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QUALITATIVE ANALYSIS AND OPTIMAL CONTROL OF AN SIR
MODEL WITH LOGISTIC GROWTH, NON-MONOTONIC
INCIDENCE AND SATURATED TREATMENT

JAYANTA KUMAR GHOSH!, PRAHLAD MAJUMDAR? AND UTTAM GHOSH?*

Abstract. This paper describes an SIR model with logistic growth rate of susceptible population,
non-monotonic incidence rate and saturated treatment rate. The existence and stability analysis of
equilibria have been investigated. It has been shown that the disease free equilibrium point (DFE) is
globally asymptotically stable if the basic reproduction number is less than unity and the transmission
rate of infection less than some threshold. The system exhibits the transcritical bifurcation at DFE with
respect to the cure rate. We have also found the condition for occurring the backward bifurcation, which
implies the value of basic reproduction number less than unity is not enough to eradicate the disease.
Stability or instability of different endemic equilibria has been shown analytically. The system also
experiences the saddle-node and Hopf bifurcation. The existence of Bogdanov-Takens bifurcation (BT)
of co-dimension 2 has been investigated which has also been shown through numerical simulations.
Here we have used two control functions, one is vaccination control and other is treatment control.
We have solved the optimal control problem both analytically and numerically. Finally, the efficiency
analysis has been used to determine the best control strategy among vaccination and treatment.
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1. INTRODUCTION

Mathematical modelling has been increasingly recognized as an important tool for understanding the trans-
mission processes of different infectious diseases. A good mathematical model is able to evaluate the effective
control strategies for the infectious diseases. It suggests effective control and preventive measures, and provides
an estimate for the severity of the epidemic [1, 4, 15].

To formulate a compartmental model in mathematical epidemiology the researchers consider the constant
growth rate, exponential growth rate, logistic growth rate of the population. The logistic growth rate is used for
a relatively long-lasting disease or a disease with high death rate [11]. It is also considered due to limited space
capacities or sources [24]. Again, the incidence rate plays a very important role in epidemiological modelling
studies [6, 12, 13, 16, 20, 28]. Authors use the bilinear incidence rate ST (where the parameter § is transmission
rate of infection and the variables S, I are, respectively, the number of susceptible and infected population)
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where the force of infection f(I) = 81 is an increasing function of I and f(I) — oo as I —> co. This is not
realistic for many infectious diseases in large population because it does not include crowding effect of infected
population and awareness factors of susceptible population [7, 26, 27]. Capasso and Serio in [2] proposed a

saturated incidence rate ﬂil 7, where « is defined as inhibitory or awareness factors. Here the force of infection
f) = 15{11 is an increasing function of I and f(0) = 0. Also, f(I) — g as I — 0o. Again, the force of

infection decreases as the parameter « increases. Here the effect of o stems from epidemic control (taking
awareness or protection measures) [6]. Xiao and Ruan [25] proposed a non-monotonic incidence rate with
psychological effect of the form %, which includes the effects of psychological factors, protection measures
and intervention policies when a serious disease emerges. Here the infection force f(I) = :Lf# increases when
0<I< ﬁ and it decreases as I > ﬁ Also, f(0) =0and f(I) — 0 as I — oo. Thus the infection force f(I)
increases when I is small while it decreases when [ is large and the maximum value of f(I) is f (ﬁ) = %
This non-monotonic incidence rate is very effective for a new disease in some countries or regions, where initially
the contact rate and the infection probability increase as people have poor knowledge about the disease but
when I becomes large, the disease becomes more serious [13, 28]. Then people are aware about the disease, so
they take appropriate preventive measures and awareness and so infection force will then decrease.

To recovery from infection, treatment of infected population is the most important method. In classical
epidemic models, the authors use the treatment function as T'(I) = rI, I > 0 (where r is a positive constant). If
the number of infected population is very large then it is not always possible to provide such type of treatment
which is proportional to the number of infected population. To avoid this Wang and Ruan [23] introduced a
constant treatment function of the form

(1) = r, I >0
0, I=0

(where 7 is a positive constant). Later, Wang [22] considered the piecewise linear treatment function of the form

T(I) =
kly, I > Iy,

{kL 0<1I<Ip

which is non-constant and bounded above by the upper bound kIj. Recently, Zhang and Liu [27] introduced
a continuously differentiable treatment function of the form T'(I) = % (where a,b are positive constants),
which is clearly an increasing function of I and is bounded above by the least upper bound ¢. This saturated
treatment function is a better alternative for outbreak disease such as SARS, Dengue, etc in a new region
or area [29], because at the beginning of the outbreak there is small of effective treatment due to negligence
or lack of knowledge about the disease or lack of awareness. But then the treatment rate is increased with
the improving of hospital’s treatment conditions including skilful treatment techniques and effective medicines
[6, 20]. Finally, the treatment rate is reached to its maximum due to boundedness of medical resources of any
country or community. Here the parameter b measures the extent of the effect of the infected being delayed for
treatment [27].

On the other hand, optimal control theory is applied to the epidemiological models to determine the control
strategies [6, 10, 19, 20]. Since economical resources of any country or community are limited, hence the main
objective for applying optimal control in epidemiological models is to minimize total loss occurs due to the
presence of infection as well as the total cost due to implementing of the control(s). Generally, researchers
use treatment or vaccination or both controls in SIR,SIRS,SEIR models [6, 20]. Optimal control theory helps
to address the question of how to optimally combine the control strategies for minimizing the infection in a
community with limited resources.

In this article, we have considered an SIR model with logistic growth rate of susceptible population, a non-

monotonic incidence rate of the form and a saturated treatment function of the form T'(I) = 117)% 7. We

BST
1+al?
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TABLE 1. Model parameters and their descriptions.

Parameters Interpretations

Intrinsic growth rate of the susceptible class.

Carrying capacity of the system.

Transmission rate of infection.

The parameter that measures the inhibitory factors.

The natural mortality rate of the populations.

Disease induced death rate.

The natural recovery rate of the infected individuals.

Cure rate

Delayed parameter of treatment

The control variable, be the percentage of susceptible individuals being vaccinated per unit of time

SR 2 a0 T F 3

e
N =

The treatment control parameter

have also considered two controls, one is vaccination control u; and other is treatment control us. These two
controls have been used to address the question of how to optimally combine the vaccination and treatment
strategies to minimize the susceptible and infected population as well as the cost of implementation of these
two interventions. In our work, we have studied the stability and bifurcation analysis of co-dimension one
and two in the neighbourhood of equilibrium points. It is important to note that we shall deal with not only
qualitative analysis of the model but also the optimal control of the disease. Efficiency analysis shall be performed
to determine the best control strategy. It should be mentioned that the stability or instability of endemic
equilibrium points shall be analysed by applying different technique described in [14].

Let, S(t), I(t) and R(t) be, respectively, the abundance of susceptible, infected and recovered population at
time ¢. Incorporating all the assumptions, our proposed SIR model can be formulated as

S = pS(1-2) - L5 w8

dt 1+al?

ar st —(d+6+—T- ) — (22l (1.1)
dt  — Ttal® v T+busl :
‘3—1:” = 11’;121 +~vI +u1 S —dR,

with initial conditions S(0) > 0, I(0) > 0, R(0) > 0. Here, the intrinsic growth rate r should be greater than
u1, otherwise there is no biological sense. All the model parameters used in the system (1.1) are non-negative
and interpreted in Table 1.

The organization of this paper is as follows. Boundedness of solutions is given in Section 2. Section 3 is devoted
to the equilibria, the basic reproduction number, stability and bifurcation analysis for the model. The optimal
control problem and the efficiency analysis are discussed in Section 4. Final section gives the conclusions.

2. BOUNDEDNESS OF SOLUTIONS

Before the investigation of boundedness of solutions of the system (1.1) first we study the positivity of the
solutions of the considered system. The positivity is important for feasibility of the solutions and boundedness
implies the finiteness of the the solutions.

From the first equation of (1.1), we have

ds 81 rS
s _g( e I
a = S<1+a1’2+“1+ k)
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Integrating the above inequality and using initial conditions, we obtain
S(t) > S(0)e o (e tut )l 5

Similarly, from other equations of (1) we can obtain the following

I(t) > I(O)e—(d+6+’y+au2)t >0

)

R(t) > R(0)e~ % > 0.

It is clear from the above expressions that all the solutions of the system (1.1) are feasible.
Now, we analyse the boundedness of solutions of the system (1.1). To show the boundedness of solutions of
the system (1.1), first we add all three equations of the system (1.1) and we have

d(S+I+R) S
—a =rS(l— E) —0I —d(I+ R),
which implies that for any real number A
2
—d(djj) FAN = (r+\)S — % —(d+35—XNI—(d—\R,

where N =S+ 1+ R.
Now, we choose a positive number A in such a manner that d+ 9 — A > 0 and d — A > 0. Then we have

2
< (r+ A%k Y
4r - 4r

N rs? VS VEY | (2%
dt+/\N§—{k—(r+/\)S}=—<\/E— NG >+

2
where M = W is a positive number. Integrating and taking limsup as t — oo, we get limsup N(t) < %
t—o0
Thus, we can summarize the details in the following:

Lemma 2.1. The set W = {(S,1,R)/0 < S+ 1+ R < &} is a positively invariant set for the model (1.1).

dt 1+al?

AL BSL (4454 7)] — 122l = G(S, 1)

(2.1)

{dS rS(1—2) - 250 S = F(S,I)

1+busl —

Since R does not involve in first two equations of (1.1), hence the system (1.1) is equivalent to investigate the
system (2.1). Since the exact solution of the non-linear autonomous system (2.1) is impossible to find, hence we
shall analyse the qualitative behaviour of the solutions in the neighbourhood of the equilibrium points of the
system (2.1).

3. EQUILIBRIA7 BASIC REPRODUCTION NUMBER, STABILITY AND

BIFURCATION ANALYSIS

In this section, we shall investigate the existence of equilibria and basic reproduction number of the model
(2.1). The stability analysis of equilibrium points will be discussed here. Different bifurcation analysis, namely
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transcritical bifurcation, backward bifurcation, saddle-node bifurcation, Hopf bifurcation and Bogdanov-Takens
bifurcation will be analysed. Throughout this section we assume that two controls u; and uy are fixed constants.

3.1. Equilibria and basic reproduction number

The system (2.1) has always the trivial equilibrium point A((0,0). Since r > w1, hence the disease free
equilibrium point (DFE) A;(S1,0), where S; = M always exists. Since the system (2.1) has a DFE, hence
the system has a threshold parameter Ry, known as the basic reproduction number.

Lemma 3.1. The basic reproduction number Ry of the system (2.1) is %.

Proof. The system (2.1) has only one infected compartment, that is, the variable I and A;(.S1,0) is the disease
free equilibrium point. The basic reproduction number Ry is defined as the spectral radius of the next generation
matrix FV ! with large domain [5, 21], where

_ | (B8 —al?) _ (B —wm)
F= ( (1+ al?)? >1X1] i, < r >1X1

and

V =

<d+6+7+m> ] —<d+5+’}/+QUQ> .
2 1x1d qtAy 1x1

Thus, the basic reproduction number Ry of the model (2.1) is

Bk(r — uy)
r(d+ 6+~ + auz)’

Hence the lemma is proved. O

The endemic equilibrium point(s) A3(S*, I*) exists if and only if I* is the positive solution of the equation

00[5+Cll4+0213+0312+041+05:O, (3.1)
and
G — k{(’f‘ —U1>a[*2 _6[: + (’I”— Ul)} >0,
(14 al*”)
where

Co = r(d + 6 + v)a?bus,

Cy =r(d+0+7v)a? + augra?,

Cy = bugar(d+ 0 + v+ auz)(1 — Rg) 4+ buga{r(d+ 6 +v) — usa},
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buar?(d + 6 + v + aug)? R2

Cs=ar(d+0+vy+auz) + ar(d+ 0 +v+ auz)(1 — Ry) +

k(r —up)? ’
5 r3d+ 86+ +aus)?RE
Cy = bugr(d+ 0 + v + aug)(1 — Ro) — rabus + ,
k(r —wuq)?

05 = ’r’(d+ 1) + v+ (ZUQ)(l — Ro)

Since

2 2 2
(r—ul)aI* _ﬁI*+(T_U1):<\/mI*—2B)O[> +(7’—u1)—4(ﬁ7

(r—u T — U)o

hence S* is positive if 4a(r — u;)? > 2. So, using Descartes’ rule of signs along with this result we have the
followings:

(i) For Ry < 1, the number of endemic equilibrium point is 0 or 2 if the conditions busr(d + § + ) + 8%k <
Bkbua(r —uy), r(d + 8 +7) > uga and 4a(r — ug)? > B2 hold (see Fig. 1).
(i) For Ry > 1, the number of endemic equilibrium point is 1 or 3 if the condition 4a(r — u1)? > B2 holds
(see Fig. 1).
(iii) For Ry = 1, the number of endemic equilibrium point is exactly one if the conditions buar(d+6+7) + 3%k <
Bkbua(r — uy), r(d+ 8§ +v) > uza and 4a(r —u1)? > 32 hold (see Fig. 1).

3.2. Stability analysis of trivial and disease free equilibrium point

To investigate the stability analysis of equilibria, we use variational matrix of the system (2.1), which is

r— 8 Ay R
J(S,I) = < B bral S(1ar? tal ) (3.2)
1+ﬁa12 ﬁ(l:-aIZ)z) —(d+d+7) - (ESTE

Theorem 3.2. The trivial equilibrium point Ay is a saddle point.

Proof. The eigenvalues of the variational matrix J at the equilibrium point Ag are (r —u) and —(d+ 0 +v+aus).
Since r > w1, hence the trivial equilibrium point Ag is a saddle point. Hence the theorem is proved. O

Theorem 3.3. If Ry < 1 then DFE A; is asymptotically stable and if Ry > 1 then it is unstable.

Proof. The eigenvalues of the variational matrix J at the equilibrium point A; are —(r — uy) and (d+ 0 + v +
auz)(Ro — 1). So, DFE A; is asymptotically stable if Ry < 1 and is saddle point if Ry > 1. Hence the theorem
is proved. O

Theorem 3.4. For Ry = 1, the DFE Ay is asymptotically stable.

Proof. For Ry = 1, the eigen values of the variational matrix (3.2) at the equilibrium point A;(S7,0) are
0, —(r — uy1). So, A; is a non-hyperbolic equilibrium point and Centre Manifold Theory [17] will be applied to
determine its stability.
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FIGURE 1. Size of infected component at equilibria versus Ry for the parametric values
(a) 8=2.7,b=06,(b) 8 =2.9,b= 50, (c) local amplification of lower portion of Figure (b), other
parametric values are k = 20.89,« = 1.10,d = 0.2, = 0.15,y = 0.12,a = 40,u; = 0.4,us =
0.91.

Putting S’ =S — S1,I'’ = I in the system (2.1) and using Taylor’s expansion we get (omitting the ‘dash’
sign)

dX

where

o r—wm) BN o (S _( -2 -psI
B_( 0 0 K= ) FED= BSI + abu3l? |-
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(Neglecting the terms of order > 3)

_Bk

Now, we construct a matrix P = ( 17' (1) ) so that P~'BP = diag (O7 —(r — u1)> By using the transfor-

!

mation X = PY | where Y = ( ?, ), the system (3.3) can be transformed into the form (omitting the ‘dash’

sign)

{%‘j :0+gll(571) (34)

% = —(r—u1)1+ggg(5, I)

2 2 abu?
where g11(S, 1) = BST + abu31?, gaa(S, 1) = — 25 + (£ — g) 57 + 2K p2,
By the Centre Manifold Theory, there exists a centre manifold of the system (3.4) which can be expressed by

We(0) = {(S,1)/1 = h(S) forS < d},
where §(> 0) is some number and h(0) = 0, Dh(0) = 0. To compute the centre manifold W¢(0), we assume that

I =h(S)=h1S?+ haS® +.... So from the Local Centre Manifold Theorem we have the flow on the centre
manifold W¢(0) defined by the differential equation

ds
— =pBh S+ ... 3.5
a Bh15” + (3.5)
Since Shy = —ﬁ < 0, hence A; is asymptotically stable.
Hence the theorem is proved. O

Theorem 3.5. If Ry <1 and B < % then DFE A; is globally asymptotically stable.

bus+ 717;!2

Proof. Here we consider the Dulac function B(S,I) = % and we get

O(BF) n I(BG) _ r(1+bus) bus(d+d+7) B(abugI? + 2ol — busy)

aS oI kI S 1+ al?)?

Again, abusI? + 2ol — buy = abuy (I + i)Q — (buz + 55-)- Thus, from (3.6) we have

O(BF) 9(BG) r o bus(d+0+7) afbus 1\? rbus a
< _ _ ) _ _ et
o5 " Tar < E S Tt a2 ' o po A\t )y <0

s¢ rbu «a ; : rbu
lf TQ > /B(bUQ + m) 1.€. lfﬁ < W“Fi;ﬁ).

Hence the theorem is proved. O

This result is biologically very significant, because DFE is globally asymptotically stable i.e. the disease will
be eliminated if the transmission rate of infection does not exceed a threshold.

3.3. Transcritical bifurcation

Theorem 3.6. If fkr > Bkuy + (d+ 0 4+ v)r, then the system (2.1) experiences a transcritical bifurcation at
0 _ Bkr—{Bkui+(d+5+~)r}
TU2 ‘

DFE A, as the cure rate a varies through the bifurcation value a
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Proof. Let
s = pSU-D -t wS o k= {Bhu+ (@45 +)r)
- 2 — @A+ 3+ )] - 122h ) s
So,

Clearly, f(A1,a’) = 0 and Df(A;1,a®) has a simple eigenvalue A = 0. Thus, we shall use Sotomayor theorem
[17] to establish the existence of transcritical bifurcation. Now, a eigenvector of D f(Ay, a’) corresponding to the

_Bk
eigenvalue A =0is V = < IT ) and a eigenvector of (Df(Al, ao))T corresponding to the eigenvalue A =0
isW = (1) . Let f, denote the vector of partial derivatives of the components of f with respect to a. Thus
0
Ja= ( ual ) and so fa(Abao): ( X )
T 1tbual 0
Therefore,

WTf,(A1,a%) =0

WT(Dfa(Ar1,a®)V) = ( —uz ) #£0
and
W (D2 (Ar,a”)(V,V)) = (22 1 24%u3 ) #0.

Therefore, all the conditions for transcritical bifurcation in Sotomayor theorem are satisfied. Hence, the system
(2.1) experiences a transcritical bifurcation at the equilibrium point A; as the parameter a varies through the
bifurcation value a = a®. Hence the theorem is proved. O

Thus, the unstable DFE becomes stable as the cure rate crosses the bifurcation value. So, cure rate plays a
crucial role in the changing of dynamics of infectious disease.

3.4. Backward bifurcation and stability analysis of endemic equilibria

In this section, we shall establish the existence of backward bifurcation and the conditions for stability of
endemic equilibria of the system (2.1).

Theorem 3.7. The system (2.1) experiences a backward bifurcation at Ry = 1 if and only if brus(d+ 6 +7) +
B2k < Bkbua(r — uy).

Proof. We have already established that the infected component I of any endemic equilibrium point (S, I) of
the system (2.1) satisfies the equation (3.1). Differentiating equation (3.1) implicitly with respect to Ry we get

{51} B r(d+ 6 + 7 + auy)
ORo | py—yg—o  buar(d+6+7) + B2k — Bkbua(r —uy)’
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The system (2.1) has a backward bifurcation at Ry = 1 if and only if the slope of the curve I = I(Ryp) at the
point (1,0) in Ry — I plane must be negative. Thus, we obtain a necessary and sufficient condition that the
backward bifurcation occurs in the form brus(d + § + ) + 82k < Bkbua(r — uy).

Hence the theorem is proved. O

Here it is important to note that if b = 0 there can not be a backward bifurcation i.e. the phenomenon of
the backward bifurcation occurs due to the saturated treatment function. In case of backward bifurcation, there
exists a positive number Rj < 1 such that a stable endemic equilibrium point arises with the stable DFE for
R < Rp < 1 i.e. the bi-stability arises for R < Rp < 1, which has been shown by the backward bifurcation
diagram (see Fig. 1). In Figure 1, red and blue lines denote the lines of unstable and stable equilibrium points,
respectively. Now, the stability or instability of endemic equilibria shall be analytically established by the
following theorem.

Theorem 3.8. For Ry > 1, there is(are) one or three endemic equilibrium point(s) of the system (2.1) if
da(r —up)? > B2. If there is unique endemic equilibrium point, (S5, 1), that point is asymptotically stable if
the condition (r —uy) > max{aus + %, Bbauz} holds. If there are three endemic equilibrium points, one with the
smallest number of infecteds, (ST, 1) and other with highest number of infecteds, (S5,13), are asymptotically
stable if the condition (r —uy) > max{auz + %, '61::2} holds. Other endemic equilibrium point (S5, 15), with
If < I3 < I3, is an unstable equilibrium point.

On the other hand for R < Ry < 1, there are exactly two endemic equilibria of the system (2.1) if brug(d +
§+ ) + B2k < Bkbua(r — uy), r(d+ 35 +v) > uga and 4a(r — uy)? > B2, The one with the smaller number
of infecteds, (S7*,I7*), is unstable, while the other , with a higher number of infecteds, (S5*,I3*), is locally
asymptotically stable if the condition (r — uy) > max{aus + %, Bbuz} holds.

[e3%

Proof. The characteristic equation of the variational matrix J at any endemic equilibrium point (S, T) of the
system (2.1) is given by

2rS 81 BS(1—al®)
G()\): T777 14+al? 7U17>\ - (14+arl?)2 =0
- BI BS(1—al?) d+ s aus A -
Ttal® (I+al®)z — (d+6+7)— (ItbusD)Z
So,
2rS Bl BS(1— 12)
Gy = | T F " Ther Tw e
- BI BS(l*O&I ) au :
T+al? (I+al®)z — (d+d+7)— TFbusT)?

Again, the component I of any endemic equilibrium point (S, I) satisfies the equation

K{(r —u)ad? = BI+ (r —up)} aug d+0+7vy
H(1)= r(1+ al?)? CB(l+bud) B 0
So
H(0) = W(RO ~1).

Thus, Ry > 1 if and only if H(0) > 0 and Ry < 1 if and only if H(0) < 0.

Again, H'(I) = 5(11[:;%21)2 + k{_20‘2(T_“l)ljai(ﬁ]g;za(r_ul)I_ﬁ}. Now, a relation between G(0) and H'(I)

will be obtained.
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Now,
2rS BI BS(1—al?)
G(O) _ r—= TT T 14al? T 3t - (14al?)?
- BI abudl  2aB8SI?
1+al? (I+buel)2 ~ (1+al?)?
2rs 81 BS(1—al?)
TR T T W T Tqrar?
- _2rs abuil 8BS
r="g T W (Atbus1)2 — (1+al?)
; tiarm pst
_ 14+al _ T /
= (=5) 281 abu3l BE(r—uy) B82kI =-—H ().
(I+al?) (T’ - ul) (T4+buz1)2 ~ 7T(14+al?) + r(l1+al?)?
So we have

G(0) > 0 if and only if H'(I) <0,

G(0) = 0 if and only if H'(I) =0,

G(0) < 0 if and only if H'(I) > 0.
Case I: We assume that Ry > 1. Then number of endemic equilibrium point of the system (2.1) is 1 or 3 if
da(r —up)? > B2
Subcase I: There is only one endemic equilibrium point (S5, I5). Since Ry > 1, hence H(0) > 0. Thus, H'(I7) <
0 and so G(0) > 0. Again, we know that the equilibrium point (ST, I7) will be stable if trace(J) < 0 and

—Q 2 au
det(J) > 0. Here det(J) = G(0) > 0 and trace(J) = r — %5 — 1f0{12 —uy + ﬂg(jap;) —(d+d+~)— TFbwD)? =
rS 2a8I%S au3bl < 2a8I%8 {abula—(r—uy)abus } 12 +{Bbus— (r—ui)a} 1> +{abud+B—(r—ui)bus } I —(r—uy)
% T Otal? T Tl = " (tal)E T (+buz D) (1+al?)

0if (r —u1) > mar{auz + %, Bbuy }. Therefore, the unique endemic equilibrium point (S7, I7) is asymptotically

<

stable if (r — u1) > mazx{aus + %, %}

Subcase II: There are three endemic equilibrium points (ST, I7), (S5, 13), (S5, I3), where IT < I < I}. Since
Ry > 1, hence H(0) > 0. Thus, H'(I7) < 0,H'(I3) > 0 and H'(I3) < 0. So, G(0) > 0 for (S7,I7), (S5,13) and
G(0) < 0 for (S5,13). Thus, we proceed same as subcase I and derive that the endemic equilibrium points
(S7,I7) and (S5, 13) are asymptotically stable if the condition (r — u;) > max{aus + %, 51’;2} holds.

Now for the equilibrium point (S5, I3), we have G(0) < 0. Again, )\lim G(X\) = 0. Since G()) is a continuous
—00

function of A, hence by Bolzano theorem on continuous function we have G(A;) = 0 for some \; > 0. So one
eigenvalue of the variational matrix is positive. Hence (53, I3) is unstable.

Case II: We assume that R < Ry < 1. Then, from Section 3.1 with the backward bifurcation theorem (Theorem
6) we have concluded that the system (2.1) has exactly 2 endemic equilibrium points (S7*, I7*) and (S5, I5*) if
brus(d+ 8 +7) + B2k < Bkbug(r —uy), r(d+ 6+ ) > uga and da(r —uy)? > B2. Since Ry < 1, hence H(0) < 0.
Thus, we have H'(I7*) > 0 and H'(I3*) < 0. So, G(0) < 0 for (S7*,I;*) and G(0) > 0 for (S5*, I3*). Now,
we proceed same as case I and derive that (S7*, I7*) is an unstable equilibrium point and (S3*, I3*) is locally
asymptotically stable if the condition (r — u1) > max{aus + %, Bbuz 1 holds.

«
Hence the theorem is proved. O

The numerical verification of the above theorem has been presented in Figure 1.

3.5. Saddle-node and Hopf bifurcation

The number and nature of the equilibrium points of the system (2.1) depend on the model parameters. In next
two theorems we shall show that the system (2.1) experiences the saddle-node as well as the Hopf bifurcation
with respect to some model parameter.

Theorem 3.9. The system (2.1) experiences a saddle-node bifurcation at coincident endemic equilibrium point
Ao (S*, I*) with respect to the parameter «.

Proof. First we choose the critical value al3M of the parameter o for which two roots of the equation (3.1) coin-

cide with det[J(S,T)] sy = 0 and trace[J(S,1)],—qsv # 0 at some coincident equilibrium point (S*, I*).

a=al
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So, for the equilibrium point (S*,I*) and for the parametric value a@ = al®N one of the eigenvalues of the
variational matrix is A = 0.
Let

rS(1—2) - 25 8
f(Sa I7 Oé) = S r Iral 2 , g = a[SN]
lﬁa?" - (d + 0+ 7)1 - liqéuél

Clearly, f(Az2,a0) =0 and Df(As,ap) has a simple eigenvalue A = 0. So, we can use Sotomayor theorem to
check the nature of solutions near the equilibrium point As. Now, a eigenvector of D f(As, ) corresponding to

the eigenvalue A = 0is V = < Zl > and a eigenvector of (D f(Asz, ag))” corresponding to the eigenvalue A =0
2

w1 B(1—alSNI <%y
(1+alSNIT=2)2

Let f, denote the vector of partial derivatives of the components of f with respect to a. Thus f, =

BSI? 5
« * * * 1
( (1+551;22 ) and so fo(As,ap) = 7T(1+§[ISN]I“I*2)3{(7" —up)o [SN] +* —BI*+ (r—up)} ( 1 )
T (Fal®)?
Then,

is W= , where v; = vy = — = BI* and wy = {(r — uy)alV] I — BI* + + (r—wup)}.

k’

W falda, a0) = (%[261" = (r—u){1+ oﬂSNJI*QH) #0

and

204[SN],827"2S*I*2 (3—04[SN]I*2) + 27‘25'*(1+a[SN]I*2) rabul
k2(1+alSNIT+2)3 k2 k(14+buaI*)3
52(170([51\1][*2)2 a[SN]BTS*I*(37a[SN]I*2) 7é 0.
(14+alSNI )4 k(1+alSNI[+%)3

W (D?f(Az,a0)(V,V)) =

Therefore, by Sotomayor theorem we can say that the system (2.1) experiences a saddle-node bifurcation at
the endemic equilibrium point A5(S*, I*) when the parameter « passes through « = alSN,
Hence the theorem is proved. O

Theorem 3.10. The system (2.1) exhibits a Hopf bifurcation leading to a family of periodic solutions that
bifurcates from the endemic equilibrium point Ao(S*,I*) for suitable values of intrinsic growth rate v in a
neighbourhood of B!, In addition, if T < 0 then the system is said to be supercritical and if T > 0 then the
system is said to be subcritical, where I' is the Liapunov number.

Proof. We know that the characteristic equation of the variational matrix of the system (2.1) at the endemic
equilibrium point A(S*, I*) is A2 — TA + D = 0, where T' = trace[J(S*,I*)] and D = det[J(S*,I*)]. Here, T
and D depend on the parameter r. Now, we choose the critical value /5! of 7 in such a manner that 7 = 0
and D > 0. Then two eigenvalues of J(S*, I*) are A = 4v/Di. Now, for r € (rl1B] — ¢ rHBl 1 &), the roots are,
in general, of the form y1 2(r) = ap(r) £ iBo(r).

To apply the Hopf bifurcation theorem [17], we need to verify the transversality condition Re[ i) F

0,7 = 1,2, which is equivalent to the condition [W]T:T[;{B # 0.

Now, we translate the equilibrium point As(S*, I*) to the origin. So, we put S'=8—8*and I =I—1I*in
(2.1) and we get (omitting the dash sign)

%%:BX+F@% (3.7)
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. ai; Qg . S B 41352 + a1ST + aysI? + aygSI? + ar- I3
B—<a21 a22 >7X—( I>7F(X)_< a2351+a24I2+a25512+a2613 ,Where
a = ST g, 5Bl —1)
11 — L y W12 — (O[I*2+1)2 )
BI*
a L
21 (al*2+1)7
abu%]* B 2a6S*I*2
bugl* +1)2  (al** +1)2°

a22:(

We know that the eigenvalues of the matrix B are A = ++v/Di at r = r!/B]. An eigenvector of B corresponding

to/\:\/ﬁiis<a1 )—l—i(ﬁl
(6]

, where a1 = a12, ag = —ay1, f1 =0 and B2 = VD.

65
Now, by the transformation X = PY, where

pP— B Y = Y1 7
B s Y2
the system (3.7) can be written as

(2)=( % ()« (h). 9
where

(1, y2) = b1yt + biayaye + bisys + biay? + bisyiye + bisyiys + birys,

F2(y1,y2) = baryf + boayrya + basys + baay + basyiya + basyrys + barys.
Therefore, we can easily compute the Liapunov number I', which is as follows:

1 1 1 2 2 1 1 1 1 2 2 2 1 2
I'= E( Yiy1y1 + fy1y2y2 + fylylyz + yzyzyz) + 16\/5{fy1y2( Yiy1 + fy2y2) o ylyz( Yiy1 + yzyz) T Jyinidyan

1
+ ylzyz 'jzyz} = §(3b14 + b1 + bos + 3bar) +

1
———={b12(b11 + b13) — baa(b21 + baz) — 2b11b21 + 2b13b23}.
8@{ 12(b11 + b13) — baz(ba1 + ba23) 11021 13023}

By using Hopf bifurcation theorem, we obtain that Hopf bifurcation is supercritical if I' < 0 and subcritical
if I' > 0. Hence the theorem is proved. O

3.6. Bogdanov-Takens bifurcation

We have already analysed the co-dimension 1 bifurcations considering « (for saddle-node bifurcation) and r
(for Hopf bifurcation) as bifurcation parameter for the system (2.1). Here, we shall analyse a co-dimension 2
bifurcation considering a and r as the bifurcation parameter for the system (2.1).
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Theorem 3.11. The system (2.1) undergoes a BT bifurcation of co-dimension 2 in the neighbourhood of the
coincident endemic equilibrium point As(S*, I*) with respect to the parameter o and r.

Proof. First we choose the value alBT] of the parameter o and the value r!BT! of the parameter r for which
trace(J) = 0 and det(J) = 0 at the coincident endemic equilibrium point Ay (S*, I*). Then the eigenvalues of J
at Ao (S*, I*) for r = rBT] and o = alBT] are A1,2 =0.

Let us consider a small perturbation to the bifurcation parameters r and « around their BT bifurcation
values, given by r = BT + ¢, and o = alPT! + 5. Then from (2.1) we have

SI
dl _ BST aug ] :
i = Erme (A0 + ) - sy

Making the origin (0,0) as the bifurcation point by using the transformation z =5 — S*, y =1 — I, we get
from (3.9)

% = a(e)x 4 b(e)y + poo(e) + p20(e)2® + pr1(e)azy + poa(e)y® + Q1 (z,y,€) (3.10)
% = c(e)z + d(e)y + qoo(€) + qu1(e)zy + qo2(e)y* + Q2(x,y, ), wheree = (g1, €2). .

Here

S*(T[BT] + 51) (BT
=2V 7oy 1-2) - -
ale) K T +51)< k) L+ (alBTT yeg)1®

« ) a 28BN 4ey)r?
s {5 1+(alBT) fey) 12

1+ I+ ((Jé[BT] + 52)

BI*
1+ (a[BT] + 62)]*2 )

cle) =

g 2P e .
o) — S {6 R P av2 — %
(e) = 1+ I (alBT] + &) B e T

s BS*I*
— qx*(,.[BT)] 12 ) _ _ *
Poo(e) = (= -en) ( k ) T @ e

rIBT] + &1
Pa(e) =~

ﬁ _ 2B(a[BT]+52)I*2
14+ (alBT]4e5)1+2

pu(e) = - 1+ (alBT] 4 )+’

g+ ) _ BI* (alPT) 1ey) 281" (BT fe) {—141*7 (alBT) 1e,)
1412 (alBT] 4ey) {1+12 (alBTl4£,)}2

poz(€) = = 1+ I (alBT] + &) ’
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_ s
= 1+I*2<Q[BT] +€2)

aus ™
]. —+ b’LLQI* ’

qo0(€) —(d+5+)I"

ﬁ _ 25(Q[BT] +52)I*2
1+ (alBTl4e,) %2

= 1+ 17 @B 455

1111(6)

BS I (alBT 1ey) | 285 I*(alBT) 4e0)(1-1* (alBT) 4e5)) )
1+172 (alBT] 1 ¢5) {141+ (alBT) 4¢5)}2 abus

14 I** (alBT] 4 g5) + {1+ bu I*}3’

qo2(e) =

Q1(z,y,¢e) and Q2(x,y,¢€) are the expressions of z,y variables of the order 3 or more.
Thus, the system (3.10) has, at & = 0, the endemic equilibrium (0, 0) with two zero eigenvalues. Since pg(0) =
doo(0) = 0, hence we can write (3.10) at € = 0 in the form

X
% = AoX + F(X), (3.11)

where

Ap = ( a(0) b(0) ) 20 (BT.),

(= _ ( 20(0)2 + p11(0)xy + po2(0)y* + Q1 (x,y,0)
X= ( y > F(X) = < v Q11(0)$;+QO2(0)?J022+ Qz(x,y710) > '

Let, a(0) = a11, b(0) = a12, ¢(0) = ag1 and d(0) = age.

Since the matrix Ay has two zero eigenvalues, hence a1 + ago = 0 and a11a29 = a12621-

Let, vg and vy be, respectively, the eigenvector and generalized eigenvector of Ay corresponding to the zero
eigenvalue. Also let, w; and wy be, respectively, the eigenvector and generalized eigenvector of Al corresponding
to the zero eigenvalue. Then we select four vectors vy, v1, wo and wp satisfying the conditions (vg,wp) =
(v1,w1) =1 and (v1,wp) = (vg,w1) = 0, (where (.,.) stands for standard inner product) as

- a12 o a12
Vo = , U1 = ,
—a 1—a;
1—aj; a1y
wo = “ji YWy = “iz .

Since the vectors vy and v; are linearly independent, hence they form a basis of R%. Thus, we make a
transformation which is as follows:

X = y1vg + yav1

i.e. x = a12(y1 +y2),y = —anyr + (1 — an)ye.
By this transformation, the system (3.10) takes into the following form in coordinates (y1,y2):

{%ytl =92 + goo(e) + g10(€)y1 + go1(e)y2 + %920(5)3/% + g11(e)y1y2 + %902(6):0% + Pi(y,¢e) (3.12)

2 = hoo(e) + hio(e)yr + hot(€)yz + $hao(e)yd + hi1(e)y1y2 + Sho2(e)y3 + Pa(y,e),

where y = (y1,y2), € = (€1,€2) and Py 2(y, ) = O(||y||®) are smooth functions of y1, yo.
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Here,
Pool€ Pool€
goo(e) = 00(¢) —an 00(¢) — qoo(€),
a12
ale)aia — b(e)a ale)aia — b(e)a cle)aia — d(e)a
g10(c) = (e)aiz ()11_a11{()12 ()11+()12 ()11}7
a2 ai2 a11
ale)ais +b(e)(l —a a(e)ara +b(e)(l —a cle)ais +d(e)(l —a
do1(€) = (e)arz + b(e)( 11)_a11{()12 (€)1 —an) | cle)ars + dle)( 11)}_1’
aio a12 a11
d20(€) = o P20(2)aly — pui(€)arzan + poa(e)ad, zallpzo(f)cﬁz — pu(e)arzair + poz(e)ad;
a1z a2
+2q11(e)arzars — 2qo2(e)aiy,
g11(e) = 2p20(€)ady — pr1(e)aizarr + p11(e)arz(l — arn) — 2po2(e)ain (1 — arr)
11(e) =
ai2
u 2pa0(e)aiy, — p11(e)arzain + p11(e)aia(l — ai1) — 2poa(e)ari (1 — ai1)
—ai
a12
—qi1(e)ar2(1 — a1r) + qui(e)araiz + 2qo2(e)air (1 — ai1),
_p20(e)aty + pri(e)ara(l — anr) + poz(e)(1 — anr)?
go2(e) =2
a12
2 1— 1— 2
_2a11p20(€)a12 T pu(ean p an) + poa(E)( a) —2qu1(g)ar2(1 — a1r) — 2qo2(e)(1 — a11)2,
12
o a11poo(€)
hoo(e) = ———= + qoo(e),
a12

hio(e) = a1y {a(g)alzalzb(a)an n C(E)ama:ld(s)an } 7

hoi(e) = a1 {“(5)%2 +b(E)(1—an) | c(e)asz +d(e)(1 - an) } |

a12 a1

pao(€)aly — pri(e)aizars + poa(e)ai;
a12

hao(€) = 2a1; —2q11(g)arzar1 + 2qoa(€)aiy,

2pa0(€)aiy — pr1(e)arzarr + pr1(e)arz(l — arn) — 2poz(e)ain (1 — ar)
a12

h11(€) = a1

+qi1(e)ar2(1 — a11) — qri(e)arnarz — 2qo2(€)ar1 (1l — ar1),
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pao(€)aty 4+ pri(e)ara(l — air) + poa(e)(1 — ayr)?
a2

ho2(€) = 2a11 + 2q11()arz(1 — ar1) + 2qo2(g) (1 — a1r)?.

From above, we have g()()(o) = 910(0) = 901(0) = h(]()(O) = hl(](O) = h()l(O) =0.
Now, we put the transformation

1 = Y1,

1 1
T3 = Y2 + goo(€) + g10(€)y1 + go1(€)y2 + 5920(5)% + g11(e)y1y2 + 5902(6)95 + Pi(y,¢)

in (3.12) and we get

% =
N . ) ) , (3.13)
Tf = llo(s)xl + lm(&“).ﬁg + loo(&‘) + §lgo(€)$1 + 111(€)£1l‘2 + 5102(5)332 + Q(Q:’g)'

Here, the [;;’s are defined as follows,

loo(0) = 110(0) = l01(0) =0,
l20(0) = h20(0),111(0) = g20(0) + h11(0),
102(0) = ho2(0) + 2911 (0), loo(€) = hoo(e)...,
lo(e) = h1o(e) + g11(€)hoo(e) — h11()goo(e) + ...,

lo1(e) = ho1(e) + g10(€) + go2(€)hoo(e) — {911(€) + ho2(€) }goo(e) + ...

and

Q(z,e) = O(||z*).

Now, we assume that, 111(0) = g20(0) + h11(0) # 0 (BT.1) and make a parameter-dependent shift of coor-

dinates in the x;-direction with x1 = wy + 6(g), x2 = we where 6(g) = 7% then the system (3.13) reduces
to

dw1 — w2
duw 1 2 1 2 (3.14)
7= =roo(e) +r10(e)wy + 5ro0(e)wi + ri1(e)wiwa + 5ro2(e)ws + R(w, €),

where R(w,s) = O(Hw”S) and 7‘20(0) = l20(0),7’11(0) = 111(0),7‘02(0) = 102(0), Too(€) = loo(é‘) + ...,T10(8) =
llo(E) — ;i?gg; 101(6) =+ ...

Now, we introduce a new time variable 7 given by dt = (1 + 0wy )dr, where 0(c) = —”’27(5) and so from (3.14)
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we have

o=
{% = p1(e) + p2(e)m + A(e)y? + B(e)vive + O(|[4]1?), (3.15)

where p1(€) = roo(e), p2(e) = r1p(e) — %Too(é)?‘oQ(E), Ae) = %{7“20(6) —r10(e)roz(e)}, B(e) = r11(e).

If the condition 2A(0) = hoo(0) # 0 (BT.2) holds, then we introduce a new time scaling (denoted by ¢ again)

and new variables 7; and 72, given by t = |%|T, m = %’71, N = Sign (igg) 228 72 in the coordinates

(m1,m2). Thus, the system (3.15) takes the following form

dng
I , , (3.16)
=B+ Bam + i+ smne + O([In]]°),

where s = sign (2202000 ) — 41, 81(e) = 555 (), Ba(e) = GG na(e).

In order to define an invertible smooth change of parameters near the origin, we also assume det(g—f)\gzo #0
(BT.3). Since the genericity conditions BT.0, BT.1, BT.2, BT.3 for BT bifurcation are satisfied, hence the
system (2.1) experiences a BT bifurcation of co-dimension 2 in the neighbourhood of the endemic equilibrium
point A(S*, I*) with respect to the parameter « and r [8]. The local representation of the three different
bifurcation curve (SN, H, and HL) are given below in the neighbourhood of (0, 0).

SN = {(e1,e2) : 441 = pi3},
H ={(e1,€2) : 11 = 0, pa <0},

HL = {(51752) :25Au + 6/1,% =0+ O(”&_”Q)},

where SN, H, and HL are the saddle-node, the Hopf and the homoclinic bifurcation curve, respectively.
Hence the theorem is proved. O

To interpret different bifurcations numerically, we have considered r and « as the bifurcation parameters.
In Figure 2, we have presented the schematic bifurcation diagram in r — « plane of system (2.1) with different
bifurcation curves. In this figure, the points BT and GH, respectively, denote the Bogdanov-Takens bifurcation
point and global Hopf bifurcation point. By different bifurcation curves, the feasible region of r — « plane is
divided into six sub-regions in the basis of existence and character of equilibrium points and limit cycle. First
we consider the region R;, where the trivial equilibrium point is unstable and DFE is stable and no endemic
equilibrium point exists (see Fig. 3a). This region is biologically significant because disease will not persist for
the parametric values in the region R;. Thus, if the intrinsic growth rate of the population is low then disease
will be eliminated easily. Now, we consider the parametric values on the saddle-node line. Then only one endemic
equilibrium point arises with unstable mode along with a unstable trivial equilibrium point and a stable DFE
(see Fig. 3b). Now crossing the saddle-node line, we enter the region Ry where two endemic equilibrium points
arise along with unstable trivial equilibrium point and stable DFE (see Fig. 3c). Among two endemic equilibria,
one is saddle point and other is stable focus. Thus, bi-stability arises. Now crossing the Hopf bifurcation line,
we enter the region R3 where the number of equilibrium points is same as Rs. But, the stable focus becomes
unstable focus as we enter Rz from Ry and a stable limit cycle arises. Thus, here two attractors exist, one is
stable DFE and other is stable limit cycle (see Fig. 3d). The stable manifold of the saddle endemic equilibrium
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FIGURE 2. The schematic bifurcation diagram of the system (2.1) in r — « plane for the para-
metric values 8 = 0.31,u; = 0.2,d = 0.1, = 0.3,y = 0.3,us = 0.4,a = 4,b = 6.3,k = 10.8.
The black, blue, cyan and red lines, respectively, represent transcritical, Hopf, homoclinic and
saddle-node bifurcation curves.

point separates the basins for two attractors, so it is called the basin boundary (green line). Two trajectories
that form the stable manifold of the saddle point are also called separatrices. If the initial point is outside
the separatrices then the disease will be eradicated and if the initial point is inside the separatrices then the
number of infected population oscillates and so the disease is difficult to control. Thus, for the parametric values
in region Rg3, the initial values of susceptible and infected population play a crucial role to control the disease.
Now, we consider the set of values of » and « on homoclinic bifurcation line then the stable limit cycle moves
closer and closer to the saddle point and it touches the saddle point and a homoclinic loop arises (see Fig. 4a).
Now crossing the homoclinic bifurcation line, we enter the region R4 then the number and nature of equilibrium
points is same as R3 but the stable limit cycle disappears through homoclinic bifurcation and in this case the
only attractor is DFE and so it is globally asymptotically stable (see Fig. 4b). Now we move from Ry to Rg
through the transcritical bifurcation line, then the saddle endemic equilibrium point disappears and the DFE
becomes unstable (see Fig. 4d). Thus for these values of parameters in Rg, only a stable endemic equilibrium
point exists and other points are unstable. So the stable endemic equilibrium point is globally asymptotically
stable i.e. disease always persists. Now we enter from Rg to Rs by crossing the Hopf bifurcation line, then the
endemic equilibrium point becomes unstable focus and a stable limit cycle arises (see Fig. 4c). So, in this case
there is only one attractor which is stable limit cycle. In Figure 2, there exists values of the parameters in the
vicinity of GH point for which two limit cycles arise around the unstable endemic equilibrium point. Among
these two limit cycles the smaller one is stable and larger one is unstable. The corresponding phase portrait is
given in Figure 4e.

4. OPTIMAL CONTROL PROBLEM AND EFFICIENCY ANALYSIS

In this section, we shall investigate the optimal control of the model (1.1) on the assumption that the
vaccination control u; and the treatment control us are the functions of time t. Here, we shall also perform
an efficiency analysis to determine the best control strategy between vaccination of susceptible population and
treatment of infected population.
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(a) (b)

(d)

F1GURE 3. The phase portrait of the system (2.1) for values of the parameter: (a) In the region
Ry : a=0.25,7 = 0.53, (b) On SN bifurcation line: o = 0.25,7 = 0.5577059349, (c¢) In region
Ry : = 0.25,7 = 0.61, (d) In region R3 : a = 0.25,r = 0.59 and other parametric values are
B8 =031,u; =02,d=0.1,0 =03,7v=0.3,us = 0.4,a = 4,b = 6.3,k = 10.8. The green and
magenta balls denote the stable and unstable equilibrium points, respectively. The black, green,
red, blue lines, respectively, represent the nullclines, stable manifolds, unstable manifolds and
solution curves. The magenta closed curves denote limit cycles or loops.

4.1. Optimal control problem

The system (1.1) is reformulated as an optimal control problem, where both vaccination and treatment
controls are time dependent as they are applied according to the necessity. Here, we construct the objective
functional as follows
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FIGURE 4. The phase portrait of the system (2.1) for values of the parameter: (a) On homoclinic
bifurcation line: & = 0.25,r = 0.57882, (b) In region R4 : a = 0.25,7 = 0.57, (c) In region Rs :
a=0.05,7=0.7, (d) Inregion Rg : « = 0.2,7 = 0.7, (e) Near GH point: a = 0.005422, r = 0.85,
other parametric values are § = 0.31,u; = 0.2,d = 0.1,06 = 0.3,7 = 0.3,us = 04,a =4,b =
6.3, k = 10.8. The colour combination is same as the previous figure.
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J(ur,ug) = [i (A1S + Aol + Byu? + Boud)dt,

where the constants A; and A, are, respectively, per capita loss due to presence of susceptible and infected
individual. The constants B; and By represent the costs associated with vaccination of susceptible population
and treatment of infected population, respectively. Our goal is to minimize the total number of susceptible and
infected individuals as well as the costs associated with the implement of vaccination and treatment controls on
the time interval [0,7]. The optimal control problem (1.1) is to find optimal functions (uj(t),u5(¢)) in such a
manner that J(uf, ul) = min{J(u1,uz), (u1,u2) € U}, where the control set is U = {(u1, uz)/u;(t) is Lebesgue
measurable on [0, 1] and 0 < uy (), uz(t) < 1 for all ¢ € [0,T]}. Now, we show the existence of an optimal control
for the system (1.1).

Theorem 4.1. There exists an optimal pair (uj,u3) such that J(uj,u3) = min{J(u1, u2), (u1,uz) € U}.

Proof. The integrand of the objective functional J(ui,us) is a convex function of u; and ws, because the
constants By and By are positive. Moreover, the control space U is also closed and convex region. Hence the
optimal control is bounded and therefore there exists an optimal pair (uf,u3) which minimizes J for ¢ € [0, 7]
with the help of the system of differential equation (1) [16, 20]. Hence the theorem is proved. O

Now applying Pontryagin’s Maximum Principle [18], we convert (1.1) and the objective cost functional
J(u1,usg) into a problem of minimizing a Hamiltonian H, which is given by
H(S,I,R A Ao As) = ALS + Aol + By + Byud + M () {rS(1 — ) — 531 S+ A (t) {222
(S, 1, R,ur, uz, A1, Az, Ag) = A1S + Aol + Biui + Bouj + A (H){rS( —E)—W—m P2 eO{fEe -
(d+ 6+ — 72203 + \3(){ 75255 + 91 + w1 S — dR},

where A1, Ay and A3 satisfy the adjoint equations d)‘(;t(t) = —%, d’\dzt(t) = —%—If, d’\g’t(t) = —g—g with the
transversality conditions A\;(T) = 0,7 = 1,2,3 i.e. A; (i = 1,2, 3) satisfy the system of equations
G = A= A= 5 4 2 (= de) (= )
A1—X2)BS(1— Az—A
o= A+ SRR+ R (4 0+ )h — s (4.1)
-y

with the transversality conditions
AM(T)=0,22(T) =0,23(T) = 0. (4.2)

Now, we differentiate the Hamiltonian H partially w.r.t. uy,us and we obtain the optimality conditions that
follows uy = A2295 and 2Byus(1+ busl)? = (Ay — Ag)al.

From these two, we obtain the optimal pair (u},u}) as stated below uj = max {0, min {%, 1}} and
uj = max {0, min {uz, 1} }, where U3 is the non-negative root of the equation 2Bous (1 + bugI*)? = (A3 — Aj)al*.
Here, S*,I*, R* are, respectively, the optimum values of S, I, R and (A}, A5, Aj) is the solution of the system
(4.1) with the condition (4.2). Thus, we summarize the details in the following;:

Theorem 4.2. The optimal pair (uf,ud) that minimizes J over the region U are given by u} =
max {O, min {%, 1}} and u3 = max {0, min {172, 1}}, where Uz is the non-negative root of the equation

2Baus(1 + busT*)? = al* (N — A3).

To justify the theoretical findings of the optimal control problem (1.1), we have solved it numerically by
applying forward-backward sweep method that combines the forward application of a fourth order Runge-
Kutta method for the state system (1.1) with the backward application of a fourth order Runge-Kutta method
for the adjoint system (4.1) with the transversality conditions (4.2). Here, we assume T = 20 and so vaccination
and treatment are stopped after 20 units of time. We also assume that the parametric values and values of
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FIGURE 5. Time series of the populations with control and without control: (a) susceptible
individuals (b) infected individuals, (c) recovered individuals.

weight constants A;, B;(i = 1,2) for simulation of optimal control problem are given in Table 2 with the initial
conditions S(0) = 50,1(0) = 4 and R(0) = 0.01.

In Figure ba—c we can compare the susceptible (5), infected (I) and recovered (R) population at any time
t € [0,20] for no control and with controls. Figure 6a and b represents the optimal control functions u} and u3.
Thus, vaccination and treatment are highly effective for reducing both susceptible and infected population and
application of these two controls gives more number of recovered population than the no control system.

4.2. Efficiency analysis

When two or more controls are used in a optimal control problem, then the efficiency analysis is applied to
compare the efficiency of different control strategies for reducing the infection of any disease. The efficiency index
(E.L) [3] of any control strategy is defined as E.I. = (1 — ﬁ—,c,) x 100, where A° is the cumulated number of infected
individuals when the control strategy is applied and A° is the cumulated number of infected individuals without
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FIGURE 6. Time series of control variables: (a) Optimal control u}, (b) Optimal control uj.

TABLE 2. Values of the parameters.

Parameters Values Sources Parameters Values Sources

r 2.5 Assume a 0.4 [6]

k 100 Assume b 0.05 [6]

I5) 0.1 [6] Aq 0.01 [6]

« 0.5 [6, 9] Ay 0.02 [9]

d 0.004 [6] B 0.1 Assume
1) 0.02 [6, 9] B 0.1 [6]

ol 0.7 [6]

TABLE 3. Strategies and their efficiency indices.

Strategy Ac E.I.
Strategyl 89.3644 9.61
Strategy?2 96.0358 2.86

use of the strategy. The best strategy will be the one whom efficiency index will be bigger. In this paper, two
control functions, namely vaccination control w; and treatment control us, are considered. Here, we distinguish
two control strategies Strategyl and Strategy2 where Strategyl is the strategy where only vaccination is used
(i.e.us # 0, ug = 0) and Strategy?2 is the strategy where only treatment is used (i.e.u; =0 , us # 0). To
determine the best control strategy among these two, we have to calculate E.I. for each strategy. It is noted
that the cumulated number of infected individuals during the time interval [0, 20] is defined as A = fozo I(t)dt
and Simpson’s % rule has been applied to evaluate the value of integration. Then, we have A? = 98.8610. The
values of A¢ and efficiency index (E.I.) for Strategyl and Strategy2 have been given in Table 3. From Table 3,
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we can conclude that Strategyl is better than Strategy2. Epidemiologically, for the parametric values given in
Table 2 the vaccination control is more effective than treatment to reduce infection.

5. CONCLUSIONS

This paper deals with an SIR model with logistic growth rate of susceptible population for a long-lasting
disease or a disease with high death rate and a non-monotonic saturated incidence rate has been considered which
includes psychological effects, protection measures and intervention policies when a serious disease emerges. A
saturated treatment rate has also been used to represent the boundedness of medical resources of any country
or community. The DFE is locally asymptotically stable if the basic reproduction number Ry is less than 1
and is unstable if Ry > 1. If Ry = 1, the DFE is non-hyperbolic equilibrium point and it is shown that it is
stable by using Centre Manifold Theory. It is also shown that DFE is globally asymptotically stable if Ry < 1
and the transmission rate of infection less than some quantity, which signifies that the disease will die out
for low transmission rate along with basic reproduction number Ry < 1. The system undergoes a transcritical
bifurcation at DFE w.r.t. cure rate, which indicates the cure rate plays an important role to eliminate the
infection of a disease. We have obtained a necessary and sufficient condition that the backward bifurcation
occurs and it has been proved that the backward bifurcation occurs due to saturated treatment rate. The
phenomenon of backward bifurcation is biologically important because making the basic reproduction number
less than unity is not sufficient to eradicate the disease if the condition for backward bifurcation holds. Here, it is
important to mention that we have analytically established in Theorem 3.8 the stability or instability of different
endemic equilibria as the basic reproduction number Ry varies. The system experiences saddle-node and Hopf
bifurcation of co-dimension 1 at endemic equilibrium point w.r.t. the inhibitory factor « and intrinsic growth
rate r, respectively. The system also undergoes a BT bifurcation of co-dimension 2 at endemic equilibrium point
w.r.t. a and 7.

We have also made the SIR model to an optimal control problem by considering vaccination control wu,
and treatment control us. The optimal control to minimize the susceptible, infected individuals and costs for
implementation of these two controls has been obtained and numerical results show the positive impacts for
implementing vaccination to susceptible individuals and treatment for infected individuals. We have also done
an efficiency analysis, which clears that the vaccination control is more effective than the treatment control to
control the disease. This work is theoretical modelling and it can be further justified by using experimental
results.
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