
  

  

Quantification of intravoxel velocity standard 

deviation and turbulence intensity by 

generalizing phase-contrast MRI 

  

  

Petter Dyverfeldt, Andreas Sigfridsson, John-Peder Escobar Kvitting and Tino Ebbers 

  

  

Linköping University Post Print 

   

 

 

N.B.: When citing this work, cite the original article.  

  

This is the pre-reviewed version of the following article: 

Petter Dyverfeldt, Andreas Sigfridsson, John-Peder Escobar Kvitting and Tino Ebbers, 

Quantification of intravoxel velocity standard deviation and turbulence intensity by 

generalizing phase-contrast MRI, 2006, Magnetic Resonance in Medicine, (56), 4, 850-858. 

 

which has been published in final form at:  

http://dx.doi.org/10.1002/mrm.21022 

 

Copyright: Wiley-Blackwell 

http://eu.wiley.com/WileyCDA/Brand/id-35.html 

Postprint available at: Linköping University Electronic Press 

http://urn.kb.se/resolve?urn=urn:nbn:se:liu:diva-37249 
 

http://dx.doi.org/10.1002/mrm.21022
http://eu.wiley.com/WileyCDA/Brand/id-35.html
http://urn.kb.se/resolve?urn=urn:nbn:se:liu:diva-37249
http://twitter.com/?status=OA Article: Quantification of intravoxel velocity standard deviation and turbulence intensit... http://urn.kb.se/resolve?urn=urn:nbn:se:liu:diva-37249 via @LiU_EPress %23LiU


Quantification of Intra-Voxel Velocity Standard Deviation and 

Turbulence Intensity by Generalizing Phase-Contrast MRI 

 

Petter Dyverfeldt,
1
 Andreas Sigfridsson,

1,2,3
 John-Peder Escobar Kvitting,

2,4
 Tino Ebbers

1,2 

 

1 
Division of Clinical Physiology, Department of Medicine and Care, Linköping University, 

Linköping, Sweden. 

2 
Center for Medical Image Science and Visualization (CMIV), Linköping University, Linköping, 

Sweden. 

3 
Division of Medical Informatics, Department of Biomedical Engineering, Linköping University, 

Linköping, Sweden. 

4 
Division of Cardiothoracic Surgery, Department of Medicine and Care, Linköping University 

Hospital, Linköping, Sweden. 

 

 

 

 

 

Running head:  Quantification of Turbulence Intensity by Generalizing PC-MRI 

 

Word Count:  4242 

 

Correspondence:  Petter Dyverfeldt, MSc, Division of Clinical Physiology, 

  Department of Medicine and Care, Linköping University,  

  SE-581 85 Linköping, Sweden. E-mail: petdy@imv.liu.se.  



ABSTRACT 

Turbulent flow, characterized by velocity fluctuations, is a contributing factor to the 

pathogenesis of several cardiovascular diseases. A clinical non-invasive tool for the 

assessment of turbulence is lacking, however. It is well known that the occurrence of multiple 

spin velocities within a voxel, during the influence of a magnetic gradient moment, causes 

signal loss in phase-contrast magnetic resonance imaging. In this paper, a mathematical 

derivation of an expression for the computation of the standard deviation of the blood flow 

velocity distribution within a voxel is presented. The standard deviation is obtained from the 

magnitude of phase-contrast magnetic resonance imaging signals acquired with different first 

gradient moments. By exploiting the relation between standard deviation and turbulence 

intensity, this method allows for quantitative studies of turbulence. For validation, the 

turbulence intensity in an in-vitro flow phantom was quantified and the results compared 

favorably with previously published laser Doppler anemometry results. This method has the 

potential to become an important tool for the non-invasive assessment of turbulence in the 

arterial tree. 

 

Key words: Phase-contrast magnetic resonance imaging, Turbulent flow, Velocity 

distribution, Turbulence intensity. 



INTRODUCTION 

Blood flow in the normal arterial tree seems to be remarkably free of turbulence. 

Turbulent flow, however, has been implicated in the pathogenesis of several cardiovascular 

diseases (1), including the initiation and development of atherosclerosis (2-5). Although well-

recognized risk factors for atherosclerotic arterial disease, such as smoking, hypertension, 

elevated levels of cholesterol and diabetes mellitus, have widespread systemic effects, 

atherosclerosis tends to develop at specific locations such as branch points, bifurcations and 

sharp bends. These predilection areas are characterized by disturbed hemodynamics and 

increased risk for turbulent flow. By correlating the hemodynamic disturbances with the site-

specific inclination for developing atherosclerosis, one might be able to classify pro-

atherosclerotic vascular flow. Turbulent flow has also been recognized at intracardiac and 

intraaortic sites in the vicinity of diseased heart valves and heart valve prostheses (1,6). 

Assessment of turbulence in those regions could potentially improve the design of valve-

sparing procedures and of the prostheses themselves.  

Within fluid dynamics, turbulence is often studied using Reynolds decomposition in 

which the velocity is separated into time-averaged velocity and time-varying fluctuating 

velocity. No clinical tool for the in-vivo assessment of turbulence is available. In principle, 

Doppler ultrasonic methods are able to measure regional velocity distributions non-

invasively. Doppler-derived measures of turbulence intensity have been proposed based on 

computational simulations (7), in-vitro measurements (8), and in-vivo studies (9). Ultrasound 

can only study flow in single dimensions, however, and its application in the arterial tree is 

further limited by inadequate acoustic windows to many regions.  

Turbulent flow has been studied using diffusion-weighted magnetic resonance imaging 

(MRI) sequences. In diffusion-weighted imaging, signal loss due to intra-voxel phase 

variations is used for computation of the molecular diffusivity. Kuhete (10) introduced the 

term turbulent diffusivity (or eddy diffusivity) and obtained a measure of turbulent diffusivity 

from a measurement of the signal attenuation observed in time-averaged images. Also based 

on diffusion theory, Gao and Gore (11) derived an expression describing how the spin echo 

signal amplitude in steady turbulent flow depends on different flow and imaging parameters. 

Using that expression, Gatenby and Gore (12) showed how the signal level downstream from 

a stenosis made of a plug with a central hole is affected by partial echo acquisitions of 



varying degree. They fitted several partial echo acquisitions to a model for computation of the 

spatial distribution of turbulence distal to the stenosis. In-vivo application of this would 

appear to be difficult due to long scan time. 

Using Fourier velocity encoding MRI (13,14), the velocity spectrum within a voxel can 

be sampled. This method is very time consuming and therefore of limited usefulness in-vivo. 

Development of dynamic imaging, such as k-t BLAST (Broad-use Linear Acquisition Speed-

up Technique) to accelerate the acquisitions may enhance the applicability of Fourier velocity 

encoding (15).  

Phase-contrast (PC) MRI is a powerful tool for quantification of cardiovascular blood 

flow (16,17). PC-MRI can measure flow in all directions at any position and provides great 

flexibility with respect to spatial and temporal resolution. Conventional PC-MRI, however, 

only measures a mean velocity, spatially averaged over the voxel and temporally averaged 

over the duration of the bipolar gradient. When multiple spin velocities are present within a 

voxel, a reduced PC-MRI signal magnitude can be expected. This is the case for turbulent 

flow, in which the velocity fluctuations gives rise to an intra-voxel spin velocity distribution 

that causes signal loss during the influence of a magnetic field gradient (18,19). In velocity 

measurements, this is an unwanted peculiarity and minimization of its effect has been 

frequently discussed (19-21). For other applications, signal loss can be seen as a source of 

information. Prince et al. (22), for example, have shown that the degree of PC-MRI signal 

loss can be correlated to the functional significance of a stenosis. That, in combination with 

the work of Oshinski and colleagues (19) who suggested that the turbulent fluctuation 

velocity is related to the signal loss, raises the possibility to obtain quantitative information 

from PC-MRI signal loss in turbulent flow. Pipe (23,24) has presented a method for 

estimating the standard deviation (SD) of the velocity distribution within a voxel from a PC-

MRI data acquisition. The presented theory was partly based on an empirically derived 

expression. Some in-vivo results depicting the velocity SD were included but quantitative 

results were not presented.  

In this work, we mathematically derive a general expression for the computation of the 

SD of the blood flow velocity distribution within a voxel from a PC-MRI acquisition by 

assuming a certain spin velocity distribution. We validate this method by exploiting the close 

relation between SD and turbulence intensity and compare our findings on turbulence 



intensity in in-vitro post-stenotic flow with previously reported results from laser Doppler 

anemometry measurements. 

THEORY 

In ordinary PC imaging, the velocities of moving spins are measured using bipolar 

velocity encoding gradients. A velocity encoding gradient has a first gradient moment of  

M1 = ∫T0 ttG(t)d  [T s
2 

m
-1

], where G is the gradient strength and T is the time of application. In 

a one-directional PC-MRI velocity acquisition, the velocity is extracted from the phase 

difference of two measurements with different first gradient moments. Such a measurement 

will be referred to here as a scan segment. The first gradient moments are related to the 

velocity encoding range (VENC) according to VENC = π/(γΔM1) [m
 
s

-1
], where ΔM1 is the 

net first gradient moment of the two scan segments and γ is the gyromagnetic ratio.  

By studying the relation between PC-MRI signals acquired using different first gradient 

moments, the SD of the velocity can be derived. The derivation is based on the analytical 

expression for the signal of a voxel in presence of a first gradient moment 

∫
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where C is a scaling factor influenced by relaxation parameters, spin density and receiver 

gain, v is the velocity, s(v) is the spin velocity distribution within the voxel and kv = γM1  

[s
 
m

-1
]. By assuming that the spins within a voxel have a Gaussian velocity distribution, as 

done by Gao and Gore (11) and Gach and Lowe (25), s(v) can be written as 
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where σ denotes the SD and vm is the mean velocity. Combining Eq. 1 and Eq. 2 gives the 

following expression for the PC-MRI signal: 
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By combining the expressions of two scan segments with different first gradient moment so 

that |kv1| ≠ |kv2|, the scaling factor C can be eliminated since the receiver gain, relaxation 



effects and spin density are not affected by the first gradient moment. The signals of two such 

scan segments are related to each other according to 
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In PC velocity imaging, the imaginary part of the exponent in Eq. 4 is the part of interest. 

Since σ, however, is located in the real part of the exponent, we are only interested in the 

magnitude of the expression. Taking the absolute value of Eq. 4 results in an expression that 

describes how the magnitude of two PC-MRI signals are related to the SD, 
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By rearranging Eq. 5, an expression for the SD is obtained, 
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This expression states that the SD of the velocity distribution within a voxel, in one direction, 

can be computed from two PC-MRI scan segments of different first gradient moments. For 

the case of kv2 = 0 this is equivalent to the empirical expression derived by Pipe. Our method 

is valid for all values of kv (with the restriction that |kv1| ≠ |kv2|) and can thus be considered as 

more general. In order to maximize the accuracy in presence of noise, however, one of the 

scan segments should be carried out using zero first gradient moment (kv = 0). The signal of 

such a scan segment will be referred to as the reference signal S(0). The first gradient moment 

in the other scan segment should be adapted to the expected SD. For simultaneous acquisition 

of the SD in three directions, three scan segments velocity encoded in mutually perpendicular 

directions and one scan segment with zero first gradient moment are preferred. This is exactly 

the outcome of an acquisition velocity encoded by the non-symmetric simple four-point 

method (26). While normally the velocity is extracted from the phase difference of S(0) and 

S(kv), Eq. 6 makes it possible to obtain the SD of the velocity distribution within a voxel from 

the magnitude of S(0) and S(kv). By considering turbulent velocity fluctuations within a voxel 



to be an ergodic process, in which ensemble averages can be exchanged for time averages, the 

turbulence intensity can be obtained by dividing the SD of the velocity with the cross-

sectional mean velocity (19,27,28). This quantity allows for comparative studies of the level 

of turbulence in different flow situations. 

The fact that Eq. 1 is a Fourier transform creates another way to explain the theory. 

S(kv) and s(v) both describes the spin velocity distribution and constitute a Fourier transform 

pair. Since we assume that the spin velocity distribution is Gaussian with an SD of σ, |S(kv)| is 

also Gaussian with an SD related to σ as illustrated in 
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Fig. 1. In order to derive σ, two points on |S(kv)| are measured. A Gaussian function is fitted 

to these points, after which the Fourier transform relationship is exploited in order to compute 

σ. This can be compared with Fourier velocity encoding, where kv in Eq. 1 is varied in a 

stepwise manner to obtain the Fourier transform of the velocity distribution for an image 

voxel. With our assumption of a Gaussian spin velocity distribution, the complete spectrum 

can be obtained from only two measurements. The theory can readily be adapted to other, 

non-Gaussian, distributions, which have a Fourier transform that is invertible on a range of kv-

values greater than zero. A Lorentzian or a boxcar spin velocity distribution, for example, 

could be treated in the same manner although with other measures of statistical dispersion 

than the SD (table 1).  

R2.1 



METHODS 

Measurement setup 

We constructed an in-vitro flow phantom consisting of a Perspex tube with a 75 % area 

reduction, cosine-shaped stenosis and compared our results on turbulence intensity with 

published laser Doppler anemometry results (27). Denoting the radius of the un-occluded part 

of the phantom as a and letting r and z be the radial and axial distance from the center of the 

stenosis, which, when divided by a, form the dimensionless variables R and Z, the contour of 

the phantom is described by  

( )( )
⎪⎩

⎪
⎨
⎧ <<−

>

+−
== 22

2

42cos11

1

Z

Z

,//Z

,
a/rR

π
 [7] 

The phantom used in the published laser Doppler anemometry study had a diameter of 

50.4 mm and a length of more than 6 meters. In order to fit the phantom into the MRI 

scanner, the phantom needed to be downsized. By regarding all the measures of length of the 

phantom as dimensionless properties proportional to the un-occluded tube diameter, a 

uniform downscaling of the phantom was achieved that maintained the shape of the stenosis. 

This resulted in a flow phantom, comparable to a human-sized vessel stenosis, with an un-

occluded tube diameter of 14.6 mm
 

(

Fig. 2a). The entrance length of the phantom was 1.5 meters, ensuring fully developed flow, 

and the length distal to the stenosis was 0.5 meters. The fluid used in the experiments was a 

blood-mimicking 63 % glycerol and 37 % water solution maintained at a temperature of 33 

°C, giving it a kinematic viscosity of 0.12 cm
2
/s. A computer controlled displacement pump 

(CardioFlow 1000 MR, Shelley Medical Imaging Technologies, London, ON, Canada) 

generated the flow.  



Flow settings corresponding to three different Reynolds numbers (Re) were used in the 

comparison. The Reynolds number is defined as Re = vcD/υ [-] (29), where vc is the mean 

cross-sectional velocity, D is the un-occluded tube diameter and υ is the kinematic viscosity. 

As turbulence intensity is dimensionless, no scaling was necessary for comparison.  

Data acquisitions 

PC measurements with four interleaved velocity encoded scan segments were carried 

out to acquire three-dimensional three-directional SD, and velocity, data using a clinical 1.5 T 

MRI scanner (Philips Achieva, Philips Medical Systems, Best, The Netherlands). The pulse 

sequences were optimized for measuring the highest expected SD at each flow setting. One of 

the scan segments had zero first gradient moment and the other three had a first gradient 

moment such that VENC was somewhat larger than the expected SD. The frequency 

encoding direction was perpendicular to the flow in order to avoid displacement artifacts (30). 

Measurements were performed at three flow settings (table 2) characterized by different Re 

upstream to the stenosis of 500, 1000 and 2000 respectively. This corresponds to Re of 1000, 

2000 and 4000 at the center of the stenosis, which ensures turbulent flow for the two last flow 

settings (27).  The repetition time (15 ms) and the flip angle (20 °) were kept constant and the 

echo time was the shortest possible (table 2). The field of view was 130 x 97.5 x 160 mm 

with a matrix size of 64 x 48 x 80 (2 x 2 x 2 mm voxel size) and the total scan time was 5 min 

27 sec. 

In addition to these measurements, the following complementary measurements were 

carried out at Re 1000 using the same spatial resolution: A velocity measurement (VENC = 

400 cm/s, TE = 3.1 ms), two SD measurements with different first gradient moment (VENC = 

90 cm/s, TE = 3.5 ms and VENC = 60 cm/s, TE = 3.8 ms) and an SD measurement with a 

sensitivity encoding (SENSE) reduction factor of two (VENC = 60 cm/s , TE = 3.8 ms). 

Post-processing 

After image reconstruction, computations were carried out in MATLAB (The 

MathWorks Inc, Natick, MA, USA). The SD was computed by means of Eq. 6. The mean 

flow velocity for converting into turbulence intensity was taken from the calibrated pump 

settings.  



Equation 6 implies that if the expression under the square root sign is less than zero 

(with our choice of parameters, |S(kv)| > |S(0)|), the estimate of SD becomes undefined. 

Theoretically, S(0) should have less phase dispersion and thereby greater magnitude than 

S(kv) but due to noise |S(0)| may become smaller than |S(kv)| in areas with low flow disorder. 

In the computations of SD, such areas have been regarded as containing undisturbed flow 

with zero SD. 

The velocity measurement at Re 1000 was transferred into Ensight
©

 (CEI Inc, Research 

Triangle Park, NC, USA) for streamline visualization (31).  

In computations concerning the centerline magnitude and thus the SD and the 

turbulence intensity, bilinear interpolation of the closest in-plane pixels has been used for 

extracting the magnitude value in the center point of the tube in each slice.  

RESULTS 

In the result plots, the non-dimensional measures of length Z and Y, normalized by the 

un-occluded tube diameter (14.6 mm for our phantom and 50.4 mm for the laser Doppler 

anemometry phantom), are used to facilitate the comparison. |S(0)| represents the magnitude 

of a signal acquired with zero first gradient moment and |S(kv)| represents the magnitude of a 

velocity encoded signal acquired with a first gradient moment adapted to the expected 

maximum SD. Velocity encoding was applied in the X-, Y- and Z-directions. The Z-direction 

is the direction of flow whereas the X- and Y-directions are perpendicular to the flow. 

Some characteristics of post-stenotic flow appear in the visualization of the velocity 

measurement at Re 1000. The streamlines in 

Fig. 2b show a recirculation zone surrounding a flow jet distal to the stenosis and the speed 

plot in  
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Fig. 3 (upper panel) shows a plateau of high centerline speed at Z > 0 that suddenly 

decreases at Z ≈ 3. The SD map in  
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Fig. 3 (lower panel), computed from the reconstructed magnitude data of the SD 

measurement at Re 1000, depicts low SD in the center of the flow jet and high SD distal to 

the point where the speed decreases. A comparison of the SD maps for the three flow settings 

described in table 2 can be seen in Fig. 4.  

The results of the SD measurements at Re 1000 with a VENC of 120 cm/s are presented 

in Figs. 5-7. Figure 5 shows the reconstructed magnitude values along the centerline of the 

phantom for all scan segments. These magnitude values were used for computing the SD 

shown in 
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Fig. 6 and consequently, in combination with the mean flow velocity, the turbulence 
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Fig. 7. It is notable that noise distinctively affects the SD and turbulence intensity in the 

areas where |S(0)| and |S(kv)| in principle overlap, as in -2 < Z < 2.  

The effect of using different first gradient moments in SD measurements at identical 

flow settings (Re 1000) is presented in 
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Fig. 8. Different first gradient moments were obtained using three different VENC’s 

(60, 90 and 120 cm/s). Note that |S(kv)| for VENC 60 is close to zero at 3.5 < Z < 6 and that 

the maximum SD for this acquisition is lower than for the other acquisitions. 

The centerline magnitude and SD from the measurement with and without SENSE, 

where VENC is 60 cm/s in both cases, can be seen in  
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Fig. 9. We observe that the SD has the same appearance with and without SENSE. 

The comparison with the laser Doppler anemometry results can be seen in  
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Fig. 10. The turbulence intensity obtained from MRI measurements has the same outline 

as the laser Doppler anemometry results. Further, the location and degree of peak turbulence 

intensity between different Reynolds numbers show reasonable agreement with the laser 

Doppler anemometry results as well.  

DISCUSSION 

We have validated a method for direct measurement of the SD of the blood flow 

velocity distribution within a voxel by comparing results of turbulence intensity from an in-

vitro post-stenotic flow phantom with previously reported experimental results using laser 

Doppler anemometry. The results agree with the derived theory, which emphasizes the 

potential of the method presented here for measuring SD and quantifying turbulence intensity.  

According to the theory presented here, pulse sequence parameters other than the first 

gradient moments that are known to affect the signal magnitude, such as echo time and 

gradient timing (20), should only affect the accuracy of the measured SD and not its value. In 



addition, use of SENSE should not affect the SD value, which agrees with our in-vitro 

findings.  

The proposed method has some obvious similarities with diffusion-weighted imaging. 

Equation 5 can be compared to the diffusion-weighted imaging expression S/S0 = e
-bD

 where 

D is known as the diffusion constant and b is a factor depending on the magnetic field 

gradients and their timing (32). This expression reflects the diffusion as the relative signal 

loss of two diffusion-weighted MRI measurements whereas Eq. 5 reflects the SD of the 

velocity distribution within a voxel as the relative signal loss of two PC-MRI scan segments. 

In spite of these similarities, due to the relatively low first gradient moment, the diffusion 

effects are negligible in an SD measurement. 

In absence of noise, any values of kv (except |kv1| = |kv2|) can be used to compute the SD 

within a voxel using Eq. 6. In practice, however, the presence of noise requires that one of the 

first gradient moments, kv1 or kv2, used in an SD acquisition is adapted to the expected SD. 

Guidelines on the choice of kv1 and kv2 can be provided. One scan segment is preferably 

carried out with kv = 0 in order to obtain maximal signal magnitude. kv for the other scan 

segment should be chosen in such manner that the best precision is obtained in the fit of the 

Gaussian |S(kv)|-function. This is achieved with a kv positioned in the regime of |kv| = 1/σ 

where |S(kv)| has its steepest gradient. Since we are studying the magnitude of the complex 

MR signal, |S(kv)| is, due to noise, likely to be overestimated at small values of |S(kv)|. 

Consequently, at excessively large values of kv, noise will limit the maximum SD that can be 

resolved. Figure 8 shows the effect of choosing a kv that is too large to resolve the maximum 

SD at the level of noise present. In the laser Doppler anemometry comparison ( 
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Fig. 10), the flat top of the turbulence intensity curve at Re 2000 measured with our 

method is also a result of a kv that was unable to resolve the largest SD’s due to noise. If kv is 



too small it will be hard to obtain an accurate fit of the Gaussian |S(kv)|-function. In areas of 

low SD, the Gaussian |S(kv)|-function decays more slowly than for high SD, implying that a 

larger value of kv is needed to obtain an accurate fit of the |S(kv)|-function. A kv suitable for 

measuring high SD thus provides low accuracy at low SD as seen in the pre-stenotic region in 
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Fig. 6 and 
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Fig. 8. 

From the theory as well as the measurements, it can be concluded that the effect of 

noise is substantial. Maximization of the signal-to-noise ratio is thus an issue that needs to be 

considered. Post-processing techniques can lead to considerable improvements, but the best 

effect on the signal-to-noise ratio is expected from improvements in the acquisitions. 

Acquiring data post contrast agent injection, increasing the number of signal averages or 

increasing the voxel size are the most obvious options. An increased number of signal 

averages will result in an increased scan time, which is undesirable for in-vivo three-

dimensional measurements. Two-dimensional acquisitions may therefore be more convenient 

for in-vivo studies. In two-dimensional Fourier velocity encoding, the saturation effects of 



spins with different velocities have to be considered in measurements of the spin velocity 

distribution (33). A related problem appears in two-dimensional SD imaging where the 

saturation effects will influence the scaling factor C (Eq. 1). In three-dimensional imaging, 

steady state is usually obtained inside the imaging volume and these effects can easily be 

avoided. An increased voxel size as well as use of non-isotropic voxels may affect the results 

and their influence needs further investigation.  

The theory requires that the spin velocities can be assumed to have a certain distribution 

and the derived expression for computing the SD (Eq. 6) is valid under the condition that the 

spin velocity distribution is Gaussian. Partial volume will result in a complicated appearance 

of |S(kv)| and the spin velocity distribution will contain more unknown parameters than what 

can be computed from two measurements of S(kv). Voxels with velocity partial volume 

effects will also cause complications in SD measurements. In-vivo, where cardiac gating 

techniques will be necessary, acceleration may affect the SD measurements. Solely temporal 

acceleration is not expected to affect the measured SD. Spatial acceleration, on the other 

hand, will contribute to the measured SD. In cardiovascular blood flow, however, the range of 

intra-voxel spin velocities resulting from spatial acceleration is most often small compared to 

the range of velocities resulting from turbulent velocity fluctuations. In this case, spatial 

acceleration should have a minor effect on the measured SD. Close to the vessel walls, where 

the highest spatial acceleration is expected, the effect may be more notable. Before SD and 

turbulence intensity can be assessed near the vessel wall, further investigation is needed on 

acceleration and partial volume effects. 

Since the same pulse sequence can be used for an SD measurement and a PC-MRI 

velocity measurement, it is theoretically possible to measure velocity and SD simultaneously. 

In order to avoid velocity aliasing, however, a velocity measurement usually requires a 

smaller kv (higher VENC) than what is optimal for an SD measurement. By increasing the 

signal-to-noise ratio, it could be possible to obtain both a sufficiently accurate SD and, after 

phase unwrapping, the velocity out of the same data set. 

Concepts from other MR imaging techniques could also be applicable in SD imaging. 

Tensors, used in diffusion tensor imaging, for example, could be used to describe the SD and 

turbulence intensity in all spatial directions in areas of anisotropic turbulence. 



The proposed method may be useful in several applications where a non-invasive tool to 

study turbulent flow is needed. The SD maps in Fig. 4 hint that the method has excellent 

capacity for visualization of turbulent flow. Visualization of SD and turbulence intensity 

maps would provide a new aspect in the assessment of cardiovascular function, for example 

in the evaluation of valve-sparing surgery and the design of heart valve prostheses. 

Understanding how design parameters influence turbulence and its impact on prosthetic 

performance and cardiac efficiency of the prostheses could lead to new approaches in these 

fields. With respect to vascular function, the efficiency of fluid transport increases with 

higher laminar flow rates, implying that in many cases optimal blood flow velocity is close to 

turbulent flow thresholds. Even a small disturbance of the flow can thus give rise to 

turbulence. Hemodynamic forces regulate endothelial cell function, and turbulent flow has 

been correlated with endothelial processes leading to atherosclerosis (2). By localizing and 

analyzing areas of turbulent flow at an early stage, these areas of risk for developing 

atherosclerotic plaque can be identified. Non-invasive correlation of turbulence intensity with 

endothelial responses such as surface receptor and gene alterations would open new avenues 

for disease recognition and management.  

CONCLUSION 

We have mathematically derived a general expression for the computation of the SD of 

the velocity distribution within a voxel from a PC-MRI acquisition. This method allows for 

quantitative analysis of turbulent flow and enables combined studies of flow velocity and 

turbulence intensity. An underlying theory has been outlined and our results on turbulence 

intensity correlate well with previous laser Doppler anemometry data. This approach to the 

measurement of SD and quantification of turbulence intensity may allow non-invasive 

assessment of turbulence in the normal and atherosclerotic arterial tree.  
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Fig. 1. A schematic of the relationship between a Gaussian spin velocity distribution s(v) (upper 

panel) and the absolute value of its Fourier transform, |S(kv)| (lower panel). The SD, σ, of the spin 

velocity distribution is derived by exploiting the Fourier transform relationship with |S(kv)|. Two 

measurements of |S(kv)|, as indicated by the circles, are used to compute σ. 

Fig. 2. a) A picture of the in-vitro flow phantom. Plexiglas tubes are attached to both ends of the 

Plexiglas cosine shaped stenosis. The joints are sealed by o-ring gaskets and Delrin clips (the white 

parts in the picture) are used to fasten the joints. b) A streamline visualization of the flow at Re 1000.  
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Fig. 3. Speed and SD at Re 1000. The upper panel shows a plot of the speed along the centerline of the phantom 

at Re 1000. The lower panel shows an SD map at Re 1000, velocity encoded in the Z-direction. Z and Y show 

the normalized distance from the center of the stenosis (Z, Y = 1 ó 14.6 mm) as described by Eq. 7. The 

direction of flow is the positive Z-direction. 
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Fig. 4. SD maps for Re 2000 (upper panel), 1000 (middle panel) and 500 (lower panel), velocity encoded in the 

Z-direction. Z and Y show the normalized distance from the center of the stenosis (Z, Y = 1 ó 14.6 mm) as 

described by Eq. 7. The direction of flow is the positive Z-direction. 
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Fig. 5. Centerline signal magnitude in the X-, Y- and Z-direction at Re 1000. |S(0)| (dotted line) is the magnitude 

of the reference signal and |S(kv)| (solid line) is the signal velocity encoded in the given direction. Z shows the 

normalized distance from the center of the stenosis (Z = 1 ó 14.6 mm) as described by Eq. 7. The direction of 



flow is the positive Z-direction. These (measured) magnitude values were used for computing the SD that 

appears in 
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Fig. 6.  
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Fig. 6. Centerline SD, σ, in the X-, Y- and Z-direction at Re 1000. Z shows the normalized distance from the 

center of the stenosis (Z = 1 ó 14.6 mm) as described by Eq. 7. The direction of flow is the positive Z-direction. 

These SD values were used for computing the turbulence intensity that appears in 
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Fig. 7.  
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Fig. 7. Centerline turbulence intensity (TI) at Re 1000 in the X- (solid line), Y- (dashed line) and Z-direction 

(dotted line). Z shows the normalized distance from the center of the stenosis (Z = 1 ó 14.6 mm) as described 

by Eq. 7. The direction of flow is the positive Z-direction.  
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Fig. 8. VENC comparison. Centerline signal magnitude and centerline SD at Re 1000 in the Z-

direction acquired using three different VENC’s. Z shows the normalized distance from the center of 

the stenosis (Z = 1 ó 14.6 mm) as described by Eq. 7. The direction of flow is the positive Z-

direction. 
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Fig. 9. SENSE comparison. Centerline signal magnitude and centerline SD at Re 1000 with VENC = 

60 cm/s in the Z-direction acquired with and without SENSE. Z shows the normalized distance from 

the center of the stenosis (Z = 1 ó 14.6 mm) as described by Eq. 7. The direction of flow is the 

positive Z-direction.  
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Fig. 10. Laser Doppler anemometry (LDA) comparison. Centerline turbulence intensity (TI) for Re 

500, 1000, 2000 (the three flow settings in table 2) in the Z-direction as measured with MRI and LDA. 

Z shows the normalized distance from the center of the stenosis as described by Eq. 7. The direction 

of flow is the positive Z-direction. The use of the non-dimensional measure of length Z facilitates the 

comparison. Z = 1 corresponds to 14.6 mm at our phantom and 50.4 mm at the LDA phantom. 



TABLES 

 
Table 1 

Various spin velocity distributions 

Distribution Statistical measure of 

dispersion 

Expression 

Gaussian Standard deviation, σ ⎟
⎠

⎞
⎜
⎝
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−
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Lorentzian 
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, -2π < W*kv < 2π 

a) The expression containing W has to be solved numerically since it lacks a closed form solution. The 

boundaries of kv arise from the requirement that |S(kv)| should be invertible. 

 
Table 2 

Imaging and flow parameters.  

Parameter Value 

Reynolds number [-] 500
a
 1000

a
 2000

a
 

Mean flow velocity [m/s] 0.41
a
 0.82

a
 1.64

a
 

VENC [cm/s] 30 120 170 

Echo time [ms] 4.6 3.2 3.1 

a) The Reynolds number and the mean flow velocity refer to the pre-stenotic part of the pipe. In the 
center of the stenosis, the Reynolds number is doubled and the mean flow velocity is increased four-fold. 
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