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❆❜str❛❝t

❚❤❡♦r❡t✐❝❛❧❧②✱ ❝r❛❝❦ ❞❛♠❛❣❡ r❡s✉❧ts ✐♥ ❛ ❞❡❝r❡❛s❡ ♦❢ ❡❧❛st✐❝ ✇❛✈❡ ✈❡❧♦❝✐t✐❡s ❛♥❞

✐♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛♥✐s♦tr♦♣②✳ ❯s✐♥❣ ♥♦♥✲✐♥t❡r❛❝t✐✈❡ ❝r❛❝❦ ❡✛❡❝t✐✈❡ ♠❡❞✐✉♠

t❤❡♦r② ❛s ❛ ❢✉♥❞❛♠❡♥t❛❧ t♦♦❧✱ ✇❡ ❝❛❧❝✉❧❛t❡ ❞r② ❛♥❞ ✇❡t ❡❧❛st✐❝ ♣r♦♣❡rt✐❡s ♦❢

❝r❛❝❦❡❞ r♦❝❦s ✐♥ t❡r♠s ♦❢ ❛ ❝r❛❝❦ ❞❡♥s✐t② t❡♥s♦r✱ ❛✈❡r❛❣❡ ❝r❛❝❦ ❛s♣❡❝t r❛t✐♦ ❛♥❞

♠❡❛♥ ❝r❛❝❦ ❢❛❜r✐❝ ♦r✐❡♥t❛t✐♦♥ ✉s✐♥❣ t❤❡ s♦❧✐❞ ❣r❛✐♥s ❛♥❞ ✢✉✐❞ ❡❧❛st✐❝ ♣r♦♣❡rt✐❡s✳

❯s✐♥❣ t❤✐s s❛♠❡ t♦♦❧✱ ✇❡ s❤♦✇ t❤❛t ❜♦t❤ t❤❡ ❛♥✐s♦tr♦♣② ❛♥❞ s❤❡❛r ✇❛✈❡ s♣❧✐tt✐♥❣

♦❢ ❡❧❛st✐❝ ✇❛✈❡s ❝❛♥ ❜❡ ❞❡r✐✈❡❞✳ ❚✇♦ s✐♠♣❧❡ ❝r❛❝❦ ❞✐str✐❜✉t✐♦♥s ❛r❡ ❝♦♥s✐❞❡r❡❞

❢♦r ✇❤✐❝❤ t❤❡ ♣r❡❞✐❝t❡❞ ❛♥✐s♦tr♦♣② ❞❡♣❡♥❞s str♦♥❣❧② ♦♥ t❤❡ s❛t✉r❛t✐♦♥✱ r❡❛❝❤✐♥❣

✉♣ t♦ 60% ✐♥ t❤❡ ❞r② ❝❛s❡✳ ❈♦♠♣❛r✐s♦♥ ✇✐t❤ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ♦♥ t✇♦ ❣r❛♥✐t❡s✱

❛ ❜❛s❛❧t ❛♥❞ ❛ ♠❛r❜❧❡✱ s❤♦✇s t❤❛t t❤❡ r❛♥❣❡ ♦❢ ✈❛❧✐❞✐t② ♦❢ ♦✉r ♠♦❞❡❧ ❡①t❡♥❞s

✉♣ t♦ t♦t❛❧ ❝r❛❝❦ ❞❡♥s✐t② ♦❢ ❛♣♣r♦①✐♠❛t❡❧② 0.5✱ ❝♦♥s✐❞❡r✐♥❣ s②♠♠❡tr✐❡s ✉♣ t♦

♦rt❤♦r❤♦♠❜✐❝✳ ■♥ t❤❡ ✐s♦tr♦♣✐❝ ❝❛s❡✱ ❑❛❝❤❛♥♦✈✬s ❬✶✾✾✹❪ ♥♦♥✲✐♥t❡r❛❝t✐✈❡ ❡✛❡❝t✐✈❡

♠❡❞✐✉♠ ♠♦❞❡❧ ✇❛s ✉s❡❞ ✐♥ ♦r❞❡r t♦ ✐♥✈❡rt ❡❧❛st✐❝ ✇❛✈❡ ✈❡❧♦❝✐t✐❡s ❛♥❞ ✐♥❢❡r ❜♦t❤

❝r❛❝❦ ❞❡♥s✐t② ❛♥❞ ❛s♣❡❝t r❛t✐♦ ❡✈♦❧✉t✐♦♥s✳ ■♥✈❡rs✐♦♥s ❛r❡ st❛❜❧❡ ❛♥❞ ❣✐✈❡ ❝♦❤❡r✲

❡♥t r❡s✉❧ts ✐♥ t❡r♠ ♦❢ ❝r❛❝❦ ❞❡♥s✐t② ❛♥❞ ❛♣❡rt✉r❡ ❡✈♦❧✉t✐♦♥✳ ■♥ t❤❡ ❛♥✐s♦tr♦♣✐❝

❝❛s❡s ✲ ❜♦t❤ tr❛♥s✈❡rs❡ ✐s♦tr♦♣✐❝ ❛♥❞ ♦rt❤♦r❤♦♠❜✐❝ s②♠♠❡tr✐❡s ✇❡r❡ ❝♦♥s✐❞❡r❡❞

✲ ❛♥✐s♦tr♦♣② ❛♥❞ s❛t✉r❛t✐♦♥ ♣❛tt❡r♥s ✇❡r❡ ✇❡❧❧ r❡♣r♦❞✉❝❡❞ ❜② t❤❡ ♠♦❞❡❧❧✐♥❣ ❛♥❞

♠❡❛♥ ❝r❛❝❦ ❢❛❜r✐❝ ♦r✐❡♥t❛t✐♦♥s ✐s r❡❝♦✈❡r❡❞✳ ■♥✈❡rs✐♦♥ r❡s✉❧ts ❛❣r❡❡ ✈❡r② ✇❡❧❧

✇✐t❤ t❤❡ ❧❛❜♦r❛t♦r② ❞❛t❛ ❛♥❞ ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ r♦❝❦ ♠✐❝r♦str✉❝t✉r❡ ✐♥ t❤❡

❞✐✛❡r❡♥t r♦❝❦s ✐♥✈❡st✐❣❛t❡❞✳ ❖✉r r❡s✉❧ts ♣♦✐♥t ♦✉t t❤❛t✿ ✭✶✮ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♣r❡✲

❞✐❝t ❞❛♠❛❣❡✱ ❛♥✐s♦tr♦♣② ❛♥❞ s❛t✉r❛t✐♦♥ ✐♥ t❡r♠s ♦❢ ❛ ❝r❛❝❦ ❞❡♥s✐t② t❡♥s♦r ❛♥❞

♠❡❛♥ ❝r❛❝❦ ❛s♣❡❝t r❛t✐♦ ❛♥❞ ♦r✐❡♥t❛t✐♦♥❀ ✭✷✮ ❯s✐♥❣ ✇❡❧❧ ❝♦♥str❛✐♥❡❞ ❧❛❜♦r❛t♦r②

✷



❞❛t❛ ❛♥❞ ✇❛✈❡ ✈❡❧♦❝✐t② ✐♥✈❡rs✐♦♥✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❡①tr❛♣♦❧❛t❡ t❤❡ ❝♦♥t❡♠♣♦r❛✲

♥❡♦✉s ❡✈♦❧✉t✐♦♥ ♦❢ ❝r❛❝❦ ❞❡♥s✐t②✱ ❛♥✐s♦tr♦♣② ❛♥❞ s❛t✉r❛t✐♦♥ ✉s✐♥❣ ✇❛✈❡ ✈❡❧♦❝✐t②

✐♥✈❡rs✐♦♥ ❛s ❛ t♦♦❧✳

✸



✶ ■♥tr♦❞✉❝t✐♦♥

❯♥❞❡r ❝r✉st❛❧ ❝♦♥❞✐t✐♦♥s✱ ❛❧❧ r♦❝❦s ❝♦♥t❛✐♥ ❝r❛❝❦s✳ ❍♦✇❡✈❡r✱ ❞❡s♣✐t❡ t❤❡ ❢❛❝t

t❤❛t ❝r❛❝❦s ❣❡♥❡r❛❧❧② r❡♣r❡s❡♥t ♦♥❧② s♠❛❧❧ ❛♠♦✉♥ts ♦❢ ♣♦r♦s✐t②✱ t❤❡② ❝❛♥ ❡①❡rt

❝♦♥s✐❞❡r❛❜❧❡ ✐♥✢✉❡♥❝❡s ✉♣♦♥ t❤❡ r♦❝❦ ❜✉❧❦ ♠❡❝❤❛♥✐❝❛❧ ❛♥❞ tr❛♥s♣♦rt ♣r♦♣❡r✲

t✐❡s ✭❙✐♠♠♦♥s ❛♥❞ ❇r❛❝❡✱ ✶✾✻✺❀ ❲❛❧s❤ ✶✾✻✺✱ ❇r❛❝❡ ❡t ❛❧✳ ✶✾✻✽❀ ❙✐♠♠♦♥s ❡t

❛❧✳✱ ✶✾✼✺✮✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❡♠❜❡❞❞❡❞ ♠✐❝r♦❝r❛❝❦ ❢❛❜r✐❝s ✐♥ r♦❝❦s

❝♦♥tr✐❜✉t❡s t♦ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ st❛t✐❝ ❛♥❞ ❞②♥❛♠✐❝ ❡❧❛st✐❝ ♠♦❞✉❧✐ ✭▼❛✈❦♦

❛♥❞ ❏✐③❜❛ ✶✾✾✶✮✱ ♠❛② s✐❣♥✐✜❝❛♥t❧② ✐♥✢✉❡♥❝❡ t❤❡ ❢r❛❝t✉r❡ t♦✉❣❤♥❡ss ✭◆❛ss❡r✐ ❡t

❛❧✳ ✷✵✵✺✮ ❛♥❞ ❛❧✐❣♥❡❞ ❝r❛❝❦ ❢❛❜r✐❝ ♠❛② ♣r♦❞✉❝❡ ❡❧❛st✐❝ ❛♥✐s♦tr♦♣② ✭❑❡r♥ ✶✾✼✽✱

❑❡r♥ ❡t ❛❧✳ ✶✾✾✼✮✳ ❲❤❡♥ ✢✉✐❞s ❛r❡ ♣r❡s❡♥t✱ ❝r❛❝❦s ❛❧s♦ ♣❧❛② ❛ ❦❡② r♦❧❡ ✐♥ ♠❛❦✐♥❣

t❤❡ r♦❝❦ ♣❡r♠❡❛❜❧❡ ♦♥ ❛ ♠❛❝r♦s❝♦♣✐❝ s❝❛❧❡✳ ■♥ t❤❡ ♦✐❧ ✐♥❞✉str②✱ s❡✐s♠✐❝ ❞❛t❛ ❛♥❞

✈❡❧♦❝✐t② ✜❡❧❞ ❛♥❛❧②s✐s ❛r❡ ✉s❡❞ ♦♥ ❛ ❞❛✐❧② ❜❛s✐s t♦ q✉❛♥t✐❢② t❤❡ ♦✐❧ ❝♦♥t❡♥t ❛♥❞

t❤❡ ✐❞❡♥t✐❢② ✢✉✐❞ ♣r♦♣❡rt✐❡s✱ ✐✳❡✳ ♦✐❧ ♦r ❣❛s✳ ■♥ s❡✐s♠♦t❡❝t♦♥✐❝s✱ ❛♥ ♦♣❡♥ q✉❡st✐♦♥

✐s t♦ ❦♥♦✇ ✇❤❡t❤❡r ❡❛rt❤q✉❛❦❡s ❛♥❞ ✈♦❧❝❛♥✐❝ ❡r✉♣t✐♦♥s ❝❛♥ ❜❡ ♣r❡❞✐❝t❡❞ ❢r♦♠

❡❧❛st✐❝ ✇❛✈❡ ✈❡❧♦❝✐t② ✈❛r✐❛t✐♦♥s✱ ✇❤✐❝❤ ❛r❡ ♣♦ss✐❜❧❡ t✐♠❡ ❞❡♣❡♥❞❡♥t ♣r❡❝✉rs♦r②

❡✛❡❝t ✭❈❤✉♥ ❡t ❛❧✳ ✷✵✵✹❀ ●❛♦ ❛♥❞ ❈r❛♠♣✐♥ ✷✵✵✹✮✳ ❚❤❡ ✉♥❞❡rst❛♥❞✐♥❣ ❛♥❞ q✉❛♥✲

t✐✜❝❛t✐♦♥ ♦❢ r♦❝❦ ❡❧❛st✐❝ ✇❛✈❡ ✈❡❧♦❝✐t② ✈❛r✐❛t✐♦♥s ✐s ♦❢ ❣r❡❛t ✐♥t❡r❡st t♦ ❡①tr❛❝t

❢r♦♠ s❡✐s♠✐❝ ❛♥❞ s❡✐s♠♦❧♦❣✐❝❛❧ ❞❛t❛ ❛♥② ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ♣❤②s✐❝❛❧ st❛t❡ ♦❢

t❤❡ r♦❝❦✳ ❋♦r ❡①❛♠♣❧❡✱ ✐t ❤❛s ♠❛❥♦r ✐♠♣❧✐❝❛t✐♦♥s ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♣♦ss✐❜❧❡

❤②❞r♦✲♠❡❝❤❛♥✐❝❛❧ ❝♦✉♣❧✐♥❣ t❛❦✐♥❣ ♣❧❛❝❡ ❞✉r✐♥❣ t❤❡ s❡✐s♠✐❝ ❝②❝❧❡ ✭▼✐❧❧❡r ✷✵✵✷✮✱

❢♦r❡❝❛st✐♥❣ t❤❡ ❧✐❢❡ t✐♠❡ ♦❢ ♦✐❧ r❡s❡r✈♦✐rs✱ ♦r t❤❡ ✐♥t❡❣r✐t② ♦❢ ✉♥❞❡r❣r♦✉♥❞ st♦r❛❣❡

♦❢ ❤❛③❛r❞♦✉s ✇❛st❡s✳

■♥ t❤❡ ❧❛st t❤✐rt② ②❡❛rs✱ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ♠♦❞❡❧s ❛✐♠✐♥❣ t♦ ♣r❡❞✐❝t ♣r♦♣❡rt✐❡s
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♦❢ ♠❛t❡r✐❛❧s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❞❛♠❛❣❡ ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ✭❖✬❈♦♥♥❡❧❧ ❛♥❞ ❇✉❞✐✲

❛♥s❦② ✶✾✼✹✱ ✶✾✼✼❀ ❈❤❡♥❣ ❛♥❞ ❚♦❦s♦③ ✶✾✼✾❀ ❍✉❞s♦♥ ✶✾✽✶✱ ✶✾✽✷✱ ✶✾✽✻✱ ◆✐s❤✐③❛✇❛

✶✾✽✷✱ ❑❛❝❤❛♥♦✈ ✶✾✾✹✱ ❙❛②❡rs ❛♥❞ ❑❛❝❤❛♥♦✈ ✶✾✾✶✱ ✶✾✾✺✱ ▲❡ ❘❛✈❛❧❡❝ ❛♥❞ ●✉é❣✉❡♥

✶✾✾✻✮ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❊✛❡❝t✐✈❡ ▼❡❞✐✉♠ ❚❤❡♦r✐❡s ✭❊▼❚✮✱ ♠♦st ♦❢ ✇❤✐❝❤ ❛r❡

❜❛s❡❞ ♦♥ ✜rst ♦r❞❡r ♣❡rt✉r❜❛t✐♦♥ t❤❡♦r②✳ ❙t❛t✐st✐❝❛❧❧②✱ t❤❡ ❡✛❡❝t✐✈❡ ❡❧❛st✐❝ ♣r♦♣✲

❡rt✐❡s ♦❢ ❛♥ ✐♥✐t✐❛❧❧② ✐s♦tr♦♣✐❝ ♠❡❞✐✉♠ ❞❡♣❡♥❞ ♦♥ ❛ ❢❡✇ ✐♥tr✐♥s✐❝ ♣❛r❛♠❡t❡rs✿

• t❤❡ s♦❧✐❞ ♠❛tr✐① ❡❧❛st✐❝ ♣r♦♣❡rt✐❡s ✭❨♦✉♥❣✬s ♠♦❞✉❧✉s Eo ❛♥❞ P♦✐ss♦♥ r❛t✐♦

νo✮

• t❤❡ ✢✉✐❞ ❜✉❧❦ ♠♦❞✉❧✉s Kf

• t❤❡ ❝r❛❝❦ ❞❡♥s✐t② ρ ❞❡✜♥❡❞ ❛s ρ = 1
V

∑N
c3i ✇❤❡r❡ ci ✐s t❤❡ r❛❞✐✉s ♦❢ t❤❡

✐❡t❤ ❝r❛❝❦✱ N ❜❡✐♥❣ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❝r❛❝❦s ❡♠❜❡❞❞❡❞ ✐♥ t❤❡ ❘❡♣r❡✲

s❡♥t❛t✐✈❡ ❊❧❡♠❡♥t❛r② ❱♦❧✉♠❡ ✭❘❊❱✮ V ✳

• t❤❡ ❝r❛❝❦ ❣❡♦♠❡tr② ✭✐♥ ♦✉r ❝❛s❡✱ ✇❡ ❝♦♥s✐❞❡r ♣❡♥♥② s❤❛♣❡❞ ❣❡♦♠❡tr② ✭✜❣✲

✉r❡ ✶❛✮ ❛♥❞ t❤❡✐r ❛✈❡r❛❣❡ ❛s♣❡❝t r❛t✐♦ ζ =< w/c >✳

■♥ ❛♥ ✐s♦tr♦♣✐❝ ♠❛tr✐① ❝♦♥t❛✐♥✐♥❣ ❛ r❛♥❞♦♠ ❞✐str✐❜✉t✐♦♥ ♦❢ ❝r❛❝❦s✱ t❤❡ ❡✛❡❝t✐✈❡

❡❧❛st✐❝ ♠♦❞✉❧✉s ♦❢ ❛ r♦❝❦ M∗ ✐s ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❝r❛❝❦ ❞❡♥s✐t② t❤❛t ❝❛♥

❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠ ✭✜rst ♣❡rt✉r❜❛t✐♦♥ ♦r❞❡r✮✿

Mo

M∗
= 1 + h.ρ ✭✶✮

✇❤❡r❡Mo ✐s t❤❡ s❧✐❞ ♠❛tr✐① ❡❧❛st✐❝ ♠♦❞✉❧✉s ❛♥❞ h ✐s ❛ ♣♦s✐t✐✈❡ s❝❛❧✐♥❣ ♣❛r❛♠❡t❡r

t❤❛t ❞❡♣❡♥❞s ♦♥ t❤❡ ♠❛tr✐① ❛♥❞ ✢✉✐❞ ♣r♦♣❡rt✐❡s✱ t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ ❝r❛❝❦s ❛♥❞

t❤❡ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ t❤❡♠✳ ❚❤❡ s❝❛❧❛r h ❤❛s ❜❡❡♥ ❝❛❧❝✉❧❛t❡❞ ❜② ❊s❤❡❧❜②
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❬✶✾✺✼❪ ❛♥❞ ✈❛r✐♦✉s ❢♦❧❧♦✇✐♥❣ ❛✉t❤♦rs ❢♦r ❛❧❧ ❦✐♥❞ ♦❢ ✐♥❝❧✉s✐♦♥ ❣❡♦♠❡tr✐❡s ✭s♣❤❡r✐✲

❝❛❧✱ ❡❧❧✐♣t✐❝❛❧✱ ♣❡♥♥②✲s❤❛♣❡❞ ❞✐s❝s✱ r❡❝t❛♥❣✉❧❛r ♣❧❛t❡s ♦r ❧✐♥❡❛r ❝r❛❝❦s✮ ❛♥❞ ✢✉✐❞

♣r♦♣❡rt✐❡s✳ ❖♥❡ ❝❛♥ ✜♥❞ ❛ ❣♦♦❞ ❝♦♠♣✐❧❛t✐♦♥ ✐♥ ▼❛✈❦♦ ❡t ❛❧✳ ❬✶✾✾✽❪✳ ❚❤❡ ♠♦st

s✐♠♣❧❡ ❛♥❞ ♥♦♥✲❝♦♥tr♦✈❡rs✐❛❧ ♠♦❞❡❧ t②♣❡ ✐s ♥♦♥✲✐♥t❡r❛❝t✐✈❡ ❡✛❡❝t✐✈❡ ♠❡❞✐✉♠

t❤❡♦r② ❜❡❝❛✉s❡ ✐t ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❝r❛❝❦ ❝❡♥t❡rs ❞✐str✐❜✉t✐♦♥✱ ✇❤✐❝❤ ✇❛s s❤♦✇♥

t♦ ❜❡ ✈❛❧✐❞ ✇❤❡♥ ❝r❛❝❦s ❛r❡ ❞✐str✐❜✉t❡❞ r❛♥❞♦♠❧② ♦r ❛❧✐❣♥❡❞ ✭❑❛❝❤❛♥♦✈ ✶✾✾✹✱

❙❛②❡rs ❛♥❞ ❑❛❝❤❛♥♦✈ ✶✾✾✺✱ ●✉é❣✉❡♥ ❛♥❞ ❙❝❤✉❜♥❡❧ ✷✵✵✸✮✳ ❲❡ r❡♣♦rt ❤❡r❡ ❛♥

❛♣♣r♦❛❝❤ ❜❛s❡❞ ♦♥ ❑❛❝❤❛♥♦✈ ✭✶✾✾✹✮ ♥♦♥✲✐♥t❡r❛❝t✐✈❡ ❊▼❚ s❝❤❡♠❡ ✇❤✐❝❤ ❛❧❧♦✇s

t❤❡ r❡❧❛t✐✈❡❧② str❛✐❣❤t❢♦r✇❛r❞ ❡①tr❛❝t✐♦♥ ♦❢ ❝r❛❝❦ ❞❡♥s✐t②✱ ❛s♣❡❝t r❛t✐♦ ❛♥❞ ❛❧✐❣♥✲

♠❡♥t ❢r♦♠ ❡❧❛st✐❝ ✇❛✈❡ ✈❡❧♦❝✐t② ♠❡❛s✉r❡♠❡♥ts ♠❛❞❡ ♦♥ s❡✈❡r❛❧ r♦❝❦ t②♣❡s ✐♥

t❤❡ ❧❛❜♦r❛t♦r②✳ ❆s t❤❡ ❡①t❡♥s✐✈❡ ❧❛❜♦r❛t♦r② ✐♥♣✉t ❞❛t❛ ❝♦♠♣✐❧❡❞ ✐♥ t❤✐s st✉❞②

✇❡r❡ ♠❡❛s✉r❡❞ ✐♥❞❡♣❡♥❞❡♥t❧②✱ ♦✉r st✉❞② ♣r♦✈✐❞❡s ❛♥ ❛ ✐❞❡❛❧ ♦♣♣♦rt✉♥✐t② t♦ t❡st

❛♥❞ ✐♥✈❡st✐❣❛t❡ t❤❡ ♠♦❞❡❧ ❛♣♣❧✐❝❛❜✐❧✐t②✳

✷ ❊✛❡❝t✐✈❡ ❡❧❛st✐❝ ♠❡❞✐✉♠ ❝♦♥t❛✐♥✐♥❣ ❝r❛❝❦s✿ ♥♦♥✲

✐♥t❡r❛❝t✐✈❡ ❢♦r♠✉❧❛t✐♦♥

❲❤❡♥ ♥❡❣❧❡❝t✐♥❣ str❡ss ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ ❝r❛❝❦s✱ t❤❡ ❡✛❡❝t✐✈❡ ❡❧❛st✐❝ ♠♦❞✉❧✐✐

♦❢ ❛ ❝r❛❝❦❡❞ s♦❧✐❞ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❡①❛❝t❧② ❛♥❞ r✐❣♦r♦✉s❧② ✐♥ ❛ ✉♥✐q✉❡ ♠❛♥♥❡r

t❤❛t ❞❡♣❡♥❞s s♦❧❡❧② ✉♣♦♥ t❤❡ ❝r❛❝❦ ♦r✐❡♥t❛t✐♦♥s ❛♥❞ ❞✐str✐❜✉t✐♦♥✳ ❙✉❝❤ ❤②♣♦t❤❡✲

s✐s ✐s ♦❢t❡♥ ✇r♦♥❣❧② ❝♦♥❢✉s❡❞ ✇✐t❤ t❤❡ ❧♦✇ ❝r❛❝❦ ❞❡♥s✐t② ❛♣♣r♦①✐♠❛t✐♦♥✳ ■♥❞❡❡❞✱

❢♦r ❝❡rt❛✐♥ ❞✐str✐❜✉t✐♦♥s ✇❤❡r❡ ✐♥t❡r❛❝t✐♦♥s ❛r❡ ❝♦♠♣❡♥s❛t✐♥❣ ❣❡♦♠❡tr✐❝❛❧❧② s✉❝❤

❛s ❛ r❛♥❞♦♠ ✭✐s♦tr♦♣✐❝✮ ❞✐str✐❜✉t✐♦♥ ♦r ❛❧✐❣♥❡❞ ❝r❛❝❦s✱ ✐t ❤❛s ❜❡❡♥ s❤♦✇♥ t❤❛t
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t❤❡ ♥♦♥✲✐♥t❡r❛❝t✐✈❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ✈❛❧✐❞ ❛t ❧❡❛st ✉♣ t♦ ❝r❛❝❦ ❞❡♥s✐t✐❡s ♦❢ ✵✳✺

✭❑❛❝❤❛♥♦✈ ✶✾✾✹❀ ❙❛②❡rs ❛♥❞ ❑❛❝❤❛♥♦✈ ✶✾✾✺❀ ❙❝❤✉❜♥❡❧ ❛♥❞ ●✉é❣✉❡♥ ✷✵✵✸✮✳ ■♥

t❤❡ ♥♦♥✲✐♥t❡r❛❝t✐✈❡ ❛♣♣r♦①✐♠❛t✐♦♥✱ ❡❛❝❤ ❝r❛❝❦ ✐s ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ✐s♦❧❛t❡❞ ❛♥❞

t❤❡ ❡❧❛st✐❝ ♣❡rt✉r❜❛t✐♦♥ ✐♥ ❝♦♠♣❧✐❛♥❝❡ ❞✉❡ t♦ ❝r❛❝❦s ∆Sijkl ✐s s✐♠♣❧② t❤❡ s✉♠

♦❢ ❡❛❝❤ s✐♥❣❧❡ ❝r❛❝❦ ❝♦♥tr✐❜✉t✐♦♥✳ ❙✐♥❝❡ t❤❡ ❛✈❡r❛❣❡ ❜✉❧❦ ❡❧❛st✐❝ str❛✐♥ ✐s t❤❡

s✉♠ ♦❢ t❤❡ ♠❛tr✐① ❡❧❛st✐❝ str❛✐♥ ❛♥❞ t❤❡ s✉♣❡r♣♦s✐t✐♦♥ ♦❢ ❡❧❛st✐❝ str❛✐♥ ♦❢ ❡❛❝❤

✐♥❞✐✈✐❞✉❛❧ ❝r❛❝❦✱ ❡✛❡❝t✐✈❡ ❡❧❛st✐❝ ♠♦❞✉❧✐✐ ❝❛♥ s✐♠♣❧② ❜❡ ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ t❤❡

❡❧❛st✐❝ ♣♦t❡♥t✐❛❧ f ✭❑❛❝❤❛♥♦✈ ✶✾✾✹❀ ❙❛②❡rs ❛♥❞ ❑❛❝❤❛♥♦✈ ✶✾✾✺✮✳

✷✳✶ ■s♦tr♦♣✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ❝r❛❝❦s

■♥ t❤❡ ✐s♦tr♦♣✐❝ ❝❛s❡✱ ❑❛❝❤❛♥♦✈ ❬✶✾✾✹❪ s❤♦✇❡❞ t❤❛t t❤❡ ❡✛❡❝t✐✈❡ ❨♦✉♥❣ E∗ ❛♥❞

s❤❡❛r ♠♦❞✉❧✐✐ µ∗ ♦❢ ❛ r♦❝❦ ❝♦✉❧❞ ❜❡ ✇r✐tt❡♥ ❛s✿

Eo

E∗
= 1 +

ρ

3h

(

1 +
3

5

[

(1 − νo

2
)

δ

1 + δ
− 1)

])

✭✷✮

❛♥❞✿

µo

µ∗
= 1 +

ρ

3h

(

1 +
2

5

[

(1 − νo

2
)

δ

1 + δ
− 1)

])

✭✸✮

✇❤❡r❡ h ✐s ❛ ❣❡♦♠❡tr✐❝❛❧ ❢❛❝t♦r ❧✐♥❦❡❞ t♦ t❤❡ ♣❡♥♥②✲s❤❛♣❡❞ ❣❡♦♠❡tr② ✭s❡❡ ❛♣✲

♣❡♥❞✐① ■✮ ❛♥❞ ❣✐✈❡♥ ❜②✱

h =
16(1 − ν2

o )

3π(1 − νo/2)
✭✹✮

δ ❝❤❛r❛❝t❡r✐③❡s t❤❡ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤❡ str❡ss ❛♥❞ t❤❡ ✢✉✐❞ ♣r❡ss✉r❡✱ ❛♥❞ ❞❡✲

t❡r♠✐♥❡s t❤❡ ✢✉✐❞ ✐♠♣❛❝t ♦♥ t❤❡ ❡✛❡❝t✐✈❡ ❝r❛❝❦ ❝♦♠♣❧✐❛♥❝❡✿

δ = (1 − νo/2)
E0ζh

Kf
✭✺✮

✼



δ ✐s ❛ ♥♦♥✲❞✐♠❡♥s✐♦♥❛❧ ♥✉♠❜❡r t❤❛t ❝♦♠♣❛r❡s t❤❡ ✢✉✐❞ ❜✉❧❦ ♠♦❞✉❧✉s t♦ t❤❡

❝r❛❝❦ ❜✉❧❦ ♠♦❞✉❧✉s {(1 − νo/2)Eoζh} ❛ss✉♠✐♥❣ t❤❛t ❛❧❧ ❝❤❛♥❣❡ ✐♥ t❤❡ ❝r❛❝❦

✈♦❧✉♠❡ ✐s ❞✉❡ t♦ ❛♣❡rt✉r❡ ✈❛r✐❛t✐♦♥s ✭s❡❡ ❛♣♣❡♥❞✐① ■✮✳ ❆s ❛ ❧♦✇❡r ❜♦✉♥❞✱ ✐✳❡✳

❢♦r ❛♥ ✐♥❝♦♠♣r❡ss✐❜❧❡ ✢✉✐❞ s✉❝❤ ❛s ✇❛t❡r✱ ❛♥❞ ✉s✐♥❣ E0 ∼ 5.1010✱ δ → 0 ❛♥❞ ✐s

t❤❡r❡❢♦r❡ ♥❡❣❧✐❣✐❜❧❡ ✐❢ ζ ✐s s♠❛❧❧ ✭< 10−3✮✱ ❛s ❡①♣❡❝t❡❞ ❢♦r ❛ ❝r❛❝❦✳ ❆s ❛♥ ✉♣♣❡r

❜♦✉♥❞✱ ✐✳❡✳ ❢♦r ❛ ❝♦♠♣r❡ss✐❜❧❡ ✢✉✐❞ s✉❝❤ ❛s ❞r② ❛✐r✱ δ ✐s ♠✉❝❤ ❣r❡❛t❡r t❤❛♥ ✶

❛♥❞ δ
1+δ → 0✳

❋✐❣✉r❡ ✷❛ ❛♥❞ ✷❜ ♣r❡s❡♥ts t❤❡ ♥♦r♠❛❧✐③❡❞ P ❛♥❞ ❙ ✇❛✈❡ ✈❡❧♦❝✐t② ✐s♦❝♦♥t♦✉rs

r❡s♣❡❝t✐✈❡❧② ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❜♦t❤ ❝r❛❝❦ ❞❡♥s✐t② ❛♥❞ t❤❡ ❛s♣❡❝t r❛t✐♦✳ ❚❤❡

✈❡❧♦❝✐t✐❡s ✇❡r❡ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ ❡q✉❛t✐♦♥s ✷✲✸ ✉s✐♥❣ s♦❧✐❞ ♠❛tr✐① ❛♥❞ ✢✉✐❞ ❡❧❛st✐❝

♣❛r❛♠❡t❡rs t②♣✐❝❛❧ ♦❢ ❛ ✇❛t❡r s❛t✉r❛t❡❞ ❣r❛♥✐t❡ ❛♥❞ ❡q✉❛❧ t♦✿ Eo = 85GPa✱

νo = 0.25 ❛♥❞ Kf = 2GPa✳ ❱❡❧♦❝✐t✐❡s ✇❡r❡ ♥♦r♠❛❧✐③❡❞ t♦ t❤❡ ❝r❛❝❦ ❢r❡❡

✈❡❧♦❝✐t✐❡s ✭✐✳❡✳ ρ = 0✮ t♦ r❡♠♦✈❡ ❜✉❧❦ ❞❡♥s✐t② ❡✛❡❝ts✳ ❖♥ ✜❣✉r❡ ✷❛✱ t❤❡ P ✇❛✈❡

✈❡❧♦❝✐t② ✐s s❤♦✇♥ t♦ ❞❡❝r❡❛s❡ ✇✐t❤ ❝r❛❝❦ ❞❡♥s✐t②✳ ❍♦✇❡✈❡r✱ ❛t ❛ ❣✐✈❡♥ ❝r❛❝❦

❞❡♥s✐t②✱ P ✇❛✈❡ ✈❡❧♦❝✐t② r❡♠❛✐♥s ♠♦r❡ ♦r ❧❡ss ❝♦♥st❛♥t ✇✐t❤ ❛s♣❡❝t r❛t✐♦✳ ❖♥

t❤❡ ❝♦♥tr❛r②✱ ✇❤✐❧st ❙ ✇❛✈❡ ✈❡❧♦❝✐t② ❛❧s♦ ❞❡❝r❡❛s❡s ✇✐t❤ ❝r❛❝❦ ❞❡♥s✐t② ♦♥ ✜❣✉r❡

✷❜✱ t❤❡② ❛r❡ ❛❧s♦ ✈❡r② s❡♥s✐t✐✈❡ t♦ t❤❡ ❝r❛❝❦ ♠❡❛♥ ❛s♣❡❝t r❛t✐♦✳ ❋✐❣✉r❡ ✷❝ s❤♦✇s

t❤❛t t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❱♣✴❱s r❛t✐♦ ✐s t❤❡♥ ❛ ❢✉♥❝t✐♦♥ ♦❢ ❜♦t❤ ❝r❛❝❦ ❞❡♥s✐t② ❛♥❞

❛s♣❡❝t r❛t✐♦ ✇❤❡♥ ❝r❛❝❦s ❛r❡ s❛t✉r❛t❡❞ ✇✐t❤ ✢✉✐❞✳ ❚❤✐s ✇❛②✱ ❑❛❝❤❛♥♦✈ ❬✶✾✾✹❪

♥♦♥✲✐♥t❡r❛❝t✐✈❡ ♠♦❞❡❧ ♣❡r♠✐ts t❤❡ q✉❛♥t✐✜❝❛t✐♦♥ ♦❢ ❜♦t❤ t❤❡ ❝r❛❝❦ ❞❡♥s✐t② ρ

❛♥❞ t❤❡ ❛s♣❡❝t r❛t✐♦ ζ✱ t❤r♦✉❣❤ t❤❡ s❛t✉r❛t✐♦♥ ❝♦❡✣❝✐❡♥t δ ✭❡q✉❛t✐♦♥ ✺✮✳ ■t ✐s ❛

❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ t❤❛t ✇❤❡♥ ♠❡❛s✉r✐♥❣ ❱♣ ❛♥❞ ❱s ✐♥ s❛t✉r❛t❡❞ r♦❝❦s ❝♦♥t❛✐♥✐♥❣

❝r❛❝❦s✱ ♦♥❡ ❝❛♥ ❡①♣❡❝t t❤❡r❡❢♦r❡ t♦ ❜❡ ❛❜❧❡ t♦ ❡①tr❛❝t ❢r♦♠ t❤♦s❡ ♠❡❛s✉r❡♠❡♥ts

✽



♥♦t ♦♥❧② t❤❡ ❝r❛❝❦ ❞❡♥s✐t②✱ ❜✉t ❛❧s♦ t❤❡ ❛s♣❡❝t r❛t✐♦✳

✷✳✷ ❆♥✐s♦tr♦♣✐❝ ❢♦r♠✉❧❛t✐♦♥s

■♥ t❤❡ ❣❡♥❡r❛❧ ♠♦st ❝❛s❡ ♦❢ ❛♥ ✐s♦tr♦♣✐❝ ♠❛tr✐① ❝♦♥t❛✐♥✐♥❣ ♣❡♥♥② s❤❛♣❡❞ ❝r❛❝❦s✱

t❤❡ ❛❞❞✐t✐♦♥❛❧ ❡❧❛st✐❝ ❝♦♠♣❧✐❛♥❝❡ ❞✉❡ t♦ t❤♦s❡ ∆Sijkl ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ✭❙❛②❡rs

❛♥❞ ❑❛❝❤❛♥♦✈ ✶✾✾✺✮✿

∆Sijkl =
1

4hEo
(δikαjl + δilαjk + δjkαil + δjlαik) + βijkl ✭✻✮

✇❤❡r❡ αij ✐s t❤❡ ❝r❛❝❦ ❞❡♥s✐t② t❡♥s♦r ✿

αij = ρ . < ninj > ✭✼✮

❛♥❞ βijkl t❤❡ s❛t✉r❛t✐♦♥ t❡♥s♦r✿

βijkl = ρ . [(1 − ν0
2

)
δ

1 + δ
− 1] < ninjnknl > ✭✽✮

δij ✐s t❤❡ ❑r♦♥❡❝❦❡r s②♠❜♦❧ ❛♥❞ ✇❡ r❡❝❛❧❧ t❤❛t t❤❡ s❝❛❧❛r ✭♦r t♦t❛❧✮ ❝r❛❝❦ ❞❡♥s✐t②

✐s ❡q✉❛❧ t♦ ρ = tr(α) = Nc3/V ✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❛♥ ♦rt❤♦r❤♦♠❜✐❝ ❝r❛❝❦ ❞✐str✐✲

❜✉t✐♦♥✱ t❤❡ ❝r❛❝❦ ❞❡♥s✐t② t❡♥s♦r ✐s ❞✐❛❣♦♥❛❧✱ ❛♥❞ ✐t ❢♦❧❧♦✇s ❢r♦♠ ❡q✉❛t✐♦♥s ✭✻✲✽✮

t❤❛t t❤❡ ✾ ✐♥❞❡♣❡♥❞❡♥t ❡✛❡❝t✐✈❡ ❡❧❛st✐❝ ❝♦♠♣❧✐❛♥❝❡s ❝❛♥ ❜❡ ❡①♣r❡ss❡❞✿

Sijkl =































































= So
ijkl + ρ

Eoh

(

< n2
i > +

[

(1 − ν0

2 ) δ
1+δ − 1)

]

< n4
i >

)

if {i = j = k = l}

= So
ijkl + ρ

Eoh

(

<n2

i >+<n2

j>

4 +
[

(1 − ν0

2 ) δ
1+δ − 1)

]

< n2
in

2
j >

)

if {i = k and j = l}

= So
ijkl + ρ

Eoh

[

(1 − ν0

2 ) δ
1+δ − 1)

]

< n2
in

2
k > if {i = j and k = l}

✭✾✮

✾



❘❡❝❛❧❧✐♥❣ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❞❡♣❡♥❞❡♥t ❝♦♥st❛♥ts✱ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ❢♦r

tr❛♥s✈❡rs❡ ✐s♦tr♦♣② ❝❛♥ ❛❧s♦ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❡q✉❛t✐♦♥ ✾✳ ❆ss✉♠✐♥❣ ♥♦✇ ❛ ❝♦♥✲

t✐♥✉♦✉s ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ ❝r❛❝❦ ♦r✐❡♥t❛t✐♦♥s✱ t❤❡ ❛✈❡r❛❣❡ ✐t❤ ❝♦♠♣♦♥❡♥t

♦❢ t❤❡ ❝r❛❝❦ ❢❛❜r✐❝ ❝❛♥ ❜❡ ❞❡✜♥❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛② ✿

< ni >=
1

2π

∫ 2π

0

dφ

∫ π/2

0

ψ(θ, φ)nisinθdθ , ✭✶✵✮

ψ(θ, φ) ❜❡✐♥❣ t❤❡ ♦r✐❡♥t❛t✐♦♥ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✭❝❢✳ ✜❣✉r❡ ✶❛✮✳ ■♥ t❤❡ s❛♠❡

✇❛②✱ t❤❡ t❡♥s♦rs < ninj > ❛♥❞ < ninjnknl >✱ ✇❤✐❝❤ r❡♣r❡s❡♥t r❡s♣❡❝t✐✈❡❧② t❤❡

s❡❝♦♥❞ ♦r❞❡r ❛♥❞ t❤❡ ❢♦✉rt❤ ♦r❞❡r ♠♦♠❡♥ts ♦❢ t❤❡ ❝r❛❝❦ ♦r✐❡♥t❛t✐♦♥ ❞✐str✐❜✉t✐♦♥

❢✉♥❝t✐♦♥ r❡s♣❡❝t✐✈❡❧②✱ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❡❛s✐❧②✳

✷✳✸ ❲❡t ❛♥❞ ❞r② ❡❧❛st✐❝ ✇❛✈❡s ❛♥✐s♦tr♦♣②✿ ♥✉♠❡r✐❝❛❧ r❡✲

s✉❧ts

❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❉✐r❛❝ ❞✐str✐❜✉t✐♦♥s✱ s♦ t❤❛t < ni >=

ni ❛♥❞ s✉❜s❡q✉❡♥t❧②✱ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ ❛✈❡r❛❣❡ ❝r❛❝❦ ❢❛❜r✐❝ ♦r✐❡♥t❛t✐♦♥

✐s ❞❡s❝r✐❜❡❞ ❛s ♦♥ ✜❣✉r❡ ✶❛ ❢♦r ❛ s✐♥❣❧❡ ❝r❛❝❦✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r

t✇♦ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ❝r❛❝❦ ❞✐str✐❜✉t✐♦♥s✿ ✐✮ r❛❞✐❛❧ ❝r❛❝❦s ✭n3 = 0 , n1 = n2 =

1/
√

2✮ ❛♥❞ ✐✐✮ ♣❧❛♥❛r ❝r❛❝❦s ✭n3 = 1 , n1 = n2 = 0✮✳ ❚❤❡ ✜rst ❝❛s❡ ❝♦rr❡s♣♦♥❞s

t♦ ❛ ❞✐str✐❜✉t✐♦♥ ♦❢ s②♠♠❡tr✐❝❛❧❧② ❞✐str✐❜✉t❡❞ r❛❞✐❛❧ ❝r❛❝❦s ✭s②♠♠❡tr② ❛❧♦♥❣

t❤❡ ✈❡rt✐❝❛❧ ❛①✐s✱ ❝r❛❝❦s ♥♦r♠❛❧ ✐♥ t❤❡ ❤♦r✐③♦♥t❛❧ ❛①✐s✮ ❛♥❞ ✐s r❡♣r❡s❡♥t❛t✐✈❡

♦❢ t❤❡ ❚■ s②♠♠❡tr② ✭✜❣✉r❡ ✶❜✮✳ ❚❤❡ s❡❝♦♥❞ ❝❛s❡ ❝♦rr❡s♣♦♥❞s t♦ ❤♦r✐③♦♥t❛❧❧②

❛❧✐❣♥❡❞ ❝♦♣❧❛♥❛r ♣❡♥♥② s❤❛♣❡❞ ❝r❛❝❦s ❛♥❞ ✐s r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ❜♦t❤ ❚■ ❛♥❞

♦rt❤♦r❤♦♠❜✐❝ s②♠♠❡tr② ✭✜❣✉r❡ ✶❝✮✳ ❋✉rt❤❡r♠♦r❡✱ ♦♥❧② t❤❡ ❧♦✇❡r ❛♥❞ ✉♣♣❡r
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❜♦✉♥❞ ♦❢ s❛t✉r❛t✐♦♥✱ ✐✳❡✳ ❢♦r ❛♥ ✐♥❝♦♠♣r❡ss✐❜❧❡ ✢✉✐❞ s✉❝❤ ❛s ✇❛t❡r δ → 0 ❛♥❞

❢♦r ❛ ❝♦♠♣r❡ss✐❜❧❡ ✢✉✐❞ s✉❝❤ ❛s ❞r② ❛✐r✱ δ
1+δ → 0✱ ✇❡r❡ ✐♥✈❡st✐❣❛t❡❞✳ ■♥ ❛❧❧ t❤❛t

❢♦❧❧♦✇s✱ t❤❡ s♦❧✐❞ ♠❛tr✐① ❨♦✉♥❣✬s ♠♦❞✉❧✉s ❛♥❞ P♦✐ss♦♥ r❛t✐♦ ✇❡r❡ t❛❦❡♥ ❛s ❡q✉❛❧

t♦ t❤❡ ♦♥❡s ♦❢ ❛♥ ✐s♦tr♦♣✐❝ ❛♥❞ ❝r❛❝❦ ❢r❡❡ ❣r❛♥✐t❡ ♠❛t❡r✐❛❧✱ ✐✳❡✳ Eo = 85GPa

❛♥❞ νo = 0.25 r❡s♣❡❝t✐✈❡❧②✳

✷✳✸✳✶ ❘❛❞✐❛❧ ❝r❛❝❦s

❚❤❡ ❝❛s❡ ♦❢ r❛❞✐❛❧ ❝r❛❝❦s ✐s ✐❧❧✉str❛t❡❞ ♦♥ ✜❣✉r❡ ✸✳ ❋✐❣✉r❡ ✸❛ ❛♥❞ ✸❜ s❤♦✇ t❤❡

♥♦r♠❛❧✐③❡❞ P ✈❡❧♦❝✐t✐❡s ✈❡rs✉s t❤❡ ❛♥❣❧❡ ♦❢ ♣r♦♣❛❣❛t✐♦♥ γ ♦❢ t❤❡ ❡❧❛st✐❝ ✇❛✈❡✱ ✐♥

✇❡t ❛♥❞ ❞r② ❝♦♥❞✐t✐♦♥s r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ ❢♦r ❝r❛❝❦ ❞❡♥s✐t✐❡s ❡q✉❛❧ t♦ ✵✳✶✱ ✵✳✷✺✱ ✵✳✺

❛♥❞ ✶✳ ❚❤❡ ❛♥❣❧❡ γ ✐s ❞❡✜♥❡❞ ❛s t❤❛t ❜❡t✇❡❡♥ t❤❡ ✈❡rt✐❝❛❧ ❛①✐s Ox3 ❛♥❞ t❤❡ ✇❛✈❡

✈❡❝t♦r✳ ❋♦r ❡①❛♠♣❧❡✱ ❡❧❛st✐❝ ✇❛✈❡s ♣r♦♣❛❣❛t✐♥❣ ❛t 0 ❛♥❞ 90 ❞❡❣r❡❡s ❝♦rr❡s♣♦♥❞

t♦ ♣r♦♣❛❣❛t✐♦♥ ❛❧♦♥❣ t❤❡ ✈❡rt✐❝❛❧ ❛①✐s ❛♥❞ ❤♦r✐③♦♥t❛❧ ❛①✐s r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡

♥♦r♠❛❧✐③❡❞ ✇❛✈❡ ✈❡❧♦❝✐t② ✐s t❤❡ r❛t✐♦ ♦❢ Vγ t♦ t❤❡ s♦❧✐❞ ❣r❛✐♥ ✈❡❧♦❝✐t②✳ ■♥ t❤❡

❝❛s❡ ♦❢ r❛❞✐❛❧ ❝r❛❝❦s✱ P ✇❛✈❡s ♣r♦♣❛❣❛t✐♥❣ ✈❡rt✐❝❛❧❧② ❛r❡ ✉♥❛✛❡❝t❡❞ ❛♥❞ ❞♦ ♥♦t

✧s❡❡✧ t❤❡ ❝r❛❝❦s✳ ❆♥✐s♦tr♦♣② ✐s ❧❛r❣❡r ✐♥ t❤❡ ❞r② ❝❛s❡ ✭✉♣ t♦ 50% ✐♥ t❤❡ ❞r②

❝❛s❡✱ ✉♣ t♦ ∼ 40% ✐♥ t❤❡ ✇❡t ❝❛s❡✮ ❜✉t t❤❡ ♣❛tt❡r♥ ✐s ✈❡r② ❝♦♠♣❛r❛❜❧❡ ✐♥

❜♦t❤ ❝❛s❡s✳ ❋✐❣✉r❡s ✸❝ ❛♥❞ ✸❞ s❤♦✇ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✐♥ t❡r♠ ♦❢ t❤❡ s❤❡❛r

✇❛✈❡ s♣❧✐tt✐♥❣ ✭♦r ❜✐r❡❢r✐♥❣❡♥❝❡ ❜❡t✇❡❡♥ ✈❡rt✐❝❛❧❧② ✭❙❱✮ ❛♥❞ ❤♦r✐③♦♥t❛❧❧② ✭❙❍✮

♣♦❧❛r✐③❡❞ ❙ ✇❛✈❡s ✿ SV (γ)−SH(γ)
SV (γ) ∗100✮✱ ✐♥ t❤❡ ✇❡t ❛♥❞ ❞r② ❝❛s❡s r❡s♣❡❝t✐✈❡❧②✳ ■♥

t❤❡ ❞r② ❝❛s❡✱ ❙❱ ✇❛✈❡s ❛❧✇❛②s tr❛✈❡❧ ❢❛st❡r t❤❛♥ ❙❍✳ ■♥ t❤❡ ✇❡t ❝❛s❡✱ ♠❛①✐♠✉♠

s♣❧✐tt✐♥❣ ✐s ♦❜s❡r✈❡❞ ❛t ❛ γ ❛♥❣❧❡ ♦❢ 60 ❞❡❣r❡❡s✱ ✇❤❡r❡❛s ♠❛①✐♠✉♠ ❞r② s♣❧✐tt✐♥❣

✐s ♦❜t❛✐♥❡❞ ❢♦r ❤♦r✐③♦♥t❛❧❧② ♣r♦♣❛❣❛t✐♥❣ ❙ ✇❛✈❡s✳ ❍♦✇❡✈❡r ❛♥❞ ❛s ❡①♣❡❝t❡❞ ❢♦r
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❛ s❡t ♦❢ r❛❞✐❛❧ ❝r❛❝❦s✱ t❤❡ ❡✛❡❝t ♦❢ ✢✉✐❞ ✐s r❛t❤❡r s♠❛❧❧✳

✷✳✸✳✷ P❧❛♥❛r ❝r❛❝❦s

❋✐❣✉r❡ ✹ s❤♦✇s ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ ♣❧❛♥❛r ❝r❛❝❦s✳ ❋✐❣✉r❡

✹❛ ❛♥❞ ✹❜ s❤♦✇ t❤❡ ♥♦r♠❛❧✐③❡❞ P ✈❡❧♦❝✐t✐❡s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ♣r♦♣❛❣❛t✐♦♥ ❛♥❣❧❡

γ ❛♥❞ ❝r❛❝❦ ❞❡♥s✐t② ✐♥ t❤❡ ✇❡t ❛♥❞ t❤❡ ❞r② ❝❛s❡s r❡s♣❡❝t✐✈❡❧②✳ ❆s ♥♦t❡❞ ❡❛r✲

❧✐❡r✱ t❤❡ ❡✛❡❝t ♦❢ ❝r❛❝❦s ✐s ♠✉❝❤ str♦♥❣❡r ✐♥ t❤❡ ❞r② ❝❛s❡ t❤❛♥ ✐♥ t❤❡ ✇❡t ❝❛s❡✳

❚❤✐s t✐♠❡✱ ❝r❛❝❦s ❛r❡ ✧✐♥✈✐s✐❜❧❡✧ t♦ ✇❛✈❡s ♣r♦♣❛❣❛t✐♥❣ ✐♥ t❤❡ ❤♦r✐③♦♥t❛❧ ❞✐r❡❝✲

t✐♦♥ ✭γ = 90o✮❀ ❛♥❞ ✐♥ t❤❡ ❞r② ❝❛s❡ ✭✜❣✉r❡ ✹❜✮✱ t❤❡ P ✇❛✈❡ ✈❡❧♦❝✐t② ❞❡❝r❡❛s❡

✐s ✈❡r② ❧❛r❣❡ ✭✉♣ t♦ 60%✮ ❢♦r ✇❛✈❡s ♣r♦♣❛❣❛t✐♥❣ ✈❡rt✐❝❛❧❧② ✇❤✐❝❤ ✐s ❡①♣❡❝t❡❞

❢r♦♠ ❣❡♦♠❡tr✐❝❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ ❛♥❞ ❜❡❝❛✉s❡ t❤❡ ✢✉✐❞ ✐s ❛ss✉♠❡❞

t♦ ❜❡ ❢✉❧❧② ✐♥❝♦♠♣r❡ss✐❜❧❡✱ ❝r❛❝❦s ❛r❡ ❛❧s♦ ✧✐♥✈✐s✐❜❧❡✧ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ γ = 0

❞❡❣r❡❡s ✐♥ t❤❡ ✇❡t ❝❛s❡ ✭✜❣✉r❡ ✹❛✮✳ ❚❤✐s ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ t❤❡♦r❡t✐❝❛❧❧② ❛s ✐♥

❑❛❝❤❛♥♦✈✬s ♠♦❞❡❧✱ t❤❡ ♥♦r♠❛❧ ❝r❛❝❦ ❝♦♠♣❧✐❛♥❝❡ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❡q✉❛❧ t♦ ③❡r♦

✭s❡❡ ❆♣♣❡♥❞✐① ■✮ ✇❤❡♥ t❤❡ ✢✉✐❞ ✐s ❢✉❧❧② ✐♥❝♦♠♣r❡ss✐❜❧❡ ✭♦r ✇❤❡♥ t❤❡ ❝r❛❝❦ ✐s

❢✉❧❧② ❝♦♥str❛✐♥❡❞✮✳ ❚❤❡r❡❢♦r❡✱ ✐♥ t❤❡ ✇❡t ❝❛s❡✱ t❤❡ ♠❛①✐♠✉♠ ❛♥✐s♦tr♦♣② ✭✉♣ t♦

20% ❢♦r ρ = 1✮ ✐s s❡❡♥ ❢♦r ✇❛✈❡s ♣r♦♣❛❣❛t✐♥❣ ❛t 45 ❞❡❣r❡❡s ❢r♦♠ t❤❡ ✈❡rt✐❝❛❧✱

❢♦r ✇❤✐❝❤ t❤❡ ❛ss♦❝✐❛t❡❞ s❤❡❛r str❛✐♥ ✐s ♠❛①✐♠✉♠✳ ❋✐❣✉r❡s ✹❝ ❛♥❞ ✹❞ s❤♦✇ t❤❡

♣r❡❞✐❝t❡❞ r❡s✉❧ts ❢♦r s❤❡❛r ✇❛✈❡ s♣❧✐tt✐♥❣ ✭SV (γ)−SH(γ)
SV (γ) ∗ 100✮✳ ❆❣❛✐♥✱ t❤❡ ♣❛t✲

t❡r♥ ✐s ✈❡r② ❞✐✛❡r❡♥t ✐♥ t❤❡ ✇❡t ❛♥❞ t❤❡ ❞r② ❝❛s❡s✳ ❆s ❡①♣❡❝t❡❞✱ ✐♥ t❤❡ ❞r② ❝❛s❡

❙❍ ✇❛✈❡s ❛❧✇❛②s ♣r♦♣❛❣❛t❡ ❢❛st❡r t❤❛♥ ❙❱ ✇❛✈❡s✳ ■♥ t❤❡ ✇❡t ❝❛s❡ ❤♦✇❡✈❡r✱ ❛♥❞

❢♦r ♣r♦♣❛❣❛t✐♦♥ ❛♥❣❧❡s ❜❡t✇❡❡♥ 0 ❛♥❞ 60 ❞❡❣r❡❡s✱ ❙❱ ✇❛✈❡ ❛r❡ ❢❛st❡r t❤❛♥ ❙❍

✇❛✈❡s✳ ❈♦♥✈❡rs❡❧②✱ ❙❍ ✇❛✈❡ ✈❡❧♦❝✐t② ✐s ❤✐❣❤❡r t❤❛♥ ❙❱ ✇❛✈❡ ✈❡❧♦❝✐t② ❢♦r ❛♥❣❧❡s

✶✷



❧❛r❣❡r t❤❛♥ 60 ❞❡❣r❡❡s✳ ❚❤❡ s❤❡❛r ✇❛✈❡ s♣❧✐tt✐♥❣ ♠❛①✐♠✉♠ ♦❜s❡r✈❡❞ ✐s t❤✉s ❛❧s♦

❛♥ ❡✛❡❝t ♦❢ ✢✉✐❞ ✐♥❝♦♠♣r❡ss✐❜✐❧✐t②✳

■♥ ❡❛❝❤ ♦❢ t❤❡ ❛❜♦✈❡ ❝r❛❝❦ ❞✐str✐❜✉t✐♦♥s✱ t❤❡ ♥♦♥✲✐♥t❡r❛❝t✐✈❡ ♠♦❞❡❧ s❤♦✇s ❛ ❝❧❡❛r

❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❞r② ❛♥❞ ❢✉❧❧② s❛t✉r❛t❡❞ ❝r❛❝❦s✱ ❜♦t❤ ❢♦r P ✇❛✈❡s ❛♥❞ ❙ ✇❛✈❡s✳

■♥t❡r♠❡❞✐❛t❡ r❡s✉❧ts ❢♦r ♣❛rt✐❛❧ s❛t✉r❛t✐♦♥ ❝♦✉❧❞ ❜❡ ♦❜t❛✐♥❡❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ δ

♣❛r❛♠❡t❡r ❛♥❞ ❛✈❡r❛❣❡ ❝r❛❝❦ ❛s♣❡❝t r❛t✐♦✳ ■t s❤♦✇s t❤❛t✱ t♦ ❛ ❝❡rt❛✐♥ ❡①t❡♥t✱

t❤❡ P ✇❛✈❡ ❛♥✐s♦tr♦♣② ❛♥❞ ❙ ✇❛✈❡ ❜✐r❡❢r✐♥❣❡♥❝❡ ♣❛tt❡r♥s ❝❛♥ ❝♦rr❡s♣♦♥❞ t♦ ❛

❣❡♥✉✐♥❡ ❝r❛❝❦ ❞✐str✐❜✉t✐♦♥ ❛♥❞ s❛t✉r❛t✐♦♥ st❛t❡✳ ❚❤❡r❡❢♦r❡✱ ❝♦♠❜✐♥✐♥❣ ✈❡❧♦❝✐t②

❞❛t❛ ♦♥ P ✇❛✈❡ ❛♥✐s♦tr♦♣② ❛♥❞ ❙ ✇❛✈❡ ❜✐r❡❢r✐♥❣❡♥❝❡ s❤♦✉❧❞ ❛❧❧♦✇ t♦ ✐♥✈❡st✐✲

❣❛t❡ t❤❡ ✧❛✈❡r❛❣❡✧ ❝r❛❝❦ ❞✐str✐❜✉t✐♦♥ ✐♥ ❛ r♦❝❦✱ ❛s ✇❡❧❧ ❛s t❤❡ s❛t✉r❛t✐♦♥ st❛t❡✳

❯♥❢♦rt✉♥❛t❡❧②✱ s✉❝❤ ❦✐♥❞ ♦❢ ❡①t❡♥s✐✈❡ ✇❛✈❡ ✈❡❧♦❝✐t② ❞❛t❛ ✐s ✈❡r② r❛r❡ ✐♥ t❤❡ ❧✐t✲

❡r❛t✉r❡✳ ❙✉❝❤ ❞❛t❛ ❡①✐sts ❛t t❤❡ ✜❡❧❞ s❝❛❧❡s✱ ❜✉t ♦♥❡ ✇♦✉❧❞ ♥❡❡❞ t♦ t❛❦❡ ✐♥t♦

❛❝❝♦✉♥t t❤❡ ❞✐s♣❡rs✐♦♥ ❡✛❡❝ts ❞✉❡ t♦ ❢r❡q✉❡♥❝② ❛♥❞ ✧sq✉✐rt ✢♦✇✧ ✭▼❛✈❦♦ ❛♥❞

◆✉r ✶✾✼✺✮✳ ❚❤✐s ♠❛② ❜❡ ❞♦♥❡ ✉s✐♥❣ ❇✐♦t✲●❛ss♠❛♥ ♦r ❇r♦✇♥ ❛♥❞ ❑♦rr✐♥❣❛✬s

❡q✉❛t✐♦♥s ❬✶✾✼✺❪✱ ❛s ✐♥ ❙❝❤✉❜♥❡❧ ❛♥❞ ●✉é❣✉❡♥ ❬✷✵✵✸❪✳

✸ ■♥✈❡rs✐♦♥ ♦❢ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛

■♥ t❤❡ ❧❛❜♦r❛t♦r②✱ ❡①♣❡r✐♠❡♥t❛❧ st✉❞✐❡s ♠❡❛s✉r✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❞②♥❛♠✐❝

❡❧❛st✐❝ ♣r♦♣❡rt✐❡s ✉♥❞❡r ❝♦♥❞✐t✐♦♥s s✐♠✉❧❛t✐♥❣ ✉♣♣❡r ❝r✉st ❜✉r✐❛❧ ❞❡♣t❤s ❝❛♥ ❜❡

♣❡r❢♦r♠❡❞ t❤❛♥❦s t♦ t❤❡ ✉s❡ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝s tr❛♥s❞✉❝❡rs ✭P❩❚✮✱ ✇❤✐❝❤ ❡✐❣❡♥

❢r❡q✉❡♥❝② ❛r❡ ❣❡♥❡r❛❧❧② ✇❡❧❧ ✐♥t♦ t❤❡ ❞②♥❛♠✐❝ r❛♥❣❡ ✭❃✶✵✵❑❍③✮✳ ❉❡s♣✐t❡ t❤❡

❡①♣❡r✐♠❡♥t❛❧ ❞✐✣❝✉❧t✐❡s✱ s✉❝❤ st✉❞✐❡s ❤❛✈❡ ❜❡❡♥ ✉♥❞❡rt❛❦❡♥ ❛♥❞ ❝❛♥ ♣r♦✈✐❞❡

✶✸



✬✇❡❧❧✲❝♦♥str❛✐♥❡❞✬ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛s❡ts ✇❤✐❝❤ ❛r❡ ♣❡r❢❡❝t❧② s✉✐t❡❞ t♦ ❛tt❡♠♣t

♣r❡❞✐❝t✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ r♦❝❦ ❢❛❜r✐❝ ♣❛r❛♠❡t❡rs s✉❝❤ ❛s ❝r❛❝❦ ❞❡♥s✐t②✱ ❛s♣❡❝t

r❛t✐♦ ❛♥❞ ❛❧✐❣♥♠❡♥t✳

❲❤❡♥ ♠♦❞❡❧❧✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❡❧❛st✐❝ ✈❡❧♦❝✐t✐❡s✱ ✇❡ r❡str✐❝t❡❞ ♦✉rs❡❧✈❡s t♦ t❤❡

❝❛s❡ ♦❢ ❛♥ ✐♥✐t✐❛❧❧② ✐s♦tr♦♣✐❝ s♦❧✐❞ r♦❝❦ ♠❛tr✐①✳ ❚❤❡ ❝r❛❝❦ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥

♦❜❡②❡❞ ❡✐t❤❡r ❛♥ ✐s♦tr♦♣✐❝✱ tr❛♥s✈❡rs❡ ✐s♦tr♦♣✐❝ ♦r ♦rt❤♦r❤♦♠❜✐❝ s②♠♠❡tr②✳ ■♥

s✉❝❤ ❝♦♥❞✐t✐♦♥s✱ t❤❡ ❡✛❡❝t✐✈❡ ❡❧❛st✐❝ ♣r♦♣❡rt✐❡s ♣r❡❞✐❝t❡❞ ❜② ❑❛❝❤❛♥♦✈✬s ♠♦❞❡❧

❬✶✾✾✹❪ ❛♥❞ ❡q✉❛t✐♦♥s ✭✷✱ ✸ ❛♥❞ ✾✮ ❛r❡ ❞❡♣❡♥❞❡♥t ♦♥❧② ✉♣♦♥ t❤❡ ♠❛tr✐① ❨♦✉♥❣✬s

♠♦❞✉❧✉s Eo ❛♥❞ P♦✐ss♦♥ r❛t✐♦ νo✱ ❛♥❞ ♠♦r❡ ✐♠♣♦rt❛♥t❧②✱ t❤❡ s❝❛❧❛r ❝r❛❝❦ ❞❡♥s✐t②

ρ✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✇❤❡♥ ❝r❛❝❦s ❛r❡ ♥♦♥✲r❛♥❞♦♠❧② ♦r✐❡♥t❡❞✱ ❡❧❛st✐❝ ✇❛✈❡ ✈❡❧♦❝✐t✐❡s

❛❧s♦ ❞❡♣❡♥❞ ♦♥ t❤❡ ♠❡❛♥ ♦r✐❡♥t❛t✐♦♥ ✭θ, φ✮ ♦❢ t❤❡ ❝r❛❝❦ ❢❛❜r✐❝ ✇✐t❤ r❡s♣❡❝t t♦

t❤❡ ❛①✐s ♦❢ s②♠♠❡tr②✳ ❋✐♥❛❧❧②✱ ✇❤❡♥ s❛t✉r❛t❡❞✱ ❡❧❛st✐❝ ♣r♦♣❡rt✐❡s ❛❧s♦ ❞❡♣❡♥❞

♦♥ t❤❡ s❛t✉r❛t✐♦♥ ❝♦❡✣❝✐❡♥t δ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ❛✈❡r❛❣❡ ❝r❛❝❦ ❛s♣❡❝t r❛t✐♦ ζ

❛♥❞ ✢✉✐❞ ❜✉❧❦ ♠♦❞✉❧✉s Kf ✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ♣❡r❢♦r♠❡❞ s✐♠♣❧❡ ❧❡❛st sq✉❛r❡

✐♥✈❡rs✐♦♥s ♦❢ ❧❛❜♦r❛t♦r② ❞❛t❛ s❡ts✿

RMSi =
1

Ni

∑

Ni

(V data
γ − V model

γ (ρ, ζ, θ, φ))2 ✭✶✶✮

✐♥ ♦r❞❡r t♦ r❡❝♦✈❡r t❤❡ ❝r❛❝❦ ❞❡♥s✐t②✱ ❛✈❡r❛❣❡ ❝r❛❝❦ ❛s♣❡❝t r❛t✐♦ ❛♥❞ ♦r✐❡♥t❛t✐♦♥✳

■♥✈❡rs✐♦♥s ❛r❡ ♣❡r❢♦r♠❡❞ ✉s✐♥❣ ✐♥✐t✐❛❧ P ❛♥❞ ❙ ✇❛✈❡ ✈❡❧♦❝✐t✐❡s ♦❢ t❤❡ ✧✉♥❝r❛❝❦❡❞✧

♠❛t❡r✐❛❧ ❛s ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞✴♦r ♣❡tr♦❧♦❣✐❝❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s✱

t❤✉s r❡✢❡❝t✐♥❣ t❤❡ ❛✈❡r❛❣❡ ❜✉❧❦ s♦❧✐❞ ♠❛tr✐① ❡❧❛st✐❝ ♣r♦♣❡rt✐❡s✳ ▼♦❞❡❧ ❡❧❛st✐❝

✇❛✈❡ ✈❡❧♦❝✐t② ✜❡❧❞ ✇❛s ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ ❡q✉❛t✐♦♥s ✭✷✱ ✸ ❛♥❞ ✾✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢

ρ✱ ζ ✇❤❡♥ t❤❡ r♦❝❦ ✇❛s s❛t✉r❛t❡❞ ✇✐t❤ ✇❛t❡r t♦❣❡t❤❡r ✇✐t❤ θ ❛♥❞ φ ✇❤❡♥ t❤❡

r♦❝❦ ✇❛s ❛♥✐s♦tr♦♣✐❝✳ ❊❛❝❤ ♠♦❞❡❧❡❞ ✈❡❧♦❝✐t② ✜❡❧❞s ❛r❡ t❤❡♥ ❝♦♠♣❛r❡❞ ✉s✐♥❣ ❛
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s✐♠♣❧❡ ❘▼❙ t❡❝❤♥✐q✉❡ ✭❡q✉❛t✐♦♥ ✶✵✮ ✇✐t❤ ❡①♣❡r✐♠❡♥t❛❧ ♠❡❛s✉r❡s✳ ■♥ t❤✐s ❡q✉❛✲

t✐♦♥✱ Ni r❡♣r❡s❡♥ts t❤❡ ♥✉♠❜❡r ♦❢ P ❛♥❞ ❙ ✈❡❧♦❝✐t② ♠❡❛s✉r❡♠❡♥ts ❛❧♦♥❣ s❡✈❡r❛❧

γ ❞✐r❡❝t✐♦♥s ❛t ❡❛❝❤ ♣r❡ss✉r❡ st❡♣ i ♦❢ ❛ ❣✐✈❡♥ ❡①♣❡r✐♠❡♥t✳ ❚❤❡ ❧♦✇❡st ❡rr♦r

❜❡t✇❡❡♥ ♠♦❞❡❧❡❞ ❛♥❞ ❞❛t❛ ✈❡❧♦❝✐t② ✜❡❧❞s ✐s t❛❦❡♥ ❛s ❜❡✐♥❣ t❤❡ ❜❡st ✐♥✈❡rs✐♦♥

r❡s✉❧t✱ ✇❤✐❝❤ ♦✉t♣✉ts t❤❡ q✉❛❞r✉♣❧❡t (ρ, ζ, θ, φ)✳ ❚❤❡ ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ ❞❛t❛

❛♥❞ ❜❡st ✜t ✈❡❧♦❝✐t✐❡s ✐s✱ ✐♥ ❣❡♥❡r❛❧✱ ✈❡r② ❣♦♦❞ ✇✐t❤ ❛✈❡r❛❣❡ ❡rr♦r ❜❡t✇❡❡♥ ♠♦❞❡❧

❛♥❞ ❞❛t❛ ♣♦✐♥ts ❧♦✇❡r t❤❛♥ 0.05 km/sec ✇❤✐❝❤ ❝❧❡❛r❧② ❞❡♠♦♥str❛t❡s t❤❡ st❛❜✐❧✐t②

♦❢ t❤❡ ✐♥✈❡rs✐♦♥✱ ❛s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ✇❡❧❧ ❝♦♥str❛✐♥❡❞ ❧❛❜♦r❛t♦r② ❞❛t❛

✐ts❡❧❢✳

✸✳✶ ■s♦tr♦♣✐❝ ✐♥✈❡rs✐♦♥s

❊❧❛st✐❝ ✇❛✈❡ ✈❡❧♦❝✐t✐❡s ❤❛✈❡ ❜❡❡♥ ✇✐❞❡❧② s❤♦✇♥ t♦ ✐♥❝r❡❛s❡ ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ❤②❞r♦✲

st❛t✐❝ ♣r❡ss✉r❡✱ ❜❡❝❛✉s❡ ♦❢ ❝r❛❝❦ ❝❧♦s✉r❡✳ ❈♦♥✈❡rs❡❧② ❛♥❞ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ s❤❡❛r

str❡ss✱ ❡❧❛st✐❝ ✇❛✈❡ ✈❡❧♦❝✐t✐❡s ❝❛♥ ❞❡❝r❡❛s❡ ❞✉❡ t♦ ♥✉❝❧❡❛t✐♦♥ ❛♥❞ ♣r♦♣❛❣❛t✐♦♥

♦❢ ♥❡✇ ♠✐❝r♦❝r❛❝❦s✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❝♦♠♣✐❧❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❜t❛✐♥❡❞

♦♥ t✇♦ ❞✐✛❡r❡♥t r♦❝❦ t②♣❡s✱ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ❝♦♥tr❛st✐♥❣ ✐s♦tr♦♣✐❝ ♠✐❝r♦❝r❛❝❦

❢❛❜r✐❝✱ ❛ ♣♦r♣❤②r✐t✐❝ ❛❧❦❛❧✐ ❜❛s❛❧t ❢r♦♠ ▼♦✉♥t ❊t♥❛ ❛♥❞ ❈❛rr❛r❛ ♠❛r❜❧❡✳

✸✳✶✳✶ ❈r❛❝❦ ❞❡♥s✐t② ❛♥❞ ❛s♣❡❝t r❛t✐♦ ❡✈♦❧✉t✐♦♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❤②✲

❞r♦st❛t✐❝ ♣r❡ss✉r❡

■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❊t♥❡❛♥ ❜❛s❛❧t✱ t❤❡ s✐♠✉❧t❛♥❡♦✉s ❡✈♦❧✉t✐♦♥s ♦❢ P ❛♥❞ ❙ ✇❛✈❡

❡❧❛st✐❝ ✇❛✈❡ ✈❡❧♦❝✐t② ✇❡r❡ ♠❡❛s✉r❡❞ ❞✉r✐♥❣ ❤②❞r♦st❛t✐❝ ❝♦♠♣r❡ss✐♦♥ ♦❢ ✸ ❞✐✛❡r❡♥t

✶✺



r♦❝❦ s❛♠♣❧❡s ✭✸✽✳✶♠♠ ❞✐❛♠❡t❡r ❜② ✹✵♠♠ ❧❡♥❣t❤✮ ❝♦r❡❞ ✐♥ t❤r❡❡ ♦rt❤♦❣♦♥❛❧

❞✐r❡❝t✐♦♥s ✭✜❣✉r❡ ✺❛✮✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥ts✱ ♣❡r❢♦r♠❡❞ ✐♥ ❛ ❤✐❣❤ ♣r❡ss✉r❡ ❝♦♥✜♥✐♥❣

❝❡❧❧ ✐♥st❛❧❧❡❞ ❛t ❯♥✐✈❡rs✐t② ❈♦❧❧❡❣❡ ▲♦♥❞♦♥ ✭❇❡♥s♦♥ ✷✵✵✹✮✱ s❤♦✇❡❞ ♥♦ ♠❛r❦❡❞

❡❧❛st✐❝ ❛♥✐s♦tr♦♣② ✐♥ t❤❡ r♦❝❦✳ ❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ P✲✇❛✈❡ ✈❡❧♦❝✐t✐❡s r❛♥❣❡❞ ❢r♦♠

5.35±0.13 km/s ❛t ✺ ▼P❛ t♦ 5.88±0.12 km/s ❛t ✽✵ ▼P❛❀ ✇❤✐❧❡ ❙✲✇❛✈❡ ✈❡❧♦❝✐t✐❡s

r❛♥❣❡❞ ❢r♦♠ 3.30±0.04 km/s t♦ 3.60±0.04 km/s✳ P ❛♥❞ ❙ ❡❧❛st✐❝ ✇❡r❡ ✐♥✈❡rt❡❞

✉s✐♥❣ ❡q✉❛t✐♦♥s ✭✷✮ ❛♥❞ ✭✸✮✳ ❈r❛❝❦ ❢r❡❡ ❡❧❛st✐❝ ✇❛✈❡ ✈❡❧♦❝✐t✐❡s ✇❡r❡ t❛❦❡♥ ❛s

❡q✉❛❧ t♦ Vp = 6400m/s ❛♥❞ Vs = 3750m/s ✭✐✳❡✳ s♦❧✐❞ ♠❛tr✐① ❡❧❛st✐❝ ♣❛r❛♠❡t❡r

❡q✉❛❧ t♦ E = 100GPa ❛♥❞ ν = 0, 22✮✳ ❚❤❡ ✢✉✐❞ ❜✉❧❦ ♠♦❞✉❧✉s ✇❛s t❛❦❡♥ ❛s

Kf = 2GPa✳

❋✐❣✉r❡ ✺❛ ❝♦♠♣❛r❡s t❤❡ ♠♦❞❡❧ P ❛♥❞ ❙ ❡❧❛st✐❝ ✈❡❧♦❝✐t✐❡s ✭s♦❧✐❞ ❛♥❞ ❞❛s❤❡❞ ❧✐♥❡✮

t♦ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ✭s②♠❜♦❧s✮✳ ❇❡❝❛✉s❡ t❤❡ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ ♦❢ t❤❡

✐♥✈❡rs✐♦♥ ✐s ③❡r♦ ✭✐✳❡✳ P ❛♥❞ ❙ ✇❛✈❡ ✈❡❧♦❝✐t✐❡s ✇❡r❡ ♠♦❞❡❧❡❞ ✉s✐♥❣ ♦♥❧② t✇♦

❞✐st✐♥❝t ♣❛r❛♠❡t❡rs✿ ❝r❛❝❦ ❞❡♥s✐t② ❛♥❞ ❛s♣❡❝t r❛t✐♦✮✱ t❤❡ ✜t ❛♣♣❡❛rs ♣❡r❢❡❝t

✈✐s✉❛❧❧②✱ ✇❡❧❧ ❜❡❧♦✇ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❡rr♦r ❜❛r✳ ❋✐❣✉r❡ ✺❜ s❤♦✇s t❤❡ ❡rr♦r

❝♦♥t♦✉r ♠❛♣s ❜❡t✇❡❡♥ ♠♦❞❡❧❡❞ ❛♥❞ ❞❛t❛ ✈❡❧♦❝✐t✐❡s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❝r❛❝❦ ❞❡♥s✐t②

❛♥❞ ❛s♣❡❝t r❛t✐♦ ❢♦r s❛♠♣❧❡ ❊❇❉✵✶ ❛t 80MPa r❡s♣❡❝t✐✈❡❧②✳ ❆s ✐❧❧✉str❛t❡❞✱

t❤❡ ✐♥✈❡rs✐♦♥ ✐s st❛❜❧❡ ❛s ♦♥❧② ♦♥❡ ♠✐♥✐♠❛ ❝❛♥ ❜❡ ❞✐st✐♥❣✉✐s❤❡❞ ❛♥❞ ❢♦r ❛ ✇❛✈❡

✈❡❧♦❝✐t② ❞♦✉❜❧❡t ✭P✱❙✮ ❝♦rr❡s♣♦♥❞s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ❢♦r t❤❡ ❝r❛❝❦ ❞❡♥s✐t② ❛♥❞

❛s♣❡❝t r❛t✐♦ ❞♦✉❜❧❡t ✭ρ, ζ✮✳ ❆s ❛♥ ♦✉t♣✉t✱ t❤❡ ♠♦❞❡❧ ❣✐✈❡s ❜❛❝❦ t❤❡ ❡✈♦❧✉t✐♦♥

♦❢ ♣❛r❛♠❡t❡rs ✭ρ, ζ✮ ✇✐t❤ ❝♦♥✜♥✐♥❣ ♣r❡ss✉r❡ ✇❤✐❝❤ ❛r❡ ❞✐s♣❧❛②❡❞ ♦♥ ✜❣✉r❡s ✻❛

❛♥❞ ✻❜✳ ❘❡s✉❧t ❢r♦♠ t❤❡ ✐♥✈❡rs✐♦♥ s❤♦✇s ❛ ❞❡❝r❡❛s❡ ✐♥ ❝r❛❝❦ ❞❡♥s✐t② ❢r♦♠ ∼ 0.5

t♦ ∼ 0.35 ❞✉r✐♥❣ ♣r❡ss✉r✐③❛t✐♦♥✱ ✇❤✐❧❡ t❤❡ ❛✈❡r❛❣❡ ❝r❛❝❦ ❛s♣❡❝t r❛t✐♦ ❞❡❝r❡❛s❡s
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❜② ♦♥❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❛♣♣r♦①✐♠❛t❡❧②✳ ❚❤❡ r❡❝♦✈❡r❡❞ ❡✈♦❧✉t✐♦♥ ♦❢ ❛s♣❡❝t

r❛t✐♦✱ ✇❤✐❝❤ ❞r♦♣♣❡❞ s❡✈❡r❡❧② ✇✐t❤✐♥ t❤❡ ✜rst ▼P❛✬s✱ ✐s t❤✉s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❛t

❡①♣❡❝t❡❞ ✐♥t✉✐t✐✈❡❧②✱ ✐✳❡✳ ❡❧❛st✐❝ ❝r❛❝❦ ❝❧♦s✉r❡✳ ❆s ❞✐s♣❧❛②❡❞ ♦♥ ✜❣✉r❡ ✷❝✱ t❤❡

♠♦❞❡❧ ✐♥t❡r♣r❡ts ♥♦t ♦♥❧② t❤❡ ✐♥❝r❡❛s❡ ✐♥ ❜♦t❤ P ❛♥❞ ❙ ✈❡❧♦❝✐t✐❡s✱ ❜✉t ❛❧s♦ t❤❡

❢❛❝t t❤❛t t❤❡ r❛t✐♦ P✴❙ ✐s ❝❤❛♥❣✐♥❣✳ ❚❤✐s ✐s ♣r♦❜❛❜❧② ♦♥❡ ♦❢ t❤❡ ❦❡② ❛❞✈❛♥t❛❣❡s

✐♥ ✉s✐♥❣ ❑❛❝❤❛♥♦✈✬s ❬✶✾✾✹❪ s❝❤❡♠❡ ✇❤❡♥ ♠♦❞❡❧❧✐♥❣ ❡❧❛st✐❝ ♣r♦♣❡rt✐❡s ✐♥ ✐s♦tr♦♣②✳

✸✳✶✳✷ ❈r❛❝❦ ❞❡♥s✐t② ❛♥❞ ❛s♣❡❝t r❛t✐♦ ❡✈♦❧✉t✐♦♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ s❤❡❛r

str❡ss

❈❛rr❛r❛ ♠❛r❜❧❡ ✐s ❛ ✇❡❧❧ ✐♥✈❡st✐❣❛t❡❞ ♠❛r❜❧❡✱ ✇✐t❤ ❝♦❛rs❡ ❣r❛✐♥s✐③❡ ✭150µm✮

❛♥❞ ❛ ✈❡r② ❧♦✇ ✐♥✐t✐❛❧ ❛♥✐s♦tr♦♣② ✭< 1%✮✳ ❙❝❤✉❜♥❡❧ ❡t ❛❧✳ ❬✷✵✵✺❪ ♠❡❛s✉r❡❞

❜♦t❤ P ❛♥❞ ❙ ✇❛✈❡ ✈❡❧♦❝✐t✐❡s ❞✉r✐♥❣ ❛ ❢✉❧❧ tr✐✲❛①✐❛❧ ❝②❝❧❡ ✐♥ ✇❡t ❝♦♥❞✐t✐♦♥s

✭Pc = 260MPa ❛♥❞ Pp = 10MPa✮✳ ■♥✐t✐❛❧ P ✇❛✈❡ ✈❡❧♦❝✐t② ✇❛s ❡q✉❛❧ t♦

5.9 km.s−1 ✇❤✐❧❡ ✜♥❛❧ P✲✇❛✈❡ ✈❡❧♦❝✐t② ✇❛s ❧♦✇❡r t❤❛♥ 3 km.s−1✳ ❋✐❣✉r❡ ✼❛

s❤♦✇s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❜♦t❤ P ❛♥❞ ❙ ✇❛✈❡ ✈❡❧♦❝✐t✐❡s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❡✛❡❝t✐✈❡

♠❡❛♥ str❡ss P= [(σ1 +2σ3)/3−Pp]✳ ■♥ t❤❡ ✜rst ♣❤❛s❡✱ ✈❡❧♦❝✐t✐❡s ✐♥❝r❡❛s❡ ❞✉❡ t♦

❝r❛❝❦ ❝❧♦s✉r❡✳ ❲❤❡♥ t❤❡ ♦♥s❡t ♦❢ ❝r❛❝❦ ♣r♦♣❛❣❛t✐♦♥ ✐s r❡❛❝❤❡❞✱ ✇❛✈❡ ✈❡❧♦❝✐t✐❡s

❜❡❣✐♥ t♦ ❞❡❝r❡❛s❡ r❛♣✐❞❧② ❞✉❡ t♦ ❞❛♠❛❣❡ ❛❝❝✉♠✉❧❛t✐♦♥✳ ❉✉r✐♥❣ t❤❡ s✉❜s❡q✉❡♥t

r❡❧❛①❛t✐♦♥ ♣❡r✐♦❞✱ ✇❛✈❡ ✈❡❧♦❝✐t✐❡s ✐♥❝r❡❛s❡ ❛❣❛✐♥✱ ❜❡❢♦r❡ ❞❡❝r❡❛s✐♥❣ ❞r❛st✐❝❛❧❧②

❞✉❡ t♦ str❡ss r❡❧✐❡❢ ♠✐❝r♦❝r❛❝❦✐♥❣ ❛s ❤②❞r♦st❛t✐❝ str❡ss ✐s r❡♠♦✈❡❞✳ ❖♥ t❤❡ ✜❣✉r❡✱

t❤❡ ✜t ❜❡t✇❡❡♥ ❞❛t❛ ❛♥❞ ♠♦❞❡❧❧❡❞ ✈❡❧♦❝✐t② ❛♣♣❡❛rs ♣❡r❢❡❝t ❢♦r t❤❡ s❛♠❡ r❡❛s♦♥s

❛s ♦♥ ✜❣✉r❡ ✺❛✳ ❚❤✐s t✐♠❡✱ t❤❡ ♠♦❞❡❧ ❝r❛❝❦✲❢r❡❡ ♣❛r❛♠❡t❡rs ✇❡r❡ t❛❦❡♥ ❛s t❤❛t

♦❢ ❛ ♥♦♥✲♣♦r♦✉s ❝❛❧❝✐t❡ ❛❣❣r❡❣❛t❡✱ ✐✳❡✳ E = 100GPa ❛♥❞ ν = 0.32✳ ❋✐❣✉r❡ ✼❜
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s❤♦✇s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❝r❛❝❦ ❞❡♥s✐t② ✭s♦❧✐❞ ❞✐❛♠♦♥❞s✮ ❛♥❞ ❛s♣❡❝t r❛t✐♦ ✭♦♣❡♥

sq✉❛r❡s✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❡✛❡❝t✐✈❡ ♠❡❛♥ str❡ss✳ ❉✉r✐♥❣ t❤❡ ✜rst ♣❤❛s❡✱ ❝r❛❝❦

❞❡♥s✐t② ❞r♦♣s ❢r♦♠ ✵✳✸✺ t♦ ✵✳✷ ✇❤✐❧❡ ❛s♣❡❝t r❛t✐♦ ❞r♦♣s ❢r♦♠ ✵✳✵✶ t♦ ❧♦✇❡r t❤❛♥

✵✳✵✵✶ ✭♠♦r❡ t❤❛♥ ♦♥❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡✮ ✇❤✐❝❤ ❝❧❡❛r❧② s❤♦✇s ❝r❛❝❦ ❝❧♦s✉r❡✳

❉✉r✐♥❣ t❤❡ s❡❝♦♥❞ ♣❤❛s❡✱ ❝r❛❝❦ ❞❡♥s✐t② ✐♥❝r❡❛s❡s s❧✐❣❤t❧② t♦ ✵✳✺ ✇❤✐❧❡ ❛s♣❡❝t

r❛t✐♦ ✐♥❝r❡❛s❡s r❛♣✐❞❧② t♦ ✵✳✺✱ s❤♦✇✐♥❣ t❤❛t ❤✐❣❤ ❛s♣❡❝t r❛t✐♦ ✈♦✐❞s ❛r❡ ❜❡✐♥❣

♦♣❡♥❡❞✱ ✇❤✐❝❤ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ♠✐❝r♦str✉❝t✉r❡ ❛♥❞ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ♠♦❞❡

✐♥ t❤❡ ❝❛t❛❝❧❛st✐❝ r❡❣✐♠❡ ✭❡✳❣✳ ❋r❡❞r✐❝❤ ❡t ❛❧✳ ✶✾✽✾❀ ❙❝❤✉❜♥❡❧ ❡t ❛❧✳ ✷✵✵✺✮✳

❉✉r✐♥❣ t❤❡ r❡❧❛①❛t✐♦♥ ♣❤❛s❡✱ ❝r❛❝❦ ❞❡♥s✐t② r❡♠❛✐♥s ♠♦r❡ ♦r ❧❡ss ❝♦♥st❛♥t ✇❤✐❧❡

t❤❡ ❛s♣❡❝t r❛t✐♦ ❞❡❝r❡❛s❡s✳ ❚❤✐s ♠✐❣❤t ❜❡ ❛ ❝❧❡❛r ❣❡♦♣❤②s✐❝❛❧ s✐❣♥❛t✉r❡ ♦❢ ✈✐s❝♦✲

❡❧❛st✐❝ ❝r❛❝❦ ❝❧♦s✉r❡ ❛♥❞ ❛♣❡rt✉r❡ r❡❞✉❝t✐♦♥ ❛s ♠❡♥t✐♦♥❡❞ ❜② ❇❡❡❧❡r ❛♥❞ ❚✉❧❧✐s

❬✶✾✾✼❪✳ ❚❤❡ ❢♦✉rt❤ ♣❤❛s❡ ❝♦rr❡s♣♦♥❞s t♦ ❛ r❛♣✐❞ ✐♥❝r❡❛s❡ ✐♥ ❜♦t❤ ❝r❛❝❦ ❞❡♥s✐t②

❛♥❞ ❛s♣❡❝t r❛t✐♦ ❞✉❡ t♦ str❡ss r❡❧✐❡❢ ❛♥❞ ❝r❛❝❦ ♦♣❡♥✐♥❣✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡

t❤❛t t❤❡ ✜♥❛❧ ❝r❛❝❦ ❞❡♥s✐t② ✐s ❧❛r❣❡r t❤❛♥ ✶✱ ❛❧t❤♦✉❣❤ ♥♦ ♠❛❝r♦s❝♦♣✐❝ r✉♣t✉r❡

♦r str❛✐♥ ❧♦❝❛❧✐③❛t✐♦♥ ❜❛♥❞ ✇❛s ♦❜s❡r✈❡❞✳

✸✳✷ ❆♥✐s♦tr♦♣✐❝ ✐♥✈❡rs✐♦♥s

▼♦st r♦❝❦s ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛♥✐s♦tr♦♣✐❝ ❝r❛❝❦ ♣❛tt❡r♥✱ ♦❢t❡♥ ❞✉❡ ♣r♦❞✉❝❡❞

❜② ❞❡✈✐❛t♦r✐❝ str❡ss ✜❡❧❞s✳ ❋♦r ❡①❛♠♣❧❡✱ ❛s ❛ r♦❝❦ ❜♦❞② ✐s ❜❡✐♥❣ ❞❡❢♦r♠❡❞

❞✉r✐♥❣ tr✐❛①✐❛❧ ❝♦♠♣r❡ss✐♦♥ ❡①♣❡r✐♠❡♥ts✱ ❝r❛❝❦s ❣r♦✇ ❛♥❞ ♣r♦♣❛❣❛t❡ ❛❧♦♥❣ ♣r❡❢✲

❡r❡♥t✐❛❧ ♦r✐❡♥t❛t✐♦♥s✱ ❧❡❛❞✐♥❣ t♦ ❛♥ ♦✈❡r❛❧❧ ❛♥✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ♣❛tt❡r♥ ✭❍❛❞❧❡②

✶✾✼✺❀ ❙❝❤✉❜♥❡❧ ❡t ❛❧✳ ✷✵✵✸✮✳ ❍♦✇❡✈❡r ❛♥❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ❜❡❝❛✉s❡ t❤❡ ✉♣♣❡r✲

❧✐♠✐t ♦❢ ❛ ♥♦♥✲✐♥t❡r❛❝t✐✈❡ ♠♦❞❡❧ ✐s ♦❜✈✐♦✉s❧② t❤❛t ♦❢ ✐♥st❛❜❧❡ ❝r❛❝❦ ♣r♦♣❛❣❛t✐♦♥✱

✶✽



✇❡ ❞♦ ♥♦t ♣r❡t❡♥❞ t♦ ❞❡❛❧ ✇✐t❤ ❝♦❛❧❡s❝❡♥❝❡ ♦r r✉♣t✉r❡ ♣r♦♣❛❣❛t✐♦♥✱ ❜✉t ✇✐t❤

♣❤❡♥♦♠❡♥❛ ♣r✐♦r t♦ t❤❡s❡✳

✸✳✷✳✶ ❈r❛❝❦ ❞❡♥s✐t② ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❞❡♣t❤ ❛♥❞ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡

●r❛♥♦❞✐♦r✐t❡ s❛♠♣❧❡s r❡tr✐❡✈❡❞ ❢r♦♠ t❤❡ ◆♦❥✐♠❛ ❢❛✉❧t ❝♦r❡ ✇❡r❡ ✐♥✈❡st✐❣❛t❡❞ ❡①✲

♣❡r✐♠❡♥t❛❧❧② ❛t r♦♦♠ ♣r❡ss✉r❡ ❜② ❩❛♠♦r❛ ❡t ❛❧✳ ❬✶✾✾✾❪✳ ❊❧❛st✐❝ ✇❛✈❡ ✈❡❧♦❝✐t✐❡s✱

♠❡❛s✉r❡❞ ✐♥ t❤❡ ❧❛❜♦r❛t♦r② ✭✺✵✵❑❍③✮✱ ❛r❡ ✐♥ ❣♦♦❞ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ s♦♥✐❝ ❧♦❣

♣❡r❢♦r♠❡❞ ❞✉r✐♥❣ ❞r✐❧❧✐♥❣ ✭✶✵❑❍③✱ ❩❛♠♦r❛ ❡t ❛❧✳ ✶✾✾✾✮✳ ■♥ ❜♦t❤ ❞r② ❛♥❞ ✇❡t

❝♦♥❞✐t✐♦♥s✱ P ✇❛✈❡ ✈❡❧♦❝✐t✐❡s ✇❡r❡ ♠❡❛s✉r❡❞ ❛❧♦♥❣ t❤❡ ✈❡rt✐❝❛❧ ❛①✐s ❛♥❞ ❛❧♦♥❣ ✶✽

❞✐✛❡r❡♥t ❞✐r❡❝t✐♦♥s ✐♥ t❤❡ ❤♦r✐③♦♥t❛❧ ♣❧❛♥❡❀ ❙ ✇❛✈❡ ✈❡❧♦❝✐t✐❡s ♣r♦♣❛❣❛t✐♥❣ ❛❧♦♥❣

t❤❡ ✈❡rt✐❝❛❧ ❛①✐s ✇❡r❡ ♠❡❛s✉r❡❞ ❛❧♦♥❣ ✶✽ ❞✐✛❡r❡♥t ❤♦r✐③♦♥t❛❧ ♣♦❧❛r✐③❛t✐♦♥s✳ ❋✐❣✲

✉r❡ ✽ ♣r❡s❡♥ts t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ✭s②♠❜♦❧s✮ ♦❜t❛✐♥❡❞ ♦♥ ✹ ❞✐✛❡r❡♥t s❛♠♣❧❡s✱

r❡tr✐❡✈❡❞ ❛t ✷✷✵✱ ✷✸✷✱ ✸✻✷ ❛♥❞ ✹✷✾ ♠❡t❡rs r❡s♣❡❝t✐✈❡❧②✳ ❲❡t ✈❡❧♦❝✐t✐❡s ❛r❡ ♠❛r❦❡❞

❜② ♣❧❛✐♥ s②♠❜♦❧s✱ ✇❤✐❧❡ ❞r② ✈❡❧♦❝✐t✐❡s ❛r❡ ♠❛r❦❡❞ ❜② ❡♠♣t② s②♠❜♦❧s✳ ❋♦r ❡❛❝❤ ♦❢

t❤❡s❡ s❛♠♣❧❡s✱ ❛ s✐♠✉❧t❛♥❡♦✉s ✐♥✈❡rs✐♦♥ ♦❢ t❤❡ ❞r② ❛♥❞ ✇❡t ❡❧❛st✐❝ ✇❛✈❡ ✈❡❧♦❝✐t②

✜❡❧❞ ✇❛s ♣❡r❢♦r♠❡❞ ✉s✐♥❣ ❡q✉❛t✐♦♥s ✾ ❛♥❞ ✶✵✳ ❈r❛❝❦ ❢r❡❡ ❡❧❛st✐❝ ♣❛r❛♠❡t❡rs ✇❡r❡

t❛❦❡♥ ❛s ❡q✉❛❧ t♦ t❤❛t ♦❢ s❛♠♣❧❡ ✷✸✷ ✭Eo = 85GPa ❛♥❞ νo = 0.25✮✱ ✇❤✐❝❤ ♣r❡✲

s❡♥t❡❞ t❤❡ ❧❡❛st ❛♠♦✉♥t ♦❢ ❞❛♠❛❣❡ ✐♥ t❤❡ ❝♦❧✉♠♥✳ ❚❤❡ ✐♥✈❡rs✐♦♥ ✇❛s ♣❡r❢♦r♠❡❞

s✐♠✉❧t❛♥❡♦✉s❧② ♦♥ ❜♦t❤ ❞r② ✭ δ
1+δ → 0✮ ❛♥❞ s❛t✉r❛t❡❞ ✭δ → 0✮ ❞❛t❛✳ ▼♦❞❡❧❡❞

✈❡❧♦❝✐t✐❡s ❛r❡ r❡♣r❡s❡♥t❡❞ ♦♥ ✜❣✉r❡ ✽ ❛s s♦❧✐❞ ❛♥❞ ❞❛s❤❡❞ ❧✐♥❡s✳ ■t s❤♦✇s t❤❛t

❑❛❝❤❛♥♦✈ ❬✶✾✾✹❪ ♠♦❞❡❧ ✐s ❛❜❧❡✱ ❛t ❛ ❣✐✈❡♥ ❝r❛❝❦ ❞❡♥s✐t②✱ t♦ ❡✛❡❝t✐✈❡❧② ♣r❡❞✐❝t

❜♦t❤ t❤❡ ♦❜s❡r✈❡❞ ❛♥✐s♦tr♦♣② ♣❛tt❡r♥ ❛♥❞ t❤❡ s❛t✉r❛t✐♦♥ ❡✛❡❝ts✳ ■♥ ♣❛rt✐❝✉❧❛r✱

t❤❡ ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ t❤❡ ♠♦❞❡❧❡❞ ✈❡❧♦❝✐t② ✜❡❧❞ ❛♥❞ t❤❡ ❧❛❜♦r❛t♦r② ❞❛t❛ ✐s

✶✾



❡①❝❡❧❧❡♥t✱ ❛t ❧❡❛st ✉♣ t♦ ρ = 0.4 ✭s❛♠♣❧❡ ✹✷✾✮✳ ❆ ❝r❛❝❦ ❞❡♥s✐t② ♦❢ ✵✳✷ ❢♦r s❛♠♣❧❡

✷✷✵✱ ✵✳✶✷✺ ❢♦r s❛♠♣❧❡ ✸✻✷✱ ✵✳✹ ❢♦r s❛♠♣❧❡ ✹✷✾ ✇❛s ❝❛❧❝✉❧❛t❡❞✳ ■❢ t❤❡ ❞✐♣ ♦❢ t❤❡

❞✐str✐❜✉t✐♦♥ ✐s ♥♦t ✇❡❧❧ ❝♦♥str❛✐♥❡❞ ❞✉❡ t♦ t❤❡ ♣❛✉❝✐t② ♦❢ ✈❡rt✐❝❛❧ ♠❡❛s✉r❡♠❡♥ts

✭❛♥❞ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❞✐❛❣♦♥❛❧ ♠❡❛s✉r❡♠❡♥ts ✲ s❡❡ ✜❣✉r❡ ✸ ❛♥❞ ✹✮✱ ✐t ✐s ♥❡✈❡r✲

t❤❡❧❡ss ✐♥ ♦✈❡r❛❧❧ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ❣❡♦❧♦❣✐❝❛❧ s❡tt✐♥❣ ✭❙❝❤✉❜♥❡❧✱ ✷✵✵✷✮✳ ■♥

❛❞❞✐t✐♦♥✱ t❤❡ ❛③✐♠✉t❤ ♦❢ t❤❡ ❝r❛❝❦ ❢❛❜r✐❝ ✐s ✇❡❧❧ ❝♦♥str❛✐♥❡❞ ❛♥❞ ✇❛s ❢♦✉♥❞ t♦

❜❡ ♠♦r❡ ♦r ❧❡ss ❝♦♥st❛♥t ✐♥ t❤❡ ❝♦❧✉♠♥✳ ❯♥❢♦rt✉♥❛t❡❧②✱ ✐t ✇❛s ♥♦t ♣♦ss✐❜❧❡ t♦

❝♦♠♣❛r❡ t❤❛t ✧❡①♣❡r✐♠❡♥t❛❧✧ ❛③✐♠✉t❤ t♦ t❤❡ r❡❣✐♦♥❛❧ s❡tt✐♥❣✱ ❞✉❡ t♦ t❤❡ ❧❛❝❦ ♦❢

♦r✐❡♥t❛t✐♦♥ ♦♥ t❤❡ s❛♠♣❧❡s✳ ❍♦✇❡✈❡r✱ t❤❡ ❛③✐♠✉t❤ ❛♣♣❡❛rs ❝♦♥st❛♥t t❤r♦✉❣❤♦✉t

t❤❡ ❝♦❧✉♠♥ ❛♥❞ t❤✐s ✐s ✇❤❛t ✇♦✉❧❞ ❜❡ ✐♥t✉✐t✐✈❡❧② ❡①♣❡❝t❡❞ ✐♥ ❛ ❢❛✉❧t ③♦♥❡✱ ❣✐✈✐♥❣

✉s ❛❞❞✐t✐♦♥❛❧ ❝♦♥✜❞❡♥❝❡ ✐♥ t❤❡ ♠♦❞❡❧❧✐♥❣ st✉❞②✳

✸✳✷✳✷ ❈r❛❝❦ ❞❡♥s✐t② ❛♥❞ ❛s♣❡❝t r❛t✐♦ ❡✈♦❧✉t✐♦♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ s❤❡❛r

str❡ss

❋✐♥❛❧❧②✱ ✇❡ ♣r❡s❡♥t P ✇❛✈❡ ✈❡❧♦❝✐t✐❡s ♠❡❛s✉r❡♠❡♥ts ❛❧♦♥❣ s❡✈❡r❛❧ ❞✐r❡❝t✐♦♥s

❞✉r✐♥❣ ❛ tr✐✲❛①✐❛❧ ❝♦♠♣r❡ss✐♦♥ ✐♥ ❞r② ❝♦♥❞✐t✐♦♥s ✭Pc = 50MPa✮ ♦♥ ❛ s❛♠♣❧❡

❲❡st❡r❧② ❣r❛♥✐t❡✳ ❚❤❡ ❡①♣❡r✐♠❡♥t ✇❛s ♣❡r❢♦r♠❡❞ ❛t t❤❡ ❯❙●❙ ❛t ▼❡♥❧♦ P❛r❦

✭❚❤♦♠♣s♦♥ ❡t ❛❧✳ ✷✵✵✸✮✳ ■♥✐t✐❛❧ P ✇❛✈❡ ✈❡❧♦❝✐t② ✜❡❧❞ ✇❛s ✐s♦tr♦♣✐❝ ❛♥❞ ❡q✉❛❧

t♦ 5.9 km.s−1 ✇❤✐❧❡ ✜♥❛❧ P ✇❛✈❡ ❛♥✐s♦tr♦♣② ✇❛s ❧❛r❣❡r t❤❛♥ 30%✱ ✇❤✐❝❤ ✐s

❝♦♥s✐st❡♥t ✇✐t❤ ♦❜s❡r✈❛t✐♦♥s ♣❡r❢♦r♠❡❞ ❜② ❙❝❤✉❜♥❡❧ ❡t ❛❧✳ ✷✵✵✸ ❞✉r✐♥❣ tr✐❛①✐❛❧

❝♦♠♣r❡ss✐♦♥ ♦❢ ❖s❤✐♠❛ ❣r❛♥✐t❡✳ ❉❡s♣✐t❡ t❤❡ ♥♦♥✲✐♥t❡r❛❝t✐✈❡ ❝r❛❝❦ ♠♦❞❡❧ ❜❡✐♥❣

❧❡ss r❡❧❡✈❛♥t ❢♦r ❡①♣❡r✐♠❡♥ts ✐♥✈❡st✐❣❛t✐♥❣ ❝r❛❝❦ ♣r♦♣❛❣❛t✐♦♥✱ ✐t ♥❡✈❡rt❤❡❧❡ss
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♣r♦✈✐❞❡s ❛ ✉s❡❢✉❧ t♦♦❧ t♦ st✉❞② ❛♥❞ q✉❛♥t✐❢② t❤❡ ✜rst ♣❤❛s❡ ♦❢ ❝r❛❝❦ ♣r♦♣❛❣❛t✐♦♥✱

✇❤✐❝❤ ✐s st❛❜❧❡ ✐♥ tr✐❛①✐❛❧ ❝♦♠♣r❡ss✐♦♥ ❡①♣❡r✐♠❡♥ts✳ ❋✐❣✉r❡ ✾ ♣r❡s❡♥ts P ✇❛✈❡

✈❡❧♦❝✐t② ❞❛t❛ ✭s②♠❜♦❧s✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ r❛②♣❛t❤ ❛♥❣❧❡ ❛♥❞ s❤❡❛r str❡ss st❡♣s✳

▼♦❞❡❧❧❡❞ ✈❡❧♦❝✐t✐❡s ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② s♦❧✐❞ ❛♥❞ ❞❛s❤❡❞ ❧✐♥❡s✳ ▼♦❞❡❧ ❝r❛❝❦✲

❢r❡❡ ♣❛r❛♠❡t❡rs ✇❡r❡ t❛❦❡♥ ❛s E = 85GPa ❛♥❞ ν = 0.25✳ ❉❛t❛ ❛♥❞ ♠♦❞❡❧

✈❡❧♦❝✐t✐❡s ✜t ✇❡❧❧✱ ❛♥❞ t❤❡ ❛♥✐s♦tr♦♣✐❝ ♣❛tt❡r♥ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❛t ♦❢ r❛❞✐❛❧

❝r❛❝❦s ♣r❡s❡♥t❡❞ ♦♥ ✜❣✉r❡ ✸✱ ❛s ②♦✉ ✇♦✉❧❞ ❡①♣❡❝t ❞✉r✐♥❣ t❤❡ ♣r✐♠❛r② ♣❤❛s❡s ♦❢

❛ tr✐❛①✐❛❧ ❝♦♠♣r❡ss✐♦♥ ❡①♣❡r✐♠❡♥t✳ ❚❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ❝r❛❝❦ ❢❛❜r✐❝ ✐s ✜rst

✈❡rt✐❝❛❧ ❛♥❞ t❤❡♥ ❛♣♣❡❛rs t♦ ❝♦♥t✐♥✉♦✉s❧② ❞✐♠✐♥✐s❤✿ ❛t ✻✶✼▼P❛✱ t❤❡ ♠❡❛♥ ❝r❛❝❦

❢❛❜r✐❝ ❞✐♣ ✐s 78o ✇✐t❤ r❡s♣❡❝t t♦ ❤♦r✐③♦♥t❛❧✱ ✇❤✐❧❡ t❤❡ ❝r❛❝❦ ❞❡♥s✐t② ✐s s❤♦✇♥ t♦

✐♥❝r❡❛s❡ ✉♣ t♦ ✵✳✹✹✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ q✉❛❧✐t② ♦❢ t❤❡ ✐♥✈❡rs✐♦♥✱ ❛❧t❤♦✉❣❤ ♣♦♦r❧②

❝♦♥str❛✐♥❡❞ ✭♦♥❧② P ✇❛✈❡s✮ ✐s st❛❜❧❡ ❛♥❞ ❝♦❤❡r❡♥t✳ ❚❤❡ P ✇❛✈❡ ❛♥✐s♦tr♦♣②

♣❛tt❡r♥✱ ✐s ♦♥❝❡ ❛❣❛✐♥✱ ✈❡r② ✇❡❧❧ r❡♣r♦❞✉❝❡❞✳

✹ ❉✐s❝✉ss✐♦♥ ❛♥❞ ❝♦♥❝❧✉s✐♦♥s

❋♦r ✈❛❧✐❞❛t✐♦♥✱ ✇❡ ❝♦♠♣❛r❡ ♦✉r ♠♦❞❡❧ t♦ t❤❛t ♦❢ ❛ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ ❞❛♠✲

❛❣❡ ❡✈♦❧✉t✐♦♥ ✉s✐♥❣ t❤❡ P❛rt✐❝❧❡ ❋❧♦✇ ❈♦❞❡ ✐♥ ✸ ❉✐♠❡♥s✐♦♥s ✭■t❛s❝❛ ❈♦♥s✉❧t✐♥❣

●r♦✉♣✮✳ ❋✐rst✱ ❛ ❧❛❜♦r❛t♦r② st✉❞② ✇❛s ❝♦♥❞✉❝t❡❞ ✐♥ ✇❤✐❝❤ ❛ ✺✵ ♠♠ ❝✉❜✐❝ s❛♠♣❧❡

♦❢ ❈r♦ss❧❛♥❞ ❍✐❧❧ s❛♥❞st♦♥❡ ✇❛s s✉❜❥❡❝t❡❞ t♦ tr✉❡ tr✐❛①✐❛❧ ❧♦❛❞✐♥❣ ✇✐t❤ ✈❡❧♦❝✲

✐t② ♠❡❛s✉r❡♠❡♥ts t❛❦❡♥ ♣❛r❛❧❧❡❧ t♦ ❡❛❝❤ ♦❢ t❤❡ ♣r✐♥❝✐♣❛❧ str❡ss ❞✐r❡❝t✐♦♥s✳ ❚❤❡

❡①♣❡r✐♠❡♥t ✇❛s ♣❡r❢♦r♠❡❞ ❛t ■♠♣❡r✐❛❧ ❈♦❧❧❡❣❡ ▲♦♥❞♦♥ ✭❑✐♥❣ ✷✵✵✷✮ ❛♥❞ t❤❡♥

s✐♠✉❧❛t❡❞ ✇✐t❤ ❛ ❞✐st✐♥❝t ❡❧❡♠❡♥t ♠♦❞❡❧❧✐♥❣ ❛♣♣r♦❛❝❤ ✉s✐♥❣ P❋❈✸❉✳ ■♥ t❤❡ ♥✉✲
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♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥t✱ t❤❡ s❛♠♣❧❡ ♦❢ ❈r♦ss❧❛♥❞ ❍✐❧❧ s❛♥❞st♦♥❡ ✇❛s s✐♠✉❧❛t❡❞ ❜②

❛♥ ❛ss❡♠❜❧❛❣❡ ♦❢ ✷✵✱✵✵✵ s♣❤❡r✐❝❛❧ ♣❛rt✐❝❧❡s ❝❧♦s❡❧② ♣❛❝❦❡❞ ❛♥❞ ❜♦♥❞❡❞ t♦❣❡t❤❡r

❛t ♣♦✐♥ts ♦❢ ❝♦♥t❛❝t✳ P❛rt✐❝❧❡ st✐✛♥❡ss❡s ❛♥❞ ❜♦♥❞ str❡♥❣t❤s ✇❡r❡ s❡t s✉❝❤ t❤❛t

t❤❡ ♠❛❝r♦ st✐✛♥❡ss ❛♥❞ str❡♥❣t❤ ♦❢ t❤❡ ♠♦❞❡❧ ♠❛t❝❤❡❞ t❤❛t ♦❢ t❤❡ ❛❝t✉❛❧ r♦❝❦✳

❚❤❡ ♥✉♠❡r✐❝❛❧ ♠♦❞❡❧ ❛♥❞ t❤❡ ❛❝t✉❛❧ r♦❝❦ s❛♠♣❧❡ ✇❡r❡ ❜♦t❤ s✉❜❥❡❝t❡❞ t♦ t✇♦

❡♣✐s♦❞❡s ♦❢ ❤②❞r♦st❛t✐❝ ❧♦❛❞✐♥❣ ✉♣ t♦ ✶✵✵ ▼P❛ ❛♥❞ t❤❡♥ ❞❡✈✐❛t♦r✐❝ ❧♦❛❞✐♥❣s✳ ❘❡✲

s✉❧ts ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♥❞ ❧❛❜♦r❛t♦r② st✉❞② ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❍❛③③❛r❞ ❛♥❞ ❨♦✉♥❣

✭✷✵✵✹✮✳ ❚❤❡ ♠♦❞❡❧ ✐s ❢✉❧❧② ❞②♥❛♠✐❝ s♦ t❤❛t ❝❤❛♥❣❡s ✐♥ ✇❛✈❡ ✈❡❧♦❝✐t✐❡s ❝❛♥ ❜❡

♠❡❛s✉r❡❞ ✇✐t❤ ❝❤❛♥❣❡s ✐♥ str❡ss✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ✬❝r❛❝❦s✬ ✐♥ t❤❡ ♠♦❞❡❧ ✇❛s t❤❡♥

❞✐r❡❝t❧② ❝♦✉♥t❡❞✳ ❋✐❣✉r❡ ✶✵ ❝♦♠♣❛r❡s t❤❡ ❝r❛❝❦ ❞❡♥s✐t✐❡s ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ ♠❡❛✲

s✉r❡❞ ✈❡❧♦❝✐t✐❡s ❛♥❞ ✉s✐♥❣ ❡q✉❛t✐♦♥s ✭✷✲✸✮✱ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❝r❛❝❦ ❞❡♥s✐t✐❡s

❝❛❧❝✉❧❛t❡❞ ❜② ❞✐r❡❝t❧② ❝♦✉♥t✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❝r❛❝❦s ✭♦r ❜r♦❦❡♥ ❜♦♥❞s✮ ✐♥ t❤❡

♥✉♠❡r✐❝❛❧ ❛ss❡♠❜❧❛❣❡✳ ❚♦ ❛rr✐✈❡ ❛t t❤❡ ❝✉r✈❡ ❢♦r ✬❞✐r❡❝t ❝♦✉♥t✐♥❣✬✱ ❛❧❧ ❝r❛❝❦s

✇❡r❡ ❛ss✉♠❡❞ t♦ ❜❡ ❝❧♦s❡❞ ❛t ✶✵✵ ▼P❛ ❤②❞r♦st❛t✐❝ str❡ss ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢

♣❛rt✐❝❧❡✲♣❛rt✐❝❧❡ ❝♦♥t❛❝ts ❛♥❞ ❜♦♥❞s ❜r♦❦❡♥ r❡❧❛t✐✈❡ t♦ t❤✐s str❡ss st❛t❡ ✇❡r❡

❝♦✉♥t❡❞ ❛s ❝r❛❝❦s✳ ▼♦r❡♦✈❡r✱ ❝r❛❝❦s ✇❡r❡ ❛ss✉♠❡❞ t♦ ❤❛✈❡ ❛ r❛❞✐✉s ❡q✉❛❧ t♦ t❤❡

♣❛rt✐❝❧❡ s✐③❡✳ ■t ✐s ❝❧❡❛r t❤❛t t❤❡r❡ ✐s ❛ ❢❛✐r❧② ❣♦♦❞ ♠❛t❝❤ ❜❡t✇❡❡♥ t❤❡ ❞✐r❡❝t❧②

❝♦✉♥t❡❞ ❛♥❞ ❝❛❧❝✉❧❛t❡❞ ❝r❛❝❦ ❞❡♥s✐t✐❡s✱ ✇❤✐❝❤ ✈❛❧✐❞❛t❡s t❤❡ ♠♦❞❡❧❧✐♥❣✳ ❍♦✇❡✈❡r✱

t❤❡ ❞✐r❡❝t ❝♦✉♥t✐♥❣ s❡❡♠s t♦ s②st❡♠❛t✐❝❛❧❧② ♦✈❡r❡st✐♠❛t❡ t❤❡ ❝r❛❝❦ ❞❡♥s✐t②✳ ❚❤✐s

✐s ♣r♦❜❛❜❧② ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❡ ❝r❛❝❦ r❛❞✐✉s ❛r❡ ♦✈❡r❡st✐♠❛t❡❞ ✇❤❡♥ t❛❦❡♥ ❛s

❡q✉❛❧ t♦ t❤❡ ♣❛rt✐❝❧❡s r❛❞✐✉s✳ ❍❡♥❝❡✱ ❞❡✈✐❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡♦r❡t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐✲

❝❛❧ ♠♦❞❡❧❧✐♥❣ ✐♥❝r❡❛s❡s ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ❝r❛❝❦ ❞❡♥s✐t②✳ ❚❤✐s ♠❛② ❛❧s♦ r❡✢❡❝t t❤❡

❢❛❝t t❤❛t t❤❡ ♠❛t❡r✐❛❧ ✐s ♥♦ ❧♦♥❣❡r ✐s♦tr♦♣✐❝ ❛♥❞ t❤❛t ❛ ❚r❛♥s✈❡rs❡❧② ■s♦tr♦♣✐❝
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❢♦r♠✉❧❛t✐♦♥ ♠✐❣❤t ♣r♦❞✉❝❡ ❜❡tt❡r r❡s✉❧ts✳

■♥ ❝♦♥❝❧✉s✐♦♥✱ ❜② ✉s✐♥❣ ♥♦♥✲✐♥t❡r❛❝t✐✈❡ ❝r❛❝❦ ❡✛❡❝t✐✈❡ ♠❡❞✐✉♠ t❤❡♦r② ❛s ❛

❢✉♥❞❛♠❡♥t❛❧ t♦♦❧✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❝r❛❝❦❡❞ r♦❝❦ ❞r② ❛♥❞ ✇❡t ❡❧❛st✐❝

♣r♦♣❡rt✐❡s ✐♥ t❡r♠s ♦❢ ❛ ❝r❛❝❦ ❞❡♥s✐t② t❡♥s♦r✱ ❛✈❡r❛❣❡ ❝r❛❝❦ ❛s♣❡❝t r❛t✐♦ ❛♥❞

♠❡❛♥ ❝r❛❝❦ ❢❛❜r✐❝ ♦r✐❡♥t❛t✐♦♥ ✉s✐♥❣ t❤❡ s♦❧✐❞ ❣r❛✐♥s ❛♥❞ ✢✉✐❞ ❡❧❛st✐❝ ♣r♦♣❡rt✐❡s

s♦❧❡❧②✳ ❯s✐♥❣ t❤❡ s❛♠❡ ♠❡t❤♦❞✱ ❜♦t❤ t❤❡ ❛♥✐s♦tr♦♣② ❛♥❞ s❤❡❛r ✇❛✈❡ s♣❧✐tt✐♥❣

♦❢ ❡❧❛st✐❝ ✇❛✈❡s ❝❛♥ ❜❡ ❞❡r✐✈❡❞✳ ❚✇♦ s✐♠♣❧❡ ❝r❛❝❦ ❞✐str✐❜✉t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❝♦♥✲

s✐❞❡r❡❞ ❢♦r ✇❤✐❝❤ t❤❡ ♣r❡❞✐❝t❡❞ ❛♥✐s♦tr♦♣② ❞❡♣❡♥❞s str♦♥❣❧② ♦♥ t❤❡ s❛t✉r❛t✐♦♥✱

r❡❛❝❤✐♥❣ ✉♣ t♦ 60% ✐♥ t❤❡ ❞r② ❝❛s❡✳

❈♦♠♣❛r✐s♦♥ ✇✐t❤ ❛✈❛✐❧❛❜❧❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ s❤♦✇s t❤❛t t❤❡ r❛♥❣❡ ♦❢ ✈❛❧✐❞✐t②

♦❢ ♥♦♥ ✐♥t❡r❛❝t✐✈❡ ❝r❛❝❦ t❤❡♦r② ❡①t❡♥❞s ✉♣ t♦ ❛t ❧❡❛st ❛ t♦t❛❧ ❝r❛❝❦ ❞❡♥s✐t② ♦❢

0.5 ❛♥❞ t♦ s②♠♠❡tr✐❡s ✉♣ t♦ ♦rt❤♦r❤♦♠❜✐❝✳ ■♥ t❤❡ ✐s♦tr♦♣✐❝ ❝❛s❡✱ ❑❛❝❤❛♥♦✈✬s

❬✶✾✾✹❪ ♠♦❞❡❧ ✇❛s ✉s❡❞ ✐♥ ♦r❞❡r t♦ ✐♥✈❡rt ❡❧❛st✐❝ ✇❛✈❡ ✈❡❧♦❝✐t✐❡s ❛♥❞ ✐♥❢❡r ❜♦t❤

❝r❛❝❦ ❞❡♥s✐t② ❛♥❞ ❛s♣❡❝t r❛t✐♦ ❡✈♦❧✉t✐♦♥s✳ ■♥✈❡rs✐♦♥s r❡s✉❧ts ✇❡r❡ st❛❜❧❡ ❛♥❞

❝♦❤❡r❡♥t ✐♥ t❡r♠ ♦❢ ❝r❛❝❦ ❞❡♥s✐t② ❛♥❞ ❛♣❡rt✉r❡ ❡✈♦❧✉t✐♦♥s✳ ■♥ t❤❡ ❛♥✐s♦tr♦♣✐❝

❝❛s❡s✱ ❛♥✐s♦tr♦♣② ♣❛tt❡r♥s ✇❡r❡ ✇❡❧❧ r❡♣r♦❞✉❝❡❞ ❜② t❤❡ ♠♦❞❡❧❧✐♥❣ ❛❧❧♦✇✐♥❣ t❤❡

♠❡❛♥ ❝r❛❝❦ ❢❛❜r✐❝ ♦r✐❡♥t❛t✐♦♥s t♦ ❜❡ r❡❝♦✈❡r❡❞✳ ■♥✈❡rs✐♦♥ r❡s✉❧ts ❛❣r❡❡❞ ✈❡r②

✇❡❧❧ ✇✐t❤ t❤❡ ❞❛t❛ ❛♥❞ ✇❡r❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ♠✐❝r♦str✉❝t✉r❡ ♦❢ t❤❡ ❞✐✛❡r❡♥t

r♦❝❦s ✐♥✈❡st✐❣❛t❡❞ ❤❡r❡✳ ■t ♥❡❡❞ t♦ ❜❡ ♣♦✐♥t❡❞ t❤❛t ❢♦r ❝r❛❝❦ ❞❡♥s✐t✐❡s ❧❛r❣❡r

t❤❛♥ 0.5✱ t❤❡ ♣r❡❞✐❝t✐♦♥s ♦❢ t❤❡ ♠♦❞❡❧ ❛r❡ ❧❡ss ❛❝❝✉r❛t❡ ❜✉t ✇♦✉❧❞ ♥❡✈❡rt❤❡❧❡ss

r❡♠❛✐♥ ✇✐t❤✐♥ t❤❡ s❛♠❡ ♣❤②s✐❝❛❧ tr❡♥❞✱ ✇❤✐❝❤ ✐s ❛ ♠❛❥♦r ❞✐✛❡r❡♥❝❡ ✇✐t❤ t❤❡

❙❡❧❢✲❈♦♥s✐st❡♥t ♠❡t❤♦❞ ✭❖✬❈♦♥❡❧❧ ❛♥❞ ❇✉❞✐❛♥s❦② ✶✾✼✺✮✳ ❆ ♥❛t✉r❛❧ ❡①t❡♥s✐♦♥ ♦❢

✷✸



t❤✐s ✇♦r❦ ✇♦✉❧❞ ❜❡ t♦ tr② ♠♦❞❡❧❧✐♥❣ ♣❡r♠❡❛❜✐❧✐t② ❡✈♦❧✉t✐♦♥s ❢r♦♠ ✈❡❧♦❝✐t② ❞❛t❛✱

❛s ❛tt❡♠♣t❡❞ ❜② ❇❡♥s♦♥ ❡t ❛❧✳ ✷✵✵✺ ❛♥❞✴♦r ✐♥❝♦r♣♦r❛t❡ ✐♥t♦ t❤❡ ✐♥✈❡rs✐♦♥ t❤❡

♣♦r♦s✐t② ❞❛t❛✳

■♥ s✉♠♠❛r②✱ ♦✉r r❡s✉❧ts ✐❧❧✉str❛t❡ t❤❛t✿ ✭✶✮ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♣r❡❞✐❝t ❛♥✐s♦tr♦♣②

✐♥ t❡r♠s ♦❢ ❛ ❝r❛❝❦ ❞❡♥s✐t② t❡♥s♦r ❛♥❞ ♠❡❛♥ ❛s♣❡❝t r❛t✐♦ ✉s✐♥❣ ♥♦♥✲✐♥t❡r❛❝t✐✈❡

❝r❛❝❦ t❤❡♦r②✱ ✭✷✮ ✉s✐♥❣ ✧✇❡❧❧ ❝♦♥str❛✐♥❡❞✧ ❧❛❜♦r❛t♦r② ❞❛t❛✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✐♥✲

✈❡st✐❣❛t❡ ❝r❛❝❦ ❞❡♥s✐t②✱ ❛♥✐s♦tr♦♣② ❛♥❞ s❛t✉r❛t✐♦♥ ✉s✐♥❣ ✇❛✈❡ ✈❡❧♦❝✐t② ✐♥✈❡rs✐♦♥✳

❯♥❢♦rt✉♥❛t❡❧②✱ s✉❝❤ ❦✐♥❞ ♦❢ ❡①t❡♥s✐✈❡ ✇❛✈❡ ✈❡❧♦❝✐t② ❞❛t❛ ✐s ✈❡r② r❛r❡ ✐♥ t❤❡ ❧✐t✲

❡r❛t✉r❡✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

❚❤❡ ❛✉t❤♦rs ✇♦✉❧❞ ❧✐❦❡ t♦ ❛❝❦♥♦✇❧❡❞❣❡ ❉r✳ ▼❛r✐❛ ❩❛♠♦r❛✱ ❉r✳ ❆♥♥❡ ▼❛r✐❡

❇♦✉❧✐❡r ❛♥❞ Pr♦❢✳ P❤✐❧✐♣♣❡ P❡③③❛r❞ ❢♦r ♣r♦✈✐❞✐♥❣ t❤❡ ❞❛t❛ ♦♥ t❤❡ ◆♦❥✐♠❛ ❢❛✉❧t

❝♦r❡✳ ❉r✳ ❙❡r❣✐♦ ❱✐♥❝✐❣✉❡rr❛✱ ❈♦♥❝❡tt❛ ❚r♦✈❛t♦ ❛♥❞ Pr♦❢❡ss♦r P❤✐❧✐♣ ▼❡r❡❞✲

✐t❤ ♣r♦✈✐❞❡❞ t❤❡ ❯❈▲ ❞❛t❛ ❛♥❞ s❤♦✉❧❞ ❜❡ t❤❛♥❦❡❞✳ ❉r✳ ▲✉✐❣✉✐ ❇✉r❧✐♥✐ ❛♥❞

❏érô♠❡ ❋♦rt✐♥ ❤❡❧♣❡❞ ❛❝q✉✐r✐♥❣ t❤❡ ❞❛t❛ ♦♥ ❈❛rr❛r❛ ♠❛r❜❧❡✳ ❚❤✐s ✇♦r❦ ✇❛s

❞❡✈❡❧♦♣❡❞ t❤❛♥❦s t♦ ♠❛♥② ✉s❡❢✉❧ ❞✐s❝✉ss✐♦♥s ✇✐t❤ Pr♦❢✳ ▼❛r❦ ❑❛❝❤❛♥♦✈ ❛♥❞

Pr♦❢✳ ❨✈❡s ●✉é❣✉❡♥✳ ❆❞❞✐t✐♦♥❛❧ ❛♥❞ ✉s❡❢✉❧ ❝♦♠♠❡♥ts ✇❡r❡ ♣r♦✈✐❞❡❞ ❜② ❉r✳

❉❛✈✐❞ ❈♦❧❧✐♥s ❛♥❞ ❉r✳▼✳❍✳❇✳ ◆❛ss❡r✐✳ ❋✐♥❛❧❧②✱ t❤✐s st✉❞② ✇❛s s✉♣♣♦rt❡❞ ❜② ❛♥

◆❙❊❘❈ ❞✐s❝♦✈❡r② ❣r❛♥t ♦❜t❛✐♥❡❞ ❜② Pr♦❢✳ ❘✳P❛✉❧ ❨♦✉♥❣✳
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❘❡❢❡r❡♥❝❡s

❇❡❡❧❡r✱ ◆✳▼✳ ❛♥❞ ❚✉❧❧✐s✱ ❚✳❊✳ ✭✶✾✾✼✮✱ ❚❤❡ r♦❧❡s ♦❢ t✐♠❡ ❛♥❞ ❞✐s♣❧❛❝❡♠❡♥t ✐♥

✈❡❧♦❝✐t②❞❡♣❡♥❞❡♥t ✈♦❧✉♠❡tr✐❝ str❛✐♥ ♦❢ ❢❛✉❧t ③♦♥❡s✱ ❏●❘✱ ✶✵✷✱ ✷✷✺✾✺✲✷✷✻✵✾✳

❇❡♥s♦♥✱ P✳ ▼✳ ✭✷✵✵✹✮✱ ❊①♣❡r✐♠❡♥t❛❧ st✉❞② ♦❢ ✈♦✐❞ s♣❛❝❡✱ ♣❡r♠❡❛❜✐❧✐t② ❛♥❞ ❡❧❛st✐❝

❛♥✐s♦tr♦♣② ✐♥ ❝r✉st❛❧ r♦❝❦ ✉♥❞❡r ❛♠❜✐❡♥t ❛♥❞ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡✱ P❤✳❉✳ t❤❡s✐s✱

✷✼✷♣♣✳✱ ❯♥✐✈❡rs✐t② ♦❢ ▲♦♥❞♦♥✱ ▲♦♥❞♦♥✳

❇❡♥s♦♥ P✳✱ ❙❝❤✉❜♥❡❧ ❆✳✱ ❱✐♥❝✐❣✉❡rr❛ ❙✳✱ ❚r♦✈❛t♦ ❈✳✱ ▼❡r❡❞✐t❤ ♣✳ ❛♥❞ ❨♦✉♥❣

❘✳P✳ ✭✷✵✵✺✮✱ ▼♦❞❡❧❧✐♥❣ t❤❡ ♣❡r♠❡❛❜✐❧✐t② ❡✈♦❧✉t✐♦♥ ♦❢ ♠✐❝r♦✲❝r❛❝❦❡❞ r♦❝❦s ❢r♦♠

❡❧❛st✐❝ ✇❛✈❡ ✈❡❧♦❝✐t② ✐♥✈❡rs✐♦♥ ❛t ❡❧❡✈❛t❡❞ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡✱ s✉❜♠✐tt❡❞ t♦

❏●❘✳

❇r❛❝❡✱ ❲✳❋✳✱ ❲❛❧s❤✱ ❏✳❇✳✱ ❛♥❞ ❋r❛♥❣♦s✱ ❲✳❚✳ ✭✶✾✻✽✮✱ P❡r♠❡❛❜✐❧✐t② ♦❢ ❣r❛♥✐t❡

✉♥❞❡r ❤✐❣❤ ♣r❡ss✉r❡✱ ❏●❘✱ ✼✸✱ ✷✷✷✺✲✷✷✸✻✳

❇r♦✇♥✱ ❘✳✱ ❛♥❞ ❑♦rr✐♥❣❛✱ ❏✳ ✭✶✾✼✺✮✱ ❖♥ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❡❧❛st✐❝ ♣r♦♣❡rt✐❡s

♦❢ ❛ ♣♦r♦✉s r♦❝❦ ♦♥ t❤❡ ❝♦♠♣r❡ss✐❜✐❧✐t② ♦❢ t❤❡ ♣♦r❡ ✢✉✐❞✱ ●❡♦♣❤②s✐❝s✱ ✹✵✱ ✻✵✽✲✻✶✻✳

❈❤❡♥❣✱ ❈✳❍✳ ❛♥❞ ❚♦❦s♦③✱ ▼✳◆✳ ✭✶✾✼✾✮✱ ■♥✈❡rs✐♦♥ ♦❢ s❡✐s♠✐❝ ✈❡❧♦❝✐t✐❡s ❢♦r t❤❡

♣♦r❡ ❛s♣❡❝t r❛t✐♦ s♣❡❝tr✉♠ ♦❢ ❛ r♦❝❦✱ ❏●❘✱ ✽✹✱ ✼✺✸✸✲✼✺✹✸✳

❈❤✉♥✱ ❑✳✲❨✳✱ ●✳ ❆✳ ❍❡♥❞❡rs♦♥✱ ❛♥❞ ❏✳ ▲✐✉ ✭✷✵✵✹✮✱ ❚❡♠♣♦r❛❧ ❝❤❛♥❣❡s ✐♥ P ✇❛✈❡

❛tt❡♥✉❛t✐♦♥ ✐♥ t❤❡ ▲♦♠❛ Pr✐❡t❛ r✉♣t✉r❡ ③♦♥❡✱ ❏●❘✱ ✶✵✾✱ ❇✵✷✸✶✼✱ ❞♦✐✿✶✵✳✶✵✷✾✴✷✵✵✸❏❇✵✵✷✹✾✽✳

❊s❤❡❧❜②✱ ❏✳❉✳ ✭✶✾✺✼✮✱ ❚❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❡❧❛st✐❝ ✜❡❧❞ ❢♦r ❛♥ ❡❧❧✐♣t✐❝❛❧ ✐♥✲

❝❧✉s✐♦♥ ❛♥❞ r❡❧❛t❡❞ ♣r♦❜❧❡♠s✱ Pr♦❝✳ ❘✳ ❙♦❝✳ ▲♦♥❞♦♥✱ ❙❡r✳ ❆✱ ✷✹✶✱ ✸✼✻✲✸✾✻✳

❋r❡❞r✐❝❤✱ ❏✳❚✳✱ ❊✈❛♥s✱ ❇✳ ❡t ❲♦♥❣✱ ❚✲❋✳ ✭✶✾✽✾✮✱ ▼✐❝r♦♠❡❝❤❛♥✐❝s ♦❢ t❤❡ ❜r✐tt❧❡

t♦ ♣❧❛st✐❝ tr❛♥s✐t✐♦♥ ✐♥ ❈❛rr❛r❛ ♠❛r❜❧❡✱ ❏●❘✱ ✾✹✱ ✹✶✷✾✲✹✶✹✺✳

●❛♦✱ ❨✳✱ ❛♥❞ ❙✳ ❈r❛♠♣✐♥ ✭✷✵✵✹✮✱ ❖❜s❡r✈❛t✐♦♥s ♦❢ str❡ss r❡❧❛①❛t✐♦♥ ❜❡❢♦r❡ ❡❛rt❤✲

✷✺



q✉❛❦❡s✱ ●❡♦♣❤②s✳ ❏✳■♥t✳✱ ✶✺✼✱ ✺✼✽✲✺✽✷✳

●✉é❣✉❡♥✱ ❨✳ ❛♥❞ ❆✳ ❙❝❤✉❜♥❡❧ ✭✷✵✵✸✮✱ ❊❧❛st✐❝ ❲❛✈❡ ❱❡❧♦❝✐t✐❡s ❛♥❞ P❡r♠❡❛❜✐❧✐t②

♦❢ ❈r❛❝❦❡❞ ❘♦❝❦s✱ ❚❡❝t♦♥♦♣❤②s✐❝s✱ ✸✼✵✱ ✶✻✸✲✶✼✻✳

❍❛❞❧❡②✱ ❑✳ ✭✶✾✼✺✮✱ ❆③✐♠✉t❤❛❧ ✈❛r✐❛t✐♦♥ ♦❢ ❞✐❧❛t❛♥❝②✱ ❏●❘✱ ✽✵✱ ✹✽✹✺✲✹✽✺✵✱ ✶✾✼✺✳

❍❛③③❛r❞ ❏✳❋✳ ❛♥❞ ❨♦✉♥❣ ❘✳P✳ ✭✷✵✵✹✮✱ ◆✉♠❡r✐❝❛❧ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ✐♥❞✉❝❡❞ ❝r❛❝❦✲

✐♥❣ ❛♥❞ s❡✐s♠✐❝ ✈❡❧♦❝✐t② ❝❤❛♥❣❡s ✐♥ ❜r✐tt❧❡ r♦❝❦✱ ●❘▲✱ ✸✶✱ ❆rt✳ ◆♦✳ ▲✵✶✻✵✹✳

❍✉❞s♦♥✱ ❏✳❆✳ ✭✶✾✽✶✮✱ ❲❛✈❡ s♣❡❡❞s ❛♥❞ ❛tt❡♥✉❛t✐♦♥ ♦❢ ❡❧❛st✐❝ ✇❛✈❡s ✐♥ ♠❛t❡r✐❛❧

❝♦♥t❛✐♥✐♥❣ ❝r❛❝❦s✱ ●❡♦♣❤②s✳ ❏✳ ❘✳ ❆str✳ ❙♦❝✳✱ ✻✹✱ ✶✸✸✲✶✺✵✳

❍✉❞s♦♥✱ ❏✳❆✳ ✭✶✾✽✷✮✱ ❖✈❡r❛❧❧ ♣r♦♣❡rt✐❡s ♦❢ ❛ ❝r❛❝❦❡❞ s♦❧✐❞✱ ▼❛t❤✳ Pr♦❝✳ ❈❛♠✲

❜r✐❞❣❡ P❤✐❧✳ ❙♦❝✳✱ ✽✽✱ ✸✼✶✲✸✽✹✳

❍✉❞s♦♥✱ ❏✳❆✳ ✭✶✾✽✻✮✱ ❆ ❤✐❣❤❡r ♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ t♦ t❤❡ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥

❝♦♥st❛♥ts ❢♦r ❛ ❝r❛❝❦❡❞ s♦❧✐❞s✱ ●❡♦♣❤②s✳ ❏✳ ❘✳ ❆str✳ ❙♦❝✳✱ ✽✼✱ ✷✻✺✲✷✼✹✳

❑❛❝❤❛♥♦✈✱ ▼✳✱ ✭✶✾✾✹✮✱ ❊❧❛st✐❝ s♦❧✐❞s ✇✐t❤ ♠❛♥② ❝r❛❝❦s ❛♥❞ r❡❧❛t❡❞ ♣r♦❜❧❡♠s✱

❆❞✈✳ ❆♣♣❧✳▼❡❝❤✳✱ ✸✵ ✷✺✾✲✹✹✺✳

❑❡r♥✱ ❍✳ ✭✶✾✼✽✮✱ ❚❤❡ ❊✛❡❝t ♦❢ ❍✐❣❤ ❚❡♠♣❡r❛t✉r❡ ❛♥❞ ❍✐❣❤ ❈♦♥✜♥✐♥❣ Pr❡ss✉r❡

♦♥ ❈♦♠♣r❡ss✐♦♥❛❧ ❲❛✈❡ ❱❡❧♦❝✐t✐❡s ✐♥ ◗✉❛rt③ ❇❡❛r✐♥❣ ❛♥❞ ◗✉❛rt③ ❋r❡❡ ■❣♥❡♦✉s

❛♥❞ ▼❡t❛♠♦r♣❤✐❝ ❘♦❝❦s✱ ❚❡❝t♦♥♦♣❤②s✐❝s✱ ✹✹✱ ✶✽✺✲✷✵✸✳

❑❡r♥✱ ❍✳✱ ▲✐✉✱ ❇✳✱ ❛♥❞ P♦♣♣✱ ❚✳ ✭✶✾✾✼✮✱ ❘❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❆♥✐s♦tr♦♣② ♦❢ P

❛♥❞ ❙ ✇❛✈❡ ✈❡❧♦❝✐t✐❡s ❛♥❞ ❆♥✐s♦tr♦♣② ♦❢ ❆tt❡♥✉❛t✐♦♥ ✐♥ ❙❡r♣❡♥t✐♥✐t❡ ❛♥❞ ❆♠✲

♣❤✐❜♦❧✐t❡✱ ❏●❘✱ ✶✵✷✱ ✸✵✺✶✲✸✵✻✺✳

❑✐♥❣ ▼✳❙✳ ✭✷✵✵✷✮✱ ❊❧❛st✐❝ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❛♥❞ ♣❡r♠❡❛❜✐❧✐t② ❢♦r r♦❝❦s ✇✐t❤

♠✉❧t✐♣❧❡ ♣❛r❛❧❧❡❧ ❢r❛❝t✉r❡s✱ ■♥t✳ ❏✳ ❘♦❝❦ ▼❡❝❤✳ ▼✐♥✳ ❙❝✐✳✱ ✳✸✾✱ ✶✵✸✸✲✶✵✹✸✳

▲❡ ❘❛✈❛❧❡❝✱ ▼✳ ❛♥❞ ●✉é❣✉❡♥✱ ❨✳ ✭✶✾✾✻✮✱ ❍✐❣❤ ❛♥❞ ❧♦✇ ❢r❡q✉❡♥❝② ❡❧❛st✐❝ ♠♦❞✉❧✐
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❢♦r ❛ s❛t✉r❛t❡❞ ♣♦r♦✉s✴❝r❛❝❦❡❞ r♦❝❦ ✲ ❉✐✛❡r❡♥t✐❛❧ s❡❧❢ ❝♦♥s✐st❡♥t ❛♥❞ ♣♦r♦❡❧❛st✐❝

t❤❡♦r✐❡s✱ ●❡♦♣❤②s✐❝s✱ ✻✶ ✶✵✽✵✲✶✵✾✹✳

▼❛✈❦♦✱●✳ ❛♥❞ ◆✉r✱ ❆✳ ✭✶✾✼✺✮✱ ▼❡❧t sq✉✐rt ✐♥ t❤❡ ❛st❤❡♥♦s♣❤❡r❡ ✱ ❏●❘✱ ✽✵✱ ✶✹✹✹✲

✶✹✹✽✳

▼❛✈❦♦✱●✳ ❛♥❞ ❏✐③❜❛✱ ❉✳ ✭✶✾✾✶✮✱❊st✐♠❛t✐♥❣ ❣r❛✐♥✲s❝❛❧❡ ✢✉✐❞ ❡✛❡❝ts ♦♥ ✈❡❧♦❝✐t②

❞✐s♣❡rs✐♦♥ ✐♥ r♦❝❦s✱ ●❡♦♣❤②s✐❝s✱ ✺✻✱ ✶✾✹✵✲✶✾✹✾✳

▼❛✈❦♦✱ ●✳✱ ▼✉❦❡r❥✐✱ ❚✳✱ ❛♥❞ ❉✈♦r❦✐♥✱ ❏✳ ✭✶✾✾✽✮✱ ✐♥✿ ❚❤❡ ❘♦❝❦ P❤②s✐❝s ❍❛♥❞✲

❜♦♦❦✱ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ✸✷✾♣♣✳

▼✐❧❧❡r✱ ❙✳ ❆✳ ✭✷✵✵✷✮✱ Pr♦♣❡rt✐❡s ♦❢ ❧❛r❣❡ r✉♣t✉r❡s ❛♥❞ t❤❡ ❞②♥❛♠✐❝❛❧ ✐♥✢✉❡♥❝❡ ♦❢

✢✉✐❞s ♦♥ ❡❛rt❤q✉❛❦❡s ❛♥❞ ❢❛✉❧t✐♥❣✱ ❏●❘✱ ✶✵✼✭❇✾✮✱ ✷✶✽✷✱ ❞♦✐✿✶✵✳✶✵✷✾✴✷✵✵✵❏❇✵✵✵✵✸✷✳

◆❛ss❡r✐✱ ▼✳❍✳❇✳✱ ▼♦❤❛♥t②✱ ❇✳ ❛♥❞ ❘♦❜✐♥ P✲❨✳ ✭✷✵✵✺✮✱ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ♠✐✲

❝r♦str✉❝t✉r❡s ❛♥❞ ❢r❛❝t✉r❡ t♦✉❣❤♥❡ss ✐♥ ✳✈❡ ❣r❛♥✐t✐❝ r♦❝❦s✱ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧

♦❢ ❘♦❝❦ ▼❡❝❤❛♥✐❝s ✫ ▼✐♥✐♥❣ ❙❝✐❡♥❝❡s✱ ✹✷✱ ✹✺✵➊✹✻✵✳

◆✐s❤✐③❛✇❛✱ ❖✳ ✭✶✾✽✷✮✱ ❙❡✐s♠✐❝ ✈❡❧♦❝✐t② ❛♥✐s♦tr♦♣② ✐♥ ❛ ♠❡❞✐✉♠ ❝♦♥t❛✐♥✐♥❣ ♦r✐✲

❡♥t❡❞ ❝r❛❝❦s✿ ❚r❛♥s✈❡rs❡ ✐s♦tr♦♣② ❝❛s❡✱ ❏✳ P❤②s✳ ❊❛rt❤✱ ✸✵✱ ✸✸✶✲✸✹✼✳

❖✬❈♦♥♥❡❧❧✱ ❘✳✱ ❛♥❞ ❇✉❞✐❛♥s❦②✱ ❇✳ ✭✶✾✼✹✮✱❙❡✐s♠✐❝ ✈❡❧♦❝✐t✐❡s ✐♥ ❞r② ❛♥❞ s❛t✉r❛t❡❞

r♦❝❦s✱ ❏●❘✱ ✼✾✱ ✺✹✶✷✲✺✹✷✻✳

❖✬❈♦♥♥❡❧❧✱ ❘✳✱ ❛♥❞ ❇✉❞✐❛♥s❦②✱ ❇✳ ✭✶✾✼✼✮✱ ❱✐s❝♦❡❧❛st✐❝ ♣r♦♣❡rt✐❡s ♦❢ ✢✉✐❞ s❛t✉✲

r❛t❡❞ ❝r❛❝❦❡❞ s♦❧✐❞s✱ ❏●❘✱ ✽✷✱ ✺✼✶✾✲✺✼✸✻✳

❙❛②❡rs✱ ❈✳▼✳ ❛♥❞ ❑❛❝❤❛♥♦✈✱ ▼✳ ✭✶✾✾✶✮✱ ❆ s✐♠♣❧❡ t❡❝❤♥✐q✉❡ ❢♦r ✜♥❞✐♥❣ ❡✛❡❝t✐✈❡

❡❧❛st✐❝ ❝♦♥st❛♥ts ♦❢ ❝r❛❝❦❡❞ s♦❧✐❞s ❢♦r ❛r❜✐tr❛r② ❝r❛❝❦ ♦r✐❡♥t❛t✐♦♥ st❛t✐st✐❝s✱ ■♥t✳❏

❙♦❧✐❞ ❙tr✉❝t✉r❡s✱ ✶✷✱ ✽✶✲✾✼✳

❙❛②❡rs✱ ❈✳▼✳ ❛♥❞ ❑❛❝❤❛♥♦✈✱ ▼✳ ✭✶✾✾✺✮✱▼✐❝r♦❝r❛❝❦ ✐♥❞✉❝❡❞ ❡❧❛st✐❝ ✇❛✈❡ ❛♥✐s♦tr♦♣②
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♦❢ ❜r✐tt❧❡ r♦❝❦s✱ ❏●❘✱ ✶✵✵✱ ✹✶✹✾✲✹✶✺✻✳

❙❝❤✉❜♥❡❧✱ ❆✳ ✭✷✵✵✷✮✱ ▼é❝❛♥✐q✉❡ ❞❡ ❧❛ ❞✐❧❛t❛♥❝❡ ❡t ❞❡ ❧❛ ❝♦♠♣❛❝t✐♦♥ ❞❡s r♦❝❤❡s

❞❡ ❧❛ ❝r♦ût❡✱ P❤❉ t❤❡s✐s ♦❢ ■♥st✐t✉t ❞❡ P❤②s✐q✉❡ ❞✉ ●❧♦❜❡ ❞❡ P❛r✐s✱ ✷✷✾♣♣✳
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✭✷✵✵✸✮✱ ❱❡❧♦❝✐t② ▼❡❛s✉r❡♠❡♥ts ❛♥❞ ❈r❛❝❦ ❉❡♥s✐t② ❉❡t❡r♠✐♥❛t✐♦♥ ❞✉r✐♥❣ ❲❡t

❚r✐❛①✐❛❧ ❊①♣❡r✐♠❡♥ts ♦♥ ❖s❤✐♠❛ ❛♥❞ ❚♦❦✐ ●r❛♥✐t❡s✱ P✉r❡ ❛♥❞ ❆♣♣❧✐❡❞ ●❡♦✲
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❙❝❤✉❜♥❡❧ ❆✳✱ ❋♦rt✐♥ ❏✳✱ ❇✉r❧✐♥✐ ▲✳ ❛♥❞ ❨✳ ●✉é❣✉❡♥ ✭✷✵✵✺✮✱ ❉❛♠❛❣❡ ❛♥❞ r❡❝♦✈✲

❡r② ♦❢ ❝❛❧❝✐t❡ r♦❝❦s ❉❡❢♦r♠❡❞ ✐♥ t❤❡ ❈❛t❛❝❧❛st✐❝ ❘❡❣✐♠❡✱ ●❡♦❧♦❣✐❝❛❧ ❙♦❝✐❡t② ♦❢

▲♦♥❞♦♥ s♣❡❝✐❛❧ ♣✉❜❧✐❝❛t✐♦♥s✱ ✐♥ ♣r❡ss✳

❙✐♠♠♦♥s✱ ●✳✱ ❛♥❞ ❇r❛❝❡✱❲✳❋✳ ✭✶✾✻✺✮✱ ❈♦♠♣❛r✐s♦♥ ♦❢ ❙t❛t✐❝ ❛♥❞ ❉②♥❛♠✐❝ ▼❡❛✲

s✉r❡♠❡♥ts ♦❢ ❈♦♠♣r❡ss✐❜✐❧✐t② ♦❢ ❘♦❝❦s✱ ❏●❘✱ ✼✵✱ ✺✻✹✾✲✺✻✺✻✳

❙✐♠♠♦♥s✱ ●✳✱ ❚♦❞❞✱ ❚✳ ❛♥❞ ❇❛❧r✐❞❣❡✱ ❲✳❙✳ ✭✶✾✼✺✮✱ ❚♦✇❛r❞ ❛ q✉❛♥t✐t❛t✐✈❡ r❡❧❛✲

t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❡❧❛st✐❝ ♣r♦♣❡rt✐❡s ❛♥❞ ❝r❛❝❦s ✐♥ ❧♦✇ ♣♦r♦s✐t② r♦❝❦s✱ ❆▼✳ ❏✳ ❙❝✐✳✱

✷✼✺✱ ✸✶✽✲✸✹✺✳

❚❤♦♠s♦♥ ❇✳❉✳✱ ❨♦✉♥❣ ❘✳P✳ ❛♥❞ ▲♦❝❦♥❡r ❉✳❆✳ ✭✷✵✵✸✮✱ ❆❝♦✉st✐❝ ❡♠✐ss✐♦♥ ♠♦♥✐✲

t♦r✐♥❣ ♦❢ ❲❡st❡r❧② ❣r❛♥✐t❡ ✐♥ ❚r✐❛①✐❛❧ ❧♦❛❞✐♥❣ ❡①♣❡r✐♠❡♥ts✿ ❘❡s✉❧ts ❛♥❞ ❘❡s❡❛r❝❤

❞✐r❡❝t✐♦♥✱ ▲❛ss♦♥❞❡ ■♥st✐t✉t❡ ✐♥t❡r♥❛❧ r❡♣♦rt✱ ✻✽♣♣✳

❲❛❧s❤✱ ❏✳❇✳ ✭✶✾✻✺✮✱ ❚❤❡ ❊✛❡❝t ♦❢ ❈r❛❝❦s ♦♥ t❤❡ ❈♦♠♣r❡ss✐❜✐❧✐t② ♦❢ ❘♦❝❦✱ ❏●❘✱

✼✵✱ ✸✽✶✲✸✽✾✳

❩❛♠♦r❛✱ ▼✳✱ P❡③③❛r❞✱ P✳❆✳ ❡t ■t♦✱ ❍✳ ✭✶✾✾✾✮✱ ❆♥✐s♦tr♦♣② ♦❢ ❡❧❛st✐❝ ♣r♦♣❡rt✐❡s ♦❢
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❣r❛♥✐t❡s ❢r♦♠ t❤❡ ❍✐r❛❜❛②❛s❤✐ ❜♦r❡❤♦❧❡✱ ❏❛♣❛♥✱ ✐♥t❡r♥❛❧ ♥♦t❡✱ ●❙❏✴❯❙●❙✳
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❆♣♣❡♥❞✐① ■✿ ❊❧❛st✐❝ ❞❡❢♦r♠❛t✐♦♥ ♦❢ ❛ s✐♥❣❧❡ ♣❡♥♥②✲s❤❛♣❡❞ ❝r❛❝❦

❋♦r ❛ s✐♥❣❧❡ ♣❡♥♥② s❤❛♣❡❞ ❝r❛❝❦ ✉♥❞❡r ❛ ✉♥✐❢♦r♠ ♥♦r♠❛❧ ❧♦❛❞ p ♦r s❤❡❛r str❡ss

τ ✱ t❤❡ ❡❧❛st✐❝ ♥♦r♠❛❧ ❛♥❞ s❤❡❛r ❞✐s♣❧❛❝❡♠❡♥ts ♦❢ t❤❡ ❝r❛❝❦ s✉r❢❛❝❡s ❛r❡ ♥♦t ❡q✉❛❧

✭❛♥❞ t❤✉s t❤❡r❡ ❝❛♥ ❜❡ ❛ ♥♦♥✲❝♦❧❧✐♥❡❛r✐t② ❜❡t✇❡❡♥ t❤❡ str❡ss ❛♥❞ ❞✐s♣❧❛❝❡♠❡♥t

✈❡❝t♦rs✮✳ ❙✉❝❤ ❡❧❛st✐❝ ❞✐s♣❧❛❝❡♠❡♥ts < b > ❝❛♥ ❜❡ ✇r✐tt❡♥ r❡s♣❡❝t✐✈❡❧② ❛s

✭❑❛❝❤❛♥♦✈ ❬✶✾✾✹❪✮✿

< b >=































< bn > = 16(1−ν2)c
3πE p

< bτ > = 16(1−ν2)c
3π(1−ν/2)E τ

✭✶✷✮

✇❤❡r❡ c ✐s t❤❡ ❝r❛❝❦ r❛❞✐✉s✱ E ❛♥❞ ν t❤❡ ♠❛tr✐① ❨♦✉♥❣✬s ♠♦❞✉❧✉s ❛♥❞ P♦✐ss♦♥

r❛t✐♦ r❡s♣❡❝t✐✈❡❧②✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❝r❛❝❦ ✜❧❧❡❞ ✉♣ ✇✐t❤ ✢✉✐❞✱ ❛♥ ❛♣♣❧✐❡❞ str❡ss ♦♥

t❤❡ ❝r❛❝❦ s✉r❢❛❝❡ ✇✐❧❧ ❣❡♥❡r❛t❡ ❛ ♣♦r❡ ♣r❡ss✉r❡ ✈❛r✐❛t✐♦♥ ∆pf ✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡

❝r❛❝❦ ❛s♣❡❝t r❛t✐♦ ζ = w/c✱ ❛♥❞ ❛ss✉♠✐♥❣ t❤❛t w << c✱ t❤❡ ✈♦❧✉♠❡ ✈❛r✐❛t✐♦♥ ♦❢

t❤❡ ❝r❛❝❦ ✐s ♠❛✐♥❧② r❡❧❛t❡❞ t♦ ❛ ❝❤❛♥❣❡ ✐♥ ✐ts ❛♣❡rt✉r❡✳ ❚❤✉s t❤❡ t♦t❛❧ tr❛❝t✐♦♥

❛♣♣❧✐❡❞ ♦♥ t❤❡ ❝r❛❝❦ s✉r❢❛❝❡ ✐s n.σ.n + ∆pf ✳ ❋r♦♠ ❡q✉❛t✐♦♥ ✭✶✷✮✱ ♦♥❡ ♦❜t❛✐♥s✿

< ∆bn >=
16(1 − ν2)c

3πE
(n · σ · n + ∆pf ) ✭✶✸✮

❈♦♥s✐❞❡r✐♥❣ t❤❛t t❤❡ ✢✉✐❞ ♠❛ss ✐s ❝♦♥st❛♥t✱ t❤❡ ✈❛r✐❛t✐♦♥ ✐♥ ✢✉✐❞ ❞❡♥s✐t②✱ ✈♦❧✉♠❡

❛♥❞ ❛♣❡rt✉r❡ ❛r❡ ❧✐♥❦❡❞✿

∆̺

̺o
= −∆V

Vo
=

− < ∆w >

< w >
= −< ∆bn >

< w >
✭✶✹✮

❘❡♠❡♠❜❡r✐♥❣ t❤❛t ∆pf = −Kf
∆̺
̺o

✱ t❤❡ ❝r❛❝❦ ♥♦r♠❛❧ ❝♦♠♣❧✐❛♥❝❡ BN ✐s s✉❝❤

t❤❛t ✭❑❛❝❤❛♥♦✈ ❬✶✾✾✹❪✮✿

BN

BT
= (1 − ν0

2
)

δ

1 + δ
✭✶✺✮

✸✵



✇❤❡r❡ δ ❝❤❛r❛❝t❡r✐③❡s t❤❡ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤❡ str❡ss ❛♥❞ t❤❡ ✢✉✐❞ ♣r❡ss✉r❡✱

❛♥❞ ❞❡t❡r♠✐♥❡s t❤❡ ✢✉✐❞ ✐♠♣❛❝t ♦♥ t❤❡ ❡✛❡❝t✐✈❡ ❝r❛❝❦ ❝♦♠♣❧✐❛♥❝❡ ✿

δ = χ−1E0ζ

Kf
✭✶✻✮

✇❤❡r❡ Kf ✐s t❤❡ ✢✉✐❞ ❜✉❧❦ ♠♦❞✉❧✉s✳ ζ ✐s t❤❡ ❛✈❡r❛❣❡ ❛s♣❡❝t r❛t✐♦ ♦❢ t❤❡ ❝r❛❝❦

❞❡✜♥❡❞ ❛s ζ = <w>
a ✱ ✇❤❡r❡ < w > ✐s t❤❡ ❛✈❡r❛❣❡ ❝r❛❝❦ ❛♣❡rt✉r❡✱ ❛♥❞ χ ✐s ❛

❣❡♦♠❡tr✐❝❛❧ ❢❛❝t♦r✿ χ = 16
1−ν2

0

3π t❤❛t ❞❡s❝r✐❜❡s t❤❡ ♣❡♥♥②✲s❤❛♣❡❞ ❣❡♦♠❡tr② ♦❢

t❤❡ ❝r❛❝❦✳
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a) penny-shaped crack geoetry 

    and normal coordinates

c) distribution of planar

    penny-shaped cracks

b) distribution of radial

    penny-shaped cracks

❋✐❣✉r❡ ✶✿ ❛✮ ●❡♦♠❡tr②✱ ❝♦♥✈❡♥t✐♦♥s ❛♥❞ ❝♦♦r❞✐♥❛t❡s ♦❢ ❛ ✸✲❉ ♣❡♥♥②✲s❤❛♣❡❞

❝r❛❝❦✳ ❚❤❡ t✇♦ ❝r❛❝❦ ❞✐str✐❜✉t✐♦♥s ❝♦♥s✐❞❡r❡❞ ❤❡r❡✿ ❛✮ t❤❡ ❝❛s❡ ♦❢ ♣❧❛♥❛r ♣❡♥♥②

s❤❛♣❡❞ ❝r❛❝❦s✱ ❜✮ t❤❡ ❝❛s❡ ♦❢ r❛❞✐❛❧ ♣❡♥♥② s❤❛♣❡❞ ❝r❛❝❦s✳
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a) Normalized P wave velocity isocontours
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b) Normalized S wave velocity isocontours
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c) Vp/Vs ratio isocontours

❋✐❣✉r❡ ✷✿ ■s♦tr♦♣✐❝ ❝❛s❡✿ ❛✮ ❛♥❞ ❜✮ ♥♦r♠❛❧✐③❡❞ P ❛♥❞ ❙ ✇❛✈❡ ✈❡❧♦❝✐t② ✐s♦❝♦♥t♦✉rs

❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❜♦t❤ ❝r❛❝❦ ❞❡♥s✐t② ❛♥❞ t❤❡ ❛s♣❡❝t r❛t✐♦✳ ❱❡❧♦❝✐t✐❡s ✇❡r❡ ♥♦r♠❛❧✲

✐③❡❞ t♦ t❤❡ ❝r❛❝❦ ❢r❡❡ ✈❡❧♦❝✐t✐❡s ✭✐✳❡✳ ρ = 0✮ t♦ r❡♠♦✈❡ ❜✉❧❦ ❞❡♥s✐t② ❡✛❡❝ts✳ ❝✮

❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❱♣✴❱s r❛t✐♦ ❛s ❢✉♥❝t✐♦♥ ♦❢ ❜♦t❤ ❝r❛❝❦ ❞❡♥s✐t② ❛♥❞ ❛s♣❡❝t r❛t✐♦✳
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❋✐❣✉r❡ ✸✿ ❈❛s❡ ♦❢ r❛❞✐❛❧ ❝r❛❝❦s ✭✜❣✉r❡ ✶❜✮✿ ❱❡❧♦❝✐t✐❡s ✇❡r❡ ♥♦r♠❛❧✐③❡❞ t♦ t❤❡

❝r❛❝❦ ❢r❡❡ ✈❡❧♦❝✐t✐❡s ✭✐✳❡✳ ρ = 0✮ t♦ r❡♠♦✈❡ ❜✉❧❦ ❞❡♥s✐t② ❡✛❡❝ts✳ ❘❡s✉❧ts ❛r❡

❞✐s♣❧❛②❡❞ ❢♦r ❝r❛❝❦ ❞❡♥s✐t✐❡s ❡q✉❛❧ t♦ ✵✳✶ ✭♦♣❡♥ tr✐❛♥❣❧❡s✮✱ ✵✳✷✺ ✭♣❧❛✐♥ ❝✐r❝❧❡s✮✱

✵✳✺ ✭♦♣❡♥ ❞✐❛♠♦♥❞s✮ ❛♥❞ ✶ ✭♣❧❛✐♥ sq✉❛r❡s✮✳ ❛ ❛♥❞ ❜ s❤♦✇ t❤❡ ♥♦r♠❛❧✐③❡❞ P

✇❛✈❡ ✈❡❧♦❝✐t② ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ♣r♦♣❛❣❛t✐♦♥ γ ✐♥ t❤❡ ✇❡t ❛♥❞ ❞r②

❝❛s❡s r❡s♣❡❝t✐✈❡❧②✳ ❝ ❛♥❞ ❞ s❤♦✇ t❤❡ s❤❡❛r ✇❛✈❡ s♣❧✐tt✐♥❣ ✭♦r ❜✐r❡❢r✐♥❣❡♥❝❡✮ ❛s ❛

❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ♣r♦♣❛❣❛t✐♦♥ γ ✐♥ t❤❡ ✇❡t ❛♥❞ ❞r② ❝❛s❡s r❡s♣❡❝t✐✈❡❧②✳
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❋✐❣✉r❡ ✹✿ ❈❛s❡ ♦❢ ♣❧❛♥❛r ❝r❛❝❦s ✭✜❣✉r❡ ✶❝✮✿ ❱❡❧♦❝✐t✐❡s ✇❡r❡ ♥♦r♠❛❧✐③❡❞ t♦ t❤❡

❝r❛❝❦ ❢r❡❡ ✈❡❧♦❝✐t✐❡s ✭✐✳❡✳ ρ = 0✮ t♦ r❡♠♦✈❡ ❜✉❧❦ ❞❡♥s✐t② ❡✛❡❝ts✳ ❘❡s✉❧ts ❛r❡

❞✐s♣❧❛②❡❞ ❢♦r ❝r❛❝❦ ❞❡♥s✐t✐❡s ❡q✉❛❧ t♦ ✵✳✶ ✭♦♣❡♥ tr✐❛♥❣❧❡s✮✱ ✵✳✷✺ ✭♣❧❛✐♥ ❝✐r❝❧❡s✮✱

✵✳✺ ✭♦♣❡♥ ❞✐❛♠♦♥❞s✮ ❛♥❞ ✶ ✭♣❧❛✐♥ sq✉❛r❡s✮✳ ❛ ❛♥❞ ❜ s❤♦✇ t❤❡ ♥♦r♠❛❧✐③❡❞ P

✇❛✈❡ ✈❡❧♦❝✐t② ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ♣r♦♣❛❣❛t✐♦♥ γ ✐♥ t❤❡ ✇❡t ❛♥❞ ❞r②

❝❛s❡s r❡s♣❡❝t✐✈❡❧②✳ ❝ ❛♥❞ ❞ s❤♦✇ t❤❡ s❤❡❛r ✇❛✈❡ s♣❧✐tt✐♥❣ ✭♦r ❜✐r❡❢r✐♥❣❡♥❝❡✮ ❛s ❛

❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ♣r♦♣❛❣❛t✐♦♥ γ ✐♥ t❤❡ ✇❡t ❛♥❞ ❞r② ❝❛s❡s r❡s♣❡❝t✐✈❡❧②✳
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a) Modeled and data P and S velocities

b) Error contour map at 80 MPa

   between modeled and data velocities

❋✐❣✉r❡ ✺✿ ❛✮ ▼♦❞❡❧❡❞ ✭s♦❧✐❞ ❧✐♥❡s✮ P ❛♥❞ ❙ ✈❡❧♦❝✐t✐❡s ✐♥ ❊t♥❛ ❜❛s❛❧t ❝♦♠♣❛r❡❞

t♦ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ♠❡❛s✉r❡♠❡♥ts ✭❞♦ts✮✳ ❚❤❡ ❡✛❡❝t✐✈❡ ❝♦♥✜♥✐♥❣ ♣r❡ss✉r❡ ✇❛s

❝❛❧❝✉❧❛t❡❞ ❛s Pc−Pp ✇❤❡r❡ Pc ✐s t❤❡ ❝♦♥✜♥✐♥❣ ♣r❡ss✉r❡ ❛♥❞ Pp t❤❡ ♣♦r❡ ♣r❡ss✉r❡✳

❜✮ ❊rr♦r ❝♦♥t♦✉r ♠❛♣ ❜❡t✇❡❡♥ ♠♦❞❡❧❧❡❞ ❛♥❞ ❞❛t❛ ✭P ❛♥❞ ❙✮ ✈❡❧♦❝✐t✐❡s ✐♥ t❤❡ ❝❛s❡

♦❢ s❛♠♣❧❡ ❊❇❉✵✶ ❛t 80MPa ❝♦♥✜♥✐♥❣ ♣r❡ss✉r❡✳ ❊rr♦r ❝♦♥t♦✉rs ❛r❡ ❞✐s♣❧❛②❡❞ ❛s

❛ ❢✉♥❝t✐♦♥ ♦❢ ❝r❛❝❦ ❞❡♥s✐t② ❛♥❞ ❛s♣❡❝t r❛t✐♦ r❡s♣❡❝t✐✈❡❧②✳ ❉❛r❦❡r ❛r❡❛s r❡♣r❡s❡♥t

❧♦✇❡r ❡rr♦rs✳ ✸✻



a) crack density as a function of effective confining pressure

b) aspect ratio as a function of effective confining pressure

❋✐❣✉r❡ ✻✿ ❊✈♦❧✉t✐♦♥ ♦❢ ❝r❛❝❦ ❞❡♥s✐t② ✭❛✮ ❛♥❞ ❛s♣❡❝t r❛t✐♦ ✭❜✮ ❛s ❛ ❢✉♥❝t✐♦♥

♦❢ ❝♦♥✜♥✐♥❣ ♣r❡ss✉r❡✳ ❇♦t❤ ❝r❛❝❦ ❞❡♥s✐t② ❛♥❞ ❛s♣❡❝t r❛t✐♦ ✇❡r❡ ✐♥✈❡rt❡❞ ❢r♦♠

❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ♣r❡s❡♥t❡❞ ♦♥ ✜❣✉r❡ ✺ ❛♥❞ ✉s✐♥❣ ❡q✉❛t✐♦♥s ✭✺✮ ❛♥❞ ✭✻✮✳ ▼❛tr✐①

❡❧❛st✐❝ ♣❛r❛♠❡t❡rs ✇❡r❡ t❛❦❡♥ ❛s E = 100GPa ❛♥❞ ν = 0, 22 ✭✐✳❡✳ ❝r❛❝❦ ❢r❡❡

❡❧❛st✐❝ ✇❛✈❡ ✈❡❧♦❝✐t✐❡s ❡q✉❛❧ t♦ Vp = 6400m/s ❛♥❞ Vs = 3750m/s✮
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❋✐❣✉r❡ ✼✿ ❛✮ ▼♦❞❡❧❧❡❞ ✭❧✐♥❡s✮ ❛♥❞ ❞❛t❛ ✭❞♦ts✮ P ❛♥❞ ❙ ✇❛✈❡ ✈❡❧♦❝✐t✐❡s ❛s ❛

❢✉♥❝t✐♦♥ ♦❢ ❡✛❡❝t✐✈❡ ♠❡❛♥ str❡ss✳ ❊①♣❡r✐♠❡♥t ✇❛s ♣❡r❢♦r♠❡❞ ❛t Pc = 260MPa

❝♦♥✜♥✐♥❣ ♣r❡ss✉r❡ ❛♥❞ Pp = 10MPa✳ ▼♦❞❡❧ ❝r❛❝❦✲❢r❡❡ ♣❛r❛♠❡t❡rs ✇❡r❡ t❛❦❡♥

❛s E = 100GPa ❛♥❞ ν = 0.32✳ ❜✮ ❊✈♦❧✉t✐♦♥ ♦❢ ❝r❛❝❦ ❞❡♥s✐t② ❛♥❞ ❛s♣❡❝t r❛t✐♦

❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❡✛❡❝t✐✈❡ ♠❡❛♥ str❡ss✳ ❇♦t❤ ❝r❛❝❦ ❞❡♥s✐t② ❛♥❞ ❛s♣❡❝t r❛t✐♦ ✇❡r❡

✐♥✈❡rt❡❞ ❢r♦♠ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ♣r❡s❡♥t❡❞ ♦♥ ✜❣✉r❡ ❛ ❛♥❞ ✉s✐♥❣ ❡q✉❛t✐♦♥s ✭✺✮

❛♥❞ ✭✻✮✳
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sample #232 sample #220

sample #362 sample #429

     ρ = 0

θ = ∗, φ = ∗ 

     ρ = 0.2

θ=55, φ=130 

   ρ = 0.125

θ=32.5 , φ=135

     ρ = 0.4

θ=55, φ=125

❋✐❣✉r❡ ✽✿ P ❛♥❞ ❙ ✇❛✈❡ ✈❡❧♦❝✐t✐❡s ♠❡❛s✉r❡♠❡♥ts ✐♥ ❞r② ✭❡♠♣t② s②♠❜♦❧s✮ ❛♥❞

✇❡t ❝♦♥❞✐t✐♦♥s ✭♣❧❛✐♥ s②♠❜♦❧s✮✳ ▼❡❛s✉r❡♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ❛t r♦♦♠ ♣r❡ss✉r❡

❜② ❩❛♠♦r❛ ❡t ❛❧✳ ✶✾✾✾✳ P ✇❛✈❡ ✇❡r❡ ♠❡❛s✉r❡❞ ❛❧♦♥❣ t❤❡ ✈❡rt✐❝❛❧ ❛①✐s ❛♥❞ ❛❧♦♥❣

✶✽ ❞✐✛❡r❡♥t ❞✐r❡❝t✐♦♥s ✐♥ t❤❡ ❤♦r✐③♦♥t❛❧ ♣❧❛♥❡❀ ❙ ✇❛✈❡s ♣r♦♣❛❣❛t✐♥❣ ❛❧♦♥❣ t❤❡

✈❡rt✐❝❛❧ ❛①✐s ✇❡r❡ ♠❡❛s✉r❡❞ ❛❧♦♥❣ ✶✽ ❞✐✛❡r❡♥t ❤♦r✐③♦♥t❛❧ ♣♦❧❛r✐③❛t✐♦♥s✳ ❊①♣❡r✲

✐♠❡♥t❛❧ ❞❛t❛ ✭❞♦ts✮ ♦❜t❛✐♥❡❞ ♦♥ ✹ ❞✐✛❡r❡♥t s❛♠♣❧❡s✱ r❡tr✐❡✈❡❞ ❛t ✷✷✵✱ ✷✸✷✱ ✸✻✷

❛♥❞ ✹✷✾ ♠❡t❡rs r❡s♣❡❝t✐✈❡❧② ✐s ♣r❡s❡♥t❡❞✳ ▼♦❞❡❧❡❞ ✈❡❧♦❝✐t✐❡s ❢♦r ❡❛❝❤ ♦❢ t❤❡s❡

s❛♠♣❧❡s ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② s♦❧✐❞ ❛♥❞ ❞❛s❤❡❞ ❧✐♥❡✳ ❈r❛❝❦ ❢r❡❡ ❡❧❛st✐❝ ♣❛r❛♠❡✲

t❡rs ✇❡r❡ t❛❦❡♥ ❛s ❡q✉❛❧ t♦ t❤❛t ♦❢ s❛♠♣❧❡ ✷✸✷ ✭Eo = 85GPa ❛♥❞ νo = 0.25✮✳

❚❤❡ ✐♥✈❡rs✐♦♥ ♦✉t♣✉ts ❜♦t❤ t❤❡ ❝r❛❝❦ ❞❡♥s✐t② ρ ❛♥❞ t❤❡ ❝r❛❝❦ ❢❛❜r✐❝ ♦r✐❡♥t❛t✐♦♥

(θ, φ)✳
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❋✐❣✉r❡ ✾✿ ▼♦❞❡❧❧❡❞ ✭❧✐♥❡s✮ ❛♥❞ ❞❛t❛ P ✇❛✈❡ ✈❡❧♦❝✐t② ✜❡❧❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ str❡ss

❛♥❞ r❛②♣❛t❤ ❛♥❣❧❡ ✭❢r♦♠ ✈❡rt✐❝❛❧✮✳ ❊①♣❡r✐♠❡♥t ✇❛s ♣❡r❢♦r♠❡❞ ❛t Pc = 50MPa

❝♦♥✜♥✐♥❣ ♣r❡ss✉r❡ ✐♥ ❞r② ❝♦♥❞✐t✐♦♥s✳ ▼♦❞❡❧ ❝r❛❝❦✲❢r❡❡ ♣❛r❛♠❡t❡rs ✇❡r❡ t❛❦❡♥

❛s E = 85GPa ❛♥❞ ν = 0.25✳ ❆t ❡❛❝❤ s❤❡❛r str❡ss st❡♣✱ ♠♦❞❡❧❧❡❞ ❝r❛❝❦ ❞❡♥s✐t②

❛♥❞ ❛✈❡r❛❣❡ ❝r❛❝❦ ❢❛❜r✐❝ ❞✐♣ ❛r❡ ♠❛r❦❡❞ ♦♥ t❤❡ ❧❡❣❡♥❞✳
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❋✐❣✉r❡ ✶✵✿ ❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ P❋❈ ♠♦❞❡❧ ❞✐r❡❝t❧② ♦❜s❡r✈❡❞ ❝r❛❝❦ ❞❡♥s✐t②

✭❝r❛❝❦ r❛❞✐✐ ✇❡r❡ t❛❦❡♥ ❛s ❡q✉❛❧ ❛s ♣❛rt✐❝❧❡✬s✮ ❛♥❞ ❑❛❝❤❛♥♦✈✬s ♠♦❞❡❧ ✐♥✈❡rs✐♦♥

r❡s✉❧ts ❢♦r ❈r♦ss❧❛♥❞ s❛♥❞st♦♥❡✳
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