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Quantification of Precipitation Hardening and Evolution of Precipitates 
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Quantification of precipitation hardening is a challenging subject as it demands combined knowledge of precipitation strengthening 
mechanism and precipitate growtWcoarsening kinetics. Having not seen many attempts on developing new theories in recent years, the authors 
are aware of the fact that many existing concepts and developed theories are sometimes even neglected or misuued. This article therefore aims 
to describe overview on some aspects which have not been fully addressed andlor misused. Recent developments in this subject include an 
accurate determination of the equilibrium precipitate fraction and interparticle spacing. The influence from precipitation fraction on precipitate 
coarsening and hardening kinetics was accounted for quantitntively, which allows the hardening quantification to be carried out in a more 
accurate manner. In addition, difficulties in quantification of precipitation strengthening effects in commercial systems are discussed. Advanced 
theories on dislocation precipitate interaction mechanisms are required to improve the accuracy in quantification of precipitation hardening to 
a high level. 
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1. Introduction 

Precipitation strengthening remains one of the most effec- 
tive ways in the development of ultrahigh-strength alloys. It 
is achieved by producing a particulate dispersion of obstacles 
to dislocation movement, using a second phase precipitation 
process. It has been nearly a century since age hardening was 
first discovered by Wilm') (191 1) in aluminium alloys. Pre- 
cipitation strengthening mechanism and precipitation kinet- 
ics became the subject of research since then.') However, it 
was not until the introduction of the concept of dislocation 
by Mott and ~ a b a r r o ~ )  (1940), had the fundamental under- 
standing of age hardening really been achieved. The equation 
derived several years later by Orowan4) (1948) stands as a 
landmark achievement. Though having been refined since, it 
still serves as a basis for the theory of dispersion strengthen- 
ing, or strengthening of alloys by non-deformable particles. 
Kelly and ~ i c h o l s o n ~ )  (1963) reviewed the early attempts at 
formulating theories of precipitation hardening. A review by 
Brown and ~ a r n ~ '  (1 97 I) discussed all the advances in under- 
standing of the mechanisms of precipitation hardening, focus- 
ing on the ways in which dislocations interact with precipi- 
tates. Progress up to early 1980s was thoroughly discussed by 
~rdel l , ' )  who concentrated on the understanding of the statis- 
tics of dislocation-particle interactions and the mechanisms of 
age hardening. Though Ardell called for advances in theory, 
research on precipitation hardening since then has not been 
very extensive. Recent reviews, when mechanisms of hard- 
ening are discussed or partiallylO.'l) still very much 
follow what had been discussed by ~ r d e l l . ~ )  The progress 
in understanding of precipitation kinetics was thoroughly re- 
viewed by Martin et a1.I2) and Bratland et al.13) For detailed 
information, readers are recommended to refer to Refs. 6), 7) 
and 12). 

Quantification of precipitation hardening is a challenging 
subject as i t  demands combined knowledge of precipitation 
strengthening mechanism and growthlcoarsening kinetics. 
Many attempts have 'been made to reproduce experimental 
observations through computer modelling based on the the- 

ories for strengthening and  kinetic^.^.^^^'^) However, having 
not seen many attempts on developing new theories in recent 
years ,8~ '0~l ' )  the authors are aware of the fact that even many 
existing concepts and developed theories are sometimes ne- 
glected or misused. With no attempt to review all the aspects 
involved in hardening mechanisms and precipitation kinetics, 
this article aims to clarify and highlight some aspects which 
have not been fully addressed, and sometimes misused. Some 
recent developments in this subject will be mentioned. Dlffi- 
culties in quantification of precipitation strengthening effects 
in alloy systems are also to be discussed. 

2. Clarification of Some Concepts 

A typical one-peak precipitation-strengthening curve con- 
sists of two stages, as shown in Fig. 1. In Stage I, the re- 
sistance of a precipitate against dislocation cutting results in 
strength increase. In Stage 11, a dislocation is forced to loop 
around the precipitate rather than cutting through, which also 
results in strength increase compared with the solution-treated 
material. To make the discussion easier, the term 'strengthen- 
ing' is used to describe the strength increase in Stage I- the 
underaging period, and 'softening' for Stage 11- the overag- 
ing period. It should be emphasised, though, that both mech- 
anisms in fact lead to strength increase compared with the no- 
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Fig. I A ryp~cal one-peak age hardening curve. 
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particle condition and are classified as strengthening mech- 
anisms elsewhere. The description above is not completely 
correct as will be explained in later sections. 

2.1 Growth and coarsening 
Precipitate growth and coarsening both need solutes from 

elsewhere. Solutes for growth are from the surrounding ma- 
trix, whereas for coarsening of larger precipitates they are re- 
leased by the dissolving smaller particles. Such difference 
is clearly demonstrated in Fig. 2. However, in reality, the 
two sources to supply solutes that precipitates need, the sur- 
rounding matrix and the dissolving particles, usually oper- 
ate simultaneously, regardless of the ongoing process being 
growth or coarsening. During precipitate growth, when tran- 
sition phases are formed prior to the formation of a stable pre- 
cipitate, the size of the stable phase increases at the expense 
of the transition particles. During particle coarsening, solute 
concentration in the surroundings of a smaller precipitate is 
expected to be higher than of particles of bigger size. From 
the view of the precipitate that grows or coarsens, the solutes 
are from both its surroundings and dissolved precipitates. The 
driving force for coarsening always consists of two parts: the 
difference in solute concentration and the decrease of interfa- 
cial free energy. So the diffusion processes involved in precip- 
itate growth and coarsening have no essential difference. The 
difference is only in the distance of diffusion field (DoDF). 
The DoDF during precipitate growth decreases slightly with 
time if nucleation sites saturate at the beginning, and fast if 
more nucleation sites form during ageing. Coarsening, fea- 
tured with a decrease in the number of precipitates, is always 
accompanied with an increase in the average DoDF. There- 
fore size increment during precipitate coarsening always pro- 
ceeds at a rate slower than that during particle growth. 

2.2 Spinodal decomposition and normal nucleation 
There are two types of phase change in solid solutions. 

First there is the normal precipitation reaction which in- 
volves a thermally activated nucleation step, and secondly 
there is spinodal decomposition in which the material is in- 
herently unstable to small fluctuations in composition and 
hence decomposes spontaneously. Nucleation is associated 
with metastability and requires the occurrence of a relatively 
large composition fluctuation to surmount the energy bar- 
rier to form a nucleus of critical size which can grow fur- 
ther. These intense fluctuations are relatively small in spa- 
tial extent and have composition amplitudes approaching the 
equilibrium composition of the precipitating phase. Spinodal 
decomposition refers to decomposition of an unstable solu- 
tion where concentration waves of small amplitude and long 
wavelength are selectively amplified to develop progressively 
a two-phase modulated structure. During spinodal decompo- 
sition the composition of the solute-enriched regions is ini- 

tially far removed from the equilibrium value. 

3. Strengthening-Critical Particle size-Coherency 
Strain 

3.1 Strengthening and particle size 
Though rarely claimed, people usually have such impres- 

sion that a precipitate grows during underaging, which re- 
sults in hardening, and precipitate coarsens during overag- 
ing, which leads to softening. This is not correct. Precipi- 
tate growth can lead to softening, and strengthening can be 
achieved when a precipitate coarsens. The interaction mode 
between a dislocation and a particle is determined by the par- 
ticle strength. The strength of a certain type of particle is 
related to its size. That is to say, in a sense, strengthening or 
softening only relates to the particle size. It is not determined 
by how particle reaches such size, by growth or through coars- 
ening. If we define the critical particle size as rc4, then: 
(I) when r < rc4, the particle is sheared by a dislocation- 

resulting in hardening or softening; 
(2) when r > rc4, dislocations loop across the particle- 

leading to softening.'@ 
The nomenclature is listed in the Appendix I. 
~icholson") has suggested that, irrespective of the 

'hardness' of hard particles, there will be a transition to the 
particle cutting mechanism at very small particle sizes. Since 
the hardness of a small particle is rather imaginary, it is be- 
lieved that understanding of such phenomenon from the view 
point of particle size is more convenient. 

3.2 Strengthening or softening? 
A real precipitation process is never simple. Precipi- 

tate particles can impede the motion of dislocations through 
a variety of interaction mechanisms, which are listed in 
Table 1. Among them, chemical strengthening, stacking-fault 
strengthening, and order hardening predict monotonic rela- 
tionships between the critical resolved shear stress (CRSS) 
and particle radius r. The situation becomes complicated 
when coherency hardening or modulus strengthening is in 
control. For simplicity, we assume that the precipitation frac- 
tion has reached the equilibrium amount in the following dis- 
cussion. In the case of coherency hardening, the dislocation 
interacts with the coherency strain field in the matrix around 
the coherent particle. When the particles are relatively small, 
one solution, relevant to very limited dislocation bending, 
yields that coherency strengthening increases with increas- 
ing particle size. In the case of larger particles, where con- 
siderable flexing of the dislocations occurs as a result of the 
spacing of individual particles, any movement of the disloca- 
tion will have to overcome a larger number of obstacles per 
unit length. The coherency strengthening decreases with in- 
creasing particle size. Such a relationship between strength- 
ening effect and particle size gives rise to a maximum in the 
strengthening at a critical particle size rc2 which is of the order 
of: 

..--- 
~ C Z  = b l ( 4 ~ )  (1) 

Fig. 2 Schematic comparison in diffusion routes between growth and 
coarsening (a) Growth, and (b) Coarsening. 
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Table 1 Different mechanisms for precipitation hardening. 

Strengthening mechanism Expression for CRSS dry Strengthening or softening Refs, 

Chemical Softening*  arti in") 

Stacking-fault or ( ~ ~ ) ~ l ~ b - ~ 1 ~ ( r .  /)'I2 Strengthening Manin") 

Modulus 
Strengthening Melander & ~ e r s s o n ' ~ )  

Decreases when r increases Softening Russel & B r ~ w n ' ~ )  

Ordet Strengthening 

Coherency 4. lG&'12 f IlZ(r/b)'l2 Strengthening  ladm man" 
0 . 7 ~ ~ ~ 1 ~  f '/2(b/r)3/4 Softening* Gladman8) 

*These statements were made based on the assumption that precipitation fraction is nearly equilibrium. If the number of precipitates does not change in the 
beginning of ageing, one will have f or r 3  and in turn dry or rl12 for chemical hardening, i.e. strengthening rather than softening, and dry or r3I4 for 
coherency hardening for large panicles, i.e. strengthening rather than softening. 

where 'Igble 2 The definitions of the critical particle sizes. 

E = (3Ks(l + u,)6)/(3Ks(l + u,) + 2E,) (la) 

8 = 2(ne - Qa)l(3(S2s + nu))  (lb) 

For modulus strengthening, as can be seen from Table 1, 
there are theories which predict a higher strength with bigger 
particle size.18) However, there are also theories which pre- 
dict a totally different effect, i.e. strength drop when particle 
grows larger.19) There are yet no experimental data to support 
either theory.') 

3.3 Evolution of particle size 
There are not just one critical particle size during the evo- 

lution of precipitate growth or coarsening. The change in the 
nature of coherencv makes the situation even more comuli- 
cated. The critical particle radius below which the particle 
will dissolve can be calculated as:") 

rc = 2c, r / c 0  - ca (2) 

where the capillarity constant f is given by:'') 

f = a NAQe(l - c,)/(RT(cs - c,)) (2a) 

The interfacial free energy a will be different depending 
on whether the interface is coherent or incoherent, resulting in 
different critical radius rco or rc3. Another critical particle size 
rcl is defined to distinguish the controlling mechanism of pre- 
cipitate growth in a supersaturated solid solution. The possi- 
ble limiting factors considered are the rate at which atoms are 
brought to or removed from the interface by diffusion, and the 
rate at which they cross the interface. The interface reaction 
is likely to be the rate-controlling step during the early stages 
of growth since the diffusion distance tends to be zero. At 
large particle sizes, lattice diffusion is likely to be the slower 
step, since the continuous removal of solute from the matrix 
reduces the concentration gradient (the driving force for dif- 
fusion). A list of the critical particle sizes is given in Table 2. 
Since rco and rcl are usually very small, they can be treated 
as zero in calculation, i.e., diffusion is assumed to be the only 

r d  Below which particle will dissolve when interface is coherent 

rcl Above which diffusion becomes the rate-controlling step 

r,2 Above which the effect of coherency strengthening decreases with 
increasing particle size 

rcl Below which particle will dissolve when interface is incoherent 

rc4 Above which dislocation passes particles by looping instead of 
shear-cutting 

r,s Above which coarsening starts to take control 

Fig. 3 Schematic diagram of the evolution of precipitate size during age- 
ing. 

rm 

controlling mechanism and the particle starts to grow at zero 
radius. As Kelly and Nicholson claimed that Orowan process 
does not occur when particles remain coherent with the ma- 
trix:) rc3 should be no larger than rc4. If the particle size at 
the start of coarsening is rc5, the entire picture of the parti- 
cle size evolution can be illustrated in Fig. 3. The relations 
between these critical sizes are rco < rcl 5 rcZ 5 rc5, and 
rco < rc3 < rc4. 

It is now useful to work out which is larger between rc2 and 
rc4, which will lead to a better understanding of the soften- 
ing mechanism. A simple geometrical criterion for coherency 
given by ~ r o o k s ~ ~ )  is that an interface with a length At re- 
mains coherent when At.6 5 b, i.e. r d  = b/26. If assum- 

Interface-controlled 
growth: rm+Ga.t 

b 

Ageing Time 
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ing K g  % E,, and v, % 113, one will have S % 1 5 ,  and 
then rc4 % b/3&. Thus, one will always have r , ~  smaller than 
rc4, which implies that coherency strengthening is always fol- 
lowed by a coherency softening stage before it is finally taken 
over by Orowan looping softening mechanism. Another pos- 
sibility is that dislocation looping can take place whenever the 
precipitate is too biglstrong for dislocation to cut through, re- 
gardless of the coherency nature of the interface between the 
precipitate and matrix, which is in disagreement with what 
was claimed by Kelly and ~ icholson .~)  Although some of the 
above theories were understood as early as 1960s, they did not 
receive enough attention when quantification of precipitation 
hardening was camed 

4. Quantification of Age Hardening 

4.1 Theoretical derivation 
Floreen and Decker found that the age hardening effects 

in Fe-18Ni maraging steels over a certain temperature range 
could be expressed by the simple r e l a t i o n ~ h i ~ : ~ ~ , ~ ~ )  

Such hardening effect is believed to be due to the particles 
precipitated during ageing and theoretical analysis will be car- 
ried out below. When particles are small they are sheared 
by moving dislocations. Their contribution to the strength of 
the alloy involves a convolution of the resistance to shear of 
one particle, their population, and the flexibility of the dis- 
locations with which they interact, known as the 'Friedel ef- 
fect'.") Many studies have been built on Friedel's idea, and 
have tested it e ~ ~ e r i m e n t a l l ~ . ~ " ~ ~ )  For present purposes, it is 
adequate to accept that the contribution to the yield strength, 
AD,, of a volume fraction f of shearable particles of radius r 
has the form: 

For most dislocation-particle interactions, both ml and m;! 
have the value 0.5.') Sensitivity analysis of the complete pro- 
cess model shows that day is insensitive to the values of m, 
and m2 in the vicinity of 0.5.9) The relationship between age- 
ing time t and radius r of zone or precipitate (assumed to be 
spherical) is given by Zener'sz9) parabolic relationship: 

where m3 = 2. Based on different assumptions, Aaron et al. 
derived different equations which, though, only differ from 
eq. (5) in the coefficient a term.30) The development of this 
theory and calculation of a under different circumstances are 
reviewed in Christian's book.21) 

The Johnson-Mehl-Avrami (JMA) e q ~ a t i o n ~ l - ~ ~ )  can be 
used to describe the relationship between transformation frac- 
tion and time at a certain temperature. At early ageing stage, 
i.e., when kt << 1, it takes the following form: 

For maraging steels, the increase in yield stress is propor- 
tional to the hardness increase.34) After applying the Taylor 

factor MT for polycrystalline materials, one has 

Combining eqs. (4)-(7), we have: 

where 

It seems that eq. (8) is of similar form to the experimen- 
tal relationship eq. (3). However, this is not always correct. 
As claimed for most of dislocation-particle interactions, both 
ml and m;! have values close to 0.5, and m3 equals 2. Equa- 
tion (8b) becomes n;! = m4/2 + 114. As the precipitation 
fraction increases with time at the early stage of ageing, m4 al- 
ways takes on positive values, under no circumstances should 
n2 be less than 0.25. However experimental observations e.g. 
from Floreen and Decker reported values nl averaged at 0.22. 
A possible explanation is given in the following section. 

4.2 An explanation to nz < 0.25 
It is not difficult to find out that, in deriving eq. (8), if the 

value of m3 is larger than 2, then an n2 value smaller than 0.25 
becomes possible. This assumption basically means that the 
precipitate size evolution does not follow the growth law but 
an even slower procedure. Since the low n values were first 
reported in Fe-18Ni maraging systems, what happens during 
ageing of such grades is first examined. 

Yin and Li and c o - ~ o r k e r s ~ ' . ~ ~ )  reported that there are three 
stages while ageing an Fe-18Ni (350-grade) maraging steel 
at 500°C. The spinodal decomposition firstly appears at the 
early stage of ageing after solution treatment at 820°C for 
1 then the Ni3(Mo,Ti) intermetallic particles contain- 
ing Fe precipitate in Ni-Mc-Ti rich regions of the modulated 
structure by in-situ nucleation. With increasing ageing time, 
Ni3Mo and Ni3Ti particles coarsen significantly and may be 
partly dissolved back into the matrix, which can last at least 
to one hour. Simultaneously the FezMo particles precipitate 
(after ageing at 500°C for 7 h) and reverted austenite can be 
found. The redistribution of atoms is fast at the initial stages 
of ageing. After 15 min intermetallic compounds start to pre- 
cipitate. From Floreen and Decker's experimental observa- 
tion, an Fe-18Ni alloy has demonstrated a significant hard- 
ness increase after ageing for 15 min at 482°C following so- 
lution treatment at 815°C. Therefore, hardening at the early 
stage of ageing is due to the formation of zones enriched with 
Ni, Mo and Ti by spinodal decomposition, but at later stages 
due to the precipitation of Ni3Mo and Ni3Ti particles. 

The hardening caused by spinodal decomposition was re- 
viewed by Arde~l .~)  The theory for hardening by strong dif- 
fuse particles was claimed to be suitable to describe the hard- 
ening by spinodal decomposition. Such theory leads to a re- 
lation A t ,  0: L2I3 0: f -'I3 . r2I3. This relationship is cov- 
ered by eq. (4) but the values of ml and mz differ from those 
for dislocation-particle interactions. The spinodal decompo- 
sition behaviour in an Fe-28.5Cr-10.6Co (mass%) alloy dur- 
ing ageing was chosen to exemplify the evolution of the spin- 
odal process. The work was camed out by Brenner et al. 
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using field-ion microscopy and atom probe.38) Coarsening of 
the microstructure occurs from the earliest time that the two 
developing phases could be distinguished with the field-ion 
microscope. The coarsening of the network structures could 
be fitted to a power law with time exponent as 0.14, which 
corresponds an rn3 value 7.1, a much slower size increment 
rate than the growth law described by eq. (5). If the harden- 
ing effect is caused by spinodal decomposition, the values of 
rnl, rn2 and rn2 will differ from the typical values given in the 
previous section and consequently an n2 value smaller than 
0.25 is possible. 

However, there are different reports on the study of the 
same Fe-18Ni 350-grade, which shadowed some doubts on 
what happens in this alloy during early ageing. Is it spinodal 
decomposition or normal nucleation and growth? Tewari et 

and Mazumder et aL40) studied the evolution of precip- 
itates in the maraging steel of grade 350 using small angle x- 
ray scattering (SAXS) and transmission electron microscopy 
(TEM). The sequence of phase evolution at temperatures be- 
low 450°C involves first a rhombohedra1 distortion of the su- 
persaturated martensitic a, accompanied by the appearance 
of a diffuse w-like structure. In the subsequent stage, well- 
defined w particles form which also contain a chemical order. 
The growth exponent of the w precipitates has been found 
to be 115 from the SAXS results. At higher ageing temper- 
atures, Ni3(Ti. Mo) phase is the first precipitating phase to 
appear. SAXS results have revealed a growth exponent of 
113 consistent with the coarsening model of Lifshitz-Slyozov- 
Wagner ( L S W ) . ~ ' , ~ ~ )  Although two types of precipitates form 
in different temperature ranges, their growth behaviour does 
not follow what is described by eq. ( 5 ) ,  but a slower proce- 
dure. As a result, even though eq. (3) may be able to be used 
to quantify the hardening effect, the time exponent nl will 
be temperature-dependent, which seems to be different from 
what was observed by Floreen and ~ e c k e r . ~ ~ . ~ ~ )  

Even when the formation of precipitate follows the nucle- 
ation procedure, the growth law described by eq. (5) may 
not be a good representation of the precipitate growth pro- 
cess. This is because one or more metastable or transition 
phases (not included in the phase diagram) may appear prior 
to or in addition to the equilibrium precipitate when super- 
saturated solid solution decomposes. It is believed that the 
formation of such phases, whose crystal structure and habit 
plane allow them to achieve exceptionally good lattice match- 
ing with the matrix, is more favourable than that of equilib- 
rium phase.43) In many systems of technological importance a 
transition phase completely coherent with the matrix may be 
formed. A simple example is the Guinier-Preston (GP) zones 
in the AI-Cu system. Such zones can subsequently act as 
nucleating sites for other metastable precipitates. The general 
process that occurs, therefore, when a supersaturated solid so- 
lution is aged, is the formation of a more stable product ac- 
companied with the dissolution of less stable phases formed 
in the earlier stages. This basically means that even for nor- 
mal nucleation process, the size increment of particles, either 
transition phases formed later or stable precipitate formed in 
the end involves the dissolution of previously formed parti- 
cles. In fact, as claimed by Wendt et based on their work 
using atom probe, most of the ageing curves of aluminium al- 
loys are controlled by coarsening kinetics. The equilibrium 

precipitation fraction is very small, and the formation of tran- 
sition (either by interface-controlled growth or by diffusion- 
controlled growth) phases takes very short period. 

In conclusion, whether the phase separation proceeds 
through the nucleation process or through spinodal decom- 
position, the particle size increment may not be suitably de- 
scribed by the growth law of eq. (5). Instead, coarsening 
law may be a more reasonable option in the light of physical 
background. An n ,  value smaller than 0.25 becomes possi- 
ble. However, quantification of age hardening does not be- 
come any easier due to the complicated situation in particle 
coarsening, which will be discussed in the following section. 

5. Mechanism of Particle Coarsening 

When precipitation from supersaturated solid solution is 
complete, further ageing leads to precipitate coarsening 
driven by the interfacial free energy between the precipitate 
and the matrix-the process known as Ostwald ripening. The 
coarsening kinetics depend on the rate-controlling step in the 
process, which has been recently reviewed in detail by Martin, 
et al.I2) Different controlling step results in different coarsen- 
ing rate. Most of the derived relations between particle size 
and coarsening time follow similar expressions as below: 

where c is a constant. Values of c under different mecha- 
n i s m ~ ' ~ )  are summarized in Table 3. 

What kind of diffusion controls the particle coarsening is 
difficult to determine in real systems, though LSW theory is 
the most widely used one. Application of this theory to inter- 
pret hardnesslstrength data achieves fairly satisfactory agree- 
ment with experimental r e s ~ l t s . ~ ~ , ~ ~ )  Some attempts were 
made to calculate the diffusion coefficient, which is within 
the constant c. However, the calculated diffusion values are 
usually much faster than the lattice diffusion coefficient ex- 
trapolated from high temperature diffusion data. For instance, 
based on the particle-size measurement in a Ni- 1 I .46Si (at%) 
system,47) Ardell estimated the values of diffusion coefficient 
to be 10 times greater than the values extrapolated from high- 
temperature d i f f~s iv i t i e s .~~)  Recent work on quantification of 
age hardening during under-ageing and overaging also re- 
ported diffusivities about two orders faster than extrapolated 
lattice diffusion values.49) Though it is commonly observed 
that the early stages of precipitation in alloys at low ageing 
temperatures occur at a rate seven or eight orders of magni- 
tude greater than that expected from the extrapolation of high 
temperature diffusion data due to the presence of 'quenched- 
in' vacancies, no such claim has been made for overaging 
period. 

The general form of coarsening kinetics as predicted by 
LSW t h e ~ r y ~ ' . ~ ~ )  appears to be well supported by thirty years 
of experimental evidence, in spite of various theoretical ob- 
jections and alterations to the rate constant and particle size 
distribution. The physical basis of the LSW theory is the 
Gibbs-Thomson equation, which assumes that the interfacial 
tension and density are independent of particle size. There 
have been some demonstration of the variation of interfacial 
tension with radius of curvature. Such effects become in- 
significant for particles greater than 1 pm radius, but may be 
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Table 3 Different mechanisms for particle coarsening.'') 

Controlling mechanism Remark 

Lattice diffusion 
8D0 

3 -- . . , Ca v: The classic LSW theory 
- 

2 
64 Ko 

Interface atom lransfer -- 
81 RT 'a"' 

- 

Precipitation on grain boundary 4 9 w~bDgbo 
V B  -- 

32RT.A B gb 

Precipitation on low angle boundary 5 - Dislocation spaclng larger than interparticle spacing 

(dislocation) 4 - Dislocation spacing smaller than interpanicle spacing 

~ ( t )  = ca + (CO - c,) exp(- TI) (10) Ageing Temperature ( "C) 

significant when particles are very smalL50) In precipitation - 12 - 
hardening alloys, strengthening precipitates usually are tens 

C of nanometers in size. Thus, one should be aware that appli- 
cation of this theory may not always give very good accuracy. . - Y 

5 8 -  
e, 6. Recent Improvements in Quantification of Age Hard- o 

ening 8 v . 4 -  
6.1 Matrix concentration and precipitation fraction .- 8 

The initial precipitation kinetics are adequately dealt with 2 
using Shewmon's m e t h ~ d , ~ ' )  where the mean solute concen- 

where co and c, are the initial solute concentration and equi- -+-Equilibrium fraction (mol%) 
librium concentration at the ageing temperature, respectively, - - Mn in matrix (at%) 
and TI is a temperature-dependent time constant. The volume - -b - Ni in matrix (at%) 
fraction of precipitate f is directly proportional to solute loss, 
tending to a final equilibrium value fq when c = c,, thus: Fig. 4 The equilibrium fraction of the NiMn as a function of ageing tem- 

perature in an F e l 2 N i 4 M n  system calculated from Thermo-Calc. 
f(f)lfes = (co - c(~))/(co - cU) = 1 - ~ X P ( - - ~ / T I )  (11) 

Alternatively, if volume fraction evolution is described by 
JMA equation, the mean matrix concentration will be: 

tration c in the matrix decays exponentially with time, raised 0 y 
to a power close to unity: 350 400 450 500 

,, 

The latter procedure appears more rational since it allows 
precipitation to form first and then to calculate the mean so- 
lute concentration in the matrix. As discussed by Christian, 
JMA equation represents a good approximation of the real 
precipitation process, to an accuracy within 5% error even 
when the volume fraction is high. The advantage of the latter 
procedure is that it allows a wide range of m4. If eq. (1 1) is 
used, i.e. f (t) = feq . t / r1  when t is small, explanation of 
nl smaller than 0.25 will again present a problem. Another 
advantage of the JMA equation is, although the derivation is 
from geometric consideration, it does take into account the 
overlap of diffusion field, i.e. soft impingement, whereas, in 
Shewmon's treatment, the diffusion field was assumed to be 
infinite to allow no overlap taking place. Changes in the mean 
solute concentration were observed by Wendt and Haasen us- 
ing atom probe.52) It was found that Ac = (klt)-'/' repre- 
sented his observations very well. In fact, their experimental 
data can be also well described by eq. (12), which becomes 
c(t) co - cS fq(k . t)"'4 when kt is small. The advantage 

- - - -  
- - - A - - ' A - - - I - - - b - -  

- * - - - - I  
- - - - m - - -  

of eq. (12) is that it can give close approximation when I 

b 

IL 

approaches zero. JMA equation has been widely used to de- 
scribe precipitation reactions, as well as the austenite rever- 
sion process53) during ageing. Robino et al.I4) claimed that 
JMA equation may not be suitable to quantify the precipita- 
tion fraction during ageing process. However, in their quan- 
tification procedures they assumed that the number of nuclei 
(or precipitates) remains constant during ageing. Since this 
fundamental assumption cannot be justified, their conclusion 
that JMA equation may not be suitable for precipitation is 
therefore questionable. 

For interstitial alloy systems containing a substitutional so- 
lute, e.g. when the precipitate type is carbide, the interface 
compositions c, and ce can be calculated using the regular 
solution model developed by Hillert and ~ ta f fanson .~~)  When 
the alloy system is complicated, such as commercial alloys, 
such thermodynamic calculations can be canied out using 
packages such as ~ h e r m o - C a l c ~ ~ v ~ ~ )  and ALSTRUC.") The 
equilibrium amount of the precipitation fq can be obtained 
through such calculations as well. The equilibrium fraction of 
the NiMn precipitate in an Fe-12Ni-6Mn system as a func- 
tion of temperature is shown in Fig. 4. 
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Precipitation Fraction - Fr. eq.(13) 
- - - - -  Fr. old model 

Fig. 5 U r  ratio as a function of precipitation fraction. 

I I 
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X X X  350'C-Exp ..... ""I - 375 'C - ' Gal 

0 0 0  4W°C-Exp - 425'C - Cal 
,' + 

zw- , . 
0 425'C - Exp ,.y' ,f X 

Im 

Time (h) 

Fig. 6 Age hardening calculation and comparison at 350. 375. 400 and 
425°C. 

6.2 Calculation of interparticle spacing 
When precipitation fraction increases, the particle size 

should not be ignored when calculating the interparticle spac- 
ing L. Assuming that the precipitates are spherical, the rela- 
tionship between precipitate fraction f ,  interparticle spacing 
and particle radius r is given 

When precipitation fraction increases the L l r  ratio de- 
creases dramatically. A comparison between eq. (13) and 
the old method L l r  = Jm is shown in Fig. 5. As can 
be seen L and r become very much comparable when f in- 
creases to about 0.1. The old method significantly overes- 
timates the interparticle spacing when the precipitation frac- 
tion is large. If the volume fraction can be estimated using 
JMA equation, then particle spacing as a function of time will 
be known. Such a procedure allows the quantification of age 
hardening to be carried out in a more accurate manner. In 
the authors' previous work with an Fe-12Ni-6Mn alloy, the 
calculated hardening effects agree well with the experimental 
work, as shown in Fig. 6?9) 

Time (h) 
0 Exp. (400°C) - Cal. (400°C) 

XXX Exp. (450°C) ..... Cal. (450°C) 

+ + + Exp. (500 "C) ---- Cal. (500 "C) 

Fig. 7 Comparison between calculated and experimental results of harden- 
ing. 

6.3 Influence of volume fraction on coarsening 
Precipitation hardening consists of a few stages as shown 

in either Tables 4(a) or (b). Which procedure operates de- 
pends on how fast precipitation reaches the equilibrium frac- 
tion. If precipitate fraction reaches or is close to equilib- 
rium at peak hardness, precipitation procedures follow what is 
listed in Table 4(a). However, in many cases the precipitation 
fraction does not reach equilibrium amount at peak hardness. 
For instance, when peak hardness is reached in an Fe-12Ni- 
6Mn maraging system, only about 50% of the equilibrium 
amount of precipitation forms. Such precipitation behaviour 
follows the stages listed in Table 4(b). When quantification 
of age hardening is carried out, the influence from volume 
fraction has to be taken into account, since strictly, the rela- 
tionship given by LSW theory becomes invalid when precip- 
itation fraction deviates from zero. The effect from volume 
fraction f on coarsening can be taken into account by intro- 
ducing a parameter k( f ) ,  a function of f .  The revised LSW 
relationship becomes45) 

r3 - r i  = MD(t -to)/RT (14) 

where 

M = 819 . a ~ / c , ( l  - c,)k(f )/(cs - c,)' (15) 

When f is between 0 and 0.1, such as in the Fe-12Ni-6Mn 
system, k( f )  can be approximated as k( f )  = 1.0 + 5 f .57) 

Such procedures have been taken into account in the au- 
thors' recent work on quantification the hardening effect dur- 
ing overageing of an Fe-12Ni-6Mn alloy?5) Good agreement 
between experimental work and the calculated results was 
achieved, Fig. 7. 
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Table 4 Stages of precipitation hardening ( t  for increase, and J- for decrease). 

(a) when the equilibrium fraction is reached at peak hardness. 

Stage r f Number Effect Remarks 
-- 

I 7 ? ? Strengthening Underag~ng 

I1 ? = feq 4 Strengthening then softening Peak hardness 

111 ? = fq 1 Softening Overaging 

(b) when the equilibrium fraction is reached after peak hardness. 

Stage r f Number Effect Remarks 

I t t t Strengthening Early ageing 

I1 t t J- Strengthening Underaging 

111 t t & Strengthening then softening Peak hardness 

IV t = feq 1. Softening Overaging 

7. DiMiculties in Quantification of Age Hardening noted that when eq. (9) is used to fit experimental results, the 
fitting accuracy does not change significantly when n3 varies 

Quantification of precipitation hardening remains very from 2 to 5 or even higher.6',63) Solely from the accuracy of 
challenging despite of a few decades of intensive research on fitting to determine the diffusion mechanism is not convinc- 

- - 

this subject. Precipitate type determination and size and frac- ing6') considering that each data point usually has some ex- 
tion measurement become possible with the aid of advanced perimental error. Determination of the controlling mechanism 
characterization techniques such as atom probe field-ion mi- of precipitation kinetics remains difficult experimentally and 
croscopy (APFIM).") However, many difficulties, practical so does theoretical prediction. 
and theoretical, still exist, some of which are discussed below. Dislocation looping is the most widely used mechanism to 

interpret the softening effect during overaging. In fact, as 
7.1 ~ifficulties in the determination of the diffusion co- discussed before, besides dislocation looping, large coherent 

efficient particles and modulus difference between particle and matrix 
There is yet a direct method to measure the diffusion coef- can also lead to softening. There is mounting evidence that 

ficient at low temperatures. As a result, quantification of age 
hardening always features with an optimisation procedure, i.e. 
some parameters are determined through fitting calculated re- 
sults with experimental observations. The diffusivity value 
obtained through this way is usually much faster than what 
is extrapolated from high temperature data. Although it has 
been recognized that diffusion during the very early stage of 
ageing can be very fast due to the high concentration of va- 
cancies caused by water quenching, the fast diffusion dur- 

modulus hardening may be an important mechanism of over- 
aging in several alloy systems. Overaging is definitely not 
the result of the Orowan mechanism in the overaged alloys 
studied by Russell and ~ r o w n , ' ~ )  and Ibrahim and ~ r d e 1 1 . ~ ~ )  
An evidence for Orowan looping and cross slip is a consider- 
able enhancement of work hardening. As experimental study 
showed no sign of enhancement in work hardening for PH L3- 
8 Mo during 0 v e r a ~ i n ~ , 6 ~ )  it is unlikely that Orowan looping 
is the controlling softening mechanism. 

ing overaging can not be accounted for by this explanation. 
Without a reliable way of measuring diffusion coefficient, 7.3 Uncertainty in the calculation of line tension 
attempts to quantify precipitation hardening will always be All the strengthening mechanisms involve the calculation 
semi-empirical. Another difficulty caused by the 'abnormal' of dislocation line tension T .  Its value is usually taken as 
diffusion is that the age hardening during underaging period c b 2 / 2 ,  quoted from Brown's approximation for fixed line 
can not be quantified with a constant diffusion coefficient (at a t e n ~ i o n . ~ )  The accuracy of this expression, as given by Brown 
certain temperature). An experimental manifestation of such and is of order-of-magnitude. Experimental result is 
effect is that the measured as-quenched hardness differs no- usually lower than this value.') Since almost all the quantifi- 
ticeably from what is extrapolated from the hardness points cation of age hardening of a real system features with opti- 
during underaging period. Such phenomenon has been ob- 
served in many alloy systems, such as ~ ~ 1 3 - 8 ~ 0 , ' ~ )  Fe- 
18Ni Grade-350,59) and ~ ~ 1 5 - 5 6 0 )  steels. As a result quan- 
tification of age hardening, without taking into account the 
varying diffusion coefficient, encounters difficulty unsurpris- 
ingly.14) 

7.2 What is the controlling mechanism? 
Though many mechanisms were proposed theoretically to 

misation procedures, the error caused by such approximation 
will be transferred to other parameters such as diffusion coef- 
ficient. The calculated results based on the optimised parame- 
ters may agree very well with experimental observations, but 
this does not necessarily suggest a perfect model. In extreme 
cases, a good agreement between experimental and calcu- 
lated values can be generated based on a totally wrong model. 
Nevertheless, such quantification procedures may be of some 
practical use. An accurate estimation of the line tension re- 

describe the particle coarsening process, no matching experi- quires analytical theories covering the spectrum of disloca- 
mental evidence has been obtained, except for the LSW the- tion precipitate interaction mechanisms, and computer simu- 
ory which found very good agreement with experimental ob- lations of dislocation motion through arrays of localised, but 
servations in Ni-base alloys with y '   precipitate^.^^) It is also finite obstacles. Until such efforts have been made, the uncer- 
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tainties in quantification of precipitate hardening will remain. 

8. Concluding Remarks 

Precipitation in metals has long been a common strengthen- 
ing method. This overview has discussed some aspects which 
have not been fully understood or addressed in previous re- 
search and review. Theoretical analysis was given to interpret 
the hardening exponent. Evolution of precipitate size during 
ageing was addressed. The size increment of particle dur- 

i ing early ageing period may follow a slower procedure than 
the classical parabolic growth law would allow, regardless of 
whether the phase separation follows spinodal decomposition 
or nucleation process. When carrying out quantification of 
age hardening, good agreement between calculation and ex- 
perimental observation does not always prove a correct or 
suitably applied theory. Regarding softening during overag- 
ing, mechanisms with modulus difference or large coherent 
particles are possible. Though sometimes it is difficult to de- 
termine the controlling step, and in turn the operating coars- 
ening law, LSW theory may be used for practical purpose. 
Some recent improvements in quantification of age harden- 
ing were also discussed, including the influence of precipitate 
fraction. Difficulties in quantification of precipitation harden- 
ing in commercial systems were addressed. 
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Appendix: Nomenclature 

A: constant involved in coarsening of precipitate on a grain 
boundary. 

b: Burgers vector of dislocation. 
B: constant involved in coarsening of precipitates on a grain 

boundary. 
co: concentration of the matrix before ageing. 
c ,  cl , c2: materials constants. 
cgb: solute concentration at a grain boundary in equilibrium 

with an infinitely large precipitate. 
~ ( t ) :  concentration of the matrix, changing during the age- 

ing process. 
c,: solid solubility of the controlling elements in the matrix. 
ce: concentration of the controlling elements in the new 

phase. 
D: diffusion coefficient. 
Dgb: diffusion coefficients in a grain boundary. 
E,: Young's modulus of the matrix. 
f :  volume fraction of the transformed particles. 
fb: fraction of the grain boundaries covered by precipitates. 
f,: equilibrium fraction of the precipitation (temperature 

dependent). 
f (1): precipitation fraction as a function of the ageing time. 
C :  shear modulus of the matrix. 
Go: growth coefficient during interface-controlled growth. 
k: reaction rate constant in Johnson-Mehl-Avrami equation. 
k( f ): precipitation fraction factor in particle coarsening. 
K: temperature dependent rate constant. 

M: parameter related to particle coarsening. 
MT: Taylor factor. 
n l ,  nz: time exponents in the relationship between the in- 

crease in hardness and ageing time. 
n3: exponent in coarsening theories. 
N A :  Avogadro's number. 
q: conversion constant between hardness and yield strength. 
R:  gas constant. 
r :  radius of the particle. 
ro: particle radius at the start of coarsening. 
rc, rcO, r c l r  rc2, rc3, rc4, rc5: critical particle sizes. 
t : time. 
to: time when a particle starts to coarsen. 
T: temperature (in Kelvin). 
Ti: line tension of a dislocation. 
a: constant related to solid solubilities of the precipitate and 

the matrix and the concentration of the alloy. 
y,: energy of a matrix-precipitate interface created by slip. 
y,,b: antiphase boundary energy on the slip plane of an or- 

dered precipitate. 
8 :  linear strain accompanying precipitation from the matrix. 
A C :  modulus difference between the precipitate and the ma- 

trix. 
A H :  increase in hardness. 
A y :  difference in stacking fault energy between the precip- 

itate and the matrix. 
d a y :  increase in yield strength. 
At,: increase in shear stress. 
E :  strain energy constant. 
v,: Poisson's ratio. 
a :  interface energy per unit area between the precipitate and 

the matrix. 
t l  : exponential time constant. 
u b :  grain boundary energy. 
a,: atomic volume of the matrix. 
as: atomic volume of the precipitate. 
r: capillarity constant. 


