ||p|| 0 (r) When all other parameters are fixed.
Set

5= f0) = [ Bt Vis.) = U (9.0
where ((t) = T Then V (s, &) is period in s with period fo Be(t)dt, and is a positive solution
of
(2.10) Vs +0e(f7H(8))Ve — dVee = Va(f 1 (s) =€) = b(f(s) =&V], s€R, >0,
' V(s,0) =0, seR.
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Since 0 < V < 4* < maxa/minb, we can apply the LP estimates (see, for example, Theorem
7.15 of [16]) to (2.10) to conclude that ||V (sg + -,-)le,z([o xS C for all sp € R, ¢ > 1,
q ) )

[ > 0 and some constant C' depending only on ||p| 9 (R)> [ and ¢. By Sobolev embedding (see,
e.g. Lemma 3.3 of [14]), we obtain, for every § € (0,1),

1V (so+ -, < Cs; Vsp € R.

I ([0,1]x[0,0]) —

Therefore, we have

(U (41, 0) = UL (b2, 0)_ [Ve(f(11),0) = Ve(f(2), 0)| | £(t2) — f(t2)]?
[t1 — ta]° B |f(t1) = F(t2)]° |t — to]®

This implies that, for any M > 0, {UZ“(:,0) : []pllcv®) < M} is bounded in C? (R) for some
d € (v,1), and hence it is pre-compact in C7 (R). This proves that 7 maps any bounded set of
C7(R) into a pre-compact set in this space.

Moreover, if p, — po in C7 (R), then by compactness, by passing to a subsequence, UP™(t, x) —

< C‘ﬁe(‘)|5cg(R)'

~ 1tv ¢ ~
UPoc(t,x) in C; 2 ° +V(R x [0, +00)), where UP is some nonnegative L-periodic in 7 solution of

(2.3) with p = po. It follows that Ug”’e(-,O) — Ugo’e(-,()) in C7(R). What we need to show is
that UPo€ is just UPo-<. If A1(po, €) > 1, then 0 is the unique nonnegative L-periodic in 7 solution
of (2.3), and our conclusion holds. If A\j(pg,€) < 1, we can find a sufficiently small constant ~y
independent of p, such that

’Y(gl,pn,e(Tu 5)7 T EC R7£ € [Oal]
0, T eR, €€ (l,+0)

voo-]

is a subsolution of (2.3) with p = p,,, where ||¢;,, | co®x (o)) = 1. It follows that UP»¢ > ™ and
hence [[UP"||co®x[0,400)) = 7 > 0, which infers HUV’O’EHCO(RX[O#OO)) > 0. Thus UPo€ = UPose,
This shows that T is continuous. O

In order to use Schauder’s fixed point theorem to prove the existence of a fixed point of T, we
look for an invariant set of T'¢ which is bounded, closed and convex. In the proof of Proposition
2.5, we have shown that UP(7,£) < u™ (&) on R x [0,400) for any p € C}/(R). We note that
UP<(7,0) = u>(0) = 0.

Lemma 2.7. There exists M = M > 0 such that Ec := {p € C{(R) : [[plloy®) < M, 0 <
p(7) < p(u>)(0) V7 € R} is an invariant set of T€.

Proof. First, for any p € C{(R), 0 < Uf(7,0) < (u>)(0). Moreover, for p(-) € E:={pec
CY(R): 0 < p(r) < p(u>®)(0) Vr € R}, [[plloc < p(u®)'(0), and from (2.3) we see, by standard
LP theory for parabolic equations (see [16]) that {UP€} has a bound in W, ([0, L] x [0,1])
(Vg > 1) that is independent of p € E. By Sobolev embedding we know that {U?} has a bound
in O35 ([0, L] x [0, 1]) (v € (0,1)) that is independent of p € E. Therefore {Ug(-,0):pe E}
is bounded in C7 (R), say HUg’E(-,O)HCZ(R) < M, for allp € E. Define B, :={pe E : Iplley @) <
M.}. Then clearly E. is invariant under T°¢. ]

Thus by Schauder’s fixed point theorem we obtain

Proposition 2.8. For any ¢ > 0, T has a fixed point p¢ in E..
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2.3. p°(7) > € for all small € > 0.

Proposition 2.9. There is some €y > 0 such that p° (1) > €y on R and hence for p = p©, (2.1)
has a positive L-periodic in T solution UP*0 such that p©(7) = ,ng (7, 0).

Proof. We only need to show that lim i(l)rlf miﬂrg pe(T) > 0. We use two steps to prove this conclu-
€—>! TE

sion.

Step 1. We show that liregionf HﬁEHCg(R) > 0.

Recall that

a =mina, @ = maxa, b = minb, b = maxb.
First, we can find some dp small and Iy > 0 large such that for each § € (0,dp] and [ > Iy, the
problem B
—dUge + 0Ug = Ula — bU] in (0,1), U(0) = Ue(1) =

has a unique positive solution U;, and U; satisfies U/ (£) > 0 in [0,1). Define U(&) = U;(&) in [0,1]
and U(&) = Uy(2l =€) for € € (1,21], and §(§) = dsgn(l — &). Then it is easily seen that U is a
weak solution of
(2.11) —dUge + 6(§)Ue = U(a—bU) in (0,21), U(0) = U(2l) = 0.

If p(1) < ¢ in R, then clearly p(T)U¢(§) < d(§)Ue(€) in [0,20] for all 7. It follows easily
from the comparison principle that UP“(7,£) > U(&) for all 7 € R and & € [0,2]]. Hence
Ug’G(T,O) > U,(0) for all 7.

If limiglf||]§€||cg(R) = 0, then we can find some ¢ < min{d,U,(0)} such that p©(r) <

€E—
min{d, uU¢(0)} for all 7. This implies that UPeo(r, &) > U(€) on R x [0,+00) and then
ngeo’EO (7,0) > pUg(0) > p(7), contradicting to p°(7) = ,ngGO’EO (7,0).
Step 2. We show that lim iéaf miﬂrg p¢(7) > 0. Suppose by way of contradiction that this limit
€— TE
is 0. We are going to derive a contradiction. Since 26 := lim iélf HpEHCE(R) > 0, for every small
€E—>

€ > 0, there is some 7, € |0, L] such that ]56(7'6) = 0. Set
s = fe(1) = [ Be(t) with fe(t) = m~

It is easy to check that f-1(0 ) = 7., p°(f1(0)) = 0, and if the function g(7) is L-periodic then
g(fe_l( )) is periodic with period S, := fo Be(t)dt.

Denote
VE(s,€) == UP(f71(5),€), ¢°(s) = D°(f (),
and
15 (s,€) = a(f1(s) =€), m5(5,€) = b(f (5) = ).
Then V¢(s,&) is a positive solution of

(2.12) { U, +max{q*(s), e}Ue — dUs¢ = Ul (s,€) — (. ©)U],  (5,€) € R x (0,00),
U(s,0) =0, U(s,&) = U(s + 5, ), (5.8 ,

Moreover,
q“(s) = uV¢(s,0) Vs € R.
Let €, — 0 be such that min e pe, (1) — 0. Then from
0<¢™ < pu(u®)(0), a<ni" <@ b<ng <b
we see that, by passing to a subsequence,

¢ — q weakly in L*(K,), ny™ — m and 75" — 12 weakly in L}(K; x Ks),
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for every compact set K7 C R and every compact set Ky C [0,00). Clearly
0<q<uue)(0),a<m<a b<n<b

Moreover, applying LP estimates to the equation of Ve we find that {V} is bounded in
Wp1 2(Ky x K3) (Vp > 1) with compact sets K1 and K3 as described above. Therefore by Sobolev

Y 1+v
(R0, +o0))
with 0 < v < 1. It follows that ¢°(s) = puV£(s,0) converges to ¢(s) in C}, (R) along € = ép.

Letting n — oo in the equation for V¢ we find that V is a nonnegative weak solution of

(2.13) { Ve + a(s)Ve — dVee = Vi (s,€) — ma(s.6)V],  (5,€) € R x (0,00),

embedding we may assume, by passing to a subsequence, that V¢ — V in Cl Oi

V(s,0) =0, s €R.
We also have
q(s) = uVe(s,0), 0 < V(s,§) <u>(§) <a/b Vs € R, V§ > 0.

Since V£(0,0) = p(f71(0)) = 6, we have V¢(0,0) = @ > 0. Therefore by the strong maximum
principle V' must be a positive solution. We consider the following two cases:

Case 1. {S,} is bounded. Without loss of the generality, suppose that lim, . S, = L <
+00. In this case, q(s),n1(s,€),m2(s,€) and V (s, &) are all L-periodic in s. Since V is a positive
solution of (2.13), the Hopf lemma implies that Vg(s,0) > 0’0 > 0 for all s € [0,L]. Hence
Vi (s,0) = 00/2 for all s € R and all large n, and thus p (1) = pV¢" (fe,(7),0) = poo/2 for all
7 and all large n, contradicting the choice of ¢,.

Case 2. {S,, } is unbounded. Without loss of the generality, suppose that lim,,_,~ S, = +00.

Since p < p
< e _ © el i1 ‘ 1 —
| s = [ enas< T

/000 q(s)ds < L.

Applying LP estimates to (2.13) we easily see that ||V (so + -,

we deduce that

)”CHTV’1+”([O,1}><[O,1}) is uniformly

bounded with respect to sg € R. It follows that 0 < ¢(s) = uVe(s,0) is uniformly continuous in
s. Hence from [} q(s)ds < 400 we can conclude that ¢(s) — 0 as s — +00.

Recall that U is the unique positive solution of (2.11). Let sy > 0 be chosen such that ¢(s) < §
for s > sp. Then choose o > 0 such that cU (&) < V (s, &) for £ € [0,2l]. Since

q(s)Ue(§) < 6(§Uc(E) V€ €0, 21],
we find that U = oU satisfies

Us + q(s)Ue — dUge < Uni(s,€) — n2(s,€)U] ¥(s,€) € R x

Clearly U(0) = 0 = V(s,0), U(2l) = 0 < V(s,2l) and U(£) < V(so
Hence we can apply the comparison principle to conclude that V(s,§) >
€ €10,21]. Tt follows that

00).

x (0,
,€) for all € € (0,210).
U( ¢) for all s > sg and

Ve(s,0) > Ug(0) >0 Vs > sq.
On the other hand,
Ve(s,0) = p q(s) = 0 as s — o0.

This contradiction completes our proof. O
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3. UNIQUENESS OF THE PULSATING SEMI-WAVE AND OTHER BASIC PROPERTIES
If (u(t,z),h(t)) is a pulsating semi-wave to (1.3), then (U(7,§),p(7)) given by

U(r,€) = u(h™' (), 7 =€), p(r) = —pua(h™' (1), 7)
solves (2.1) and p(7) = pUe(7,0) € C7(R) is positive. So
B'(t) = p(h(t)) > meiﬁp(T) > 0, and tl}gloo h(t) = +o0.

Hence, due to the L-periodicity of p(7), we have

P =e(f )

Recalling that h/(t) is T-periodic with T' = fOL z%’ we obtain

Tim h(t)/t = L/T.

3.1. Uniqueness. To prove the uniqueness of the pulsating semi-wave, we let (u!,h') and
(u?, h?) be pulsating semi-waves of (1.3), and (U!,p'), (U2 p?) be the corresponding pairs
defined above. We have

i A L -1
fim 0 g / ds Li=1,2.
t=oo 1 0 DP(s)

We will show below that ¢! # ¢? leads to a contradiction, and ¢! = ¢? implies (u'(t,z), h'(t)) =
(u?(t + t1, ), h?(t + t1)) for some t; € R. Such a strategy has been successfully used in [9] for
the time-periodic case. Here we show that with adequate modifications, the strategy also works
for the space-periodic case.

Theorem 3.1. Let (u!, ht) and (u?, h?) be two pulsating semi-waves of (1.3). Then (ul(t,x), h'(t)) =
(u?(t 4 t1,2), h2(t + t1)) for some t; € R.

Proof. Define (U%,p?), i = 1,2 as above, with
Ri(t)
t:/ s 4
o P'(s)

i L
tim 28 _ = L/T;, T, ;_/ d—s, i=1,2.
t=oo t 0 P(s)

We will show that ¢! = ¢? implies (u!, h') = (u?, h?), and ¢! # ¢? leads to a contradiction. This
will be done in three steps below, with the above two facts proved in steps 1 and 2 respectively,
under the assumption of a fact to be proved in step 3.

Step 1. ¢! = ¢ implies (u', h') = (u?, h?).

Since ¢! = ¢2, we have T} = T5. For convenience of notation we write T) = T, = T. Then
h(t) := h(t) — h%(t) is a T-periodic function satisfying h(0) = h(T) = 0. If h = 0, then clearly
p! = p?, which implies U' = U? and hence u! = u?, as we wanted. If h # 0, we are going
to derive a contradiction. In such a case, Cy := max;cr ﬁ(t) > 0. For each o > 0 we define
ho(t) := h'(t) — h3(t + o) and Cy = maxsep ho(t). It is easily seen that Cy is strictly decreasing
in o and there exists a unique op > 0 such that C,, = 0. Therefore by shifting ¢ to ¢t 4+ o¢ in
(u?(t, ), h3(t)), we may assume that, for some to € [0,T),

hi(t) < RE(t) Vt € R, hl(to 4+ nT) = h*(to +nT), n = 0,+1,£2, ...

Then h'(0) = h2(0) = 0 and
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Hence
(3.1) ihl(t +nT) = 1h2(t +nT)

' at ° at ‘
To derive a contradiction, we consider the function W (¢,7) := u?(t, x) —ul(t, z) for (¢, ) €D:
{(t,z) e R?:t € R, 2 € (—oo,h'(t))}. Then clearly W (t,r) >,# 0 on D with W (to, h!(to)) =
0. We will show in Step 3 that this implies W > 0 in D, and W, (to, h'(tg)) < 0, that is

d d
ul(to, h'(to)) > u2(to, h*(to)), which leads to d—hl(to) < ahQ(to)

a contradiction to (3.1). Thus the conclusion of Step 1 will follow if we can show that
W (to, h*(t)) < 0.
This will be done in Step 3 below.

Step 2. ¢! # ¢? leads to a contradiction.
Without loss of generality, we assume that ¢! > ¢?. Then
ht(t) WA (t) _ 5

(3.2) lim =c'> lim =c”.
t—toco t—too ¢

This implies that the curves z = h!(t) and = = h?(t) have an intersection point (tg, o) with a
smallest tg value, namely

hL(t) < h2(t) for t < to, h'(tg) = h2(ty) = 0.
It follows that

(33 9 t0) = n(1o).

Define W (t,7) := u?(t,z) — ul(t,x) for (t,x) € Dy := {(t,z) € R? : t € (—o0,t
(—o0o,h'(t))}. Then W > 0 on 9Dg \ {(t,z) : t = to} and W (tg,z0) = W(to,hl(t ) =
Step 3 below, we have W > 0 in Dy and W (to, z¢) < 0, which implies that

d d
—n! —h2(t
i ()<dt (to).

But this is in contradiction to (3.3). This completes the proof of the conclusion in Step 2, except
that it remains to prove Step 3.

Step 3. Let W be asin Steps 1 and 2, then W > 0in D and Dy respectively, and W,.(to, h'(tg)) <
0.

We consider‘ the case in Step 1 first. Let us recall that, by Proposition 2.3 and Remark 2.4,
for i = 1,2, u'(t, a:) — ¢(z) uniformly as h'(t) — x — 4oo. Moreover, u'(t,z) > 0 in D and
ul(t,h'(t)) = —U£ (hi(t),0) < 0 for all t € R, with Ug(h’( ), 0) periodic in t (of period T;). Hence
we can find a positive constant co > 0 such that u?(t,z) > coul(t,x) in D.

Define

ol, z
0. By

¢* = sup{c > 0:u*(t,x) > cul(t,x) in D}.
We clearly have ¢* > ¢y > 0. Since u'(t,x) — ¢(z) as hi(t) — x — +o00, we also have ¢* < 1.
Thus 0 < ¢* <1 and
W*(t,z) == u*(t,z) — c*u'(t,z) > 0 in D.
Using 0 < ¢* < 1, we easily deduce from the equations for (u’, h*) that
{ Wi —dWr, +c(t,n)IW* >0, teR, z<hi(t),

(3.4) e
(t,h (1) =, #0, teR,
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where c(t, ) = —a(x)+b(x)[u?(t, z)+c*ul (t, 2)]. Thus we can apply the strong maximum princi-
ple to (3.4) to conclude that the nonnegative function W* is positive in D. Since W*(to, hl(tg)) =
W (to, h*(to)) = 0, the Hopf lemma infers that W} (to, h'(tp)) < 0. If we can show that ¢* = 1,
then W* = W and the required fact is proved.

We use an indirect argument to show that ¢* = 1. Suppose by way of contradiction that
0 < ¢* < 1. Then by the definition of ¢*, for any sequence of positive numbers ¢, — 0, there
exists (t,,zn) € D such that

(3.5) W (tn, o) < (¢ + €x)ut (tn, 2n) V0 > 1.

We may write ¢, = m, T + t, with m,, an integer and ¢, € [0,7). Then R (ty) = R (t,). By
passing to a subsequence, we may assume that ¢, — ¢t € [0,7]. Then h'(t,) = h'(t,) — h'(t)
as n — oo, with i € {1,2}. We claim that h'(t,) — x,, has an upper bound independent of n.
Otherwise by passing to a subsequence we may assume that h!(t,) — x, — oo as n — co. Then
R2(tn) — x> h(ty) — 2, — 00
and hence, for ¢ =1, 2, .
u'(ty, Tn) — ¢(zy) — 0 as n — oo.
It follows from (3.5) that
limsup(1 — ¢*)¢(zy) < 0.

n—o0

On the other hand, there exists 79 > 0 such that ¢(x) > ng for all € R. Hence
limsup(1 — ¢*)é(x,) > (1 —c")no > 0.

n—0o0

This contradiction proves our claim. Thus by passing to a subsequence we may assume that
hY(t,) — z,, — 7 € [0,00). Then

h2(ty) — xn = h(tn) — Tp — h(ty) — 7 — h(D)
and from (3.5) and the relationship u'(t, z) = U*(hi(t), hi(t) — x), we deduce
U2(h2(1), 7 — (D)) < U R(D),7),
that is,
W*(t,ht(f) — 7) < 0.
Since W* > 0 in D, we necessarily have # = 0, W*(¢,h!(#)) = 0 and W} (¢,h'(t)) < 0. By
continuity we can find positive constants €y and &g such that

Wi (t,h () < =280 Vt € [t — €0, T + €.
This implies that
(3.6) W (tn, 2n) = W*(tn, 2n) > So[h* (£,) — 2] for all large n,
with
T = hi(ty) + zp — hi(t,) = RE(E) + 7 = h(t) as n — oo,

due to # = 0 and £, — t. On the other hand, from wu!'(t,h!(t)) = 0 and ul(t,hi(t)) =
—(UY2(h(t),0) < 0 we find that

ut(tn, 2n) = ul (£, ) < Mo[hY(E,) — ] for all large n,

where My = max;epo 7] Uz (h'(t),0). Thus for all large n, by (3.6), we have

Pt tn) 2 0 ) + B8 (0) = 0] = (¢ 1) 00, 0)
0
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But this is in contradiction to (3.5). This proves ¢* = 1 and thus W > 0in D and W, (tg, h'(to)) <
0, as required in Step 1.

The proof of the conclusion required in Step 2 follows a similar consideration. This time we
define

¢ = sup{c > 0:u*(t,x) > cul(t, ) Vt < tg, Vo < h'(t)}.
We similarly have ¢* > ¢y > 0 and ¢* < 1. Thus

W*(t,z) == u’(t,z) — c*u'(t,2) > 0Vt < tg, Vo < hl(2).
Using 0 < ¢* < 1 and h%(t) > hl(t) for t < to, we easily deduce

57) Wi —dWi, +c(t,x)W* >0, t<ty, = <hi(t),
' W*(t, h'(t)) > 0, t < to,
where c(t,z) = —a(z) + b(x)[u?(t,xz) + c*u'(t,z)]. Thus we can apply the strong maximum

principle to (3.7) to conclude that the nonnegative function W* is positive in Dy = {(t,x) :
t < ty, x < h'(t)}. Since W*(to,h'(to)) = W(to,h'(ty)) = 0, the Hopf lemma infers that
Wi(to, ht(to)) < 0. If we can show that ¢* = 1, then W* = W and the required fact is proved.

Suppose by way of contradiction that 0 < ¢* < 1. Then by the definition of ¢*, for any sequence
of positive numbers €, — 0, there exists (¢, z,) € Dg such that (3.5) holds. We claim that ¢,, has
a lower bound that is independent of n. Otherwise, by passing to a subsequence we may assume
that ¢, — —oo as n — oo. Then from (3.2) we deduce h%(t,) — z,, > h%(t,) — hi(t,) — +oo as
n — oco. It follows that

uQ(tn, zn) — ¢(x,) — 0 as n — oo.
On the other hand
ut(tn, zn) = UL (R (tn), WA (1) — 2) < @(xy,).

Thus we can use (3.5) to deduce limsup,, ,..(1 — ¢*)¢(x,) < 0. This contradiction proves our
claim. Hence we may assume, by passing to a subsequence, that t, — t € (—o0, tg]. We can
now easily see that x,, has a lower bound independent of n, for otherwise we may assume that
x, — —oo, which leads to hi(t,) — x, — +oo and hence

ui(tn,xn) — ¢(xy) — 0 as n — o0,

which again implies limsup,,_,.(1 — ¢*)¢(z,) < 0. Thus we may assume that z, — & €
(—oo,ht(#)] as n — oo. Letting n — oo in (3.5), we deduce u?(,#) < c*ul(t,#), that is
W*(t,2) < 0. Since W* > 01in DU {(t,z) : = h'(t),t < to}, we necessarily have (f,#) =
(to, h'(tp)) and W*(to, h'(to)) = 0. By the Hopf lemma we have W} (to, h!(tp)) < 0, and we can
then derive a contradiction to (3.5) as before. The proof is now complete. O

3.2. Monotonicity in ¢t. We show that if (u(¢,z),h(t)) is a pulsating semi-wave, then u(t, x)
is strictly increasing in ¢.

Theorem 3.2. Let (u(t,z),h(t)) be a pulsating semi-wave of (1.3). Then wi(t,z) > 0 for
z < h(t), t € R.

This theorem is a simple consequence of the following lemma, which implies u; > 0, but a
simple application of the strong maximum principle then shows u; > 0.

Lemma 3.3. Suppose that p € C7(R) and p(1) > 0 in R. Let U(1,§) be the maximal nonneg-
ative L-periodic in T solution of (2.1). Then Ur +Us > 0 in R x (0,00).
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Proof. Since p(7) is periodic, there exists dp > 0 such that p(r) > dg for all 7 € R. Therefore
(2.1) and (2.3) are the same for € € (0,dp]. We fix such an € in (2. ) In view of Proposition
2.5, U(r,€) is either identically zero or U(7,&) > 0 in R x (0,00). In the former case, clearly

U- + Ug = 0.
It remains to show that Ur+U: > 0in R x (0,00) when U > 0. Let u(t,xz) = U(h(t), h(t) —x)
with h(t) = f~1(t), = [y 1/p(s)ds ; or equivalently

h(t)
t= / 1/p(s)ds, which implies h'(t) = p(h(t)).
0
Then u is a positive solution to
up — dugy = ufa(x) — b(x)u], te€R, x < h(t),
u(t,h(t)) =0, teR.
Since uy = W' (t)(Ur + Ug), it suffices to show that u; > 0, or equivalently, u(t + o,x) > u(t,z)
for any o > 0. Fix 0 > 0 and denote u’ (t,z) = u(t+ o, z). Clearly u” satisfies (3.8) except that
h(t) there should be replaced by h(t + o).

We first prove that there exists M > 0 such that Mu?(¢t,x) > u(t,z) for x < h(t) and ¢t € R.
From Proposition 2.5, we have

lim [U(r,&) — U (1,€)] = 0 uniformly in 7 € R.

E—+00

(3.8)

By Remark 2.4 we have U"“(h(t),h(t) — z) = é(z), where ¢ is the unique positive periodic
solution of

—dQzy = (Z)[CL(.%') - b(l’)¢], z € R.
It follows that

lim  [u(t,z) — ¢(x)] = 0 uniformly.
h(t)—z—+o0

Similarly

lim  [u?(t,z) — ¢(z)] = 0 uniformly.
h(t)—z—+o0
Therefore, for any given My > 1, there exists R = Ry, > 0 such that hA(t) —x > R and M > M,
imply
My—1
(3.9) Mu? (t,z) — u(t,z) > 02

o(z) > 0.
For h(t) — z € [0, R], we have

t =U(h(t),h(t) —x) <01 :=
ult,z) = Uh(t).ht) —2) Sove=  max  U(r.€) < +oo,

and

3.10 u’(t,x) =U(h(t+0),h(t+0) —x) > 09 := min U(r, &) >0,
(3.10) (t,z) =U(h(t +0),h(t +0) —x) = 02 el (7,€)

where & = infyer[h(t + o) — h(t)] > 0, £° = sup,ep[h(t + o) — h(t)] + R < +oo. Therefore, if
M > My satisfies Moy > o1, then

Mu?(t,z) > u(t,z) for x < h(t), t € R.

Define
M, :=1inf{M > 0: Mu°(t,x) > u(t,z) for x < h(t), t € R}.
To complete the proof of the theorem, it suffices to show that M, < 1.
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In the following, we assume M, > 1 and deduce a contradiction. By definition, we have
(3.11) Mouu(t,z) > u(t,z) Vo < h(t), t € R,
and there exists (t,, ;) such that
(3.12) Tn < h(tn), (My — e)u’ (tn, xn) < ul(tn,zn), n=1,2,...,
where {¢€,} is a decreasing sequence converging to 0 as n — co. We may assume that M*—e; > 1.

Take My = M, — €1 and M = M, — €, in (3.9), we obtain

(M, — en)u’(t,x) > u(t,x) for h(t) —x > Ry := Ry, t € R.
It follows that
&n = h(ty) —zy € (0,Ry), n=1,2,...
Write
h(ty) = koL + 1, with k,, an integer and 7,, € [0, L).

We may assume that
(Tnvén) — (7'007500) € [O,L] X [07 RO]

Define
u"(t,x) = u(ty, +t,zn +x) for t € R,z +x < h(ty, +1).
Clearly
Wty +t) — & = & + hn(t)
with

t
() = h(tn + ) — hitn) = / p(hltn + 5))ds.
0
Moreover, u" satisfies

ul' — du”, = u"[a(z, + ) — b(zn + 2)u"] for © < &, + hn(t) =: ha(t),

and
u"(t, hyp(t)) =0,
with
a(zy, +x) =alh(ty) — & +x) = alt, — & + x) =: ap(x),
b(xy, —x) = b(1, — & + ) =: by ().
Clearly

an () = o0 () 1= a(Too = €oo + T), bn(2) = boo(2) := b(Too — §oo + )
in C’% (R). Since h(ty + -) is uniformly continuous, by passing to a subsequence we may assume
that h(t, +t) — h(t) in CP (R). It follows that

loc

hn(t) = hoo (t) = /0 p(h(s))ds in CL(R).

We may now apply standard parabolic LP estimates to the equation satisfied by u™ to conclude
that, subject to passing to a subsequence, u™ — u® locally uniformly in {(¢,2) : < hoo(t), t €
R}, and u®™ satisfies

ug® — dule, = u™ a0 () — boo(x)u™] for z < hoo(t), t € R.

T
Moreover, one may straighten the boundary x = h,(t) in the equation of u™ and then apply the
regularity theory to the modified equation near the straightened boundary to conclude that «*
is smooth up to = heo(t), with u(t, heo(t)) = 0.
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Similarly, by passing to a further subsequence, u”"(t,z) := u?(t, + t,x, + =) converges to
some function v*°(¢, x) which satisfies
0 — dv22 = Voo (T) — boo ()], = < hoo(t +0), t €R,

{ vt hoo(t +0)) =0, teR.

By (3.11) and (3.12), we obtain
Mw™>(t,z) > u™(t,x) for & < hoo(t), t € R,
and
M,v>(0,0) = u>(0,0).

By (3.10), we have v*(0,0) > o9 > 0. Therefore u*> and v™ are positive solutions, and
0 < hoo(0). Since M, > 1, V° := M,v™> satisfies

Vi — dVow > V®Paco () — boo(2) V] for < hoo(t +0), t € R.
Thus z := V> — 4™ satisfies, for some bounded c(t, z),

2t — dzge > c(t,x)z, 2> 0 for x < hoo(t), t € R,

and z achieves its minimum 0 at (0,0). Since (0,0) is an interior point of the domain {(¢,z) :
r < hoo(t), t € R}, by the strong maximum principle, we deduce z = 0. But z is continuous
and is positive on © = hoo(t) (note that ho is strictly increasing). This contradiction completes
our proof. ]

3.3. Continuous dependence on parameters. In this subsection, we show that the pulsat-
ing semi-wave (u(t,x), h(t)), when normalized by requiring h(0) = 0, depends continuously on
(d, 1, a,b) € R? x C¥(R)2.

Theorem 3.4. Suppose that, as n — 00, (dn, fin, n,bn) — (do, po, ao, bo) in R? x C¥(R)?, with
do, pto > 0, ag(z),bo(z) > 0. Let (u",h™) denote the unique normalized pulsating semi-wave of
(1.3), with (d, p1, a,b) = (dp, fin, @nybn), n = 0,1,2,.... Thenlim, [h"(t)—h"(t)] = 0 uniformly
in R, and lim,_,[u"(t,x) — u’(t,z)] = 0 locally uniformly in {(t,z) : * < hO(t),t € R}.

Proof. Choose positive constants A and B such that A > maxa,, B < minb, forn=0,1,2,....
Let v(§) be the unique positive solution to

—v" = v(A — Bv) for £ >0, v(0) = 0.

Then it is well known (see [10]) that v/(§) > 0 and v(+00) = A/B. We define v, (§) = v(&/V/dy).
Clearly
—dn v = v, (A — Buy,) for £ >0, v,(0) = 0.
Let (U™(7,£),p™(7)) be the corresponding pair to (u"(x),h"™(t)), as before. Then
() (UP + Ug) — dnUge = U an (T — &) — bp(7 = U"], (7,£) € R x [0, 00),
U"(r,0) =0, p"(7) = unU¢' (1, 0), T R,
and much as at the beginning of the proof of Proposition 2.5, we can use a comparison argument

to conclude that U"(7,§) < v, (§) for 7 € R and § > 0. It follows that Uf(7,0) < v;,(0) and
hence / 1

Thus {p,} is bounded in C9(R). Checking the proof of Proposition 2.9 we find that there exists
€ > 0 independent of n such that p™(7) > € for all 7 € R and n =0, 1,2, .... Therefore, in view
of 0 < U™ < v, < A/B, we may apply standard LP theory for parabolic equations to conclude

v'(0), n=0,1,2,...
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that {U"} is a bounded set in W,*([0, L] x [0, M]) (Vg > 1,YM > 0). By Sobolev embedding
14y

we see that {U"} is a bounded set in C +20’“"0([0,L] x [0, M]) with vy € (v,1). Therefore

by passing to a subsequence we may assume that p"(r) = pUg'(7,0) — p(7) in C/(R). By a

standard diagonal process and by passing to a further subsequence if necessary, we may assume
v+1

that U" — U in CIZ’VH([O,L] x [0,00)). Thus (U, p) satisfies
B(r) (U + Ug) = doUge = Ulao(r — &) = bo(7 = )0, (7,€) € R x [0, 00),
U(r,0) =0, p(1) = poUe(7,0), TER
Therefore (4(t,z), h(t)) defined by
A NP h(t) 1
au(t,z) = U(h(t),h(t) —z), t = /0 %dT

is a normalized pulsating semi-wave of (1.3) with (d, i, a,b) = (do, o, ao, bo). By uniqueness,
necessarily (4, h) = (u®, hY). This implies that the entire sequence (u™, h™) converges to (u’, h")
as stated in the theorem. ([l

4. SPREADING SPEED

In this section we study the spreading speed determined by (1.1) when spreading occurs. We
also investigate how this speed varies with p.
Let (@, h) be a pulsating semi-wave of (1.3), which is unique up to a translation of ¢. Let the
function pair (U, p) be given by
U(r,€) = a(h™(r),7 =€), p(7) = —pie(h™" (1), 7).
Then we have

L

~/ _ 7 . 7 _ . _

R'(t) = p(h(t)) and tlggo h(t)/t = L/T with T = /0 os)"
Let us note that the first identity in the line above implies that

h(to+t) d
[ Y Vi teR.
ito)  P(8)

This implies that if (U ,P) is obtained from a pulsating semi-wave which is a shift of (4, ﬁ) in t,
then p(7) is identical to p(7 4 79) for some 79 € R. Since p(7) is L-periodic, we find that fOL %

is independent of the choice of (@, ib) Thus the quantity L/T is uniquely determined.

Our first main result of this section is the following.
Theorem 4.1. Suppose that (u, h) is the unique solution of (1.1) and limy_,o, h(t) = +o00. Then
ht) _ ., ht) L

(4.1) limy oo = = lim == = 75

Proof. Fix € > 0 small and for o € {€, —¢}, we denote by (u?, h?) the unique pulsating semi-wave
of

up — dugy = u([a(z) + o] — [b(z) — olu), x < h(t), t € R,

B (t) = —(1 — o)pug(t, h(t)), u(t, h(t)) =0, t € R,
normalized by h?(0) = 0. Define

ﬂ”(t,x)zu”(%,x), B () = n t ).
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{ (1—o)af — dug, = @° ([a(z) + o] — [b(z) — ol@®), =< ho(t), t €R,
(W) (t) = —paS(t, he(t)), a(t,h%(t)) =0, t eR.
Set
(@(t, ), h(t)) = (@ (t + C1,2), h(t + C1)),
(u(t, ), h9(1)) = (@ “(t + Cz, ), h=(t + C2)).
We will show that, for all small € > 0 and suitable C1, Cy, M € R,
(42) {u€(t, r) <wu(t,r) <u(t,r) fort>M, re[M,h(t),
' hE(t) < h(t) < B (t) for t > M.

If (4.2) is proved, then we have

lim he(t) < lim fh(t) < lim sup Q < lim ﬂ
t—oo ¢ ~>oo t t—500 t t—oo ¢
Clearly
lim 20y PEH )0+ ) (1+e¢)7'L/T,
t—oo t—o00 t
and .
i O DO/ =)
t—oo t t—00 t

where T, = fL ed(ss with p¢(7) == —pus ((h) 7Y (1), 7); T¢ is defined analogously from (@, 7).

It follows that

(1+e)7'L)T. < lim inf h(t) < nmsup@ <(-e7'L/T"

—00 t—o0 t
Letting € — 0, we deduce
lim P _ L
t—oo t T

as desired.

It remains to prove (4.2). This will follow from the comparison principle by showing that
(@, k) and (uf, h°) are respectively upper and lower solutions to (1.1) for t > M. We break the
argument below into several steps.

Step 1. For any large R = R, > 0 satisfying

a(r) € |a(r) — %,a(r) + %}, B(r) € [b(r) - g, b(r) + a Vr > R,
there exists 7g > 0 such that
(4.3) ug — dAu® < ufla(r) — B(r)uf], r € [tr, (1)),
(4.4) u; — dAT® > uf[a(r) — p(r)u], r € [TR,EE(t)],

with the inequalities satisfied for all ¢ such that h¢(t) > 7p and h°(t) > T, respectively.
To prove (4.3), we note that

QE{[a(r) — ¢ — [b(r) + e]ge} + %ge
< ula(r) — B(r)u]  for r € [R,h(t)].
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Therefore, in view of the equation satisfied by u¢, (4.3) will follow if we have

N -1
u;—d<u;+ _—

<o

€

< (L4 Qu — dug, + Ju’ for r € [rr, h(1)],

or equivalently,
N -1
r

(4.5) —d ue < eul + gg for r € [rr, h(¢)].

From the identity u(¢, h°(t)) = 0, we deduce
u(t,r) + (h) (t)us(t,r) =0 for r = he(t).
Therefore
—ug(t,r) = [(B) (1)) " 'ug(t,r) > 0 for r = he(t).
Moreover, the functions u(t, h(t)), us(t, h°(t)) and ul(t, h(t)) are periodic in ¢ (recalling the
transform w(t,z) = U(h(t),h(t) — )). Hence, from the uniform continuity of u¢, uf and uf on
(t,€) = (t,h(t) — r), we can find 6 = J¢ > 0 such that
—us(t,r) < opus(t,r) for r € [h(t) — 4, h ()], t € R,

where 09 = 2max;eg[(h€)(t)] L. It follows that (4.5) holds in the range r € [h(t) — 6, h°(t)]
provided that h®(t) — d > Ry, where Ry := d(N — 1)og/e.
For r € (—o0, h(t) — 0], we have u® > o1 > 0 and |ug| < 03 < 4+00. Thus (4.5) holds for

r € [Tr, h°(t)] with
2d(N —1
TR ‘= max {M,Rl,R} .
€01
The proof of (4.4) is similar and we omit the details.
Step 2. There exists Ry > 7 and 177 > 0 such that,
RY(Ty) > h(TY), h(Ty) < Ry < h(Ty)
and
ut(t, Ry) > u(t, Ro), ut(t, Ry) < u(t,Ro) for ¢t > Tj.
For o € {¢,0, —¢}, let ¢7(x) be the unique positive solution of
—d¢ze = ¢{[a(x) + U] - [b(m) - U]¢}7 z eR.
Then ¢° is L-periodic and ¢¢ > ¢° > ¢~¢. Hence there exists § = 6, > 0 such that
¢ (x) — 20 > ¢°(x) > ¢~ (x) + 26, = €R.
Let (u(t,7),h(t)) be the unique solution of (1.1), for which spreading occurs. By Theorem 2.4

of [7], we have

1tlim u(t,r) = U(r) locally uniformly for 7 € [0, oc),
—00

where U is the unique positive solution of

—d(U" + ?U’) = Ula(r) — b(r)U] for r € [0,00), U'(0) = 0.

For any sequence r,, — oo, write r, = my,L + 7, with m,, an integer and 7, € [0, L), and

A

define U, (r) = U(r, + r). Then by passing to a subsequence one may assume that 7, — 7.
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Applying the LP theory to the equation of U,, and using Sobolev embedding, one finds that by
passing to a further subsequence, U, — U, in C} (R), and U, satisfies

loc

—dU! = U*la(ry +7) — b(rs + r)U,] in R.

A simple upper and lower solution consideration shows that U, > 0. Therefore necessarily
U.(r) = ¢°(r« + 7). This implies that

Tim [07(r) — ¢°(r)] = 0.
It follows that, with the above chosen 4, there exists Ry > 7 and Ty > 0 such that
u(t, Ro) € [¢°(Ro) — 8,8 (Ro) + 6] for t > T.
On the other hand, we have
_lim [@f(t,z) — ¢%(2)] =0, lim [u(t,z) — ¢ “(z)] = 0.

h (t)—z—00 he(t)—x—00
It follows that
lim [i(t, Ro) — ¢ (Ro)] = 0, lim [u“(t, Ro) — 6~(Ro)] = 0.

t—o00

Therefore by enlarging Ty properly we may assume that
ﬂg(t,Ro) > ¢E(R0) -9, @E(t,RQ) < ¢_6(R0) + 6 fort > Ty.
Hence

(4.6) T(t, Ro) > ¢°(Ro) + 0 > u(t, Ry), u(t, Ro) < #°(Ro) — 6 < u(t,Ry) fort > T.

Recall that
—e t+Cl _ t"‘CQ
h (t) = h€ he¢(t) =h"°¢
(*) <1+6>’() <1—e>7

and in the above discussion, we only used an arbitrarily fixed pair (C7,C2). Next we choose
Ch and Cy to meet the required inequalities of this step. Since u®(t,x) and u(t,z) are both
increasing in ¢, we find that the inequalities in (4.6) remain valid when C is increased and Cs
is decreased. We first choose T7 > Ty such that h(T7) > Ryg. We may then increase C; and
decrease Cy properly to guarantee that

B (Ty) > h(Ty), h(T1) < Ry.

This completes the proof of Step 2.

Step 3. Completion of the proof.
Since h°(Th) < Ry < h(T1), there exists To > T such that

hE(TQ) =Ry < h(TQ).
Therefore we can find n > 0 sufficiently small such that
Ry < b (T +1n) < h(Te +n), u(To + n,r) < u(Ta +n,r) for r € [Ry, b (T2 + n)].

We may now use the conclusions in Steps 1 and 2, and apply the comparison principle (see
Lemmas 3.3 in [7]), to conclude that

h(t) = be(t), u(t,r) > u(t,r) for r € [Ro, A(t)],¢ > T + 1.
Let V(¢,r) be the unique solution of
Vi —dAV =Vi]a(r) — B(r)V],r € [0,00), V;(¢t,0) =0, V(0,7) = ||uo||co-
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Then it is well known that limy_, [|V (¢, ) — ﬁ(')‘|Lw([07m)) = 0. By the comparison principle we

have u(t,r) < V(t,r) for r € [0,h(t)], t > 0. It follows that limsup,_, . u(t,r) < U(r) uniformly
for r € [0,00). Therefore, if Ry and Ty are large enough in Step 2, we have

u(t,r) < ¢°(r) + 6 < ¢°(r) — 6 for r € [Ro, h(t)], t > Tp,
where 0 > 0 is as in Step 2. If C] is sufficiently large, we can guarantee that
u(Ty,r) > ¢“(r) — 6 > u(Th,r) for r € [Ro, h(T1)].
Therefore we can apply the comparison principle (see Lemma 3.2 of [7]) to conclude that
hS(t) > h(t), T (t,r) > u(t,r) for r € [Ro, h(t)],t > T1.

The proof is now complete. U

Next we investigate the dependence of the spreading speed on the parameter u. To stress this
dependence, we will write "= T'(u) and C(u) = L/T (). We will prove the following result.

Theorem 4.2. C(p) is strictly increasing in p, and lim, oo C(n) exists and equals c., which
is the minimal speed of the pulsating fronts for (1.4) obtained in [5].

The proof of this theorem is broken into several lemmas.
Lemma 4.3. Suppose that 0 < p1 < po. Then C(u1) < C(p2).

Proof. Let (u1, h1) and (ug, hy) be the unique solutions of (1.1) with g = p1 and pe, respectively.
Suppose that hj(co) = co. By Theorem 3.5 of [8], we see that hy(t) < ha(t) for t > 0. It follows
from Theorem 4.1 that C(pu1) < C(u2).

It remains to show C(u1) # C(u2). Let (ul,h!) and (u?, h?) be pulsating semi-waves corre-
sponding to (u1, h1) and (ug, ha) respectively. By Theorem 4.1,

h'(t)
t

tli>ngo = C(M'L)a L= 1> 2.
Arguing indirectly we suppose that C(u1) = C(u2); we are going to deduce a contradiction.
We follow the argument in the proof of Theorem 3.1. As in Step 1 there, our assumption implies
that h(t) := h'(t) — h3(t) is a T-periodic function satisfying 2(0) = h(T) = 0. If h = 0, then
@' = 4% and
d pd d
—h'(t) = — t,h'(t) = — t,h2(t —h3(t) < —h*(t
GO = = (6 (0) = = 120) = 2L 2020 < S0,
which is a contradiction.
If h # 0, then as in Step 1 of the proof of Theorem 3.1, we can shift ¢ in h%(t) so that, after
the shift,
RY(t) < R2(t) Vt € R, hl(tg +nT) = h*(to + nT), n = 0,+1,+2, ...
It follows that J

dt
On the other hand, if we define

W(t,z) = u?(t,x) — ul(t,z) for (t,r) € D:={(t,z) : t € R, x < ht(¢)},

d
—hl(tg+nT) = %hQ(t(] +nT).

then the same arguments as in the proof of Theorem 3.1 yield

W (t,z) > 0in D and W, (to, h'(tp)) < 0.
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It follows that
ug(to, h' (to)) > 3 (to, h*(to)),
or equivalently
d 1 d 2
which implies, due to pu1 < po,

d d
—hl(t —h2(t
7 ()<dt (to)-

Again we reach a contradiction.
Since every possibility leads to a contradiction, we conclude that C(u1) # C(u2). O

Lemma 4.4. Suppose that 0 < py < pa, and (u',h'), (u?, h?) are the unique pulsating semi-
waves of (1.3) with p = uy, po, respectively, which are normalized by h*(0) = h?(0) = 0. Then
hY(t) < h2(t) fort > 0 and h'(t) > h%(t) for t <O0.

Proof. From the previous lemma we find that

1

lim h ( ) < lim

t—oo t—o0
Hence 0 < h'(t) < h%(t) for all large positive ¢, and 0 > h'(t) > h2(t) for all large negative t.
Therefore there exists a smallest tg > 0 such that h'(tg) = h%(ty) and h'(t) < h2(t) for t > tg.
We show that tg = 0. Otherwise tg > 0 and due to h!(0) = h2(0) = 0, Cp := MaX;e (o] h(t) >0,
where h(t) := h'(t) — h2(t). If Cy = 0 then clearly Lhl(to) = Lh2(t). If Cy > 0 then we can
shift ¢ in h2(t) suitably to guarantee that for the shifted h2, still denoted by h?(t), and some
new to > 0, one has h'(t) < h2(t) for t > to and h'(t) < h2(t) for t € [0,t0]. Hence again we
have

d d
(4.7) %hl( 0) = %h%o) ht(to) = h2(tg), h'(t) < h3(t) for t > 0,
with strict inequality holding for ¢ > ¢g.

Define
W(t,z) = u*(t,x) —u'(t,z) for (t,x) € D := {(t,x) : t > 0,z < h'(t)}.
Then we can argue as in the proof of Theorem 3.1 to conclude that
W > 0in D and W,(to, hl(to)) < 0.
It follows that

d 1 d d
—hl(ty) = — to, h'(t to, h3(t —h2(ty) < —h*(t
g (to) pyug (to, ' (o)) < —paui(to, h*(to)) = th (to) < —-h*(to),
a contradiction to (4.7). This proves that h'(t) < h2(t) for t > 0.
The proof for the fact that h'(t) > h?(t) for t < 0 is similar, and we omit the details. O
Set
o= f
o igﬁo‘(’")’ a: 71};004( r),
Bimsup(r), = inf 5(r)
r>0 720

By Propositions 2.1 and 2.2 in [6], for each k € (0,2vad), the problem
—dV" +kV' =V (a—pV) in (0,00), V(0) =0, V(o) =a/f
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has a unique positive solution Vj(z), and for each p > 0, there exists a unique kg = ko(p) €
(0,2vad) such that pVy (0) = ko. Moreover, ko(u) strictly increases to 2v/ad as p increases to
00.

Lemma 4.5. C(00) := lim, o C(n) < 2V ad.
Proof. Denote by (u, h) the unique solution of (1.1) with (a(r), 8(r)) replaced by (@, 3). Since

the modified problem is set in a homogeneous environment, we could apply the result of [7] to

conclude that B
. h(t) —
lim —= = ko(p) < 2Vad,
t—oo t
for any p > 0. _
By the comparison principle in [7], we deduce h(t) < h(t) and u(t,r) < u(t,r) for ¢ > 0
and r € [0,h(t)]. It follows that C(u) < ko(p) < 2vVad for all u > 0. Therefore C(c0) =

lim, 00 C(p1) < 2V ad. O
Lemma 4.6. Let (u*, h*) be the unique normalized pulsating semi-wave of (1.3). Then
%h“(t) < ko(p) < 2Vad for all t € R.

Proof. Fix an arbitrary sg € R and € > 0. We show that there exists ¢ty € R such that
(4.8) hu(SO) = ko(,u + 6)30 + 1o, h“(t) < ko(u + 6)t + to for t > sp.

Clearly this implies
d
o (s0) < kol +€) < 2vad.

Letting € — 0, we obtain

d
ihM(SO) < k‘o(,u) < 2Vad.
Thus it suffices to prove (4.8).
Since
(4.9) im0 _ o) < ko) < kot 1)
: o r ) = Rolp o\H )

we have, for any ¢y € R,

hH(t) < ko(p + 1)t + to for all large positive t,

h*(t) > ko(u + 1)t + to for all large negative t.
Therefore there exists a minimal s = s(¢g) € R such that

h¥(s) = ko(p + 1)s + to, h*(t) < ko(pu + 1)t +to Vt > s.
We claim that strictly inequality holds, namely
W) < ko(pu + 1)t +1tg Vit > s.
Otherwise there exists s; > s such that h*(s1) = ko(p + 1)s1 + to. It then follows that
d

(4.10) &h“(sl) = ko(p+1).

Define D :={(t,z) : t > s,z < h*(t)} and
’LAL(t, IE) = Vko(u—‘rl) (ﬁ(t) - :U)a ﬁ(t) = kO(:u + 1)t + to.
We note that

’LALI(t, h(t)) = 7Vk:0(u+1)(0) <0,
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and ul (t, h*(t)) is negative and periodic in t. Moreover,

(4.11) lim  a(t,z) = @/p, » lim  [uf(t,x) — ¢(x)] = 0,

h(t)—z—00 t)—z—00

where ¢(x) is the unique positive solution of —d¢” = ¢[a(z) — b(x)¢] in R, and the limits are
uniform. Moreover

a/B < ¢(z) <a/p.
Therefore there exists ¢y > 0 such that
u(t,x) > cout(t,z) in D.
Taking the limits along h*(t) — 2 — oo we deduce

coa/B < cod(x) < @/pB.

Hence ¢y < % Define

c* :==sup{c > 0:a(t,z) > cut(t,x) in D}.
Then

cp < c* < 5—6, and 4 > c¢*u* in D.
af

We show that ¢* > 1. Otherwise ¢* < 1 and for any positive sequence €, — 0, there exists
(tn,zn) € D such that

W(tn, xn) < (" + ep)u (tn, xn), n=1,2, ...

Using (4.11) we easily see that {t,,} and {z,} are bounded sets in R. We may then argue as in
Step 3 of the proof of Theorem 3.1 to reach a contradiction.
Hence ¢* > 1 and

W(t,z) :=a(t,z) —ul(t,z) >,20in D, W(s1,h*(s1)) = 0.
From the equations for 4 and u* we see that W satisfies, for some bounded function ¢(t, ),
Wy — dWyy + c(t, )W >0 in D.
Hence we can apply the strong maximum principle and the Hopf lemma to conclude that
W >0 in D with W,(s1,h"(s1)) < 0.

It follows that

d

S (1) = —puut(s1, 1(51)) < 1V 41 (0) < (0 + DV 1) (0) = Ko+ 1)

But this contradicts (4.10). This proves our claim.
We now examine how s(tg) varies with tg. The property of s(tg) proved in the above claim
implies that it varies continuously with to € R. By (4.9), we see that

togl}kloos(to) -~ 7% tog@ws(to) = too.

Hence for each sg € R, there exists ¢y such that s(tp) = so. The conclusions in (4.8) now follow
from the claim. O

Lemma 4.7. C(o0) = cs.
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Proof. Let {1} be an increasing sequence converging to oo as n — oo. To simplify notations we
write (u™, h™) for the unique normalized pulsating semi-wave (u#", h#") of (1.3) with u = py,
and denote by (U™(7,£),p" (7)) the corresponding pair of (u"(t,x),h"™(t)).

By Lemma 4.4 and the relation ¢ = fohn(t) ds/p"(s), we easily see that

p"(1) < p"“(T) forreR, n>1.

Making use of Lemma 4.6 and p"(h"(t)) = $h"(t), we obtain p"(7) < 2va@d for all 7 € R
and n > 1. Therefore {p"} is a bounded set in L>®(R), and p*(7) := lim,, o p™(7) satisfies

p'(r) < p*(r) < 2vVad Vr e R

As in the proof of Theorem 3.4, by a simple comparison consideration we see that {U"} is a
bounded set in L (R x [0,00)). Therefore we may apply the LP theory for parabolic equations

to the equation of U™, much as in the proof of Theorem 3.4, to conclude that, by passing to a
+1

subsequence, U" — U* in CVT’VH([O,L] x [0,00)), and (U*, p*) satisfies

loc
pH(T)UF +Ug) — dUge = U[a(T — ) = b(T = HU"), (7,€) € R x [0, 00),
U*(r,0) =0, T eR.
From the identity p"(7) = p, U (7,0), we deduce
U (7,0) = 0.

Since U* > 0, the Hopf lemma infers that U* = 0.

We now examine the sequence {(u", h™)}. Let us note that for any ¢ty € R, (u"(t+tg, z), A" (t+
to)) is also a pulsating semi-wave to (1.3) with g = p,. For fixed n > 1, since u™(0,0) = 0
limy 00 u™(t,0) = ¢(0) > a/B, and u™(t,x) is strictly increasing in ¢, for fixed ¢ € (0,a/f),
there exists a unique ¢, > 0 such that u"(t,,0) = (. We now replace (u",h™) by its shift
(u™(t + tn, ), A" (t +t5)), and still denote it by (u", h™). Then clearly

u"(0,0) =¢ >0, A"(0) >0Vn > 1.

We claim that ¢, — oo as n — oco. Otherwise by passing to a subsequence we may assume
that t,, — t*. Then from the boundedness of {%h”} we conclude that, subject to a subsequence,
" — h* in CJ (R). Since |lupllos = [|[U"||oc has a bound independent of n, we may apply

LP theory to the equation of u™ to conclude that, by passing to a subsequence, u” — u* in
1+v

C’lz’HV(D), with D = {(t,z) : t € R,z < h*(t)}. Moreover, we have v*(0,0) = ¢ > 0. On the
other hand, by the discussion above for the corresponding pairs (U™, p"), we must have u* = 0.
This contradiction shows that t,, — oo, as claimed.

Clearly the above proved claim implies that h"(t) — oo as n — oo, uniformly for ¢ € [—M, o)

for every M > 0. We may now once more apply the LP theory to the equation of u™ to conclude

1+v
that, by passing to a subsequence, u" — u* in C}? ’HV(RQ), with ©*(0,0) = ¢ > 0. Moreover,
u* satisfies
up — dul, = u*la(z) — b(x)u*] for (t,z) € R?.
Recall that %h”(t) is T),-periodic, with C(uy) = L/T,, and v™(t+T,,x) = u"(t,x—L). Since
C(pn) — C(o0), we obtain T;, — T™ := L/C(o0). It follows that

(4.12) u*(t +T* x) = u*(t,z — L) for all (t,x) € R%

Due to u}(t,z) > 0, we obtain uj(t,z) > 0. By the strong maximum principle, we easily
see that either uf > 0 or uf = 0. If uf = 0, then necessarily u*(¢,z) = ¢(z). But we have
u*(0,0) = ¢ < min¢(z). Hence we necessarily have uy(t,z) > 0. From these properties of u*
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we can now conclude that u* is a pulsating front of (1.4). By (4.12), the speed of u* is C'(00).
Therefore we must have C'(00) > c,.

We show next that C'(o00) < ¢,. For this purpose, we consider the auxiliary one dimensional
free boundary problem

— dugy = U[CL(:L‘) ( ) ] t>0, z¢€ (g(t),h(t)),
(4.13) u(t,g(t)) =0, ¢'(t) = —pue(t, g(t)), >0,
: w(t. h()) = 0, W(t) = —pua(t, h(t)), >0,
—9(0) = h(O) = hg, U(O,.I) = uo( ) x € [—ho, ho].

Comparing (4.13) with the same problem where (a(z),b(z)) is replaced by the constant pair
(mina(x), maxb(z)), one easily sees from [10] that for all large p > 0, spreading occurs for
(4.13). Moreover, a similar (but easier) analysis to that of Theorem 4.12 shows that

Let 4(t, ) be the unique solution of the corresponding Cauchy problem to (4.13). Then by
the comparison principle we have u(t, z) < 4(t, z), which implies that C'(x1) is no bigger than the
spreading speed determined by this Cauchy problem. By [2] the spreading speed determined by
this Cauchy problem is the minimal speed of the pulsating fronts of (1.4), namely c,. Therefore
we have C(u) < ¢y It follows that C(00) < ¢y O
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