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PWM-Switch Modeling of DC-DC Converters

Edwin van Dijk, Herman J. N. Spruijt, Dermot M. O’Sullivan, and J. Ben Klaassens

Abstract—The introduced PWM-switch modeling method is
a simple method for modeling pulse-width-modulated (PWM)
dc-dc converters operating in the continuous conduction mode.
The main advantage of this method is its versatility and simple
implementation compared to other methods. The basic idea is
the replacement of the switches in the converter by their time-
averaged models. These switch models have been developed
in such a way that the converter model provides the same
results as the state-space-averaging technique but now including
nonlinear effects. Simple rules for determination of the switch
models are obtained. The resulting model is a time-averaged
equivalent circuit model where all branch currents and node
voltages correspond to their averaged values of the corresponding
original currents and voltages. The model also includes parasitics,
second-order effects and nonlinearities, and can be implemented
in any circuit-oriented simulation tool. The same model is used
for the simulation of the steady-state and the transient behavior.

1. INTRODUCTION

UMEROUS papers have been written on modeling PWM

dc-dc converters, proposing a variety of methods for
modeling switch-mode converters. An accepted method is
the state-space-averaging method as introduced in [1]. A
disadvantage of this method is the necessity to accomplish a
number of calculations to obtain the averaged state equations
from which an equivalent circuit model is derived.

Other methods replace a part of the converter by an equiv-
alent circuit model to obtain the converter model. The equiv-
alent circuit model of a part of the converter is already given
and can be used directly. These methods are typically restricted
to a few different topologies only.

It is desirable to have a single method which makes it
possible to model all PWM dc-dc converters. The model
should be found by a simple inspection of the converter circuit.
It should be possible to implement this model in a general-
purpose simulation tool like SPICE. It should also be possible
to realize various analyzes such as steady-state, transient, and
small-signal analysis, on one and the same model. This paper
presents such a modeling method, called PWM-switch mod-
eling, for converters operating in the continuous conduction
mode.

II. PWM-SwITCH

Models for the PWM-switch are introduced in [2] and [3].
The method presented in [2] is used here and slightly adapted
to preserve its general character and to expand it for use in
more complex converters that do not have a PWM-switch as
such.
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A. Definition of PWM-Switch Model

Fig. 1 shows four classical PWM converters: buck, boost,
buck-boost, and Cuk converter. These converters have one
active switch and one passive switch performing the switching
action in the converter. The active switch is directly controlled
by an external control signal. It is usually implemented with
a bipolar or a field-effect transistor. The passive switch is
indirectly controlled by the state of the active switch and the
circuit condition. It is usually implemented by a diode. As
shown in Fig. 1, these two switches can be combined into
one network with three terminals a, p, and ¢, which stands for
active, passive, and common, respectively. This three-terminal
network is called the PWM-switch. Since all other elements
of the converters are supposed to be linear, the PWM-switch
is the only nonlinear element and therefore responsible for the
nonlinear behavior of the converters.

Fig. 2 shows the generic presentation of the PWM-switch
operating in the continuous conduction mode with the terminal
currents and voltages. The active and the passive switch
operate like a single-pole double-throw switch. During the time
interval dT; the passive switch is off and the active switch
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Fig. 2. PWM-switch.
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Fig. 3. Averaged model of the PWM-switch.

is on, and the active terminal is connected to the common
terminal. During time interval d'T, the active switch is off and
the passive switch is on, and the passive terminal is connected
to the common terminal. T is the switching period of the
active switch, d stands for the duty ratio as the ratio of the
on-time of the active switch and the switching period and
d’ = 1 — d for the continuous conduction mode.

The relations between the instantaneous terminal currents

are found as
. v Jic(t) during dT;
a(t) = { 0 during d'T, M
. _Jo during dT;
ip(t) = { i.(t) during d'T.. @

The same applies for the instantaneous terminal voltages

_ J ugp(t) during dT,

Uep(t) = { 0 during d'T, &)
o during d7,

Uae(t) = { Uqp(t) during d'Ts. @

It is sufficient to inspect the averaged behavior of the PWM-
switch to analyze the averaged behavior of a converter. The
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Fig. 4. The boost converter.
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Fig. 5. Boost converter with PWM-switch replaced by the model shown in
Fig. 3.

instantaneous terminal waveforms are time-averaged over one
cycle T. The relations between the averaged terminal currents
are found from (1) and (2) as

(ia) =d(ic) (5)
(ip) =d'{ic). ©6)

The relations between the averaged terminal voltages are
found from (3) and (4)

(Ucp) = d(uap) M
(Uac) = d'(Uap)- 6

With (5) through (8) it is simple to obtain a time-averaged
model for the PWM-switch.

To simplify the presentation in the following, the symbols ()
indicating the time-averaged values are omitted.

Fig. 3 shows a model applying a controlled voltage source
and a controlled current source using (5) and (7). It is clear that
(6) and (8) are also satisfied. The model for the PWM-switch
always satisfies either (5) or (6) and (7) or (8). This means
that one element should satisfy (5) or (6) and another element
should satisfy (7) or (8). This explains the function of the
controlled current source and the controlled voltage source.
The application in the model of two voltage sources is not
possible because it will leave the terminal currents undefined.
The same is valid for the use of two current sources which
will keep the voltages undefined.

B. Application of a PWM-Switch Model

To illustrate the use and to demonstrate the validity of the
PWM-switch model, a boost converter as shown in Fig. 4 is
used for the presentation. Fig. 5 presents the boost converter
where the PWM-switch is replaced by the model shown in
Fig. 3.

We recognize from Fig. 4 that

te = —if
Yap = —tiG- ©)

This results in the expressions for the controlled sources in
Fig. 5.
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The equivalent circuit shown in Fig. 5 is a continuous,
averaged circuit model of the boost converter as shown in
Fig. 4. The action of the switches and the resulting ripple are
removed from the circuit. However, the behavior of the circuit
model is still nonlinear as demonstrated by the products of
the duty ratio and a state variables in the expressions for the
switch model.

The state equations are easily recovered from the circuit of
Fig. 5

dig,
L=t =—(-
dt (1 d)uC + Es
duc _ . uc
CW—(l—d)ZL—R—O. (10)

Another method to derive the state equations is the well-
known method of state-space-averaging [1]. This method
averages the state equations valid for time interval d7T; with
those for time interval d'Ty, resulting in the averaged state
equations. The same equations are obtained with the PWM-
switch model. Thus the use of the PWM-switch model results
in a valid averaged equivalent circuit model of the boost
converter.

III. PWM-SwITCH MODEL AND ESR’S

A boost converter with the inductor and capacitor equivalent
series resistances (ESR) is shown in Fig. 6. Applying the
PWM-switch model results in the equivalent circuit shown
in Fig. 7 where the controlled current source is indicated by
ics and the controlled voltage source by u.;. The expressions
for the controlled sources are:

ics = dzL
Ues = dU,. (11
Note that the voltage across the active and passive terminal
of the PWM switch equals the output voltage u,.
The state equations are determined from the equivalent
circuit model of Fig. 7 and applying (11)

dir, R.Rc
LEE — _|R —d)2eC N 1—
dt |: L+ (1 d) R + Ro 1, (1 d)
"Rt Rt
d'U,C Ra . uc
—_— =] — —_ .
O === pie — R (12)

To see whether the model is correct or not, the state equa-
tions are also calculated with state-space-averaging technique
[1]. This produces the following set of state equations for the
boost converter with ESR’s

dig, R,Rc .
L—=—-|R 1—d)—22C 15 — (1=
= |mra- 02 i -0
.——RO+RCUC+E3
duc R, . uc
cZ¥C _(1-4 - .
pralid Sl -ry R, + Ro (13)

’ T | o\ Ro[]1u°

Fig. 6. Boost converter with ESR’s.
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Fig. 7. Boost converter model with controlled sources and ESR’s.

There is now a difference recognized between both sets of
(12) and (13). The difference is found in the equation for the
inductor current. In (12), the factor multiplied by ¢z contains
the term (1 — d)2, whereas in (13) it is (1 — d). It is clear
that when the capacitor ESR R¢ equals zero, both equations
are the same.

An explanation for this discrepancy is provided in [2] and
[3]. The capacitor C that is connected to the active and passive
terminal of the PWM-switch, absorbs a pulsating current.
When the ESR of this capacitor is zero, the instantaneous
terminal voltage uqp(t) = uc(t) is continuous and has only a
voltage ripple, due to the switching process, which is neglected
in the averaging process. When the capacitor has an ESR, the
pulsating current through the ESR causes a small square wave
voltage superimposed on the terminal voltage. The voltage
now also depends on the value of the ESR.

We can calculate the necessary expressions for the con-
trolled sources to obtain the same equations as obtained with
State-Space-Averaging by deriving the state equation from the
circuit shown in Fig. 7 and comparing them to the set of (13).
This results in the expressions for i.; and wu,s:

g =dig

R, u
Ro + RC ¢
When (14) is used in the equivalent circuit model shown

in Fig. 7, this model gives exactly the same results as state-
space-averaging.

Ues =d (14)

IV. GENERALIZED PWM-SWITCH MODEL

It is desirable to find the expressions directly by inspection
of the converter circuit. In the case of the boost converter
with ESR’s, we can see from (14), that 4., equals the duty ratio
times the current flowing through the active switch during time
interval dT, during which the active switch is closed and the
passive switch is open. This current equals the inductor current
ir. A similar approach is valid for w.s. The voltage across
the opened passive switch during time interval d7, can be
determined as a division of the capacitor voltage u¢c across R,
and R¢. From (14) it follows that the expression for u., equals
the duty ratio times this voltage across the passive switch.
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di active

du passive

Fig. 8. Generalized PWM-switch model.

Fig. 8 shows the PWM-switch model of Fig. 3, where di.
and dug, in the expressions for the controlled sources are
replaced with disciive and dupagsive, respectively.

The expressions for Zactive and Upassive are determined
from the converter topology by inspection. i,.t;ve €quals the
current through the closed active switch (from terminal a
to ¢), during time interval dT,, written as a function of the
state variables and input variables. The state variables are
the inductor currents and the capacitor voltages. The input
variables can be voltage or current sources. Similarly, Upassive
equals the voltage across the opened passive switch (across
terminals ¢ and p), during time interval dT,, written as a
function of the state variables and input variables.

The State-Space-Averaging method averages the entire con-
verter. This is realized by presenting the state equations for
both time intervals d7 and d'T; and evaluating the averaged
equations. The waveforms and duty ratio signal are divided
in two parts: A constant (dc) term and a varying (ac) term.
The cross-products of two ac terms are neglected assuming
small-signal variations which results in linearized small-signal
equations. An equivalent circuit model is obtained from these
equations. The model is limited to small-signal variations from
which only input and output variables are usually obtained.

The PWM-Switch modeling method averages the PWM-
switches of the converter. This is realized by calculating the
expressions for the controlled sources of the PWM-switch
model from inspection of the circuit as explained before.
The PWM-switch model simply replaces a PWM-switch in
the circuit avoiding small-signal assumptions. Therefore, the
resulting equivalent circuit model is valid for large-signal
variations. All internal branch currents and node voltages
are available from the circuit model. Small-signal transfer
functions can be calculated from the model.

The method is only valid for the continuous conduction
mode. When a mosfet is used for the passive switch, instead
of a diode, and it is controlled by the duty ratio opposite to the
active switch, the converter can operate in both directions and
will always operate in the continuous conduction mode. The
PWM-Switch modeling method can be applied to this type of
bidirectional converters.

u
Ly Ris =2 Rg L2 Ri2
—
I G, dTs iy

[J~-

Fig. 10. Model of converter shown in Fig. 9 with active and passive switch
replaced by a controlled current and a controlled voltage source respectively.

V. SEPARATED OR MULTIPLE PWM-SWITCHES

Each PWM dc-dc converter with a single PWM-switch can
be modeled with the PWM-switch model. There are also PWM
dc-dc converters that do not have a PWM-switch as such,
or have more than one switch. It is possible to model these
converters as well.

A. Converters with Separated PWM-Switch

A classification of PWM converter topologies with one
active switch and one passive switch has been presented in
[4]. The presented topologies are derived from five basic
topologies leading to a number of new converter topologies.
In a number of topologies the active and the passive switch are
not connected to each other. The PWM-switch as such cannot
easily be distinguished in these topologies. Such a topology is
shown in Fig. 9. This topology is referred to as topology 5.1
in [4]. The inductor and capacitor ESRs are also included in
Fig. 9. It is a buck type topology with an ideal voltage gain of
(2d — 1)/d, were 0.5 < d < 1. Tt is clear that the two switches
are separated from each other. These two switches will be
referred to as a separated PWM-switch.

The examination of the boost converter in Fig. 6 and its
model in Fig. 7 reveals that when the PWM-switch is replaced
by its model, in fact, the active switch is replaced by the
controlled current source and the passive switch is replaced by
the controlled voltage source. This can also be accomplished
with a separated PWM-switch. Fig. 10 presents the converter
shown in Fig. 9 with the active and passive switch of the
separated PWM-switch replaced by their respective controlled
sources.

Comparison of the state equations obtained from Fig. 10,
with the state equations that are calculated with the state-
space-averaging technique, will result in the expressions for
the controlled sources

ics Z—‘d(Zg + iS - 7/1)
tes = dlug + Re1(iy — 42) + ug + Rea(i1 — 43)). (15)
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Fig. 11. Converter topology with two PWM-switches [5].
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Fig. 12. Converter as shown in Fig. 11 with switches replaced by controlled
sources.

Equation (15) is also obtained when the method, described
in section “Generalized PWM-Switch Model,” is used to
determine the expressions for the controlled sources. The
PWM-Switch modeling method cannot only be used for con-
verters with a PWM-switch, but also for any PWM dc-
dc converter that has one active/passive switch pair, not
necessarily connected to each other and operating in the
continuous conduction mode.

B. Converters with Multiple PWM-Switches

A classification of converters with one and two PWM-
switches has been presented in [5]. A converter with two
PWM-switches is illustrated in Fig. 11. The ESR’s are also
indicated. Both active switches are controlled with the same
duty ratio signal. The ideal voltage gain equals 1 + d.

As shown in Fig. 12 the PWM-switches are replaced by
the model given in Fig. 8. Comparison of the state equations
obtained from Fig. 12, with the state equations that are calcu-
lated with the state-space-averaging technique, results in the
following set of expressions:

les1 = di

Uesi Zd(u2 -E, + RCQ(i2 - 'Ll) + ——Ro—ul)
R, + Rca

Ucsz =dE, (16)

To find the missing expression for i..o, we assume that
the PWM-switch S2 is ideal, which means that its switch

model has no losses. The following expression is derived from
Fig. 12:
ucs?(iZ - 7:(:52) + ics2(uc32 - Es) =0. (17)

Using the expression for u.5o from (16) in (17) results in
an expression for i.ss:

icsz = diQ.

(18)
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Fig. 13. Output voltage waveforms for different steps in the duty ratio: (a)
0.75 = 0.50, (b) 0.25 = 0.50, (c) 0.50 = 0.25, (d) 0.75 = 0.25.

The expressions of (16) and (18) for the switch model of
both PWM-switches are also obtained, when the method for
deriving the PWM switch model, as it is described in the
section “Generalized PWM-Switch Model” in this paper, is
used.

V1. DEMONSTRATION OF PWM-SWITCH MODELING

A boost converter with inductor and capacitor ESR’s, as
illustrated in Fig. 6, is taken from [6] as an example. The
circuit model shown in Fig. 7 using (14) is implemented in
the simulation program Micro-Cap III. The data for the circuit
is

E,=60V  R,=600
L=6mH R;=3Q
C=1mF Rc=10
T, =100 ps.

Results in the time domain results are presented in Fig. 13.
The output voltage waveforms are shown for different steps
in the duty ratio applied at ¢ = 1 ms. The effect of the pulse
width modulator on the transients is very small.

The same model is used to predict the transfer functions in
the frequency domain. The shown function in Fig. 14 is the
small-signal transfer function from the duty ratio to the output
voltage for different steady-state duty ratios. Here, the effect
of the pulse width modulator creates an extra phase lag which
increases linearly with the frequency.
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Fig. 14. Control to output frequency responses for different duty ratios D:
(a) gain, (b) phase.

The waveforms and functions shown in Figs. 13 and 14 are
identical to the experimental results presented in [6].

VII. CONCLUSIONS

The PWM-switch modeling method is a simple method
to model PWM dc-dc converters operating in the continuous
conduction mode. The PWM-switch model has been developed
such that the model gives the same results as the state-space-
averaging technique [1]. This resulted in a general method for
deriving the PWM-switch model. The state-space-averaging
method averages the complete converter while the PWM-
switch modeling method only averages the switches. The
averaged models of the switches are simply obtained by
inspection of the converter circuit. It is a simple and fast
method to obtain the model.

Another advantage of the PWM-switch modeling method is
that the model corresponds directly to the original converter
circuit. Only the switches are replaced by their models. All
branch currents and node voltages of the converter are directly
available from the model as averaged quantities.

The model developed with the PWM-switch modeling
method can be implemented in any circuit-oriented simulation
tool. It is a nonlinear, large-signal, averaged model. No small-
signal assumptions have been made. The nonlinearity due
to the switching process in a converter is included in the
model. Other nonlinearities, such as the duty ratio limitation,
can easily be modeled. Parasitic elements and other second-
order effects can also be added to the model. The same
model can also be used for frequency domain simulations. All
important transfer functions such as input/output impedances,
susceptibility, or loop gain can easily be predicted.

The PWM-switch modeling method has the same limita-
tion as state-space-averaging method. It is assumed that the
switching period of the switches is small compared to the time
constants of the converter, which is usually the case.

The PWM-switch modeling method is only valid for the
continuous conduction mode. It can be applied to bidirectional
converters which always operate in the continuous conduction
mode.

An interesting feature is the possibility that the method
presented can be used to model other types of converters than
PWM dc-dc converters. Equivalent circuit models for resonant
switches in quasi-resonant converters are presented in [7]. The
equivalent circuits for the resonant switches show similarities
to those for the PWM-switches. This could imply that it is
possible to join them into one general model.
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