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Abstract: Straightening is an important process in the production and application of shafts, tubes,
and various profiles. According to the springback theory of small curvature plane bending, the pure
bending process and springback of in-plane curved beam with symmetrical section were analyzed,
and the over-bend straightening theory was established. Based on this, the straightening mechanism
of the existing over-bend straightening process was revealed; that is, a zigzag straightening moment
was applied in the three-point multi-step straightening process to approximate the smooth curve
of theoretical moment, while the multi-point one-time straightening technology was to discretize
the theoretical curve using the broken line, so both of them needed a load correction coefficient
to compensate the error between the actual load and theoretical calculation. In order to realize
the complete loading of theoretical curve, a new technology of three-roll continuous straightening
was further proposed and the experimental equipment for shafts and tubes was built. In order to
match the characteristics of a pipe section, an accurate moment calculation equation was established.
Three-roll continuous straightening experiments of the tube showed that the straightness of the
straightened workpiece could be controlled within 1.5‰, which meets the standard requirements.
Therefore, it is suggested that the over-bend straightening theory can predict the load required
for straightening in-plane curved parts with any symmetrical cross-section, and the three-roller
continuous straightening process is an efficient and highly accurate straightening technique.

Keywords: over-bend straightening; mold-press straightening; roll-press straightening; prediction
model; initial curvature; straightening moment

1. Introduction

Shafts, tubes, and various profiles inevitably deform during heat treatment, transporta-
tion, and application. If straightening is not performed, it affects subsequent processing
and product performance. Therefore, the straightening process is widely used in metal
processing, machinery manufacturing, and instrument production. Moreover, straighten-
ing not only affects the macroscopic shape and size of the workpiece but also changes the
microstructure and internal stress distribution of the material.

For in-plane curved parts, the common straightening methods are three-point press
straightening and parallel roll straightening, as shown in Figure 1. According to their
forming process, the roll straightening consists of multiple three-point press straightening;
that is, three-point straightening is the basis. The key of the pressure straightening process
is to determine the straightening force’ that is, a reasonable load can make the workpiece
straight after the springback, while the section is not severely deformed. This load is
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related to the initial deflection [1], cross-sectional shape [2], and material properties [3,4] of
the workpiece.
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In order to predict the straightening load, the elastic-plastic deformation process of
shaft and tube parts was fully analyzed to establish an accurate mathematical model. Focus
on press straightening, Zhao et al. [5,6] proposed the multi-step three-point bending and
the multi-point bending one-off straightening process for LSAW pipes and established
the mechanical model and press straightening control strategy, respectively. Li et al. [7]
established and verified a mathematical load-deflection model of press straightening pro-
cess for shafts; Pei et al. [8] proposed the straightening prediction models for the D-type
cross-section shaft to calculate the straightening reverse curvature analytically; and Song [9]
gave the load-deflection model for the T-section rail press straightening process under
lateral loads.

On the other hand, for multi-roll straightening, Yu et al. [3] analyzed the deformation
of bar in the two-roller straightening process, established the equation of residual curvature
and the unified equation of residual curvature, and then studied the springback problems
of multiple reciprocating bending based on different hardening models [4]. Yin et al. [10]
and Liu et al. [11] investigated the residual stress and stress-inheriting behavior of H-beam
in multiple roll systems. Moreover, Huang et al. [12,13] analyzed the process of continuous
and synchronous calibration of roundness and straightness by three rollers and established
a mechanical model of axial and circumferential bidirectional deformation. Guan et al. [14]
analyzed the sectional stress-inheriting mode during repeated elastic-plastic bending and
its effect on the section’s bending properties.

In addition, numerical calculation and numerical simulation based on iterative ideas
combined with experiments are also important means to analyze the straightening process.
Based on the iterative method, Ma et al. [15,16] proposed a compensation mechanism to
control the springback in the free-bending and stretch-bending processes, and Lu et al. [17]
solved the straightening stroke in the pressure straightening process. Meanwhile, for the
same pressure straightening problem, Song [18] used the finite element method to establish
a load-deflection model. Nassiraei et al. [19,20] investigated the local joint flexibility of
various T/Y-joints mainly by numerical simulation. In contrast, numerical simulation
has more obvious advantages in analyzing complex straightening processes, such as the
three-roller continuous and synchronous adjusting straightness and roundness process [21],
reciprocating bending straightening process [22], multi-roller straightening process [23,24],
and heavy rail straightening process [25].

The studies conducted so far have shown that both theoretical and numerical simula-
tions are difficult to establish a general analysis model to guide the straightening process.
Therefore, this paper intended to establish an analytical model of over-bend straightening
which can be applied to in-plane curved workpieces with arbitrary symmetrical sections.
Then, the straightening mechanism of the existing technology was analyzed, and a new
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technology was proposed. Based on the general model, the process of straightening a tube
with new technology was analyzed and verified by physical experiment.

2. Pure-Bend and Over-Bend Straightening Theory
2.1. Basic Assumptions

Since the pure-bend and over-bend straightening process for an in-plane curved beam
with a symmetrical section is an in-plane bending problem, some concepts are introduced
which were defined in the springback theory of small curvature plane bending [26].

(1) Plane-curved beam: the cross-sectional centroid curve of the beam; that is, the axis is
an in-plane curve, which is different from a straight beam and a space-curved beam,
and the plane where the axis lies is called the bending plane;

(2) Micro-beam section: an infinitesimal beam along the core line of cross-section can
fully reflect the geometry information of the cross-section;

(3) In-plane bending of the curved beam: the load applied to the curved beam only causes
its deformation in the initial bending plane.

According to the above definition, for the plane-curved beam segment with any sym-
metrical section shown in Figure 2, the rectangular coordinate system oxyz is established
with the geometric center point o as the coordinate origin. Then, xoz is the bending plane,
yoz is the cross-section of the micro-beam section, and K0 is the initial bending curvature of
the geometric center layer of the section.
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Figure 2. The cross-section and coordinate of the curved beam.

At the same time, since the over-bend straightening process is a small deformation,
the following basic assumptions of engineering problems are introduced.

(1) Neutral layer coinciding: the strain neutral layer, stress neutral layer, and geometric
neutral layer always coincide during the deforming process;

(2) Plane section: any cross-section of the curved beam remains a plane before and
after deformation, and the cross-section is not distorted. Therefore, the strain on the
cross-section is linearly distributed;

(3) Conventional elastic-plastic material model: the curved beam is a continuous ho-
mogeneous linear elastic body, which is consistent with Hooke’s law and classical
elastic-plastic unloading law, as shown in Figure 3. The stress–strain relationship
during loading is

σ = f (ε) (1)

f ′(ε) ≥ 0 (2)

where σ is the true stress, and ε is the true strain.

(4) Initial equivalent strain: the initial curvature of the initial micro-beam section is K0,
and the initial equivalent strain is ε0, where it is assumed that the curved beam is
obtained by bending the straight beam in some way, and there is no distortion of
the cross-section. According to the basic Assumption (2), the initial equivalent strain
should satisfy the relationship:
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ε0 = zK0 (3)

where z is the distance from the neutral layer. Further, after pure bending of the curved
beam, the equivalent strain εeq considering the initial curvature is:

εeq = ε + ε0 (4)
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Figure 3. Conventional elastic-plastic material model.

2.2. Symbol System

To unify the curvature and moment, the symbol system is defined as follows: the
normal direction of the geometric center layer of the curved beam with a circular cross-
section is the z coordinate axis, the tangent direction is the x coordinate axis, and the
upward direction is the positive direction of the z coordinate axis. The curvature of a
curved beam is positive when it is positive in the z-axis; otherwise, it is negative. Bending
with a greater bending curvature is defined as forward bending, and the loading moment
is positive; otherwise, it is reverse bending, and the moment is negative. Thus, both the
bending curvature and the bending moment are vectors.

According to the above definition, the over-bend straightening process can be either
positive pure bending or reverse pure bending, as shown in Figure 4, which depends on
the establishment of a coordinate system.
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2.3. Springback Analysis in Over-Bend Straightening

According to the above definition and curvature change, over-bend straightening
process can be considered as that the curvature of the geometric center layer changes from
K0 to K under the action of the loading bending moment M and then changes to 0 after
springback so as to achieve a straight state, as shown in Figure 5.
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According to the springback equation of plane bending with small curvature, the
springback equation of a plane-curved beam with a symmetrical section in pure bending is

Kp = K− M
EI

(5)

where K and Kp are the curvature of the neutral layer of the curved beam after loading and
unloading, respectively, M is the loading moment, E is the elastic modulus, and I is the
sectional moment of inertia.

According to the Assumptions (2) and (4), the true strain ε of a curved beam in pure
bending is

ε = εeq − ε0 = (K− K0)z (6)

According to the mechanics of materials, the moment of a curved beam with any
section is equal to the integral of the moment of the infinitesimal element on the whole
section area. Therefore, the moment in the loading process can be simply described as

M =
∫
A

σzdA (7)

where A is the cross-sectional area.
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According to the basic Assumption (3) and Equations (6) and (7), the loading moment is

M =
∫
A

f [(K− K0)z]zdA (8)

The purpose of straightening is to make the curvature after springback be 0; that is,
Kp = 0. Therefore, from Equation (5), the springback equation in the over-bend straighten-
ing process of plane-curved beam is

M = KEI (9)

For the pure-bend and over-bend straightening process of curved beam with an
arbitrary symmetrical section, if the material properties, section shape, and initial curvature
are known, the theoretical straightening curvature K and the theoretical straightening
moment M can be obtained by combining the section equilibrium Equation (8) and the
springback Equation (9).

The above analysis shows that for the in-plane curved parts with known symmetrical
section shape, material properties, and initial curvature K0(x), if the theoretical straighten-
ing moment M(x) is applied to the corresponding section by some technical means so that
the curvature distribution after bending is K(x), then one-time complete straightening can
be realized in theory. In other words, the essence of over-bend straightening technology of
a plane-curved beam with a symmetrical section is the loading process of the theoretical
straightening moment or the realization process of the theoretical straightening curvature.

3. Process Mechanism of Over-Bend Straightening

Based on the over-bend straightening theory, straightening is to realize straightening
moment by using load control or to realize straightening curvature by using mold surface
control. In contrast, curvature control has poor flexibility and higher difficulty or cost.
Therefore, the following analyzes the mechanism of three straightening processes by
controlling the load.

3.1. Three-Point Multi-Step Mold-Straightening Process
3.1.1. Straightening Mechanism and Strategy

Three-point mold-pressing is the most commonly used over-bend straightening pro-
cess; that is, the maximum bending position of the curved workpiece placed on the two
support points with adjustable distance is pressured and reaches the straight state after
springback. When the initial deflection is small, the straightness can be repaired to within
the requirements by a single press, and in practice, it is often necessary to load multiple
times to correct the larger deflection.

Based on the over-bend straightening theory and the traditional pressure straightening
method, the three-point multi-step mold-straightening process is proposed, and the process
principle and straightening mechanism are shown in Figure 6. The straightening device
consists of a pressing point and two supporting points symmetrically distributed. In
the single straightening process, the workpiece has elastic-plastic deformation under the
action of pressing point, where the load distribution is a moment diagram of an isosceles
triangle, and the essence is symmetrical three-point bending. Then, the tube is moved to
repeat the three-point bending, along with the triangle superposition forming a zigzag
moment diagram. Therefore, the straightening mechanism of three-point multi-step mold-
straightening process is to approach the theoretical straightening moment of a smooth
continuous curve with the loading moment of a zigzag line.

In the three-point multi-step mold-straightening process, the actual loading moment
of the finite three-point bending is always less than the theoretical moment, and the fewer
the number of straightening, the greater the error. As a result, to obtain the straightening
effect equivalent to the theoretical moment with less bending, a macroscopic load correction
factor is introduced to compensate for the zigzagged polyline, and the load correction
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coefficient is greater than 1. In this paper, the optimization method of load correction
coefficient based on equal bending deformation energy was adopted.

Metals 2022, 12, x FOR PEER REVIEW  8  of  20 
 

 

 

Pressure point

Tube

Support point

Support point

(a)

 

M Mi

Ms

Fi

x

M1
M2

Mn
Mn-1

Theoretical (b)

L
ex

L
ix

m
ix

R
ix

R
ex

Before correction
After correction

 

Figure  6.  Three‐point  multi‐step  mold‐straightening  process.  (a)  Schematic  diagram  and  (b) 

straightening principle, where  sM   is the elastic ultimate moment. 

In the three‐point multi‐step mold‐straightening process, the actual loading moment 

of the finite three‐point bending is always less than the theoretical moment, and the fewer 

the number of straightening, the greater the error. As a result, to obtain the straightening 

effect equivalent to the theoretical moment with less bending, a macroscopic load correc‐

tion factor is introduced to compensate for the zigzagged polyline, and the load correction 

coefficient is greater than 1. In this paper, the optimization method of load correction co‐

efficient based on equal bending deformation energy was adopted. 

According to the over‐bend straightening theory and mechanism, the straightening 

strategy and process planning steps of the three‐point multi‐step mold‐straightening pro‐

cess are determined as follows: 

(1) Determine  the  initial  curvature distribution  )(0 xK   and material performance pa‐

rameters; 

(2) Calculation of theoretical straightening moment distribution  )(xM : the moment  is 

calculated according to the section shape, material performance, and initial curvature 

distribution; 

(3) Process planning: determine span  L   (generally 1/3–2/3 of tube length), straighten‐

ing times  n , left support point position  Lx1   of the first straightening and right sup‐

port point position  R
nx   of  the  n ‐th straightening, and calculate  the support point 

and pressure point positions of the  i ‐th ( ni 1 ) straightening as follows: 

 






















2/

1

1

2/

11

Lxx

xx
n

i
xx

Lxx

m
i

R
i

mm
n

mm
i

m
i

L
i

  (10)

where 
L
ix , 

m
ix , and 

R
ix   are the positions of the  left support point, the pressing point, 

and the right support point of the  i ‐th straightening, respectively. 

Figure 6. Three-point multi-step mold-straightening process. (a) Schematic diagram and (b) straight-
ening principle, where Ms is the elastic ultimate moment.

According to the over-bend straightening theory and mechanism, the straighten-
ing strategy and process planning steps of the three-point multi-step mold-straightening
process are determined as follows:

(1) Determine the initial curvature distribution K0(x) and material performance parameters;
(2) Calculation of theoretical straightening moment distribution M(x): the moment is

calculated according to the section shape, material performance, and initial curvature
distribution;

(3) Process planning: determine span L (generally 1/3–2/3 of tube length), straightening
times n, left support point position xL

1 of the first straightening and right support point
position xR

n of the n-th straightening, and calculate the support point and pressure
point positions of the i-th (1 ≤ i ≤ n) straightening as follows:


xL

i = xm
i − L/2

xm
i = xm

1 + i−1
n−1
(
xm

n − xm
1
)

xR
i = xm

i + L/2
(10)

where xL
i , xm

i , and xR
i are the positions of the left support point, the pressing point, and the

right support point of the i-th straightening, respectively.

(4) Determine the load correction coefficient λ:

Specifically, the bending deformation energy under the theoretical moment M(x)
and the actual loading moment M′(x, n, λ) is Utr and Ueq, respectively, and a correction
factor with the minimum difference between the two energies is defined as the optimal
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value. Further, the expression of energy difference U can be obtained from the relationship
between moment and curvature as follows:

U =
∣∣Utr −Ueq

∣∣
=
∣∣∣∫ xR

e
xL

e

{∫ K(x)
K0(x) M(K0(x), K)dK−

∫ K′(x,n,λ)
K0(x) M(K0(x), K)dK

}
dx
∣∣∣

=
∣∣∣∫ xR

e
xL

e

∫ K(x)
K′(x,n,λ) M(K0(x), K)dKdx

∣∣∣
(11)

where K′(x, n, λ) is the geometric neutral layer curvature of the cross-section after M′(x, n, λ)
is loaded at position x. After the number of bending is determined, the above equation is
optimized according to the golden segmentation to calculate the optimal load correction
factor λ.

(5) Determine the straightening load: the straightening force Fi at the i-th straightening is
calculated as

Fi =
λMi

(
xR

i − xL
i
)(

xR
i − xm

i
)(

xm
i − xL

i
) (12)

where Mi is the theoretical straightening moment at pressure point xm
i .

(6) Pressure straightening: press and straighten the workpiece according to the predicted
process parameters;

(7) Detect the residual straightness: the residual deflection after the straightening is
detected, and then straightness is calculated and evaluated; if unqualified, repeat the
above steps for second straightening; otherwise, the straightening is finished.

3.1.2. Process Evaluation

The three-point multi-step straightening technology is an over-bend straightening
process controlled by moment. It can press a continuous large arc into several small
arcs with an S-shaped distribution by mold pressing. The pure-bend and over-bend
straightening theory can provide theoretical support and technical guidance for this process
to improve the accuracy.

However, there are two problems in this molding method:

(1) Based on the straightening theory, the macro load correction coefficient can reduce
the error between the actual load and the theoretical calculation to obtain a better
straightening effect but not eliminate it. Therefore, this method does not fully realize
the continuous and complete loading of the theoretical straightening moment;

(2) In the straightening process, the pipe has been moved many times, and the pressure
point has to be loaded and unloaded repeatedly, so the straightening efficiency is low.

3.2. Multi-Point One-Time Mold-Straightening Process
3.2.1. Straightening Mechanism and Strategy

In the three-point multi-step mold-straightening process, repeated loading and un-
loading lead to low efficiency. In view of this problem, a multi-point one-time mold-
straightening process is further proposed, as shown in Figure 7. The straightening mecha-
nism of this technology is to discretize the theoretical straightening moment distribution
curve and use the broken line to approach the continuous curve. Therefore, this method
also needs a load correction coefficient, which is similar to the three-point multi-step
straightening process.
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According to the process mechanism, the straightening strategy and process planning
steps were established as follows:

(1) Determine the initial curvature distribution and material performance parameters;
(2) Calculate the theoretical straightening moment distribution M(x);
(3) Process planning: determine the positions xL and xR of supporting points at both

ends and the number of pressing points n (usually n ≥ 3). Calculate the position of
the i-th (1 ≤ i ≤ n) pressing point as follows:

xi = xL + i · xR − xL
n + 1

(13)

(4) Determine the load correction coefficient λ;
(5) Determine the straightening load: according to the theoretical straightening moment

Mi at the i-th pressing point xi, determine the straightening force Fi as

Fi =


λ·
(

M1
x1−xL

· x2−xL
x2−x1

− M2
x2−x1

)
i = 0

λ·
(
− Mi−1

xi−xi−1
+ Mi

xi−xi−1
· xi+1−xi−1

xi+1−xi
− Mi+1

xi+1−xi

)
1 < i < 0

λ·
(
− Mn−1

xn−xn−1
+ Mn

xn−xn−1
· xR−xn−1

xR−xn

)
i = n

(14)

(6) Pressure straightening: according to the predicted parameters to straighten the work-
piece by mold pressing;

(7) Check the straightness after straightening: if the straightness after straightening
is unqualified, repeat the above steps for the second straightening; otherwise, the
straightening is finished.
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3.2.2. Process Evaluation

Based on the pure-bend and over-bend straightening theory, it can be seen that the
multi-point one-time straightening process has not fully realized the continuous and
complete loading of the theoretical straightening moment, which is similar to the three-
point multi-step mold-straightening process.

At the same time, this method realizes one-time straightening by simultaneously pressing
multiple pressure points, which requires each point to be equipped with an independent
pressure control system to provide different loads. Imperfectly, this puts forward higher
requirements for straightening equipment and increases the production cost of pipes.

3.3. Three-Roll Continuous Straightening Process
3.3.1. Straightening Mechanism and Strategy

The three-roll continuous straightening process was innovatively put forward in
Ref. [1] to solve the problems of the above two technologies; that is, the actual loading
moment is not the theoretical value. As shown in Figure 8, in a roll system composed of
one upper roll and two lower rolls, the rotation of the upper roll drives the axial movement
of the tube, while the continuous loading realizes the complete theoretical moment and
one-time continuous straightening. It is convenient to install a laser displacement sensor
between the two lower rollers by using its structural features, which can realize the on-line
deflection detection at the same time.
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Figure 8. Three-roll continuous straightening process [1].

As shown in Figure 9, the flow of the three-roll continuous straightening process is
determined as follows:

(1) Deflection detection and straightness calculation: according to the local deflection
detected by the laser displacement sensor, calculate the overall deflection and straight-
ness and determine whether straightening is required;

(2) Theoretical straightening moment calculation: calculate the initial curvature distri-
bution according to the overall deflection K0(x) and the corresponding theoretical
straightening moment distribution M(x) based on the pure-bend and over-bend
straightening theory;

(3) Process planning: determine the distance L between the two lower rollers;
(4) Overall deflection control: the workpiece is continuously bent according to the pre-

dicted parameters;
(5) Residual deflection detection: the laser displacement sensor is used to detect the

residual deflection and calculate the straightness to determine whether it is qualified.
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3.3.2. Process Evaluation

Compared with the current straightening process, the technical advantages of the new
process are as follows:

(1) Using roller straightening instead of traditional mold-pressing can greatly improve
straightening efficiency;

(2) The continuous loading and precise control of the upper roll can completely load the
theoretical moment to the corresponding section to achieve the precise straightening;

(3) The integration of deflection detection and continuous straightening on one equip-
ment simplifies the process flow and is easy to realize intellectualization.

4. Experimental Study on Three-Roll Continuous Straightening Process for Tube
4.1. Measured Tubes

The measured tubes were commercially available cold-drawn pipes of ASTM 1020 steel
with straightness standards. In order to study the straightening process, curved tubes
must be prepared first, but the material properties will change due to the Bauschinger
effect. Therefore, a tension–compression loading test was carried out INSTRON 8801
testing machine, as shown in Figure 10. According to the fatigue test standard [27], a
full-thickness longitudinal arc test piece was processed. The experimental data were fitted
by the bilinear hardening material model of which the stress–strain relation is be shown in
Equations (15) and (16). The results accompanied by the geometric dimensions are shown
in Table 1.
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Table 1. Geometric dimensions and mechanical properties of tube [1].

Outer Diameter
D0/mm

Wall Thickness
t/mm

Length
L/mm

Young’s Modulus
E/GPa

Plastic Tangent
Modulus
D/MPa

Yield Strength
σs/MPa

63 3.1 1500 204 21,684 253

4.2. Experimental System and Scheme

The three-roller continuous straightening process uses roller loading instead of the
step-by-step loading of traditional molding, and the process based on closed-loop control
is easy to achieve high accuracy and automation. Considering the laboratory conditions, a
semi-automatic three-roll continuous straightening system was set up [1], which integrated
deflection detection and continuous straightening, as shown in Figure 11.
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Figure 11. Semi-automatic experimental prototype: (1) hydraulic system, (2) electrical control system,
(3) CMM, (4) force sensor display instrument, (5) laser displacement sensor display instrument,
(6) hydraulic cylinder, (7) frame, (8) workbench, (9) handwheel, (10) reducer, (11) block, (12) roller,
(13) pipe, (14) sprocket chain, (15) laser displacement sensor, (16) balance device, and (17) force
sensor [1].

In order to improve the prediction accuracy of the theoretical straightening moment
and reduce the distortion of the cross-section, the roller design principle of equal diameter
holes was adopted; that is, the radius of the straightening roller was 30.2 mm, and the span
of the two lower rollers was determined to be 400 mm.

The working principle and experimental scheme were as follows:

(1) Curved tube preparation: using a three-roll continuous straightening experimental
system to roll straight tube to prepare different initial curvature distribution;

(2) Deflection detection and deflection curve fitting: detect the local deflection, and use
the eighth-order polynomial fitting to calculate the overall deflection distribution
and straightness;

(3) Calculation of straightening moment and straightening load: according to the ini-
tial deflection curve and over-bend straightening theory, calculate the theoretical
straightening moment and load distribution;

(4) Overall deflection control experiment: according to the calculated load, three-roll continuous
straightening experiment was carried out to correct the overall deflection distribution;

(5) Straightness inspection: local deflection inspection and overall deflection calcula-
tion were carried out for the straightened tube to evaluate whether the straightness
is qualified.

4.3. Theoretical Straightening Moment Calculation

For a small deformation, the bilinear hardening model is used [2] to describe the
stress–strain relationship of the material:

σ =


Dε + σ0 ε > σs

E
Eε − σs

E ≤ ε ≤ σs
E

Dε− σ0 ε < − σs
E

(15)

σ0 =

(
1−D

E

)
σs (16)

where σs is the yield stress and D is the plastic modulus.
In the circular section of the pipe, as shown in Figure 12, the coordinate system is

established with the geometric center as the coordinate origin. According to the area
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expression dA of the micro-element, the cross-section is divided into two regions, Zone 1
and Zone 2, and the corresponding micro-element area is:

dA =


dA1 =

√
R2

1 − w2dz z ∈ [−R1,−R2] ∪ [R2, R1]

dA2 =
(√

R2
1 − w2 −

√
R2

2 − w2
)

dz z ∈ [−R2, R2]
(17)

where R1 is the outer radius, and R2 is the inner radius. The moment of inertia of the
circular section is

I =
π

4

(
R4

1 − R4
2

)
(18)
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During the straightening process, the micro-beam with an initial curvature K0 under-
goes a pure-bending elastoplastic deformation under the action of the moment M. zs is
defined as the boundary position of the elastic-plastic distinction on the section. According
to its value, that is, the deformation state of the section, the reverse pure bending of the
micro-segment of the curved beam with a ring section can be divided into three stages.

The first stage is the full elastic deformation of the micro-beam; that is, zs > R1. In
this process, the relationship between the sectional moment and the curvature of geometric
neutral layer can be obtained from Equation (7) as

M =
∫
A

σ · zdA =
∫
A

E(K− K0) · z2dA = E(K− K0)

∫
A1

z2dA1 +
∫
A2

z2dA2

 = EI(K− K0) (19)

After unloading, the micro-beam springback to the initial state; that is, K0. When
zs = R1, the moment is defined as the elastic ultimate moment Ms. It can be seen from
Equations (6) and (19)

Ms =
Iσs

R1
(20)

It can be seen that the elastic ultimate moment Ms is not related to K0 but only to the
geometric size and material properties of the tube.

The second stage is the plastic deformation of Zone 1; that is, R2 < ws < R1 and
M > Ms. According to the section equilibrium Equation (7), the relationship between
moment M and curvature under loading K is

M = 4
(∫ R1

zs
(σ0 + Dε)zdA1 +

∫ zs
R2

EεzdA1 +
∫ R2

0 EεzdA2

)
= 4σ0

3(K−K0)
3

[
(K− K0)

2R2
1 − ε2

s

] 3
2
+ 1

2 (E− D)(K− K0)R4
1arcsin

(
εs

(K−K0)R1

)
+π

4 (K− K0)
(

DR4
1 − ER4

2
)
+ σ0

2(K−K0)
3

(
2ε2

s − [(K− K0)R1]
2
)√

[(K− K0)R1]
2 − ε2

s

= f1(K, K0)

(21)
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With the increase in the loading moment M, the plastic deformation of the section
gradually extends to the center. It is defined that the moment when the plastic deformation
just occurs at z = R2 is the boundary moment Md, which is determined by Equation (6) as

Md = 4
(∫ R1

R2
(σ0 + Dε)zdA1 +

∫ R2
0 EεzdA2

)
= 4

3 σ0(R2
1 − R2

2)
3
2 + πσs

4ER2

(
DR4

1 − ER4
2
)

+ σ0
R2

[
R4

1
2 arcsin

(
R2
R1

)
+ R2

2
(
2R2

2 − R2
1
)√

R2
1 − R2

2

] (22)

In this case, the curvature of the central layer is defined as the boundary curvature Kd,
and its expression is

Kd =
Md
EI
− εs

R2
(23)

When M ≤ Md, the plastic deformation does not penetrate into the inner diameter of
the pipe. On the contrary, it can be inferred that the inner area produces plastic deformation.
Moreover, it can be seen from Equations (22) and (23) that the boundary moment Md has
nothing to do with the curvature Kd and K0 but only with the geometric size and material
properties.

The third stage is the plastic deformation in the inner diameter area of the section;
that is, zs < R2. In this process, M > Md, and the relationship between moment M and
curvature K is satisfied

M = 4
(∫ R1

R2
(σ0 + Dε)zdA1 +

∫ R2
ws

(σ0 + Dε)zdA2 +
∫ ws

0 EεzdA2

)
= 1

2 (E− D)(K− K0)
[

R4
1arcsin

(
εs

(K−K0)R1

)
− R4

2arcsin
(

εs
(K−K0)R2

)]
+ 4σ0

3(K−K0)
3

{[
(K− K0)

2R2
1 − ε2

s

] 3
2 −

[
(K− K0)

2R2
2 − ε2

s

] 3
2
}

+π
4 D(K− K0)

(
R4

1 − R4
2
)
+

σ0(2ε2
s−[(K−K0)R1]

2)
2(K−K0)

3

√
[(K− K0)R1]

2 − ε2
s

− σ0(2ε2
s−[(K−K0)R2]

2)
2(K−K0)

3

√
[(K− K0)R2]

2 − ε2
s

= f2(K, K0)

(24)

It can be seen from Equations (19), (21) and (24) that the initial curvature K0 directly
affects the relationship between the loading moment M and the loading curvature K. In
addition, according to the definition of the symbol system, the direction of the initial
curvature K0 and the loading moment M is always the opposite, no matter in the forward
or reverse bending. Therefore, according to the relationship between the initial curvature
|K0| and the boundary curvature |Kd|, the solution of theoretical straightening curvature K
by combining Equations (9), (21), and (24) is

K =

{ f1(K,K0)
EI + K0 |K0| ≤ |Kd|

f2(K,K0)
EI + K0 |K0| > |Kd|

(25)

The theoretical straightening moment M can be further determined by substituting
the above result into Equation (9).

4.4. Results and Discussions

Using the three-roll continuous straightening experimental system, the deflection of
three curved pipes was detected, and the theoretical straightening moment was calculated
according to the above theory and process, as shown in Figure 13.
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The straightness of the straightened pipe as 1.29‰, 1.62‰, and 1.09‰, which were
all controlled within 1.50‰ to meet the general engineering requirements. This shows
that the over-bend straightening theory could predict the load required for straightening
an in-plane curved pipe and also verifies the feasibility of the three-roller continuous
straightening process.

5. Conclusions

(1) A pure-bend and over-bend straightening theory for in-plane curved beam with
symmetrical section was proposed based on the springback theory of small curva-
ture plane bending. According to the general theory, the essence of the over-bend
straightening process was revealed; that is, straightening is the loading process of
the theoretical straightening moment or the realization process of the theoretical
straightening curvature.

(2) The straightening mechanism of the existing over-bend straightening process was
analyzed based on the pure-bend and over-bend straightening theory. Specifically,
a zigzag bending moment was applied in the three-point multi-step straightening
process to approximate the smooth curve of theoretical straightening moment, while
the multi-point one-time straightening technology was to discretize the theoretical
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distribution curve using the broken line, so both of them needed a load correction
coefficient to compensate the error between the actual load and theoretical calculation.

(3) Aiming at the problem of the mold-press straightening process, the three-roll contin-
uous straightening process was proposed. The theoretical straightening moment is
fully loaded into the corresponding section through the continuous loading of the
upper roll, which theoretically realizes the one-time straightening. Moreover, the
roll-pressing instead of mold-pressing can greatly improve the straightening efficiency.

(4) Based on the over-bend straightening theory, and the characteristics of the annular
section of the tube, a calculation model of the straightening moment distribution
related to the initial curvature was further established.

(5) The three-roll continuous straightening experiments were carried out, and the results
showed that the straightness of the straightened tube could be controlled within 1.5‰,
which meets the standard requirements. Therefore, it is suggested that the over-bend
straightening theory can predict the load required for straightening an in-plane curved
part, and the three-roller continuous straightening process is an efficient and highly
accurate straightening technique.
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Notations
σ true stress
ε true strain
ε0 initial equivalent strain
εeq equivalent strain
K0 initial bending curvature
K the curvature after loading
Kp the curvature after unloading
M loading moment
F straightening force
E Young’s modulus
I the sectional moment of inertia
A cross-sectional area
L span, the distance between the two lower rollers
λ load correction coefficient
M(x) theoretical straightening moment distribution
K0(x) initial bending curvature distribution
U bending deformation energy
D0 outer diameter of pipe
t wall thickness of pipe
D plastic tangent modulus
σs yield strength
Ms elastic ultimate moment
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