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Abstract Both unitary chiral theories and lattice QCD sim-
ulations show that the DK interaction is attractive and can
form a bound state, namely, D},(2317). Assuming the valid-
ity of the heavy antiquark—diquark symmetry, the E. K inter-
action is the same as the DK interaction, which implies the
existence of a B..K bound state with a binding energy of
49 — 64 MeV. In this work, we study whether a E.. E..K
three-body system binds. The E.. E. interaction is described
by exchanging 7, o, p, and w mesons, with the correspond-
ing couplings related to those of the NN interaction via the
quark model. We indeed find a E., Z..K bound state, with
quantum numbers J© = 07, 1 = %, S =1and C = 4,
and a binding energy of 80—118 MeV. With the same formal-
ism, we find that the B E.c K system also binds, yielding a
I1(JP) = %(04‘) state and a %(14‘) state with binding energies
of 56-68 MeV and 56-67 MeV respectively. As a byproduct,
we show the existence of a NN K state with a binding energy
of 35-43 MeV, consistent with the results of other theoretical
works and experimental data, which serves as a consistency
check on the predicted E. E.cK bound state.

1 Introduction

In 2017, the LHCb Collaboration reported the observation
of a doubly charmed baryon, the E" [1]. Its quark content
is ccu, where it is interesting to notice that we expect the cc
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charmed quark pair to be tightly packed together. The theo-
retical reason behind this is heavy antiquark—diquark sym-
metry (HADS) [2], a type of heavy-quark symmetry stating
that a heavy-quark pair behaves approximately as a heavy
antiquark. In practical terms what this means is that the struc-
ture of the doubly heavy baryon is the same as the one of a
heavy antimeson, i.e. the wave function of the light-quark
within the EET) baryon is the same as that in the D™ meson
(modulo corrections owing to the finite charm quark mass).
Consequently, HADS also implies that many of the findings
related to D mesons are likely to apply to Efff) baryons. For
instance, if there are DK [3-6] and DD K [7-9] bound states
the same is expected to happen to the E..K and B¢ Eq.K
systems. This last system will be the subject of the present
manuscript.

The existence of a D K bound state is usually argued on the
basis of the experimental location of the D};(2317) [10-12].
The mass of this resonance is excessively low to be accom-
modated as a cs state in the quark-model. Yet from chiral
symmetry we expect the DK interaction to be really strong
and attractive, leading to the natural explanation that the
D},(2317) is a bound state [3-6]. Indeed the attraction in the
DK system has been repeatedly shown to be strong enough
to form this state [13—18]. Now, if we consider HADS, then
the binding of the DK system implies that the E.. K system
should bind too, a conclusion which has been pointed out in
a series of theoretical works. For instance, Ref. [19] predicts
an isoscalar 2..K bound state at about 60 & 20 MeV below
threshold. Reference [20] considers the 2. K -Q¢en coupled
system, for which binding happens at about 150 MeV below
threshold. In Ref. [21] the authors calculated the E..K scat-
tering length to be 2.15 fm, which being positive (and pro-
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vided that the system is attractive) indicates the existence of
a bound state. In Ref. [22], in addition to the next-to-leading
order chiral potentials, the P-wave excitation between the
two heavy quarks was taken into account as a dynamical
degree of freedom, a E.. K bound state with a binding energy
of 50 MeV was predicted.

The bottom-line is that the existence of a &, K bound state
isreally likely, at least if HADS breaking is not too large. This
immediately raises the intriguing question of whether there
exists a Epe Eec K trimer. The reasons why such a trimer
is probable are HADS and the theoretical predictions of a
DDK bound state [7-9,23]. It is also interesting to notice
that the probable mechanism responsible for the formation
of the DDK and E..E.K trimers is the strong Weinberg—
Tomozawa (WT) term in the DK and Z..K subsystems. !
This feature is shared with the N K system, which is usually
thought to be the most important component of the A (1405)
wave function and which also leads to the formation of NN K
bound states, as has been extensively studied in both the-
ory [24-42] and experiment [43-50], with the later support-
ing the existence of this trimer. Motivated by these facts, in
this manuscript we will explore the three-body E. E.K as
wellasthe E .. 2. K systems, which we conclude to be likely
to bind.

The article is organized as follows: in Sect. 2, we explain
the E..K and E..E.. interactions. In Sect. 3 we construct
the three-body wave functions and solve the correspond-
ing Schrédinger equation for the E.. Eq. K system using the
Gaussian expansion method (GEM). In Sect. 4, we explain
how the Thomas collapse affects the cutoff dependence of
the binding energy of the E..E..K trimer. In Sect. 5, we
present our predictions and discuss the theoretical uncertain-
ties associated with them. Finally, we summarize our results
in Sect. 6.

2 Two-body interactions

Here we will explain in detail how to derive the E..K
and E..E.. interactions. For the case of the . K system
the most important part of the interaction is given by the
Weinberg—Tomozawa term, which happens to be identical to
that of the DK system owing to HADS and chiral symme-
try. For the E . B, system we will resort to the one boson
exchange (OBE) model, where the non-relativistic potential
between the two baryons is determined by the exchange of a
few light mesons (the pion, the sigma, the rho and the omega).
For determining the coupling constants of these light mesons
to the doubly-charmed baryons we will resort to HADS and

! Considering that the WT interaction of the E.. K system in the isospin
0 channel is half that of the Z.. K, we will study the E.. 8. K system
as well in the present work.

@ Springer

the information we can deduce from the DD two charmed-
meson system and the quark model.

2.1 O(%_) Ecc K potential

The most important contribution to the 2. K interaction is
the Weinberg—Tomozawa term between the kaon and the dou-
bly charmed baryon, which in a non-relativistic normaliza-
tion reads

R C 1
Vwr(q) = — wrl)

212

with f; >~ 130MeV and Cy7(0) =2, Cwr (1) = O for the
isoscalar and isovector channels, respectively. This coincides
with the standard half-relativistic (relativistic kaon and non-
relativistic baryon) normalization Cywr (I)(wk + @} )/2 fg.
This potential is exactly the same one as for the DK system
as a consequence of two independent facts: the universality
of the WT term (and the fact that D and E.. belong to the
3 and 3 representations of SU(3)-flavor) and HADS, which
also implies the same interaction in both systems.

The Fourier-transform of the previous potential in coordi-
nate space is

Vwr (F) = —

ey

Cwr((I)

ST 89, 2)

which is singular and requires regularization. For that pur-
pose we will choose a Gaussian regulator of the type

Cwr(I) e*(r/Rc)2

Vir (F) = — :
wr (1) 22 PR

3

where R, is a coordinate space cutoff. However the previous
expression is still problematic, as the prediction of a bound
E.K state and its binding energy depends on the cutoff. If
there is an experimentally known bound state, then it is easy
to choose the cutoff in order to reproduce that bound state.
Though this is not the case for the E.. K, it happens that the
D},(2317) is suspected to be a DK bound state. From this
we can set the cutoff in the DK system, which, owing to
HADS, should be the same cutoff as in the E..K system.

But there is the more powerful approach of fully renor-
malizing the E.. K/DK interaction, which is what we will
do here. For that, we allow the strength of the WT term to
vary with the cutoff

. e /R)?
V(r) =C(RC)71T2R§’ )
where for every value of R, we determine C(R.) by repro-
ducing the D},(2317) as a DK bound state. After this we
can predict the binding energy of the E.. K system.? In addi-

2 HADS is known to be broken at the level of Aqcp/(mgv) [2], where v
is the velocity of the heavy quark pair. For a charm quark pair, mgv ~
0.8 GeV [51], we obtain a breaking of 25-40% for HADS. At this
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tion to this, we can also modify the previous potential with a
shorter-range contribution as follows

R —(r/Rc)? o—(r/Rs)?
WT( ) ( c) 7T3/2R3 S 713/2R§
= C(R) e /R 4 Cge /R, ©)

where we take Rg < R, and Cg > O (i.e. repulsive) with
|Cs| > |C(R.)|. Notice that we also define the couplings
C(R.) and Cg, which are equivalent to c (R.) and és but
more convenient to use. The purpose of this modification is
to take into account the fact that the subleading order correc-
tions to the WT term for the DK interaction are repulsive in
nature (with the same thing happening in the E..K system
owing to HADS) [14]. For concreteness we will take R, =
0.5-2.0fm and Rg = 0.1 fm. For Cg we will consider two
possibilities: Cg = 0 (i.e. we ignore the existence of sublead-
ing order corrections) and Cy = 1 GeV (to exaggerate the
strength of these corrections). The binding energy we pre-
dict for the E..K state lies in the range By = (50-60) MeV
and are almost independent of Cg. Concrete results for each
cutoff can be checked in Table 2, which we will discuss later
on.

In addition to the strong force, the E..K system also
receives contributions from the electromagnetic force if the
antikaon happens to be charged (the E.. is always charged,
with its particle states being 2. or /). The two parti-
cle components of the I/ = 0 channel in which the E..K
interaction is expected to be stronger are

_ 1 _ B

Bk =0y = 7 [IBER) 1B KD @)

For each of these components the Coulomb force reads
Varko® =0, ®)
c o

V’:++K— (ry=-2—, )
Hcee r

or, equivalently, if we write it with isospin operators

Ve () = a (t14+3) (=14+170)

: 10
EecK ro2 2 (10

with 7; 1 and 7, 7 the third component of the isospin operator
for the doubly charmed baryon and antikaon, respectively.

Footnote 2 continued

moment, there is no concrete experimental information that can help us
to estimate the level of the breaking of HADS. Future discovery of the
spin 3/2 partner of the E.. should give us a clue, since HADS states

3
mgx, —mg, = Z(mD* —mp) ~ 106.5MeV. (5)

Lattice QCD studies [52-56] and various models [57-64] suggest a
breaking up to 40%. As a result, the same as Ref. [65], we study the
uncertainties due to the breaking of HADS by varying the couplings,
C(R;) and Cg, from their central values by 25%.

The problem is that the Coulomb force breaks isospin sym-
metry, which can be dealt with in two ways. The simplest one
is to average the Coulomb force over the particle components
of the I = O state

(Eee KU = 0)[VE()|EecK (I =0)) = —%- (11)

The other possibility is to consider the | 2. K°) and | X+ K ~)
components separately as channels 1 and 2, in which case we

can write the full potential as

1
vor=viror3 (11)-2(33): (12)

In this work we will choose the first option, the one described
by Eq. (11), as this will greatly simplify the formalism
required to do the calculations, particularly once we consider
the three-body system.

2.2 The E..E,. potential in the one boson exchange model

In the OBE model the interaction between two hadrons is
described in terms of the exchange of a series of light mesons,
which most commonly include the pion (7), sigma (o), rho
(p) and omega (w), but sometimes a few more bosons in its
more sophisticated incarnations. Indeed the OBE model has
provided one of the most quantitatively successful descrip-
tion of the nuclear forces [66,67] and in principle there is
nothing impeding its application to other two-hadron sys-
tems. Regarding hadronic molecules, itis interesting to notice
that the original speculations about their existence were based
on the OBE model [68], which later has been widely used
for predicting or explaining molecular states [69-74].

The particular version of the OBE model we will use is
the one developed in Ref. [75] for the DD and DD family
of charmed meson molecules, which in turn can be related
to the E..E.. case via HADS. The most important differ-
ence of Ref. [75] with previous implementations of the OBE
model for heavy hadron molecules is the inclusion of a few
of the ideas of the renormalized OBE model of Ref. [76].
In particular we partially renormalize the OBE model, by
which we mean the following: the OBE model contains a
form factor and a cutoff A, where we determine the cutoff A
from the condition of reproducing a known molecular state.
The molecular state chosen is the X (3872), of which there is
evidence that it might be a D* D molecule with JF€ = 1+
and isospin / = 0. For the case of a monopolar form factor
the resulting cutoff is Ay = 1.011“8:{8 GeV.

We will not explain in detail here how to derive the OBE
potential for the general ng) ng) system from HADS and
the potential developed in Ref. [75] for the D™ D®) system.
Instead we will simply indicate how to do it, where the start-
ing point is the definitions of the charmed meson and doubly
charmed baryon superfields

@ Springer
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N 1 . -
Tee = —=0 Bee + "‘cc’ (13)

V3

H, = D+&-[)*] ,

1
vl
which group the D, D* meson (Z.., E. baryon) fields into
a single superfield with good properties with respect to rota-
tions of the heavy quark spin. For implementing HADS there
are several possibilities, of which we briefly explain two. One
is to group the two superfields H. and T, into a new super-
field H,. which is invariant under HADS. The other is to
simply notice that the previous procedure at the end amounts
to make the following substitutions in the Lagrangians:

Tr [HJOHC] - TL O T, (14)

with O some arbitrary spin operator acting on the superfields.
If we do this with the OBE Lagrangian of Ref. [75] we will
be able to derive the potentials we will write down below.

The outcome of the previous procedure for the particular
case of the E.. E. system is

Vo = Vi + Vo + Vp + Vo, (15)

where the contributions from the 7, o, p and w read

g2 1. . 3 A
Ve (r) =1 - 6f2 ~5 o1-oymyd| myr, o
s

1. . 3 A
+§c71-c72mn Wy | myr, —

T

A
r —>:|, (16)
My

2 A
o me Wy | mgr, — |, (17)
mey

- - =1 2 A
Voiry=11-12 8, Mp Wy | mpr, —
mp

12 2. . A
+m<—ﬁo’1 UzmpWY<l’l’lpr,m—p>

2 . . 3 A
+E01'02mpWY mpr,m—p

1 S (Fym> Wr (m r A) )} (18)
27 p P "m, ’
Vo(r) = 8w Mo Wy | mer, —
me,
12 2 . . 4 A
4M2< ﬁal.azmwd<mwr,m—w)
2 - 3 A
Eal oy m, Wy (mw", m—w)

3 A
- Slz(r) m, Wr | mer, — | |, (19)
27 m

w

1.
+5 S12() m Wr (mn

Vo (F) =

@ Springer

where for a monopolar form factor the functions d, Wy and
Wr take the form

d(x, 1) = M e (20)
M= T A
Wy (x, A) = Wy(x) — AWy (Ax)
2 —AXx
_u ¢ , Q21
2\ 4
Wr(x, 2) = Wr(x) — 2> Wr (x)
A2=1 2 (1 1\ e -
2 < +E> dr @2)

For the coupling constants we follow Ref. [75] and take g =
0.60,8, =3.4,8) = 80w =2.6, fp = fo = wkw> Ko = 4.5
and M = 1867 MeV.

Finally we have to include the Coulomb piece, which writ-
ten in the isospin basis reads

=2 (tz,1 +3) (172 +3)
urcuzr - r 2 2 :

If we consider the S = 0 (singlet) S-wave E.. E.. molecule,
there are three possible isospin states corresponding to the
ELEL, ELEST and EFFEST systems. If we consider
the S = 1 (triplet) case, this corresponds to EF.EX* and

cc
a Coulomb potential

(23)

c 1 J=0=2%
VE o (rS=1,1=0)=2—. (24)
c~ee r

Concrete calculations with the previous parameters indi-
cate that there is no singlet bound state but that a triplet bound
state — the charming deuteron — will bind for Ag > 994 MeV
without Coulomb and A¢ > 1112 MeV with Coulomb, con-
sistent with the previous prediction of Ref. [77] .

3 Gaussian expansion method

Once we have determined all the relevant two-body inter-
actions, we are ready to explore the E.. E.cK three-body
system. For this we will use the Gaussian Expansion Method
(GEM) [78,79], which is an efficient method to solve few-
body systems. The starting point is the Schodinger equation

HW'el = pyioal (25)

with the Hamiltonian
3 2
H=) ——Tem+Vg gr)+Vg g(r2)+Ve, g.(3),
(26)

where T, ,,. is the kinetic energy of the center of mass and
V (r) is the potential between the two relevant particles. The
three possible permutations of the Jacobi coordinates for the
Ece Bee K system are depicted in Fig. 1.
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Fig. 1 Three permutations of
the Jacobi coordinates for the
Ecc Bec K system

>

1

I1]

C=1

The total wave function can be expressed as the sum of the
amplitudes of the three re-arrangement channels (¢ = 1 —3),
i.e. the permutations shown in Fig. 1, which we write as

W =" Coa Wy o (e R), 7

c,a

with r. and R, the Jacobi coordinates in channel c.

As can be appreciated, the wave function is expanded in
aseries interms of « = {nl, NL, A, tT} (explained below),
with C.  the expansion coefficients.

Here [ and L are the orbital angular momentum for the
coordinate r and R, t is the isospin of the two-body subsys-
tem in each channel, A3 and T are the total orbital angular
momentum and isospin, n and N are the numbers of gaus-
sian basis functions corresponding to coordinates r and R,
respectively.

Considering that the two baryons are identical, the total
wave function should be antisymmetric with respect to the
exchange of the two E.. baryons, which requires

total

Ppwit = —wipt (28)

where Pj; is the exchange operator of particles 1 and 2. The
wave function of each channel has the following form

\Iij’a(er R, = H;,t 02y [(DICL’A(I'C’ Ro)lym, (29)

where Hy , is the isospin wave function, and &7, , the spa-
cial wave function. The isospin wave function in each channel
reads as

HET = 10y (E20ny RO)lyny Bl
HET? = Uy (Blony (R)lny (B2,
HiZ = [0y (Blomy (S201smy (KO, Y

The orbital wave function @7, , is given in terms of the
Gaussian basis functions

Df) A R) = [¢7, Vg 1 R)]A.

G 1 —vpr? A
nim\Yce) = Nnll¢ ol Im\Tc),
¢ (re) = Nyrie e Y, (Fe)

€1y
(32)

3 This should not be confused with the cutoff used to regularize the
OBE potential.

K

Rs

1]
I

cc T3 cc

C=2

C=3
Y&, (R = Ny REe Ry, 1 (R). (33)

Here N,,;;(Ny ) is the normalization constant of the Gaussian
basis and the parameters v, and A, are given by

(n =1, nmax)a
Ry = Rnin ANV (N = 1, Nyax),

2 n—1
v =1/rf, I'n = Find

Ay = 1/R%, (34)

where {nax s Fimins @ OF Fyax } and {Npax s Rinin, A OF Riypax}
are gaussian basis parameters.
-

Since the E.. is a doubly charmed % (5 ) baryon and

Ka %(0_) meson, considering only S-wave interactions and
the Fermi-Dirac statistics of the two identical E.. baryons,
the quantum numbers of the E.. E.cK system are I (J Py =
%(O’). We found that with 8-15 Gaussian basis functions,
the binding energy of the three body system already con-
verges up to a precision of 0.1 MeV. For concreteness, the
numerical values reported in this work were obtained with
10 Gaussian basis functions. All the configurations of this
three-body system are shown in Table 1.

As the wave function has been constructed, the Schodinger
equation of this system is transformed into a generalized
matrix eigenvalue problem by the basis expansion:
(7% +vab, — EN1Cp o = 0. (35)
Here, T(f(f' is the kinetic matrix element, Vlfé’, is the potential
matrix element and Ngg , is the normalization matrix element.
The eigenenergy E and coefficients are determined by the
Rayleigh—Ritz variational principle via the gaussian basis
parameters.

4 Thomas collapse in the Z .. E CCI? system

A problem with the E. E..K system is that it is Efimov-like.
Thus it will be possible for it to show Thomas collapse [80].
In principle this means that the predictions we will make will
be cutoff dependent, as the only way to stabilize the energy
of the ground state is to include a short-range repulsive three-
body force.

Actually to show the existence of the Thomas collapse
in this system we will use the Efimov effect as a proxy.
The Efimov effect refers to the appearance of a geometric

@ Springer
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Table 1 Configurations of the I(JP):% (07) Bee Bee K system together with the number of Gaussian basis used. Here, B = E.¢, ¢ = K and Sgp
the spin of E.. B, subsystem. Note that channel 1 and channel 2 are identical

¢ Igg Lpy—p A SBB J 1By 1 P Mimax Nmax
1(2) 0 0 z - 10 10
1(2) 0 3 - 10 10
C Ipp Lpp_¢ A Spa 157 1 P Nmax Niax
3 0 0 0 0 1 1 - 10 10

spectrum in the three-body system when a few of the inter-
acting particles are in the unitary limit, i.e. their scattering
lengths diverge. This is complementary to the Thomas col-
lapse: reducing the range of the interaction is equivalent to
a relative increase of the scattering length when expressed
in units of the range. The presence of the Efimov effect can
be deduced from the Faddeev equations for a contact-range
potential, which we will not derive in detail here but can be
consulted in Refs. [81-83]. Instead we will simply use the
results derived in other works: if we consider a three-body
system of the type AAB, where A and B are two different
species of particles and the AB interaction is resonant, the
condition for having the Efimov effect is

sin 2¢
ra = <A, (36)
20

with A a geometric factor depending on the characteristics of
the A B interaction and quantum numbers of the system, and
« an angle given by

1
= i — . 37
o = arcsin (1 n Z_j) 37

For the B, Ecc K system we have that my = m(EZ..) and
mp = m(K), which gives A, =~ 0.389. The factor X is
given in this case by the condition that the E..K interaction
is strong in the isospin / = 0 channel, and can be calcu-
lated from the matrix element of the isospin wave functions
from the two different permutations of the doubly charmed
baryons:

A= <H;—OI|H§;)2> = % (38)
From this we have that A > A, : the conclusion is that for the
EecBecK system the Efimov effect can indeed happen. But of
course, owing to the fact that the E..K is far from the unitary
limit (i.e. they do not form a shallow bound state), what we
expect instead is Thomas collapse. For comparison purposes,
in the DDK and NNK systems we have A, ~ 0.531 and
0.693, respectively, from which we deduce that there is no
Thomas collapse in these two cases.

@ Springer

5 Predictions

Once we have determined the required two-body inputs, the
calculation of prospective E.. E.cK (ECC@CCIE' ) trimers is
straightforward. For this we will use the GEM, which we
have already explained in Sect. 3. As already discussed, the
EecBecK three-body system suffers from Thomas collapse,
i.e. if the range of the involved two-body E..K interac-
tion would be reduced to zero, the three-body system would
collapse. Of course in the real world this does not happen
because the range of the E..K interaction is finite, but this
collapse will manifest itself as a strong dependence on the
cutoff R. we have chosen to regularize the potential. Finally,
we notice that the E.. E..K system is completely analogous
tothe NN K one: the doubly-charmed baryons and the nucle-
ons belong to the same irreducible representation of the spin
and isospin and are therefore interchangeable modulo two
differences, one being the masses and the other being the
strength of the WT term with the antikaon. For this reason
we will also present calculations of the NN K trimer.

5.1 The 3(07) EccEccK system

We now present here the E..K dimer and E..E..K trimer
predictions. We begin with the dimer, as it is the basic build-
ing block for the calculation of the trimer binding energy. As
already explained the E.. K interaction is given by a contact-
range potential the strength of which can be related to that
of the DK interaction by means of HADS. For the form of
the potential we use Eq. (6), where we let the cutoff float
in the R, = 0.5-2.0fm window but set Ry = 0.1 fm for
the second cutoff we use to model short-range repulsion. We
determine the coupling C(R.) from the condition of repro-
ducing the D;‘O(2317) as a DK bound state with a binding
energy of 45 MeV, where the resulting potential is shown in
Fig. 2. From this potential and HADS, we predict the E..K
dimer to have a binding energy of 49—-64 MeV in the absence
of a repulsive core, and 49-63 MeV if there is a repulsive
core with Cg = 1000 MeV, from which we deduce that the
influence of a repulsive core is negligible. A more detailed
compilation of the binding energies of the dimer for different
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cutoffs can be found in Table 2.* We note that the binding
energy of the E..K bound state is larger than that of the DK
bound state because the E.. baryon is heavier than the D
meson.

Now for the EqrEcc K system, besides the E..K inter-
action explained in the previous paragraph, we also need
the E..Z. potential. For this we use the OBE potential
described in Eqgs. (15-19). With this we arrive at the results
we show in Table 2.

A few comments are in order at this point. First, the 3-body
binding energy of the E..E..K system increases as the cut-
off R, decreases. The origin of this cutoff dependence lies in
the fact that the B EccK system is susceptible to Thomas
collapse, i.e. if we were to reduce the cutoff R, to zero, the
binding energy of the system will diverge: B3 — oo. For
the cutoff range we have chosen, i.e. R, = 0.5-2.0fm, the
binding energy of the trimer varies between 80—118 MeV.
Indeed it can be appreciated that the possibility of Thomas
collapse in the EecBecK system translates into a consider-
able cutoff dependence of the results, yet the conclusion that
the system binds is solid, as it happens even for really soft
cutoffs like R, = 2.0 fm. Second, if R, is large enough (1.5—
2.0fm), a second bound state appears. This additional bound
state is expected to be a cutoff artifact: the cutoffs for which
it appears are relatively soft, definitely larger than the size
of the hadrons we are considering here. Be it as it may, the
bottom-line is that the existence of the E.. E.. K bound state
is rather robust.

The uncertainties of our predictions as listed in Table 2
come from two different sources. One is violation of HADS,
which is not a perfectly preserved symmetry, but instead it
is expected to be broken at the 25% level. This will affect
the two two-body potentials on which the calculation of the
B.cEcc K trimer relies: the B, K and the Eq Ece potentials.
In both cases we are inferring the strength of the potential
from HADS and the corresponding potential for the DK and
DD systems, which means that the mentioned 25% relative
uncertainty applies. In addition the individual couplings of
the E..E.c potential inherit the same type of uncertainties
as in the D D potential, as discussed in Ref. [75]. The origin
of these uncertainties lies in the problem of determining the
value of the different coupling constants in the OBE model,
where we simply assume them to compound into a single

4 The Coulomb interaction is found to affect the binding energy only by
several MeV. More specifically, with the cutoff R, = 0.5-2.0fm, the
Coulomb interaction makes the E..K dimer more bound by 1.2-2.8
MeV (since the constituent particles have opposite electric charges).
For the B, EcK trimer, the Coulomb interaction breaks the isospin
symmetry. Now E.. E.K splitsinto 8% 8% K% and EXFEXF K . The
former becomes less bound by 1.4-2.7 MeV and the later less bound by
1.5-1.8 MeV. Given that the binding energy of the E.. EccK trimer is
about 100 MeV, therefore in the present work we neglect the Coulomb
interaction.

uncertainty of about 30% in the value of the OBE potential,
These two sources of uncertainty — HADS and the OBE cou-
plings — are then summed in quadrature (as we expect them
to be independent error sources)

Error = v/Error(WT)2 + Error(OBE)2 (39)

where Error(WT) is calculated by scaling the E.cK poten-
tial by a factor of 0.75-1.25, while keeping the OBE E.. E.¢
potential unchanged. Similarly, Error(OBE) is calculated by
scaling the OBE E . E.. potential with a factor of 0.7-1.3,
while keeping the E..K potential unchanged. We find that
the influence on the binding energy form the Error(WT) is
about a few tens of MeV and that from Error(OBE) is less
than 1 MeV. Therefore, we conclude that the dominant uncer-
tainty in the binding energy of the trimer is from that of the
E.cK interaction.

Itis instructive to show how the presence of a third particle
in a three-body system affects the size of the two-body sub-
systems. For this we calculate the root mean square (RMS)
radius of the B, K pair in the . E.cK trimer and compare
it with that of the E..K dimer. Table 2 shows that with the
cutoff R, ranging from 0.5-2.0 fm, the distance between E.
and K is slightly smaller in the E.. EccK trimer than that of
the E..K dimer, which indicates that the second E.. makes
the E..K subsystem a bit more bound. If we turn our atten-
tion to the E..E.. subsystem, for a cutoff A = 1.01 GeV,
the K meson pulls them together to the point that their RMS
radius is slightly smaller than that of the 8. K pair, see Table
2. The same happens in the NNK and DDK systems [9],
which indicates that the K meson plays an important role in
forming some three-body bound states.

5.2 The EpeBecK system

Now, to study the E..E..K system, we can apply the same
formalism as we did before for the E..E..K case. For the
description of the E. Eee potential we use the OBE potential
as presented in Sect. 2.2, where the only difference with the
Ecc Bcc case is a change of the pion- and omega- exchange
contributions. For E..K, we can simply relate it to the DK
interacton via HADS. From chiral symmetry, it is well-
known that the LO DK potential in the isoscalar channel
is half the strength of the DK one, see for instance Ref. [14].
Therefore the E..K interaction will also be half the E..K
one mentioned in Sect. 2.1, see Egs. (1-5).

First, we discuss the Eoc Ece system. Since both the E..
and the E,. have spin 1/2 and isospin 1/2 but have opposite
parity, the allowed quantum numbers of the &, E.. two-body
system with S-wave interactions are 1 (J©) = 0(07), 0(17),
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R.=0.1 fm, C.=0MeV

400
——R=2.0fm
— — R=15fm
200 + === Rc=l.0 fm
—-—=R=0.5fm

V [MeV]

200 b= = T [

-400 |- .

0 1 2 3 4
r [fm]

Fig. 2 Weinberg—Tomozawa EecK potential with specified R, Cs,and R..

Table 2 Parameters (Cs, C(R.) in MeV, and Ry, R, in fm), binding
energies (B2, B3 in MeV) and root mean square radii (12, r3 in fm) of the
EqK and E.. E.c K bound states. Note that r3(E.- K ) and r3(Ecc E¢e)

R=0.1 fim, C .=1000 MeV

et ——R=2.0 fm
= — R=15fm
200 ----R=1.0 fm
—-—R=0.5fm

V [MeV]

0 1 2 3 4
r [fm]

The other parameter C (R, ) is determined by reproducing the D}, (2317)

are the RMS radii of the corresponding two-body subsystems of the
E¢c Bee K trimer. The uncertainties are generated by considering a 25%
breaking in HADS

C(R.) R, B(EqeK) r2(BecK) B3(EcBecK) 73(EecK) 73(Eee Bee)
Cs=0 Ry =0.1

—862.4 0.5 63.6712 0.87 118.411%° 0.80 0.75

—320.1 1.0 537437 1.18 92.8+3> 1.14 1.04

—198.7 1.5 50.6%37 1.43 84.1141 542731 1.41 1.25

—149.1 2.0 49.17% 1.66 79.7%31, 55,5728 1.63 1.43
Cs = 1000 Ry =0.1

—884.7 0.5 63.277%0 0.87 117.5119¢ 0.81 0.75

~324.0 1.0 53.6%3] 118 92.5%9 1.15 1.04

~200.2 L5 50.6%3] 1.44 83.9M3. 54.2731 1.41 1.26

—149.9 2.0 49.11%3 1.66 79.6131,55.513% 1.64 1.44

1(07) and 1(17). The isospin wave functions read as

[BecBeel = 0.1y = 0)) = —= (|BLE) + 878 ))
_ 1 _ _ o
’E‘CELC(I - 1’ I3 = 0)> = _2 (}E;’;Ecc> - L':“J’_—i_":‘cc >) ’
|EecBec =1, I3 = +1)) = |ELTEL).
|EccBecI =1, 3 =-1))=—|ELE. "), (40)

for which the corresponding Coulomb potentials are

Ve 5 (1 =0.13=0)=-3,
VE 2 (I =1,1=0=-%,

oF

VS 2 (mI=11L=+1)=-2%,

SecScee

o

(r; 1 =113 =—1) =_27a. (41)

@ Springer

We show the results for the EqeEce system in Table 3.
With the OBE potential only, the isospin O state binds while
the isospin 1 state does not. This is because the OBE potential
is more attractive in the isospin 0 channel. However, because
Eq and Eg. have opposite electric charge, the Coulomb
interaction is significant in this two-body system, to such
an extent that it alone can bind the two-body systems, while
with OBE only, some of the states are not bound. What is
more interesting is that there is always a very loosely-bound
excited state. One should also note that in the /3 = 0 chan-
nel the positive and negative charged particles can annihilate
each other, but we will ignore this effect in this manuscript.

Since the Ece(Ecc) is a doubly charmed %Jr ( %7) baryon
(antibaryon) and K a spin 0 meson, considering only S-wave
interactions, the spin of the possible E..Z..K trimer can
be 0 or 1. We note that in the isospin 1 channel the E.. K
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Table3 E..E.. binding energies (in units of MeV) with OBE and Coulomb potentials. The cutoff A of the OBE potential is chosen to be 1.01GeV

1(J") B; (only OBE) B> (only Coulomb) B> (OBE + Coulomb)
0(07) 0.41 0.30 3.48,0.13
0(17) 3.37 0.30 8.18,0.16
1007) = Not bound 0.30 1.65, 0.09
1(07) 3 = +1 Not bound 0.18 1.14,0.04
117) = Not bound 0.30 1.10,0.07
1(17) I = +£1 Not bound 0.18 0.71, 0.01

Table 4 Binding energies (in units of MeV) and RMS radii (in units of fm) of 0 (%_) EqcK and %(O*’), %(1*’) Ecc Ecc K bound states. R, in fm

is the cutoff of .. K and Z.. K potentials

Re o 0(47) Bk L0") BeeBocK L% BeeBocK
B> n Bs r3(ECCK) r3(8ec K) rS(Ecrécc) B3 rS(Ecrk) 73(Eec K) rS(Eccécc)
0.5 — - 67.9 0.85 1.82 1.68 66.7 0.85 2.10 1.98
1.0 2.9 3.04 59.7 1.16 1.89 1.64 58.9 1.16 1.99 1.75
2.0 10.7 2.50 56.3 1.64 2.31 1.89 55.8 1.64 2.37 1.97

interaction is repulsive while the E e K vanishes, from which
we deduce that the preferred quantum numbers of the possi-
ble E..E..K trimers will most likely be %(O*) and %(1*).
In the numerical calculation, the number of Gaussian basis
functions is taken to be the same as in the EqcEqc K Sys-
tem. For the E.. K two-body system, we included the repul-
sive Coulomb interaction. For the B, E.c K system, because
there are both positive and negative charged particles, the
contributions of the Coulomb interaction cancels out. There-
fore, the Coulomb interaction was neglected.

Although the E..K interaction is only half the strength
of the E..K interaction, indeed this hidden-charmed three-
body system is likely to bind. In Table 4, we show the results

for the binding energies and RMS radii of the 0 (%_> e K

and %(O+), %(1+) Ecc Ece K bound states. The E..K system
isbound with R, = 1-2 fm, while not with R, = 0.5 fm. Con-
sidering that R, represents the effective interaction range, it
seems that the E..K is more likely to bind if the interac-
tion range is large. For the &, E..K system, both the %(0“')
state and the %(1+) state are bound, with binding energies
of about 56-68 MeV and a splitting about 1 MeV, while the
former is slightly more bound. Compared with the 2., & K
system, the binding energy is smaller, thus the sizes of the
subsystems are a bit larger.

53 The NNK system as an analogue of the &, . K
system

As previously mentioned, the charmed meson D and dou-
bly charmed baryon E.. can be seen as an analogue to the

nucleon: while the heavy quarks act as spectators, the light-
quark within these heavy hadrons belong to the same spin
and isospin irreducible representations as the nucleon (see,
e.g., [77]). Thus it is natural to see the DDK and .. E.. K
systems as heavy counterparts of the NN K system.

Furthermore, the origin of the same N K interaction is the
WT term which is also responsible for the binding of the
DK and E..K systems. Here there is a difference though:
the nucleon belongs to the 8 representation of the SU (3)-
flavor group, while the D and E.. heavy hadrons to the 3
and 3 ones. This means that the strength of the WT term is
not the same for NK as it is for DK and E..K (in fact, for
NK it is more attractive). Using the WT term or the chiral
potential as kernel to the Lippmann—Schwinger or Bethe—
Salpeter equations, one can describe the A (1405) as a KN
bound state [84-91]. In addition, the NN K system has been
studied rather extensively and it seems that all the approaches
lead to the conclusion that it should bind [26-38,40-42],
while only differing in minor details. If this were not enough,
all the experiments performed so far support the existence of
such a state [43-45,47-49], again only differing in minor
details.

Following the logic with which we studied the B..Eq. K
system, here we calculate the binding energy of the NN K
bound state using the NK and NN potentials as input. For
fixing the strength of the NK interaction we simply repro-
duce the location of the A (1405) with the potential of Eq. (6).
For the N N interaction we use the OBE model. The binding
energy of the NN K trimer is listed in Table 5 for different
cutoffs. In the same table we also show the values of the
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Table 5 Parameters (Cs, C(R.) in MeV, and Ry, R. in fm) of the N K
potential and binding energies (B, and B3 in MeV) of the NK and
1(JP ):% (07) NNK bound states. The parameters are determined by
reproducing the A (1405) with a binding energy 29.4 MeV with respect
to the NK threshold

C(R.) R. By (NK) B3 (NNK)
Cs=0 Ry =0.1

—925.9 0.5 29.4 35.2

—-316.4 1.0 29.4 39.3

—132.6 2.0 29.4 41.8

—89.2 3.0 29.4 425
Cs = 1000 Ry =0.1

—946.6 0.5 29.4 35.4

—319.8 1.0 29.4 39.4

—133.2 2.0 29.4 418

—89.4 3.0 29.4 425

coupling that reproduces the A (1405) pole as a NK bound
state with a binding energy By = 29.4 MeV. The binding
energy of the NN K trimer ranges from 35-43 MeV, where
the cutoff dependence is relatively weak in comparison to
the BoeEec K system. The reason is that the NN K does not
suffer from Thomas collapse as a consequence that the mass
ratio between the nucleon and the kaon is not large enough
as to trigger this effect. We notice that the inclusion of the
NNK system in the present manuscript should be viewed
mostly as a consistency check of the E.. E.cK calculation:
there is a large literature of calculations of the NN K system
that are far more sophisticated that the one presented here.

6 Summary

In this work we have investigated the E.. EccK system. We
have reached the conclusion that it is likely to bind. This
is mostly a consequence of HADS, a type of heavy-quark
symmetry that relates the E..K interaction to the DK one.
From this symmetry and the fact that previous theoretical
explorations point out to the possibility of bound DDK [7,8]
and DD DK clusters [9], the natural expectation is that the
Ece Bee K system binds too. Concrete calculations within the
GEM framework indicate that (i) the two-body E.. K system
has a binding energy B, = 49 — 64 MeV (ii) while for the
three-body E..E..K system the binding energy is B3 = 80—
118 MeV.

In the case of the two-body calculation, from HADS
we expect the E..K potential to be identical to the DK
one, where for the later case the strength of the potential
can be completely determined from the hypothesis that the
D},(2317) is a DK bound state. At the level of approxima-
tion we are considering, this interaction is given by the WT

@ Springer

term, though we additionally considered the possibility of a
short-range repulsive core in the E..K potential to mimic
the effect of subleading corrections. The uncertainty in the
two-body binding energy comes mostly from violations of
HADS, which we take to be as large as 25% percent.

For the three-body E. E.cK trimer the uncertainties are
definitely larger because besides HADS we also have a siz-
able cutoff dependence: this trimer is in principle susceptible
to Thomas collapse, i.e. if the range of the E.. K interaction
were to be taken to zero the trimer binding energy would
diverge, hence the cutoff dependence. This problem can be
effectively circumvented by the fact that the size of the 2.,
or K hadrons is finite or, more elegantly, by the inclusion
of a repulsive short-range three-body force that will stabilize
the results. Here we opt for the finite-cutoff solution, owing
to its simplicity but also to the fact that the strength of a
prospective three-body force should be determined from the
data. Be it as it may, we consider the existence of a relatively
compact E¢.Eq.K trimer as a robust conclusion. Besides,
we can deduce the existence of additional trimers from the
other heavy-quark symmetries. For instance, from heavy-
flavor symmetry there should be Ej EpcK and EppEpp K
trimers.

With the same formalism, we have also studied the
BecBecK system and found that it is likely to bind as well,
yielding a %(O*) state with a binding energy about 56—68
MeV and a %( 1T) state with a binding energy about 56-67
MeV. Considering the hidden charm nature of these states,
they are easier to be found experimentally.

Finally we applied our framework to study the N K and
NNK systems. The motivation is a very simple analogy
between the charmed mesons D, the doubly charmed baryons
E¢c and the nucleon N, the three of which belong to the
same representation of light-quark spin and isospin. From
this analogy the only differences between few nucleons and
few doubly-charmed baryons systems are the specific details
of the potential, i.e. the coupling constants and masses. If
we determine the N K interaction from the condition that the
A(1405) is a N K bound state, we reach the conclusion that
the binding energy of the NN K system is B3 = 35-43 MeV
with respect to the three-body mass threshold, which is con-
sistent with previous studies and experiments.
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