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1. Introduction and description of main results. We are interested in the effects
of diffusivity and chemotaxis on the competition of several species for a limited resource.
Diffusivity of cells is also called motility in some engineering literature. Chemotaxis is
the oriented movement of cells in response to the concentration gradient of chemical
substances in their environment. It is “anti-diffusion”. It was observed experimentally
and numerically (see [LAK, LC] and the references therein) that motility and chemotaxis
of cells play a dominant role in the cell growth: when several species of cells compete
for a limited resource, the species with smaller diffusion rate and larger chemotaxis rate
enjoys better growth, even when the other species have superior growth kinetics.

To elucidate this effect of cell motility and chemotaxis on population growth, Lauf-
fenburger, Aris and Keller [LAK| proposed a model of a single bacterial population in a
1-dimensional medium of finite length with growth limited by a nutrient diffusing from
an adjacent phase not accessible to the bacteria. Their model is (in the dimensionless
form):

Up = Upy — fU)v, O<zx<l1, t>0,
vy = (Avgy — xvd' (Wug), + (kf(u) —0)v, 0<z <1, t>0, (1)
ug(0,8) =0, wuy(l,t) =h(1—u(l,t)), t >0,
Avy — xvd' (u)u, = 0, rx=0,1, t>0.

Here u is the concentration of the nutrient and v the density of the bacteria, f(u) is
the consumption rate of the nutrient per cell; the term (kf(u) — 8)v in the v-equation
represents that the bacteria have a Malthusian growth with kf(u) and 6 measuring
the respective birth and death rates. —wu, and —Av, are the random flux of u and v
respectively, while xv¢’(u)u, is the chemotactic flux of v, where A > 0 and x > 0 are
constants; the total flux of v at the boundary points = 0 and 1 is zero; this is true for
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uat z =0, but at x = 1, u is diffused into the medium. In the adjacent phase (which is
the interval (1,00)), u = 1, which must also be an upper bound for u inside the medium,
and therefore we are interested only in solutions with 0 < u < 1.

From biological and technical considerations, we require f and ¢ satisfying

f(0)=0, f'(u)>0 and ¢'(u)>0 on [0,0c0),

3 5 (12)
feC*([0,00)) and ¢ € C°([0,00)).

In [LAK], ¢(u) is taken to be u. Numerical calculations on steady states of (1.1) (with
¢(u) = u, x proportional to A) led the authors of [LAK] to the following observations:
(i) random motility A leads to decreased cell population fol v(z)dz. (ii) chemotaxis
coefficient x acts to increase fol v(z)dz.

Zeng [Z] studied the existence of positive steady states of (1.1), proving that they exist
if and only if 0 < § < kf(1). Wang [W] (i) investigated the effects of large or small A or
X on these positive steady states, supporting and adding to the observations in [LAK];
(ii) did so when the bacteria have a logistic growth type (which was not considered in
[LAK]), discovering that large x drives the population to extinction; (iii) studied the
stability of steady states and boundedness of global solutions.

In this paper, we consider the situation of two species of bacteria competing for the
same nutrient, where the growth kinetics of both species are identical but their motility
and chemotaxis coefficients are different. The interest is in the possibility of “competition
exclusion” and stable coexistence, attributable solely to motility and chemotaxis. Let the
competing species have density function w, and to focus solely on the effect of motility
and chemotaxis, we assume that both species have the same consumption rate of the
substrate, and the same birth and death rates. The model is

{

Ut = Uz — fu)(v + w), D<z<l, t>0,
vy = (AMve — X109 (W)ug) . + (kf(u) — B)v, O<z<l, t>0,
wy = (Aawz — 2w (W)uz)s + (kf(u) —Ow, 0<z<1, t>0, (1.3)
uy (0,8) =0, uy(1,t) =h(1—u(1,t)), t>0,
k)‘lvx — x109' (Wuy = 0 = Aow, — xowd' (Wug, z=0,1, t >0.

The existence, uniqueness, and boundedness of global-in-time solutions of {1.3) can
be established as in the case of (1.1). This is also true for the stability/instability of
the trivial steady state (1,0,0): it is globally asymptotically stable if § > kf(1), and
unstable if 0 < 8 < kf(1). In particular, if # > kf(1), the only nonnegative steady state
of (1.3) is the trivial one. See Theorems 2.1 and 2.2 for the precise statements.

Now fix 8 € (0,kf(1)). Then the existence result [Z] yields two semitrivial steady
states (u(z),0,w(z)) and (@(x),5(x),0). Our next set of results aims at giving the ranges
for the motility and chemotaxis parameters Aj, A2, x1, and x2 so that one species can
wipe out the other, or they coexist in a stable equilibrium. In loose terms, they may be
summarized as follows:

Let A; > 0 and x; > 0 be fixed.




CHEMOTACTIC DIFFUSION MODEL FOR TWO SPECIES 507

(R1) For (A2,x2) in Regions A and B (including the boundaries but excluding the
point (A1, x1) and the yq-axis), there exist no positive steady states of (1.3). This is also
true if y is large enough (with respect to Az). See Theorems 3.1 and 3.3.

(Rz) For (Ag, x2) in Region A, (u(zx),0,w(z)) is unstable, and if (u(z),w(z)) is locally
asymptotically stable with respect to the single species dynamics (that is, (1.3) with
v = 0), which is proved to be true for 6 close to kf(1), then for (A2, x2) in Region B,
(u(zx),0,w(z)) is locally asymptotically stable. See Theorem 4.1.

(R3) There exists an increasing curve yz = x(A2), Ag < A3 < oo as shown such
that (i) for (Mg, x2) above the curve, or 0 < Ay < Ag, or A2 = Ap and x2 > 0,
(@(z),v(x),0) is unstable; (ii) if 6 is less than but close to kf(1), then for (Ag,x2)
below the curve, (u(z), (z),0) is stable; moreover, for each fixed Ao > )¢, there exists a
continuum C of positive steady states (A2, (u, v, w)), joining two semitrivial steady states
((x(A2), (@, 9,0)) and (x5°, (u,0,w)). See Theorems 4.6 and 5.6.

(R4) The positive steady states (xz, (u, v, w)) near (x(A2), (@, ,0)) are locally asymp-
totically stable and satisfy x(A2) < x2 if 8 is close to kf(1) and Ay # A;. See Theorem
6.13.

Xo

X1

Al) ’\1 /\2

When the semitrivial or positive steady states are stable, we suspect that they are
actually globally stable. These results indicate that (i) for (A2, x2) below the curve
X2 = x(Az), the coexistence of the competing species is impossible and the v-species
survives and the w-species gets wiped out; (ii) the stable coexistence is possible if x3
is larger (slightly, but not too much) than x(A;); (iii) if yo is too large, the w-species
prevails against the v-species by wiping it out.

Our study in (1.3) is motivated by [LC], where (i) both x; and y» are taken to be
zero, (ii) the boundary condition of u at z = 1 is of Dirichlet type, (iii) and different
consumption and birth rates, with f(u) being a step function, are also assumed. Since
f(u) is assumed to be a step function, explicit formulas for the steady states are obtained.
No stability analysis of steady states (trivial or nontrivial) was given.

To our knowledge, the global stability of steady states, due solely to the effect of
diffusion, is established only in [DHMP] (for the Lotka-Voltera competition model with
nonhomogeneous habitat). The story is that when the comparison principle applies (so
the system is monotone), then it is possible to establish the global stability of semitriv-
ial steady states; when the system is not monotone (such as in our case) or a small
perturbation of such, the global stability still remains an open problem.
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2. Global solutions in time and stability of the trivial steady state.

THEOREM 2.1 (Global Existence and Boundedness). For any ug, vg, and wg in H'(0,1)
satisfying 1 > ug > 0, vo > 0, Z0, wg > 0, Z0 on [0,1], (1.3) with the initial condition
(u,v,w)|t=0 = (uo,vo,wp) has a unique positive global-in-time solution (u,v,w) such
that
() (u(-,t),v(-,t),w(-t)) € C([0,00), H*(0,1) x H'(0,1) x H'(0,1)),
(u.v,w) € CEE?1H4(]0,1] x (0, 00));

(ii) 0 <u <1, v>0and w > 0 are bounded on [0,1] x (0, c0).

THEOREM 2.2 (Stability of Trivial Steady State). (i) Suppose kf(1) < 6. Then in the
L*>-topology, (u,v,w) = (1,0,0)} attracts every positive solution of (1.3) with the initial
value satisfying the condition in Theorem 2.1. Moreover, if kf(1) < §, then

[o(s oo + llw(, t)lloc < Cexp((kf(1) —6)t), ¢=0,
1T —u(,t)|loo € Cexp(—min(a,d — kf(1))t), t>0,
where a is any number less than the first eigenvalue of —d?/dz? with the boundary
condition v/(0) = 0 = u’(1) + hu(1).
(ii) Suppose kf(1) > 8. Then (u,v,w) = (1,0,0) is unstable in the L>-topology.

These two theorems can be proved by slightly modifying the proofs for the single
species case (see Theorems 4.8 and 5.1 in [W]).

3. The nonexistence of positive steady states. The nonnegative steady states
of (1.3) satisfy

v’ = flu)(v +w), x € (0,1),
(Mv' — x1¢' (wy'v) + (kf(u) — 8)v =0, x € (0,1),
(Aow' = x2¢' (Wu'w)’ + (kf(u) —w =0,  z€(0,1),
W(0) =0, (1) =h(1—u(l)),

MV — x10' (w)u'v = 0 = haw' — x2¢0' (Wu'w, =01,
u>0, v>0, w2>0, z € [0,1].

Theorem 2.1 implies that the only solution of (3.1) is the trivial one {u, v, w) = (1,0,0)
if 6> kf(1).
From now on, we assume 0 < 8 < kf(1).

THEOREM 3.1. Let A\; > 0 and x1 > 0 be fixed. For (A2, x2) in the Regions A and B
(including the boundaries except the point (A, x1) and x2-axis), (1.3) has no positive
steady states.

Proof. We argue by contradiction. Suppose (u,v,w) is a positive solution of (3.1).
Then 0 <u < 1on [0,1], v >0,v >0, w >0on (0,1).
Let

21 = ve X1OW/M and gy = e x2®(W/ A2 (3.2)
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Then
M (2t (K f(u) — 0)z1ex1¢W/M =0, 7 € (0,1),
Ao (2eXx2#W/X2) (K f(u) — §)zgeX2¢W/r2 = 0z € (0,1), (3.3)
21(0) = 21(1) = 0 = 23(0) = 25(1).
Since fol(kf( — ) 2119/ dy = 0, and f(u(z)) is increasing, z; > 0 on (0,1).

Similarly, z5 > 0 on (0,1).
Multiplying the z;-equation in (3.3) by 22 and integrating by parts, we have

1
/ [—ApeX0) /Aot 4 (ke f(u) — 0)eX ¢/ X 2 20l de = 0. (3.4)
0
(3L -3)e(w)

Multiplying the zo-equation by zje'>1 ™ 32 , we have

1
/[—/\zexw(“)/’\zzé(zle(ﬂl_3%) ) (kf(u) — 0)ex1¢(®)/ Xz 20)de = 0. (3.5)
0

Subtracting (3.5) from (3.4), we obtain
1 1
(h—AQ/qu&W Mum+x(§b—¥>/méﬁww)eh¢/MMrw.@m
0 1 2 0

But for (X2, x2) in Regions A and B, both terms in (3.6) either have the same sign, or
one is zero while the other is not. This completes the proof of Theorem 3.1. O

REMARK 3.2. If (A1,x1) = {A2,x2), (3.1) has infinitely many positive solutions
(@, v, (1 — «)8), where « is an arbitrary constant in (0,1).

THEOREM 3.3. For fixed A; > 0, A2 > 0, and x; > 0, (1.3) has no positive steady states
for x, large.

Proof. Suppose there exists a sequence of o2 — oo such that (3.1) has a positive
solution (u,v,w). Since 0 < u < 1 and «’ > 0 is bounded on [0, 1], there exists a
subsequence of xa — 0o such that u — some uy, in C°[0, 1].

Adding the v-equation and w-equation in (3.1), we have

9/01(1)+w)d1‘ = k/ol flu)(v+w)dz
=ku'(1) = kh(1 — u(1)) < kh.

From this and the fact that ' > 0, w’ > 0 in (0, 1), it follows that v and w are bounded

(3.7)

on any [0,1 — 4], 5 > 0 small In fact, by Lemma 2.2 of [W], v is bounded on [0,1] as
X2 — 00. Thus w/(z) = [; f(u)(v + w)dz is equi-continuous on [0, 1 — §] and hence
u— Uy in CL_[0,1) N C°[0,1]. (3.8)
Since
M/ (o) = xa (@) (u(elote) + [ (6F(u) - oy, (3.9

by (3.8), we have

v — some vy in CL.[0,1) N C°[0,1]. (3.10)
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By the fact that w is increasing and bounded on [0,1 — 4] and by Helly’s Theorem, we
have that after passing to a subsequence,

w — SOMme Wy, pointwise on [0,1). (3.11)
Now we see that uy, and vy, satisfy
U (T) = foz fteo) (Voo + Woo)dz, x € (0,1),
U (0) =0, ui(1) = h(1 - ux(1)),
()\1’0’00 - Xluéo¢l(uw)vm)l + (kf(uoo) - 0)1100 =0, z¢ (0, 1)7

)‘lvc’m - Xlu:x;qbl(uoo)voo =0, z=0,1.

(3.12)

Here u/ (1) and v/, (1) are defined by the left-hand limits at z = 1. Integrating the
w-equation in (3.1} twice, we have

A2(w(z) — w(0)) — x2 /OI o' (2)¢' (u(z))w(z)dz
+/0 /0 (kf(u(r)) — O)w(r)drdy =0. (3.13)

Dividing this by x2 and then sending it to infinity, we see that

[ )9 )ty =0
and hence
Ul (2) (Uoo (Z))weo(z) = 0, for z € (0,1). (3.14)

Note that %es, voo, and wee are nondecreasing on [0, 1]. We claim that we, = 0 on [0, 1).
Otherwise, there exists zo € [0, 1) such that we, > 0 on (zg,1). Then (3.14) implies that
u’, = 0 on (zp,1) and hence on [0,1). On the other hand, u, (1) = A(1 — ux(1)). So

Uoo = 1 on [0, 1]. This contradicts (3.8) and the assumption 6 < kf(1) and the fact

/Ol(kf(u) — )vds = 0. (3.15)

We now claim that v, > 0 on [0,1]. If not, by the strong maximum principle and the
Hopf boundary point lemma, we see that v, = 0 on [0, 1]. Therefore, uo, =1 on [0,1],
which is again impossible.

Using the notation in the proof of Theorem 3.1, we are going to show a contradiction
to (3.6) for x2 large. By (3.3), we have

x
0 < A ?ED Nz (2) = _/ (kf(u) — 0)z 19/ gy
0
< Ox Zl(I)eX“ﬁ(u(z))/)\l’

and hence

0<zi(x) < /\ile(x), z € (0,1). (3.16)
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Since e > 0 and ve > 0 on [0, 1], we see that

= /l‘ f) (v +w)dy > /I fwvdy > Cix, z€{0,1), (3.17)
0 0

where C] is a positive constant independent of xs.
Inequalities (3.16) and (3.17) contradict (3.6) for x» large. This completes the proof
of Theorem 3.3. |

4. Stability and instability of semitrivial steady states. As mentioned before,
by the existence result of [Z] in the single species case, (1. 3) has semitrivial steady states
(@,7,0) and (u,0,w). If @ is close to kf(1), by [W], (@,?) is unique and is locally
exponentially asymptotically stable in the H 1(O, 1)- topology with respect to the single
species dynamics (that is, with respect to (1.3) with w = 0). The same is true for (u, w).
For 6 not close to kf(1), the uniqueness and the stability of (%, 7) and (u,w) are not
known.

In the sequel, we use (@, 7,0) (and (u,0,w)) to denote any semitrivial steady state of
(1.3).

THEOREM 4.1. For (A2, x2) in Region A (including the boundary except point (A1, x1)),
the semitrivial steady state (u,0,w) is unstable in the H*(0,1)-topology, and if (&,7) is
locally exponentially asymptotically stable with respect to the single species dynamics,
then so is (,7,0). The same is true in Region B if we exchange (u,0,w) and (4, 9,0).

Proof. Linearize (3.1) at (u,0,w). By the principle of linearized stability [S, Theo-
rem 5.3], to show the instability of (u,0,w), we only need to show the existence of an
eigenvalue, with positive real part, of the following eigenvalue problem:

u" — flw)uw — flu)(v +w) = nu, z €(0,1),
w/(0) = 0 = /(1) + hu(l),
(A" = x1¢' (wu'v) + (kf(u) — 6)v = nv, r €(0,1),
v = x1é' (wWu'v =0, =01, (4.1)
(A’ = x2¢' (Wr'w — x20' (w)u'w — x20" (v)w/ wu)’
+(kf(w) - O)w + kf' (w)uw = nu, z €(0,1),
[ A2w’ — x2¢' (W)u'w — x2¢'(W)u'w — x2¢" (w)w'wu =0, z=0,1.

If (4.1) with v = 0 has an eigenvalue with positive real part, then we are done. So we
assume that all the eigenvalues of (4.1) with v = 0 have real parts no bigger than 0.

Consider the v-eigenvalue problem embedded in (4.1).

Let z = ve™X1#®)/M Then this eigenvalue problem is equivalent to the following:

2'(0) = 0 = 2'(1). (4.2)

{)\I(Z/GX1¢( MY 4 (kf(w) - 0)zex19@/M = pexad@/Aiz 3 e (0,1),
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The cigenvalues are real and can be characterized by the standard minmax procedure.
In particular, the largest eigenvalue is given by

s g O (7w 0y
z€H'(0,1) jol 22ex10(u)/ A1 dp
2Z0
and the associated cigenfunction z; must be of one sign, which we take to be positive.
As before, it is easy to sec that z{ > 0 in (0,1).

If 71 <0, we reach a contradiction as follows. In (3.2), replace w by w. Then we have
(3.6) with “=" replaced by “<”, which is impossible for (A2, x2) in Region A, including
the boundary, except point (A1, x1). Thus 7 > 0.

Now let v1 = z;6X1¢®)/A1  Since the real part of all the eigenvalues of (4.1) with v =0
is assumed to be nonpositive, by the Fredholm alternatives, (4.1) withn =1, and v = v
has a unique solution (u;,v1,w;). This means n; > 0 is an eigenvalue of (4.1) and hence
(u,0,w) is unstable.

We now proceed to show the stability of (#,7,0) for (A, x2) in Region A. Linearize
(3.1) at (@, ?,0) to obtain the following eigenvalue problem:

u’ — fl(w)uv — fla)(v+w) = nu, z € (0,1),
w'(0) =0 =u'(1) + hu(l),
(v — xa@' ¢ (@) — 18’ (@)u'v — x1¢" (@)@’ vu)’

k)

+kf'(@)ou + (kf(a) — 0)v = o, z € (0,1), (4.3)
(Mow’ — x2@' ¢’ (Ww) + (kf(a) — O)w = nu, z € (0,1),
My — @' @ (@)v — x1¢' (W' — x1¢"(w)@ou =0, z=0,1,
Aow' — x2@' ¢ (@)w = 0, r=0,1.

Since (1, ) is assumed to be exponentially stable with respect to single species dy-
namics, the real part of all eigenvalues of (4.3) with w = 0 is negative. We need only to
show that the largest eigenvalue of the w-eigenvalue problem in (4.3) is negative. Denote
this ecigenvalue by n* and let z = we™x2#(W)/X2  Then z satisfies

{/\2( 2eXad(@/X2)  (kf(7) — 0)zeX2d(@D/ A2 = praexed@/X2 g e (0,1),

44
2(0) =0=2'(1). (44)

As in the case of 1, we can show 1™ < 0 for (Ag, x2) in Region A, including the boundary
except the point (A1, x1). Theorem 4.1 is proved. O

We shall show that there exists a curve that divides the first quadrant of the (Ag, x2)-
plane into two parts such that for (Mg, x2) in one part, (@,7,0) is stable; while in the
other, it is unstable. To this end, we need to study the dependence of * on (A2, x2). 0*
is given by

*

= — inf .ﬁ)l(/\Q(ZI)Z (kf(ﬁ) )Z )6X2¢ @)/ Ae dT

2€H'(0,1) j 22ex28(0)/ A2
z#0

(4.5)

LEMMA 4.2. n* is a continuous function of (A2, x2) € (0,00) x [0, 00); it is increasing in
x2 and decreasing in Aq.
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Proof. The continuity of n* is easy to prove by using a standard argument. Let
wy () (1 w1 (2) (2
n® = (A xE) and 9@ = (AP, x5,
Let z; and 2z be the positive eigenfunctions of (4.4) corresponding to n'*) and n(®,
respectively. Then 2] > 0 and 24 > 0 on (0,1) and the following analog of (3.6) holds:

(1) (2)

1
D —AD) [ 2 e @AY g g N (X2 X
A @
2 2

1 1
« / @ ¢ (@)eXs @ g = (n) _ @) / iz S@N gp (46)
0 0

From this, the desired monotonicity of n* follows. O
LEMMA 4.3. For fixed A1, A2 > 0 and x1 > 0, n* > 0 if x5 is large.

Proof. Let V = ve™x1#(®/M1 and 2, be a positive eigenfunction of (4.4) with 1 = n*.
Then we have the following analog of (3.6):

1 1
77*/0 V226X1¢(11)/)\1 dr = Ao <§—z — §_i> /O ZéVﬂ/¢/(ﬂ)eX1¢(ﬁ)/’\1 de

1
+ (A1 — A2) / V' zhex @/ gy (4.7)
0

On the other hand, we have the analogs of (3.16) and (3.17), which combined with (4.7),
lead to n* > 0 for xo large. The proof of Lemma 4.3 is complete. O
By the proof of Theorem 4.1, n*(\a, x2) < 0 for (A2, x2) in Region A, including the
boundary, except the point (A1, x1); in particular, if x1 > 0, n*(X2,0) < 0 for Ay > Aq,
and if x1 =0, n*(A2,0) < 0 for Ay > A; and 7*(A\1,0) = 0.
Define

Ao = 1nf{/\2 >0 l 77*(/\2,0) < 0} (48)
LEMMA 4.4. Ag > 0.

Proof. Suppose x1 = 0. Then Ag = A; because n*(A1,0) = 0 and n* is decreasing with
respect to Aq.
Now suppose x1 > 0. Observe that (V as given in the proof of Lemma 4.3)

Jo Qa(2)? = (kf(@) — 0)2%)dx

7*(A2,0) = — inf -
zeH;(OO,l) jol 22 dx
= fol Ap[(Vexai9@/22n)2 gy 4 fol(kf(ﬂ) — §)V2ex10(0)/ M1 gy
= S (Vexis@/2)2 4y '

The second integral in the numerator is equal to fol A (V)2ex19@/M gy (see (3.3)).
Thus if Az is small, n*(A2,0) > 0, A\g > 0. The proof of Lemma 4.4 is complete. O

LEMMA 4.5. There exists a continuous increasing function x2 = x(A2), Ao < A2 < 00
such that (i) 7*(A2, x(A2)) = 0, (ii) the graph of x2 = x(X2) is strictly above Region A
if A2 > A1 and strictly below Region B for Ag < Ap < A1.
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Proof. By Lemmas 4.2-4.4, for any A2 > Ao, there exists a unique x(A2) such that
7* (A2, x(A2)) = 0. By the continuity of n* on (A2, x2), x(A2) is a continuous function of
A2 > Ag. Since 17*()g, x2) is negative for (A, x2) in Region A (including the boundary
except (A1, x1)) and positive for (As, x2) in Region B, we have (ii). The proof of Lemma
4.5 is complete. O

THEOREM 4.6. For (As, x2) above the graph of x2 = x(Az2), or 0 < Ay < Ag, or Ay = Ag
and x2 > 0, (#%,%,0) is unstable in H'(0,1). For (A2, x2) below the graph, (@,%,0) is
stable in H'(0,1), provided (@, %) is stable with respect to the single species dynamics
(i.e., (1.3) with w = 0).

Proof. As in the proof of Theorem 4.1, to show the instability and stability, all we need
to show are (i) 7* (A2, x2) > 0 for (A2, x2) above the graph of x2 = x(A2), or 0 < A2 < Ao,
or Ay = Ag and x2 > 0; (ii) 7" (A2, x2) < 0 for (A2, x2) below the graph of x2 = x(A2).
These follow from the definitions of x(Az) and Ap and from Lemma 4.2. d

5. Bifurcation of positive steady states. In this section, we prove the existence
of positive solutions of (3.1) that bifurcate from the semitrivial solution (&, 7,0); x2
will be the bifurcation parameter. We shall show first that local bifurcation occurs at
X2 = x(X2) for each fixed A2 > Ag. We substitute u and v in (3.1) by u + % and v + ¥,
respectively. The resulting system can be written as

(

'’ = FO(u,v,w) — @”, z € (0,1),
(A'(u,v)) + F}(u,v) =0, z¢€(0,1),
(A%(u,w))" + F?(u,w) =0, z¢€(0,1), (5.1)

w'(0) = 0 =u'(1) + hu(1),
| A (u,v) = 0 = A%(u, w), z=0,1,

where FO(u,v,w) = f(u+@)(T+ v+ w), Fl(u,v) = (kf(u+a) - 0)(¥ +v), Fi(u,w) =
(kf(u+ @) — 0w, A'(u,v) = M (v + 3) — x1(@ + u)'¢'(u + @) (v + ¥) and A?(u,w) =
Aow’ — x2(@ + ) ¢’ (u + @W)w.

For the time being, we extend f and ¢ so that they have the same regularity over
(—00,00) as mentioned in (1.2). We now convert (5.1) to “integral” equations.

Note @” = F9(0,0,0) and FO(u,v,w) = F°(0,0,0)+VF?(0,0,0) (v, v, w)+R1(u, v, w),
where R, is a “higher-order term”. Let K be the inverse of —d?/dz? with the u-boundary
condition in (5.1}.

Let X = C'*%[0,1]. Then K; : C*[0,1] — X is linear and compact. The u-equation
in (5.1) is equivalent to

u+ K1 [f(@)(v +w) + f'(@)vu] + K1Ri(u,v,w) =0, (5.2)

where (u,v,w) € X3 =X x X x X and K R; : X3 — X is C? smooth and compact with

”KlRl(u’vvw)HX = O([[(u,v,w)”f(:,), as ]|(u,v,w)||xs — 0.
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Now we convert the v-equation in (5.1). Linearize both A! and F! at (u,v) = (0,0):
Al(u,v) = A*(0,0) + [A1 1(0,0)](u,v) + S (u,v)
= A'(0,0) + ()\111 - 1@ ¢ (@ — x1¢' (W'D — x1¢" (w)@'vu) + S*(u,v),

FY(u,v) = F*(0,0) + VF(0,0) - (u,v) + T (u,v).

When we differentiate A'(u,v) with respect to z, we have some terms with u” as their
factors. In such a scenario, we use the u-equation in (5.1) to replace v’ by F°(u,v,w) —
F®(0,0,0). Now the v-equation in (5.1) can be rewritten as

(A’ = x1@'¢ (@) — xa[(@'0¢" (@)w)" + (99 (7)) v’ + o4 (7) (f (@) (v + w)
+ fl(@ou)] + [kf (@)ud + (kf (@) — 0)v] — Ra(u,v,w) =0, (5.3)
where
| Ra (w, v, w)llcao,1] = Oll(w, v, w)l%s) s [|(u, v, w)]|xs — 0.
For any g € X, let Kyg be the unique solution of

{(—/\11)/ + x1t'¢' (4 )v) +v=g, z € (0,1),

5.4
v + 1@ ¢ (@)v = z=0,1. (5:4)

Then K3 : C*[0,1] — X is linear and compact. For any (u,v) € X x X, let B;(u) be the
unique solution of

(=h2' + x1'¢'(u )Z) z € (0,1), (55)
M2+ 1 (@)z = ( )vu +x1¢" @@y, =01 '
let By(u, v) be the unique solution of
(M2’ + @ ¢ (@) +2=0,  z€(01), (5.6)
M2+ x1@'¢'(@)z = —S‘( v), z=0,1. '

Then B; : X — X is linear and compact, and By : X x X — X is C? smooth and
compact and || Bz(u,v)|[x = O(||(u,v)[l%,) &s [|(%,v)[lx, — 0. Now the v-equation and
the v-boundary condition in (5.1) can be written as
v — Kov + x1 Ko [(99' (@))'v + (796" (@)w)’ + 94 (@)(f (@) (v + w) + f'(@)ou)]
— Kolkf'(@)ou + (kf(u@) — 0)v] + K2Ra(u,v,w) + Bi(u) + Ba(u,v) =0, (5.7)

where (u, v, w) € X3 and the only nonlinear terms in (5.7) are Ba(u,v) and K Ra(u, v, w).
We now convert the w-equation in (5.1). Observe

A2 (u,w) = dw' — 2@ ¢’ (B)w — x2[(@ +w)'¢' (@ + u) — @' (@)|w
= dow' — X' ¢’ (B)w — x25%(u, w),

F*(u,w) = (kf(@) - O)w + T*(u, w),
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where §% and T? are higher-order terms. Now the w-equation can be written as

(Aaw’ = x(A2)T ¢’ (@)w)" + (x(A2) — x2)(@'¢' (w)w)’
+ (kf(w) = O)w + T?(u, w) = x2($?(u, w))" = 0.

Again, when differentiating S? with respect to =, we have some terms with » as their
factors, which we replace by F*(u,v,w) — F°(0,0,0). Then

1(5%(u, w)) lleato.) = Ol (w, w)lI%2),  as [[(u, w)lx2 — 0.

Obviously, |1 72(w, w)llge 0.y = Oty w) [%a).

Define K3g by replacing in (5.4) A\; and x1 by A2 and x(A2), respectively; define Bs(w)
by replacing in (5.5) A1 by A2, x1 by x(A2), and the right-hand side of the boundary
condition by @'¢’(%)w; define By(u,w) by replacing A1, x1, and —S* by Az, x(X2) and
S?(u,w), respectively. Then K3 : C*[0,1] — X and B3 : C%[0,1] — X are linear and
compact; By : XxX — X is C? smooth and compact, with || By (u, w)||x = O(||(u, w)||%.).

Now the w-equation can be converted to

w — K3[(kf(@) — O)w + w] + (x2 — x(A2)) K3[(@'¢' (Ww)'] — K3T?(u, w)
+ x2K3[(S% (u, )] + (x2 — x(A2))Bs(w) + x2Ba{u,w) =0, (5.8)

where (u,v,w) € X3.
Let F(x2, (u,v,w)) be the vector in X3, defined by the left-hand sides of (5.2), (5.3),
and (5.8). Then (5.1) is equivalent to

F(x2, (w,v,w)) =0, (u,v,w)e X3, (5.9)

Observe F(xz2,(0,0,0)) = 0 and, by the regularity assumption on f and ¢, F : Rt x
X — X is C? smooth.

We want to show, by using the Crandal-Rabinowitz Theorem, that a local bifurcation
of solutions of (5.9} occurs at (xa, (u,v,w)) = (x(A2),(0,0,0)).

To this end, we have to show

(ii) sz(u,v,w) (X(AZ)v (O’ 0, 0))(11,0, Vo, wO) ¢ R(F(u,v,w)(X(/\Q), (0,0, 0))),
where (g, vo,wo) spans N(Fy u.u (x(A2), (0,0,0)).

Since Fly v,w)(X(A2),(0,0,0))(u,v,w) is the linear parts of (5.2), (5.7), and (5.8),
(ug, v, wp) satisfies (4.3) with n =0 and x2 = x(A2).

From now on, we assume that (i, %) is locally asymptotically stable in H'(0, 1). Then
since n* (A2, x{A2)) = 0, a nonzero (ug, vg, wy) exists and the set of such is one dimen-
sional, with wq being the first cigenfunction of the w-eigenvalue problem in (4.3) with
xz = Xx(A2). Since Fiy, 4wy (x(A2),(0,0,0)) is a Fredholm operator with 0 index, (i) is
verified.

Now we verify (ii). Observe that

FX2(‘U.,‘U,’UJ) (X()‘Q)’ (07 0, 0))(“07 Vo, U)O) = (07 07 K3[(ﬂ/¢,(ﬂ)w0)l] + B3(w0))
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If this is equal to Fiy uw)(X(A2),(0,0,0))(u, v, w), then w — K3[(kf(2) — O)w + w] =
Ks[(w'¢'(@)wp)'] + Bs(wp), and hence

(Aow’ — x (M)W ¢ (W)w)' + (kf(@) — Ow
—(@'¢'(@)wo)’, z e (0,1), (5.10)
Aow' — x(A2)u' ¢ (@)w = —u'¢' (@W)wo, z=0,1

Let zp = we XG2)(@/ A2 Wy = yyqe~x(32)8(@)/22 Then they satisfy

()\2z§e><(’\2)¢’(ﬁ)/“) (kf(a) - )ZzeX(M)d?(u)/M
= — (@9 (@uo)', ze (@1, (511)

Ao 2heX(A2)e( @/ A2 = g/ ¢/ (@) wy, r=0,1

{Ugwaex“ﬂﬂﬂ)“?) (k7(@) = OWoex 04D =0, ze 0.,

W§ =0, =01

Multiplying (5.11) by Wy and (5.12) by 22 and integrating by parts, we obtain
1
_/0 (@' ¢’ (T)wo) Wy da = /\gzéeX(’\2)¢(a)/’\2WO|(1),

1
/0 @' ¢ (w)woW{ dx — @' ¢' (@ wOWOIO = —a'¢' (@)woWolg,

1
/ @'¢' (@)weWjdz = 0.
0

This is impossible because wy and Wy are of one sign; thus (ii) is verified.
Now the following theorem follows from [CR].

THEOREM 5.1. Suppose (@, 7) is locally exponentially asymptotically stable with respect
to single species dynamics. For each Ay > )\, there exists an € > 0 and C! smooth
functions x2 : (—€1,€1) = R, (¥1,%2,%3) : (—e1,61) — Z, where Z is a complement of
span (up, v, wp) in X3, such that x2(0) = x(A2), ¥1(0) = 0 = 92(0) = ¥3(0) and such
that for r € (—e1,e1), a(r) = r{uo+91(r)), 0(r) = r(vo+12(r)), and w(r) = r{wg+1p3(r))
satisfy (5.9). Moreover, all solutions of (5.9) near (x(A2), (0,0,0)) are either on the curve
(x2(r), (@(r),d(r),w(r)) or on (u,v,w) = 0.

REMARK 5.2. By taking a positive wy (which we do from now on) and a small €;, we
see w(r) > 0 on [0,1] for all 0 < r < &1. Thus (@ + 4(r),  + o(r),w(r)) is a positive
steady state of (1.3) with x2 = x2(r) if 0 < r < g;.

We now want to extend the local bifurcation curve to a global one. Let C be the
maximum subcontinuum of the closure of the set of solutions of (5.9) with (u,v,w) #
(0,0,0), passing through (x(A2),(0,0,0)). Let C* be the maximum subcontinuum of
the closure of C\{(x2(r), (a(r), o(r), w(r))| — 51 < r < 0}. Then by combining the
reflection arguments in [R, Theorem 1.27] and [BB, Theorem 3.2], we have that C*
either meets “infinity” or meets (X, (0,0,0)), where x # x(X2) and F(, , .4,)(X, (0,0,0)) is
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not invertible, or C* contains a pair of points (x, (v, v, w,)) and (x, —(u, v, w)), provided
the following condition is met: there exists a small § > 0 such that
index (F(x(A2) =6, (u,v,w)),(0,0,0))
# index (F(x(A2) + 6, (u,v,w)),(0,0,0)). (5.13)

To prove this, we observe that F{, , .)(X2,(0,0,0)) = I =T, where T is a linear compact
operator, and hence

index (F(xa2, (u,v,w)), (0,0,0)) = (=1)?,

where p is the sum of the algebraic multiplicities of the real eigenvalues of T that are
greater than 1.

LEMMA 5.3. There exists a small §y > 0 such that if kf(1) —do < 6 < kf(1), then p =0
for any 0 < x2 < x(A2), Ao < Aq.

Proof. Let 1 > 1 be an eigenvalue of T in X? and (@,49,%) be a corresponding eigen-
vector. Then
—Ki[f(@) + (0 + @) + f'(2)vd] = na,
Kot — x1 K2[(v¢' (w))'4 +

v (@
+f'(@)o)] + Kolkf'(@)va + (kf(@) — 6)9] — By (a) = 1o (5.14)
K3[(kf(@) — 0)d + @] — (x2 — x(X2)) K3[(@'¢' (@)w)')
—(x2 — x(A2)) B3 () = mb.

In particular,

\

(Mo’ — (x2 + (n — D)x(M2))@' ¢’ (@W)w)’
+(kf(@) — 0y + (1 — )b = 0, z€(0,1) (5.15)
A2’ — (x2 + (n — Vx(A2))@'¢'(

Let @ = X2t(=UxQa) = 5 — ¢-ad(®@)/%2¢5. Then
n Y

Agn(3' €@/ X2) 1 (kf(@) — 6+ 1 —n)2e2®®/r2 =0, z€(0,1),
2'(0)y=0=2'(1).
Multiplying both sides by Z and integrating by parts, we obtain

(5.16)

1
0= / [nha(2')? — (kf(@) — 6 + 1 — n)22]e2(®@ /22 dg
0
Z / 1[/\2(23’)2 — (kf(@) — 0)5%)e?¢(®/ 2 4y
0

1
—n*(,\z,a)/ 22e#(0)/%2 g > 0,
0

because a < x(Az) and hence by Lemmas 4.2 and 4.5, n*(A2,a) < 0. Thus 2 = 0. Now
(@,9) # (0,0). But by the proof of Theorem 5.2 in [W], n < 1 if 6 is close to kf(1)
{the closeness is independent of x2 and Az). This contradiction completes the proof of
Lemma 5.3. O
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LEMMA 5.4. For each 8 € (kf(1) — do,kf(1)), p =1 if x2 is bigger and close to x(Az).

Proof. As mentioned in the proof of Lemma 5.3, (5.14) has no solution with n > 1
and @ = 0. Thus to show p = 1, we only need to show that the third component of
T, denoted by T3, has only one eigenvalue bigger than 1, which is also simple. 7% :
X — X is linear and compact, depending continuously on x2. 7 = 1 is an eigenvalue
of T3|x:=x( ;) With the corresponding eigenspace spanned by wp > 0. This eigenvalue
of T3|X2=X( »,) is simple, as can be proved as follows. Suppose there exists w such that
(T3] y3=x(x2) — I)w = wg. Then we have

Dow' — x( M)t ¢’ (@)w) + (kf(7) — O)w
= (=Awjy + x(A)@ ¢ (@)wo)’ + wo,  x € (0,1), (5.17)
Aow’ = x(A)W ¢ (@)w = 0, r=0,1.
Define 2z = weX(32)#(@)/>2 Then
A2 (2/eXP)B/ X2 o (L f(7) — §)zeX(X2)9(B)/ A2
= _Az(wéex(/\z)ﬂﬁ)//\z)/ + Woex(P2)d(@/rz - 4 ¢ (0,1), (5.18)
Z(0) =0=2z'(1);

where Wy is as defined above (5.11).

Multiplying (5.18) by Wy and (5.12) by 2, we obtain Wy = 0, which is impossible.
Therefore, n = 1 is a simple eigenvalue of T3|X2:X( A2)-

By Lemma 1.3 of [CR], for x3 close to x{)2), in a small disk D,(1) on the complex
plane centered at 1 with radius r, 72 has only one eigenvalue 77; which must also be
simple. Since T is real, 7; must also be real (otherwise, the conjugate of n; is also an
eigenvalue in D,(1)). We now show 1; > 1. Let % be a corresponding eigenfunction
of T3, normalized by [@]/r2(0,1) = |lwollr2(0,1)- Then it is easy to see that ¥ — wp
in C!0,1] as x2 — x(X2). So we may assume, without loss of generality, that @ > 0.
Define 2 as in the proof of Lemma 5.3 (with » = n;). Then by (5.16), (5.12), and the
proof of Theorem 3.1, we have n; > 1. Since T3|X2=X( xp) has no real eigenvalue bigger
than 1+ (see the argument below (5.16)), the same is true for T2 if 5 is close to x(A2).
This proves p = 1.

Now (5.13) follows from Lemmas 5.3 and 5.4.

For any (x2,(4,0,w)) € C*, let u = @&+ @,v = ¥ + 0. Then (u,v,w) satisfies (3.1),
except that we do not know at this point that it is nonnegative. Define

S+ = {(XZa (u3 v, 'lIJ))|(X2, (ﬂv '57 ﬁ))) € C+}\{(X()‘2)7 (17'7 1_)30))}
Then S* is a continuum in R x X3, either meeting “infinity”, or (X, (@, ,0)) with ¥ #
x(A2), or containing a pair of points (x2, (@ + 4,7 + 0,@)) and {x2, (& — 4,7 — 0, —¥)).
Define

Pt ={(x2, (w,v,w)) e Rx X3|x2 > 0,1>u>0,0>0,w>0}.

LEMMA 5.5. St is not entirely contained in P+ (but of course the part of S near
(X()‘2)’ (aaﬁvo)) lS)




520 XUEFENG WANG aAnD YAPING WU

Proof. Otherwise, ST meets infinity and any (2, (u,v,@)) in ST is a positive solution
of (3.1). It is easy to show that ||(u, v, )| xs is bounded for bounded x2 > 0. This forces
the projection of S* on the x2-axis to cover the interval (x(Aq),00), which means (3.1)
has a positive solution for every y2 > x(A2), contradicting Theorem 3.3. This proves
Lemma 5.5. O

By this result, ST NPT is nonempty. For any (x2, (v,v,w)) € STNAIPT, there exists
a sequence (x%, (u™, v, w")) in ST N Pt which converges to it as n — oo. We claim that

1>u>0,v=0 and @w>0 on]0,1], for (x2,(u,v,w))€STNIPT. (5.19)

First we show 1 > u > 0. Otherwise, 1 > u > 0 and » = 0 or 1 somewhere on [0, 1].
Then the strong maximum principle and Hopf boundary point lemma imply u = 1 or 0.
u=101is impossible because of the boundary condition at x = 1. v = 1 is also impossible
because fo (kf(u™) — 0)w"™ dx, which is 0, would be positive for large n.

Now we show @ > 0 on [0,1]. Otherwise, w = 0 on [0,1]. Then v must be posi-
tive on [0,1], for if not, v = 0. Then «” = 0 and by the boundary condition, v = 1
which is again impossible. Now by the uniqueness of the positive solution of (3.1) with

= 0 for 6 close to kf(1) (see [W]), v = @,v = ¢ and hence ¢ = 0 = 9. Then
(@, 0", 0") = (u"—u,v" —v,w") — 0as n — oc. Now in (5.9), substitute (x2, (u, v, w))
by (x5, (@",o", ")), then divido it by |[(@", 9™, w™)||xs. After passing to a subse-
quence, (4", 0", @")/||(a” ") ||xs — (uoc,voc,woo) where ||(foo; Voo, Weo )||xz = 1,
Weo > 0 on [0,1] and F(u.v_w (xz, (0,0,0)) (fhoos Voo, Weo) = 0. If s = 0, then as before,
(o, Vo) = (0,0), which is impossible. Thus @, > 0 on [0,1]. This is only possible
if x2 = x()\2), which is impossible by the definition of S*. Now v = 0 on [0,1]. This
completes the proof of (5.19). O

Combining Theorem 5.1, Lemmas 5.3-5.5, and (5.19), we have

THEOREM 5.6. There exists a small §y > 0 such that if kf(1) — dy < 0 < kf(1), then
for every Ay > Ag, (3.1) has a continuum of positive solutions (xa, (v, v, w)), joining the
semitrivial solutions (x(A2), (@,7,0)) and (x5°, (u. 0, w)).

REMARK 5.7. If x(A2) = x1, then by Theorem 3.1 and Remark 3.2, the continuum of
positive solutions of (3.1) mentioned above is just (x1, (&, a?, (1—a)?)), where 0 < a < 1.

6. Stability of bifurcating solutions. In this section, we prove the local stability
of the bifurcating positive steady states (u,v, w) = (4+1a, 7+, w) of (1.3) (see Theorem
5.1 for notation), for 8 close to kf(1) and A; # A2. To this end, we first need to show
that the bifurcation curve is “tilted to the right”, i.e., dX2 |T_ > 0.

LEMMA 6.1.

dxa(r)
dr 0

g uoeXO 0 A2 [k @) WE + x(ha) (Wg)?0 () — X2 (kf (w) - O)Wio) (w)]da

S wd wpwo Wy do
where Wy is as defined above (5.11).
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Proof. Define 25 as in (3.2) with x2 = x2(r). Multiplying the zz-equation in (3.3) by
Wy exp((x(A2)o(@) — x20(u))/A2), and (5.12) by 23, we obtain

/0 WoeXPDHD A2 k( f(u) — £(1))z2 + 25(x29' (W' — x(Ao)iW' ¢/ (@))]dx = 0.

Dividing this by r? and sending it to zero, by Theorem 5.1, we have
/ kf' (@ )UOW2ex(>\z)¢(u fA2 gy 4 ZA2 dxo (0)/ WWoi' ¢ (u)ex(kzw(u /22 qr

+x(h) / WWol(d' (@)l + /6" (@)ug)eXP29®/ % 4y = 0. (6.1)
0

Multiplying (5.12) by ¢'(@)ugWp, integrating by parts and combining the resulting equa-
tion with (6.1), we conclude the proof of Lemma 6.1. O

The bulk of the rest of this section is to show that %V:O > 0 for fixed A;, x; and
A2 > Ag if 0 is close enough to kf(1). Recall from [Z] and [W] that there exists a positive
51 > 0 and C! smooth functions p : s € [-61,61] — R, (¢1,¢2) : s € [~1,61] — Y such
that £1(0) = 0,4'(0) > 0, ¢1(0) = ¢2(0) = 0 and (4, 7) = (1 +s(u” + ¢1(s)), s(1 + da(s))),

€ (0,61], is the unique positive solution of (3.1) with w = 0 and 6 = kf(1) — u(s),
where Y is any complement of span (u*,1) in X x X, which is taken to be Y = {(u,v) €
X xX| fol wudr =0 = fol vdr}, u* = —K f(1) = $f(1)(z? — 1) — L f(1). Recall also
that

1
W (0) = —kf'(1) / u* de(= k(1) F(1)(1/3 + 1/h)). (6.2)
0
LEMMA 6.2. (i) lim, g+ Ao = % (denote this by AJ).

(ii) For bounded A2 > A, x(A2) remains bounded as s — 0%,
Proof. By the definition of Ag (see (4.8)), n*(Xg,0) =0, i.e.,
JoPa(z)? = (kf (@) - 6)2")da

€ 01 Jo 22 dzx
and hence
1 _
k —6)2%d
Ap > sup fo( ffu) )z x. (6.4)
z€H'(0,1) f() (Z/)2 dx
2#Z0
In particular,
(kf( NV 2ex18@)/ A1 o
Ao > Jy (kf (@) ~ 6) - , (6.5)
fO (V’*f‘ 21)\1_111/41)/(11)1/) ex16(w)/ A g
where V = ﬁe_xl¢(ﬁ)/Al, Wthh Sa.tiSﬁeS
A (V/exmﬁ(u)//\l) + (kf(u) — )VeX1¢(“ M =0, z¢ (0,1), (6.6)
V'(0) = 0= 7'(1). |
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Since
MV — [ (@) - 6)oty) d (6.7)
0
we have that uniformly for z € [0, 1],
v’ 1
L~ exid()/ M p
S0+ 82 )\1 € 1(1‘)7 (68)
where

fila) = ds(kf(ﬂ) O =K@+ 0)

Notice that Fy(z) = kf'(1)f(1)(z® — x)/6. Multiplying (6.6) by V and integrating by
parts, we see that the numerator on the right-hand side of (6.5) is just
A1 fol (V")2ex19(®)/M1 dp Now using (6.8), we have

A fo F?(z)dz
liminf Ay >
s=0* Jo (=Fi(2) + %' (1)(w*))? do
Observe that Ag < A;. So for any sequence s — 0T, there exists a subsequence such
that along this subsequence, A\g — A}, which is positive according to (6.10). Let z be the
(positive) minimizer of (6.3), normalized by fol zdxz = 1. Then it satisfies

(6.10)

{/\02 +(kf(@) —6)z=0, z€(0,1), (6.11)
'(0) =0="2(1).
It is easy to see that z(z) — 1 in C°[0,1] and that
/ - z
(@) _g/ fi(y)dy, in C°[0,1] as s — 0F. (6.12)
$ Ao Jo

By (6.11) and (6.6), we have

1 1
Ao / S (Vs @iNy gy = 5 / V' exi$@ /A gy
0 0

Dividing this by s and sending s — 0F, using (6.8) and (6.11), we obtain

1 1
0 *\/ 4/ _ 2‘,r .
A/O  (2)(Fi(z) - xl(uw(l))dm—Al/O F2(z)d

From this and direct computations, (i) follows.
We now prove (ii). For Mg < Ay < Aj, we have x{X2) < x1. So we only need to
consider bounded A, > A;. By (6.6) and (5.12), we have the following analog of (3.6):

[ Pe (62 - ) v - 0o - 0P| wie o w =0 o)

A2 A1

Thus somewhere on (0, 1), it follows that

AQ(XW) Xl)v '§(3) < (hg — AV, (6.14)

A2 A




CHEMOTACTIC DIFFUSION MODEL FOR TWO SPECIES 523
By (6.6), we have

/\lvlexm(ﬁ)/h S/ (kf() - ) (y )exub(u /M dy

(6.15)
< kf(1)saV(z )eX1¢(u)//\1'
On the other hand,
(tu(y))v(y)d s(1+
0) = [ satwytds = [ Flat)sti-+ oa(edy 616
> Cisz,
where C] is a positive constant, independent of small s > 0.
Combining (6.14)—(6.16), we have
A Ae— A1 kf(1
xQ2)  xa Ae—h kf(1) (6.17)

A2 /\1 BN 1A2 Cy

This proves (ii). a
We now study the limiting behavior of (ug, vo, wg) as s — 0F. Recall that it satisfies
(4.3) with n =0, x2 = x(A2). We normalize it by wy > 0 on [0, 1] and

lluoll2(0,1) + llvollz2¢0,1) + llwollL2(o,1) = 2- (6.18)
LeEMMA 6.3. For each fixed Ay > AJ, (ug,vo, wp) — (0,—1,1) in C?[0,1] as s — 0*.

Proof. By (4.3) (with 7 = 0 and x2 = x()\2)), we easily see that the C27<[0,1]
norms of ug, vy, and wy are bounded as s — 0. So after passing to a subsequence,
(uo, v, wo) — (ud, v, wd) in C2[0,1], as s — 0%, where the limiting functions satisfy
(6.18), wd > 0 on [0,1] and

()" = (10§ +u), z € (0,1),

()/(0) = 0 = (u§) (1) + hu(1), 6,19
(48)" =0 = (u)", ze (1)

(48)'(0) = (o)’ (1) = 0 = (w§)'(0) = (w§)' (D).

Thus v = ki(const.), w3 = ky(const.) > 0.
By the v-equation in (4.3), we have

/kf( vuodz+/(kf ) — B)vg dz = 0.

Dividing this by s and sending s — 07, we have

1 1
kf’(l)/o ugd:v-l-kl/o fi(z)dz =

and thus [ uldz = 0. If ks + k2 > 0, then 0 < (u3)'(z) < (u)'(1) for z € (0,1). Then
by (6.19), ud(1) < 0 and hence fol uddzr < 0, a contradiction. Similarly, k; + ky < 0
is impossible. These, (6.18) and (6.19) imply ud = 0, k; = —1, ky = 1. The proof of
Lemma 6.3 is complete. O
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LEMMA 6.4. For cach fixed Ay > A, lim,_o+ x(A2) = X3, where

0 1 _ 1
e (L-2) o) [ Ry 220 [ Rme=0 o0
Ao A o A 0

Proof. By Lemma 6.2, for any sequence s — 01, there exists a subsequence s — 0%
such that x(A2) — x5
By (5.12), we have the following analog of (6.8):

W 1
lim Wolw) = ——e D/ e py (x), uniformly for z € [0, 1]. (6.21)
s—0t 8 A
Now dividing (6.13) by s* and using (6.8) and (6.21), we have (6.20). This completes
the proof of Lemma 6.4. O
LEMMA 6.5. For each fixed Az > AJ,
1 1 i
%0 7 Jo YAT)EY fo vo(w)dz — 1)8, wo = fo wo(z)dx — wg, in CQ[O, 1] as s — 0t
s
where
1 1
08) (@) = 3 File) - LoV @, [ dflalde =0,
1 0
1
X *
W) = 1A + 2o W)@, [ ul@ds=o
A2 A2 0
Proof. Let
vy — fol vg dx wy — fol wy dx
P — ’Ujs = —,
s s

Then v, and w, satisfy

(/\w; —x1 % @y — x1 20 (@)uh — xlaﬁ”(ﬂ)ﬂ’%?to)/

k¢! (@) Tug + ELB=0 g, =, z€(0,1),
Aol = x1 () @ (@)vo — xa 2¢'(@)uy — x10" (@)W Lup =0, x=0,1,
(Mo, = x(h0) (@) L)+ D=y = g, re(0.1),
Aaw), = x(A2)¢' (@) Lwo = 0, r=0,1,
fol vs(z)dr =0 = fol w(x)dz.

It is easy to see that [|vs||c2+apo,1) and |Jws||c2+a(o,1) are bounded as s — 0F. Therefore,
after passing to a subsequence, v — v and w; — wf in C%[0,1] as s — 0%, where the
limiting functions satisfy

A (@d)" (@) + xa (w)"(2)¢'(1) = filz) =0, z€(0,1),
A(v) () + x1 (u*) (z)¢' (1) = 0, z=0,1,
Ae(wd)”(z) = xJ(u*)"(x)¢'(1) + fi(z) =0, =z € (0,1),
A2 (w8) (@) = x3(u*)'(x)¢'(1) =0, r=0,1,
vy (z)dz =0 = fol wi(z)dz.

From this we conclude the proof of Lemma 6.5. a
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Similarly, we can use (5.12) and Lemma 6.3 to prove
LEMMA 6.6. For any Ay > A3,

-1
lim Wo - -/O Wo(.’r)d.'L‘

s—0+ S

=Wy in C?0,1],

where

(WY (z) = —e x50/ A2 () /)

1
/ W (z)dz =
0
LEMMA 6.7. For every Ay > )\8,
1
» s—0t Jo S
Proof. Define fo(z) b

k‘f(ﬂ(w)) -

and

= fi(z) + sfa(z) + o(s). (6.22)

By (4.3) with n =0 and x2 = ( 2), we have
/kf( )”“SO xz—/ kf(“) b Wt g,
0

8

1 1
Lemma 6.5 —/0 (f1+ sf2+0(s)) (%/0 (vo + wo)dz + (v§ + wf) + 0(1)> dzx

1 1 1 1 !
:—%/0 f1d:1:/0 (vo+wo)dm—/0 f2d$/0 (Uo+1U0)dfC—/0 F1(0) +wl)dz + o(1)

1 1
~>_/ fl(v8+w8)dx:/ Fy(v§ + wl) dx
0 0

_[ 11 Xz _ XU\ roryio ey ] g (6:20)
—/0F1[</\—1—>\—2>F1+<)\ X;)d)(l)(u)}dx =0

Now we have

. UUO
Jim [ kf(l) do = hm/ kf(1) — kf'(@)2 )—dx+s£rg+ i kf( )
(kf'(1+t{u*+ 1+¢5(t))dt
i [ A0S0 0 0)) ¢“”1M@mza
s—0t Jo S

because of Lemma 6.3. d
LEMMA 6.8. For every Ay > AJ,

lim =2 =48 in C2[0,1],

s—0t §

where v is the unique solution of (6.24) below.
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Proof. Let us = ug/s. By (4.3) with n = 0 and x2 = x(A2), we have

—hug(1 / (vo + wp)d.

ug = f(@)vus + f(8)(vs +ws) — %us(l)f(ﬁ)’ z € (0,1), (6.23)
w,(0) = 0 = ul(1) + hus(1). '
Multiplying (6.23) by us and using Lemmas 6.5 and 6.7, we have
1 1 1
/ (u')? dz + hu?(1) = / wl f'(a)odx — / F(@)(v) + wl + o(1))us dx
0 0 0
1 1
5 [ @ - e+ D [ g

1
<eg (/ uwldz + huﬁ(l)) +Cle,
0

for all small s > 0. Thus, by the fact that the H!(0, 1)-norm of u; is equivalent to the
square root of the left-hand side of the above inequality, we have that the H!(0, 1)-norm
of us is bounded uniformly for all small s > 0. It follows that this is also true for the
C?*%[0, 1]-norm of u,. Now, after passing to a subsequence, we have us; — some ug in
C?[0,1), where v} satisfies

(u§(2))” + huf(1) = f(1)(v3(z) +wi(z)), = €(0,1),

(uf)'(0) = 0 = (uf)'(1) + hug(1), (6.24)

fol ud(z)dz = 0.
Since the solution (6.24) is unique, us; — uJ, without passing to a subsequence. This

completes the proof of Lemma 6.8. O

LEMMA 6.9. For every Ay > A,
lim ‘Ms) = 0, in C?0, 1].
s—0t

Proof. Recall that we have chosen ¢2(s) such that

/ $2(s (6.25)
Observe that

’ , ! L
(3 (%) s @+ ) + D=0+ 0) =0, a€(0,1)
! —7
A (£) - xad @E(1+62) =0, z=0,1
Then the C?**%norm of ?;—2 is bounded uniformly for small s > 0 and hence, after passing
to a subsequence, 2 — some ¢ in C2[0, 1].
From the limiting equations that ¢9 satisfies, it follows that

(6Y)'(z) = () (@) - 3 File) = =) (2) and / &(a

(6.26)

x14'(1)
A1
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Thus ¢Y(z) = —v3(z). O
LEMMA 6.10. For every Az > AJ,
1
lim, kf (@ )—wow0 dz = 2kf'(1)e —X3¢<1>/k2/ ud(vg + wd)dz
s—=0% Jo 0
X39'(1) _osyme [ho0
- —)\2—6 2 A u0f1 dx.
Proof. We start by studying lim,_ g+ fol kf'(u)4 dx.
Let Vy = voge X1#(&)/A1 Then
A (X 9@V — x1 (8¢ (@)ug + ¢ (@) Buo)!
+kf(@)0ug + (kf(a) — 6)Voexr#®/2 =0, z € (0,1), (6.27)
MMV — i 69!ty + o (8)Bug) = O,

Multiplying (6.27) by V and (6.6) by V;, and then integrating by parts, we have

1
/ Dea (99 (@)ug + ¢ (@)@ 0uo)V' + kf'(@)ueV]dz =
0
This, Lemmas 6.8 and 6.9 imply that as s — 07,

1
/ kf’(a)%u + ¢o(s))%e 28 @/ gy

0

—— [ @50+ o)L T do -0 [ 1+ ea(e)e @

s 82

1
L [ o)y Fiae o da
1Jo

1
hr(l;l+/ kf _dx . h%l / kf/(ﬂ)u_g(l _+_¢2(S))26_X1(¢(’a)—¢(l))/)\l dl'

- 111(1)1+/ kf'(a (1+¢2( ))2e= X ($E@=6N/N _ 1)4g
s—

1
= i—id)'(l)/o (ud) Fy(x)dz + Icf’(l)/0 ud (21}8 + §—i¢'(l)u*) dz.

By this, Lemmas 6.3, 6.5, and 6.8, we have that as s — 0%
1

=/01kf'(a)§ (/Olwodw+wos+o )(/ Wodo + W5 + 0 ())dw
=/01kf'(ﬂ)%da:</01wodx) </ ngw) /kf (WO/Olwody

1
+w8/ W(?dy) dz + o(1)
0
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.1 1
e X2/ &¢’(1)/ (ud) Fy(x)dx + kf'(l)/ up | 2vg + &q; (L)u* ) dz
A1 0 0 A1

1
+/ kf’(l)ug(W(?+w8€‘xg¢(l)/’\2)d:r
0

1 1
= enxtsne [ Xy [ paan s rr ) [ of (28 + o) ar

1

~|—(’_X2¢(1)/’\2/ kf'(1)ud <2w0 ;(2 ()u*> dx
2

1 /
= X291/ A2 {Qkf/(l)/o up(vh + wo)dr — X2‘/<’( ! A wofy da:],

2

where at the last step, we used the facts that f; = kf'(1)u*+4'(0) and fol udr=0. O

LEMMA 6.11. For every Ay > AJ,

1
A ~
lim / %uoex()\z)¢(u)/)\2¢l(a)(Wé)2 dx = 0,
0

s—0t

1
lim /0 LAQQ)uoex(*ﬁﬂ’(ﬂ)/*?<;>'(a)(kf(a) —O)W2 dx

s—0t )\25

0 7 1 !
:gggﬁge-xgmm/xe/ WO fy de,
2 0
1

. . / ¢'(1) —x36(1)/7z 1
lim U@ (WwoWy dz = e (u*) Fy(x)dz > 0.

s=0% Jo $ 2 0

Proof. By Lemmas 6.3 and 6.6, the first limit is equal to zero.
The second identity follows from Lemmas 6.3 and 6.8, the third from Lemmas 6.3 and

6.6. |
PROPOSITION 6.12. For every Ay > A8, Aa # A1, there exists a positive constant § > 0
such that dxj—fr) . > § for all small s > 0, and hence for all § € (0,kf(1)) close to
kf(1). “

Proof. By Lemmas 6.1, 6.10, and 6.11, we have

. dxa(r) 2kf' (1) fy ud(vd + wd)dz
lim ———= = .
s—0t dr

=0 ¢(1) [y (w) Fi(2)dz
Notice that (u*)'(z) > 0, F1(z) <0, for = € (0, 1).
By (6.24), we have

/01u8(v8+w8>dx=~(/01<< )2 dz + h(ud(1 >/f

unless uf = 0. If ul = 0, then (6.24) implies that vJ + w§ = 0 and hence

(- 1) Aw+em(2-2) wyw=o
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This is impossible because u* is a quadratic polynomial while F}(x) is a cubic one. This
completes the proof of Proposition 6.12. a
Now we are ready to prove the main result of this section.

THEOREM 6.13. For fixed A\; > 0, x; > 0 and A # A with Ay > (= 2\kf/(1)/
(2kf'(1) + 21¢'(1)x1)), there exists a small §g > 0 such that for each fixed € satisfying
kf(1)—do < 0 < kf(1), there exists a small 9 > 00 that if x(A2) < x2 < x(A2)+€0, then
the unique positive steady state of (1.3} bifurcating from (4, 7, 0) is locally asymptotically
stable in the H(0, 1)-topology.

Proof. We choose §; small enough so that if kf(1) — dp < 6 < kf(1), then s is small
enough so that Prop. 6.12 holds (recall p(s) = kf(1) — 8 and p'(0) > 0). Furthermore,
choose €y > 0 small enough so that yo and (u,v,w) mentioned above are given by
x2 = x2(r)s (Ur,Vr,wy) = (@ + @(r),? + 0(r),w(r)), 0 < r < & (see Theorem 5.1). To
show the stability of the steady state, we linearize (3.1) at (u,,v,,w,) and study the
following eigenvalue problem:

= fu)(vr + wedu — flus){v+w) = nu, z € (0,1),
u'(0) = 0 = /(1) + hu(l),
(B, 0))’ + kf (e Jor + (5 f () — 00 = v,z € (0,1),

(6.28)
B(u,v) =0, x=0,1,
(B?(u,w)) + kf' (u)weou + (kf(u) — 0w = nw, =€ (0,1),
B?(u,w) =0, z=0,1.

where

B (u,v) = M — x1uld (u)v — x10' (ur)vpr’ — x10" (ur ) ulvpu,

B%(u,w) = dw' — xould' (uy)w — x20' () wrts’ — x20" (u)ulw,u.
Let n(r) be the cigenvalue with the largest real part, and (u,v,w) the corresponding
eigenfunction normalized by |lu||z2(0,1) + ||v]lz2¢0,1) + lwl|2(0,1) = 2. By the Principle of
the Linearized Stability ([S, D]}, the desired stability of (u,, vy, w,) will follow if we can
show that Ren(r) < 0 for small » > 0. Suppose there exists a sequence of r — 0% such
that Ren(r) > 0. It is easy to show that as r — 07, (a) n(r) is bounded, (b} (u,v,w)
is bounded in C?7<[0,1]. Then after passing to a subsequence, we have n — some 79
with Reng > 0, and (u,v,w) — (u®,v%, w®) in C?[0,1], where (ug, vy, wp) satisfies (4.3)
with 7 = 79 and x2 = x2(0)(= x(X2)). If w® = 0, then (u®, v°) # (0,0) and since 6 is
close to kf(1), we have the stability of (i, o) with respect to the single species dynamics
which implies Reng < 0. So w® # 0. But since n*(A2,x(X2)) = 0, 5o = 0. Thus

(u®, 0%, w®) = +(ug,vo, wo). Now multiplying (u,v,w) by £1, we have that

(u,v,w) — (ug, v, wn) in CQ[O, 1) asr — 0. (6.29)

Differentiating with respect to r the w-equation in (3.1) (with (u,v,w) = (ur, v, w,)),
we obtain

{(Bs(ur,wr))’ + kf (u)tewy + (kf(ur) — )0, =0, z € (0,1),

6.30
B3(up,w,) =0, z=0,1, ( )
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where %, = Ed;ur = ug + o(1), Wy = dirwr = wp + o(1), and

B ars ) = Do — P2 (g ol ) — o)

— x2(r)¢ (up)Whwr — x2(r)d (up ULty
Define V?/T = w,e~Xx2(r)$(ur)/A2 Then

L]
d
B3 (tp, wy) = AgeX2(Meun)/Rayy/ _ %(r)(fﬁl(ur)u’rwr)

- X2(7')(¢”(ur)aru;wr + d)/(ur)u/rl.vr)-
Let W = we—Xx2(N)¢(ur)/A2 Then
B2 (u, w) = AgeX2 (NP2’ _yo (¢ (upYwrn + @ (ur )b wp).

Now, multiplying the w-equation in (6.28) by W, and (6.30) by W, and integrating by
parts, we have

1 ° 1 . . dXZ(T) 1
n(r)/ wW,dr = / kf (up)we(uW, — u,W)dz ~ —a / &' (u)uw, W' dz
0 0 0

1 . . 1 R
+ XZ(T)/ &' (ur) (wru' W — wlw, Wdz + X2(T‘)/ ¢ (ur) (uwuW',
0 0
— Upulw, Wz = 1) — I + Is + Iy
From (6.29) and Prop. 6.12, it follows that as r — 0,

Iy = o(r);
1
2= <dX;vET) T 0(1)> /0 (¢'(@) + o(1))(@ + o(1))r(wo + o(1)) W, dz
§r 1

5 @'¢' (@)woWo dz + o(r) = (positive const.)r + o(r)
0

(recall that wy is close to 1 when 6 is close to kf(1)—see Lemma 6.3);

Is=o0(r); Iy=o0(r);
1, 1
/ wW,dz = / (wo + 0(1))(Wy + o(1))dz = positive const. + o(r).
0 0

Thus Ren(r) < 0 for small r > 0, a contradiction!
This completes the proof of Theorem 6.13. O
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