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ABSTRACT

The topical and controversial issue of parameterizing the magnetic structure of solar active regions has vital
implications in the understanding of how these structures form, evolve, produce solar flares, and decay. This
interdisciplinary and ill-constrained problem of quantifying complexity is addressed by using a two-dimensional
wavelet transform modulus maxima (WTMM) method to study the multifractal properties of active region
photospheric magnetic fields. The WTMM method provides an adaptive space-scale partition of a fractal distribution,
from which one can extract the multifractal spectra. The use of a novel segmentation procedure allows us to remove
the quiet Sun component and reliably study the evolution of active region multifractal parameters. It is shown
that prior to the onset of solar flares, the magnetic field undergoes restructuring as Dirac-like features (with a
Holder exponent, 1 = —1) coalesce to form step functions (where & = 0). The resulting configuration has a
higher concentration of gradients along neutral line features. We propose that when sufficient flux is present
in an active region for a period of time, it must be structured with a fractal dimension greater than 1.2, and
a Holder exponent greater than —0.7, in order to produce M- and X-class flares. This result has immediate
applications in the study of the underlying physics of active region evolution and space weather forecasting.
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1. INTRODUCTION

Solar active regions are concentrations of intense magnetic
field in the atmosphere of the Sun. These highly dynamic,
complex structures are rooted in the photosphere, extend into
the corona, and are the source of many extreme solar events,
such as solar flares and coronal mass ejections (Gallagher et al.
2007). Direct spatially localized measurements of the coronal
magnetic field are beyond current instrumentation, due to the
tenuous nature of the Sun’s atmosphere. However, by studying
the evolution of magnetic elements on the photosphere we can
gain insight into the physical process that governs the formation
and evolution of active regions in the corona.

The building blocks of active regions are flux tubes, which
are thought to be formed near the tachocline of the Sun (Miesch
2005). Turbulent sub-surface forces result in a buoyant upward
motion that cause the formation of Q-like loops, which in turn
emerge through the photosphere to form active regions. In the
low B corona, the plasma is restrained to flow along these
field lines, thereby creating the loop-like structures evident in
extreme ultraviolet images of the Sun. Sunspots are the visible
footpoints of these active region loops and appear as collections
of positive and negative polarity magnetic flux elements in
magnetograms. Flux constantly emerges through the surface of
the Sun and interacts with existing active region flux. The system
is characterized by a large magnetic Reynolds number, given by
R, = LV/n, where L, V, and n are the length scale, velocity,
and the magnetic diffusivity on the photosphere; for typical
photospheric values of these parameters the magnetic Reynolds
is ~10°~10'" (McAteer et al. 2010). Hence, the photosphere is
considered a highly turbulent and chaotic environment.

Further evidence of the turbulent nature of active regions
is found in the distribution of magnetic flux on the surface
of the Sun (Vlahos 2002; Abramenko 2005b; Hewett et al.
2008). The distribution of magnetic flux within active regions
follows a power-law distribution, suggesting a self-organized
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structure and hence numerous nonlinear techniques have been
used to study the evolution of active regions (Abramenko 2005a;
Abramenko et al. 2008; McAteer et al. 2005a; Conlon et al.
2008; Aschwanden & Aschwanden 2008). One common method
of examining the self similar distribution of active region flux
is the fractal dimension. McAteer et al. (2005a) examined 10*
active region images, related solar flares within a 24 hr window,
and found that a fractal dimension of 1.2-1.25 was a minimum
requirement for an active region to produce solar flares. Conlon
et al. (2008) similarly used a modified box-counting technique
to examine the multifractal properties of evolving active regions.
They found that as a region developed toward a state favorable
to producing solar flares, there was a decrease in both the
breadth and height of the multifractal spectrum. An additional
method used to examine the fractal and multifractal properties
of active regions is the structure function (Abramenko 2005a;
Abramenko et al. 2008). A structure function is defined as a
statistical moment of the increments of a field and measures its
associated intermittences. Abramenko et al. (2008) showed that
there is a relation between systematic changes in the ratio of
certain powers of the structure function at both the photospheric
and chromospheric level. Georgoulis (2005, 2008) examined the
problems of event prediction with such methods, but supported
the use of these methods as analytical tools for the understanding
of the fundamental processes involved in the formation and
evolution of active regions.

These methods face several problems in dealing with the
data presently available; they are threshold-dependent (i.e.,
results depend on the value chosen to remove the surrounding
quiet Sun component) and numerical errors combined with
poor spatial resolution result in large errors for large and
negative moments (Georgoulis 2005; Conlon et al. 2008). The
more stable and reliable wavelet transform modulus maxima
(WTMM; Kestener et al. 2010) method is used in this paper
in order to overcome these problems, and examine the fractal
properties of solar magnetogram data. The WTMM method
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replaces the boxes from the traditional box-counting method
with wavelets, which act as fuzzy boxes and are defined for
both finite and discrete domains. The observations are described
in Section 2. In Section 3, a short description of the WTMM
and segmentation method is presented. Analysis of the fractal
properties of evolving active regions using this method is shown
in Section 4. Our conclusion and future directions are then given
in Section 5.

2. OBSERVATIONS

The Michelson Doppler Imager (MDI; Scherrer et al. 1995)
on board the Solar and Heliospheric Observatory (SOHO;
Domingo et al. 1995) images the Sun on a 1024 x 1024 pixel
CCD camera through a series of increasingly narrow filters.
The final elements, a pair of tunable Michelson interferometers,
enable MDI to record measurements of the line-of-sight pho-
tospheric field with an FWHM bandwidth of 94 mA. In this
paper, 96 minute cadence magnetograms of the full disc are
used, which have a pixel size of ~2”.

A series of magnetograms are analyzed to examine the
differences in fractal properties between flaring and non-flaring
active regions. Six active regions were analyzed as they evolved
and rotated across the solar disk (NOAA AR 10488, 9878,
10763, 10942, 10954, and 10956). Given the powerful nature of
the WTMM method, and improved accuracy of the segmentation
method (see Section 3.2), thresholding was not performed on the
data. The analysis of each data set was restricted to periods when
the center of each active region was within £60° of disk center,
in order to decrease the errors associated with projection effects.
Magnetograms were corrected assuming a radial field at each
point on the solar disk and assuming an equal-area cylindrical
projection method (Bugayevskiy & Snyder 1995; McAteer et al.
2005b) when calculating the basic physical parameters of area
and flux.

3. METHOD

Traditional box-counting methods (Vlahos 2002) calculate
the multifractal parameters of active regions based on the
distribution of magnetic flux elements within magnetograms.
These methods are prone to errors in the calculation of the
multifractal parameters due to image thresholding, resolution,
and instrument noise. Wavelet-based methods have been shown
to be versatile tools for the study of active region magnetic
features (Hewett et al. 2008; Ireland et al. 2008). The WTMM
method is particularly versatile and has been used to study X-ray
flare emission (McAteer et al. 2007) and aid in the automatic
detection of coronal loops (McAteer et al. 2010).

The WTMM method calculates the multifractal parameters
based on the distribution of gradients within each image across
scale. As such, the multifractal parameters as calculated by the
WTMM method are more robust to changes in the resolution
and signal-to-noise ratio of magnetogram images. Additionally,
the removal of quiet Sun features can be naturally carried out in
gradient space as opposed to pixel space, thereby removing the
problem of creating singular features in magnetogram images
that arises from normal thresholding. This segmentation of quiet
Sun, along with the limited resolution of MDI magnetograms,
does result in a reduced number of gradients upon which
regression can be performed. We used a moving average of
five magnetogram images in order to overcome this issue. In
this section, the main advantages of using the wavelet transform
for performing a multifractal analysis are reviewed.
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3.1. Basics of the 2D Wavelet Tranform Modulus Maxima
(WTMM) Method

A rigorous and complete mathematical description of the
WTMM is available in Arneodo et al. (2000) and Kestener et al.
(2010). Here, we provide a brief outline to assist the reader in
understanding the technique, while retaining the terminology
of Arneodo et al. (2000). The three main parts of the WTMM
are (1) carry out a wavelet transform, (2) extract the skeleton
of lines of modulus maxima, and (3) compute the companion
partition functions.

It can be shown that a two-dimensional (2D) continuous
wavelet transform, T, of any 2D image, f(x, y), at each location,
b, can be obtained as the gradient vector of the image smoothed
to various scales, a, by a dilating filter, ¢,

Ty[f1(b,a) = V{Tu[f1(b, a)} )
= V{d)b,a * f}7

where ¥ is the gradient of the filter. For our work, this amounts
to smoothing the data by a Gaussian and carrying out a gradient
filter in the two image axis, (x, y), to obtain T. The image is then
smoothed by a larger Gaussian and the operation is repeated.

At each scale, the WTMM edges are extracted at loca-
tions where the wavelet transform modulus My[ f1(b,a) =
Ty [f1(b,a)| is locally maximum in the direction of
Ty[f1(b, a). These WTMM points lie in connected maxima
chains. The wavelet transform skeleton is the set of maxima
lines Ly, defined as the location where the modulus is a local
maximum along a maxima chain. These lines contain all the
information about the local Holder regularity (k) properties of
the image. Along a maxima line Ly, that points to X in the limit
a — 07, the wavelet transform modulus behaves as a power law
with exponent (X)),

My [flLy(@)] ~ "™, 2)

The partition function, Z, is calculated from the skeleton by
rising the modulus maxima values to some moment, g (where ¢
can take any real value), and summing over all lines,

Z(g.a)= ) Mylflxe L a), 3)

LeLl(a)

from which the scaling exponents, 7(q), are defined in the limit
of small scales Z(g,a) ~ a™@, a — 0*. However, rather
than calculating t(g), and carrying out a Legendre transform
to obtain the multifractal spectrum, Arneodo et al. (2000)
suggest computing the companion partition functions directly.
The Boltzmann weighting of each skeletal line is defined as
Wyl fl(g, L, a) = My[f)?/2(q, a), the two components of
the multifractal spectra, D(h) are

h(g,a)=Y_ In|My[fI(x, @) Wylf1(q, £, a)

LeL(a)
~ ah(q)’ 4)

D(q,a) = Z Wyl fl(g. £, a) In(Wy[f1(g. L, a))

LeL(a)
~ aD(q)’ 3)

and the linear regime of Equations (4) and (5) are adapted to
reflect the physical size of the feature under study.
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Figure 1. Top: wavelet transform gradients of NOAA 10488 at scales 7, 28, and 56 pixels. Middle: same as top after the segmentation method proposed by Kestener
et al. (2010). Bottom: same as top after the segmentation method used in present study (intercept of 40).

3.2. Segmentation Using the WTMM Method

The analysis of active region magnetic fields can be misinter-
preted due to the contribution of statistical information from the
surrounding quiet Sun. It is important to minimize this contri-
bution as much as possible, as the multifractal properties of the
quiet Sun are statistically different from that of an active region
(Kestener et al. 2010). One method of doing this is the reduction
of the image size and therefore minimizing the contribution of
quiet Sun in the resulting analysis. However, the dynamic na-
ture of active regions means an adaptive image size is required
for larger regions. Kestener et al. (2010) developed a more ad-
vanced method for the segmentation of active and quiet Sun
features based on thresholds in the wavelet transform modulus
space. They propose to discard those skeletal lines which lie in a
region of M — a space (Equation (2)) to allow for the separation
of active region and quiet Sun. Figure 1, second panel, illustrates
the effect of this segmentation and unfortunately the thresholds
remove weaker parts of the active region gradients along with
the quiet Sun features. As the goal of our work is the detection
of characteristic changes in the structure and complexity of an
active region, it is imperative that each active region be studied
as a whole. Kestener et al. (2010; Figure 6) show that quiet Sun
features have modulus strengths of no more than 40 at the small-
est scale; as such, 40 is used as a hard fixed threshold in this
study. Figure 1, third panel, shows the remaining skeletons after

removing all gradients with a modulus strength below 40 at the
smallest scale. This proposed threshold allows for the inclusion
of all active region gradients associated with the active region
with the suppression of the majority of the quiet Sun gradients.

4. RESULTS

The WTMM method discussed above is used to study the
evolution of the fractal dimension and its associated Holder
exponent for a number of active regions. These present a single
point, g = 0, on the multifractal D(k) versus h curve.

4.1. Flaring Regions

Figure 2 shows NOAA 10488 emerging onto the solar disk
on 2003 October 26 and growing rapidly until 2003 October
29. Prior to the emergence of the region only a small number of
gradients exceed the thresholds used in segmenting the quiet Sun
features, resulting in small and poorly resolved values for D(h).
During the emergence period, the Holder exponent increases as
a larger number of skeletal gradients pass the segmentation
thresholds. The region produced several flares during two
periods of activity. The first 24 hr period of solar flares started
around 14:00 UT on 2003 October 27 and contained five
C-class flares and an M1.9 flare. The second period started
around 18.00 UT on the 2003 October 29, lasted for two days and
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Figure 2. Evolution of NOAA 10488. Top panel: MDI magnetogram images for NOAA 10488 times shown above. Second panel: total area (Mm?). Third panel:
total unsigned magnetic flux (Mx). Fourth panel: / for ¢ = 0. Bottom panel: D(h) for ¢ = 0. Associated C-class flares are indicated by thin arrows; bolder arrows
indicate M-class flares. Vertical dotted lines indicate the time of MDI magnetograms of the top row. Dashed horizontal line in the fourth panel is at 7 = —0.7, a new
proposed lower threshold for solar flare production. Dashed horizontal line in the bottom panel highlights a previously proposed threshold of D(h) = 1.2 for solar
flare production (McAteer et al. 2005a). All vertical axes in each of the following Figures 3—7 have the same scaling for direct comparison.

resulted in eight C-class flares and two M-class flares. Flaring
periods are associated with a fractal dimension above 1.2 and
a Holder exponent greater than that calculated for quiet-Sun
features, h > —0.7 (Kestener et al. 2010). This suggests a
reorganization of the underlying magnetic field. It should be
noted that 1 = —1 corresponds to Dirac white noise, 7 = 0 a
step function, and 7 = 1 a smooth differential function. As the
Holder exponent increases, Dirac-like gradients are replaced by
more structured step-function-like gradients. The formation of
large structured gradients in the region allows for the storage
and release of larger amounts of free magnetic energy.

Figure 3 shows NOAA 10763 rotating into view on 2005
May 15 after which both the area and magnetic flux remained
relatively stable. Around 2005 May 15 17:00 UT the region
entered a period of solar flare productivity, releasing twelve
C-class and four M-class flares. During this flaring period
the fractal dimension and Holder exponent were around or above
the proposed thresholds for flaring. Some small changes in the
Holder exponent seem to be associated with these flares. Prior
to some flares there is an increase in the Holder exponent,
with a subsequent dip following the flare. This dip in the
Holder exponent can be understood as the loss of coherent
structure among the magnetic gradients present in the region or
a reduction in the amount of magnetic free energy in the region.
The subsequent rise in the Holder exponent and clustering of

the gradients in the region into a coherent structure accompanies
the release of an M-class flare.

Figure 4 shows NOAA 9878, which rotated onto the solar disk
on 2002 March 22 as a fully developed, large, stable region. The
region produced four C-class flares over a 36 hr period beginning
around 10:00 UT on 2002 March 25. Similarly to NOAA 10763
and NOAA 10488, this period of solar flares is associated with
a fractal dimension greater than 1.2 and an increase in the
Holder exponent to above —0.7. After this period of solar flares,
the Holder exponent and fractal dimension decreased to quiet
Sun levels, accompanying the decrease in magnetic free energy
available in the region.

It is well established that solar flares are associated with ac-
tive regions that are large in area and magnetic field strength.
However, these examples show that solar flares are also asso-
ciated with an increased fractal dimension (D(h) > 1.2) and
Holder exponent (h > —0.7). In the following section, we de-
scribe active regions which do not produce solar flares, in order
to corroborate these results.

4.2. Non-flaring Regions

Figure 5 shows NOAA 10954 as it emerged on 2007 April
28 and rotated across the disk before decaying on 2007 May 5.
This was a small region with a maximum area of ~4 x 10° Mm?
and maximum flux of ~7 x 10?! Mx.
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Figure 3. Evolution of NOAA 10763. Top panel: MDI magnetogram images for NOAA 10763 at the times shown. Second panel: total area (Mm?). Third panel: total
unsigned magnetic flux (Mx). Fourth panel: i for ¢ = 0. Bottom panel: D(h) for ¢ = 0. Associated C-class flares are indicated by thin arrows; bolder arrows indicate
M-class flares. Vertical dotted lines indicate the time of MDI magnetograms and horizontal lines are proposed thresholds for solar flare production.

The region maintained a high Holder exponent and fractal
dimension, indicating a possibility of solar flares, but did not
produce any flares. This demonstrates that fractal properties
alone are not reliable for the prediction of flares and other
physical properties, such as area and total magnetic field
strength, must be taken into account.

Figure 6 shows NOAA 10942, a small region of maximum
area of around 5 x 10> Mm? and a field strength of 9 x 102! Mx,
which emerged on 2007 February 17. The Holder exponent
remains above the proposed threshold of 2 > —0.7. However,
the fractal dimension only briefly rises above the proposed
threshold of D(h) > 1.2. This suggests that although the region
was structured in a manner favorable to flaring (large Holder
exponent), the region was not large enough (in area or flux) or
concentrated enough (as indicated by the low fractal dimension)
in order to store sufficient magnetic energy for solar flares.

Figure 7 shows NOAA 10956, which rotated around the east
limb on 2007 May 15. Apart from a C-class flare while on
the limb, the region produced no further flares. The magnetic
flux reached a peak of 1 x 10*> Mx and the area peaked at
3 x 10* Mm?. Given the large amount of magnetic flux present in

the region, the occurrence of solar flares was likely. However, as
the Holder exponent oscillates around the proposed threshold,
and the fractal dimension remains below, the region is never
structured in a manner favorable to producing solar flares.

These results show that even in active regions seemingly
containing sufficient flux, the magnetic field must be structured
in a sufficiently complex configuration in order to produce
flares. Similarly, a complex configuration is insufficient by itself
(without a large flux), to produce flares. In the three active
regions studied here, one of either the magnetic flux, fractal
dimension, or Holder exponent is too small and so no solar
flares occur.

5. CONCLUSIONS AND FUTURE WORK

The WTMM method is shown to be a stable and accurate
mathematical tool for the analysis of magnetic fields on the
solar disk. The WTMM method allows for the calculation of
the magnetic field fractal dimension and Holder exponent based
on the distribution of gradients within the magnetic structure
across scale space. The segmentation of quiet Sun magnetic
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Figure 4. Evolution of NOAA 9878. Top panel: MDI magnetogram image for NOAA 9878 at the times shown. Second panel: total area (Mm?). Third panel: total
unsigned magnetic flux (Mx). Fourth panel: & for ¢ = 0. Bottom panel: D(h) for g = 0. Associated C-class flares are indicated by thin arrows; bolder arrows indicate
M-class flares. Vertical dotted lines indicate the time of MDI magnetograms and horizontal lines are proposed thresholds for solar flare production

information in gradient space allows for the sole study of each
active region without the introduction of artifacts associated with
thresholding. Table 1 outlines our results and shows a strong link
between size, complexity, and solar flares. Similar to the results
of McAteer et al. (2005a), a lower threshold in of D(h) > 1.2
is found to be a necessary but insufficient condition for the
occurrence for solar flares. We propose a further constraint of a
Holder exponent of no less than —0.7 as an indicator of the future
occurrence of solar flares. The Holder exponent detects the
restructuring of active regions from a field representing Dirac-
like gradients toward one closer to step-function-like gradients.
Thus, if a region is sufficiently large in both area and flux, and
has a sufficiently high fractal dimension and Holder exponent,
the possibility of the region producing solar flares is greatly
increased.

It is clear that the fractal dimension and Holder exponent
offer great insight into the structure of active regions, however a
cautionary note is necessary as this small sample size restricts us
to only qualitative statements regarding solar flare probabilities.
As suggested by McAteer et al. (2010), the likely nonlinear
nature of the driver of flares (i.e., reconnection) combined

with the unknown exact link between the location of the
measurements (i.e., the photosphere) and the location of the
event (i.e., the corona) may make reliable solar flare predictions
an almost impossible task. However, the results presented
here do confirm the ability of multiscale methods to detect
characteristic changes in magnetic elements on the photosphere
of the Sun (Hewett et al. 2008; Abramenko 2005b). In particular,
those characteristics such as changes in the flatness of structure
functions, the dimensional and contribution diversity of the
multifractal spectrum, and the fractal dimension (Abramenko
2005a; Conlon et al. 2008; McAteer et al. 2005a) are associated
with an enhanced probability of producing flares. The work
presented here is an improvement on each of these methods and
allows for a more detailed analysis than was previously possible
of the processes involved in the evolution of active regions.
There are several remaining weak points in this method.
While the best effort has been made to remove the quiet Sun
component, this problem remains open to interpretation. Our
chosen value of 40, used to threshold the wavelet transform
modulus gradients at the smallest scale, was chosen so as to
maximize the contribution of gradients associated with active
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Figure 5. Evolution of NOAA 10954. Top panel: MDI magnetogram image for NOAA 10954 at the times shown. Second panel: total area (Mm?). Third panel: total
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regions and minimize the number associated with quiet Sun
features. Active regions of all sizes contain a large number of
low strength gradients. As such, the incorporation of the slope
threshold in modulus space may reduce the number of these
low strength gradients in the calculations. Given the ranges of
scales present in active regions these results are also limited by
the use of an arbitrary and fixed regression range. While great
care has been taken to select the most appropriate range of scales
for each image, an automated regression technique is required to
improve on these results. Furthermore, it is unclear how changes
in the resolution of magnetogram images will affect the different
methods used to calculate the multifractal parameters of active
region. As the WTMM method calculates these parameters
based on the distribution of gradients within the image, it should
be more robust to changes in resolution (as compared to the
traditional box-counting method). The enhanced detail offered
by an increase in resolution would increase the number of visible
gradients within the images and hence remove the need for a
running average of magnetograms.

These results represent only one data point in the multifrac-
tal spectrum, the so-called fractal dimension or ¢ = 0. The
WTMM method allows for the calculation and analysis of the
full multifractal spectrum. This is akin to performing traditional
emission-line spectroscopy, studying the amplitude and wave-
length of the peak, but ignoring the width and asymmetry be-
tween the wings. As such, a future investigation into the behavior
of the whole spectrum will provide additional information into
the changing structure of active region magnetic fields. Given
the results of Conlon et al. (2008), changes in the full multifrac-
tal spectrum may provide a clearer distinction between flaring
and non-flaring regions. Taken together with other physical pa-
rameters, the multifractal spectrum may make it possible to
detect the restructuring of active region magnetic fields prior to
flaring. Further work is needed on a larger set of active regions
(McAteer et al. 2005b; Higgins et al. 2010) to fully access the
capability of the WTMM method in order to detect the condi-
tions favorable for flaring and further constrain any thresholds
that may or may not exist.



584 CONLON ET AL.
19-Feb—2007 16:03 21-Feb—-2007 16:03

19-Feb—2007 04:51

1x10*

Area (Mm?®)

Vol. 722

d(Mx)

10% : E
e L

1021

0.0
<

-05 Mf ?T_ -

-1.0

1.5

D(h)

1.0

050 : . .
20-Feb

19-Feb

Figure 6. Evolution of NOAA 10942. Top panel: MDI magnetogram image for NOAA 10942 at the times shown. Second panel: total area (Mm?). Third panel: total
unsigned magnetic flux (Mx). Fourth panel: 4 for ¢ = 0. Bottom panel: D(h) for g = 0. Vertical dotted lines indicate the time of MDI magnetograms and horizontal
lines are proposed thresholds for solar flare production

21-Feb 22-Feb

Table 1
Summary of Results for the Six Active Regions Studied
NOAA Total Area Magnetic Flux Fractal Dimension Holder Exponent Flares
AR (Mm?) (1022 Mx)
10488 22921 9.95 1.88 0.10 13C&3M
10763 11482 2.40 1.38 —0.43 12C&4M
9878 23415 5.48 1.34 —0.42 4C
10954 X X X —0.58 X
10942 X X X —0.56 X
10956 13522 2.26 X X X

Note. Maximum values for the total area, magnetic flux, Fractal Dimension, and Holder exponent are presented
when they exceed thresholds for an extended period of time.
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