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1. INTRODUCTION

In this paper we prove four theorems: one on surface singularities, two on F-
crystals, and one on moduli of p-divisible groups. The reason we put together these
results in one paper is that the proofs, as given here, show how these theorems are
related. Let us first describe our results.

Let (S,0) be a normal surface singularity over an algebraically closed field of
characteristic p. Let S — S be a resolution of singularities. Our first result is
Theorem 3.2:

(1) Any Qp-cohomology class on the link of the singularity extends to the reso-
lution, more precisely

Helt(s\ {0}7 Q;D) = Helt(sv(@P)
The interest in this lies in the fact that we can work with Q,-coefficients in charac-
teristic p. The formula can be seen as a weak form of purity with Qp-coeflicients;
when we consider QQ-coefficients the same result holds and follows in a straightfor-
ward manner from purity for étale cohomology. The result also holds for singulari-
ties of mixed characteristic; see Remark 3.13.

For the following two statements, let S be a scheme of characteristic p > 0 and
let (£, F') be a nondegenerate F-crystal over S.

For any geometric point § of S we can define the Newton polygon of (£, F) at
3; see 2.12. We say that (&, F) is isoclinic if all slopes of the Newton polygon
are equal, in all points of S. Our investigations show that the following working
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210 A. J. DE JONG AND F. OORT

hypothesis is reasonable: if w1(S) = {1}, then an isoclinic F-crystal £ is isogenous
to a constant F-crystal. We prove a result in this direction when S = Spec A, and
A is a complete local Noetherian ring with algebraically closed residue field k. See
Proposition 2.15 and Remark 2.18. This result implies the Isogeny Theorem 2.17
for p-divisible groups:

(2) If G over A is a p-divisible group, G 1is isoclinic, and A is normal, then G is
isogenous to a constant p-divisible group Gy x Spec A.

Grothendieck showed that under a specialization s — sg the Newton polygon of
& at sg lies on or above the Newton polygon at s. Katz analyzed and completed
this result by proving that the locus where the Newton polygon is bounded from
below is closed in S. Our central result, which we call the Purity Theorem 4.1,
says:

(3) If the Newton polygon jumps somewhere, then it jumps already in codimension
one.

As an application of (2) and (3) we study a problem on local moduli of simple
p-divisible groups: describe all deformations which do not change the Newton poly-
gon. By the Isogeny Theorem (2) we know that local deformations are obtained
by isogenies. Because of this, and because a global moduli space does not exist,
we look at the moduli space T of isogenies ¢ : H — X, where H is a fixed simple
p-divisible group and where ¢ has a fixed degree; see Subsection 5.9. We prove
that T is a catalogue: a classifying space which contains all objects that we want
to consider over an algebraically closed field (Proposition 5.10). Our main theorem
in Section 5 is that T is irreducible. We obtain two corollaries:

(4a) A simple local-local p-divisible group can be deformed into a p-divisible group
with the same Newton polygon and with a = 1 (Corollary 5.12).

(4b) Grothendieck’s conjecture holds for a simple local-local p-divisible group
(Corollary 5.13).

We quickly recall Grothendieck’s conjecture alluded to above; see [12, page 150].
Let X be a p-divisible group and let D denote its formal deformation space. Let §
be the Newton polygon of the covariant Dieudonné module of X. Let 8 be a Newton
polygon, having the same endpoints as §. If § occurs in the family over D, then 3
lies on or below ¢; see discussion preceding (3). Grothendieck’s conjecture is that
the converse holds: if 3 lies on or below §, then Ug = {d € D where the Newton
polygon is 3} is not empty. We would like to understand better the stratification
D =[] Ug of D. For example: what is the dimension of Ug? Our result (3) gives
an estimate. If Ug # ), then

dim(Ug) > dim(D) — ¢,
where

¢ = maximum length k of a chain,

p=200> P> Pe=0, Bi#Bit1.

The symbol p is the generic Newton polygon (see Lemma 5.15) and the relation
Bi = Pi+1 means (;41 lies on or above f3;.

Generally speaking the Purity Theorem can be used to bound codimensions of
Newton polygon strata. This can be applied to the F-crystal defined by the ith
crystalline cohomology of a family of varieties over S; for example, the universal
family of hypersurfaces of a given degree in P".
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The Purity Theorem also gives the correct lower bound for the dimension of
the Newton polygon strata in the moduli spaces of principally polarized abelian
varieties Ag 1, @ Fp, (n > 3, p /n). Li and Oort [18] have proven that the super-
singular stratum Sy C A,.1,, ® F, has the correct dimension [¢?/4]. It follows that
any irreducible component of a Newton polygon stratum Ug C Ay 1., ® F, whose
closure meets S; has the correct dimension (apply the Purity Theorem to bound
the codimension of S, in Ug). For more information on this, compare [29)].

We turn to a discussion of the proof of the Purity Theorem. Let us analyze the
situation where S is normal, local, two-dimensional with closed point 0, and where
€ has constant Newton polygon over S\ {0}. We consider the smallest slope A which
occurs in the generic fiber. The part of £|s\ (0} of slope A gives us an isoclinic F-
crystal £ over S\ {0}, which is determined by a certain monodromy representation
of m (S \ {0}). By taking a suitable exterior power we may assume that £ has
rank 1 and that the representation is abelian. Here the result (1) applies and hence
&' extends to F over S. We apply the extension theorem on homomorphisms of
F-crystals [8] to obtain a nonzero map Flo — o for some point 0/ of S lying
over 0. From this we conclude that A occurs in the Newton polygon of £ over 0 as
desired.

The proof of (1) has four ingredients. We use algebraization [2] to make the
singularity algebraic. By performing an alteration [7], we may assume our singu-
larity is obtained by contracting a connected union of irreducible components F
of the special fiber of a family of stable curves X — Spec k[t]. Next, patching &
la Harbater and Raynaud produces a global class over X \ E from a class on the
link of the singularity. The final step is to use [8] to extend a class in the 1st étale
cohomology group of the generic fiber of X to a class over X. We can also deal
with the mixed characteristic case; here we use the result of Tate [35] on extensions
of homomorphisms of Barsotti-Tate groups (see Remark 3.13).

2. RESULTS ON F-CRYSTALS

2.1. Conventions. In this section S denotes a connected scheme of character-
istic p. We use the term crystal to mean a crystal of finite locally free Opis-
modules. See [3, page 226]. Here O,,.;s denotes the structure sheaf on the category
CRIS(S/ SpecZy) (big crystalline site of §). If T'— S is a morphism, then we use
E|r to denote the pullback of € to CRIS(T/ SpecZ,). For a crystal £, we denote
by £ the pullback of € by the nth iterate of the Frobenius endomorphism of S.
An F-crystal over S is a pair (£, F), where & is a crystal over S and F : £1) — &
is a morphism of crystals. We usually denote an F-crystal by £, the map F being
understood. Recall that £ is a nondegenerate F-crystal if the kernel and cokernel of
F are annihilated by some power of p. See [32, 3.1.1]. All F-crystals in this paper
will be nondegenerate.

Let A € Q>0 be a nonnegative rational integer. Write A = b/a in lowest terms.
We will say that an F-crystal £ is divisible by A, if there exists a morphism of
F-crystals ¢ : £(4) — & such that F® = p™ .

A perfect scheme S in characteristic p is a scheme such that the Frobenius map
(=)? : Og — Og is an isomorphism. A crystal over a perfect scheme S is simply
given by a finite locally free sheaf of W(Og)-modules.

2.2. Definition of isoclinic F-crystals. Let k be an algebraically closed field of
characteristic p. Let W be the Witt ring of k, with Frobenius map o. Recall that
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212 A. J. DE JONG AND F. OORT

a nondegenerate F-crystal over Speck corresponds to a finite free W-module M
with a o-linear endomorphism F' : M — M such that M/F(M) has finite length.
We briefly describe the Newton polygon attached to (M, F); see [16, (1.3)]. Let
L be the fraction field of W. The vector space M ® L has a slope decomposition
MeL= reg Va- This decomposition is characterized by the following properties:
(1) it is F-stable, (2) each Vy has a basis of elements e such that F"(e) = p™e
for n sufficiently divisible. The slope A occurs in the Newton polygon of (M, F)
with multiplicity dim V), and they are organized in increasing order. We say that
(M, F) is isoclinic of slope X if Vyy =0 for X # \.

Let S be a scheme of characteristic p. Let £ be a nondegenerate F-crystal on S.
We say that &£ is isoclinic of slope X\ over S if the pullback of £ to every geometric
point of S is isoclinic of slope A.

2.3. The standard F-crystal of slope A. Let A € Q> be a nonnegative rational
number. Write A = b/a in lowest terms (note 0 = 0/1). We define the standard F-
isocrystal Ex of slope \ over SpecF,, to be the crystal O%... with basis {e1,... ,eq},
and with F acting by the formulae: F(e;) =e;y1, fori=1,...,a—1, and F(e,) =
p*e;. Note that &y is divisible by A, with o) : 5§a) — &) given by ¢a(e;) = e;.
We recall that

Dy == End(&x[gpecr,) ® Q

is the division algebra over Q, whose invariant A is the class of A in Q/Z. We
remark that all endomorphisms of £ are realized over Fpa.

2.4. Divisible isoclinic F-crystals. Let S be a scheme of characteristic p, and
let £ be an isoclinic F-crystal of slope A over S which is A-divisible. Denote by
v : £@ — & the map such that F® = p® ¢ which is supposed to exist by our
definition of divisibility. Since (&, F') is isoclinic of slope A, we see that ¢ is an
isomorphism, i.e., the pair (£, ) is a “unit-root F*-crystal”.

Let us consider the sheaves H,, on the étale site of S given by

[(T,H,) = T(CRIS(T/ SpecZ,), (£/p"&))?=".
This is a locally constant sheaf of finite free Z/p™Z-modules of rank equal to a(rk £).

This follows from the results of [4, Section 2.4] in the following way. Let £(y) denote
the crystal £(p) =@ EM @ ... @Y with F given by the matrix

o
o
=IaS)

@V =Wg . 0@ S e =€Ea... a0,
0 0
id 0
Then £(p) is a unit root F-crystal, and the sheaf H,, is clearly canonically iso-
morphic to the sheaf H(£(p)/p™) defined in [4, page 205]. The desired result then
follows from the results of [4], in particular the remarks at the bottom of page 205
and the discussion directly preceding Proposition 2.4.4.
We can identify H,, with the sheaf Hom((Ex, F, ¢x), (E/p™, F,¢)) of homomor-
phisms «a : £y — &£/p™ of truncated F-crystals which are compatible with ¢, and
@, i.e., ! o @y = poa. Indeed, given such an a we have a(e;) € I'(E/p"&)¥=".
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PURITY OF THE STRATIFICATION BY NEWTON POLYGONS 213

The reverse construction is left to the reader. Thus H,, is canonically a sheaf of
right modules over the sheaf of endomorphisms of (£)/p™, F') compatible with ¢y:

Din = End((Ex/D", F, 02)).

For the same reasons as above, the sheaves D, ,, are finite locally constant sheaves
of Z/p™Z-algebras over S¢:. In fact, each H,, is finite locally free over Dy ,. Thus
the system {H,,} = {Hom((Ex, F, ¢x), (E/p™, F,¢))} is a finite locally free sheaf of
right {Dy , }-modules over Sg;, in other words it is a lisse sheaf. We abbreviate:
Hom(Ex,E) := {H,} and Dy = {Dxrn}-

Note that F(Spec IF‘,,,DA)n) = 0,/p" Oy, where Oy C D, is the maximal order.
Hence I‘(Spec FP,D,\) = O). We also note that if S — SpecF,, factors through
SpecFpa, then Dy is in fact a constant sheaf (i.e., all Dy ,, are constant).

We leave it to the reader to establish the following result. It generalizes the case
of slope 0 done in [4], and follows from this case by the discussion above.

2.5. Proposition. The functor
E — Hom(&y, E)

establishes an equivalence between the category of A-divisible F-crystals isoclinic of
slope A endowed with a choice of ¢ and the category of lisse right Dx-modules on
Set-

2.6. There is a small snag to this proposition. The map ¢ may not be uniquely
determined by £ and its Frobenius map F. However, any two choices ¢, ¢’ differ by
a map which is annihilated by p®*, namely p® (¢ —¢') = p o —p® ' = F4—F* =
0. For good schemes (good means no p-torsion in the universal PD-envelopes, e.g.,
regular schemes and perfect schemes) there is at most one ¢. In general however,
the categories of A-divisible M-isoclinic F-crystals and of lisse right Dy-modules over
S will still be equivalent up to isogeny by the above.

In particular, such F-crystals up to isogeny correspond bijectively to continuous
twisted Galois representations

p: 7T1(S, 5) — GLd(DA).

Here twisted means that mq(S) acts nontrivially on the coefficients D) as in 2.3.
The integer d equals (rk&)/a. The idea of considering these representations is not
new, and we could have used other references above. See for example [11] and [15,
pp. 142-146]; as we saw above, in [4] we find the case of slope zero over any base.

2.7. Study of F-crystals over a field. Suppose that S is the spectrum of a
field K. Choose a Cohen ring A for K, and let ¢ : A — A be a lift of Frobenius
on K. Let KPf be a perfect closure of K. We remark that under the identification
Kvf = lim(K — K — ...) we obtain

W(KP') =lim(A-A-T ).

Thus we get an injection A — W (KP!) compatible with o.

We recall (see for example [4, Proposition 1.3.3]) that an F-crystal £ over K
is given by a triple (M,V,F) over A. (Thus M is a finite free A-module, V is
a topologically quasi-nilpotent continuous connection, and F' is a horizontal o-
linear self-map of M.) The pullback &|spec gor of € to K Pf corresponds to the pair
(M @5 W(KPH), F ® o). The slopes of the F-crystal £ are simply defined as the
slopes of the pullback of £ to Spec KPf, i.e., the slopes of (M @5 W (KP), F® o).
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214 A. J. DE JONG AND F. OORT

Suppose these slopes are A\ < Ay < ... < A\ with multiplicities Ay,...,As;. We
claim that the result of [16, Corollary 2.6.3] holds in this situation.

2.8. Claim. (M,V,F) is isogenous to an F-crystal (M’', V', F") which admits a
filtration

0C (M],V' F')ycC(My,V' F)c...c(M,V F)=(M, V' F)

in which M!/M!_, is a free A-module such that the resulting F-crystal (M[/M]_,,
V', F") is divisible by \;, has rank A; and is isoclinic of slope \;.

Proof. We claim the results 2.4.2 (Newton-Hodge filtration), 2.6.1 (Isogeny Theo-
rem) and 2.6.2 of [16] in our situation. For the proof of 2.4.2, just set Ay = K and
A = A, and the proof given in [16] goes through with only minor modifications.
For 2.6.1 the proof is exactly the same as for the case of a perfect field given in
[16], i.e., the module M’ works. The proofs of 2.6.2 and 2.6.3 go through without
changes. O

2.9. Note that the F-crystals & corresponding to (M//M/_,,V', F’) are well de-
fined up to isogeny by £. We define the Galois representation associated to € in
slope A; to be the representation

p: Gal(K*°? /K) — GLg,(Dy,)
associated to the \;-divisible A;-isoclinic F-crystal &; over Spec K; see 2.6.

2.10. Proposition. Let R be a discrete valuation ring of characteristic p with
fraction field K. Let € be an F-crystal over R. Suppose that at the two points of
Spec R the Newton polygons of £ coincide. Then the Galois representations in every
slope A\ associated to € over K are unramified (i.e., they come from representations
of m1(Spec R) ).

Proof. We replace R by its strict henselization. We have to show that the repre-
sentations are trivial.

Let us denote by R" the completion of R, and let K" be the fraction field of
R”. Since ([33, Ch. II, section 3, Cor. 4]) the map of absolute Galois groups

GalKA — GalK

is surjective, it suffices to handle the case where R is complete.

In this case we have R = k[[t]] with k separably closed. Let k be an algebraic
closure of k. Consider the ring extension k[[t]] C k[[t]]. It induces an extension of
fraction fields K C L. Again the map

GalL h— GalK

is surjective. See [5, Lemma 3.2.5]. We sketch the proof. The union R’ of the
henselian local rings kP~ " [[t]] is a henselian discrete valuation ring whose completion
is k[[t]]. Hence, by the first part of the proof of the proposition we have that
Galy, — Galg: is surjective. After this, we simply observe that K C K’ is purely
inseparable. Thus we may assume that R = k[[t]] with & algebraically closed.

In this case the result follows from [16, Theorem 2.7.4], which states that over
k((t))Pf the F-crystal £ becomes isogenous to a constant F-crystal, and therefore
has trivial associated Galois representations. O
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2.11. Remark. In fact, we can be a little more precise. If R is henselian with residue
field k, then we have 1 (Spec R) = Gal(k*®P /k). The resulting representations

Gal(k*? /k) — GLg,(D5,)

are in fact the Galois representations associated to the F-crystal £|gpeck in slope
Ai. To prove this we may replace R by kP![[t]], where kP! is the perfect closure of
k. From [16] we see that the slope filtration over the fraction field comes from a
slope filtration over kPf[[t]], with ith piece a );-divisible F-crystal. From this the
result follows. We will not use this result.

2.12. Before we can state the next proposition we introduce some notation. We
remark that the result we have in mind can be proved in much greater generality.
However, since the authors do not see a use for this at present, we have decided to
avoid the added technicalities by formulating a less general result.

Let A be an excellent domain, with fraction field K of characteristic p. We write
the perfect closure KPf of K as the union of its finite extensions K, of K. Let A,
denote the integral closure of A in K,. The union APf = |J A, is a perfect ring.
Write S = Spec A, S, = Spec A, and SPf = Spec APf. Thus SPf = lim S,. All the
S, are excellent integral schemes, and SPf is integral as well.

A nice scheme T over SP! is any scheme obtained as follows: For some a, we are
given a modification T, — S, , and for @ > «, the scheme Ty, is the normalization
of Ty, in the field K. All the transition morphisms T, — T, are affine, hence
the scheme 7" = lim T, exists (and it dominates S Pf). We remark that the schemes
T, are modifications of S, they are proper over S = Spec A, integral, excellent
and have function field K,. Thus any nice scheme T is integral, perfect and has
function field KPf.

Note that if X — T is a morphism of finite presentation, then there exists a 3
and a morphism of finite presentation X — Tz such that X = Xg x1, T'. In case
X — T is (finite) étale, we can choose Xg — T to be (finite) étale. Similarly for
proper. See EGA IV 8.8 & 8.10.5.

Suppose that ¢ : X — T is proper, of finite presentation, and that n € X is a
point mapping to the generic point of T' inducing an isomorphism x(n) = R(T) =
KPf. Then there exists a nice scheme 7’ — S and a morphism 7’ — X over S such
that the generic point of 77 maps to 7.

To prove this, write X = Xg x1, T as above, with Xg proper over Tjs. The
point 17 maps to a point ng € Xs. Note that K C k(ng) C k(1) = KPL. Thus there
exists a 7y such that x(ng) C K, (use that Xg is of finite type over Tj3). In other
words, the point 7, in X, = Xg xp, T, will satisfy x(n,) = K, = R(T,). Let
T, C X, be the schematic closure of {n,}. Then the composition 7, — T\, — S,
is a modification. Let Tj be the normalization of 77 in K; for § > 7. Then there
are maps Ty — Ts by the universal properties of normalizations, and we obtain the
desired morphism

T' =lim Ty — lim X, xp, T5 = X.
2.13. Proposition. Let A C K, S, S,, etc. be as above. Let £ be a nondegenerate

F-crystal over SP. Let \ be the smallest slope of Elspec ket- Then there exists a

nice morphism m : T — SPY such that E|7 is isogenous to an F-crystal which is
divisible by .
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216 A. J. DE JONG AND F. OORT

Proof. Since SPf is perfect, the F-crystal £ is simply a finite locally free sheaf of
W (Ogpt)-modules endowed with a Frobenius linear endomorphism F : £ — £. Let
us use the suggestive notation & @ W (KP!) to denote the W (KPf)-module which
corresponds to the pull back £|gpec gor. By the Isogeny Theorem [16, 2.6.1], there
exists an isogeny

N — £E@ W(KP
such that N is divisible by A. Note that for some r € N:
(%) prEQW(KP) € N C & W(KP).

We claim that, for any submodule N as in (%), there exist (1) a nice morphism
7T — SP (2) a finite locally free W(Or)-module &', and (3) a W (Or)-linear
injection

& — 1 =1 Qw(r-10) W(Or)

such that & @ W(KP) = N c 7€ @ W(KP') = £ @ W(KP') and such that 7 /&’
has a finite filtration whose graded is a locally free Op-module.

We prove this by induction on r. Let N’ := N + p"~'£ ® W(KP!). By the
induction hypothesis we obtain 7 : T — SPt, £ — 7*& such that &'@W (KPf) = N'.
Note that pN’ € N C N’. Hence, N is the inverse image of a subvector space
V C & ® KP!' (under the map & ® W(KP?) — & @ KP!). Say dimV = m.
The sheaf of Op-modules &'/pE’ = &' @y (o,) Or is finite locally free. Hence the
Grassmannian X = Gr(m, &' /pE’) parameterizing rank m locally direct summands
is of finite presentation over T. The subvector space V C & @ KPf determines
a point 7 € X with s(n) = KPf. Therefore, by the discussion preceding the
proposition, we can find a nice scheme 77 — SP! and a morphism 77 — X mapping
the generic point of T” to 7. Letting 7 : T — T be the induced map, this means
that V' extends to a locally direct summand V C 7*(&"/pE’). Set £ equal to the
inverse image of V under the map 7*&" — 7*(&'/p€’). Then £ is finite locally free
over W(Og+), and £ @ W(KP!) = N. The quotient (7 o 7)*£/E" has a filtration
0C7*&'/E" C T n*E/E" with quotients 7*E'/E", locally free by construction, and
T*(m*E/E’), having a suitable filtration by the induction hypothesis. This proves
the claim.

We apply the claim to the A-divisible subcrystal N of & ®@ W(KP!). We obtain
7:T — SPf and & C 7*&. Since F(N) C N, the condition on 7*&/&’ insures
that FI(E') C &' (use that T is integral and perfect). The fact that N is divisible
by A means that F*(N) C p N. Again the condition on 7*£ /€’ insures that this
implies F%(&') C p**&’. Since W(Or) does not have p-torsion, we can form the
map ¢ = p~ [ on £ as desired. O

2.14. Let us consider a Noetherian complete local ring A of characteristic p with
algebraically closed residue field k. Let £ be an isoclinic F-crystal over A of slope
A. According to 2.9 we obtain a Galois representation (associated to £|gpec s (p) i
slope A)

py : Gal(k(p)*? /k(p)) — GLa(Dy),

where p C A is any prime ideal of A. (Note that our assumptions on A imply that
F, C A, so that we get actual representations, not twisted ones.)

2.15. Proposition. The Galois representation py is trivial.
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Proof. We may replace A by A/p. Then p = (0) and K = k(p) is the fraction
field of the excellent domain A. We use the notation introduced in Subsection
2.12. According to Proposition 2.13 we can find a nice morphism 7 : T — Spec APf
such that 7*& becomes isogenous to a A-divisible F-crystal £ over T. By 2.6 this
isocrystal determines a continuous representation

p:m(T) — GL4(Dy).

When we restrict p to 71 (Spec KP!), we recover the representation py,.

Let us write 0 € Spec A for the closed point of Spec A. Let Ty denote the fiber
over 0 of the morphism 7" — Spec A. Obviously, £'|7, is isogenous to the constant
F-crystal with fiber £]g. We conclude that, for any geometric point ¢ of Ty, the
composition

™1 (To, t) — m (T, 1) > GLa(Dy)

is trivial. We claim that this implies that p (and so py) is trivial.

We have to prove the following statement. Any finite étale covering X — T such
that X xp Tp is a trivial covering of T} is itself trivial. By the discussion in 2.12
there exists a diagram

X — Xa

! !

T — T,

! !
Spec Af  —  Spec A,

! !

SpecA —— SpecA

such that X = X, x7, T. We may assume that X, — T, is finite étale. Since
To = @(TV)Q, we may assume, after increasing «, that X, X7, (Ty)o is a trivial
covering of (T4 )o.

At this point we can use Zariski’s theorem on formal functions. The morphism
X, — Spec A is proper being the composition of the finite morphism X, — T,
and the proper morphism T, — SpecA; see 2.12. Thus the map on connected
components m(X,) — 7o ((Xa)o) is bijective. The triviality of (X4 )o over (Ty)o
implies that mo(X,) has at least d elements, if the degree of X — T is d. Thus
X — T is trivial. O

2.16. Remark. We mention a generalization of this proposition that can be proved
with the same methods. Assume that £ is a nondegenerate F-crystal over Spec A
whose Newton polygon is constant (i.e., the Newton polygon is the same in all
points of Spec A). Then the Galois representations in all slopes associated to the
fibers of £ in the points of Spec A are trivial. We remark that the case dim A =1
of this generalization follows from Proposition 2.10. To prove this more general
statement one has to strengthen Proposition 2.13 to a theorem like the filtration
theorem of [16].

2.17. Corollary (Isogeny Theorem). Let A be a Noetherian complete local do-
main with algebraically closed residue field, normal and with field of fractions K of
characteristic p. Let G be a p-divisible group over Spec A. Assume that the covari-
ant crystalline Dieudonné module D(G) (see [22]) is isoclinic over Spec A. Then
there exists a p-divisible group Go over Spec k and an isogeny Go XspeckSpec A — G
over A.
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Proof. By Proposition 2.15, the Galois representation associated to D(G ® K) =
D(G)|spec k is trivial. This means that there is an isogeny E¥|gpec k — D(G), where
A = a/b is the slope of D(G); see Proposition 2.5 and Subsection 2.6. Since A comes
from a p-divisible group, we have A € [0,1]NQ. This means that (£,)" is isogenous
to the Dieudonné module of a p-divisible group G over SpecF,,. (For example the
p-divisible group (Gp—q,q)™ 0f [20].) Therefore we have an isogeny Go@ K — GQ K
over the field of fractions K of A. This extends to a morphism of p-divisible groups
over A by [8, Introduction]. |

2.18. Remark. One would like to have the corollary also for F-crystals. Proposition
2.15 implies that there exists an isogeny (Ex)"|spec Kk — €|spec k (for some A and
n) over the generic point Spec K — Spec A. The extension theorem of [8] holds for
F-crystals over discrete valuation rings, but we do not know whether an extension
theorem over Noetherian normal schemes holds. The reason is that the universal
PD-envelopes may behave badly, even for excellent normal rings. However, the
corollary should hold in a suitable setting of convergent F-isocrystals.

3. COHOMOLOGY OF THE LINK OF A SURFACE SINGULARITY

3.1. Let A be a local complete Noetherian ring, normal of dimension 2 with alge-
braically closed residue field k. Let S = Spec A, let 0 € Spec A be the closed point,
and let U = S\ {0}. Let us choose a resolution of singularities 7 : § — S (see for
example [19]), and let E = 7~1(0) be the exceptional fiber. We identify 7=1(U)
with U:

u — — F
! !
0

U — W

U — —

3.2. Theorem. The natural map
Helt(ga Q;D) I Helt(Ua Q;D)
is an isomorphism.

Informally speaking this means that any étale Z,-covering of U extends to an
étale covering of S. The map of the theorem is easily seen to be injective. Note
that HY,(5,Q,) = HY,(E,Q,).

If k is the complex numbers and the singularity is algebraic, one can find this
result in Mumford’s paper [26]. More generally, when k is an algebraically closed
field of characteristic different from p, the theorem follows easily using standard
methods of étale cohomology and the nondegeneracy of the intersection matrix of
the components of . However, the reader can verify that our methods lead to a
proof of the theorem in these cases also.

In the rest of this section we will discuss the case where A has characteristic p,
i.e., where £ C A. At the end of the section we will indicate how to change the
arguments to prove the mixed characteristic (0, p) case.

We fix a nonzero element o of H(U,Qp). It will be viewed as a continuous
homomorphism 71 (U) — Q,. We may assume (by replacing o by a multiple) that
the image of « lies in Z,, and that o : 71 (U) — Z, is surjective.

Let n € S be the generic point of a component of E. Consider the complete
local ring O = 65,77 of S at . Let K be the field of fractions of O. There is a
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map Galg — 71(U) induced by functoriality of the fundamental group from the
morphism Spec K — U.

3.3. Lemma. If the composition Galg — m(U) — Qp is unramified for every n
as above, then o extends.

Proof. The assumption implies that each of the finite étale coverings V,, — U
associated to w mod p” : w1 (U) — Z,/p™Z, extends to a finite étale covering outside
codimension 2. By Zariski-Nagata on purity of branch locus [SGA2, X Thm 3.4],
we see they extend to the whole of S. O

3.4. Lemma. Let A — B be a finite ring homomorphism such that B is a normal
domain also. If the element o € H},(U,Q,) extends to an étale cohomology class
on the desingularization of Spec B, then it extends to S.

Proof. We may dominate the desingularization of Spec B by a desmgularlzatlon T
which dominates S. Let n e S be as above, and let € € T be a point of T mapping
to 1. Such a point exists as T—Sis proper and dominant, hence surjective.

Let O be the complete local ring of T at &, and let K’ be its field of fractions.
We remark that @ C @’ is a finite extension of complete discrete valuation rings.
The inertia group I’ C Galg- therefore maps onto an open subgroup of the inertia
subgroup I C Galg.

By assumption we know that the composition

I' -1 — Galg —m((U) - Q,

is trivial. Since Q, is torsion free this implies that «|; is trivial. Thus by Lemma
3.3 we are done. O

We are going to use that the singularity S is algebraizable; see [2, Theorem 3.8].
This means that there exist a projective surface X over k and a point 0 € X such
that the complete local ring of X at 0 is isomorphic to A. (Recall that we are
treating the case k C A.) After blowing up X, we may assume in addition that
there exists a flat morphism X — IP’}C. By [7], we may perform an alteration:

P

Y — X
! !
cC — ]P’%C.

Here Y is a projective surface smooth over k, C' is a projective curve smooth over
k,and Y — C is a strict semi-stable curve over C' smooth over an open part of C.
The map ¥ : Y — X is an alteration.

Let E’ be a connected component of 1)~1(0); let P € C be the image of E’ in
C. Note that E’ is a union of irreducible components of Yp. Also, E’ is a normal
crossings divisor in Y. We remark that E’ # Yp. (For example because the class
of Yp maps to the class of a fiber of X — P!, but the class of E' maps to zero.
Classes are taken in Chow groups modulo algebraic equivalence.)

Let Y — Y’ — X be the Stein factorization of ¢. Let 0’ € Y'(k) be the image
of E' in Y'. The extension

A= 0x0C Oy

is a finite extension of normal local rings. Thus by Lemma 3.4 we have reduced our
problem to the case where A is as in Situation 3.5 below.
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3.5. Situation. Here X — Speck][[t]] is a flat projective family of curves. The
scheme X is regular. The special fiber X is a strict normal crossings divisor in X,
and the generic fiber Xk is a smooth curve. Furthermore, £ C X is a connected
union of irreducible components, and E # Xj.

Finally, the ring A is the complete local ring of the scheme obtained from X
by collapsing E. More precisely, there exists a modification X — X', with the
following properties: (1) It is an isomorphism outside E C X. (2) The image of E
is a single point P € X'. (3) The complete local ring of X’ at P is isomorphic to
A.

3.6. Let us interpret the data « in a slightly different manner in this situation. The
map « mod p" : m(U) — Z,/p™Z, corresponds to a finite morphism 7,, — Spec A
with T, a normal 2-dimensional scheme; T;, is endowed with an action of Z/p"Z,
such that over U it is a Z/p™Z-principal homogeneous space.

Let X, denote the formal scheme obtained by formally completing X along E.
There is a morphism of formal schemes

which induces an isomorphism A — T'(X,g, Ox , »)- Let %, denote the formal
scheme obtained from 7;, under base change with Spf A — Spec A. We can form
the fiber products

X/E Xspta Tn = X/g Xspeca Th.

Finally, we can “formally normalize” these formal schemes to obtain formal schemes
3y finite over X,p. (“Formally normalize” means to take the integral closure of
the formal affine rings.)

In more down to earth terms one can describe 3,, as follows. Let il = Spf C be
a formal affine open of X,g. There is a ring map A — C (see above), such that
muC' is an ideal of definition of C. Write T,, = Spec B,,. Then the inverse image
of 4 in 3, is the formal spectrum of the following algebra:

C}, := normalization of B,, ® 4 C.

The ideal of definition is maC),; we do not have to complete as A — B, is finite
and C is excellent, so that C), is finite over C, hence complete.

A few more remarks. The complete local rings of C at its maximal ideals are
regular local rings of dimension two, as X is regular. Hence by [21, (18.H)], the
maps C — C,, are flat. Further, C — C, is finite étale outside of Spec C/m4C.
Finally, there is a canonical action of Z/p™Z on 3, coming from its action on T,.

3.7. Let D be the union of the components of X not contained in F/, considered as
a reduced scheme over Speck. Let END = {x1,... ,x,}. For each i, the morphism
D — Speck is smooth at x;. Let K; be the fraction field of the complete local ring
O; of D at x;. Note that A maps to O;, for example since A maps to I'(X g, OX/E)'
Also, A — O; is local. Thus we obtain a map Spec K; — U and hence we get a
Galois representation

Q; GalK,i — Zp.

Here is another way to obtain these representations. Clearly, there is a morphism
Spt O; — X,g. The pullback of the ideal of definition of X g to O; is an ideal of
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definition of ©O;. Let us form the fiber products
Spt O; xx,,, 3n-

These will correspond to generically étale, finite flat ring extensions O; C O,
endowed with an action of Z/p"Z. The corresponding system of separable ring
extensions K; C K;,, (with Z/p"Z actions) is another avatar of «;.

3.8. Lemma. Let D be a projective 1-dimensional scheme over k, let {x1,... ,z,}
be a finite set of smooth points of D — Speck, and let K; be the fraction field of
0; = 5Dm- Furthermore, suppose we are given maps o; : Galg, — Z,. Then
there exists an element

ap € Helt(D \ {xlv s 7xr}7Zp)
such that we recover each «; from this by pulling back via Spec K; — D\{x1,... ,2.}.

Proof. (Similar results occur in the work of Harbater; see e.g. [13].) Let D’ be
the union of those irreducible components of D which contain a point z;; so
{z1,...,2,} C D'. The map

HL(D\A{z1,... 2}, Z) — H}(D'\{z1,... 2.}, Zp)

is surjective; we leave this to the reader as an exercise in étale cohomology. Thus
it is sufficient to prove the lemma in case every component of D contains at least
one r;.

Let us write W = D\ {z1,... ,2,} and j : W — D for the inclusion morphism.
By the above, we may assume that W is affine. Note that Rj.Ow = j.Ow, and
that there exists an exact sequence

0— Op — 7.0w — PK;/O; — 0.
Therefore we obtain the exact sequence
H°(W,0) — @K;/0; — H},(D,0p) — 0.

On each of these we have the map “Frobenius — identity”. The cokernel of this map
on H°(W, ) is equal to H}, (W, Z/pZ) and on @ K;/O; it is @ Hom(Galk,, Z/pZ).
The map on cokernels is surjective as the cokernel of the map “Frobenius — identity”
on the finite-dimensional k vector space HZ, (D, Op) is zero; see [SGA7, XXII 1].
Thus the result holds with coefficients Z/pZ.

Finally, note that the map H},(W,Z,) — H},(W,Z/pZ) is surjective. [As the
p-cohomological dimension of W is < 1.] From this, and the mod p case, the result
follows formally. Indeed, suppose that we already have o, € H, ét (W, Z,) such that
Oén|Ga1K7, — a; = p"f; for certain 3;. Then we can find a 3 € HL(W,Z,) which
gives back §; modulo p when we restrict it to Galg,. As the next element we take
Qnt+1 = ap + p"B. In the end we put ap = lim ay,. (|

3.9. We return to the situation at the end of Subsection 3.7. Choose an element
ap € H},(D\ {z1,... ,x,},Zp) as in the lemma.

For each m € N we consider the scheme X,,, = X @ k[t]/(¢t™). The formal scheme
X/p ®k[t]/(t™) is simply the formal completion of X,, in E. Let Uy, be the open
subscheme of X,,, whose underlying open set is Xo\ F = D\ {z1,...,2,}. Thus we
have (Up )rea = D\ {21, ... ,z,}. By the topological invariance of étale cohomology,
the class of ap modulo p™ gives rise to finite étale coverings V,, p, — Up,.

For each x; we choose an affine neighborhood Spec A; of x; in X, containing
no other z;. We may assume, by shrinking if necessary, that the ideal of E in A;
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is generated by a single element, say f; € A;. Then, locally around z;, we can
describe our spaces as follows:

X corresponds to the ring A Jt™A;

Un — )/ — A/t A7

X5 — ) — (A
X/p @ k[t]/(t™) — //— (Ai/t" Ay

We are going to glue the finite flat coverings 3, ® k[t]/(t™) — X, @ k[t]/(t™)
to the coverings V,, ,, — U,,. For this we use the formulation of [6, 4.6]; see [25],
[1], [10] for proofs. Thus we need to prove that these coverings agree over the rings

Rim = (Ai/t™ A:) (s lF71].

Both 3, ® k[t]/(t™) and V,, ,, give rise to a finite étale ring extension of R; ,,. We
leave it to the reader to see that R, ,, is an Artinian local ring with residue field K;.
Thus we have to see that these finite étale extensions restrict to isomorphic étale
ring extensions of K;. This follows from our choice of a.p; see the end of Subsection
3.7.

By the references given above, we deduce the existence of finite flat coverings
Xn,m — Xm, agreeing with 3, @ k[t]/(t™) over X,g ®k[t]/(t™) and with V;, ., over
Up.

Everything is compatible with varying m. Thus we obtain a formal scheme X,
and a finite flat morphism X,, — X; here X denotes the formal completion of X
along Xy. By Grothendieck’s theorem on algebraization of formal schemes [EGA,
III 5.1.4] we conclude that X,, is the completion of a scheme Y;, finite flat over X.
It is clear from the construction that the morphism Y,, — X ramifies at most along
EcCX.

3.10. Conclusion. For every element « as above there exists an element [ €
H},(X,,Z,) which extends to an étale cohomology class over X \ E = X'\ {P}
(see Situation 3.5) and which pulls back to « under the morphism U — X'\ {P}.

3.11. Let J, be the Jacobian of the projective curves X,, smooth over x(n); we think
of J, as Pic®. Let J be the Néron model of J,, over Spec k[[t]]. Since the curve X,
has a semi-stable model over k[[t]], the group scheme J is semi-abelian over k[[t]].
See [9, Theorem 2.4 and Proposition 2.3]. Choose a section o : Speckl[[t]] — X
of the structural morphism X — Speck][t]]; the image of o lies in the smooth
locus Sm(X/E[[t]]) of X — Speck[[t]]. We may and do assume that o(Spec k) lies
in Xo\ E. We can use the rational point o(Speck((t))) to obtain the morphism
X, — Jy. By the universal property of Néron models this extends to a morphism

Sm(X/k[[t]) — J
which maps ¢ to the zero section.

3.12. Lemma. Let C' be a smooth projective irreducible curve over a field K. Let
c: Spec K — C be a rational point. Let C — J be the map of C into its Jacobian,
mapping ¢ to zero. Suppose 3 € H},(C,7Z,) is a nonzero étale cohomology class
such that c*3 is zero in H},(Spec K,Z,). In this situation, there exists a surjective
homomorphism of p-divisible groups ¢ : J[p™°] — Qp/Z, such that the following
system of finite étale coverings {J, — J} corresponds to an étale cohomology class
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on J that pulls back to (3:
0 — Jp" - J AR B
[etrr L !
0 — Zpz — J, — J — 0

Proof. This is geometric class field theory. See for example [34, VII §2, Proposition
9. |

We apply this lemma to the situation described just before the lemma. Note
that o*( is trivial as Spec k[[t]] has trivial fundamental group and (3 extends to
X\ E. We get ¢ : J,[p™] — Qp/Zy, and the sequence of abelian varieties J, ,. Let
J be the Néron model of J, as above, and let J,, be the Néron model of J, ,. We
remark that J, is a semi-abelian scheme, as J, , is isogenous to J,. Our goal is to
show that the map J, — J is étale.

Recall that the p-divisible group .J,[p>°] has a natural filtration 0 C GJ C J, [p™].
See [24, Chapter IV, Section 2] and compare [8, Section 2]. In fact, G is the generic
fiber of the p-divisible group G of the Raynaud extension associated to the semi-
abelian scheme J over k[[t]]. Further, the quotient J,[p*]/ G,f7 is a p-divisible group
which extends to an étale p-divisible group over k[[t]].

By [8], the restriction of the map ¢ to Gg; extends to a homomorphism of p-
divisible groups ¢ : G¥ — Q,/Z, over Spec k[[t]].

There are two cases.

Case 1: 9 is not trivial. Let s be the largest integer such that 1 is divisible by
p°. Set ¢’ = p~%1. Then the restriction of ¢’ : G/[p] — Z/pZ is a surjection of
finite flat groups schemes over k[[t]]. In view of this, the pushout H,, in the diagram

O—>Gf[p”]—>Gfp—n>Gf—>0
lw/[p"] ! !
0 — Z/p"Z — H, — G/ — 0

is a p-divisible group over Spec k[[t]]. We remark that, for n > s, there is a ho-
momorphism H,_s, — J,,[p™]. In terms of elements this is given by class of
(a,9) — class of (p*a,g’), where a € Z/p"~*Z, g € GJ and ¢’ € GJ is an element
such that p®¢’ = g. It is clear that H,_,, — J,,[p™] is an injection; in fact it can
easily be seen that H, , is the p-divisible part of the inverse image of G,J; under the
map Jn,,[p>] — Jy[p™].

On the other hand, let GJ denote the p-divisible group of the Raynaud extension
associated to the Néron model J,. Clearly, we also have that wa is the p-divisible
part of the inverse image of Gf in J,, »[p>]. We conclude that Gf , = H,,, and
hence by [8] we obtain G, = H,,. We conclude that the map G} — G/ has kernel
group scheme Z/p"~*Z over k[[t]]. Thus the induced map on Raynaud extensions
is étale and hence the morphism of Néron models .J,, — J is étale.

Case 2: the map 1 is trivial. In this case one sees easily that G/ — G7 is an
isomorphism. Thus the same conclusion holds. (In this case we can think of the
integer s as being infinite.)

Thus the morphism J,, — J is étale, and the group Z/p"Z operates on J,,. This
means that J, — J is finite étale over its image. Let J° C J denote the connected
Néron model. The image of .J,, — J certainly contains J°. We conclude that there
exists a class v € H},(J°,Z,) which pulls back to 3 under the map X,, — J,,.
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There exists a natural number N € N such that the composition
Sm(X/k[[1]) — J 2L g
has image contained in J°. The pullback of v via this map agrees with N3 on the
generic fiber X;. We conclude that the étale cohomology class o extends to the
generic points of E, and hence by Lemma 3.3 we are done.

3.13. Remark. In the case that A has mixed characteristic we can argue in exactly
the same fashion. Algebraizable now means that S is isomorphic to the formal
completion in a point of an algebraic family of projective curves over W (k). One
can perform stable reduction for these and one reduces to a situation as in Situation
3.5, with base not k[[t]], but a finite extension R > W (k). In Subsections 3.6, 3.7
and 3.9 the reader should think of ¢ as a uniformizer of R; then these go through
with only minor modifications. Finally, in the last part of the argument, we use the
result of Tate [35] on extensions of homomorphisms of p-divisible groups, instead
of that of [8].

However, there is another way to prove the result in the mixed characteristic
case, namely by using a result of Miki [23]. This result says that Z,-extensions
of complete discretely valued fields of characteristic (0,p) are “elementary”. Let
S — Spec W (k) be the morphism given by the canonical map W (k) — A; we assume
for simplicity that W (k) is algebraically closed in A. For any finite extension of
dvr W (k) C R, we let Sk denote the resolution of singularities of Spec A Qw (r) .
The result of Miki implies that the Z/p"Z-coverings that define « extend to finite
étale coverings of the scheme S r for some R = R,,. We leave it to the reader to see
that 71 (Sg) = m1(S) for every R. The desired result follows.

4. STRATIFICATION BY NEWTON POLYGONS

Let S be a locally Noetherian scheme of characteristic p, and let £ be a nonde-
generate F-crystal of rank r over S. Let B denote the set of Newton polygons on
[0, 7] as described in [16, page 122]. By [16] we obtain a stratification {Ug}, indexed
by polygons 8 € B, of S characterized by the following properties: (1) The points
s € Ug are the points s € S, where the Newton polygon of £ is 8. (2) Each stratum
Up is a reduced locally closed subscheme of S. Of course S = [[Us. Warning: It
is not true in general that the closure Ug of a stratum is the union of irreducible
components of strata U,.

Our goal is to show that this stratification has all its “jumps” in codimension 1.
This can be formulated in the following way: Suppose that 7 is a generic point of
the scheme Ug \ Ug. Then

dim Oﬁﬁﬂ] =1.
This follows immediately from the following result.
4.1. Theorem (Purity Theorem). Let A be a Noetherian local ring of character-
istic p. Let € be an F-crystal over Spec A. Assume that the Newton polygon of €

is constant over Spec A\ {ma}. Then either dim A < 1 or the Newton polygon of
& is constant over Spec A.

Proof. Let us assume that dim A > 1. We will prove that £ has constant Newton
polygon over A.

Suppose that A — B is a local homomorphism of Noetherian local rings such
that mp = v/muB, and dim B > 2. If we prove the result for €|spec 5, then the
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result for &£ follows. Thus we may perform the following reductions. We may
replace A by the completion of A. If dim A > 2, then we choose some nonzero
divisor z € m4, and we see that it suffices to prove the theorem for A/xA. Thus
we reduce to the case where A is a two-dimensional Noetherian complete local ring.
We can find a homomorphism A — B as above, where B is a Noetherian complete
local normal domain of dimension 2 with algebraically closed residue field. (E.g., if
A = k[[x;]]/(f;), then take B to be the normalization of a quotient of k[[z;]]/(f;).)

Thus we may assume that A is as in Section 3. We write U = Spec A \ {0}. We
remark that U is a 1-dimensional regular scheme.

Let K be the field of fractions of A. Let

0C&E CE&C...CE — Elspeck

be the slope filtration as in Claim 2.8. Let r; denote the rank of £. Then the slope
filtration of the F-crystal A" € over Spec K starts with A" & C A" E|spec - Of
course /\"* &; has rank one, and an integral slope, say n; € Z>o. We remark that the
Newton polygon of £|y is determined by the set of points {(r;, n;)}; these are the
break points of the Newton polygon in question. Consider the Galois representation

pPi - GalK — GLl(QP)

associated to A" &; over Spec K. See Subsection 2.9. By assumption the Newton
slopes of A" € are constant over U, and according to Proposition 2.10 this implies
that p; is unramified over U. Thus we can write p; as a continuous representation

pPi - 7T1(U) — GLl(Qp) = Zp X IF; X 7 X (Z/QZ ifp: 2)

We may replace A by the integral closure of A in a finite extension of K. Thus we
may assume that the image of p; lies in the factor Z, for all i.

At this point we apply the main result of Section 3. Thus we see that on a
resolution of singularities S — Spec A, the representations p; extend to represen-
tations p; : m1(S) — GL1(Qp). By the equivalence of categories 2.5, this means
that A" & extends to a rank 1 F-crystal £; of slope n; over S. Let us write
©i+ (Li)speck — (A" E)spec i for the nontrivial map we have by the above.

Let 1 denote the generic point of a component of the exceptional fiber of S —
Spec A. (We remark that if A happens to be regular, then we let S be the blowing
up of the special point of Spec A.) Let O = O% . be the completed local ring of S

at . Since k(n) is the function field of a curve over k, it has a p-basis consisting
of 1 element. Therefore O has a p-basis; see [6, Lemma 1.1.3] for example. Thus
we may apply [8, Main Theorem]| to the two nondegenerate F-crystals A" €|gpec 0
and £;|spec 0 and the map ; (which lives over K and by pullback over the fraction
field of ©). We obtain a nontrivial map L;[speco — A" E|speco. Restricting to
n, we see that (A" £)|, contains a 1-dimensional subcrystal of slope n;. Thus the
Newton polygon of £|,, goes through or below the point (r;,n;); see [16, page 122].
On the other hand, by Grothendieck’s specialization theorem [16, 2.3.1] it lies above
the unique polygon P with break points {(r;,n;)}, since P is the Newton polygon
of £ over U. Thus the Newton polygon of £|, equals P. Since  maps to 0, we
derive that £|p has Newton polygon P as desired. O

4.2. Question. Let G be the universal deformation of a p-divisible group Gy over
R = k[[t1,... ,tqa~]]. We obtain a stratification S = Spec A = |JUp as above. Are
the closed subschemes U g set theoretic complete intersections in S7
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5. IRREDUCIBILITY OF A CATALOGUE OF BARSOTTI-TATE GROUPS

Let P be a moduli problem, for example moduli of elliptic curves or moduli of
p-divisible groups, or moduli of finite group schemes. A catalogue for P is a family
X — T in P such that every object of P over an algebraically closed field k appears
as the fiber of the family X over a point Spec k — T'. Of course such a catalogue, if
it exists, is not unique. If the moduli problem admits a fine moduli scheme (i.e. if it
is representable), the pull back by any surjective morphism gives a catalogue. For
elliptic curves over Q one can take either the universal Weierstrass elliptic curve,
or the family defined by Y2 = X3 + AX + B over Q[A, B,1/(4A43 + 27B?)]. The
advantage of studying catalogues is that they often exist where moduli spaces do
not, for example in the case of p-divisible groups. In addition we can ask meaningful
questions about them, e.g.: Does there exist an irreducible catalogue for P?

In this section we show that all p-divisible groups in characteristic p isogenous
with a given iso-simple p-divisible group fit into an irreducible catalogue T'. From
this we derive the corollaries (4a) and (4b) mentioned in the introduction.

Let Gy, n be the iso-simple p-divisible group introduced by Manin [20, page 35]
(it is a formal group of dimension m with dual of dimension n). Our choice of T
is described in Subsection 5.9. Let X denote some p-divisible group isogenous to
Gm,n- For the proof of the irreducibility we show on the one hand that the Purity
Theorem 4.1 implies that any component of the Newton polygon stratum in the
local deformation space of X has dimension at least r := (m—1)(n—1)/2; see 5.16.
By the Isogeny Theorem 2.17 the same holds for every component of the catalogue;
see 5.20. On the other hand we can construct a stratification of T' by types A of
X; see 5.27. The strata with A # (0) have dimension < r and the stratum with
A = (0) is irreducible. Hence T is irreducible.

The types involved are semi-modules; we need some elementary combinatorial
facts to describe them. Description of the strata is elementary. However, the fact
that every stratum is in the Zariski-closure of the stratum with A = (0) seems a
nontrivial fact. (And we have used the results of the previous sections to prove
this.)

Acknowledgements. The combinatorial facts needed are recorded in the appendix
of this section. We thank Don Zagier and Daan Krammer for helpful discussions
on these combinatorial facts; especially for the suggestion of introducing Young
diagrams in this situation.

5.1. We fix in this section positive integers m,n € Z-o which are coprime. We
write

r:=(m-1)(n-1)/2.
The symbol ¢ will denote the Newton polygon consisting of m + n times the slope
n/(m+n).

5.2. The p-divisible group G,, , over SpeclF,. This is introduced in [20, page
35]. We describe Gy, in terms of its covariant Dieudonné module (in [20] con-
travariant Dieudonné module theory is used). This module can be given as

Mo, n = Zp|F, V][ Zp[F, VI(F™ = V"),

where Z,[F, V] is the usual ring. We recall that G, ,, is a formal group of dimension
m and has dual (G,,.,)" = G, of dimension n. It has height h = m + n.
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5.3. The p-divisible group H = H,, , over SpecF,. In the following we will
use more often the p-divisible group H which is isogenous to G, . Again we
describe H by its covariant Dieudonné module M (H). This is a free Z,-module
with basis eg,e1,...,emin—1. We will write e; = p%e;, for 7 € N such that
j = i+ a(m + n). The actions of F' and V are given by F(e;) = ejy, and
V(ei) = eit+m. Note that M(H) (and hence H) has an endomorphism 7 given
by m(e;) = ej+1. Clearly, the isogeny m : H — H has a kernel of order p, which is
isomorphic to «.

The reader checks immediately that this Dieudonné module is isoclinic of slope
n/(m 4+ n). Since (F™ — V"™)eq = 0, the Dieudonné module generated by eg is
isomorphic with M (G,, ), and we have an inclusion M (Gy,,) — M(H). Thus H
is isogenous to Gy, over IFj,. Choose a, b € Z such that am + bn = 1. We observe
that 7™+" = p and that F*V%(eq) = e;.

5.4. Lemma. For every algebraically closed field k of characteristic p we have
End(Hk;) = W(Fpm+n)[7r],

where X - = 7 - a"=*(\) for X € W(Fpm+n), and o is the Frobenius map. Here
A€ W(Fpm+n) acts on eq via multiplication by X. The ring End(Hy) is a (non-
commutative) discrete valuation ring with uniformizer m and valuation given by
log,, deg(—). Consider the filtration N* of M(Hy) = M(H) ® W (k) given by

M(Hy)=N">...ODN/ > ...
with
NY = (ej,ej41,...) = Y W(k)-er = 7/ (M(Hy)).

t>j

For every element T of End(Hy,) and every j we have 7(N7) = NItV where v = v(1)
is the valuation of T.

The proof of this lemma is left to the reader. Note that the algebra End(Hy)[1/p)
is a central simple algebra over Q, of rank (m +n)?2. Its invariant can be computed
as follows. Write Q,m+n := W (Fpm+n)[1/p]. In the notation of [31, page 277] the
algebra End(Hy)[1/p] is (Qpm+n, "=, p). Note that n(b—a) = 1 mod (n+m) and
hence (Qpm+n, 0% p) = (Qpu+m,0,p™) [31, ibid]. Hence by [31, page 338] we see
that its invariant equals n/(m + n).

5.5. Lemma. Let k be an algebraically closed field of characteristic p. Let ¢ :
Hy, — X and ¢ : Hy, — X be isogenies of p-divisible groups. Then either p = oT
or ¢ = ot for some T € End(Hy). If deg(p) = deg(v), then 7 is an automorphism
of Hy,. A similar result holds for isogenies X — Hy,.

Proof. Let 8 : X — Hy be any isogeny. Then both §o ¢ and g o are endomor-
phisms of Hy. Since End(Hjy) is a discrete valuation ring, either 7 = (o)~ 1o
(Bog) € End(Hy) or 7 = (Bop) to(Bor) € End(Hy). The result follows. [

5.6. Canonical filtrations and the semi-module attached to a formal
group. This can be found in [20, page 47].

Let k be an algebraically closed field of characteristic p. Let X be a formal group
over k isogenous to Gy, . Then there exists an isogeny ¢ : X — Hj.. This induces
an inclusion of Dieudonné modules M (X) C M (Hy). The filtration N*® on M (H},)
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(see Lemma 5.4) induces a filtration on M (X). This filtration has jumps, and we
obtain a set A, C Z such that

a€Ay <= MX)NN*#MX)nN*tL

If ¢/ : X — Hj is isogeny, then either ¢/ = 7o or ¥ = 704’ for some
7 € End(Hy); see Lemma 5.5. Thus, by Lemma 5.4, we see that the filtration of
M(X) is well determined up to a shift in numbering, and that Ay C Z is well
determined up to translation.

Note that F' : M(Hy) — M(Hy) and V : M(Hy) — M(Hy) are strict for the
filtration N®, but with a shift of n, resp. m. See Subsection 5.3. This implies that
Ay is a semi-module (see Subsection 6.1), i.e., a € Ay = a+n,a+m € Ay.

We conclude that the semi-module A, obtained is unique up to equivalence
(translation inside Z) once X is given. By Lemma 6.6 we see that there is a unique
admissible semi-module A attached to this filtration. This semi-module will be
called the type of X,

A = Type(X).

5.7. Example. If X = G, ,,, we obtain the “maximal” admissible semi-module.
This is the semi-module generated by 0, i.e., A = (0) := Z>9-m + Z>o-n C Z.
If X = H,, , we obtain the “minimal” admissible semi-module A = [r, 00).

5.8. We continue the discussion of the previous subsection. The fact that A is ad-
missible means that after renumbering the filtration N°® on M (H},) we may assume
that

N> M(X)D> N7,

and that both inclusions have colength r over W (k). Note that any N7 is isomorphic
(as a Dieudonné module) to the Dieudonné module of Hy,. Therefore we conclude
that, for any X as above, there exist isogenies Hy — X and X — Hj, of degree p".

5.9. In this subsection we introduce the catalogue that we study in the rest of this
section. It is the scheme representing the following contravariant functor:
Sch/SpecF, — Sets

S — {(pX)|y:Hs— X, deg(p) =p"}/ ~.
More precisely, this functor associates to .S the set of isomorphism classes of isoge-
nies ¢ of degree p” with source Hg := H Xgpecr, S and target a p-divisible group
X over S. In other words, the functor associates to S the set of finite locally free
closed subgroup schemes of Hg of rank p”. (Recall r = (n — 1)(m — 1)/2.) This
functor is representable by a scheme T" = T}, ,, — SpecF,, projective over Spec F,.
For a proof, see [17, Lemma (2.8)].

The universal object over T will be denoted (G, ®), so G is a p-divisible group
over T and ® : Hr — G is an isogeny of degree p". Note that T' depends on the
choice of the coprime positive integers m and n; having fixed this choice, they will
be omitted from notations (otherwise we should have to write Ty, », etc.).

5.10. Proposition. The family G — T of p-divisible groups over T is a catalogue
for p-divisible groups isogenous to G, n: if X is a p-divisible group over an alge-
braically closed field k of characteristic p, and X is isogenous to Gy, p, then there
exists a point t : Speck — T such that X = G;.

Proof. This follows from Subsection 5.8. O
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The following is the main result of this section.

5.11. Theorem. The scheme T is geometrically irreducible of dimension r over
Fp.

To state a consequence of the theorem, we recall the following notation. If K
is a perfect field of characteristic p, and X is a group scheme over K, then the
a-number of X is a(X) := dimx Hom(a,, X).

5.12. Corollary. Let X be a p-divisible group over an algebraically closed field k
isogenous to G, n. Then there exists a deformation X /k[[t]] of X over k[[t]] such
that the Newton polygon is constant, and such that a(X,) = 1.

To deduce the corollary from the theorem, consider Tj. There is a point t € T'(k)
such that G; = X by Proposition 5.10. To find a point of T'(k) with a = 1, one
simply finds any p-divisible group isogenous to H with a-number 1 (as T} is a
catalogue for p-divisible groups isogenous to H). For example Gy, ,, ® k will do.
Since T} is irreducible, we conclude that the (a = 1)-locus of the family G is an
open dense subscheme U of Tj. Thus we can find a morphism ¢ : Spec k[[t]] — Tk
over k such that ¢(n) € U and ¢(Speck) = ¢. The pullback X = ¢*G gives the
desired deformation.

The following was conjectured by Grothendieck; see [12, page 150].

5.13. Corollary. Let X be a p-divisible group over an algebraically closed field k
isogenous to G, . Let v be a Newton polygon with end points (0,0) and (m+mn,n).
Then there exists a deformation X /k[[t]] of X over k[[t]] such that the Newton
polygon of Xy is .

Proof. Let Y/k[[t]] be the deformation of X that we produced in the previous
corollary. According to [6, 3.2.2, 3.2.3 and 3.2.4] we can find a deformation Y
of Y over k[[t,t1,... ,tmn]] which is versal in the directions given by ti,... , tmn.
Thus the restriction of this family of p-divisible groups to k((t))[[t1, - .- , tmn]] is the
universal deformation of a p-divisible group with a = 1. According to [30, Corollary
3.8], the Newton polygon « occurs in this deformation. This proves that the locally

closed stratum U, C Speck[[t,t1,... ,tmn]] (see Section 4) is not empty. Finally,
one finds a suitable map Spec k[[t']] — Spec k[[t,t1, ... ,tmn]] mapping the generic
point into U,. O

5.14. Before we start the proof of the theorem we make some remarks on deforma-
tions of p-divisible groups. Let k be an algebraically closed field of characteristic
p. Let X be a p-divisible group over k, of dimension d and with Serre dual X* of
dimension ¢. As is well known, the deformation problem posed by X over k is pro-
representable by a formally smooth complete local k-algebra R 22 k[[t1,... ,t4c]];
see [14] for example. Any p-divisible group over Spf R comes from a p-divisible
group over Spec R; see [6, Lemma 2.4.4] for example. Let X over Spec R be the
universal deformation of X. We need the following well known result for which we
were unable to find a reference.

5.15. Lemma. The generic fiber of X has Newton polygon p equal to the Newton
polygon of (G)e x (Qu/Zy)¢ (i.e., d times slope 0 and c times slope 1 on the
covariant Dieudonné module).

Proof. By Grothendieck’s specialization theorem we need only find some point of
Spec R where X has the desired Newton polygon. Write X = X* @ X' @ X
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as the direct sum of its multiplicative part, its local-local part and its étale part.
Deforming X’ while keeping fixed X¢ and X* constant, and keeping the direct
sum decompositon we obtain a closed subscheme of Spec R. Thus, if we prove the
lemma for X’ then the lemma follows for X.

Hence we may assume that X is local-local. We will use the display of a defor-
mation of X. See [27], [28] and [36]. According to these references, the display of
X is given by a matrix

) (& 2).

with A of size d x d over W = W (k) and B of size d x ¢, etc. The universal
deformation over k[[t; ;]] is given by the matrix

A+TC B+TC
C D ’

where T' = ([t; ;]), and [t; ;] € W(k[[t;;]]) is the Teichmiiller lift of ¢; ;. See [28,
Section 1] and [36, (2.34)]. Let Ag and Cy denote the reductions of A and C' modulo
p. The Hasse-Witt matrix of this deformation is the matrix Ay + (¢; ;)Co, seen as
a matrix over k[[t; ;]]. We want to show that the determinant of this matrix is
nonzero in k[[t; ;]].

If not, then this determinant is zero in k[t; ;] as well. This means that every
matrix of the form Ay 4+ T'Cy over k has determinant zero. Clearly this can only be
the case when Ker(Ap) N Ker(Cp) is not zero. However, this contradicts the axiom
of displays that the matrix (x) is invertible over W. |

5.16. Assume k, X and other notations are as in Subsection 5.14, but now let X
be isogenous to G, , ® k. The Newton polygon of the covariant Dieudonné module
of X is d; see 5.1. According to Grothendieck’s specialization theorem (see [16,
Theorem 2.3.1]), the locus of points of Spec R where the Newton polygon of X lies
above ¢ is a closed subset Ws C Spec R. Remark that, since the Newton polygon
in the unique closed point of Spec R is §, the Newton polygon of Xy, is constant.

5.17. Proposition. Use the notations above. The dimension of any irreducible
component of Wy is at least r.

Proof. The fiber of X at the generic point of Spec R gives a p-divisible group with
Newton polygon equal to p := m X (slope 0) + n x (slope 1). See Lemma 5.15.
Consider Newton polygons of height m +n and dimension m, i.e., those which start
at the point (0,0) € R? and end at the point (m+n,n). The number of points with
integral coordinates in R? strictly below § and on or above p equals mn — r, as is
easy to see. Hence any chain of comparable, mutually different Newton polygons
starting at § and ending at p has length at most mn —r. Using the Purity Theorem
4.1, the result of the proposition follows. O

5.18. Suppose G — T and ® : Hy — G are the catalogue as in Subsection 5.9. Let
t : Speck — T be a geometric point, and let (X, ) be the fiber at this point: X = G,
and ¢ = ®; : Hy — X. We denote by O” the complete local ring of T} at t. The
pullback of G to O” is a deformation of X to Spec O”. By the universal property of
the deformation ring R (see 5.14), we obtain a k-algebra homomorphism R — O”.
Of course, the (reduced) image of the associated morphism Spec O — Spec R is
contained in Ws. (We do not know whether T and hence O” is reduced.)
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5.19. Proposition. The morphism Spec O” — Spec R is a closed immersion. The
(reduced) image of this morphism equals W.

Proof. To prove that it is a closed immersion we need only show that it is unram-
ified at the special point. This is clear: if not then we would obtain a nontrivial
deformation ¢, : H4 — X4 of the initial map ¢ : Hry — X over an Artinian
k-algebra A. By rigidity of homomorphisms of p-divisible groups this is impossible.

Let S be an irreducible component of Ws. Note that S = Spec A’, and that A’
is an excellent domain. Thus the normalization A of A’ is another complete local
Noetherian k-algebra with residue field k. Let ) be the restriction of the p-divisible
group X over Spec R to Spec A. We may apply the Isogeny Theorem 2.17 to ) over
Spec A: we obtain an isogeny v, : Hy — Y. We may assume that the degree
pt = deg(¢y) is > p".

Let K be the field of fractions of A, and let K be an algebraic closure of K.
According to Subsection 5.8, we may factor 1% as ¢z o 7t~ for some Y : Hg —
X of degree p". This means that Ker(7*~")gz C Ker(¢%;). We conclude that
Ker(m!~") x Spec A is contained in Ker (1), as A — K is injective. In other words,
there exists an isogeny ¢/, : H4 — Y of degree p”, such that ¢4 o 7!™" = ¢/,.

Let v = 14 ® k be the special fiber of 4. It may not be true that ¥ = ¢
(see 5.18 for the meaning of ¢). However, according to Lemma 5.5, there exists
an automorphism 7 of Hj such that ¢ = ¢ o 7. Thus the pair (J,¢4 o 7) is
a deformation of (X, ) over A. Hence, by the defining property of the moduli
scheme T, we get a morphism Spec A — T', whose special point is t. By definition
of O”, this induces a map O — A. We leave it to the reader to see that the
diagram

Spec A — SpecO”" < SpecR

l I
S =Specd — Ws C SpecR

is commutative. Since S was any irreducible component of Wy, the last statement
of the proposition follows. O

5.20. Corollary. FEvery component of T has dimension at least r.
Proof. This follows trivially from the previous two propositions. O

5.21. Let K be a perfect field of characteristic p. Suppose ¢ : Hx — X defines a
point of T" over K. We are going to find standard elements in M (X). Note that
since K is perfect, we can use (covariant) Dieudonné module theory over K; the
reader will have to check in what follows that some of the results obtained above
for algebraically closed fields £ remain true for perfect fields.

First, we recall from 5.8 that there exists an isogeny 3 : X — Hg of degree p".
After changing 3 with an automorphism of Hy, we may assume that 3o o = 72";
compare 5.5. Note that (3 is uniquely determined by this condition. Thus we obtain
a canonical injection M () : M(X) — M(Hg) determined by (X, ¢). From now
on we think of M(X) as a submodule of M (Hg).

Any element z of M (Hg) can be written uniquely in the form
z = [eoleg + [e1]er + [c2]ez + - ..

with ¢; € K. Here [c] = (¢,0,0,0,...) is the Teichmiiller lift of ¢ € K. (Recall that
e; are defined for every 7 > 0.) Suppose we have a second element 2z’ € M(Hg)
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which has the form

2 =ci]es + Z[c;-]ej.
j>t

Then the difference z — 2z’ has the expression

z—2 = Z [cjle; + Z[pj]ej,

0>j<t >t
where the p; € K have the following shape: there exist integers n(j) and certain

universal polynomial expressions P; in the elements ¢; and ¢, with ¢ < ¢ < j such

that

(pj)pnm = Pj(Ct41,Ciq1y--- 5, c;)

We will call such an expression p; a quasi-polynomial expression in ci11,¢ 1, ... ,
¢j, ¢;. This statement follows from the following two assertions: (1) the addition
of Witt vectors is given by certain universal polynomial expressions, and (2) when
we write a Witt vector ¢ = (cg,c1,ca,...) in the form & = [co] + p(Y0, V1, V2, - -+ )
the elements (7;)P are certain universal polynomial combinations of cg,...,¢;. In

addition, one easily sees that polynomial P; has the following shape:

n(5)
P] = (Cj)p — (C;—)p +Q(Ct+17cg+l7... 7Cj_1709_1)-
Let A be the type of X, defined as in Subsection 5.6. We say that x € M (X) is
a standard element of M(X) if for some a € A

(%) r=cat )y [eles,

ji>a

n(7)

with ¢; € K, and ¢; =01if j € A.

5.22. Lemma (See [20, Lemma 3.9]). Let X be as above. For every a € A, there
exists a standard element xq € M(X) as in (%), and it is unique.

Proof. By definition of A there exists an element y € M N N%, which is nonzero
modulo M N N%HL. Scaling gives y the form y = e, + > jsalcilej, with ¢; € K.
Suppose that for some t, a < t, we have already that ¢, = 0 for a < @’ < t with
a’ € A. Consider t and ¢;. If t € A, then we may replace ¢t by t + 1. If t € A, then
we find an element y’ € M (X) such that y' € M(X)NN?, but y ¢ M(X)N N L
After subtracting a suitable multiple of ¢’ from y, we obtain a new y as above with
in addition ¢; = 0. We can continue like this until ¢ > 2r. Then since N?" C M (X),
we can subtract the tail end 3,5, [c;le; from y to get the desired result. |

5.23. Let B be the cycle associated to the type A of X. We freely use the definitions
introduced in the appendix, in particular Subsection 6.7. We are going to consider
the standard elements corresponding to ¢(i) € A; we write them as

Ti(i) = €4(s) T Z [(Xi(i),5)€5-

7>1(3)
Here i € {1,...,a}. Similarly, we also consider the standard elements
Te(s) = €c(s) T Z Yoy, sles
3>t(4)

Since T(B)NL(B) = 0, no confusion can result from these formulae. These formulae
define elements X;(;) ; and Y,;) ; of K. Note that since the elements above are
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standard, only the pairs (£(¢), j) € P(A) occur, and similarly only (c(7), j) belonging
to P(A) occur.

5.24. Lemma. Given the elements X,y ; and Y. ; of K we can reconstruct the
submodule M(X) C M(Hg).

Proof. This follows, since the elements z,(;) generate the Dieudonné module M (X).
This is proved in [20, Lemma 3.9, part b]. O

In particular, the isogeny Hx — X can be defined over the perfect closure in
K of the subfield of K generated by the elements X, ; and Y ;. Hence the
morphism Spec K — T can be defined over this perfect closure. We will assume
this is the case in the following discussions.

The strategy of the proof of Theorem 5.11 is as follows. We will show that, given
A, there are certain algebraic relations between the elements X;(;) ; and Y ; of
K. In fact, we will show that the maximal number of algebraically independent
elements in the set I' := {Xt(i),ja Yc(i),j} is at most the volume of the Young diagram
Y(A) associated to A. Thus the morphism Spec K — T does not map to a generic
point of T, unless A = (0), by Corollary 5.20. Finally, we will show that T has only
one generic point by considering the case A = (0) in more detail.

5.25. We produce relations among the elements X; ;) ; and Y,;),; as follows. This
will be an increasing induction with respect to a variable t € Z~.
Consider the subset I'* C I" defined by

I = Xy, | 5~ t00) < £} U {Yaqoys | 4~ cli) <1},

Obviously we have ) =T' c T2 C ... C I'*" =T, as only pairs in P(A) occur and
A D [2r,00).

Pick an equivalence class C' C P(A), and let ig, i1 be the integers associated to
C by Lemma 6.10. Let t denote the integer ¢ = j — a which is fixed for elements
(a,7) € C.

5.26. Lemma. The elements Xy 1(iy4¢, o < @ < i1, and Ye() @iy, G0 < @ < i,
generate a field extension of transcendence degree at most one over the subfield of
K generated by T'.

Let us assume the lemma for the moment and finish the proof of Theorem 5.11.
We bound the transcendence degree of the field F,(I") C K as follows. By induction
on t we show that the transcendence degree of F,,(I'") is at most equal to the number
of equivalence classes C C P(A) such that (a,j) € C implies j —a < t. The
lemma above, together with Lemma 6.10, furnishes the induction step. Hence the
transcendence degree of F,,(I') is at most the number of equivalence classes of P(A).
By Lemma 6.12 this is the number of elements of V(A); by definition of the Young
diagram of A (see 6.13) this equals the volume of Y(A) and by Proposition 6.15,
this is less than r, unless A = (0). We conclude that if ¢ : Spec K — T maps to a
generic point, then A = (0).

The case A = (0). Here we note that there are only X, ; and no Y, ;.
Furthermore, every class C C P(A) has one element in this case, hence the number
of Xy(),; equals r; see Example 6.14. Thus, if Spec K — T maps to a generic
point of T, then the elements X,(;) ; are algebraically independent. We may (see
above) also assume that K is the perfect closure of Fj (X, ;). Clearly, there is
only one such K (up to isomorphism), and only one M(X) C M(Hg) with the
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correct parameters Xy(;) ;. This means that 7" has a unique generic point, hence T'
is irreducible. This finishes the proof of Theorem 5.11.

Proof of Lemma 5.26. We first introduce specific elements z, for all « € A. When
a € T(B), or a € L(B), we already have defined z, above. If b € B and a &
1(B)UT(B), then we can write b = t(i) + s- m for some i and s, 0 < s < n;, or we
can write b = ¢(i) + s - n for some i and s, 0 < s < m;; see Subsection 6.7. In the
first case we put x, = V*(z4(;)); in the second case we put x, = F*(z4(;y). If a € A
and a € B, then we can write a = b+ s - h for a unique b € B and s > 0. In this
case we put z, = p°z; (since pe; = ej44 this just means shifting the coefficients).
The elements x, so defined are in general not standard elements. However, they all
have the form

Ta = €q + Z[Za,j]ejﬂ
j>a
where each Z, ; is either 0 or a p-power (negative or positive) of some X jr, or
some Y, ;) j» with the property that ¢(i) —j’ = j—a or ¢(i)—j" = a—j. In particular,
Z,; is a quasi-polynomial expression in the elements of [V=*1. (See Subsection
5.21 for an explanation of the term “quasi-polynomial”.)

We show how to produce an algebraic relation between Xy (54 and Yoy, c(i)+r
over F,(I'"). We will leave it to the reader to establish the analogous relation
between X;(;) ¢(i)4r and Yo(i41),c(i+1)4r- Recall from 6.7 that c(i) = t(i) + n; - m.
Thus if we apply V" to z4(;) we obtain

v (zt(i)) = €c(i) T Z [X,f)(;)7;]ej+m~m-
7>1(3)
If this happens to be a standard element, then by uniqueness of standard elements
we deduce that this equals z.(;) and hence
Ye(iy,etiy4r = Xf(i),t(i)+r'
In general the element V™ (2(;)) need not be standard. As explained in the proof
of Lemma 5.22 we can modify the expression until we obtain a standard element.
We claim that during this process the coefficient X ﬁz) o will only be modified

by adding onto it a quasi-polynomial expression in the variables in I'*. This will
prove that

g

Yooy, e(i)rt = Xf(i),t(i)—&-t + a quasi-polynomial expression in I'*,

which is a precise version of what we wanted to prove.
Let us consider any element

Z=é€q+t Z[Wj]ej
j>a
of M(X) such that W; € F,(IV=2*1). We want to bring it into standard form.

Thus, let a’ € A, a < a’, be the smallest element such that W, # 0. We form the
difference

Z =z Walew = [ eat D Wilej | = [ Walew + Y WarZar lesr

j>a j'>a’
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Next, we write 2" in the form e, + ;. ,[W/]e;. The reader easily checks, using the
discussion in 5.21, that (1) Wi = W for j </, (2) W,, =0, and (3) for j > d/,
W equals W+ a quasi-polynomial expression in Wy, and Zy/ j, with @’ < j" < j.
Note that in case (3) the elements W, and Z, ;» have “lower level” than W (more
precisely, they lie in the perfect closure of F,(IV=%)). By repeatedly applying this
procedure, starting with V" (x,;)) we arrive at the claim that was stated in the
middle of the preceding paragraph. This ends the proof of Lemma 5.26. O

5.27. Remark. Possibly the proof of the theorem becomes clearer by the follow-
ing explanation. For every admissible semi-module A we define the set Uy C T
consisting of all points corresponding with a p-divisible group, isogenous with H,
with semi-module equal to A. We can show that Uy C T is locally closed in T,
irreducible and of dimension equal to the volume of Y(A). In this way we have a
stratification T' = | | Ua, which is implicitly used above. The group H admits a
unique H — H of degree p"; this gives the stratum defined by A = [r,00). It is the
unique zero-dimensional stratum. It is easy to see that every stratum contains this
in its closure. One of the nonelementary facts seems to be to determine in which
way these strata fit together. The central idea of this section is the fact that the
largest stratum contains all others in its closure, plus a proof of this via the Purity
Theorem.

6. APPENDIX, COMBINATORIAL FACTS ON SEMI-MODULES

In this appendix we give the combinatorial definitions and facts used above.
Some of these can already be found in [20, pp. 45-46]. As above, we fix coprime
positive integers m and n; we write h :=n+m and r := (m —1)(n —1)/2.

For integers a < b we write [a,b] := {a,a + 1,...,b}. We write [a,00) = Z>,.
For subsets V1, Vo C V' we write V4 \ Va for the set of elements in V4 not in V,. For
asubset ACZandt € Z we write A+t={a+t]|ac A}.

6.1. A semi-module is a subset A C Z bounded from below such that z € A =
x+m, x+n € A. We say that semi-modules A, A’ are equivalent if one is obtained
from the other by translation by an element of Z.

A numerical type is a map § : {1,...,m +n} — {+,—} such that #5~1(+) =
m and #6~1(—) = n. Two numerical types are called equivalent if they can be
obtained from each other by a cyclic permutation.

A cycle is a sequence B = (bg,b1,...,bmin—1) of integers with a partition in
disjoint subsets: B = BT [[ B~ with #B* = m and #B~ = n such that for every i
one of the following two conditions holds (here we set by, := by for convenience):
(1) b +n € B, b; € BY, and bj11 = b; +mn, or (2) b —m € B, b; € B, and
bir1 = b; —m. Thus the subsets B* and B~ are well defined by B. Cycles are
called equivalent if they can be obtained from each other by a combination of a
translation and a cyclic permutation.

6.2. We will show the three types of objects are in one-to-one correspondence up
to equivalence.

The correspondence between cycles and numerical types is rather obvious. If § is
a numerical type, then we choose some by € Z and we inductively define b;11 = b;+n
if 6(4) = + and by = b; — n if 6(i) = —. (With this definition we indeed have
bp+m = bo.) We leave the inverse construction to the reader.
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We define the cycle B of a semi-module A by setting BT = A\ (m+ A), B~ =
(m+A)\ (h+ A) and B= Bt UB™ as sets. It is easy to show that #B" = m and
#B~ = n. The reader shows that +n induces a map BT — B and —m induces
a map B~ — B. Starting at any by € B these operations define a walk through
the set B. This walk has to close; an easy number theoretic lemma shows that
such a loop has length at least h = n + m. Therefore, all members of B are visited
in this manner and B is a cycle. Conversely, a cycle B defines a semi-module by
considering the semi-module generated by it: A = B +mZx>o + nZxo.

6.3. Remark. The number of equivalence classes equals (™/") /(m-+n). This follows
from the description in terms of numerical types.

6.4. A semi-module A is called admissible if: (1) A C Z>o, (2) the first r elements
ai,...,a, of A are all smaller than 2r, and (3) A = {a1,...,a,} U [2r,00).

For any semi-module A we define the dual semi-module to be the set A* =
Z\N(2r—-1—-A) ={b|beZ, 2r—1-b¢g A}. Trivially A" = A. Also, if A is
an admissible semi-module, then A? is an admissible semi-module (proof left to the
reader).

Finally, we define the symbol (0) to indicate the semi-module generated by 0.
So (0) = Z>on + Z>gm.

6.5. Lemma. (i) The semi-module (0) is admissible. We have 2r — 1 & (0).
(i1) For an admissible semi-module A the following are equivalent: (1) A = (0),
(2)0€ A, and (3) 2r — 1 & A.

Proof. The first statement is a combination of [20, Lemma 3.8] and its two corol-
laries. For the second: Clearly (1) implies (2). We have (2) = (1) as 0 € A implies
(0) C A, and the equality follows by counting. In particular, by (i), we see that
(0)t = (0). By considering the duality A — A%, we see that (3) is dual to (2). O

6.6. Lemma. For every semi-module there is a unique equivalent semi-module
which is admissible.

Proof. Let A be a semi-module. If necessary, we translate A such that A has exactly
r elements smaller than 27, and such that 2r € A. This translation is possible and
it is unique. If @ € A with @ < 0, then a + (0) C A and we obtain a contradiction,
using # (a + (0) N (=00, 2r — 1]) =r —a > r. Hence A C Z>o.

Next, we consider Af. There are exactly r elements of A® which are smaller than
2r by what we just proved. Also, 2r € A%, as —1 ¢ A. Thus we can apply the
argument above to see that A! does not contain any negative integers. These two
facts imply that A is admissible. |

6.7. For a given semi-module A we define the a-number to be the number of gener-
ators of A, i.e., a(A) := #(A\ (n+ A)U (m + A)). In the language of cycles this
is the number of elements b € B such that b+n € B and b+ m € B. We leave the
proof of this to the reader.

More definitions. Let B = (bg, b1, ... ,bp+m—1) be a cycle. Let us write

TB)={beBlb+meB and b+nec B}.
Similarly,

1(B)={beBlb—neB and b—m e B}.
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In terms of the numerical type ¢ associated to B, we have b; € T(B) if 6(¢) = + and

§(i — 1) = —, and analogously for elements of L(B). This implies that #T(B) =
#1(B). This number is the a-number a of the semi-module associated to B; see
above.

We can use T(B) and L(B) to write B in a standard form. After a cyclic
renumbering, we may assume that by € B is the largest element of B, so by € L(B).
This uniquely determines bijections

t:{1,---,a} — T(B)
and
c:{l,---;a} — L(B)

which preserve the order in which the elements are numbered in B. (In other
words, if t(i) = b; and t(i + 1) = b;/, then j < j’. Similarly for ¢; in particular
by = ¢(1).) The definitions above imply that there are positive integers ny,... ,ng
and myq,...,m, such that

c(l)=mn1-m+t1), t(1)+mi-n=c(2), ¢2) =na-m+1t2),...,

and t(a)+mg-n = ¢(1). We remark that ny+...4+n, =n, and mi+...+my, =m.
Such sequences of integers give us yet another way of finding cycles. Finally, any
element b of B can be written uniquely as (i) + s - m for some ¢ and some s, with
0 <s<mn;orast(i)+ s-n for some i and some s, 0 < s < my.

Here is the way we picture our cycle:

t(1) t(2) . t(a)
v N v N\
e(1) c(2) . c(a) e(1)

The south-west arrows indicate adding various multiples of m, and the south-east
arrows indicate adding multiples of n. We think of the rest of A as lying “below”
this picture.

6.8. Lemma. Let by € B be the largest element of B as above. Then [by,00) C A.

Proof. Let x be an integer, x > bg. By definition of BT there is an element b € B
such that = — b is divisible by m. By our choice of by, we see that s = (x — b)/m is
a nonnegative integer. Thus z = b+ s-m € A. |

6.9. Suppose given a semi-module A. We denote
P(A):={(a,j) lac A, jEZ\A, a<j}

On P(A) we introduce an equivalence relation ~. It is the smallest generated by the
following two implications: (a,j), (a+n,j+n) € P(A) = (a,j) ~ (a+n,j+n), and
(a,7), (a+m,j+m)eP(A) = (a,j) ~ (a+m,j+m). We write C(a,j) C P(A)
for the equivalence class containing (a, j).

An equivalence class C' C P(A) is mapped to A by the map ¢ : C — A given by
q(a,j) = a. Note that ¢ is injective as the difference k = j — a is fixed for (a,j) in
C. Hence C = {(a,a+ k)|a € ¢(C)}. If a € A and a + n € ¢(C), then a € ¢(C).
Similarly, if a € A and a +m € ¢(C), then a € ¢(C).

6.10. Lemma. Let C be an equivalence class as above. Then there exist 1 < ig <
i1 < a such that (i) € q(C) if and only if io <1i <41, and c(i) € q(C) if and only
if io < i < 1i1. (Notations used are as in Subsection 6.7.)
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Proof. According to the remarks made before the lemma, for any element a € ¢(C),
ifa—n (or a—m) is in A, then it lies in ¢(C). Thus we see that ¢(C) N T(B) is
not empty. Let ig, resp. i1, be the smallest, resp. the largest, index in {1,... ,a}
such that t(ip), resp. t(i1), lies in g(C).

Suppose that ¢(i) € ¢(C). By Lemma 6.8 ¢(1) ¢ C, soi # 1. We have t(i — 1) =
c(i) —mi—1 - n and t(2) = c(i) — n; - m. This implies ¢(¢ — 1),¢(¢) € ¢(C). Hence
19 < 1 < i1. We have shown the “only if” clause.

By definition of the equivalence relation on P(A), there exists a sequence t(ip) =
ap, a1, as, ... ,as—1,as = t(i1) of elements of C' such that for each index 0 < j < s
we have one of the following four possibilities a; = aj41 +n, a; = aj4+1 + m,
a; = aj41 — N, Or a; = aj+1 —m. We may suppose (by “abbreviating”) that this
sequence has no repetitions. Suppose that for some s > j > 1 we have aj_1 = a;—n
and a;j41 = a; —m. In this case we have a; —m —n € A unless aj.1 € L(B) (left
to the reader). If a; —n —m € A, then we replace a; by a; —n —m which is also
in ¢(C). A similar replacement can be performed if aj_1 = a; — n, aj4+1 = a; —m
and a; —n —m € A. Continuing this process, we see that after a finite number of
steps, all the local maxima in the sequence ao, ... ,a, are elements of L(B). This
implies that the sequence is part of the picture in 6.7: it is contained in B, and
the sequence of local maxima of ag, ... ,aq is either ¢(io + 1), c(ig +2),...,c(i1) or
c(io),c(io — 1),...,¢(1),c(a),... ,c(iy + 1). The second possibility is excluded by
what was said above. This proves the “if” clause. O

6.11. We write
V(A) :={(v,f)| feB", veB™, v<f}
6.12. Lemma. The natural map
V(4) = P(4)/~
given by (v, f) — C(v —m, f —m) is bijective.

Proof. The map is well defined: f € B implies that f —m € A, and v € B~
implies that v —m € A. We will construct the inverse to this map. Let C' C P(A)
be an equivalence class, and let ig < ¢; be the integers of Lemma 6.10. Let s > 0
be the largest integer such that t(ig) + s - m € ¢(C). Since c(ig) & g(C), we have
s < ngy. Thus v = t(ig) + (s + 1) - m is an element of B. It is trivial to check
that v € B~. We take f = v + k, where k is the constant difference k = j — a, for
(a,j) € C. We leave it to the reader to check that f € BT. (We remark that in
the picture of 6.7, the point v is the left-most-point of ¢(C) N B.) O

6.13. We think of a Young diagram as a finite subset Y C Nx N such that (z,y) € Y
and 1 < i<z, 1< j <yimply (¢,j) € Y. The volume of Y is the number of
elements of Y.

Given a semi-module A, we may write

Bt ={fm,..., fi}, fm < < f2<fr.

The Young diagram Y(A) associated with A is the Young diagram with columns
for z = 1,... ,m whose heights are given by y = #{v € B~ |v < f,}. By definition
the volume of Y(A) is equal to the number of elements of V(A).

6.14. Example. In the notions defined above there is a “maximal” Young diagram
(why this is maximal will be specified). This is the case when A = (0). In this case
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Bt ={0,n,2n,...,(m — 1)n}, and B~ = {mn,mn — m,mn — 2m,... ,m}. The
Young diagram is given as follows: the height of the column x is

[(m —2)-n/m]

(where [ | denotes the integral part). We leave it to the reader to see that the
volume equals r = (n — 1)(m — 1)/2 in this case.

(min) Consider the admissible semi-module A = [r,00) = Z>,. In this case
Bt =[r,r+n—1], B~ =[r+n,r+n+m —1]. The Young diagram given by
this is empty and has volume equal to zero.

6.15. Proposition. Let A be a semi-module. Then its Young diagram is contained
in the mazimal one: Y(A) C Y({0)). Moreover, Y(A) = Y({0)) < A ~ (0).

Proof. We define a function g : [0,n + m] — R, where [0,n + m] C R denotes the
usual interval. Let B = {bg, ... ,bntm—1} as in Subsection 6.7. We require that ¢
is piecewise linear with breakpoints only at integers, and such that g(i) = b; and
g(n +m) = by. Thus the graph of g has only two slopes, namely +n and —m: if
b; € BT, then the slope is +n on the interval [i,7 + 1], and if b; € B™, then the
slope is —m on the interval [i,i + 1]. We may also assume that by is the largest
element of B (as in 6.7). If g(i) = g(j) for some integers 0 < i < j < n 4+ m, then
1 =0 and j = n+m. (The reader will be able to follow the arguments much more
easily after visualizing the graph of g by making some pictures.)

We choose an integer t, 1 <t < m. Let I; C [0,n+m] be the part of the interval
where the graph of g lies below f;, so I; = {z | g(x) < fi}. Let I;” be the part of
I where the slope of g is positive (+n), and let I; be the part where the slope is
negative (—m). By the description of the slopes above, we see that the length of
L7 (i.e., its measure) is at most the number of elements of b; € BT with b; < f;,
i.e., m(I;") < (m —t). We leave it to the reader to show the trivial equality:

m(I;7)-m=m(I) n.

On the other hand, by the description of the slopes of g, we see that the number
of i € I with b; € B~ is < m(I; ). Putting all of this together we obtain:

#oeB < fi) < [W]

This proves the first assertion.

The second assertion means the following. If we have equality in the last dis-
played equation for all 1 < ¢t < m, then the graph of g is an inverted triangle.
Assume that equality holds for all t. Suppose that for some i, 2 <i <n+m — 2,
we have b;_1 +n = b;, and b; = b;+1 +m. We claim that there exists a t such that
bi—1 < ft < b;. To prove this look at the elements {b;11,b;12,... ,bntm—1}. Let
J be the first index in {i + 1,74 2,...,n+ m — 1} such that b; € BT; note that
such an index exists and that b; < b;11 < b;. There are two possibilities: either
bi—1 < bj, in which case f; = b; works, or b;_1 > b;. In the last case, the series of
elements b;,b;11,... ,bpgm—1, bnym = bo starts below b;_; and ends in by which is
above b; = b;_1 +n. The only upward steps in the series are steps of size +n and
the interval [b;_1, b;] has size n also. Then the pigeon hole principle says that some
7', 7 <j < n+m, exists, with b;_; < bj/ < b;, and bj/+1 = bj/ + n. Thus bj/ € Bt
and we have proved the claim.

Let f; = bj be the element of B* that exists by the claim above. There is another
cycle B' which is given by B' = {bj = bo,... ,bj_; = bi_1,b; =b; —n—m,bj | =
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bit1s--- b w1 = bngm—1}. The only elements that changed signs are b}_,, which
is now a —, and b}, which is now a +. Thus the element b; will still be listed as f;
in the enumeration scheme of Subsection 6.13 (because the number of elements of
BT above it has not changed). However, the number of elements of (B’)~ below
fit = b; has increased by 1, as the element b} has been added. However, this is
impossible as by assumption the number of elements of B~ below f; was already
maximal. This means that an 7 as in the third sentence of the previous paragraph
doesn’t exist, and hence the graph of g is an inverted triangle. O

6.16. Remark. We have shown that the set of cycles defined by the numbers m,n
maps to the set of Young diagrams contained in Y ({0)). Both sets have the same
cardinality. It seems plausible that this map is bijective. A “better” proof of the
previous proposition would be to construct from every such Young diagram Y a
cycle B such that this defines an inverse to B — Y(A); we do not know whether
this is possible.
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