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QUADRATIC HARNESSES, ¢-COMMUTATIONS,
AND ORTHOGONAL MARTINGALE POLYNOMIALS

WLODZIMIERZ BRYC, WOJCIECH MATYSIAK, AND JACEK WESOLOWSKI

ABSTRACT. We introduce the quadratic harness condition and show that in-
tegrable quadratic harnesses have orthogonal martingale polynomials with a
three step recurrence that satisfies a g-commutation relation. This implies
that quadratic harnesses are essentially determined uniquely by five numerical
constants. Explicit recurrences for the orthogonal martingale polynomials are
derived in several cases of interest.

1. INTRODUCTION

Hammersley [23] introduced harnesses on R™ as probabilistic models of long-
range misorientation in the crystalline structure of metals. Several authors studied
mathematical aspects of the concept: Mansuy and Yor [28] analyzed harnesses on
R, Williams [40] analyzed harnesses with the discrete index set; see also [17], [30],
[41], [42]. The class of random fields on Ry which we call quadratic harnesses is re-
lated to Hammersley’s harnesses in parallel to the relation between martingale and
quadratic martingale conditions. Such processes have already been studied implic-
itly by several authors; see the paragraph following Definition In particular,
ref. [I4] gives a construction of the three parameter family of Markov processes
with the quadratic harness property. Some of these processes are related to the free
Lévy processes, and some correspond to the non-commutative g-Gaussian processes
introduced by Frisch and Bourret [2I] and studied in [7]. Examples of quadratic
harnesses appear in mathematical literature; see [14], [39], and see also more recent
works [10], [12], [13]. In full generality however, constructions of quadratic harnesses
on R, are not yet completely understood. In this paper we concentrate on proper-
ties and uniqueness of quadratic harnesses. We show that quadratic harnesses are
described by five numerical constants, which, under appropriate integrability con-
ditions, determine the process. We also study related integrability properties of a
slightly wider class of processes, improving earlier results of that type [9, Corollary
4], [11, Theorem 2], [39, Theorem 2(1°)]. We show that martingale polynomials
associated with a quadratic harness that has finite moments of all orders lead to a
g-commutation equation

(1.1) % ylg = 1+ 7% 4+ ay® + Ox + 1y,

Received by the editors June 8, 2005 and, in revised form, September 26, 2005.

2000 Mathematics Subject Classification. Primary 60J25; Secondary 461.53.

Key words and phrases. Quadratic conditional variances, harnesses, orthogonal martingale
polynomials, hypergeometric orthogonal polynomials.

This research was partially supported by NSF grants #INT-0332062, #DMS-0504198, and by
the C.P. Taft Memorial Fund.

(©2007 American Mathematical Society
5449

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



5450 WLODZIMIERZ BRYC, WOJCIECH MATYSIAK, AND JACEK WESOLOWSKI

where x,y are infinite matrices satisfying xeq = 0,yeq = eg with eg = (1,0,...)T

(X, ylq = xy — ayx,

and where ¢,n, 0,0, 7 are numerical constants that describe the quadratic harness.
This hints at more connections with non-commutative probability theory, ¢-Fock
space constructions, and classical versions of non-commutative processes; see [7].
Relation (L)) defines an algebra on two generators. Such algebras have been studied
by other authors and can take many equivalent forms; see [38]. In this paper we
use (LI to prove that quadratic harnesses with finite moments of all orders have
orthogonal martingale polynomials and to derive their three term recurrences. The
explicit three term recurrences that are associated with quadratic harnesses include
a four-parameter family of the polynomials in Section and a four-parameter
family of g-orthogonal polynomials in Section Later, in [I0] we extend the
construction from [I2] to the construction of a quadratic harness, which we call the
bi-Poisson process, based on one of the explicit recurrences from this paper.

Some of our arguments rely on the symmetries of the problem, though perhaps we
did not explore the symmetries deeply enough. The family of quadratic harnesses
that we study is invariant under the action of the translations and reflections of R,
and the associated affine Hecke algebra is known to be associated with the Askey-
Wilson polynomials; see [29]. It is plausible that the theory of affine root systems
[27] might lead to additional progress.

The paper is organized as follows. In Section [2] we define quadratic harnesses
and state the main results. Proofs of the main results are given in Section [B]
with some more technical proofs deferred to the appendix. In Section E] we derive
explicit recurrences for the orthogonal martingale polynomials. We also introduce
an operator technique motivated by umbral calculus that simplifies the proof of the
quadratic harness property.

Note added after submission. After this paper was submitted, we learned that
equations similar to (ILT)) appear in the analysis of the asymmetric exclusion process
[16], and that various tri-diagonal matrix solutions are known; see in particular [36,
Section 4], where such solutions are elegantly expressed in terms of the Jacobi
matrices of the Askey-Wilson polynomials with appropriate parameters. Essler
and Rittenberg [I9] consider the general quadratic g-commutation relation (L)
and provide details in two important cases when n =60 =0, or n =6 = 1.

2. DEFINITIONS AND MAIN RESULTS

2.1. Harnesses and quadratic harnesses. Let (X;);>0 be a separable square in-
tegrable stochastic process with o-fields Fy , = 0{X: : t € (0, s]U[u, 00)}. Consider
the following two “increment” functionals:

X, - X,
9.1 Ape=Apu(X) = Zw—2t
2.) = A(x) = e
(2.2) Rpw = Apu(X) = 7“)(”?“.
-

Both functionals appear in the statement of Theorem below, and the second
one is the time-inverse of the first one. Namely, if (X};):~ denotes the time-inverse
process (tX1¢)¢>0, then

Et,u(X) = Al/ml/t(jz), 0<t<u.
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Definition 2.1 ([28]). An integrable process (X¢)¢~o is a (simple) harness if
E [As,t| }_r,u] = Ar,u
for every r < s <t < u.

A trivial example of a harness is a Gaussian process with covariance (Z3)); addi-
tional examples follow Definition As pointed out in [28], the harness condition
is equivalent to the linearity of the regression property

(23) E [Xt| fs,u] = at,s,qu + bt,s,uXua
where the coefficients are given by
—¢ t—
(2'4) Gt s.u = - ; bt,s,u = i .
uU—8 uU—$

It is clear that a; 5,4 +bt s, = 1 and sas 5, +ubs s ., = t; these two identities will often
be used. Since condition (2.3) is invariant under the time-inversion (X;) — (tX1 ),
another equivalent condition for a harness is

E {Ks,t

fhu] = Ar,u, r<s<t<u.
The general form of the covariance of a square-integrable harness is as follows.

Proposition 2.1. If (X;) is a square-integrable centered harness on Ry, then there
are constants cg, c1, Ca, c3 such that for s <t we have

(2.5) E(X:Xs) = co + c15 + cat + c3st.

Proof. Multiplying ([23) by X, and averaging we get E(XX;) = ats,E(X?) +
b s wE(XsXy). Thus E(X;X:) = a(s) + B(s)t is linear in ¢t and E(X;X,) =
at,s uB(XsXu) + br s uE(X2) = v(u) + §(u)t is linear in ¢. This gives a functional
equation

a(s) + B(s)t = y(t) +6(t)s,
which, by taking s = 0, gives v(t) = «(0) 4+ 5(0)t. Thus E(XX;) = co+c15+ cat +
c3st. O

For a centered standardized square-integrable Z that is independent of a qua-
dratic harness (X;), taking (X;) = (X, 4 (t+1)Z) we get a quadratic harness with
E(X,X;) = E(X,X;) + 1+t + s+ ts. To avoid such non-uniqueness, throughout
this paper we assume that

(2.6) E(X;) = 0, E(X,X,) = min{t, s}.
If [2.6) and (23] hold true and 0 < s < ¢ < u, then
t
(2.7) E[ Xy F>u] = EXu
and
(2.8) E[X:| Fes] = Xs;

see [I4, (4) and (5)]. From the martingale (Z8]) and reverse martingale (Z1) con-
ditions it follows that the limits Xy := limsy o Xy, and limy o X¢/t exist with
probability one. Under assumption (2.6) we have

(29) }l\l’%Xt = 0, tli{]go Xt/t = 0,
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so without loss of generality we may extend (X;)¢~¢ to include the value Xy = 0
when convenient. Similarly, we may extend (X;);s0 = (£X; /t)t>0 to include the
value X’o = 0 corresponding to ¢t = 0.

We now turn to the quadratic harness condition. The familiar quadratic mar-
tingale condition associated with the martingale property (Z8) can be written as

(2.10) E[X}|Fes] = X2+t —s.

This suggests that the quadratic harness condition associated with the simple har-
ness property ([Z3]) should be written as

(211) E [Xt2| fs,u] = Qt,s,u(Xs;Xu)a
where
(212) Qt,s,u ($7 y) = At,s,ux2 + Bt,s,uxy + Ct,s,uy2 + Dt,s,ux + Et,s,uy + Ft,s,u

is a quadratic form in variables z,y with time-dependent coefficients; under as-
sumption (Z.6) we trivially have

(213) SAt,s,u + SBt,s,u + uct,s,u + Ft,s,u =t.

Definition 2.2. A square integrable process (X¢)¢>0 is a quadratic harness on R
if it satisfies conditions (23) and ZTTI).

The well-known examples of quadratic harnesses are the Wiener, Poisson, and
Gamma processes. Ref. [39] identifies all quadratic harnesses with covariance
[28) when the quadratic form on the right hand side of (ZII)) is such that the
corresponding conditional variance is a function of the increments X,, — X only; this
adds to the already listed examples two additional Lévy processes: the Pascal, and
Meixner processes. A related non-commutative form of condition ([2IT]) appears
in [6]. The main result of [14] asserts that quadratic harnesses with covariance
([28) which satisfy the quadratic martingale condition (ZI0) are in fact uniquely
determined ¢g-Meixner Markov processes. A quadratic harness that does not satisfy
condition (ZI0)) is analyzed in [12].

2.2. Five-parameter representation. Generically, the quadratic form Qs . on
the right hand side of (2.I7]) is determined uniquely up to five numerical parameters.

Theorem 2.2. Let (X;) be a quadratic harness with covariance (26]). Suppose that
(2.11)) holds with Fy 5, # 0 for all0 < s <t < u, and that 1, Xo, X¢, X Xy, X2, X2
are linearly independent for all 0 < s < t. Then there exist n,0 € R, o,7 > 0, and
q <1+ 2y/o7 such that

X, — X, uX, —sX,
(2.14) Var [ X| Fou] = Frsa K< e )

u—=S u—=S

for all0 < s <t < u, where

. (u—=t)(t—s)
(2.15) Frou = w(l+os)+7—gs

and
K(x,y) =1+ 0x+ 7" +ny + oy® — [x,y]q

comes from (IL1l), and is applied here to commuting variables As ,,, Ay .

)
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Recall that the conditional variance of X with respect to a o-field F is defined
as Var[X|F] =E [ X?| F] — (E[X|F])*.

Remark 2.1. Time-inversion (X;) ~ (tX,,;) preserves the class of quadratic har-
nesses, modifying the coefficients in (I?:ED) More precisely, suppose (X;) satisfies
the assumptions of Theorem 2.2], and let Xt =tX; [t be its time inverse. Then (Xt)

is a quadratic harness with respect to its o-fields 7:s,u = Fi/u1/s, and (ZI14) holds
with the roles of the parameters (n,6) and (o, 7) switched within each pair:

~ ~ [ X,— X, uX,—sX,
fs,u:|:Ft,s,uK< 4 > >

Var {X’t

u—s = u—s

e and K(xy) = 14 mx + 0 + 0y +7y* = [x,y],. Ref

[22] gives criteria for time-inversion invariance of Markov processes.

where Fi . =

2.3. Orthogonal martingale polynomials. Suppose that a quadratic harness
(X:) has moments of all orders and martingale polynomials p,(z;t) of all degrees
n > 0, that is,

(2.16) E [pn (Xe;8)| F<s] = pn (Xs58), 0 <s <t
Clearly, pg = 1 and p; (z;t) = x are natural initial choices; see ([2.8]). Since zp,(z;t)
is a polynomial of degree n + 1, it follows that

n+1
(2.17) xpp(x;t) ch" Yk (x; t).

Theorem 2.3. Suppose a quadratic harness (X¢) with covariance (26]) and condi-
tional variance (214]) has finite moments of all orders and martingale polynomials
pr(x;t). If for each t > 0 the random variable X; has infinite support, then recur-
rence (2I7) holds with the infinite matrices

[ Coo(t) Cor(t) Coa(t) Cos(t) i
Cro(t) Cu(t) Cia(t) Cus(t)
c, 0 Can(t) Caxn(t) Cas(t)
0 0 Cso(t)  Css(t)
0 0 0 Cys(t)
given by ) _
(2.18) C,=tx—+y, t>0,

and the infinite matrices x = C1 — Cq, y = Cy satisfy equation (IL1I).

From Theorem 2.3 we derive a number of equations that eventually determine the
orthogonal martingale polynomials. Namely, it is well known that for orthogonal
martingale polynomials {p, (z; t)} recurrence (ZI7) holds with a tri-diagonal matrix

C; see [15]. Writing (217) as
(2.19)  apu(@;t) = an(O)pns1(258) + bn(O)pn(51) + cn(t)pn-1(25t), n >0,
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from ([2I8) we get

(2.20) an(t) = cpi1t + Buy1, bu(t) =t +06n, cn(t) =ent + on,

and the coefficients in ([Z20) satisfy a number of equations that result from the
g-commutation equation (LI]). Setting p_1(x;t) =0, po(x;t) =1, p1(z;t) = x, and
using (Z0]) we see that the initial values are given by

(221) 051:0, ﬂ1:1, 70:50:0, 6121, (,01:0.

For n > 1, (L)) implies that coefficients ay,, Bn, Yn, On, @n, €n satisty

(222) U2Tanan+1 + Uan/Bn+1q + O—/BnﬁnJrl = JanJrl/Bna

(2.23)  Bat1Vnt1 +0ant1dy,
= 001 (Vn + Y1) + (00110011 + Bry17n)q + Bns1(0n + Ony1)o
+ o410 + Bngan,
(2.24)  Bnti1Ent1 + Vnln + oane,
= (0ni1Ent1 + 77 + 0nEn)T + (0119041 + Ynbn + Bnen)q
+ (Bug1Pnt1 + 65 4 Bnon)o + b + Sun + 1,
(2.25)  Yn—19n + dnen
= (Yn—1+ W)enT + (VnPn + 0n—180)q + (dn—1 + 6n)Pn0 + €00 + 1,

(2'26) EnPn+l = EnEn4+1T + Ent1Pnq + PnPn+10.

If an(t) # 0 for all n, then the three step recurrence ([2I9) defines a family of
polynomials in the variable x. We now show that these are indeed the martingale
orthogonal polynomials for (X%).

Theorem 2.4. Suppose a quadratic harness (X;) with covariance (28l) and condi-
tional variance (214]) has finite moments of all orders, parameters q,n,0,0,7 are
such that (q,07) # (—1,1), and the equations (221)-(1226]) have a solution such
that a,(t) # 0 for allt > 0, n > 0. Let {p,(z;t) : n > 0,t > 0} satisfy (219) and
(220) forn =0,1,... with p_1(x,t) = 0,po(x,t) =1, p1(z,t) = x. Then {p,(x;t)}
are orthogonal martingale polynomials for (X¢). (In particular, a,(t)c,(t) > 0.)

In Section Ml we give sufficient conditions in terms of parameters ¢, 7,6, 0,7 for
the assumptions of Theorem 2.4 to be satisfied, and we derive explicit three step
recurrences for the orthogonal martingale polynomials in several cases of interest.
If quadratic harnesses (X;)¢~o and (Y3):>o satisfy the assumptions of Theorem [2.4]
with the same parameters ¢, 7,0, o, 7, then

E(X X2 XF) = B(Y/' Y2 )

forall k> 1,0 <ty <ty <- -+ <tg, and ny,...,nE € N. Under appropriate inte-
grability conditions, this implies that (X;) is a uniquely determined Markov process
with parameters ¢,7, 0,0, 7. In particular, this is the case when sup,, |b,(t)| < oo
and sup,, |an—1(t)en(t)] < 00, as in this case recurrence (ZI9]) corresponds to a com-
pactly supported measure; see [4, Section 2]. However, the question of existence of
such a process is non-trivial and the constructions are known only in special cases;
see [10], [12], [14].
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Next, we show that the integrability assumption of Theorem 2.4is automatically
satisfied if o7 = 0. We remark that the result stated below does not use the full
power of the quadratic harness condition and generalizes [11, Theorem 2] and [39]
Theorem 2(1°)]. Since

Var [Xt‘ fs,u] =E [Xt2| fs,u] - (at,s,qu + bt,s,uXu)Z;

using (29) we can pass to the limit in (ZI4) as u — oo or as s — 0. This gives

t—s
(2.27) Var [ X;| F<s] = o (e X2 +nX,+1),
_ tlu—t) (X} Xu
(228) Var[Xt|}"2u] = ut T <TF+07+1 .

Theorem 2.5. If a square-integrable stochastic process (X;) with covariance (2.6])

satisfies (27), (28), (227) and (Z28) with o,7 > 0 such that or < 1/247+10

for some r > 2, then E(|X{|") < oo for all t > 0. In particular, if o7 = 0, then
E(|X¢|") < oo for all r,t > 0.

3. PROOFS OF THE MAIN RESULTS
3.1. Proof of Theorem For 0 < z < y < z define
Ay,m,z + By,r,z + C ST,z T 1

o =
Y,x,z ’
Fy,:z:,z
2 2 2
T — z Ay,r,z + ZZBy,m)z +z Cy,m,z -y
Y, x,z s
' Fy,a:7z
. By,r,z (Z B x) _ Dy,r,z + Ey,m,z 0 _ ny,I,Z + ZEyver
1+ Qy,x,z *— s Ny,x,2 *= y Uyx,z = .
F, F, F,
Y,T,z Y,T,% Y, T,z

We will show that the left hand sides of the above equations do not depend on the
arguments y, x, z. To this end we use three claims, proofs of which are given in the
appendix.

Claim 3.1. For all 0 < x < y < z, and for f = 0, 7,q,7n,0 we have
(3.1) fywz = frm,0

provided z < ¥ < z.

Claim 3.2. Forall 0 <z <y < z, and f =o0,7,q,n,0 we have
(32) fy,:c,z = fy,f,za

provided 0 < T < y.

Claim 3.3. Forall 0 < z <y < z, and f = o, 7,¢,n,0 we have
(3.3) fyaz = fyuz

provided Z > y.

It is easy to deduce that (B1)), B2) and B3] imply that functions o,7,¢q,n,0
are in fact constants. Indeed, given 0 < x1 < y; < 21 and 0 < 2 < ys < 23, and
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f=o0,7,q,n,0, with T := min {z1, 22} and 2 := max {21, 22}, we see that

fymclm = fyl,xl,E by Claim m
= fy 5,2 by Claim B2
= fys.7.3 by Claim 31}
= fys,22,% by Claim [3.2]
= fys,ao,22 by Claim

(If z3 = T or 23 = Z, one or both of the last two steps is unnecessary.) So, for all
0 < s <t <u we have

(3 4) o= At,s,u + Bt,s,u + Ct,s,u —1 S 82At,s,u + SUBt,s,u + U2Ct,s,u —t
’ Ft,s,u ’ Ft,s,u ’
Btsu(ufs) Dtsu+Etsu 5Dtsu+UEtsu
3.5 14g= "0 20 = 20 SIS
( ) * 1 Ft s,u K Ft,s,u Ft,s,u

The above equations, along with (2.13)), form a system of linear equations in vari-
ables A¢ s, ..., Ftsu. This system must be solvable for all 0 < s <t < u, so its
determinant (u — s)3(u(1+ os) + 7 — gs) # 0. As u — o0o,s — 0, the expression
u(l + os) + 7 — gs is positive. Thus u(l + os) + 7 — ¢s > 0. Taking the limits
s—=0u—0,s=1,u—oo,and s > u,weget7>0,0>0and ¢ <1l4+ou+7/u
respectively. Minimizing the latter over u > 0 we get ¢ < 1 + 24/67. The unique
solution of the system of equations is given by (213 and

(u—t)[u(l +ot) + 7 — gt]

(3.6) A = )t os) b7 —qs]
(3.7) Bran = _(1;)[5()1(1;5(1;(1—) gs] ’
(38) Ctou = (giiﬂi((lﬂifﬁf_qi} ’
(3.9) Drsw =1 (usj[t)((f Iil()ui?e)qs} ’
(3.10) Braw = 4 - s;[t)((f; j)s()oj::i)qs}

A calculation shows that ([2.14]) holds.

3.2. Proof of Theorem 2.3l
Lemma 3.4. Under the assumptions of Theorem 2.3,

(3.11) Ci=atsuCs + bt 5suCu s

(3.12) C} = Q1,5,u(Cs, Cu),

where (compare (2.12))

(3.13) Qi sulxy) = At7s,uX2 + By s uxy + Ct,s7uy2 + Dyt sux+ By g0y + Fi s,
with the coefficients given by (IZ13)) and (B.6)—-(BI0).
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For the proof of Lemma [34] see the appendix. Note that from (BII]) it follows
that C; = tx +y for some infinite matrices x,y. Expanding the expressions such as
C? = 22 + t(xy + yx) + y? on both sides of [B.12) we get
(3.14) 5 +t(xy +yx) + ¥ = Apou (85 + s(xy +yx) +¥7)

+ Bt s (y2 + uyx + sxy + sux2) + Ctsu (u2x2 + u(xy + yx) + y2)
+ (Dt,s,u + Et,s,u)y + (SDt,s,u + U«Et,s,u)x + Ft,s,ul-

Applying the relations 213), B4)), and B3) to the coefficients at each of the
monomials in (BI4) we get

xy+yx:7x2+0y2+ny+9x+I+(1+q)yx,
which is the same as (LI)).
3.3. Proof of Theorem [2.4]

3.3.1. Martingale property (IZ106]). We proceed by induction on n. Trivially, (2.16))
holds for n = 0,1; see (2.8). Assume then that n > 1 and that (2I0) holds for
0,1,...,.n—1land all 0 < s < t.

Lemma 3.5. Denoting

X ::E[pn (Xu;u)|-7:§s]a y::E[pn (Xt;t)|-7:§s]a

we have
(3.15) bt,s,u@n-1(W)X — an_1(t)Y = —ar,sutn-1(5)pn (Xsi5),
and
(3.16) Ct s utn—2(u)an—1(u) X —ap_2(t)an_1(t) Y
= —an—1(8)pn (Xs; ) (At,sutn—2(8) + Bt s u@n—2(u))
for allm > 1.

The proof of this lemma is in the appendix. Subtracting equation (BI5) multi-
plied by a,_s(t) from BI6]), we get
an—l(u) (Ct,s,uan—Q(u) - bt,s,uan—Q(t)) X

= _anfl(s)pn (Xs§ 5) (At,s,uan72(s) + Bt,s,uan72(u) - at,s,uan72(t)) .

Now we notice that

(3.17)

Ct,s7uan72(u) - bt,s,uan72(t>
_ (t—s)u—1) |
T (u—s)[u(l+o0s)+ 71— gs] [(gs = T)oan—1 + (1 + 50)6n-1];
see (24), [220)), and (B.8]). Similarly,
At,s,uan—Q(s) + Bt,s,uan—Q(u) - at,s,uan—Q(t)
_ t=s)u-1 )
~ (u—s)[u(l+0os)+7—qs] [(qu = T)oan—1 + (1 +uo)Bp].
Since ([2.22)) implies that
anfl(u)((qs - T)Janfl‘f'(l + 30—)/877,71)

= ap—1(8) ((qu — T)oap—1 + (1 + uo)Bn-1),

(3.18)
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and a,_1(u) # 0 by assumption, therefore, (3.17) becomes
(3.19)
((gs = T)oan—1+ (1 +80)Br-1) X = ((gs — T)oan—1+ (1 + 50)Bn-1) pn (Xs; 8) -

It remains to verify that
(3.20) ((gs —T)oon—1+ (1 4 s0)Bn-1) # 0.

Since (3,1 = an—1(0) # 0 by assumption, this is trivially true if o = 0. Suppose
o > 0 and ([320) is not true. Since a,—1(u) # 0 from BI]]) we see that then the
left hand side of (3:20)) must vanish also when s is replaced by w. Thus

(321) U(O‘nflq + ﬁnfl) =0, ﬁnfl —oTap—1 = 0.

Since 8,,—1 # 0, the determinant of the system of equations ([B.21]) is zero, ¢+o7 = 0,
and the second equation in (B21) gives o7 # 0. Since oy = 0, from ([2:22) with
q=—0o7 # 0 we get a;j = f3; for all j > 1. As o7 # 1, this contradicts (3.2I)). Thus

B20) holds. By (3:20), from (BI9) we get
X = Pn (XS7 8) ’
which means that {p,(z;t)},., is a martingale for every n > 0.
3.3.2. Orthogonality. Now we shall show that polynomials {p, (z;t)}, are orthog-

onal with respect to the distribution of X;. Since the polynomials satisfy the three
term recurrence ([2.19)), it suffices to show that for all k =1,2,.. .,

(3.22) E(pr (Xi5t)) = 0.

Clearly, by the martingale property, pur = E(pg (X¢;t)) does not depend on ¢t. We
proceed again by induction. From @Z) we see that a1(t) = 1 + ot, so
(1+0t)pa(x;t) = 22 — by (t)p1(x;t) — t. Since py(z;t) = x, assumption (Z.6) implies
that (3:22) holds for k = 1,2. Assume then that for some n > 3 we have pup = 0
for all 1 <k <n-—1. By (2I19),

E(Xipn (X43t)) = an(t)E(pnt1 (Xe:t)) = an(t) phng1-

By (27), the martingale property of {p,(x;t)},, I9) and the induction assump-
tion, the left hand side of the above equation transforms into

E(Xopn (X51)) = B(SE[X,| Forl pu (Xi50)) = “E(X,E [pn (Xis)] ]

= E]E(Xspn (Xs; S)) = éan(S)E(pn+l (Xs§ 8)) = éan(s)ﬂn+l’

SO
(ans(s) o ant(t)> fini1 = O.
Since
an(s) an(t) - t—s
st = an(0) ts 70,

we get finy1 = E(pny1 (X¢;t)) = 0, and the orthogonality of {p,(z;t)},, is proved.
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3.4. Proof of Theorem The proof is based on the following two lemmas, the
proofs of which are given in the appendix.

Lemma 3.6. Suppose X,Y are square-integrable, standardized, and there are con-
stants €, A, B > 0,0 < p < 1 such that

1— p?)e?
(3.23) E[(X —pY)?|Y] < A+B|Y|+(17Y2,

1— p?)e?
(3.24) E[(Y -pX)?|X] < A+B|X|+%X2.

If 2e < p < 1, then there are constants C1,Co < oo such that for x > 0 we have
Pr(|X]| > 2z/p) + Pr(|Y] > 22/p)
42 1+p

< (Cl/xQ +Cy/x + mﬁ) (Pr(|X| > z) + Pr(|Y] > z)) .

(3.25)

Lemma 3.7. Suppose X,Y are square-integrable, standardized, E(|X|P)+E(]Y|?) <
oo for some p > 1 and the assumptions of Lemma are satisfied with constants
e>0,0<p<1 such that

(3.26) ort32l 0 pis,
1—p "~

Then E(|X[PFY) + E([Y|PH) < o0.

Proof of Theorem [Z8l Let r > 2 be fixed. Since our proof relies only on inequali-
ties, if o7 = 0 we can increase slightly the values of the parameters o, 7 on the right
hand sides of [Z28) and ([227) to ensure o', 7" > 0 and o'7’ < 274719 replacing
both equalities by the appropriate inequalities; thus without loss of generality we
may assume that o7 > 0.

Let p = r —1 > 1. Define €2 = \/o7/2, to = 7/¢%, and sg = €?/o. Then
the correlation coefficient between X, and X;, is p = /so/to = €%//oT = 1/2.
From the inequality form of ([Z28) and (227]) we deduce that random variables

X =X,,/\/S0 and Y = X /\/to satisfy (3.23) and ([B3:24) with
2
max{[n|e/Vo, |0]v/7/e}.

1- 1—p?
p B p
Condition (B:28) is satisfied since with 7 = p + 1 we have (o7)%/? < 1/22P*7. Thus

T 142 T 1ye2

2p+3€2¥ _ gpt332 Pt (o) 1/2 < 1 joptE — ppt8,

Therefore, by Lemma B E(|X;,|") = E(| Xy, [P*!) < co. Observe that if E(|X¢,|")
< oo for some to > 0, r > 1, then E(]X;|") < oo for all ¢ > 0. Indeed, if E(|X¢,|") <
oo then E(|X;|") < oo for all s < ¢ by (28). Similarly, E(]X,|") < oo for all v > ¢
by (7). Therefore, E(|X:|") < oo for all t > 0. O

4. EXAMPLES OF EXPLICIT RECURRENCES

In this section we will call (X;) a quadratic harness with parameters ¢, 7,6, 0,7

it 23), 26), and 2I4) hold. Our goal is to derive explicit versions of [2Z19) at

the expense of additional assumptions on the parameters.
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Theorem 4.1. Suppose (X;) is a quadratic harness with parameters 0 < o1 < 1,
—1 < q<1-2y/or. Moreover, assume that for each t > 0, the random variable X;
has moments of all orders and infinite support. Then (X;) has orthogonal martin-
gale polynomials which are given by recurrence (219) with po(z,t) = 1, p1(x,t) =z,
where the coefficients of the recurrence are linear functions of t,
(4.1)  an(t) = cappit+ Bnr1, bn(t) =yt +dn, cn(t) = (But + Tan) wn,
which are determined as follows.

(1) The initial conditions are

a; =0, =1,7%=0 =0, w; =1

(2) Sequences (a,), (Bn) satisfy

Q41 q 1 Qp
4.2 = X , n>1.
( ) |: ﬁnJrl ] |: —o7r 1 ] |: ﬁn :| o
Moreover, denoting

)\n7k = ﬁnﬁn+k — OTOnQp 4k

we have A, >0 for alln >1, k> 0.
(3) Setting Ao2 = ap = By = 0, sequences (), (0n) satisfy the following
system of linear recurrences:

q+oT
Tn+1 = b\ 20 ()\n,ZIVn + (an+2ﬁn - /8n+2an)06n)
(o %% ﬁn
(4.3) 3 22 (a1 + 0Bns1) + h\ 2 (@1 + 1Bns1),
n+2,0 n+2,0
+oT
5n+1 = (j\ 20 ()\n,26n + (an+2ﬁn - /8n+2an)7—'7n)
n 5
Bn Tan
T (rans + 0B + 3 (000 + ), n > 0.
n+2,0 n+2,0

(4) Sequence (wy,) satisfies the linear recurrence

(q+or) 11
= T w
Ant1,1
+ 1+ ’Yn(T'Yn - 5n + 0) + 6n(q’}/n + 0'5n =+ 77)
Ant1,1

Wn41 = n

(4.4)
n>2

)

with the initial term

(1—0o7)*+ (n+00)(0 + 1)
(I1—-07)?2(1—07(2+4q))

Remark 4.1. If —1 < g < 1 — 24/oT, then the explicit solution of recurrence ([£2))

is

wy = (1+4q)

DD O W D N W)
Ay — A - Ay — A ’

(4.5) oy =

where

)\i:%(1+qi\/(1+q)2—4(q+07)).

The proof of Theorem [Tl relies on Theorem 2.4l and the following lemma.
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Lemma 4.2. Ifor <1 and —1 < ¢ < 1—24/07, then the solutions of (E2l) satisfy
Bn > VoTay, > 0.
In particular,
Onfni1 > OTQ 1, ﬂg > 070[% , foralln > 1.

Proof. From the explicit solution in Remark 1] we see that |A_| < |A;| and hence
an > 0 for n > 1. We now prove by induction that 3, > /o7« for all n. This
is trivially true for n = 1; see ([22I)). Suppose the inequality is satisfied for some

n > 1. Then ([@2) implies that 5,11 —+/0Tan+1 = (1=/07)Bn—voT(q+/0T)ty, >
(l_ﬁ)(ﬁn_ﬁan) > 0. g

Proof of Theorem [l By Lemma B2 a,(t) = cayp1t + Bur1 > Bner > 0 for all
t >0, n > 0. Moreover, recurrences [@3)), (£4) are well defined and have a unique
solution. Therefore, to end the proof we need only to verify that with

(46) En = WnGn, Pn = TWpQn,

the equations ([Z.21)—([2.20) are satisfied. Trivially, (221I]) holds true. It is easy to
verify that the solution of (£2)) satisfies (222). Using (0] from ([@2]) we also get

@28). It remains to show that equations ([223)), [224), and (228 hold. We will

rewrite these equations using [@2]) and its equivalent form

(4.7) @Pn+1 + 0T = (¢ +07)Bn, Pry1 — ang1 = —(¢+0T)o, n > 1.
Equation (Z23)) is equivalent to

Vnt1(Bnt1 — 0TOn41) = 6410 (Brg1 + any1q)
= (UTan+1 + Bn—&-IQ)rYn + 5na(ﬂn+1 - an+1) + Gan+10 + 671—}-177-
Using (£2) and ([@7), we can rewrite it as

(4.8) Yny1Bny2 — 00ny10m12=(q+0T)BnYn—(q+0T)00n0n + 010 + Bry1n.

Similarly, (Z25]) for our sequences can be rewritten as

Wn (On41(Bns1 — oTan11) = T¥ns1(Bag1 + qng1))
(4.9)
= Wy ((¢Bnt1 + 0T 11)0n + T(Brut1 — Ang1)Yn + 081 + 1T 1)

Equations (8], ([£3) are satisfied; in fact, [£3)) was obtained by solving this system
of equations when w, > 0. Thus (Z23) and ([225) hold. Substituting (£8) into
(224)) and using (£2)) and Lemma [£2] we get

Bn(qBn + oTaw,) + o1 (Bn — an)
Bn+1Bn+2 — OTQn 410042
L+ 9 (T9n — 60 + 0) + 60 (g0 + 06, +1)
Brn+1Bnt2 — OTQn 10042

Since (@) holds, thus [224) is equivalent to ([@4)). O
Remark 4.2. From (@3] we get

Wp41 = n

_|_

n+ 6o 5 T +0
1=

4.1 =
(4.10) R 1—o7

)
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which implies that the initial recurrences are
(4.11) xpo(z;t) = p1(x;t),

(412)  apr(a:t) = (1+ ot)po(as ) + (0D E (1 +6)

1—o0ot1

p(x;t) + tpo(w;t).
Thus the first three orthogonal martingale polynomials are
po(z;t) =1, pri(ait) =,

413
(4.13) oty = — L o (n+00)t +n7 + 0 t

T T — .
1+ ot (1-07)(1+ 0t) 1+ ot
4.1. Free quadratic harnesses. Free harnesses have parameter
(4.14) q=—orT.

The adjective “free” is motivated by the fact that when o7 = 0 this choice is related
to free convolutions that arise in free probability; see [14, Section 4.3] and [12]
Section 4]. In general, from Theorem [4.]it is clear that this choice of ¢ significantly
simplifies the recurrences. It is not obvious whether this case is further related to
free convolutions; see however [26].

Assuming o7 < 1, (I4) implies that —1 < ¢ < 1 — 24/07, so it follows from
Theorem [£.1] that the orthogonal martingale polynomials exist. It is easy to check
that the solution of (.2l is

(4.15) an=>0-07)""2 Bp=1—-07)"2% n>2

For our choice of ¢ and n > 0 we have

2 2 2n+1
Ant2,0 = Bppo — 0T 0 = (1 —0T) ntl

Using this identity, from [@3]) we get for n > 2,

_n+200+noT

" (1707)2 ’
5 _O0+2nT+00T
" (1—(77')2 '

Similarly,
>\n+1,1 = Bn+1Bnt2 — 0T 410012 = (1 - UT)%, n > 0.
Substituting this and d,,, 7, into [{4), we get

(1—071)?+ (n+00)(0+nT)
)Qn ’

Wn = n > 3.

(I1-o7

We also compute
(1—o071)2+ (n+00)(0+nT)
(1- 07)3

Wy =
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Therefore recurrence (219) with initial values [221]) gives
(n+20c+no7)t+0+2n7 + for

zpa(z) = (1 —o7)(1 4 ot)ps(z) + A=) p2(z)
2
# U LSO ),
(n+ 200 +not)t + 60 + 2n7 + boT

apn(r) = (1= o7)" " (1 + ot)ppsa(z) +

Pn ()

(1- 07)2

(1—07)*+ (n+600) (0 +n7)
(1—or)nt2

(t+ 7)pn—1(x)

for n > 2. After renormalizing the n-th polynomial by (1 — o7)®=2)(n=1)/2

denoting

, and

¥y=m, 6 =0y,
see ({LI0), from Theorem 1] we get the following.

Proposition 4.3 (Free quadratic harnesses). Suppose (X}) is a quadratic harness
with parameters such that 1 +~v§ > 0,0 < o7 < 1, and ¢ = —o7. If for t > 0, the
random variable X; has all moments and infinite support, then it has orthogonal
martingale polynomials given by the three step recurrences

zpo(z;t) = pi(w;t),
api(z;t) = (L4+ot)p2 + (vt +0)pi(a;t) + tpo(a;t),
+od)t+o+T 14+ ~9
spalast) = (U otpalast) + T ) 1 250 i),
+08)t+6+
wpalait) = (1t otpup(zt) + 2 01)_07 it
14+ 99
L -~ . > 3.
(1_07_)2(t—|—7)pn 1(x;t), n >3

Remark 4.3. The recurrence in Proposition is a finite perturbation of the con-
stant coefficient recurrence which was analyzed by many authors; see [34] and the
references therein, and see also [32] and [5] (4.29)].

Remark 4.4. In [12] we show that the free bi-Poisson process is associated with the
generalized free convolution studied in [8]. It is interesting to ask if an analogous
situation occurs for the general free harnesses of Proposition [£.3} for recent exten-
sions of generalized free convolutions to perturbations of higher-order terms, see
[26].

4.2. Classical quadratic harnesses. The classical quadratic harnesses have pa-
rameter ¢ = 1 —2,/07. The adjective “classical” is motivated by the fact that when
o1 = 0, quadratic harnesses with ¢ = 1 are related to classical stochastic processes;
see [14] Section 4.2].

Proposition 4.4 (Classical quadratic harnesses). Suppose (X;) is a quadratic har-
ness with parameters such that (1 — o1)?> + (n+600)(0+n7) >0, 0 < o7 < 1, and
q=1-—2or. If for t > 0, the random variable X; has all moments and infi-
nite support, then it has orthogonal martingale polynomials given by the three step
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recurrences (E11]), (EI12]), and
l‘pn(% t) = (1 + (’I’L - 1)[) + nat) Pn+1 (l‘; t) + ('Ynt + 6n)pn(x; t)

(4.16) + WS (14 (n—=2)p)t+7(n—1)) pn_i(25t), n> 2,
where p = /0T,
(4.17)

= n(l+ (n—2)p)
" TR - DA+ =90

+ (20 = 3)np+2(n — 1)*np? + (2(n — 1)* = 1)fop), n > 1,

x (77 + (2n —1)bo

(4.18)
_ n(1+ (n — 2)p) .
= P - D+ 3 < (e
+ (2n — 3)0p + 2(n — 1)%0p* + (2(n — 1)* — 1)7]Tp), n>1,
(4.19)
s n(1 4+ (n — 3)0)

"= TSR+ (2= 2)p)(1+ 20— D))
n(n = D1+ (n—2)p)(1+ (n— 3)p)
(L=p)* 1+ (2n = 2)p)(1 + (2n = 3)p)*(1 + (2n — 4)p)
X (1+m=2)p)0+(n—1)n7)((1+(n—2)p)n+ (n—1)00), n>2.

+

Proof. The assumptions of Theorem 1] are satisfied, so the orthogonal martingale
polynomials exist, and we only need to solve the recurrences ([@2)), (£3), (£4), and
renormalize the polynomials to simplify the final three step recurrence (@I6]). From

E2) we get
an=01-p)"?(n-1),n>1,
Bn=(1=p)" (L +(n—2)p), n>2.
Thus A1 x = Br+1, £ > 0, and a calculation gives

(4.20) Ak = (1= p)?" 314+ (2n+k —3)p), n> 2,

an+2ﬁn - ﬁn+2an = 2(1 - p)gn_l n>1.

Since q¢ + o1 = (1 — p)?, equations (&3] simplify to

1+(2n—1)p N 20 5
I+Cnt+Dp " 1+ @n+1)p"
N (14+(2n—1)p+2n%p*)n+ (2n+ 1+ (2n% — 1)p)bo
T )21+ 2nt 1)p) ’
1+(2n—1)p 27
4.22 0. = J
( ) n+1 1+ (2ﬂ+ ]-)P n + 1+ (2ﬂ+ 1)p7n
N (1+@2n—1)p+2n2p*)0 + 2n+ 1+ (2n* — 1)p)nT
T )21+ 2nt 1)p)
Formula (&TI0) shows that ({I7) and (£I]) hold true for n = 1. Assuming that
@I7) and (EI8) hold true for some n > 1, from equations [@2])) and [{22) a

(421) Yo =
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computer-assisted calculation shows that the formulas hold true for n + 1 as well.
We now show that the solution of (£4) is
(4.23)
n(l+(n—3)p)

= P21+ 2n—2)p)(1+ 20— 1)

n(n = 1)(1+ (n— 2)p)(1+ (n — 3)p)
(L=p)*"(1+ (2n—2)p)(1+ (2n —3)p)*(1 + (2n — 4)p)

X ((1+m=2)p)0+ (n—1)n7)((1+(n—2)p)n+ (n—1)00), n > 1.
Indeed, a calculation shows that the formula holds true for n = 1,2. Suppose ([£23)

holds for some n > 2. For k = 1, formula (Z20) holds also for n = 1; thus for n > 2,
recurrence (4.4) simplifies to

Wp, =

+

1+(2n—4)p " 1+ 792 + 002 + 0vp + 16 — 200, Vn
(1-p)2(L+2np) " (1= p)2n(1 + 2np) '

Using (£21)), (£22)) and (£23)), a computer assisted calculation verifies that ([€23)
holds true for n + 1. Renormalizing the n-th polynomial in (ZI9) by the factor

wn+l

(1 —p)=2(=1/2 5 > 1, we get [@IB) with w, replaced by w?. O
4.3. Orthogonal martingale polynomials when o7 = 0. We use the standard
g-notation

[l = T4aq+-+q"

[nlg! = [gl2g---[n]q,

with the usual conventions [0], = 0,[0],! = 1. In this notation, Remark F.1] gives
a, = [n—1]g, and 3, = 1. Passing to the time-inverse (X ;) if necessary, without
loss of generality we may assume that ¢ = 0. In this case, recurrences in Theorem
[T have explicit solutions and orthogonal martingale polynomials are monic.

Theorem 4.5. Suppose (X:) is a quadratic harness with covariance (28 and
parameters such that o = 0, =1 < ¢ < 1, and 1 + [n]gnd + [n]27n* > 0 for all
n. If for each t > 0 the random variable X; has infinite support, then the monic
orthogonal martingale polynomials p,(x;t) are given by the recurrence

(424) wpn(w;t) = pry1(w;t) + (nt + 0 + ([n)g + [n = 1g)n7) [ngpn(; 1)

. + (t+7[n — 1) (1 +[n—1]gnb + [n — 1}37'772) [n]gpn—1(z;t), n > 1,

with the initial condition po = 1,p1(z) = .

Remark 4.5. Tt is easy to give simple sufficient conditions on the parameters which
imply that w, := 1+ [n — 1]gnf + [n — 1]279*> > 0 for all n > 1. Suppose that
-1<qg<1.

(1) If n® > 0, then, trivially, w, > 0.
(2) If 7 =0, then w, > 0 provided 1 + nf > max{q, 0}. Indeed, for n > 2 we
have
(4.25) 1+g<[n]y<1 if -1 <¢<0,
(4.26) 1<[n],<1/(1—q) if0<qg<Ll

For nf < 0 we get w,, > 0 from the right hand sides of these equations.
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(3) If =1 < ¢ < 1 and 6% < 47, then w, > 0. Indeed, then the quadratic
function f(x) = 1+ xnf + x27n? is non-negative.

(4) If 7> 0,10 < 0, 14+n0+7n > 0, and 6 > 47, then the sufficient condition
is

6]+ VI —ir

(4.27) 1+ min{q, 0} >
271n]

Indeed, inequality 1+ 18 4+ 9% > 0 implies wy > 0. Considering separately
the cases # < 0 and § > 0, the larger root of 1 + xnf + z?m? = 0 is
w‘gi W. If ([@27) holds, then the left hand sides of inequalities (£25]),

(#28) imply wy, > 0 for n > 3.
It might be interesting to point out the explicit recurrence for the case 7 = 0.

Corollary 4.6. Suppose (X:) is a quadratic harness with covariance (I2.8) and
parameters such that T = 0, =1 < ¢ < 1, and 1+ [n]gn8 + [n]200% > 0 for all n.
Suppose that for t > 0 the random variable X; has infinite support. Then as the
orthogonal martingale polynomials for (X;) we can take polynomials p,(x;t) given
by the recurrence

wpn(z;t) = (L + toln]g)pnyi(z;t) + (0 + tn + ([n]q + [0 — 1]g)00t) [n]gpn (1)
+t(1+[n—1)gnb + [n — 1]3002)[n]qpn_1(x;t).
Proof of Theorem [£5. We use the notation from ([2.20). The integrability assump-

tion of Theorem 1l is fulfilled by Theorem and the system of recurrences in
Theorem ] simplifies. Since oy, = [n—1],, B, = 1, the first equation of recurrence

[E3) becomes

Tnt+1 =N+ Yng,
which gives
(4.28) Yo = 1n[nlq.
The other recurrences are solved inductively. Suppose that
(4.29) o1 = (B+n7(n—1g+[n—2g))n -1,
(4.30) wp = (1+[n—-1mb+[n— 1]27n2)[n]q

hold. The initial conditions say that both formulas are satisfied for n = 1, and the
second one holds true also for n = 2. We use ([4.28)) and ([£.29)) to compute J,, from
the second equation in ([{3]) as follows:

0 =0+ q0n—1 + q([n)g — [n = 2lg)Tyn—1 + n7[n — 1]g +n7[n]g = 0(1 4 q[n — 1]4)
+n7(g([n — 1 + [n = 2g)[n — 1 + q([n]g — [n — 2]¢)[n — 1g + [n — 1]g + [n]g)
= 0[n]q +n7(q( — g + [nq)

[n =g+ [nlg)ln = 1] + [n
lo) (1 + gln —1]4) = 0[n]

Finally, (@4]) determines wy41 as

1
= 0]y +n7([n = g + [n a T 07([n =g + [n]g)[nlg.

Wnt1 = qup + 'yiT + ¢YnOn + V0 + 0 + 1 — 7,6
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Using the inductive assumption ([£30), and already established formulas (28] and
[E2T), we get
wnt1 = (1+qnly) + (1+ gq[n — 1)) [nlgnd + qln — 12[nlgmn* + 0% [n];
(1 + qn]g)dn — nnlg6n = [0+ g + [n]on6 + gln — 115 [nlgmn* + 70°[n]; + ng™ o,
= [n+ 1]y + [n + 1g[nfgnd + 7'772(‘1[” — 1g[nlg([n —1]g + qnil) + [n]i + qn[n]z)
The coefficient at 792 simplifies to
aln — Uyfrnl2 + ]2 + " )2 = [ + 1], .

Thus w41 = (14 [n]gnd + [n]271?)[n+ 1],. Formula (@24) comes from (ZI9) after
substituting ({28)-@.30) into ([220). O

4.4. Operator solutions. In this section we re-derive the recurrences for some
special orthogonal martingale polynomials from Section 3] by an operator ap-
proach which is related to Lie algebra techniques. This method has a more ad hoc
character, so we concentrate on two relatively simple cases only.

In the operator approach, we go back directly to Theorem We re-interpret
the matrices x,y as the linear operators acting on the formal power series in an
auxiliary variable z. This identifies the martingale polynomial p,(z;t) with 2",
where z is an auxiliary variable; a similar technique appeared in umbral calculus [33]
Ch. 1], in orthogonal polynomials [24], and in the Segal-Bargmann representation
[31]. We seek the solutions of (1)) in terms of the g-differentiation operator

9(2)—g(g2)
=gz 4 # 1,
Dy(9)(z) =4 179
g'(2) q=1,

and the multiplication operator

Z(g)(2) = zg(2),

treated as the linear operators on formal series g(z) in the variable z. Table [II
lists the g-commutators of the combinations of these two operators that we need
here and in Section The requirement on the 0-th column of C; reduces to the
requirement that on the unit constant function, x1 = 0, yl = z. When o = 0, we
have a,(t) = 1, so we are looking for the operators that satisfy

(4.31) (tx 4+ y)z™ = 2" ! + lower order terms.

TABLE 1. g-commutators [A4, B], :== AB — ¢BA

a\P z ZD, zD?2 Z°D,
Dq I Dy D} | (1+4)ZD, — q(1—¢)Z°D;
ZD, z (1 — q)ZD41 +q(1—q)Z°D; Z°D,
zD? || (1+9)ZDy — q(1—q)Z°D} zD?
7°D, 72
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Example 4.7 (¢-Meixner processes). The g-Meixner process is a quadratic harness
with parameters o =7 = 0; see [I4]. Inspecting Table [Tl we verify that

x = Dy
and
y =Z(1+ 6D, +7D2)
solve (LLI)) when o = n = 0. Indeed,
[x,ylq = [Dg, Z]q + 0[Dq, ZDglq + 7[Dg, ZD2], = | 4+ 6D, + 7D2.
A calculation shows now that
(tx +y)z" = 2"+ 0[n] 2" + (t+ 7[n — 1],)[n]z" 1,

which by the identification of 2" with p, (x;t) implies that the corresponding mar-
tingale polynomials satisfy the three step recurrence

(4.32) xpn(z5t) = ppr1(x;t) + 0[n]gpn(z; t) + (E+ 7[n — 1]y) [n]gpn-1(x;t), n > 1.

Of course, this is a special case of ([£.24) corresponding to n = 0. Feinsilver [20, Sec-
tion 3.4] gives a reparametrization of recurrence (£32) and considers g-commutator
relations [x,y], = h as well as their realizations via operators D,, Z without consid-
ering (II)). Anshelevich [2, Remark 6] discusses a reparametrization of recurrence
[#32) in relation to free Sheffer systems. In [I4] recurrence ([432]) is used as the
first step in the construction of the g-Meixner Markov processes.

We now use the same method to derive the recurrence for the martingale poly-
nomials of the bi-Poisson process.

Example 4.8 (bi-Poisson process). The bi-Poisson process is a quadratic harness
with parameters ¢ = 7 = 0. Inspecting Table [l we verify that

x = Dy + nZ(Dy + 6D7)
and
y=Z7Z(1+6D,)
solve (LT)) when o = 7 = 0. Indeed,
[x;¥lg = [Dg: Z]q + 0[Dy, ZDy]q + n[ZDy, Z]4 + 16[ZD4, ZD4l,
+n6[ZD;, Z]4 + n6*[ZD?2, ZD),
=1+0Dg +nZ +nb(1 — q)ZDg + nbq(1 — q)Z*D;
+n0(1 + q)ZD, — nfq(1 — q)Z°Dj + 1¢°ZD},
=1+ 60D, + nZ + ndZD, + ndZD, + n6>ZD
=1+ (8D + n0ZD, + n6°ZD?) + (nZ + nfZD,)
=14 Ox+ny.
Operator tx + y satisfies the constraint (tx +y)1 = z. A calculation shows that

(tx+y)z" = 2"+ (0 + tn) []g2" + (1 +nfln — 1g)[n]g2" ",
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so the constraint (£3T]) holds. By the identification of z™ with p, (z;t), the corre-
sponding martingale polynomials satisfy the three step recurrence
(4.33) apn(w;t) = pna(w;t) + (0 +tn)[nlgpn (z; 1) + 11+ 00[n — 1) [nlgpn—1 (2 1),

n >0, with p_; = 0,py = 1. Of course, this is a special case of ([{24]) corresponding
to 7 = 0. But this recurrence was hard to guess without (), so in [I2] it appears
for ¢ = 0 only.

4.5. Dual g-commutation equation. Coherent states. Coherent states and
the Segal-Bargmann representation are analytical techniques developed in mathe-
matical physics [3T]. The full Segal-Bargmann isomorphism is known to fail even
in the relatively simple case of ¢-Brownian motion with ¢ < 0; compare [37]. But
algebraic duality is available and useful in a more general setting. Let

(434) Q:,s,u (Xa y) = At,s,ux2 + Bt,s,uyx + Ct7s,uy2 + Dt7s,ux + Et,s,uy + Ft7s,u

be the quadratic form in the non-commuting variables x, y; for background, see e.g.
[25, page 7]. Note that this is a dual of the quadratic form (BI2) that appears in
the proof of Theorem [Z3] The following relates (£34) to the dual version of the
g-commutation equation (LII).

Proposition 4.9. Let X; be a linear function Xy = x + ty of non-commutative
variables x,y, and suppose that the coefficients of the quadratic form Q. are
given by (2I8]) and (B.0)-(BI0). Then the following statements are equivalent.

(1) The operator identity
(4.35) X7 = Qf ou(Xs, Xy)

holds for all s <t < u.
(2) The non-commutative variables x,y satisfy the equation

(4.36) X, ¥]q = ox* + 7Y% + x4+ Oy + 1.
Proof. Since X, X, = x2 + suy? + s(xy + yx) + (u — s)yx, we have

XE = Qf s (Xss Xu)
=(1—Atsu— Bisu— Ct,s,u)X2 + (t2 - S2At,s,u — suBy g — UZCt,s,u)y2
+ (t — sAtsu — SBrsu — UCh s .u)(Xy + yx) — (U — 8)Bp 5 uYX
— (Disu+ Bt su)X — (8Dp s + UBt 50)y — Fi s ul.
Relations [2Z13)), (34), and (BH) are equivalent to
X? - Q;ﬁk,s,u(xsa Xu) = —UFt,s,uX2 - TFt,s,uy2
s u(xy +yx) = (14 @) Fy s uyx — nF; s uX — OF; s 0y — Fiosul
= Frsu(yly — o2 —7y* —mx — Oy — 1).

O

4.5.1. Coherent states of g-Meizner process. Continuing Example 7] the analogue

of the coherent state in physics is the generating function

o0 n

(4.37) pr(za) =Y —pa(ait),

0 [n]q!

where p,, (z; t) are the orthogonal martingale polynomials given by recurrence (£32]).
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Proposition 4.10. The operator
(4.38) X¢=(1+0Z+ 722Dy +tZ
satisfies (K.33)) with the quadratic form Qj 5, given by (2.15), (13.6)-(1B.10) where

o =n=0. Moreover,
(4.39) zpi(z,x) = (Xepr) (2, ).

Proof. Inspecting Table [l it is easy to verify that x = (I + 6Z + 7Z*)D, and y = Z
satisfy (£36) with o =n = 0. Indeed,

%, ylq = [Dg, Z]4 + 0[ZD,, Z), + 7[Z°D,, Z,
=1 +0Z+72% =140y + 1y°.

Therefore, Proposition E9implies ([£30]). The algebraic identity (£39) follows from
recurrence (£32)) by the following calculation:

xp(z,x) = Z [;—]n'xpn(x;t)
n=0 a-
Z 2 (Pn+1(z3t) + Oln]pn (@ t) + 7[n][n — pn_1(x;t) + t[n]pn—1(2;t))
n:O
o0 n+1
=D, Z ﬁpnﬂ(x ;1) + 602D, Z i, |pn(x t)
& anl om— 1

n n= 1

= (D, + ezoq + 722Dy +1Z)p1(2, ).
O

Formula (#39) is implicit in the usual derivation of the product formula for
¢t(z,2); compare [I]. When the parameters 7,6 vanish, it appears in [37), Section
3] in the context of analyzing ground states for the g-deformed Gauss distribution.
Ref. [3] gives a more general analytical scheme which coincides with ([@38]) and
[#39) when 7 = 0, ¢ = 1; however, it advocates the normalization by the Lo-norm
of the polynomials, which does not fit all the cases we are interested in.

In [14] we defined the g-Meixner process as a Markov process with the initial
state Xo = 0 and with the transition probabilities P;;(x,dy) determined as the
unique probability measure orthogonalizing the polynomials @, in the variable y
which are given by the three step recurrence

an(y‘x) = QnJrl(y‘xﬂ t,s)+ (G[H]q + an)Qn(ylxv t,s)

(440) 4 (t _ Sqn—l —+ T[?’L — 1]q>[n}an—1(y|x’ t, S)

In that paper, we showed that this Markov process is well defined, that it has orthog-
onal martingale polynomials p,(x;t) given by recurrence [@32)), and we used this
to prove that (X;) is a quadratic harness with parameters o = 7 = 0. Proposition
MI0simplifies the verification of the quadratic harness condition in [14, Proposition
3.4], condensing more than three pages of proof into one page.
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Proposition 4.11 ([14]). If |q| <1 and the polynomials p,(z;t) defined by (E32)
are orthogonal martingale polynomials for a Markov process (X;), then (X¢) is a
quadratic harness with parameters o =n = 0.

Proof. For simplicity, we consider only |¢| < 1, as in this case (@32]) implies that
|X¢| < Ct has bounded support. Consider the generating function (£3T). Since
(Xt) is Markov, condition ([Z3]) is equivalent to

E (ps(21, Xs) Xt pu(2, Xu))
= at,s,u]E (305(217 XS)XSSOS(Za Xs)) + bt,s,u]E (SOS(Zla Xs)XuSOu(Za Xu))

holding for all z1, z in a neighborhood of 0 (or just as an identity in formal power
series in the variables 21, z). We now use the martingale polynomial property, which
implies that

(4.42) E (2, Xo)| Xo] = @s(2, Xo),
and we use ([£39) to represent the process through the operator ([{38) as
Xepr(z, Xe) = Xe(pe(z, Xi)).

(4.41)

This gives
E ((PS(Zlv XS)XtQOu(Za Xu)) =E (4,03(21; XS)XtQOt(Za Xt))
=XE (‘Ps(zh Xs)‘ﬂs(*’% Xs)) = Xth(Zlv Z),
where

(z12)"
[n]q!Q

GS(Zlv Z) = E(SOS(ZLXS)‘Ps(Zva)) = Z ]E(pn(Xs§ 5)2)

n

n=0
— Z (ZlZ)n H(t+T[k _ 1})7
n=0

[n]q! b1

and X; acts on G4(z1,2) as a series in the variable z. Therefore, equation (Z41) is
equivalent to

Xth (Zla Z) = at,s,usts(zla Z) + bt,s,uXuGs(Zly Z)

and follows from the (trivial) operator identity X; = a; s.4Xs + bg,s,uXy. Similarly,
condition (ZIT]) is equivalent to

E (ps(21, Xo) X7 0u(2, Xu)) = Ap s B (05(21, X0) X204 (2, X))
+ By s uE (05 (21, Xo) X Xupu (2, Xu)) + Crs B (921, Xo) X 20 (2, X))
+ Dt s ulE (05 (21, Xo) Xs0s5(2, X)) + B s uE (05 (21, Xo) Xupu(z, Xu))
+ Fy s uE (05 (21, Xo)ps(2, Xs)) -
Notice that for s < u we have
E (ps(z1, X)X Xuou(z, Xu)) = E (@s(21, Xs) XsXuu (2, Xu))
= XuE (ps(21, X5) Xsps (2, X)) = XuXE (05 (21, Xs)ps (2, X)) = XuXsGs(21, 2).-

Therefore, equation ([{43]) follows from the operator identity (£35]), which in ex-
panded form says

X? = At,s,uxg + Bt,s,uxuxs + Ct,s,uxi + Dt,s,uxs + Et,s,uxu + Ft,s,ul,

applied to G4(z1, 2) treated as a series in the variable z. ]

(4.43)
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4.5.2. Coherent states of the bi-Poisson process. We now repeat the methods of
Section [£5.1] to derive new results about the bi-Poisson process from Example A8

Proposition 4.12. The operator
(4.44) Xi = (I1+ (0 +nt)Z +tnhZ?)D, +tZ

satisfies (E33]) for the quadratic form Qj ;. with the coefficients (2I5]), (3.6])-
(BI0) such that o =7 = 0. Moreover, if p:(z,x) is the generating function (E37)
of the orthogonal martingale polynomials p,(x;t) given by recurrence (33)), then

(4.45) zpi(z,x) = (Xepr) (2, ).
Proof. Inspecting Table[I we verify that

x = (I+0Z)D,
and

y=Z+n(Z+6Z2%D,
solve ([@36) with 0 = 7 = 0. Indeed,
(%, ¥lg = [Dg> Z]q + 6[ZDy, Z]¢ + 1[Dyg, ZDg]q + n6[ZDy, ZDy]4 + 16[Dy, ZQDq]q
+ 7792[2an Z2Dq]q =14+0Z+nDg +n((1 — ¢q)ZDg + (1 — q)Z2D(21)
+n0((1+ q)ZDg — q(1 — q)Z°D}) + n6°Z*Dy = | + 6Z + 1Dy + nHZD,
+n0ZD, + n0°Z*D, = | + (1 + 6Z)D, + 0(Z + n(Z6Z*)D,) = | + nx + by.

Therefore, Proposition 9] implies (£35). We now derive ([@43) from ([E33) by the
following calculation:

xgpt z, x Z - xpn xT; t
= Z it) + (0 + tn)[n]gpa(z:t) + (1 +n0ln — 1)) [n]gpn—1(2;1))
n:O

Zn+1
71]!pn+1(:c;t) (0 +tn)zD Z 'pn z;t)

I
o
I MS
=
_|_

n—1

+tz Z 'pn 1(z;t) + tnd2°D, Z ﬁpn_l(x; t)

n=1

= ((1+ (0 + nt)Z + tnfZ)Dy + tZ) g4 (2, ).

Next we give the bi-Poisson version of Proposition 411l

Proposition 4.13. Fiz —1 < ¢ < 1. If polynomials p,(x;t) given by (E33) are
orthogonal martingale polynomials for a Markov process (X3), then (X;) is a bi-
Poisson process, i.e., (IZ3)) and (ZI4) hold with o = 7 = 0, and 1+nf > max{q,0}.
Moreover, such a Markov process (X;) is determined uniquely.

Proof. Property ([26) follows from the explicit form of the polynomials pg, p1, pa.
Orthogonality gives E(X;) = E(p1(X;t)po(Xy;t)) = 0 and E(X?) = E((p2(X¢;t) +
(0 +nt)X: + t)po(X:)) = t. The martingale polynomial property then implies that
E(XsX:) = E(XE [p1(Xi3 )| Feo]) = E(X7) = 5.
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If -1 <gq <1, from [@33) it follows that | X;| < Ct has bounded support; if
q = 1, then it is not hard to identify the distribution of |X;| for example, from
[35, Chapter 4] or [I5] pages 175-181], verifying that | X;| has a finite exponential
moment. Thus the moment problem has a unique solution and the process (X;)
is determined uniquely. Moreover, polynomials are dense in Ls(Xs, X, ); see [I8]
Theorem 3.1.18]. Consider the generating function (37 with polynomials p,, (x;t)
satisfying ([A33]). Notice that property ([@42) follows again from the martingale
polynomial condition. By Proposition with X; defined by (@44]) we have the
representation

Xepr(z, Xe) = Xe(e(z, Xi)).
Since (X;) is Markov and polynomials are dense in La(Xs, X,,), condition (23]
is again equivalent to (£4I]), which we can interpret as the identity between the
formal power series in the variables z1, z. The latter follows again from the (trivial)
operator identity X; = a¢ 54 Xs + bt,s,u Xy, applied to
Ga(1,2) = Bls (21, Xo)pol2, Xo)) = 3 &

n=0

21%)

(], E(pn (Xs; 8)2)5

treated as the formal power series in the variable z. Similarly, condition (21T is
equivalent to ({43), and again

E (@S(Zla XS)XSXuQDu(Za Xu)) = XquGS(Zlv z).

Therefore, equation [@43)) follows from the operator identity ([@35H) applied to
Gs(z1,2) treated as the formal power series in the variable z. Since the third
coefficient in ([£33)) is nonnegative for all n, we get 1 4+ nf > max{q, 0}; compare
Remark O

APPENDIX A. PROOFS OF CLAIMS AND LEMMAS

Throughout the proofs of the next three Claims, 0 < r < s < t < u are arbitrary
numbers.

Proof of Claim Bl Observe that from [23]) and Z1IT]) we get
E[ X X¢| Fru] = E[XGE [ Xe| Foull Froal
= a5l [Xf\ fr,u] + b, u XuE [ Xo| Froul
= arsu (Asru Xy + Boru X Xy + Coru X + Dyru X + Es ruXu + For)
+bt s uXu (as,ruXr + bs ruXy) = at,s,uAs,r,uXE + (at,5,uBs ru + bt,s u0s ) Xr Xy
+ (at,5,uCs ru + bt.subsru) XZ + atsuDs ruXr + at s 0 Bs r 0w Xy + Qs u s ra -
On the other hand,
E (XX Fru] = BB [Xo| Frt] Xl Fru = @s,pa XoE [ Xo| Fri] + bs it E [ X2] Frv]
= Qs r 1 Xr (Gt uXr + bt r 0 Xu)
Hbs,re (AtruX? + BrruXe Xu + Crru X +DpruXe + BpuXu + Firu)
= (as,rtGtru + bs et At ru) X3 + (@s,rtbtru + st Brrw) Xr Xy
+bs,r,tct,r,uX3 + bt Dt ruXe + b rt By o Xy + bs ot Fyr -
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Comparing the coefficients at X2, X, X,,, X2, X,., X,, and 1 in the above expressions

we get

(A1) atsulsru = bsrtAtru+ Qs rtQiru

(A2 a,suBspr = bsrtBiru

(A.3) besubsru+ 0t suCsrn = bsritCrru

(A.4) atsuDsru = bsrtDiru

(A.5) atsulisru = bsriBtru

(A.6) apsulspu = bsrtFtru -

( In the derivation of (A2) we used the fact that by s yas ry = Gsrtbtrw.) Adding

(AJ), (A2) and (A3), we get
at,su (Asru+ Bsruw+ Copru — 1)+ atsu + btsubsru
=bsrt (Atpu + Brrw + Crrw — 1) + bsrp + Qs r1 Gt -
Since a calculation shows that
(A7) at,s,u + bt,subsru = s rt + Qs et o,

dividing by (A6)), we get 05 1o, = 0,0, Which proves ([B]) when f = 0. We proceed
similarly when f = 7,q,7,6. Adding (A1) multiplied by 2, (A2) multiplied by ru,
(A3) multiplied by u?, and dividing by (A6), we obtain 7 ., = T¢,4, after noticing
that s%a; sy + u2bt s.ubs ru = t2bs 4 + 1205 14 . Equation (A2)) multiplied by
(v —r) and divided by (AS€) gives ¢s,u = qt.ru- Adding equations (A4]) and
(A5) and dividing by (AG) gives 15,y = Mt and similarly multiplying (A)
by r and (AZ) by u after dividing by (A6) gives 65,4 = 0;r,. Thus we have
obtained fs v = ftru for f = o0,7,¢4,1,0. If 0 < x <y < %z, then substitution
r=ux,5 =y,u =z ylelds BI) for g € (y, z); substitution r = z,t = y,u = z gives
@BJ) for y € (z,y), completing the proof of Claim (BII). O

Proof of Claim B2l Now consider the identity
E[X7| Fru] =B [E[X7| Foul| Fra]
Using (23) and (ZII) we see that E [E [ X?| Fy..]| F.u] is given by
E [At,s,qu + Bt s u X Xy + Ct,s,uXZ + Dt uXs + By s 0 Xy + Ft,s,u| fr,u]
= A5, E [X52| ]:r,u] + Bt s u XouE [ Xs| Fru] + Ct,s,qug + Dy s o E [ Xs| Froul]
+BesuXu + Frosu = Atsu(AsruX? + BoraXr Xu + Cs,ru X3 + Do ru Xy
+ B ruXu + Foru) + BrosuXu (as,ruXe + bsruXa) + Crsu X
+Dt s (v Xe + s ruXa) + BrsuXu+ Foou = At sudsruX;
+ (At Bs.ru + Brosuts.ru) XoXu + (AtsuCs,r + Bes,ubs.ru + Ctos.u) X
+ (At s.uDsru + D s utsru) Xr 4 (At sulsru + Di s ubs ru + Eps.u) Xu
FAt s uFsru+ Fisu-
On the other hand,
E [Xt2| fr,u] = At,r,uXr2 + By X Xy + Ct,r,uX?L + CtruXe + DipuXu+ Fipu-
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Comparing the coefficients at X2, X, X,,, X2, X,., X,, and 1, we obtain

(A.8) Arw = ApsuAsru

(A.9) Biruw = AtsuBsrut Bisulsru

(A.10) Crru = ApsuCsru+ Besubsru+ Crsu
(A.11) Dipu = AtsuDsru~ Disulsru

(A.12) Eiryw = Atsulsru+ Disubsry+ Ersa
(A.13) Firw = AvsuForut Frou -

Substituting the right-hand sides of equation (AR)-(AI3) for A, u,Biru,---»
F 1., on the right-hand sides of (AJ)—(AL6) we get

(A~14) A, RS u(at s,u T bs Ty tAt s u) = Qs,rtQtru

(A.15) Bs,r,u(atsu - srtAtsu) = bs 1 tBt,suls ru

(A16)  Csprulats,u = bsrtAtsu) = bsrt(Bt,s,ubsru + Ctsu) = btsubsru s
(A-17) Ds,r,u(at s,u s r, tAt s u) = bs,r,tDt,s,uas,r,u ,

(A18) E; o u(at s;u — bsr, tAL s u) = bs,r,t(Dt,s,ubs,r,u + Et,s,u) )

(A.19) Fs,r,u(at s,u s r, tAt s u) = bs,r,tFt,s,u .

We can now proceed analogously to the proof of Claim Bl Namely, adding (A.14)),
(A15), (ATE), again taking into account (A7), and dividing by (ATI9), we get
Osru = Ot su. Adding (AT4) multiplied by r?, (AIH) multiplied by ru and (AI6)
multiplied by u?, and dividing by (AI9), we obtain 75 ., = 74,5, Equation (AI5)
multiplied by (u — ) and divided by (AI9) gives ¢sru = qt,s,u- Adding equations
(A17) and (A.I8) and dividing by (A.19) gives s,y = N5, and similarly multiply-
ing (A17) by r and (AI]) by u after dividing by (AI9) gives 05,y = 0¢5,. Thus
we have obtained fs,, = fi.s.u for f =o0,7,¢,1,0. By Claim Bl fs ., = ft,ru, SO
ft.ru = ft,s,u, ending the proof of Claim O

Proof of Claim B3l This follows from Claim by the time-inversion (X;) —
(tX1/¢). Alternatively, one can repeat the previous arguments, starting with the
identity

E[X2|Fru] = E[E [ X2 Fri]| Fru -

Proof of Lemma B4l For a polynomial ¢ : R — R, consider the vectors
Vit = [E(0(Xs)po(Xe; 1)), E(o(Xs)p1 (X5 8)), - . . E(@(Xs)pe(Xe3 1)), ... ] € R™.

Since for s > 0 the random variable X has infinite support, then the polynomials
1, X5, X2,... are linearly independent, and the corresponding orthogonal polyno-
mials are non-degenerate. This implies that as we change ¢ for a fixed s > 0, vectors
of the form v, , are dense in R*°, equipped with the product topology. Indeed, ap-
plying the Gram-Schmidt orthogonalization process to po(z;s), pl(x s),... we get
a sequence of orthogonal polynomials qo, ¢, ... such that E(gy(X,)?) # 0. There-

fore, for any w = [wg, w1, ...] € R*® and n > 0, we can find numbers ug, u1, ..., Uy
such that the first n + 1 coordinates of v, ; corresponding to ¢ = Z?:o ujq; are
equal to wg,wy,...,w,. This implies that to verify the identities, it suffices to

verify that the identities hold true when multiplied from the left by v ;.
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By the martingale polynomial property, E(o(X)pr(Xs; s)) = E(o(Xs)pr(Xy; t)).
Therefore, from (2.17) it follows that v, s = v, and

Vs,s X Ct = Vgt X Ct

= |E | ¢(X,) ZCj70(t)pj(Xt;t) 207 i (Xet) | ..

= [E(QD(XQtiO(Xt; t))a E(@(Xs)til (Xt; ))7 RS E((P(XS)tik(Xt; t))v . ]
[]E(<P(X8)tiO(Xu§ u))a E(@(Xs)til (Xu; u))a cee 7]E(§0(X8)tik(Xu; u))v .- ]

ap 5.0 [E(@(Xo) Xopr (Xusu)) 1 k2> 0] 4 by g0 [E(0(Xs) Xupp (Xusu)) - k> 0].

Using the martingale polynomial property again, we see that vy o x C; is equal to

At s.u []E(QD(XS)Xspk(Xs; 5)) tk > O] + bt,s,u []E(QD(XS)Xupk(Xu; u)) tk > 0]
= at,s,uVs,s X Cs + bt,s,uvs,u X Cu = Vg5 X (at,s,ucs + bt,s,ucu);

proving ([B.I1)). Similar reasoning proves (3.12)):

Vs,s X Ct2 = Vst X C? = [E(¢(Xs) Xipr(Xest)) - k > 0] x Cy
= [E(o(Xs) XPpr(Xe5t)) : k> 0] = [E(o(Xs) X7pr(Xo; u)) : k> 0]
= [E(o(Xs)E [ X7| Fou] pr(Xuiu)) : k > 0]
= [E(p(Xs)Qt,s,u(Xs, Xo)pr(Xusu)) : k > 0]
= At su [E(0(Xs) X2pk(Xs38)) k> 0] + By su [E(0(Xs) Xs Xupr(Xusu)) k> 0]
+ Cro [E(0(X)X2pk(Xuiw)) : k> 0] + Dy oo [B(@(Xo) Xopr(Xs3 5)) : k> 0]
+ Bt s,u [E(0(Xs) Xupr (X)) k> 0] + Fy s [E(0(Xs)pr(Xs; 8)) : k > 0]
= AssuVss X C2+ By o u [E(0(Xs) Xopr(Xs;5)) : k > 0] x C,,
+ Cts,uVs,s X CZ + Dy s uVss X Cs +Ep Vs X Cy 4+ FysuVss
= Vs X (A suC2 4By 5.,CsCu+Cy 5 uC2 + Dy ,Cs + Ey s, Cy + Fy 5, I) . O

Proof of Lemma 35l We start from calculating E[X;pp_1 (Xu;u)| F<s] in two
ways. On the one hand,

E [ Xipn—1 (Xu; uw)] fgs] =E [(at,S,qu + bt,S,uXu)pn—l (Xusu)l ]'—SS]

= at,s,qupnfl (Xs§ 5) + bt,s,uE [Xupnfl (Xu7 U)l fgs]

= t,5,u (An-1(8)pn (Xs58) + bp_1(8)pn—1 (Xs;8) + cno1Pn—2 (Xs; 5))

+ bt,s,u (an—l(u)]E [pn (Xu; u)| 7:33] + bn—l(u)pn—l (Xs; 5) + Cn—l(u)pn—Q (Xs; 5)) .
On the other hand,

E [tinfl (Xu7 U/)‘ fgs]
E [XtE [pnfl (Xuv U)l fﬁt” ]:Ss] =E [tinfl (Xt; t)‘ fgs]
= an—l(t)]E [pn (Xt; t)‘ fgs} + bn—l(t)pn—l (Xs; S) + Cn—l(t)pn—Q (Xs, 8) .
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Thus comparing the right hand sides of the above equations we obtain the following
equation:

bt,s,uan—l(u)]E [pn (Xu; u)| }_gs] - an—l(t)]E [pn (Xt; t)| }_gs]
= —Pn (Xs; 5) at,s,uanfl(s) +pn71 (Xs; 5) (bnfl(t) - at,s,ubnfl(s) - bt,s,ubnfl(u))

+pn—2 (Xs; 8) (Cn—l(t) - at,s,ucn—l(s) - bt,s,ucn—l(u)) .
A trivial verification, using (Z20), shows that

bnfl(t) - at,s,ubnfl(s) - bt,s,ubnfl(u) =

Cn—l(t) - at,s,ucn—l(s) - bt,s,ucn—l(u) =

b

0
0.

Hence we have [BI0). To obtain a second equation for X and Y let us consider
E [ X2pn—2 (Xu; u)} F<s]. On the one hand,

E [ X¢pn—2 (Xu;u)| Fos] = E [XPE [pn2 (Xusw)| F<ol| F<s
=E[X?pn2 (Xi;t)| Fes]

Setting ay(t) = bi(t) = cx(t) = 0 for k < 0, a repeated application of ([2.19) gives

(A.20)
E [ X7pn—2 (Xuiu)| F<s] = an—a(t)an—1(t) ¥
+ Pn—1 (X1 8) an—2(t) [bn—2(t) + bn—1(t)]
+ pn—2 (Xs38) [an—Q(t)Cn—l(t) + bi—z(t) + Cn—Z(t)an—Z’»(t)]
+ Pn—3 (Xs18) ena(t) [br—3(t) + bp—2(t)] + Pn—a (Xs;8) cn—s(t)cn—2(t).

On the other hand, one can rewrite E [Xfpn_g (Xu; u)| }—Ss] as

E [ X7pn-2 (Xu;u)| F<s] = E[E [ X7| Fou] Pn-2 (Xu;u)| F<il
= At,s,uXSQPn—Z (Xs58) + B; s uXsE [ Xupn—2 (Xu;u)l fSS]
+Ct s B [ Xopn—2 (Xu; u)| F<s] + Dy, s,uXspn—2 (Xs; 5)

+ B s B [ Xupn—2 (Xu;u)| F<s] + Fr s upn—2 (X535 8) -

After some algebra one gets
(A21) E [Xfpn,g (Xy; u)‘ fgs] =X Cisu0n—2(w)an—_1(u)

+ Dn (Xs§ 5) an—l(S)Rn(t7 S, u) + Pn—1 (Xs§ 5) Sn(ta S, u) + Pn—2 (Xs§ 5) Tn(ta S, u)
+ pn-3 (Xs§ 5) Un(ta S, U) + Pn—a (Xs§ S) Vn(ta S, ’U,),
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where
R, (t,s,u) = Ay s uan—2(8) + Bi s uan_a(u),
Sp(t,s,u) = Ap s un-2(8) [bp—2(8) + br—1(s)]
+ Bts,u [an—2(u)bn-1(s) + an—2(s)bn—2(u)]
+ Ct,s,uan—z(u) [bn72(u) + bnfl(u)] + Dt,s,ubn—z(s)
+ Bt s ubn—o(u) + Fi s,
T (t,s,u) = At g0 [an—2(8)cn—1(8) + b2_5(8) + cpa(s)an—_3(s)]
+ Bisu [an—2(u)cn—1(s) 4+ bn—2(u)bp—2(s) + cn—2(u)an—s3(s)]
+Clisu [an_g(u)cn_l(u) + b2 o (u) + cn_g(u)an_g(u)]
+ Dy 5. ubn—2(8) + Et s ubn—2(w) + Fy s 0,
Un(t,s,u) = At s uCn—2(8) [br—3(s) + bp_2(s)]
+ Bt s u [bn—2(w)en—2(s) + cna(u)bn_3(s)]
+ C s uCn—2(w) bp—3(uw) + bp—2(w)] + Dy s uCn—2(8) + Ep s uCn—2(u),
Vo (t, s,u) = Ap s uCn—2(8)cn—3(8) + BisuCn—2(t)cn—3(s) + Ct s uCn—2(w)cn_3(u).
Comparing the right hand side of (AZ21]) with the right hand side of (A20) we get

the second equation with unknowns X and Y:

(A22> Ct7s uwln— 2( )an 1( ) X — Ap— 2(t)an71( ) y = —Pn (X57 )Rn(t,s,u)

+Pue1 (Xai ) (@n-2(t) ba-a(t) + buor (0] = Sultys,u))
+ Pamz (X, M%Q@%lm m+%2w%4w—nﬁ@w)
+ -3 (Xs3 5) (cn 2 3(t) + bp—2(t)] — Un(t,S,u))

+ pr—a (Xs;8) (cn,g(t)cn,g(t) — Va(t, s, u))
A calculation based on (Z20)) and E8)-BI0) gives
ap—2(t) [bp—2(t) + bp_1(t)] — Sn(t, s, u)

=t
= — 9 n— n—1 — Mn—1"Tn— n— n— n—
u(l £ os) 47 —gs 070n=1 T 1001 = Pn1n-s o0 1 (=2 + Yn-1)

- Uan—lén—Q + Uﬂn—l (5n—2 + 511—1) + q (ﬂn—lﬂYn—Q + CTO‘n—lén—l) ] )
An—o(t)Cn_1(t) + b2 _o(t) + crn_o(t)an_s(t) — Tp(t,s,u)

(t—s)(u—t)
= - 1 n— n—2 " In—2Un—-2 7 Pn—-1€n—
u(l—f—os)-i-T—qs{ + 0%z 4 10—z = Yn—20n—2 = 1601

+7 (Vg + 0Qn_2€n—2+ 0Qn_1En—1) — OOn_2n—2
+ q (7n—25n—2 +5n—26n—2 +0an—l¢n—l)+0— (6121_2 +ﬂn—2¢)n—2 +5n—1¢n—1)] )
Cn—2(t) [bn—3(t) + bp—2(t)] — Un(t, s, u)

(t—s)(u—t)
== Oen— n— n— n—2) — Op_2Ep_ n—
u(l+os)+7—gs En2 F Ten—2 (Y3 + Mm-2) 26n—2 + Nfn—2

- ¢n727n73 +o (57173 + 5n72) ¢n72 + q (677,7357172 + 7n72¢n72) ] )
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Cn—2(t)cn—s(t) — V,(t,s,u)
(t—s)(u—t)

Cu(l4o0s)+7—gs

= [571—3 (Tfn—2 - (bn—Z) + Pn_3 (qan—Z + U(bn—Z) ]
Therefore, by ([2.23)-(2.26) the coefficients at pp,—1 (Xs;8),...,Pn_a (Xs;s) on the
right hand side of (A22) vanish, and (A.22)) is equivalent to ([B.I6). O

Proof of Lemma B0l Increasing e if necessary, without loss of generality we may
assume that e > 0. Let N(z) = P(|X| > «) + P(|]Y| > z), K = 2/p. Throughout
the proof, C1,Cy denote positive constants which might differ at each occurrence.
The event {|X| > Kz}, where x > 0 is fixed, can be decomposed into the sum
of two disjoint events {|X| > Kz} N {|Y| > z} and {|X]| > Kz} n{|Y] < z}.
Therefore, denoting

Pi(z) = Pr(X[z[Y] =),
Py(z) = Pr(|X|> Kuz,|Y]| < z),
Ps(z) = Pr([Y]|> Kz, |X| < z),

we get Pr(|X| > Ka) < Py(z)+ P2(x), and hence by symmetry of the assumptions,

(A.23) N(Kz) <2Pi(z) + Pa(x) + Ps(z).
To estimate P;(x), we observe the following.
Claim A.1. If | X| >z, |Y]| > z, and 0 < a < 1, then either
(X = pY)? > a(l = p)*Y? + (1 - p)*(1 - a)a?,

or
(Y —pX)* > a(l - p)*’X* + (1 - p)*(1 — a)z*.

Indeed, suppose that both inequalities fail; i.e., on the set {|X| > =, |Y| > z} we
have (X —pY)? < a(l—p)?2X2+(1—p)%(1—a)z? and (Y — pX)? < a(1—p)?Y2+
(1 — p)%(1 — a)z®. Adding the inequalities we obtain

(1+ ) (X% 4+Y?) —4pXY < a(l —p)* (X2 +Y?) +2(1 - p)*(1 — a)z?.
Since 4pXY < 2p(X? + Y?), this gives
(1—p)2(1—a)(X?+Y?) <2(1 - p)*(1 —a)2®.
However, since | X| > z,|Y| > x, we have
(1= 21— (X2 +72) 2 22%(1 - (1 — ),

a contradiction.
Claim [AJ] with a = 1/2 implies that

Py(x) < Pr(IX — pY| > (1 - p)VY? +22/V2,|Y] > 2)
+Pr([Y — pX| > (1 - p)V X% +22/V2,[X| > 2).
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From the conditional Chebyshev inequality and (23] we get
Pr(IX = pY| = (1 p)VY2+22/VE,|Y| > )

A+ BlY|+ (1 p*)e?Y?/(1+¢€?)
S?ﬂm - o2 1 27)

dpP

24 2B|Y|
< 7dP+/ 2P
/ym (1= p)2a? yizz (1= p)?|Y|2

N / (1-p?)2e2Y2/(1 + £2) dP
V|22

(1= 2y
2¢2 1+4p
—Pr(lY]| >
where C; = 2A4/(1 — p)?, Cy = 2B/(1 — p)?. Since the assumptions are symmetric
in X, Y, this shows that there are constants C7,Cy < oo such that
C1N(z) CyN(z) 2e2 1+4p
< N(x).
- 22 + x 1+e21-p (@)
To estimate Po(x), we use the trivial estimate |Y — pX| > p|X| — |Y|, which shows
that the event {|X| > Kz,|Y| < x} implies that

& Cy
< ZPr(Y] 2 0) + 2PV 2 0) +

(A.24) Py(z)

—2

YV — pX| > el X[+ (p—)K — )z =e|X| + 2= =0,
Therefore

—2
Py(z) < Pr(|Y — pX| > | X[+ =0 |X| > Ka)
—2
:/ Pr(|Y = pX| > e|X|+ £==4|X) aP
X |>Ka
</ A+ B|X|+(1-p?)e?X?/(1+¢£?) qP
T JIX|>Ke (el X|+ (p —22)z/p)?

R
N | X|>Kz ((p—QE).’II/p)Q I X|>Kz E|X|(p—2€).’1)/,{)

1— p2)e2 X2

+/ %dp-
Ix|>Kq (1+2)e2X
Since N(Kx) < N(z), this shows that
1— 2
- C1N(z) n CyN(z) 12 bix) > K,
x? x 1+e?

where Cy = p?A/(p—2¢)?, Cy = pB/(e(p—2¢)). By symmetry of the assumptions,
we also have

(A25) Pg(x)

2

—p
Pr(|Y| > Kz).
v Tiye Yz Ko

Combining (A23), (A24), (A20), and (A20) we obtain that there are constants
C3,C4 > 0 such that

< C3N($) + C’4N(x) 1-—

(A.26) Py(a) <

OlN(QJ) CQN(,]}) 1
5 +
x

2 2
p 4e® 1+p
N(K —N
x2 x +1+€2 ( x)+1+521—p (@),

which implies (3.25). O

N(Kz)
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Proof of Lemma 320l Clearly, (326]) implies that 2e < p. Indeed,
92.2 2p+3€2ﬂ < PP < 2

-p
We use Lemma and we use the notation N(z) = P(|X| > z) + P(|Y| > ),
K = 2/p introduced in its proof. Fix M > 0. Then, noticing that K > 1, from

Lemma [3.6] we get
M M/K
/ (p+1)zPN(x) dszp'H/ (p+1)2’N(Kz)dx
0 0

1 e 1 o
< ]ilcl/ (p— 1)aP 2N (x) dz + Ing/ prP N (z) do
p— 0 p 0

4e? 1+p M
7—Kp+1/ + 1)aP N (x) dx
Pk [C 1N G)

< LELcn (BUXP) + BOYP™) + 2= Ca (BIXT) + E(YP))

2opts) pralte [V
+e22PT2 /P =, (p+ 1)zPN(z) dz.
—PJo
Therefore, if (3:26) holds true, then sup,;~ fOM(p + 1)zPN(x)dx < oo, which im-
plies E(| X |P) + E([Y[P™) = [(%(p + 1)aP N (z)dz < cc. O
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