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Abstract: In this article, the Hamiltonian for the conform-
able harmonic oscillator used in the previous study [Chung
WS, Zare S, Hassanabadi H, Maghsoodi E. The effect of
fractional calculus on the formation of quantum-mechan-
ical operators. Math Method Appl Sci. 2020;43(11):6950—
67.] is written in terms of fractional operators that we called
a-creation and a-annihilation operators. It is found that
these operators have the following influence on the energy
states. For a given order a, the a-creation operator pro-
motes the state while the a-annihilation operator demotes
the state. The system is then quantized using these crea-
tion and annihilation operators and the energy eigenvalues
and eigenfunctions are obtained. The eigenfunctions are
expressed in terms of the conformable Hermite func-
tions. The results for the traditional quantum harmonic
oscillator are found to be recovered by setting a = 1.

Keywords: harmonic oscillator, conformable derivative,
fractional order creation, annihilation operators

1 Introduction

The fractional derivative extends the classical derivative by
allowing the operators of differentiation to take fractional
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orders, and it has played an important role in phy-
sics, mathematics, and engineering sciences [1-10].
The definition of fractional derivative and fractional
integral subject to several approaches such as Riemann-—
Liouville fractional, Caputo, Riesz, Riesz—Caputo, Weyl,
Griinwald-Letnikov, Hadamard, and Chen fractional deri-
vatives [1-12]. Recently, a new definition of fractional
derivative was presented by Khalil et al. [13] called the
conformable derivative. This definition is suggested as a
natural extension of the usual derivative in the following
senses. Given a function f € [0, co) — R, the conformable
derivative of f with order « is defined by ref. [13]

FEeet - (0 »

L(f)(©) = lim

forallt > 0, a € (0,1]. Here, we utilize D%f as a shorthand
notation for the conformable derivative of f of order «,
T.(f)(t). According to this definition, the conformable
derivative of the constant is zero; it satisfies the standard
properties of the traditional derivative, i.e., the derivative
of the product and the derivative of the quotient of two
functions and also satisfies the known chain rule. In
addition, one can say that the conformable derivative is
simple and similar to the standard derivative. To read
more about conformable derivative, its properties, and
its applications, we refer you to refs. [14-20]. Because
of these properties, in the last few years, the conformable
calculus is applied successfully in various fields [13,21,22].
Besides, the conformable Euler-Lagrange equation and
Hamiltonian formulation were discussed by Lazo and
Torres [23]. In ref. [24], the conformable (2 + 1)-dimen-
sional Ablowitz—KaupNewell-Segur equation was inves-
tigated to verify the existence of complex combined
dark-bright soliton solutions. For this purpose, the sine-
Gordon expansion method is used, which is an effective
method. The 2D and 3D surfaces under some suitable
values of parameters are also plotted. In ref. [25], new
solutions to the fractional (2 + 1)-dimensional Boussinesq
dynamical model with the local M-derivative with the
aid of the modified exponential function method were
obtained. The complex and combined dark-bright characteristic
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properties of nonlinear Date-Jimbo-Kashiwara—Miwa
equation with conformable derivative are extracted in
ref. [26].

The quantization of fractional system is of prime
importance in physics. Rabei et al. [27] discussed how
to find the solution of the Schrodinger equation for
some systems that have a fractional behavior in their
Lagrangian and obey the WKB approximation. Besides,
the canonical quantization of a system with Brownian
motion is carried out using fractional calculus by Rabei
et al. [8]. However, the quantization of fractional singular
Lagrangian systems using WKB approximation is studied
by Rabei and Horani [28].

Recently, the deformation of the ordinary quantum
mechanics based on the idea of fractional calculus is
considered by Chung et al. [29]. They adopted the con-
formable fractional calculus, which depends on the basic
limit definition of the derivative. The authors proposed
the a-position operator and a-momentum operator and
they constructed the a-Hamiltonian operator and frac-
tional Schrodinger equation. Also by considering the
fractional calculus, they have formulated the conformable
quantum mechanics and they have discussed some
physical examples such as the harmonic oscillator
problem.

The harmonic oscillator problem is of great importance
in quantum mechanics. The treatment of this problem
using the algebraic method based on the creation and anni-
hilation operators rather than solving the Schrodinger
equation is well known in quantum mechanics. It
plays a central role in modeling various physical phe-
nomena as well as its importance in the canonical
field quantization. It is then a natural step to extend
the algebraic method within the frame of conformable
quantum mechanics. The main purpose of this article
is to treat the conformable harmonic oscillator using
an algebraic method with newly defined operators
that we call the a-creation and a-annihilation opera-
tors. Their names are justified by noting that the a-
Hamiltonian of the system is factored in terms of these
operators and that they have the effect of promotion
and demotion of the a-states. It should be mentioned
that this treatment is presumably needed to lay out
the transition into any possible conformable quantum
field theory.

This article is organized as follows. In Section 2,
we present a brief review of the formulation of conform-
able quantum mechanics. In Section 3, we present and
discuss the quantization of fractional harmonic oscillator
using the a-creation and a-annihilation operators. In
Section 4, we present our summary and conclusions of
this work.
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2 The conformable quantum
mechanics

Recently, Chung et al. [29] proposed a formulation of the
ordinary quantum mechanics in fractional form using the
conformable derivative. Here, we present the main defi-
nitions and relations needed for our work. According to
Chung et al. [29], the fractional Schrodinger equation
takes the form

Hy(Ras PP, 1) = (2‘:: " vaom)ab(x, 2

= EY(x, t),
with the position and momentum operators X, p, defined as
Re=X, Pa = -ihiDS 3

where 7§ = ( h +. The inner product is defined as ref. [29]

Ya

(flg) = jg*(x)f(xnxw-ldx, @)

and the expectation value of an observable A for a system
in the state (x, t) is
(4) = (P(x, DIANY(x, 1))

- I D (x, DAB(X, B)[x]a1dx. )

One can refer to ref. [29] for more illustrations.

3 Quantization of conformable
harmonic oscillator

The Hamiltonian for the conformable harmonic oscillator
is given as ref. [29]:
A2
H, = P, lm“wz’)‘x”‘, (6)
2m* 2

and the Schrodinger equation for this system takes the
form

( s e )
+ —mPw*x** [(x, t) = E%P(x, t). 7)
2m* 2

By defining an arbitrary potential depending on X,(x) as
ref. [29]

@, if x>0
X0=1 % (8)
0% e x<o,
24
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one may re-express equations (6) and (7) in the forms

) 2
ptx 48 2ay2
H, = + —mew?X2(x 9
= 2 200
and
pr &
4 mtw®X2(x) [W(x, t) = E9P(x, t), (10)
2m“ 2
respectively.

3.1 a-creation operator &J and
a-annihilation operator d,

We will develop here a fractional algebraic method for
solving equation (10). It involves the definition of two
operators, namely, the fractional creation operator of
order a (a)) and fractional annihilation operator of order
a (d,). We start by rewriting the Hamiltonian equation (9)
as

1 ., 52
—(Pz + a’mPw*X,).

H, =
“ om

(11)

Because p, and X, do not commute, the Hamiltonian
could be factored as

Hy = L{(l]ﬁa + am®wX,)(—ipe + am*w®X,)
2m*

(12)
- iamawa[f?a’ Xa]}-
The commutator [p,, X,] can be found as follows.
[f’ay Xa]lp = ﬁaXal)b - Xai?alp
= _ihg[lpD)?Xa + XaDglI) - XaD)((le] 13)
a
- ine] o |,
a
and thus
[Das Xal = ~ihg. (14)
Substituting this result in equation (12) we obtain
T2 A,y
H, = ahfwt (iDpg + am®*w*X,)
2meakw®
(15)

\2mEahw® 2|

According to this result, we define the a-creation operator
a} and the a-annihilation operator d, as

" (=ipy + am®w®X,) 1]

at = (am®w*Xy — ipa)

= ’ 16
‘ £ 2meahsw® (16)
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P (am®w®X, + ipy)
¢ \2m&ahiw®

respectively. The commutation relation of d, with a, is
now straightforwardly calculated using the fundamental
relation equation (14) to yield

17)

(18)

The fractional Hamiltonian is then expressed in terms of
fractional creation and annihilation operators as

H, = ahgwa(aaa; - %) (19)
or equivalently as
H, = ahgwa(a;&a + %) (20)

Substituting @ = 1, one may recover the usual Hamiltonian
of harmonic oscillator.

3.2 The eigenfunction and eigenvalue

First of all let us operate by the fractional Hamiltonian on
a, then we have

Ho(@l) = ahw(azaa . %)(a;zp). 1)

Using equation (18), we obtain

~ At At A ~+1
Hi@l) = anwr(al(alaa + 0 + 8l

J
_ a;(ahgw“(&;da . %)lp " ahgw"‘lp)

= 4}(H, + ahwy
= (E* + ahw™)@j).

Similarly, one can show that

Hawh) = antor{aud - 1)(aa¢>,

5 (22)

and that
Ha(aa'p) = (Ea - “hgw“)(flalp)-

It follows that (4,) is an eigenfunction of the Hamiltonian
H, with an eigenenergy E% increased by ahsw® and d,ip isan
eigenfunction of the Hamiltonian H, with an eigenenergy
E*decreased by akjw®. This justifies the names given above
tod, and a,.

To calculate wave function for ground state i,, we
stipulate that

(23)

aqp, = 0. (24)
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Then, by making use of equation (17), we have
(am®wXy + iPg)

Jomtrargn oo = (amt W+ haDY, = 0.
o

It is then straightforward to obtain the ground state
eigenfunction as

1
am®w® 4 amawaXZa
= exp| —————— (25)
Yo ( ThS ) p( h%2a? )
a,,a % a,,ay2
_ “mi’ exp _am*w’Xy , (26)
Th 2k

where we make use of equation (4) to normalize ,.
Making use of equations (2), (20), and (24) one may cal-
culate the ground state energy E§. The result is

1

E§ = Eahgw“ . (27)

In the same manner, we calculate the energy for the first
excited state (E) from

Ha(lpl) = Ela(llﬁ)
By making use of equation (21), we have
Ho(dgtp,) = (E + ahgw™)(dqp,)

= (%ahgw“ + ahgw"‘)(&gl[)o)
_ z a, alcat
=13 ahw® |(G,,),

from which we obtain the energy for first excited state as

3

Ef = Eahgw“. (28)

Repeating similar steps for the n-excited state, one finds
that the energy eigenvalues are

EX = ahgw“(n + %), n=0,1,2,... (29)
The n-excited state (i,,) is determined from
Yy, = An(@)"h, (30)

The constant 4, is calculated from the normalization con-
dition as

W, = AP j (@D"py) (@D o xdx
= AP j @@ "y (@HMpxdx  (31)

“ 1A [ (@ (@@ .
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Using (see Appendix A)
[des (@)™ = n@@)™", (32)

we then have
Wl = 1A [ (@) (@Dt
+ (@)™ P )x*'dx

= AP j (@D14) (0 + n@]yr-"yp)x dx
J (33)

=1 |4, j (@) (@l o xadx

1 AP j @Dy Pxedx.

—00

Making use of equation (30) and interchanging n by
n — 1, we have

W= A @), — ﬁ— _ @y,
n-1
W) = 1 | AP j Pro1 | yacigy
h An—l
A 2
=n A_"l I|¢n71|zxa—1dx’
.

Q
where X, = % — dX, = x*ldx

WDl

n

Ay 2T X
— dX,
An_l |l/)n—1| a
A f

=1
An71 (l/)n—1|lpn—1>

An—l
Jn

n

— A, = s

where the inner product for ¥,_, is equal (b, ,|¢,_;) = 1.
Then we obtain

2
W.l)y=n AAn —1- A, = ‘il/rl;l
n-1 n (34)
A, = An-1
n \/ﬁ ’

where Ag = 1. The eigenfunction for nth-excited state is
then

1 .
l/)n = \/n—' (a;)HIPO'

(35
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3.3 Eigenfunctions in terms of Hermite
polynomial

The eigenfunctions for the excited state equation (35) can

be expressed in terms of the Hermite polynomials as fol-
lows. First, we rewrite equation (16) as

¢ 1 am®w* Ry .
- Xo— | D
%a 2 e am®w®
_ L am®w® X, h4 letxi .
V2 h& Vamtw® ™ dx

i - X
Using X, = o

d _ 1—0(1

x X and
m“w“ d
h"‘ am“w“ dX

We defineY = |“ ”’a“’a X,, then dY =
|—2_ ——.In terms of Y, we have
am“w

Q.0
e 94X, and

~t 1 ( d )
a,=—|Y-—|. 36
=7 av (36)
Substituting this equation in (35) we obtain
b= () o

Making use of equation (26) in (37), and following ref.
[30], one may show

am®w? ‘ 1 Y2
- 38
Y, _( z ) T Hn(Y)exp( 5 ) (38)

The eigenfunction for n-excited state in terms of Hermite
polynomials is then given as

1

am®w®*\* 1 am®w“

lpn:( ) Hn( Xa)
ThS J2m! h&
“ “ (39)

am®wX?

x exp| ——2|.

2K

3.4 Eigenfunctions in terms of conformable
Hermite polynomial

The eigenfunctions for the excited state equation (35) can
be expressed in terms of the Hermite polynomials as fol-
lows. First, we rewrite equation (16)

_ 1] jamiw® x* by D
2 o« amlw®
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We define y2 = /”‘”;"’“ X then ay®ldy = “”;“a“’a x@1dx,

1-a
and L~ % - | 'a
a dy

of Y, we have

1-a @ d
X
am®w® dx’

= D{. In terms

so we get ED;X

~t 1 ( . 1 a)
al = —|y*- =p2|. 40
(24 \/5 y a y ( )
Substituting this equation in (35) we obtain
¥ = —(ye - Lpe)y (41)
n 2 Voo uy) e

. am®w® y
From equation (26) y, = ( i ) exp(——) we have

1
1 (am@®\'( , 1 )" y*
= - —D%| exp|-7—|. (42)
¥, ’—2"n!( o )(y Dy | exp| -
Making use of conformable Hermite polynomial [31]:
1) = S expDp exp(-y).  (43)

Thus, using the relation (see Appendix B)
n 20 20
(y“ - lD;") exp(—yT) = exp(—yT)H,‘,"(x), (44)
a

we adopt D™ to denote the conformable derivative n-times.
The eigenfunction for n-excited state in terms of con-
formable Hermite polynomials is then given as

1 ( am®w® )4 exp (_YTM)H:‘(J/). 45)

Vo = 2\ mhg

4 Summary and conclusions

In this article, an algebraic method, using a-creation
operator 4, and a-annihilation operator d,, is established
for the conformable harmonic oscillator. The Hamiltonian
for the systems is written in terms of these operators. It is
found that for a given order a, the a-creation operator has
the effect of promoting the present state of the system
while the a-annihilation operator demotes the state. The
system is quantized in terms of 4, and @, and the energy
eigenvalues and eigenfunctions are obtained. The eigen-
functions are expressed in terms of the conformable
Hermite functions. The results for the traditional quantum
harmonic oscillator are found to be recovered by setting
a = 1. The formulation of the harmonic oscillator using 4,
and a, may be useful in the formulation of conformable
field quantization.
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Appendix A

(@ (@) = n(@pr. (46)

Proof. Using number operator

N = a.a;. (47)
We calculate this commutation relation

N(a)" = Najahr1

= (A, + agN)(@g)" "
= (2a)? + (@3)*N)(ay)"2
== (@YD" + @D"N).
So, we have

[N, @ = n(@h, (48)

and substituting equation (47) in this commutation rela-
tion we have

(A4, (A" = dgldas @)"] + [dg, (A" dq
=al[aq, (@)™ + 0 = n(@ahH.
Thus, we obtain
dalaa, (A" = n(@)" = [da, (@)"] = n(@n"*

and a,(a))" = (a})"a, + n@hH*. O
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Appendix B

Proof.
V2V o 1.4 y2 1,
exp(_T)(y - ;Dy)exp(T)[(y) = _EDyf(Y)’ (49)
for n-times we get
n 20
(y“ - %D;") exp(y—)/()’)
=" .
=@y exp( ) L f (),
let f(y) = exp(——) we obtain
a 1 a 5 (_1)n * na M
(- 2] = Gre T press( ) o0

multiply this equation from right side by exp (—VTM), thus,
we have

1 a n 2a
(ya _ EDy) exp(—yT)
= exp( 5 )[(al) exp(y**)D;* exp(- yz‘*)]

So, using conformable Hermite polynomial in equation
(43), we obtain

a_ Lpa) exp Y2 = exp[ Y2 |ae
(y aDy) exp( 5 )—exp( 5 )Hn(x). (52)

O
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