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Communication at the International Symposium on Partial Differential Equations and 
Continuurn Mechanic, Rio de Janeiro, August 1977, 

Proceedings edited by L.A. MEDEIROS, NOrth Holland Publishers 

QUALITATIVE ΡROPERIMES OF XAVIER-STOKES EQUATIONS 

R. TEMAM 
Departornent de Mathématiques 

Université de Paris Sud 
91^05 - Orsay, France 

The purpose of this lecture is to présent some new 
propcrties of the set of stoady-state solutions to the Navier-
Stokos équations of a viscous incompressible fluid. 

It is known that for swall Reynolds numbers , if a 
stoady excitation is applied to the fluid thon there is a 
unique stable stoady state which actually appears for t large 
( t -4 » ) * If the Roynold's number increases, then it is 
conjecturod and experimentally well-known (cf. B.T. Benjamin 
[l,2], D. Joseph [7]) that new steady states appear some being 
stable and some being uns table. As far as we know, very little 
has been proved concorning the set of ail stationary solutions 
of the équations. In joint works with C, Foias (cf [4] [5] [6]) 
the author has attempted to find some qualitative informations 
on this set, and we are going to sumniarize the main results 
of C 51 C .63 . 

Section 1 contains the description of Navier-Stokes 
équations and their functional sotting. Section 2 contains 
the description of the results. The plan is the folloving: 

1. Stoady-state Navier-Stokes Equations. 
2. Propcrties of S(f,cp,v) 

2.1 General propcrties 
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2.2 GcMicric proportios 
2.3 Gcncric bifurcation. 

1. Stoady-State Navier-Stokes équations. 

Soient Ω be the domain filled by the fluid , Ω c (R̂  , 
t - 2 or 3· We assume that Ω is bounded with a smooth 
boundary Γ· 

Let u(x) = (uj^(x) , · ·•. f u k(x) ) , and p(x) be the 
voloclty of the particlc of fluid at point χ and the 
pressure at χ (χ € Ω ) ; then u and ρ satisfy the 
équations 

(1.1) -VAu + (η·7)η + vp = f in Ω , 

(1.2) Vu = 0 in Ω, 

(1.3) u = φ on Γ , 

vhore f représente volumic forces, φ is the given velocity 
of Γ which is assumed to be matorialized and solid, V = Re~^ 
is the inverse of a Reynolds number. For f, φ, V (and Ω) 
givon, the problem is to find u and ρ satisfying (l.l)-
(1.3). 

In the functional sétting of the équation, it is usual 
to introduce the space IL (Ω) s L (Ω ) and to consider the 
orthogonal décomposition of L (Ω) (cf 0,A. Ladyzhenskaya 
C 8] or R. Temam [ 1̂ 1 ) ; 

0.2(Ω) s II Θ G, 

G = {vp | ρ € ΐ/(Ω), |JL € L 2 ( n ) f 1 < 1 * l) 

u = [u 6 L 2 ( n ) | vu = 0, u*v| = 0} , 
τ 

\\i th ν the unit outward normal voctor on Γ. We dénote by 
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9 Ρ the projection in JLW(Q) onto H. 
If u and ρ satisfy (l.l)-(l#3) and are sufficient-

ly rocular, thon u cloarly satisfios 

(l^) Ρ(-νΔιι + (u*7)u) = f in Ω, 

assuming that Pf = f, vhich is alA\rays possible and amounts 
to modifying p. Conversoly it is classical (cf [8]) that if 
u satisfios (ΐ··Ό togethor vith (l.2) and (l.3) f thon there 
oxists a scalar function ρ such that u, ρ satisfy (l.l)-
(1.3)· Therefore the équations (l.2)-(l.4) for u are 

équivalent to tho original problem. 

Now ve vrite u = û + Φ where φ is some extension 
of the function φ inside It is convenient to define 
Φ = Λφ as the solution of the nonhomogeneous Stokes problem 

-Δ$ + VÎT = 0 in Ω , 

(1.5) \ νΦ = 0 in Ω , 

i s cp on Γ. 

In this case ΰ satisfies 

(1.6) Ρ[-νΔΰ + ((û+$)-v)(û+$)] = f in Ω , 

(1.7) Vu = 0 in Ω , 

(1.8) û = Ο on Γ. 

VG introduco the linear unbounded operator A in H, 

whoso domain is 
D ( A) = n 2(n) η nj(n) η H , 

and 

Αν = -ΡΔν, V- ν € D(A) ; 

horo Η Π 1 ( Ω ) is tho Sobolcv spaco of ordor m, Mm(Ù) = [Η" 1(Ω)] / ' 
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and Η^(Ω) is tho spacc of u Ç Η^'(Ω) vanishing on Γ (l'or 
thc tlioory of Sobolov spaccs çf J.L. Lions,- E. Magenes [ 11] ) · 
It is known (cf [ lh~] ) that A is a self-adjoint strictly 

positive and invertible operator in H , and that A -"*" £ ^ 0 0 

is compact (Ω bounded). 

We also introduce thc opérators Β such that 

B(u,v) = P[ ( U - V ) V ] , 

B(u) S B ( U , U ) . 

For ( = 2 or 3» we infer from the Sobolev imbedding theorems 
2 2 

that Β(·,·) maps H (Ω) χ [I (Ω) into H, and in particular 
D ( A ) χ D ( A ) into H. 

The équations (l.6)-(l.8) are now équivalent to the 

problem 

To find G in D ( A) such that 

( 1 · 9 ) 1 - / - , 
vAu + B(u+Acp) s f. 

This is the functional form of the steady-state Navier» 

Stokes équations which we had in view and on which is based 

the following study* We dénote by S(f,cp,v) the set of 

û ζ D ( A) satisfying (l.9). 

2· Properties of S(f,cp,v). 

We assume that f is given in H, φ is given in 
B l V 2 ( r ) = [ Η 3 / / 2 ( Γ ) ] ^ . , By the Stokes formula, and because of 
(1.2), φ must verify 

f f 
7u dx s φ · V dT = 0. 

We will impose a slightly stronger condition on φ: 
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(-·1 ) j' φ·ν <ΙΓ = Ο, 1 5 i S Ν, 

Avliore Γ 1 , · · . , Γ Ν arc» Lho connocted componcnts of Γ (Γ = Γ 1  

and N=l if Γ is coiiiioctod). We dénote by Ù^'/2(T) the 

sot of φ in Η 3/ 2(Γ) satisfying (2.l). 

2·1 General proportion. 

For overy f given in II and φ given in Η 3 / / 2 ( Γ ) , 
tho sot S(f,cp,v) ls_n_onempty. This is an existence theorom 
fur the stcady statc Navier-Stokes équations. This existence 
resuit appears in Ο.Λ. Ladyzhonskaya [8], J. Leray [9], J.L. 
Lions [lO] with stroii^or assumptions on f and/or φ; for 
tho woaker assumption f,cp ζ H χ Ù^^2(T)f cf. C. Foias-R.T.[ 61. 

The set S(f,cp,v) is recluceed to a single point if V 

is sufficiently largo, more precisely if 

( 2 · 2 ) V > " « ( I ' I H - W H 3 / 2 { r )

h 

\vhore the function σ : IR v|R *-+ DR is increasing with respect 
ο + + + 

to each of its two arguments. 

Now let w , j * 1, be the orthomormal basis in H J 
consisting of the eigoitvoctors of A*"1 (A* 1 is compact self-
adjoint in II)· Lot Ρ dénote the orthogonal projector in 
H onto tho spaco spnnnod by w,..·..w . We have the follow-

J 1 9 m 
i"g: 

(2.3) For m suffici ontly large, m * m^(f,cp,v), P m is a 

one to one mappiug on S(f,cp,v) and P m S(f,Cp,v) is 

a roal compact C-analytic set. 



- 54 -

Tliis moans that Ρ S(f,Cp,v) (and in somo sonse 
δ(Γ,ςο,ν) itself) is a finite union of points, regular 
analyiic curves, rcgular analytic manifolds • of highor 
dimensions (cf Bruhat-Whitney [3])* As a corollary we get: 

(2.^4) Either S(f,cp,v) is the union of a finite number of 
points or S(f,cp,v) contains at least an analytic 
curve. 

2·2 Generic Properties. 

We are now going to describe generic properties of 
S(f,cp,v). A resuit which is typical of the results establish-
ed in [ [ 5 ] is the following 

Theorem 1 * For every V > 0 and φ Ç Η^/ 2(Γ) fixed, there  
exists an opon dense set 6^ C H, and for every f ζ Ô^, 
S(f,cp,v) is finite, card S(f,Cp,v) is odd, and card s(f,cp,v) 

is constant on every connectod component of Ô. 

The principle of the proof is as follows: we eonsidcr 

the non linear mapping from B(A) into H: 

u H-» N 1(G) = VAÛ + B(û) . 

Whon f is a regular value of , the Fréchet derivative 

of is regular at every preimage point (i.e. every û 

such that N^(u) s f ) . Whence the û ls in N^(f) are 

isolatod and there is a finite number of such u f s f since 

N~*(f) is compact, The fact that the set of regular 

values of is dense is the less trivial resuit and follows 

from the infinité dimensional version of Sard1 s theorem duo 

to Smale [ 13] . The other properties are conséquences of the 
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inipl icit funetion thoorom and some spécifie pro'portics of N^. 
Finally tho oddnoss of card S(f,φ,ν) follows from a 
tοpolocal dogrec argument. 

A similar resuit when f, φ, V, are simultanoously 
allowcd to vary is this one: 

• Q / ο 

Thoorom 2 There exists a dense open set 6^ in Hxffl (Γ)χ 
X 1R , and for every f,Cp,V Ç & 2 > card S(f,cp,v) is fini te  
and odd. Furthermore card S(f,cp,v) is constant on every 
connected component of «-

Saine proof as Theorem 1. 
Ve may now think of a resuit symmetrical to Theorem 1 

in the sensé of a generic resuit with respect to φ when f 
and V are fixed. We have: 
Theorem 3 -% For every V > 0 fixed, for every fixod f in  
α - 1 

C (Ω) Π H (CL > θ) , there exists a dense open set C 
C C 2 + a ( ? ) ^\ such that card S(f,Cp,v) is finite and odd, 
V· φ Ç and card S(f,cp,v) is constant on every connectod 

component of 6 ̂« 

The proof of this resuit due to J*C. Saut and the 

author (c£ [ 12] ) involves différent technics, In particular 

Sard-Smale1s theorem is replaced by a transversal!ty theorem 

due to Abraham and Quinns. As a tool for this proof we also 

neod the following uniqueness theorem for a Cauchy problem 

associated to Stokes équations: 
For b given in H Π H ' (Ω) f if ν and q satis/y 

(l) · s 2 / \l 
C (Γ ) is the set of functions φ in C (Γ ) which 
satisfy (2,l), 
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-Λν -ι- (b-v)v + ( w ) b + 7q = Ο in Ω 
(:ϊ .5) < 7ν s Ο in Ω 

ν = Ο and |^ = Ο on Γ ο ν 

thon ν = Ο and q is a constant. 

Romark 1 - Tho fact that S(f,cp,v) is gonerally finito was 
conjoctured by B fT, Bonjamin. 

2.3 Gonoric Pifurcation. 

We now describe a resuit of generic bifurcation for 
the cquation (1.9)· Similar rosults are proved in [6] for 
tbo classical Taylor and Bénard problems. 

Thoorem k - We assume that φ 6 H ' (Γ) is fixed, There  
exis ts οι,(φ) a dense G - subset of H and for every 

q. ç _ _ _ _ _ _ _ _ _ _ _ 
f 6 ^^(φ)ι the manifold 

s U s(f,cp,v) 
V>0 

bas the following form: 

(i) It is constituted of isolated points and isolated 
analytic manifolds which lye above isolated values of V. 

The number of such values of ν is fini te on every semi axis 
ν >, ν > 0. ' ο 

( i i ) It is constituted of one ( or more ) analytic manifold (s) 
of dimension 1, whose projection on tho V axis is the wholo 
in te rv al ]0,+œ[. The set of singular points of this manifold 

is fini te in every région V £ V > 0. ο 

As a Corollary we get 
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( . '2 .6) Genorically, the set of (primary and secundary) bi-

furcating values of V for (l.9)'is countable and can 

only accumulate at V = 0. 

Remark 2 - As far as we know, this is the first information 

available concerning ail the primary and secundary bifurcat-

ing points of a nonlinear équation. 

Remark 3 The methods used for the proof of the above results 

are quite gênerai and probably apply to the équations of non­

linear elasticity. 
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