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i. Introduction to Qualitative Multiple Criteria Choice Analysis

Choice analysis (or evaluation) aims at rationalizing decision
problems characterized by conflicting objectives regarding alternative
options (or choice possibilities). Although theoretically the choice
set may have an infinite number of options, in reality often a dis-
crete set of distinet alternatives is taken into consideration. For
instance, consumers make a choice out of a pmanmn number of ooaaoawdw
bundles, or govermments only consider a finite set of policy packages,
plans or projects.

In the framework of discrete choice analysis with conflicting objec~
tives several evaluation methods have been developed in the past

decade, which served f£o make complex multidimensional choice problems -

more transparent. All these methods, usually coined multiple criteria
choice methods, paid attention to the constituents of & choice pro-
blem, viz. the identification of relevant choice options, the defini-
tion of appropriate judgement criteria (emanating from conflicting
objectives), the assessment of the numerical value of each judgement
ceriterion for each choice option (e.g., by means of an impact analy-
sis), the collection of prior information regarding each of the rele—
vant decision criteria (e.g., by means of weights or interactive
computer methods), the identification of relevant decision levels or
of institutional decision procedwres (in case of a multi-actor choice
situation), and the specification of a suitable measurement system for
available information (e.g., 1mnHo. ordinal or fuzzy information).
Clearly, multi-attribute decision theory .may under certain condi-
tions prove a meaningful vehicle for analysing the abovementioned type
of multi-dimensional choice problems (see Lancaster, 1971, and Keeney
and Raiffa, 1976). However, in this case one usually needs a great
deal of quantifiable information on measurable characteristiecs (or
impacts) of a choice option as well as on trade~offs among different
value criteria of the choice maker., In practice, such cardinal infor-
mation (measured on a ratio scale) is often not available, 8o that
conventional evaluation methods - either monetary-based methods (such
as cost-benefit analysis, cost-effectiveneas analysis or shadow pro-
Ject methods) or cardinal multiple eriteria methods (such as goals-
achievement analysis, concordance analysis or weighted summation
analysis) - cannot be applied as methodologically sound tools for
cheoice analysis. Usually choice problems are marked by the presence of
qualitative, 'soft' or fuzzy i formation, and consequently the design
of evaluation methods focusing on 'measuring the unmeasurable' (Nij-
kamp et al., 1985) is an important research direction in evaluation

analysis. Such methods are based on ordinal, binary or nominal mea-

surement scales and are called here 'qualitative multiple ‘eriteria

choice methods'. These qualitative multidimensional Jjudgement methods



are eszzsentially more in agreement with .mmnmmwpow:w behaviour' (based
on Simon's bounded rationality principle) than with conventional
toptimizing decision-making!', as imprecise information precludes the
attainment of an unambiguous maximum solution.

In the past years a wide variety of nnmwnnmwnco multiple criteria
choice methods has been developed (see for a survey among others
Rietveld, 1980, and Voogd, 1983). Examples of classes of such methods
are: :

- survey table methods (for instance, score card methods and computer-
graphic methods)

- interactive computer methods {(for instance, based on an interplay
between expert and decision-maker)

- weighting methods {(based on a set of weights reflecting the relative
importance attached to the successive value criteria).

In the present paper, the attention will mainly be devoted to
weighting methods. Weights can be assessed on the basis of different
techniques, such as revealed preference methods (based on actual
choice behaviour), stated preference methods (based on interview
questionnaires, e.g.), or fictitious preference methods (based on
simulation or dissimulation experiments, e.g.). _

In the field of multiple criteria analysis a whole series of differ-
ent qualitative evaluation methods has been developed, such as the
eigenvalue (or prioritization) method (see Saaty, 1977, and Lootsma,
1980), the extreme expected value method (see Kmietowicz and Pearman,
1981, and Rietveld, 1980), the permutation method (see Mastenbroek and
Paslinck, 1977), the frequency method (see Van Delft and Nijkamp,
1977), the multidimensional scaling method (see Nijkamp and Voogd,
1981) and the mixed data method {(see Voogd, 1983). Unfortunately,
various of these qualitative multiple criteria choice methods treat
qualitative information as pseudo-cardinal information, so that their
methodological basis is questionable, Despite the less c¢orrect treat-
ment of categorical or ordinal information in several of these meth-
ods, they have become fairly popular analytical tools thanks to their
simplicity. Some more complicated analytical techniques (such as
geonetric scaling methods) are scientifically more justified, but less
acceasible to decision-makers because of their statistical-mathemati-
cal contents.

Consequently, there 13 apparently a conflict between simple but
wrong methods on the one hand and com.lex but good methods on the
other. In the search of a compromise between the requirements emanat-
ing from methodological soundness, accessibility and mathematical-
statistical simpliecity recently a new method has emerged, the so-
called regime method (see Hinloopen et al., 1983). The present paper
will present first some of the principles of this method (section 2),



while next various new elements and extensions of this method will be
developed {section 3). For pedagoglcal reasons our presentation will
be based on some numerical examples. It will be concluded that the
regime method 1is able to encapture a wide variety of qualitative
multiple criteria choice problems based ¢n both ordinal and mixed
ordinal-cardinal data regarding both the characteristics {(or impacts)
of a choice option and the weights (or pricrities) of a choice maker.

2. Principles of the Regime Method

The regime method for qualitative multiple oriteria choice analysia

is based on the following considerations;

-~ the technique should not use methodologically unpermitted operations
(for instance, summation or multiplication of ordinal numbers)

- the technique should be as much accessible as possible to a choice
maker

= the technique should be easily applicable on a computer

- the application of the regime method should in principie lead to an
unambiguous solution, so that always a dominant choice option is
identified.

In the sequel of +this section, the essence and structure of the
regime method will be further desecribed.

Suppose we have a diascrete choice problem with I choice options or
alternatives i (i=1,...,I), characterized by J Judgement criteria
(j=1,...,d). The basic information we have is composed of qualitative
data regarding the ordinal value of all J judgement c¢riteria for all 1
choice options. In particular we assume a partial ranking of all I
choice options for each coriterion j, so that the following effect

matrix can be constructed: ¢
. 3110 » » » oe.lJ
E=|" . (2.1)
€yr + - - v gy

The entiry eij (i=1,...,I; j=%,...,J) represents thus the rank order
of alternative i according to judgement criterion j. Without Jloss of
generality, we may assume a rank order characterized by the condition
‘the higher, the better’, in other words: if ej; > ejry, then
choice option i is preferable i' for judgement criterion j.

As there is wusually not a single dominating alternative, we need
additional information on the relative importance of (some of) the
judgement criteria. In case of weighting methods this information is
glven by means of preference weights attached to the successive crite—
ria. If we deal with ordinal information, the weights are represented



by means of rank orders Wy (j=1,...,J) in a weight vector w:

we= (Wi, ...,wpT (2.2)

Clearly, it is again assumed that Wwj > wyr implies that criteri-
on ] is regarded as more important than j!.

Next, the regime method uses a pairwise comparison of all choice
options, so that then the mutual comparison of two choice options is
not influenced by the presence and effects of other alternatives. Of
course, the eventual rank order of any two alternatives is c¢o-deter-
mined by remaining alternatives (cf. the independence of irrelevant
alternatives problem).

In order to explain the mechanism of the regime method, we will
first define the concept of a regime. Consider {wo alternative
choice options i and i'. If for criterion j a gertain choice option i
is better than i' (i.e. s8jy1j5 = eyj - egry > 0), it should be
neted that in case of ordinal information, the order of magnitude of
S{iry 1s not relevant, but only its sign. Consequently, 1if o3jry =
sign 8jjrj = +1, then alternative 1 is better than i' for criterion
J. Otherwise, ¢j315 = -1, or {(in case of ties) gij+j=0. By making
such a pairwise compariscn for any L[wo alternatives i and i' for all
eriteria j(J=1,...,J), we may construct a Jx1 regime vector rjjrs,
defined as:

Pige= (G1i11se--s04i1d) L, ¥ o1,i', i'«i (2.3)

Thus, the regime vector contains oﬁly +and - signs (or in case of
ties also 0 signs), and reflects a certain degree of (pairwise} domi~
nance of cholce option i with respect Lo i' for the unweighted effects
for all J judgement criteria. Clearly, we have altogether I(I-1)
pairwise comparisons, and hence also I{I-1) regime vectors. These
regime vectors can be included in an JxI(I-1) regime mafrix R:

It is evident that, if a certain regine vector rj;r would only con--
tain + signs, alternative 1 would absclutely dominate i'. Usually
however a regime vector contains both + and - signs, so¢ that then.
additional information 1in the form of the weights vector (2.2) 1is
required. - '



In order to treat ordinal information on weights, the assumption is
now made here that the ordinal weights wj (j=t,...,J) are a rank
order representation of an {(unknown) underlying cardinal stochastic

weight vector w¥*= (W?,...,E&)T with max{w*}= 1, w* 2 0, ¥,. The ordi-

nal ranking of the weights is thus suﬂposed to be consistent with the
quantitative information incorporated in an unknown cardinal vector
w¥; in other words: Wi > wijr =+ Wj* > wj:*. Next, we assume
that the weighted dominance of choice coption i with regard to 1i' can
be represented by means of the following stochastic expression based
on a weighted summation of cardinal entities (implying essentially a
additive linear utility structure):

J
- % .
Ligr™ 5B O110y% (2.5)
If vji+ is positive, choice option i 1is dominant with respect to
it. However, in our case we do not have information on the cardinal
value of Wi*, but only on the ordinal value of Wj (which 1is
assumed to be consistent with 35*). Therefore, we introduce a

¢certain probabllity pjjr for the dominance of i with respeet to i':
Pijt = prob {vijr > Q) (2.6)

and define as an aggregate probability measwre:

pi=i'171"1'§1911' (2.71)

Then it 1is easily seen that p; 1s the average probability that
alternative i is higher valued than any other alternative. Consequent-
ly, the eventual rank order of choice options is then determined by
the rank order (or the order of magnitude) of the pj's.

However, the c¢rucial problem here is to assess pjj+ and pj. This
implies that we have to make an assumption about the probability
distribution function of both the wj*'s and of the sjjrjy's. In
view of the ordinal nature of the wj‘s, it is plausible to assume
for the whole relevant area a uniform density function for the
gﬁ**s. The motive 1s that, 1if the ordinal weights vector w is
interpreted as originating from a stochastic weight vector w¥*,- there
is without any prior information no reason to assume that a certain
numerical value of w* has a higher probability than any other value.
In other words, the welsats vector w* can adopt with equal probabi~
lity each value that is in agreement with the ordinal information
implied by w. This argument is essentially based on the 'prineciple of
insufficient reason', which also constitutes the foundation stone for
the so-called Laplace criterion in case of decision-making under
uncertainty (see Taha, 1976). However, if due to prior information in



a specific case there is reason to assume a different probability
distribution function (a normal distribution, e.g.), there is no
reason to exelude this new information. Of course, this may influence
the values of pjjr and hence the ranking of alternatives. The pre-
cise way in which in general rank order results will be derived from a
probability distribution in case of qualitative information will be
further discussed in section 3. But it may suffice to mention here
that in principle the use of stochastic analysis, which is conasistent
with an originally ordinal data set, may help to overcome the methodo-
logical problem emanating from impermissible numerical operations on
qualitative data.

Another remark concerns the meaning embodied by o6jjrj. Our ap-
proach implies that in case of a pairwise compariscon of &two non-numer-
ically different aiternatives the differences in effects are assumed
to be negligible, i.e., gjjrj=0. This assumption corresponds essen-
tially to that implied by Kendall's rank correlation coefficient.
Thus, only if two distinet choice options can be distinguished in
measurable terms {either cardinal or ordinal), we have a possibility
to represent these differences somehow in numerical form. If these
differences are measured in an ordinal sense, then these differences
may again be interpreted as stochastic variables which stem from an
underlying cardinal uniform probability distribution. This approach is
then again based on the principle of insufficient reason and hence
similar to that described above for the weights. The precise use of
such a probabilistic approach will alsc be further explained in the
next sectionm.

So far we have neither paid much attention to a situation with ties,
nor to that with mixed information (i.e., partly cardinal, partly
ordinal data). Especially mixed information is a frequently occurring
phencmenon 1in qualitative multiple eriterfa choice analysis. These
various situations, viz. strictly ordinal data, ties and mixed infor-
mation, are systematically included in the following scheme and will
succesalvely be dealt with in sections 3 and 4.

eriteria jordinal mixed
effects no ties ties no ties | ties
no ties |section 3 |subsection 4.2
ordinal
ties subsection
4.1
no ties ;. subsection 4.3
mixed

ties




3. Structure of the Standard Regime Method

The regime method was originally developed for purely qualitative
information on multidimensional cheoice problems, and aimed even at
designing a choice evaluation method which did not need the use of a
computer. However, it turned out that in case of many criteria (7 or
more), of the opresence of ties, or of the presence of mixed data,
computer assistance was necessary. For simple examples (i.e., with a
low number of criteria), however, numerical illustrations can without
loss of generality directly be used to explain the basic steps of the
regime algorithm.

In our case we assume the following choice problem. A decision-maker
has to make a choice out of 3 alternative commodities (goods, plans,
projects, ete.), which are characterized by 4 attributes (features,
impacts, ete.), measured in a strictly ordinal sense (i.e., without
ties). Then we may assume the following effect matrix E:

criterion

utm\ 1 2 3 4

E =" 1 3 2 1 1 (3.1)
2 2 1 2 3
3 1 3 3 2

Furthermore, we assume the following weight vector w:

W=y owp oWy T

= (4 3 2 1 )T (3.2)
which of course also implies the following consistency condition for
the cardinal weights: wi* > wp* > w3*¥ > wy* A pairwise com-
parison of the information in E leads to the following regime matrix
R:

v 0 .
Vi Vi‘& *Ja,s Yo $1y Wi
+

+. - + - :
+* - - - + +

R = - - + - + + (30 3)
- - + +* + -

For instance, if we take regime riz, it is easily seen that:
Yyz=Wi*+Wp*-wak= wy* (3.1

and:
P12 = prob (vy2 > 0)
= prob{(wy *+wo*-w3¥-uy*) >0} (3.5)



The qQuesticon is now whether we can make any valid statement regarding
the value of pq2. In this case the previous question is easy to
answer, given the information implied by (3.2}, viz. wy > w2 >
w3 > wy > 0. Thus it can directly De derived that p12 = 1.

If we next take the choice alternatives 1 and 3, we can easily
derive vq3 by means of (3.3), i.e.,

Vi13amy *owp¥-w3kewy (3.8) -

In this case, a priori no unambiguous statement regarding the value of
P13 can be made, unless we use the probability approach outlined in
the previous section. If we thus assume that all wj*'s are
uniformly distributed, we have to identify the relative size of the
four~-dimensional hyperplane for which condition (3.6) holds. The
relative size of the varicus hyperplanes which make up the envelopes
of the information embodied in the weight vector may thus be regarded
as a probability measure for the dominance of the alternative
concerned. Of course, one has to take into account the standardization
condition that max{w(*, wp* w3¥, wy*l=l and w{¥20, wWp%20,
w320, wy*20 (see for further details Hinloopen, 1985, and
Hinloopen and Smyth, 1985). Then by using conditions (3.2) and (3.6)
in addition to the standardization condition, we can easily derive the
value P13 in case of a uniform distribution:

P13 = 1/6 (3.7)
Finally, we will compare choicge options 2 and 3. Then we have:
Yoz=wy ¥-up¥uz*eun* (3.8)

In this case, we can easily derive that:
pPp3 = 1/2 (3.9

Now we can directly derive the total dominance of each choice option

by means of (2.7), i.e.,

?':‘l i{i‘:{;
Py = 1/2(1 + 1/6)=7/12
Py = 1/2(‘% ?/2)=1 /4 (3.10)

Py = 1/2(5/6+172)=2/3

Thus, in our illustrative example the following final ranking of
alternatives results:

alternative 3 > alternative 1 > alternative 2




.............................................................................................................................................................................

It is evident that the foregoing example can easily be generalized
in a formal notation, but as this notation is more cumbersome than
illustrative we suffice to conclude here that the regime method pro-
vides a fairly direct and unambiguous scolution to a strictly qualita-
tive multiple criteria choice problem.

bk, Ties and Mixed-Data in the Regime Analysis

In this section the additional problems caused by the presence of
ties and mixed data for both the effects ;5 and the weights wj
will be dealt with. '

4.1. Ties in the effect matrix

If the effect matrix contains ties (i.e., iy = eji'j, in other
words: equal rank orders of two alternatives i and i' for a specific
eriterion j), then the additicnal problems can easily be solved. This
can easily be illustrated by including ties for the first c¢riterion in
the effect matrix (3.1):

criterion
alternat

1 : 1 '
E = 2 2 1 2 3 (8.1)
3 ' 2

In this case only the regime ri, will change, i.e.,

rip = (0, +, -, )T (4.2)
30 that:
Yyio=wo¥-wak-uy* (4.3)
On the basis of (4.3), we can easily derive - by assuming again a

uniform probability distribution - that:
P12 = 1/2 (4.8

The existence of ties has clearly consequences for the final rank
order of plans, as in the present case we have:

P = 1/2(1/2 + 1/6)= 1/3
Pz = 1/2(1/2 + 1/2)= 1/2 (4.5)
p3 = 1/2(5/6 + 1/2)= 2/3
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30 that choice options 1 and 2 have changed position in the eventual
rank order. Clearly, without any difficulty this procedure can be
direectly generalized for the existence of multiple ties.

4,2. Ties in the weights vector

Ties in the weight vector (i.e., Wy = wj‘) imply a different
situation regarding the evaluation of values of the choice criteria.
It is evident, that also the existence of ties in the weight vector
will not affect the regime vector, but no doubt the probabilities
Pijvr will alter. This will be illustrated by using again the same
effect matrix (3.1), whereas the weight vector is assumed to be esqual
to:

w= (8% 3 2 23T (4.6)

The treatment of ties will first be illustrated by comparing alterna-
tives 1 and 2. In this case the regime matrix is still equal to (3.3),
whilst v, remains also unchanged, as can be seen from (3.4). It is
clear that in this case the same result emanates, i.e.,

P1a = 1 (4.7

If we next compare choice options 1 and 3, ¥13 and p13 do not
change either in comparison with (3.6). However, in this case we may
substitute the fact that w3¥ = wy¥* into (3.6), so that the new
condition becomes:

V13 = wy* - wo¥ - 2uz* (4.8)

By pursuing next the same stochastic analysis by means of a uniform
distribution, we find the result:

LS

P13 = 1/3 (4.9)

Finally, we will compare alternatives 2 and 3. In this case vp3
becomes :

= Wik - wo¥ {(4.10)

Then it is evident that pp3=t, as condition (4.10) is always satis-

fied, given the initial condition {3.2).
Consequently, we may find the following final resulta:
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p1 = 1/2(1 +1/3)=2/3
pp = 1/2(0 + 1 )=1/2 (8.11)
p3 = 1/2(2/3+ G )= 1/3

30 that now the final ranking of alternatives becomes:
alternative 1 > alternative 2 > alternative 3

Thus, ties may exert a significant impact on the eventual rank order
of choice options.

Finally, it 1is worth mentioning that also a situation of combined
ties in both the effect matrix and the weight vector can be handled in
the same way.

4.3, Mixed data

In case of mixed data in either the effect matrix or the weight
vector, the regime method has to be significantly adjusted, irrespec-
tive of the presence of ties.

First we will consider a situation of mixed data in the weight
vector, 80 that part of the weights is ordinal and another part cardi-
nal In nature. Then we impose the condition that all stochastic
weights w;* are standardized as follows:

w*

J
A, = (4.12)
LT

It 1s easily seen that in this case A3y § 1, while the highest
value of lj i3 always equal to 1. The motive for this specific way
of standardizing the weights is that (since Ej* are uniformly
distributed) also the vector ) = (lj,...,AJ)T is uniformly
distributed.

Next, we will consider the presence of mixed data in the effect
matrix.

Also in this case the (stochastic qualitative) differences §*111J
are assumed to be uniformly distributed. In order to be able to com-
pare the differences across different criteria, s¥jj+¢5 1s also
standardized, i.e.,

g¥_
-ll'J

max{gij,gi,j}

(4.13)

Note that dj;r 5 is also uniformly distributed, either on the
interval (0, 1) (if ejj2eirj) or on the interval (-1, 0) (if
8i3<eiryl.
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In order to compare now 2 alternatives i and i', we define - instead

of ¥;ij+ from (2.5) - a new stochastic variable zjj' as fol-
lows:
d
BTk Gha0g Ay ’ (H.78)

while next pjjr is according to {(2.6) defined as:

Piir = prob (_Z__iit>0) (4.15)
The remaining part of the procedure is then zimular to that described
in section 2.

The various steps of the abovementioned exposition will now be

iliustrated by means of a simple numerical example. Assume the follow-
ing effect matrix:

2 1
E=[1 2:| (4,16)

while w is assumed to be equal to:

w= (2 1)T (8.17)
The resulting regime matrix R isa:

R = [: ::l | (4.18)
If we want to compare choice option 1 with 2, we find:

Y12 =W1¥* -wo¥* (4.19)

ConSequently, we may derive:

prob (y12 > 0}
prob {(wW1* = wp¥*) > 0} (4.20)
= 1

Pt2

since we know from (4.17) that wy > wp and hence also wi* >

wo¥, :
In addition, we know that di3 1 and =-dy2,2 are uniformly
distributed on the interval (0,7). Note that Ay=1 and iy is
uniformly distributed on (0,1). Therefore, we derive that: .

Z12=d12,1+d12,2 A2 {4.21)

By using next our standard procedure for uniform densities, we find
ultimately:
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P12 = prob (zjp > 0) = 3/4 (4. 22)
The proof of (4.22) runs as follows.

prob {(z12>0)="
= prob{{z12>0}(dy2,1>-d12,2) }.prob(di2, 1>~d12, 2)

+prob{(212>0](d12,1¢=d12,2) }.prob(dyz, 1<~d12, 2)

(8.23) .

As both dip,1 and -diz,2 are uniformly distributed on the
interval (0,1), we know that: :

prob(dy2, 1>-d12, 2)=prob(djz, 1<-d12,2)=1/2 (4.23)
while also the following condition holds:
probiziz > 0f{d12,1 > -diz,2}} = (4.25) -

Next, in order to calculate prob{z;>0|dy2<-d12,2)},
we define:

312,2 = =d12,2/d12,2 (4.26)

It is also easily seen that:
912,1 < ~d12,2 (4.27)

Consequently, 312,19 1s uniformly distributed on the interval
(0’1)0
Next we may calculate zZq3:

Z12= -di2,2. 312,71 * d12,2 A2
= ~dj2,2(312,1~ A2) (4,28)

This implies that:
probizip > 0](d12,1 < -diz,2)}=
= prob{-dy2 2(312,1 = 12)>0} = 1/2 (4.29)

Thus, in conclusion:
prob{zjs > 0) =1/2 + 1/2 . 1/2 = 3/} (4.30)
Q.E.D.
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Next, we will assume that we have cardinal information on one of the
¢riteria, say ceriterion 1. Let us assume then the following effect
matrix:

20 1

E=]"g 5 (5.31)
20 - 8
Then 4, ;= —5g— = 0.6, (4.32)

30 that:

prob(z12 > 0) = prob {{0.6 + d12,2 A2) > 0}
= 0.6 -6 1n 0.6 = 0.9 (4.33)

The proeof of the latter calculation can easiliy be given.

It is already known that A> and di2,2 are independently
uniformly distributed on {0,1). Then we have:

prob (0.6 + dyp 2 A2 > 0) = prob{(diz,2 A2> -0.6)=
1-prob(-d12 2 A2 > 0.6)

Since we know that =~dip o and A2 are independent uniformly
distributed on (0,1), we find:

1= prob(-diz,2 A2 > 0.6)=

} }aydx=1-0.4 -0.6 1n 0.6 = 0.9
0.6 1/x

5. Concluding Remarks

The foregoing analysis has demonstrated that for discrefe choice
problems which are marked by complete (or partial) uncertainty in the
form of ordinal (or mixed) information the dominant regime method may
be an operational tool. It leads to a probability statement regarding
the choice of alternatives, and in so doing it leads usually to a
unique solution (which is a major advantage compared to other 'soft!
multiple c¢riteria choice methods ~ like the concordance method -,
which often do not lead to an unambiguous solution}. Aiso its ability
to deal with both qualitative information (including ties)} and mixed
information, makes it a powerful vehicle for evaluation analysis, not
cnly in the field of public choice theory but also in the field of
consumer theory and marketing analysis. Various empirical applications
(e.g., housing market, transportation and physical planning) have also
demonstrated its usefulness in practical choice situations. '
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