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Fluctuation theorems provide a correspondence between properties of quantum sys-
tems in thermal equilibrium and a work distribution arising in a non-equilibrium process
that connects two quantum systems with Hamiltonians H0 and H1 = H0 +V . Building
upon these theorems, we present a quantum algorithm to prepare a purification of the
thermal state of H1 at inverse temperature β ≥ 0 starting from a purification of the
thermal state of H0 at the same temperature. The complexity of the quantum algo-
rithm, given by the number of uses of certain unitaries, is Õ(eβ(∆A−wl)/2), where ∆A
is the free-energy difference between the two quantum systems and wl is a work cutoff
that depends on the properties of the work distribution and the approximation error
ε > 0. If the non-equilibrium process is trivial, this complexity is exponential in β‖V ‖,
where ‖V ‖ is the spectral norm of V . This represents a significant improvement over
prior quantum algorithms that have complexity exponential in β‖H1‖ in the regime
where ‖V ‖ � ‖H1‖. The quantum algorithm is then expected to be advantageous in a
setting where an efficient quantum circuit is available for preparing the purification of
the thermal state of H0 but not for preparing the thermal state of H1. This can occur,
for example, when H0 is an integrable quantum system and V introduces interactions
such that H1 is non-integrable. The dependence of the complexity in ε, when all other
parameters are fixed, varies according to the structure of the quantum systems. It
can be exponential in 1/ε in general, but we show it to be sublinear in 1/ε if H0 and
H1 commute, or polynomial in 1/ε if H0 and H1 are local spin systems. In addition,
the possibility of applying a unitary that drives the system out of equilibrium allows
one to increase the value of wl and improve the complexity even further. To this end,
we analyze the complexity for preparing the thermal state of the transverse field Ising
model using different non-equilibrium unitary processes and see significant complexity
improvements.
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1 Introduction
1.1 Background and outline
The simulation of physical systems at thermal equilibrium is an important problem in many fields
of research, including physics, quantum information, chemistry, biology, and discrete optimization
(cf. [1–12]). One way to approach this problem is via Gibbs sampling, that is, by using a computer
to sample states or configurations according to the Gibbs or thermal distribution. Indeed, two of the
most important algorithms in statistical physics, namely Markov chain Monte Carlo (MCMC) [1,13]
and quantum Monte Carlo (QMC) [3,14], produce such configurations. These methods are powerful
and used widely, but can also suffer from severe limitations, which include the production of
correlated outcomes and the well-known sign problem that can lead to prohibitive runtimes [13,
15,16]. Developing novel, possibly more efficient methods for studying physical systems in thermal
equilibrium is an ongoing quest.

The simulation of quantum systems is expected to be one of the main applications of quantum
computing. Accordingly, in recent years we have seen a handful of quantum algorithms for studying
thermal equilibrium. These algorithms are described as sequences of unitary operations or quantum
gates, with a guarantee that the final (reduced) state of the quantum computer encodes, or is a good
approximation of, the thermal state of a quantum system of interest [4, 6, 17–22]. In some cases,
the complexity of the quantum algorithm is provably better than that of its corresponding classical
analogue, thereby providing a type of quantum speedup [6,23–25]. However, in contrast to known
quantum algorithms for simulating the dynamics of quantum systems [26–33], existing quantum
algorithms for thermal states are not very sophisticated and still present various limitations. For
example, the quantum algorithm in Ref. [7] can lead to very large relaxation times if the choice
of updates is poor; a problem related to critical slowing down in Monte Carlo simulations [34].
The quantum algorithms in Refs. [17,21] transform the maximally entangled state into a coherent
version (purification) of the thermal state. This is related to a thermalization process that brings
an infinite-temperature state to one at finite temperature and, again, can be highly inefficient.
Moreover, except for a few known cases [19,20,22], the runtimes of these quantum algorithms are
often exponential in the strength (spectral norm) of the Hamiltonian that models the quantum
system. While this is reasonable for worst-case instances from complexity-theory arguments [35],
improved runtimes should be expected under further considerations, such as when the initial state is
not “far” from the target thermal state, or when physical properties of the systems can be exploited.
The algorithms mentioned above are not capable of taking advantage of such considerations, which
is a main motivation for developing the algorithm presented here.

In this paper, we propose a novel quantum algorithm for preparing thermal states that avoids
some limitations of prior algorithms, as we discuss below. Our quantum algorithm is inspired by
fluctuation theorems, which play an important role in statistical mechanics [36–40]. These theorems
provide useful computational tools for studying physical systems in thermal equilibrium from non-
equilibrium properties. They introduce the notion of “work” w ∈ R, which is a random quantity
that can be measured in a non-equilibrium process that drives an initial thermal equilibrium state
out of equilibrium by parametrically changing the system Hamiltonian. The distribution P (w)
contains information that relates to thermal equilibrium properties of H0 and H1. For instance, by
simulating a non-equilibrium process and sampling work values one can determine the free-energy
difference between two thermal equilibrium states [41,42].

Our quantum algorithm does not directly simulate the non-equilibrium process to sample from
P (w), but applies a sequence of operations which, in effect, reproduces it. The produced quantum
state can be shown to be a good approximation to the thermal state of H1 at given inverse
temperature β ≥ 0. Our algorithm assumes access to a unitary that prepares the purification of the
thermal state of H0, which might be implemented efficiently for integrable systems. The runtime
of our quantum algorithm depends on several factors, including the magnitude of the perturbation
V such that H1 = H0 +V , the approximation error, and the characteristics of the non-equilibrium
process. In particular, we show that the runtime is bounded by an exponential in β‖V ‖, where
‖V ‖ is the spectral norm of V , when the non-equilibrium process is trivial. This is a significant
improvement over prior quantum algorithms for thermal states [17,18,21], especially when ‖V ‖ �
‖H1‖; see Sec. 1.4 for a detailed comparison. The runtime of our quantum algorithm can be further
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improved with a choice for the non-equilibrium process that depends on the physical properties
of the quantum systems. Our results are then another example where a powerful technique from
statistical physics can be adapted to provide sophisticated quantum simulation algorithms with
various improvements.

The outline of our paper is as follows. In Sec. 1.2 we describe the thermal-state preparation
problem, and in Sec. 1.3, we present the main complexity results of our quantum algorithm. In
particular, we discuss how this complexity depends on properties of the non-equilibirum process
and the Hamiltonians, such as when H0 and H1 commute, or when H0 and H1 are local spin
Hamiltonians. In Sec. 1.4 we compare our results with those of the related works.

In Sec. 2, we set the stage for our quantum algorithm, where we first discuss the two-time
measurement scheme that provides a simple connection between non-equilibrium and thermal-
equilibrium properties in quantum systems. We discuss how this scheme could be adapted to
construct a quantum algorithm for preparing thermal states, but this approach presents other
shortcomings, as we discuss in Sec. 2.1.1. Then, in Sec. 2.2, we provide another realization of the
scheme, which we name the two-copy measurement scheme, that avoids those shortcomings and
forms the basis of our quantum algorithm described in Sec. 3.

Our quantum algorithm requires implementing a good approximation of an exponential oper-
ator, which is discussed in Sec. 3.3. The approximation is based on a Fourier series (Sec. 3.3.2).
The steps of the algorithm are given in Sec. 3.4 and the proof of our main result on complexity is
in Sec. 3.5. The complexity is exponential in β(∆A−wl)/2, where ∆A is the free-energy difference
between the quantum systems H1 and H0 at inverse temperature β, and wl ∈ R is what we call a
work cutoff. The work cutoff is then analyzed in Sec. 4, where we provide several bounds for wl for
general Hamiltonians (Sec. 4.1), commuting Hamiltonians (Sec. 4.2), and local spin Hamiltonians
(Sec. 4.3). These bounds also determine the complexity of the quantum algorithm in terms of its
approximation error. The work cutoff, and hence the complexity of our algorithm, can be further
improved by first applying a unitary that drives the system out of equilibrium. We explore this
numerically for the case of preparing the thermal state of the transverse-field Ising model and
see significant complexity improvements even for small system sizes (n ≤ 11). Furthermore, in
Appendix B we derive the form of an optimal unitary for which the work cutoff is maximized.

In Sec. 5, we conclude with a summary of the results and also present some open problems.
These regard further improvements of our algorithm by using other approximations to the expo-
nential (e.g., a Chebyshev approximation), by considering other non-equilibrium processes, or by
other uses of fluctuation theorems to compute thermal properties. To ease readability, the technical
proofs of some complexity statements are given in respective appendices.

1.2 Problem statement
We describe the problem for n-qubit systems for simplicity but our results apply to all finite-
dimensional quantum systems, including systems of qudits and fermionic systems, given access to
the relevant unitaries. We write Hs = CN for the relevant Hilbert space of dimension N = 2n.
The thermal-state preparation problem (TSPP) is defined as follows:

Definition 1.1 (TSPP). Given a Hamiltonian H1 acting on Hs, an inverse temperature β ≥ 0,
and an approximation error ε ≥ 0, the goal is to prepare a mixed quantum state τ1 that satisfies

1
2‖τ1 − ρ1‖1 ≤ ε , (1)

where

ρ1 := e−βH1

Z1
(2)

is the thermal or Gibbs state and Z1 := tr(e−βH1) is the partition function.

For any linear operator A acting on Hs, ‖A‖1 := tr(
√
A†A) is the trace norm, tr(.) is the

trace, and the left hand side of Eq. (1) is the trace distance between τ1 and ρ1. A state τ1 that
satisfies Eq. (1) cannot be distinguished from ρ1 with probability greater than ε in a single-shot
experiment [43, 44]. Moreover, expectations computed in τ1 differ from those in ρ1 by an amount
that is, at most, proportional to ε.
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1.3 Main results
In Sec. 2 we describe how fluctuation theorems determine thermal properties of a quantum system
through properties of a work distribution P (w) ≥ 0. Here, w ∈ R is a random variable that
represents the work done on a system which is initially in thermal equilibrium with respect to H0
but then is driven out of equilibrium by a unitary U . For closed systems, w is simply equal to the
change of the system’s energy, which can be determined by performing projective measurements
of the Hamiltonian of the system at the start (H0) and end (H1) of the process. The probability
of observing a change in energy corresponding to w determines P (w), which we formally define
in Eq. (12). We assume w ∈ [wmin, wmax], with −∞ < wmin ≤ wmax < ∞. The lower tail of
P (w) gives rise to the notion of a work cutoff, wl, where those samples satisfying w < wl do not
contribute significantly to the thermal properties of the system and can be discarded.

Building upon these theorems, our main result is a quantum algorithm for preparing the thermal
state ρ1 starting from the thermal state ρ0 = e−βH0/Z0, given in a purified form |Ψ0〉 , where
Z0 = tr(e−βH0) is the partition function of H0. The purification is such that |Ψ0〉 ∈ Hs ⊗ Hs′ ,
where Hs ≡ Hs′ , encodes ρ0 in Hs, which is obtained by discarding or tracing out Hs′ . The
main figure of interest is the complexity of the quantum algorithm and its asymptotic scaling in
terms of the inverse temperature β and the error ε. Certain results of this section show these
dependencies explicitly for clarity, where complexities are stated using the big-O notation. The
following theorem is our main result, and is proven in Sec. 3.5.

Theorem 1.2 (Quantum complexity for the thermal-state preparation problem). Let H0 and H1
be two Hamiltonians acting on Hs, β ≥ 0 be the inverse temperature, and ε ≥ 0 be the approximation
error. Let |Ψ0〉 ∈ Hs⊗Hs′ denote a particular purification of the thermal state ρ0 where Hs ≡ Hs′ ,
U0 be the unitary that performs the map |0〉 → |Ψ0〉 = U0 |0〉 , and U be a given unitary acting on
Hs. Then, there exists a quantum algorithm that solves the TSPP and prepares a quantum state
τ1 that satisfies Eq. (1), that is,

1
2‖τ1 − ρ1‖1 ≤ ε . (3)

The quantum algorithm makes Q = O(e
√

ln(1/ε)e
β
2 (∆A(β)−wl(β,ε))) amplitude amplification rounds,

on average, where ∆A(β) := − 1
β ln(Z1(β)/Z0(β)) is the free-energy difference and wl(β, ε) ≥ wmin

is a work cutoff that satisfies ∑
w<wl(β,ε)

P (w)e−β (w−∆A(β)) ≤
( ε

6

)2
. (4)

Each amplitude amplification round uses the unitaries U , U†, U0, and U†0 once. It also makes
O((ln(1/ε) + β(wmax − wl(β, ε)))3/2) uses of a controlled-U unitary and its inverse, acting on
Hs ⊗Hs′ , where U := eiδβW/2, W := H1 ⊗ 1l− 1l⊗H∗0 , and δ ≤ π/16. The Hamiltonian H∗0 is the
complex conjugate of H0 in the computational basis and 1l is the identity. Additionally, the number
of two-qubit gates per amplitude amplification round is O((ln(1/ε) + β(wmax − wl(β, ε)))3/2).

In Sec. 2 we will see that
∑
w P (w)e−βw = e−β∆A(β) which is known as the Jarzynski equal-

ity [37]. Then, the results in Thm. 1.2 could be alternatively stated in terms of properties of the
work distribution alone. We stress that this work distribution depends not only on the initial and
final Hamiltonians H0 and H1, and the inverse temperature β, but also on the unitary U . Hence
the overall performance of the quantum algorithm depends on the choice of U .

Our quantum algorithm prepares a pure state |Ψ′1〉 ∈ Hs ⊗ Hs′ , a purification of τ1, and τ1
is obtained by discarding or tracing out Hs′ . Working with purifications is advantageous for sev-
eral reasons, including the efficient computation of thermal properties, where quantum-metrology
techniques can be applied [45]. The quantum algorithm implements certain unitaries U , U0, U ,
their inverses, and the controlled versions thereof. We work in a model where the implementation
details of these unitaries are not essential, so the main complexity results presented in Thm. 1.2
can be regarded as the quantum query complexity of the quantum algorithm. One could obtain the
full gate complexity from explicit constructions for those unitaries, but a detailed analysis of these
constructions, which also depend on the presentation of the Hamiltonians, is outside the scope
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of this paper. Nevertheless, for completeness, in Appendix A we give one possible construction
for U using quantum signal processing and qubitization, when the Hamiltonians are presented as
linear combination of unitaries [33, 46]. Additionally, finding U0 is a difficult problem in general.
Our quantum algorithm is then expected to be mostly useful in instances where U0 can be ac-
cessed or efficiently constructed, and we provide an example of this in Sec. 4.3.2, where H0 is a
non-interacting spin system.

The quantum algorithm in Thm. 1.2 is a unitary operation that acts on a Hilbert space H =
Hanc⊗Hs⊗Hs′ , where Hanc denotes an ancillary space. This ancillary space consists of m ancilla
qubits that are needed to implement a particular linear combination of U j ’s, for j ∈ Z, and the
m′ ancilla qubits that are needed to implement each U j , which corresponds to time-evolution with
W . If the linear combination is implemented using quantum signal processing [33], then m ≤ 2. If
the Hamiltonians H0 and H1 are presented as linear combinations of L unitaries and also quantum
signal processing is used to simulate each U j , then m′ = O(log(L)), as explained in Appendix A.
Additional details on the ancilla requirements are provided in Secs.3.3.3 and 3.3.4, and Appendix A.

It is well-known that very small probability events, so-called rare events, are crucial for calcula-
tions based on fluctuation theorems [47]. The same holds for thermal state preparation as discussed
in this paper. The work cutoff wl(β, ε), formally defined implicitly by Eq. (4), is such that those
work values below wl(β, ε) can be ignored within the error tolerance even accounting for the sub-
tleties associated with rare events. In each amplitude amplification round, our quantum algorithm
implements an operation that is a function of a “work operator” W given in Thm. 1.2. This
operation modifies the amplitudes corresponding to the eigenstates of W , but those amplitudes
associated with eigenvalues of W below wl(β, ε) are irrelevant: these can be modified significantly
incorrectly or left unchanged, while still producing a sufficiently good approximation of ρ1.

This work cutoff also depends on U , as different U ’s give rise to different work distributions.

Since the dominant term of the complexity is expected to be e
β
2 (∆A(β)−wl(β,ε)) in many interesting

instances, to reduce this complexity, Thm. 1.2 suggests a trade off between implementing a U
that can increase wl(β, ε) and the complexity of implementing such a U . (Note that, in general,

e
β
2 (∆A(β)−wl(β,ε)) > .981.) In particular, small values of wl(β, ε) can occur for a trivial U , i.e.,
U = 1l, if the thermal state ρ0 has sufficiently high support on the subspaces of large and small
eigenvalues of H0 and H1, respectively; a simple example being H1 = −H0. This suggests that a
good choice for U to increase work values and the work cutoff will be a transformation that maps
eigenstates of H0 to those of H1 in some way. Indeed, in Appendix B, Thm. B.1, we show that
for any ε ≥ 0, there exists a non-equilibrium unitary Uεopt that maps eigenstates of H0 to those of
H1 such that wl is maximized in Eq. (4). When ε = 0, Cor. B.2 states that U0

opt also preserves the
(ascending) order of the eigenvalues.

Finding or implementing Uεopt might be intractable in general. The same holds for finding
the largest cutoff wl for a given unitary U . However, Uεopt can be efficiently constructed in some
instances, e.g., when there is an efficient quantum circuit that transforms eigenstates of H0 to
those of H1 or when H0 and H1 are both integrable. In addition, Thm. B.1 suggests the existence
of other U ’s that could be simpler to implement and help improve the complexity of our algorithm
by increasing wl(β, ε). In Sec. 4.3.2, we numerically investigate the complexity improvements of
various choices in U for the case of preparing the thermal state of the transverse-field Ising model.

Theorem 1.2 is useful when H1 = H0 +V , where V is a perturbation that satisfies ‖V ‖ � ‖H1‖.
This case is important in physics, as we could use our quantum algorithm to prepare the thermal
state of a complex quantum system H1 starting from (a purification of) that of a simpler quantum
system H0. To this end, we analyze the work cutoff for many classes of Hamiltonians and find
corresponding lower bounds that, in conjunction with Thm. 1.2 and Thm. 1.6 below, allow us
to determine the complexity of the quantum algorithm for these examples. While the cutoff can
depend on β and ε, our results provide suitable choices for wl that do not depend on β. The
following result applies to general Hamiltonians and is proven in Sec. 4.1.

1Jarzynski equality and Eq. (4) imply e−β∆A(β) =
∑

w<wl(β,ε)
P (w)e−βw +

∑
w≥wl(β,ε)

P (w)e−βw ≤

(ε/6)2e−β∆A(β) + e−βwl(β,ε). For ε ≤ 1, we obtain e
β
2 (∆A(β)−wl(β,ε)) ≥

√
35/36 ≈ .986.
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Theorem 1.3 (Work cutoff for general Hamiltonians). Let H0 and H1 = H0 + V be two Hamil-
tonians acting on Hs, ε > 0 be the approximation error, and U be a given unitary acting on Hs.
Then, for all wl satisfying

wl ≤ −
6‖VU‖
ε

, (5)

where VU := H1 − UH0U†, we obtain∑
w<wl

P (w)e−β (w−∆A(β)) ≤
( ε

6

)2
, (6)

and Eq. (4) is satisfied.

Note that VU = V for U = 1l, where the non-equilibrium process is trivial. When the Hamiltoni-
ans commute, i.e., [H0, H1] = 0, we obtain a simpler bound for the work cutoff that is independent
of ε. The following result is proven in Sec. 4.2.

Theorem 1.4 (Work cutoff for commuting Hamiltonians). Let H0 and H1 = H0 + V be two
Hamiltonians acting on Hs that satisfy [H0, H1] = 0, ε ≥ 0 be the approximation error, and U = 1l.
Then, for all wl satisfying

wl ≤ −‖V ‖ , (7)

we obtain ∑
w<wl

P (w)e−β (w−∆A(β)) = 0 , (8)

and Eq. (4) is satisfied.

The previous examples could be interpreted as limiting cases, for which a suitable choice of
wl(β, ε) in Thm. 1.2 can scale with 1/ε or does not depend on ε at all. Nevertheless, many other
cases are expected to lie in between, with a milder dependence of wl(β, ε) on ε than 1/ε. To this
end, we analyze the case where H0, H1, and V are local spin Hamiltonians, and in Sec. 4.3 we
show:

Theorem 1.5 (Work cutoff for local spin Hamiltonians). Let H1 = H0 + V , where H0 =∑
X∈Λ h0,X and V =

∑
X∈Λ vX are k-local Hamiltonians of degree g in a lattice Λ, as in Def. 4.1,

ε > 0 be the approximation error, and U = 1l. The number of local terms in V is at most M , and
these local terms satisfy ‖h0,X‖ ≤ h and ‖vX‖ ≤ v for all X ∈ Λ. Then, for all wl satisfying

wl ≤ −2Mv − 2hgk ln(6/ε) , (9)

we obtain ∑
w<wl

P (w)e−β (w−∆A(β)) ≤
( ε

6

)2
, (10)

and Eq. (4) is satisfied.

Often, Mv can be bounded using ‖V ‖, the spectral norm of V , as Mv ≤ ξ‖V ‖ for some constant
ξ ≥ 0 that is independent of M . In this case, the bound given in Eq. (9) is linear in ‖V ‖. The

result in Thm. 1.5 can also be generalized to the case U = U†1U0 6= 1l if VU = U1H1U†1 −U0H0U†0 is
also a k-local Hamiltonian of degree g. Then, VU =

∑
X∈Λ v

′
X is a sum of M ′ local terms satisfying

‖v′X‖ ≤ v′ for all X ∈ Λ, and one needs to replace M → M ′ and v → v′ in Eq. (9), as explained
in Sec. 4.3.2.

Equation (9) is an exponential improvement in terms of 1/ε over the general case given in
Eq. (5). This is due to the locality of the Hamiltonians, which implies a work distribution P (w)
that decays exponentially outside a region of work values that depends on Mv. To show this
exponential decay, in Lemma 4.2 of Sec. 4.3.1 we give a result for local Hamiltonians that might
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be of independent interest. Roughly, this lemma states that the support of an eigenspace of H0 of
sufficiently low energies (eigenvalues) on an eigenspace of H1 of sufficiently large energies decays
exponentially with the energy difference minus 2Mv. The proof of Lemma 4.2 is in Appendix F.

In addition to e−βwl(β,ε)/2, another relevant factor in the complexity of our algorithm is
eβ∆A(β)/2. In Appendix C we show that the absolute value of the free-energy difference can
be bounded in terms of ‖V ‖ in general:

Theorem 1.6 (Free-energy difference). Let H0 and H1 = H0 + V be two Hamiltonians, and
∆A(β) = − 1

β ln(Z1(β)/Z0(β)) be the free-energy difference at inverse temperature β ≥ 0. Then,

|∆A(β)| ≤ ‖V ‖ . (11)

Theorem 1.2, together with Thms. 1.3, 1.4, 1.5, and 1.6, allow us to determine the complexity
of our quantum algorithm for the previous three examples. In particular, if we consider a trivial
non-equilibrium process and assuming Mv ≤ ξ‖V ‖ for local Hamiltonians, these theorems imply:

Corollary 1.7 (Number of amplitude amplification rounds for U = 1l). Let U = 1l. Then, the aver-
age number of amplitude amplification rounds of our quantum algorithm is Q = Õ(e( 3

ε+ 1
2 )β‖V ‖) for

general Hamiltonians, Q = Õ(eβ‖V ‖) for commuting Hamiltonians, and Q = Õ((6/ε)βhgk e(ξ+ 1
2 )β‖V ‖)

for local Hamiltonians. The Õ notation hides the term e
√

ln(1/ε) that is subpolynomial in 1/ε.

Corollary 1.7 becomes particularly useful in the regime β‖V ‖ = O(1), where the complexity of
our quantum algorithm can be very mild. Additionally, the dependence of Q on 1/ε, when all other
parameters are fixed, varies strongly depending on the case: It is exponential in 1/ε in general,
subpolynomial in 1/ε for commuting Hamiltonians, and polynomial in 1/ε for local Hamiltonians.

Last, we note that if a unitary U∗ is implemented at the end of the quantum algorithm, where
U∗ is the complex conjugate of U in the computational basis, the prepared pure state is taken to
a form that is suitable for running the quantum algorithm again. This could allow one to prepare
a sequence of purifications of thermal states corresponding to Hamiltonians H0, H1, H2, . . ., by
repeated uses of our quantum algorithm; see Sec. 2.2 for details.

1.4 Related work
There are several results on quantum algorithms for simulating physical systems in thermal equi-
librium. We summarize some and detail their similarities and differences with our contributions.

References [17, 21, 48] provide quantum algorithms for preparing thermal states of quantum
systems by applying the exponential operator e−βH1/2 to the maximally-entangled initial state,
which is |Ψ0〉 for H0 = 0 in our case. This exponential operator can be implemented by means of
quantum phase estimation [49, 50], as in Ref. [17], or by using more recent techniques such as the
linear combination of unitaries, as in Ref. [21], or other operators (e.g., 1/(zj −H1) for zj ∈ C),

as in Ref. [48]. The dominant term in the complexity of those algorithms scales as
√
N/Z1(β)

if H1 ≥ 0, and this is O(eβ‖H1‖/2). The problem we analyze here is similar in that we also aim
at implementing an exponential operator, but the complexity of our algorithm greatly improves
that of Refs. [17, 21, 48] when ‖V ‖ � ‖H1‖ due to our assumptions. One assumption is that the
initial state |Ψ0〉 is the purification of the thermal state of some quantum system H0 6= 0, and this
helps when H1 is a perturbation of H0. For example, H0 could correspond to a non-interacting,
or integrable quantum system and V is a perturbation that introduces interactions, or makes the
system non-integrable. Another assumption is the ability to implement a non-equilibirum unitary
U that can improve the complexity further. In fact, the problem analyzed in Refs. [17, 21, 48] can
be thought of an instance of the more general problem analyzed in this work, one where H0 = 0,
H1 ≥ 0, and U = 1l. For this instance, the complexity of our quantum algorithm approximately
matches that of Refs. [17, 21].

Reference [41] provides a quantum algorithm to sample from the work distribution P (w) that,
in combination with fluctuation theorems, can be used to estimate the free-energy difference ∆A
or the ratio of partition functions Z1(β)/Z0(β). To this end, it uses a generalized measurement
implemented via a version of the quantum phase estimation algorithm [49], where an ancillary
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register encodes the work value resulting from the difference of energies of H1 and H0. The anal-
ysis in Ref. [41] does not consider the problem of preparing thermal states; however, it could be
easily adapted to the latter by measuring the ancilla and accepting the outcome with probability
proportional to e−βw (see Sec. 2.1). While this approach works, it has significantly worse con-
vergence than our quantum algorithm, as we discuss in Sec. 2.1.1. One reason is that quantum
phase estimation performs poorly in terms of the target approximation error ε′, having complexity
polynomial in 1/ε′. Another reason is that this approach prepares a mixed state, and techniques
such as amplitude amplification do not apply [51] . Our quantum algorithm does not suffer from
these shortcomings, because it prepares a purification of the thermal state and uses techniques such
as the linear-combination-of-unitaries subroutine or quantum signal processing to avoid quantum
phase estimation.

Reference [52] studies a quantum version of the classical rejection sampling algorithm. That
algorithm prepares a superposition state that encodes a target probability distribution in its am-
plitudes. It uses an ancilla qubit that functions as a “quantum coin”, determining whether a
configuration is accepted or rejected. Using amplitude amplification, that algorithm can prepare
a target distribution from an initial one, and provide a polynomial quantum speedup under some
assumptions. If the probability distributions correspond to thermal states of classical systems,
then this algorithm would serve as a method for thermal-state preparation. However, it does not
prepare thermal states of quantum systems and thus our results apply more generally. Indeed, our
algorithm could also be interpreted as a quantum version of rejection sampling, where we transform
initial quantum states into quantum states with certain target amplitudes through the implemen-
tation of an exponential operator. The ancillary system required to implement this exponential
operator can be thought of as a “quantum coin”. If we replace the exponential by some other
operator, our quantum algorithm would also allow for the preparation of other target quantum
states that are not necessarily thermal states of physical Hamiltonians.

In the limit β � 1, our quantum algorithm can be used to prepare the ground state ofH1, within
some approximation error, but the complexity is exponential in β‖V ‖. Other known quantum
algorithms for preparing ground states, including those in Refs. [53–56], have complexities bounded
by factors that depend on the inverse of the spectral gap ∆1 > 0 of H1 and the inverse of the
overlap γ > 0 between the ground states of H0 and H1. These results are not directly comparable;
both situations eβ‖V ‖ � ‖H1‖/(∆1γ) and eβ‖V ‖ � ‖H1‖/(∆1γ) could arise depending on the
case. Additionally, if the perturbation is such that β‖V ‖ � 1, then γ is expected to decrease
exponentially fast in ‖V ‖ or the size of the system, in which case the complexity bounds for all
these methods are exponential.

Reference [7] provides a quantum algorithm, known as quantum Metropolis sampling (QMS), to
prepare thermal states of quantum systems via a generalization of the classical Metropolis sampling
algorithm, as used in Markov chain Monte Carlo simulations. QMS is based on a random walk that
is applied to the state of the system; that is, it constructs a superoperator that has the thermal state
as the unique fixed point. The random walk applies a random unitary, and the move is accepted
or rejected based on the Metropolis rule. More recently, in Ref. [57], QMS was shown to have fast
convergence to the thermal state if the so-called eigenstate thermalization hypothesis (ETH) holds.
In this case, the runtime is polynomial in β‖H1‖, n, and other parameters given by the properties
of the system (i.e., H1). Other quantum algorithms for thermal state preparation are also discussed
in Ref. [58] where, under the ETH, the runtimes can be similar to that of QMS. (Note that the
ETH does not always hold, as is the case for some integrable quantum systems [59].) Reference [60]
provides another quantum algorithm for preparing thermal states based on quantum imaginary
time evolution, which requires applying the exponential operator e−βH1/2 to product states. The
performance of that algorithm then depends on the structure of H1. In particular, the exponential
operator is approximated by exploiting the exponential decay of spatial correlations in the quantum
states generated during the execution. Like in QMS, that algorithm also follows a Markov chain
that has the thermal state as a fixed point, under some assumptions. Nevertheless, those algorithms
are not comparable to ours since, rather than applying a random walk or introducing a digital bath
that might need to be refreshed, we prepare the thermal state through the implementation of an
exponential operator acting on a pure state and other unitaries. However, as in our case, those
algorithms may also benefit from starting from an initial state that is easy to prepare and “closer”
to the target thermal state ρ1. This remains as an open problem.
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Very recently a number of variational approaches have been proposed for preparing thermal
states on near-term quantum computing hardware; see Refs. [61–66]. Similar to our approach,
Ref. [61] prepares a purification of the thermal state, i.e., a thermofield double state of a target
Hamiltonian, via some easier to prepare thermofield double state of another Hamiltonian. However,
the transformation to prepare the target state in this algorithm, as well as those in Refs. [62–66],
is found by utilizing a variational representation of a ‘guess’ thermal state and a cost function
formulated in terms of free-energy. Given the variational nature of these algorithms, they lack
rigorous complexity guarantees and, indeed, they may experience issues due to barren plateaus [67–
71] and local minima [72].

2 Preliminaries
2.1 Thermal-state preparation via the two-time measurement scheme
The goal is to prepare the thermal state of a target Hamiltonian H1 given some form of access
to the thermal state of an initial Hamiltonian H0. In this section we provide an approach based
on non-equilibrium fluctuation theorems. These theorems are manifestations of the fact that
information about thermal equilibrium can be extracted from non-equilibrium processes. For
example, Jarzysnki equality [37] and Crooks’s fluctuation theorem [39] relate fluctuations of work
performed during a non-equilibrium process to free-energy differences between thermal states.
While fluctuation theorems have been derived for a variety of dynamics [38, 73], here we focus on
unitarily evolving quantum systems; the unitary U appearing in Thm. 1.2. In this setting, the
unitary U is viewed as implementing a non-equilibrium driving process because it drives a system
that is initially thermal with respect to H0 out of equilibrium.

Our starting point is the so-called two-time measurement scheme [74–76], which is the most
common setting in which fluctuation theorems hold. This scheme is based on the observation
that the work done on a closed system is equal to the change of its energy, which can be deter-
mined by performing projective measurements of the Hamiltonians at the start and end of the
non-equilibrium process. In more detail, we let |φ0,m〉 , m = 0, 1, . . ., be the eigenstates of H0 with
corresponding eigenvalues ε0,m, and |φ1,n〉 , n = 0, 1, . . ., the eigenstates of H1 with corresponding
eigenvalues ε1,n. For simplicity, we assume that H0 and H1 are non-degenerate, having distinct
eigenvalues ε0,0 < ε0,1 < . . . and ε1,0 < ε1,1 < . . .. The initial state of the system is the thermal
state ρ0 = e−βH0/Z0. The two-time measurement scheme consists of three steps: i) a projec-
tive measurement of H0 on ρ0, which outputs an eigenvalue ε0,m with (Boltzmann) probability
P0(ε0,m) = e−βε0,m/Z0 and leaves the system in the eigenstate |φ0,m〉 , ii) an implementation of
a unitary U , which corresponds to the non-equilibrium process, and iii) a projective measurement
of H1, which outputs an eigenvalue ε1,n with probability P (ε1,n|ε0,m) = |〈φ1,n| U |φ0,m〉|2 if the
outcome of the first measurement was ε0,m, and leaves the system in the eigenstate |φ1,n〉 .

The work performed during this process is defined as w := ε1,n − ε0,m. This is a random
variable sampled according to a distribution

P (w) =
∑

m,n:ε1,n−ε0,m=w
P (ε1,n|ε0,m)P0(ε0,m) . (12)

Fluctuation theorems establish a connection between P (w) and thermal quantities [37, 39]. For
example, Jarzynski equality states∑

w

P (w)e−βw =
∑
m,n

P (ε1,n|ε0,m)P0(ε0,m)e−β(ε1,n−ε0,m) (13)

= 1
Z0

∑
m,n

P (ε1,n|ε0,m)e−βε1,n (14)

= Z1

Z0
(15)

= e−β∆A , (16)
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where we used the property
∑
m P (ε1,n|ε0,m) = 1 for all n. Then, an estimate of Z1/Z0 or the

free-energy difference ∆A can be obtained from the two-time measurement scheme by sampling w
and estimating the expectation of e−βw. This idea is investigated in Ref. [41, 42].

The two-time measurement scheme can be slightly modified to prepare the thermal state ρ1 from
ρ0 as follows. After the projective measurement of H1, the outcome is accepted with probability
q(w) ∝ e−βw or rejected with probability 1− q(w). Post-selecting on accepted outcomes only, the
resulting state ρf can be shown to be ρ1, since:

ρf ∝
∑
m,n

e−β(ε1,n−ε0,m)P (ε1,n|ε0,m)P0(ε0,m) |φ1,n〉〈φ1,n| (17)

= 1
Z0

∑
m,n

e−βε1,nP (ε1,n|ε0,m) |φ1,n〉〈φ1,n| (18)

= 1
Z0

∑
n

e−βε1,n |φ1,n〉〈φ1,n| (19)

∝ ρ1 . (20)

This re-weighting approach to thermal-state preparation can be interpreted as a generalization
of rejection sampling, a standard method used to generate a target probability distribution from a
given initial one using an accept/reject routine. However, as an approach for solving the TSPP, it
presents several shortcomings that we discuss below.

When the eigenvalues of H0 (or H1) are not distinct, a projective measurement of the Hamilto-
nian projects the state into a combination of states with definite eigenvalue. This degenerate case
can be interpreted as a limiting instance of the non-degenerate one, and our prior statements on
fluctuation theorems and thermal-state preparation using the two-time measurement scheme hold
in general.

2.1.1 Shortcomings of the two-time measurement scheme

The probability of accepting a given work value w ∈ [wmin, wmax] could be exponentially small,
i.e., scaling as eβwmin to satisfy q(w) ≤ 1. Note that wmin could be as small as −‖H0‖ − ‖H1‖,
which occurs when, for example, the first measurement outputs the largest eigenvalue of H0 and
the second measurement outputs the lowest eigenvalue of H1. This already gives a complexity that
can scale as eβ(‖H0‖+‖H1‖), even if H1 is a small perturbation of H0. Additionally, one may try to
(quadratically) improve this complexity by means of amplitude amplification [51]. However, the
two-time measurement scheme assumes access to the thermal state ρ0, which is a mixed state, and
amplitude amplification does not apply to this setting.

The two-time measurement scheme also requires perfect projective measurements of H0 and H1.
On a quantum computer, these measurements are commonly implemented using quantum phase
estimation [49, 50], which is the approach discussed in Ref. [41]. However, quantum phase esti-
mation can only implement approximate measurements, and its complexity depends polynomially
on the inverse of the error. As explained, the acceptance probability following the two-time mea-
surement scheme can be exponentially small, and the additional error made in each measurement
has to be exponential in wmin for guaranteed convergence. The resulting complexity of each use of
quantum phase estimation is then exponentially large, being exponential in −βwmin or exponential
in β(‖H0‖+ ‖H1‖), in the worst case.

In order to avoid using quantum phase estimation, we could alternatively use a different scheme,
and attempt to prepare ρ1 by acting directly on ρ0 with two exponentials, since

ρ1 ∝ e−βH1eβH0ρ0 (21)
= e−βH1/2eβH0/2ρ0e

βH0/2e−βH1/2 . (22)

Quantum algorithms to implement exponentials with polylogarithmic complexity on the inverse of
the error, that do not use quantum phase estimation, exist [21,77]. However, this idea suffers from
an additional problem because the probability of success in implementing each exponential can be
small, i.e., scaling as e−β‖H0‖ and e−β‖H1‖, respectively. That is, each exponential is implemented
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through a unitary operation, and thus the best we can hope for is to implement the normalized
exponential operators eβH0/2/eβ‖H0‖/2 and e−βH1/2/eβ‖H1‖/2, to satisfy the norm condition. Un-
fortunately, this exponential scaling appears even if wmin � −‖H0‖− ‖H1‖ and β‖V ‖ � 1, which
can be prohibitively small. This is related to the fact that Eq. (21) can be interpreted as a sequence
of two steps, one that takes ρ0 to 1l, associated with the infinite-temperature state, and another
that takes 1l back to ρ1. This approach also results in unnecessary complexity overheads.

These issues show that the complexity of the two-time measurement scheme, or simple modifi-
cations thereof, for solving the TSPP can be prohibitive. Improved schemes are needed.

2.2 Thermal-state preparation via the two-copy measurement scheme
The prior shortcomings can be avoided as follows. First, in order to use amplitude amplification
and (quadratically) improve complexity due to small acceptance probabilities, we consider a scheme
that assumes access to a pure state |Ψ0〉 ∈ Hs⊗Hs′ , which is a purification of ρ0, and prepares the
pure state |Ψ1〉 ∈ Hs ⊗Hs′ , which is a purification of ρ1. The Hilbert spaces are Hs ≡ Hs′ ≡ CN .
The thermal state ρ1 is then obtained by discarding or tracing out one of the subsystems, which
will be Hs′ in this case. Second, to fix the unnecessary overhead due to the sequential action of
e−βH1/2eβH0/2, we use proper purifications for ρ0 and ρ1, where the product of exponentials in
Eq. (21) can be effectively implemented by acting concurrently –rather than sequentially– with
two exponentials on the different subsystems, corresponding to H0 and H1. In Sec. 3 we show that
this approach works and avoids the prior complexity issues.

Our two-copy measurement scheme then works as follows. Rather than assuming access to ρ0,
we assume access to the unitary U0 that prepares the following state:

|Ψ0〉 = 1√
Z0

∑
m

e−βε0,m/2 |φ0,m〉 |φ∗0,m〉 , (23)

which satisfies ρ0 = trHs′ ( |Ψ0〉〈Ψ0| ). For a linear operator X acting on Hs ⊗Hs′ , trHs′ (X) is the
partial trace over Hs′ . The asterisk stands for complex conjugation: if |φ〉 =

∑
σ cσ |σ〉 in the

computational basis { |σ〉 }σ, then |φ∗〉 =
∑
σ c
∗
σ |σ〉 . We also let H∗ be a Hamiltonian that is the

complex-conjugate of a Hamiltonian H in the computational basis. These definitions imply, for
example, H∗0 |φ∗0,m〉 = ε0,m |φ∗0,m〉 and H∗1 |φ∗1,n〉 = ε1,n |φ∗1,n〉 . The scheme consists of three steps:
i) a projective measurement of H∗0 on the second copy of |Ψ0〉 , which outputs an eigenvalue ε0,m
with (Boltzmann) probability P0(ε0,m) = e−βε0,m/Z0 and leaves the systems in |φ0,m〉 |φ∗0,m〉 ,
ii) an implementation of a unitary U on the first copy, which corresponds to the non-equilibrium
process, and iii) a projective measurement of H1 on the first copy, which outputs an eigenvalue
ε1,n with probability P (ε1,n|ε0,m) = |〈φ1,n| U |φ0,m〉|2 if the outcome of the first measurement was
ε0,m, and leaves the systems in |φ1,n〉 |φ∗0,m〉 . If w = ε1,n − ε0,m, then the two-copy measurement
scheme outputs w according to the same distribution P (w) as Eq. (12).

This two-copy measurement scheme can be slightly modified to prepare the thermal state ρ1
from |Ψ0〉 as follows. If we disregard the measurement in step i) and consider step ii), the initial
state is transformed to

(U ⊗ 1l) |Ψ0〉 = 1√
Z0

∑
m,n

e−βε0,m/2 〈φ1,n| U |φ0,m〉 |φ1,n〉 |φ∗0,m〉 . (24)

Note that the state of Hs obtained by tracing out Hs′ is the same as that prepared if the measure-
ment in step i) was done but the outcome was not recorded. Let

W := H1 ⊗ 1l− 1l⊗H∗0 (25)

be a work operator that has eigenstates |ψm,n〉 := |φ1,n〉 |φ∗0,m〉 and eigenvalues wm,n := ε1,n −
ε0,m; that is, W |ψm,n〉 = wm,n |ψm,n〉 . Then, Eq. (24) can be written as

(U ⊗ 1l) |Ψ0〉 =
∑
m,n

√
pm,ne

iϕm,n |ψm,n〉 , (26)

where pm,n := (e−βε0,m/Z0)| 〈φ1,n| U |φ0,m〉 |2. In particular, pm,n = P (ε1,n|ε0,m)P0(ε0,m) is the
probability of measuring first ε0,m and then ε1,n in the two-time measurement scheme and, due
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to normalization,
∑
m,n pm,n = 1. The phases ϕm,n are irrelevant to the argument that follows.

Equation (12) implies

P (w) =
∑

m,n:ε1,n−ε0,m=w
pm,n . (27)

The action of e−βW/2 on Eq. (26) transforms the state as

e−βW/2(U ⊗ 1l) |Ψ0〉 =
∑
m,n

e−βwm,n/2
√
pm,ne

iϕm,n |ψm,n〉 (28)

= 1√
Z0

∑
m,n

e−βε1,n/2 〈φ1,n| U |φ0,m〉 |φ1,n〉 |φ∗0,m〉 . (29)

This exponential operator has a similar effect as that of the re-weighting approach discussed in
Sec. 2.1. In fact, the state of Hs in Eq. (29) is proportional to ρ1:

trHs′ (e
−βW/2(U ⊗ 1l) |Ψ0〉〈Ψ0| (U† ⊗ 1l)e−βW/2)

∝
∑
m,n,n′

e−β(ε1,n+ε1,n′ )/2 〈φ1,n| U |φ0,m〉 〈φ0,m| U† |φ1,n′〉 |φ1,n〉 〈φ1,n′ | (30)

∝ ρ1 . (31)

The exponential operator also has two properties that are useful. One is that e−βW/2 = e−βH1/2⊗
e−βH

∗
0 /2, and this can be implemented by acting concurrently on Hs and Hs′ with independent

operators. Another is that we can use a high-precision quantum algorithm, rather than quantum
phase estimation, to implement e−βW/2; see Sec. 3.3.2.

A quantum algorithm to prepare ρ1 from |Ψ0〉 could follow the previous two steps. However,
we find it clearer –and potentially advantageous– to add a third step in which we implement U∗
on Hs′ . This unitary, which is the complex conjugate of U , does not modify the state of Hs, which
is still proportional to ρ1. However, its action on Eq. (29) implies

(1l⊗ U∗)e−βW/2(U ⊗ 1l) |Ψ0〉

= 1√
Z0

∑
m,n,n′

e−βε1,n/2 〈φ1,n| U |φ0,m〉 〈φ∗1,n′ | U∗ |φ∗0,m〉 |φ1,n〉 |φ∗1,n′〉 (32)

= 1√
Z0

∑
m,n,n′

e−βε1,n/2 〈φ1,n| U |φ0,m〉 〈φ0,m| U† |φ1,n′〉 |φ1,n〉 |φ∗1,n′〉 (33)

= 1√
Z0

∑
n

e−βε1,n/2 |φ1,n〉 |φ∗1,n〉 (34)

=
√
Z1

Z0
|Ψ1〉 (35)

= e−β∆A/2 |Ψ1〉 , (36)

where

|Ψ1〉 := 1√
Z1

∑
n

e−βε1,n/2 |φ1,n〉 |φ∗1,n〉 (37)

is the purification of ρ1; that is, ρ1 = trHs′ ( |Ψ1〉〈Ψ1| ). The similitude between Eqs. (23) and (37) is
clear. Preparing |Ψ1〉 rather than Eq. (29) can be useful for applying our thermal-state preparation
algorithm repeatedly many times. For example, |Ψ1〉 could serve as the initial state of the quantum
algorithm to prepare the thermal state of another Hamiltonian H2, and so on.

We note that a two-copy measurement scheme (with some differences) has been previously used
in [78] to sample (ε0,m, ε1,n) with joint probabilities pm,n. These samples are then used to compute
quantities like ∆A to verify fluctuation relations such as Jarzynski equality. In contrast, here the
two-copy measurement scheme is used for thermal state preparation.
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3 Quantum algorithm: Methods and complexity
3.1 High-level description
We discuss the key aspects of our quantum algorithm, which essentially follows the steps discussed
in Sec. 2.2, namely the implementation of the non-equilibrium unitary (U ⊗1l) on |Ψ0〉 , the action
of the exponential e−βW/2, and the implementation of (1l ⊗ U∗), in combination with amplitude
amplification [51, 79]. The state |Ψ0〉 is defined in Eq. (23) and the operator W is defined in
Eq. (25). Ideally, we would like to implement the exponential operator through the action of a
unitary that is of the form ( 1

αe
−βW/2 .
. .

)
, (38)

where α > 0 is needed for normalization. This unitary, which is a block-encoding of e−βW/2, in
combination with the other operations implies [Eq. (36)]

|0〉 |Ψ0〉 7→ |0〉
(

1
α

(1l⊗ U∗)e−βW/2(U ⊗ 1l) |Ψ0〉
)

+ |χ⊥〉 (39)

= |0〉
(

1
α
e−β∆A/2 |Ψ1〉

)
+ |χ⊥〉 , (40)

where |χ⊥〉 is a (subnormalized) quantum state orthogonal to |0〉 of the ancilla. The state |Ψ1〉
is defined in Eq. (37). Post-selecting on the state |0〉 of the ancilla, this approach would produce
|Ψ1〉 ; that is, it would prepare ρ1 after tracing out Hs′ . Rather than measuring the ancilla, we can
use amplitude amplification to produce |Ψ1〉 with high probability and less complexity [51, 79].
The number of necessary amplitude amplification rounds is given by O((αeβ∆A/2)), which is the
inverse of the (absolute) amplitude of the desired state, i.e., the part of the state in Eq. (40) where
the ancilla is in |0〉 . Amplitude amplification also requires a similar number of uses of U0, the
unitary needed to prepare |Ψ0〉 = U0 |0〉 , and its inverse.

In practice, our quantum algorithm does not implement the unitary of Eq. (38). It does
implement, however, a different unitary that performs the map in Eq. (39) approximately when
acting on |0〉 |Ψ0〉 , but with a smaller value for the normalization constant α. This is to avoid
undesired complexity overheads, implying fewer rounds of amplitude amplification than if we were
to act with the operation of Eq. (38), while still preparing a satisfactory state that approximates
|Ψ1〉 and satisfies Eq. (1) after tracing outHs′ . That is, since Eq. (38) is unitary and ‖e−βW/2/α‖ ≤
1, α is at least e−βwmin/2 and wmin = −‖H0‖− ‖H1‖ in the worst case. Then, α can be as large as
eβ(‖H0‖+‖H1‖)/2, even if H1 is a small perturbation of H0.

To avoid this problem, we will show that it suffices to implement an approximation of e−βW/2

on a particular subspace only, where the eigenvalues of W satisfy wm,n ≥ wl, and wl ≥ wmin
is the cutoff appearing in Thm. 1.2. This will imply that the normalization factor appearing in
Eq. (39), when using this approximation, is α = Õ(e−βwl/2) rather than e−βwmin/2 (see Sec. 3.3.1).
Combining this result with those in Sec. 4 that show wl � wmin for many instances, we obtain a
significantly improved algorithm.

3.2 Access model
The query complexity of the main quantum algorithm, given in Thm. 1.2, is best formulated using
a model that considers access to unitaries U , U∗, U0, and U†0 . The unitary U describes the non-
equilibrium process appearing in the fluctuation theorems; see Sec. 2. The unitary U0 is the state
preparation operation that performs the map |0〉 → U0 |0〉 = |Ψ0〉 . Our algorithm also uses the
controlled-U and controlled-U† unitaries, where U is a short-time evolution under W defined in
Eq. (25), and implements the map

U |0〉 |φ〉 = |0〉 eiλW |φ〉 , (41)

for all |φ〉 ∈ Hs ⊗Hs′ . The parameter λ = δβ/2 is discussed in Thm. 1.2 and Appendix A.
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For simplicity, we do not consider the inner workings of these unitaries in the assumed access
model, thereby avoiding implementation details that depend on the particular method used. The
gate complexities of these unitaries follow from explicit constructions, and these also depend on the
presentation of the Hamiltonians. For example, in Appendix A, we analyze the gate complexity
of U using quantum signal processing and qubitization [33, 46], for the special case where H0 and
H1 (and W ) are presented as linear combinations of unitaries. Quantum signal processing and
the related Taylor series method also apply to the d-sparse model, where the Hamiltonians are
represented by d-sparse matrices [32,80]. The gate complexity of these methods is polylogarithmic
in the inverse of the approximation error. This is a desired feature, as the number of amplitude
amplification rounds can be exponential in 1/ε, implying that each round needs to be simulated
with precision that is exponentially small in 1/ε, in the worst case.

3.3 The exponential operator
We analyze approximations of the exponential operator e−βW/2 given that it is acting on (U ⊗
1l) |Ψ0〉 . First, we show that an (ε/2)-relative approximation of this operator suffices to prepare τ1
from |Ψ0〉 and satisfy Eq. (1). We introduce the work cutoff wl that, roughly, has the property that
(U ⊗ 1l) |Ψ0〉 has negligible support on the subspace spanned by eigenstates of W of eigenvalues
below wl. In other words, using either measurement scheme in Sec. 2 to sample from P (w),
those work values below wl are not the rare events that need to be captured. It suffices then
to approximate the action of e−βW/2 on a subspace where w ≥ wl only. We construct one such
approximation using a Fourier series, with the desired relative error. This is a linear combination
of unitaries, where each unitary is an integer power of U in Eq. (41).

3.3.1 Approximation errors and work cutoff

A main part of our quantum algorithm consists of the implementation of an operator proportional
to e−βW/2 on (U ⊗ 1l) |Ψ0〉 . This transformation is implemented approximately by an operator X,
and we set sufficient conditions for the approximation errors below.

Lemma 3.1 (Relative approximation). Let ε ≥ 0 be the approximation error and X be a linear
operator acting on Hs ⊗Hs′ that approximates e−βW/2 on (U ⊗ 1l) |Ψ0〉 and satisfies

‖(e−βW/2 −X)(U ⊗ 1l) |Ψ0〉 ‖ ≤
ε

2‖e
−βW/2(U ⊗ 1l) |Ψ0〉 ‖ . (42)

Then, the (mixed) quantum state

τ1 :=
trHs′ (X(U ⊗ 1l) |Ψ0〉〈Ψ0| (U† ⊗ 1l)X†)

‖X(U ⊗ 1l) |Ψ0〉 ‖2
(43)

satisfies Eq. (1), that is,

1
2‖τ1 − ρ1‖1 ≤ ε . (44)

Proof. Let

|Φ1〉 := e−βW/2(U ⊗ 1l) |Ψ0〉
‖e−βW/2(U ⊗ 1l) |Ψ0〉 ‖

, (45)

|Φ′1〉 := X(U ⊗ 1l) |Ψ0〉
‖X(U ⊗ 1l) |Ψ0〉 ‖

, (46)

be normalized states so that, from Eqs. (31) and (43),

ρ1 = trHs′ ( |Φ1〉〈Φ1| ) , (47)
τ1 = trHs′ ( |Φ

′
1〉〈Φ′1| ) . (48)
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Let |Γ〉 := |Φ1〉 − |Φ′1〉 . The triangle inequality implies

‖ |Γ〉 ‖ =
∥∥∥∥ (e−βW/2 −X)(U ⊗ 1l) |Ψ0〉
‖e−βW/2(U ⊗ 1l) |Ψ0〉 ‖

+
(

‖X(U ⊗ 1l) |Ψ0〉 ‖
‖e−βW/2(U ⊗ 1l) |Ψ0〉 ‖

− 1
)
|Φ′1〉

∥∥∥∥ (49)

≤ ε

2 +
∣∣∣∣ ‖X(U ⊗ 1l) |Ψ0〉 ‖
‖e−βW/2(U ⊗ 1l) |Ψ0〉 ‖

− 1
∣∣∣∣ (50)

≤ ε . (51)

We use the non-increasing property of the trace distance to obtain

1
2‖τ1 − ρ1‖1 = 1

2‖trHs′ ( |Φ′1〉〈Φ′1| − |Φ1〉〈Φ1| ) ‖1 (52)

≤ 1
2‖ |Φ

′
1〉〈Φ′1| − |Φ1〉〈Φ1| ‖1 (53)

= 1
2‖ − |Γ〉 〈Φ

′
1| − |Φ1〉 〈Γ| ‖1 (54)

≤ ‖ |Γ〉 ‖ (55)
≤ ε , (56)

and Eq. (1) is satisfied.

Note that Eq. (36) implies

‖e−βW/2(U ⊗ 1l) |Ψ0〉 ‖ = ‖(1l⊗ U∗)e−βW/2(U ⊗ 1l) |Ψ0〉 ‖ (57)
= e−β∆A/2‖ |Ψ1〉 ‖ (58)
= e−β∆A/2 . (59)

This is nothing but Jarzynski equality in disguise. Then, the condition in Eq. (42) can be alterna-
tively written as

‖(e−βW/2 −X)(U ⊗ 1l) |Ψ0〉 ‖ ≤
ε

2e
−β∆A/2 . (60)

For wl ≥ wmin, we define

Π<wl :=
∑

m,n : wm,n<wl

|ψm,n〉〈ψm,n| , (61)

which acts on Hs⊗Hs′ . This is the orthogonal projector into the subspace spanned by eigenstates
|ψm,n〉 of W of eigenvalue wm,n less than wl. We obtain:

Lemma 3.2 (Work cutoff). Let ε > 0 be the approximation error and wl ∈ R be a work cutoff that
satisfies

‖e−βW/2Π<wl(U ⊗ 1l) |Ψ0〉 ‖ ≤
ε

6‖e
−βW/2(U ⊗ 1l) |Ψ0〉 ‖ . (62)

Let X be a normal operator that satisfies [X,W ] = 0, and approximates e−βW/2 as

‖(e−βW/2 −X) |ψm,n〉 ‖ ≤ 2e−βwm,n/2 , ∀m,n : wm,n < wl , (63)

‖(e−βW/2 −X) |ψm,n〉 ‖ ≤
ε

3e
−βwm,n/2 , ∀m,n : wm,n ≥ wl . (64)

Then, Eq. (42) is satisfied; that is,

‖(e−βW/2 −X)(U ⊗ 1l) |Ψ0〉 ‖ ≤
ε

2‖e
−βW/2(U ⊗ 1l) |Ψ0〉 ‖ . (65)
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Proof. Following Sec. 2.2, we write (U ⊗ 1l) |Ψ0〉 =
∑
m,n

√
pm,ne

iϕm,n |ψm,n〉 . By assumption, the
eigenstates of X are also |ψm,n〉 . Then, Eq. (63) implies

‖(e−βW/2 −X)Π<wl(U ⊗ 1l) |Ψ0〉 ‖2 =
∑

m,n : wm,n<wl

pm,n ‖(e−βwm,n/2 −X) |ψm,n〉 ‖2 (66)

≤ 4
∑

m,n : wm,n<wl

pm,ne
−βwm,n (67)

= 4‖e−βW/2Π<wl(U ⊗ 1l) |Ψ0〉 ‖2 (68)

≤ ε2

9 ‖e
−βW/2(U ⊗ 1l) |Ψ0〉 ‖2 , (69)

where the last inequality follows from the assumption in Eq. (62). Let Π≥wl := 1l − Π<wl be
the orthogonal projector into the subspace spanned by eigenstates of W of eigenvalue at least wl.
Then, Eq. (64) implies

‖(e−βW/2 −X)Π≥wl(U ⊗ 1l) |Ψ0〉 ‖2 =
∑

m,n : wm,n≥wl

pm,n ‖(e−βW/2 −X) |ψm,n〉 ‖2 (70)

≤ ε2

9
∑

m,n : wm,n≥wl

pm,ne
−βwm,n (71)

= ε2

9 ‖e
−βW/2Π≥wl(U ⊗ 1l) |Ψ0〉 ‖2 (72)

≤ ε2

9 ‖e
−βW/2(U ⊗ 1l) |Ψ0〉 ‖2 . (73)

It follows that

‖(e−βW/2 −X)(U ⊗ 1l) |Ψ0〉 ‖ =
= ‖(e−βW/2 −X)(Π<wl + Π≥wl)(U ⊗ 1l) |Ψ0〉 ‖ (74)

=
(
‖(e−βW/2 −X)Π<wl(U ⊗ 1l) |Ψ0〉 ‖2 + ‖(e−βW/2 −X)Π≥wl(U ⊗ 1l) |Ψ0〉 ‖2

)1/2
(75)

≤
(

2
9ε

2‖e−βW/2(U ⊗ 1l) |Ψ0〉 ‖2
)1/2

(76)

≤ ε

2‖e
−βW/2(U ⊗ 1l) |Ψ0〉 ‖ . (77)

Lemma 3.2 basically states that the action of X needs to be an O(ε)-relative approximation of
e−βW/2 only in the subspace where the eigenvalues of W are, at least, wl. For the subspace where
the eigenvalues are less than wl, an O(1)-relative approximation suffices.

The assumption in Eq. (62), stated in that way for clarity, is equivalent to Eq. (4):
Lemma 3.3. Equation (62) is equivalent to Eq. (4), that is,∑

w<wl

P (w)e−β (w−∆A) ≤
( ε

6

)2
. (78)

Proof. According to Eq. (27), the left hand side of Eq. (62) satisfies

‖e−βW/2Π<wl(U ⊗ 1l) |Ψ0〉 ‖2 =
∑

m,n:wm,n<wl

pm,ne
−βwm,n (79)

=
∑
w<wl

P (w)e−βw . (80)

According to Eq. (59), the right hand side of Eq. (62) satisfies( ε
6‖e
−βW/2(U ⊗ 1l) |Ψ0〉 ‖

)2
=
( ε

6

)2
e−β∆A . (81)
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Equation (78) can alternatively be stated as∑
w>−wl

P rev(w) ≤
( ε

6

)2
, (82)

where P rev(w) is the work distribution of the reverse process further discussed in Sec. 4.1. In the
reverse process, the roles of H0 and H1 are interchanged, and the non-equilibrium unitary is U†.
For concreteness, in the two-time measurement scheme we start with the thermal state ρ1, perform
a projective measurement of H1 to obtain the energy (eigenvalue) ε1,n, evolve with U†, and finally
perform a projective measurement of H0 to obtain ε0,m. Work for this realization is ε0,m − ε1,n.
At first, it might come as a surprise that the complexity of our quantum algorithm can also be
determined from properties of this reverse process. However, Crooks fluctuation theorem [39]
relates the work distributions of the two processes, P (w) and P rev(w), allowing us to express the
condition in Eq. (4) in terms of either process.

We note that Ref . [81] proposed a “neglected-tail” bias model that estimates the bias of free-
energy calculations by considering explicitly the effect of poor sampling of the tails of the work
distribution. This model was later refined in Ref. [82]. In both works a threshold value for work is
introduced for analyzing the error of the algorithm which itself does not depend on the threshold.
In contrast, in our case the work cutoff plays an important role in the quantum algorithm and its
complexity.

3.3.2 Fourier series approximation

We approximate the action of the exponential operator e−βW/2 using an approach based on Fourier
series. This approach differs from that of Ref. [83] for computing partition functions as we are
addressing a more general case where the Hamiltonians are not necessarily positive semidefinite.
Another difference is that here we use the cutoff wl for better convergence.

Our starting point is the identity (x ∈ R)

e−x = (f ? g)(x) (83)

=
∫
dy f(x− y)g(y) , (84)

where f(x) is the normal distribution

f(x) := 1√
π
e−x

2
(85)

and g(x) := e−1/4e−x. As we are only interested in the case where x is bounded, we modify g(x)
such that

g(x) :=
{
e−1/4e−x x ≥ −∆− 1/2

0 x < −∆− 1/2 , (86)

where ∆ > 0 depends on the approximation error and is chosen below. That is, we approximate
e−x by h(x) := (f ? g)(x), which will be a good approximation in the region of interest (x ≥ 0). A
simple integration gives

h(x) = e−1/4
√
π

∫ ∞
−∆−1/2

dy e−(x−y)2−y (87)

= e−x
1√
π

∫ ∞
−∆−1/2

dy e−(y−(x−1/2))2
(88)

= e−x
1√
π

∫ ∞
−∆−x

dy e−y
2

(89)

= e−x(1 + Erf(∆ + x))/2 , (90)

where Erf(z) = 2√
π

∫ z
0 dy e

−y2
is the error function. The convolution theorem implies

H(ω) =
√

2πF (ω)G(ω) , (91)
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Figure 1: (a) The approximation h(x) of e−x for ∆ = 4. (b) The absolute value of the Fourier transform of
h(x), |H(ω)|, which is observed to decay rapidly with |ω|.

where F (ω), G(ω), and H(ω) are the (unitary) Fourier transforms of f(x), g(x), and h(x), respec-
tively. In particular,

F (ω) = 1√
2π
e−

ω2
4 , (92)

G(ω) = e−1/4
√

2π

∫ ∞
−∆−1/2

dx e−xe−iωx (93)

= e−1/4
√

2π
e(1+iω)(∆+1/2)

1 + iω
, (94)

and thus |H(ω)| decays rapidly with |ω|, a property that is useful for our final approximation to
work. Note that h(x) = 1√

2π

∫
dω H(ω)eiωx and we can start from this expression for the final

approximation; see below. In Fig. 1 we plot h(x) and |H(ω)|.
As discussed in Sec. 3.3.1, we are interested in an approximation that uses the cutoff wl. Using

the previous identity and replacing x→ β(W − wl)/2 , we propose

X(β, ε) :=
J∑

j=−J
αjU

j , (95)

αj := e−βwl/2
δ√
2π
H(ωj)e−iωjβwl/2 , (96)

where ωj = jδ, and the unitary U is that of Eq. (41), that is,

U := eiδβW/2 . (97)

The integer J > 0 and the values of δ > 0 and ∆ > 0 determine the accuracy of the approximation.
These are chosen in the following lemma so that the error bounds in Eqs. (63) and (64) of Lemma 3.2
are satisfied.

Lemma 3.4 (Fourier series approximation). Let ε > 0 and wmax ≥ wl ≥ wmin. Then, if

∆ = max{4,
√

ln(6/ε)} , (98)
z = β(wmax − wl) + 2∆2 , (99)
δ = 2π/z , (100)

and for all integer J ≥ d 1
3z

3/2e − 1, the operator X(β, ε) in Eq. (95) satisfies Eqs. (63) and (64),
that is,

‖(e−βW/2 −X(β, ε)) |ψm,n〉 ‖ ≤ 2e−βwm,n/2 , ∀m,n : wm,n < wl , (101)

‖(e−βW/2 −X(β, ε)) |ψm,n〉 ‖ ≤
ε

3e
−βwm,n/2 , ∀m,n : wm,n ≥ wl . (102)
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In addition, the coefficients appearing in X(β, ε) satisfy

α :=
J∑

j=−J
|αj | ≤ 2e∆e−βwl/2 . (103)

The proof of this result is given in Appendix D. It consists of three approximation steps: if
x̂ := β(W − wl)/2, and starting from e−βW/2 = e−βwl/2e−x̂, we approximate this operator by
e−βwl/2h(x̂) = e−βwl/2 1√

2π

∫
dωH(ω)eiωx̂, where H(ω) is given in Eq. (91). Then we approximate

this integral by an infinite (Riemann) sum and, last, we truncate this sum to obtain X(β, ε). The
three approximation steps set sufficient conditions in ∆, δ, and ωJ+1 to satisfy Eqs. (63) and (64).
Lemma 3.4 presents some choices for these parameters but further optimizations might be possible;
see Appendix D for details. Also, in Appendix E, we provide an improved result for the special
case where W ≥ 0 [21, 77].

It is important to remark that the dependence of ∆ and δ in 1/ε is only (sub)logarithmic. Also,
if we choose J + 1 = d 1

3z
3/2e, ωJ+1 = (J + 1)δ is polylogarithmic in 1/ε. Moreover, the term e∆ is

subpolynomial in 1/ε and implies e∆ = O(1/εo(1)) in Eq. (103). In practice, we expect that ∆ = 4
according to our choices for the parameters, since

√
ln(6/ε) > 4 implies ε < 6.75× 10−7.

Our quantum algorithm implements the operator X(β, ε). This is a linear combination of
unitaries U j that can be realized as the evolution under W for times ωjβ/2. To implement the
linear combination we discuss two approaches, one based on linear-combination-of-unitaries (LCU)
in Sec. 3.3.3, and the other based on quantum signal processing (QSP) in Sec. 3.3.4. In the rest of
the paper we drop the explicit dependence of X(β, ε) on β and ε for simplicity.

3.3.3 Implementation of X using linear combination of unitaries

Our quantum algorithm requires the implementation of the operator X =
∑J
j=−J αjU

j in Eq. (95),
which acts on Hs ⊗ Hs′ . This is a linear combination of unitaries (LCU), which can be realized
using ancilla qubits as follows. Without loss of generality, we assume 2J + 2 = 2m, where m is the
number of ancilla qubits and Hanc ≡ C2m

is the ancilla space. We let B be a unitary acting on Hanc
that maps the |0〉 state of the ancilla to 1√

α

∑2J
j=0(α−J+j)1/2 |j〉 , where the |j〉 are some basis

states for the ancilla and α =
∑J
j=−J |αj | is given in Eq. (103). We also let R :=

∑2J+1
j=0 |j〉〈j| ⊗U j

be the unitary that implements U j conditional on |j〉 . (This is the select unitary operation used
in prior work on Hamiltonian simulation [32].) Using B, R, and BT , which is the transpose of
B in the computational basis, we can realize the LCU. The following result is a generalization of
Lemma 6 in Ref. [84] for the case αj ∈ C:

Lemma 3.5 (LCU). Let X be a degree-J Laurent polynomial of U given as in Eq. (95). Then,
there exists a quantum circuit SLCU that uses m = log2(2J + 2) ancilla qubits, O(J) controlled-U
and U† operations, and O(J) two-qubit gates, such that

SLCU |0〉 |Ψ〉 = |0〉
(
X

α
|Ψ〉

)
+ |χ⊥〉 , (104)

for all input states |Ψ〉 ∈ Hs ⊗Hs′ . The state |χ⊥〉 is a (subnormalized) state supported on the
subspace orthogonal to |0〉 of the ancilla, i.e., ( |0〉〈0| ⊗ 1⊗ 1) |χ⊥〉 = 0.

Proof. The quantum circuit is SLCU := (1l⊗U−J)(BT⊗ 1l⊗ 1l)R(B⊗ 1l⊗ 1l) and is given in Fig. 2.
First, we note

R(B ⊗ 1l⊗ 1l) |0〉 |Ψ〉 = 1√
α

2J∑
j=0

(α−J+j)1/2 |j〉U j |Ψ〉 . (105)

Then, since 〈0|BT |j〉 = (α−J+j/α)1/2, we obtain

(BT ⊗ 1l⊗ 1l)R(B ⊗ 1l⊗ 1l) |0〉 |Ψ〉 = |0〉

 1
α

2J∑
j=0

(α−J+j)U j |Ψ〉

+ |χ′⊥〉 , (106)
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R
|0〉

B

•

BTm |0〉 •
... · · ·

|0〉 •


U U2 U2m−1

U−2m−1+1
|Ψ〉 ... · · ·

Figure 2: The quantum circuit SLCU, which is a block-encoding of X/α, and realizes the LCU. The filled circles
denote operations controlled on the state |1〉 of the corresponding ancilla qubit. The number of ancilla qubits
is m = log2(2J + 2).

where |χ′⊥〉 is a (subnormalized) state supported on the subspace orthogonal to |0〉 of the ancilla.
Acting with U−J = U−(2m−1−1) in Eq. (106) implies Eq. (104). Note that αj ∈ C and we have
some flexibility in the choice of (α−J+j)1/2, but any such choice works.

The unitary SLCU acts on Hanc⊗Hs⊗Hs′ and implements X/α on any state |Ψ〉 of Hs⊗Hs′ .
That is, SLCU is a block-encoding of X/α. Assuming 2J + 2 = 2m, the quantum circuit uses m
ancilla qubits. This simplifies the implementation of R, which can be done by controlling U on
individual ancillas, as shown in Fig. 2. Implementing SLCU then requires O(J) uses of controlled-U
and U†, and also requires O(J) two-qubit gates for B, BT, and other controlled gates.

3.3.4 Implementation of X using quantum signal processing

Quantum signal processing (QSP) also allows us to implement X =
∑J
j=−J αjU

j [33, 85]. QSP

is a sequence of rotations on an ancilla qubit interleaved with controlled-U and controlled-U†

operations. It allows one to reduce the ancilla overhead to a constant, which contrasts the LCU
approach of Sec. 3.3.3, at the expense of classically computing the phases for the ancilla rotations.

Let Φ = {φ0, . . . , φd} be a set of d+ 1 real phases and

VΦ := eiφ0(Z⊗1l)Weiφ1(Z⊗1l) · · ·Weiφd(Z⊗1l) (107)

be a quantum circuit shown in Fig 3, where

Z⊗ 1l =
(

1l 0
0 −1l

)
(108)

is the unitary operator that applies the diagonal Pauli Z =
(

1 0
0 −1

)
on the ancilla qubit,

W = |+〉〈+| ⊗ V + |−〉〈−| ⊗ V† (109)

= 1
2

(
V + V† V − V†
V − V† V + V†

)
, (110)

and V is any unitary. That is, the unitary W implements V or V† conditioned on the state of the
ancilla being |+〉 = 1√

2 ( |0〉 + |1〉 ) or |−〉 = 1√
2 ( |0〉 − |1〉 ), respectively. The quantum circuit VΦ

is given in Fig 3. It can be shown to satisfy [86]

VΦ =
(

P ( 1
2 (V + V†)) 1

2 (V − V†)Q( 1
2 (V + V†))

1
2 (V − V†)Q∗( 1

2 (V + V†)) P ∗( 1
2 (V + V†))

)
, (111)

where P (y) and Q(y) are complex polynomials of degree ≤ d and ≤ d − 1, respectively, P (y) =
P (−y) is an even function and Q(y) = −Q(−y) is an odd function, if d is even. Our objective is
to find two sets of phases, Φ1 and Φ2, such that VΦ1 and VΦ2 encode parts of the operator X in
their blocks when we replace V → U

1
2 .

To show that Φ1 and Φ2 exist, we apply Thm. 5 of Ref. [86] in the following result. (See also
Ref. [87] and Ref. [88] for an overview of QSP and how the phases can be determined).

Accepted in Quantum 2022-08-22, click title to verify. Published under CC-BY 4.0. 21



W

φd H X • X • H φd−1 H X • X • H φd−2 · · ·

V V† V V†
· · ·
· · ·
· · ·

Figure 3: The quantum circuit to implement the unitary VΦ = eiφ0(Z⊗1l)Weiφ1(Z⊗1l) · · ·Weiφd(Z⊗1l). The
one-qubit gates H and X are the Hadamard and Pauli X gates, respectively.

Lemma 3.6 (QSP). Let X be a degree-J Laurent polynomial of U given as in Eq. (95). Then there
exists a quantum circuit SQSP that uses m = 3 ancilla qubits, O(J) controlled-U and controlled-U†
operations, and O(J) two-qubit gates, such that

SQSP |0〉 |Ψ〉 = |0〉
(
X

2α |Ψ〉
)

+ |χ⊥〉 , (112)

for all input states |Ψ〉 ∈ Hs⊗Hs′ . The state |χ⊥〉 is a (subnormalized) quantum state supported
on the subspace orthogonal to |0〉 of the ancilla, i.e., ( |0〉〈0| ⊗ 1l⊗ 1l) |χ⊥〉 = 0.

Proof. We begin our proof by decomposing the polynomial X of Eq. (95) as a sum of other
polynomials, such that Thm. 5 of Ref. [86] can be used. Each polynomial will then be realized
by unitaries VΦ1 and VΦ2 , respectively, and X/(2α) can be implemented as a LCU involving these
unitaries. The method of Sec. 3.3.3 can be used for the last step.

As a function of U , the operator X does not have definite parity. To address this issue, we
define the unitary V := U

1
2 , so that

X =
J∑

j=−J
αjV2j . (113)

The transformation V → −V leaves X invariant, which now is an even function of V. Since
αj = (α−j)∗ for all j, we can write X = X1 +X2, where

X1 := α01l + 2
J∑
j=1

Re(αj)
V2j + V−2j

2 (114)

X2 := −2
J∑
j=1

Im(αj)
V2j − V−2j

2i . (115)

These operators are also even functions of V. We define the polynomials

p1(y) := 1
α

α0 + 2
J∑
j=1

Re(αj)T2j(y)

 , (116)

q2(y) := − 2
α

J∑
j=1

Im(αj)R2j−1(y) , (117)

where Tj(y) and Rj(y) are the j-th Chebyshev polynomials of the first and second kind, respec-
tively, and y ∈ [−1, 1]. In particular, if y = cos(θ/2), where θ is an eigenphase of U , we obtain

p1(cos(θ/2)) = 1
α

α0 + 2
J∑
j=1

Re(αj) cos(jθ)

 (118)

i sin(θ/2)q2(cos(θ/2)) = −i 2
α

J∑
j=1

Im(αj) sin(jθ) , (119)
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where we used the properties Tk(cos γ) = cos(kγ) and sin(γ)Rk(cos(γ)) = sin((k+1)γ). Replacing
V → eiθ/2 and V† → e−iθ/2 in Eqs. (114) and (115) produces αp1(cos(θ/2)) and α sin(θ/2)q2(cos(θ/2)),
respectively. This implies

p1

(
1
2(V + V†)

)
= X1

α
, (120)

1
2(V − V†)q2

(
1
2(V + V†)

)
= i

X2

α
. (121)

Following Eq. (111), the operators X1/α and iX2/α can appear in the first or the second block of
unitaries VΦ1 and VΦ2 , respectively.

We now show that the polynomials p1(y) and q2(y) satisfy the conditions in Thm. 5 of Ref. [86].
First, we note that p1(y) and q2(y) have real coefficients, i.e., p1, q2 ∈ R[y]. Second, p1(y) is an
even function of degree ≤ 2J , and q2(y) is an odd function of degree ≤ 2J −1. Third, |p1(y)|2 < 1,
and (1− y2)|q2(y)|2 < 1 for y ∈ [−1, 1], which result from Eq. (116) and Eq. (119), respectively. It
follows that there exists an odd polynomial q1 ∈ R[y] of degree ≤ 2J − 1, and an even polynomial
p2 ∈ R[y] of degree≤ 2J , such that (p1(y))2+(1−y2)(q1(y))2 ≤ 1 and (p2(y))2+(1−y2)(q2(y))2 ≤ 1,
for all y ∈ [−1, 1]. There are many ways of choosing q1(y) and p2(y) (e.g., q1(y) = 0 and p2(y) = 0),
however any such choice suffices. Then, Thm. 5 of Ref. [86] implies the existence of two sets Φ1
and Φ2, of 2J + 1 phases each, such that

Re(VΦ1) =
(
X1
α .
. .

)
, (122)

Im(VΦ2) =
(
. X2

α
. .

)
. (123)

We can combine the unitaries so that

1
4(VΦ1 + V †Φ1

+ VΦ2e
−iπ2X + ei

π
2XV †Φ2

) =
(
X
2α .
. .

)
, (124)

and the operator X/(2α) appears in the first block of a linear combination of four unitaries. The
weight of the linear combination is 1 and the LCU can be implemented following the method in
Sec. 3.3.3, where B is now composed of two Hadamard gates. This requires two additional ancilla
qubits and implements a unitary SQSP, shown in Fig. 4, that acts on Hanc ⊗ Hs ⊗ Hs′ and is a
block-encoding of X/(2α); that is

SQSP |0〉 |Ψ〉 = |0〉
(
X

2α |Ψ〉
)

+ |χ⊥〉 , (125)

where |χ⊥〉 is supported on the subspace orthogonal to |0〉 of the ancilla. The total number of
ancilla qubits is 1 + 2 = 3, Hanc = C23 , and the number of rotations on the ancilla qubit for VΦ1 ,
V †Φ1

, VΦ2 , or V †Φ2
, is 2J + 1, bringing the gate complexity to O(J).

Last, we note that VΦ1 , VΦ2 , or their inverses, make 2J uses of W given in Eq. (109). This
requires 2J uses of V and 2J uses of V†. However, a simple compilation of the circuit, discussed
in Appendix G, allows us to implement VΦ1 , VΦ2 , or their inverses, using J controlled-U and J
controlled-U† operations; see Fig. 5.

In Appendix G we obtain the sets of phases Φ1 and Φ2 using the MATLAB package QSPPACK
(available at https://github.com/qsppack/QSPPACK).

3.4 Main quantum algorithm
To solve the TSPP, our quantum algorithm prepares an approximation of |Ψ1〉 , the purification
of ρ1 given in Eq. (37), from |Ψ0〉 , the purification of ρ0 given in Eq. (23). Let X be the operator
of Sec. 3.3.2 that approximates e−βW/2 and U any unitary that acts on Hs ≡ Hs′ .
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|0〉 H • • • H

|0〉 H • • H

|0〉

VΦ1 V †Φ1 e−i
π
2X VΦ2 V †Φ2 ei

π
2X

|Ψ〉


Figure 4: The quantum circuit SQSP that is a block-encoding of X/(2α) and implements the linear combi-
nation in Eq. (124). The filled and open circles denote operations controlled on the states |1〉 and |0〉 of a
corresponding ancilla qubit, respectively. Each unitary VΦ1 , V †Φ1

, VΦ2 , and V †Φ2
, uses one ancilla qubit from

QSP. The total number of ancilla qubits is m = 3.

VΦ

φd H H φd−1 H • H φd−2 · · ·

=

U U†

· · ·
· · ·
· · ·

Figure 5: Quantum circuit to implement the unitary VΦ of Fig. 3 using controlled-U and controlled-U† opera-
tions, for V = U

1
2 . The filled and open circles denote operations controlled on the states |1〉 and |0〉 of the

ancilla qubit, respectively. The number of single qubit rotations is d = 2J + 1. The one-qubit gate H is the
Hadamard gate.

Definition 3.7 (Quantum state prepared by the quantum algorithm). The (normalized) quantum
state that is prepared by the quantum algorithm with high probability is

|Ψ′1〉 := (1l⊗ U∗)X(U ⊗ 1l) |Ψ0〉
‖(1l⊗ U∗)X(U ⊗ 1l) |Ψ0〉 ‖

. (126)

Let S be a unitary that is a block encoding of X/α, which can be implemented using the LCU
approach of Sec. 3.3.3 (SLCU) or the QSP approach of Sec. 3.3.4 (SQSP)2. This unitary acts on
the space H = Hanc ⊗Hs ⊗Hs′ . We also let S′ := S(1l ⊗ U ⊗ 1l) be another unitary that acts on
H, and define the projectors P ′ := S′( |0〉〈0| ⊗ |Ψ0〉〈Ψ0| )S′† and P := |0〉〈0| ⊗ 1l⊗ 1l.

Quantum algorithm for the TSPP
Input: Given are an inverse temperature β ≥ 0, an approximation error ε > 0, an arbitrary
unitary U that acts on Hs ≡ Hs′ .

Steps:
1. Obtain a work cutoff wl that satisfies Eq. (4) and compute X according to Eq. (95) and
Lemma 3.4. Construct the unitaries S′ and S′†.
2. Prepare the initial state |0〉 |Ψ0〉 and perform amplitude amplification with reflections
R′ := 1− 2P ′ and R := 1− 2P .
3. Apply the unitary 1l⊗ 1l⊗ U∗.

Output: A pure state |Ψ′1〉 such that τ1 = trHs′ ( |Ψ
′
1〉〈Ψ′1| ) satisfies 1

2‖τ1 − ρ1‖1 ≤ ε.

To show that this quantum algorithm prepares |Ψ′1〉 of Def. 3.7, we first note

S′ |0〉 |Ψ0〉 = |0〉 1
α
X(U ⊗ 1l) |Ψ0〉 + |χ⊥〉 , (127)

2The unitary SQSP of Sec. 3.3.4 is a block-encoding of X/(2α). Here we disregard the factor 1/2 for simplicity.
Nevertheless, this factor needs to be considered in the complexity if we implement X using QSP.

Accepted in Quantum 2022-08-22, click title to verify. Published under CC-BY 4.0. 24



where |χ⊥〉 is a subnormalized state supported in the subspace orthogonal to |0〉 of the ancilla.
Amplitude amplification using the reflections R and R′ prepares

X(U ⊗ 1l) |Ψ0〉
‖X(U ⊗ 1l) |Ψ0〉 ‖

(128)

with high probability. This coincides with |Φ′1〉 in Eq. (46). The action of (1l ⊗ U∗) on |Φ′1〉
transforms it to |Ψ′1〉 . The error bound follows from Lemma 3.1, where the hypothesis is satisfied
due to Lemma 3.4 and Lemma 3.2.

3.5 Complexity: Proof of Thm. 1.2
The query complexity of the quantum algorithm is determined by the number of amplitude ampli-
fication rounds and the number of uses of the unitaries in each round. From Eq. (127), the average
number of amplitude amplification rounds is [51,79]

Q = O
(

α

‖X(U ⊗ 1l) |Ψ0〉 ‖

)
. (129)

Replacing for ∆ in Eq. (103) gives α = O(e
√

ln(1/ε)e−βwl/2). The triangle inequality and Eq. (42)
imply

‖e−βW/2(U ⊗ 1l) |Ψ0〉 ‖ − ‖X(U ⊗ 1l) |Ψ0〉 ‖ ≤ ‖(e−βW/2 −X)(U ⊗ 1l) |Ψ0〉 ‖ (130)

≤ ε

2‖e
−βW/2(U ⊗ 1l) |Ψ0〉 ‖ (131)

≤ 1
2‖e
−βW/2(U ⊗ 1l) |Ψ0〉 ‖ . (132)

Equivalently,

‖X(U ⊗ 1l) |Ψ0〉 ‖ ≥
1
2‖e
−βW/2(U ⊗ 1l) |Ψ0〉 ‖ (133)

= 1
2e
−β∆A/2 , (134)

where the last equality follows from Eq. (59). Then, Eq. (129) is

Q = O
(
e
√

ln(1/ε)eβ (∆A−wl)/2
)
, (135)

(136)

which proves the statement in Thm. 1.2.
Each amplitude amplification round applies the reflections R and R′ once, requiring one use of

U0, the unitary that prepares |Ψ0〉 = U0 |0〉 , and one use of U†0 , U , and U†. It also makes O(J)
uses of the controlled-U and controlled-U†, where

J = O((ln(1/ε) + β(wmax − wl))3/2) (137)

according to Lemma 3.4. If X is implemented using the LCU approach of Sec. 3.3.3, then each
amplitude amplification round uses B, B†, BT, and B∗ once. The number of two-qubit gates
for each of these is O(J). If X is implemented using the QSP approach of Sec. 3.3.3, then each
amplitude amplification round also requires O(J) two-qubit gates to implement the corresponding
sequences of single-qubit rotations required by QSP. The additional gate complexity per round
using the LCU or QSP approaches is then O((ln(1/ε) +β(wmax−wl))3/2). These results prove the
remaining complexity statements in Thm. 1.2. To prepare |Ψ′1〉 , the quantum algorithm uses U∗
once.

Last, Lemma 3.4 implies

δ ≤ 2π
32 + β(wmax − wl)

(138)

≤ π

16 . (139)
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The quantum algorithm requires obtaining a work cutoff wl in Step 1 that satisfies Eq. (4)
or, equivalently, Eq. (62). This incurs in an additional complexity that was disregarded in our
analysis. Next we show how to efficiently determine possible values of wl for several classes of
Hamiltonians and, if these values are used, the dominant complexity of the quantum algorithm is
expected to be that of Step 2. The values of wl discussed below might be improved. However,
finding the largest wl that satisfies Eq. (4) is expected to be computationally intensive in general.

4 Applications: wl for various Hamiltonians
In this section we provide suitable choices for the work cutoff wl in various examples, including
general Hamiltonians, commuting Hamiltonians, and local spin Hamiltonians.

4.1 General Hamiltonians: Proof of Thm. 1.3
The proof follows from Crooks equality [39], which we provide below, and we consider first the case
where the non-equilibrium unitary is simply U = 1l. Let ρ0 and ρ1 be the thermal states at inverse
temperature β ≥ 0 associated with H0 and H1, respectively, and P (w) the work distribution that
follows from the two-time or two-copy measurement schemes of Sec. 2. If wl ≤ 0, we obtain∑

w<wl

P (w)e−βw ≤
∑
w<wl

w2

(wl)2P (w)e−βw (140)

≤ 1
(wl)2

∑
w

P (w)w2e−βw . (141)

Crooks equality relates P (w) to a reverse work distribution P rev(w) that follows from running
the two-time measurement scheme in Sec. 2.1 in reverse. That is, starting from ρ1, we first
perform a measurement of H1 and then a measurement of H0. If the eigenvalues are distinct, the
first measurement outputs ε1,n with (Boltzmann) probability P1(ε1,n) = e−βε1,n/Z1. The second
measurement outputs ε0,m with probability P rev(ε0,m|ε1,n) = |〈φ0,m|φ1,n〉|2, if the outcome of the
first measurement is ε1,n. Note that P rev(ε0,m|ε1,n) = P (ε1,n|ε0,m), where the latter is given in
Sec. 2.1. The amount of work is w = ε0,m − ε1,n and is sampled according to

P rev(w) =
∑

m,n:ε0,m−ε1,n=w
P rev(ε0,m|ε1,n)P1(ε1,n) . (142)

For any function f(w), a slight generalization of Crooks equality states [39,89]∑
w P (w)e−βw/2f(w)∑

w P
rev(w)e−βw/2f(−w)

= e−β∆A , (143)

and, in particular, choosing f(w) = e−βw/2w2,∑
w

P (w)w2e−βw = e−β∆A
∑
w

P rev(w)w2 . (144)

It is possible to bound the right hand side as follows. The term
∑
w P

rev(w)w2 is the expected
value of w2 in the reverse process. This term can also be written as∑

m,n

P rev(ε0,m|ε1,n)P1(ε1,n)(ε0,m − ε1,n)2 =
∑
m,n

P1(ε1,n)|〈φ0,m|φ1,n〉|2(ε0,m − ε1,n)2 (145)

=
∑
m,n

P1(ε1,n)|〈φ0,m| (H0 −H1) |φ1,n〉 |2 (146)

=
∑
n

P1(ε1,n) 〈φ1,n|V 2 |φ1,n〉 , (147)
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which is the expected value of V 2 in ρ1, that is, tr(V 2ρ1). Then,∑
w

P rev(w)w2 ≤ ‖V ‖2 . (148)

Equations (141), (144), and (148) imply

∑
w<wl

P (w)e−βw ≤
(
‖V ‖
wl

)2
e−β∆A (149)

and, for all wl ≤ −6‖V ‖/ε, we obtain Eq. (4); that is∑
w<wl

P (w)e−βw ≤
( ε

6

)2
e−β∆A . (150)

This result is easily generalized to the case U 6= 1l, which is equivalent to considering a two-
time measurement scheme where H0, and ρ0 are replaced by H ′0 := UH0U† and ρ′0 := Uρ0U†,
respectively. That is, the two-time measurement scheme with U 6= 1l is equivalent to that where a
projective measurement of H ′0 is performed on ρ′0 first, and a projective measurement of H1 is done
next. Then, the perturbation V in Eq. (149) must be replaced by VU := H1 −H ′0 = H1 −UH0U†.
This proves Thm. 1.3.

Theorem 1.3 is useful as it allows us to choose the work cutoff depending on ‖VU‖ and ε only.
In the case where U = 1l it might be possible to exactly compute or tightly bound ‖V1l‖ ≡ ‖V ‖
and thus efficiently compute a work cutoff. However, in the more general case where U 6= 1l, it
may not be straightforward to tightly bound ‖VU‖ such that wl ≤ −6‖VU‖/ε provides a useful
result. Thus the complexity of computing a useful work cutoff in this more general setting remains
open. We further note, for ε � 1, the result in Thm. 1.3 can be impractical as the complexity of
our quantum algorithm is exponential in −βwl and 1/ε. In this case a better choice for the cutoff
might be wl = wmin ≥ −‖H0‖ − ‖H1‖, so that P (w) = 0 for all w < wl.

4.2 Commuting Hamiltonians: Proof of Thm. 1.4
When Hamiltonians commute, i.e., [H1, H0] = [V,H0] = 0, they can be diagonalized in the same
basis where |φ0,m〉 are also eigenstates of H1:

H1 |φ0,m〉 = (H0 + V ) |φ0,m〉 (151)
= (ε0,m + νm) |φ0,m〉 (152)
= ε1,m |φ0,m〉 , (153)

where νm is the corresponding eigenvalue of V . Then,

wmin = min
m

(ε1,m − ε0,m) (154)

= min
m

νm (155)

≥ −‖V ‖ . (156)

If w < −‖V ‖ ≤ wmin, we obtain P (w) = 0. Then, Eq. (8) is satisfied for all wl < −‖V ‖.

4.3 Local Hamiltonians
We first define local Hamiltonians precisely:

Definition 4.1 (Local Hamiltonians). For a given lattice Λ, H :=
∑
X∈Λ hX is a k-local Hamil-

tonian of degree g if each local term hX acts on at most k qudits (spins) of dimension d and if
each qudit is involved in, at most, g of the subsets X. The number of qudits is n. The local terms
satisfy ‖hX‖ ≤ h, where h is a strength parameter.

The structure of local Hamiltonians allow us to obtain complexity bounds for our quantum
algorithm that are a significant improvement of the general case; see below.
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4.3.1 The case U = 1l: Proof of Theorem 1.5

Theorem 1.5 is mainly a consequence of the following lemma that analyzes the support of distribu-
tions of eigenstates of H0 on the eigenspaces of H1. This result might be of independent interest
and is proven in Appendix F.

Lemma 4.2 (Eigenspace modification under perturbations). Let H1 = H0 + V , where H1 =∑
X∈Λ h1,X , H0 =

∑
X∈Λ h0,X , and V =

∑
X∈Λ vX are k-local Hamiltonians as in Def. 4.1. The

number of local terms in V is, at most, M and ‖h0,X‖ ≤ h and ‖vX‖ ≤ v for all subsets X ∈ Λ.
Then,

‖Π1
≤ε1Π0

>ε0
‖ ≤ e−

ε0−ε1−2Mv
2hgk , (157)

where Π1
≤ε1 :=

∑
n:ε1,n≤ε1

|φ1,n〉〈φ1,n| and Π0
>ε0

:=
∑
m:ε0,m>ε0

|φ0,m〉〈φ0,m| are the orthogonal
projectors into the subspaces of H1 and H0 of eigenvalues at most ε1 and larger than ε0, respectively,
and we assume ε1 ≤ ε0.

We now use Lemma 4.2 to prove Thm. 1.5. For U = 1l and wl < 0, we obtain∑
w<wl

P (w)e−βw =
∑

m,n : ε1,n−ε0,m<wl

P (ε1,n|ε0,m)P0(ε0,m)e−β(ε1,n−ε0,m) (158)

= 1
Z0

∑
m,n : ε1,n−ε0,m<wl

|〈φ1,n|φ0,m〉|2e−βε1,n (159)

= 1
Z0

∑
n

〈φ1,n|Π0
>ε1,n−wl |φ1,n〉 e−βε1,n (160)

≤ 1
Z0

∑
n

‖Π1
≤ε1,n

Π0
>ε1,n−wl‖

2e−βε1,n (161)

≤ 1
Z0
e−
−wl−2Mv

hgk

∑
n

e−βε1,n (162)

= e
wl+2Mv
hgk

Z1

Z0
(163)

= e
wl+2Mv
hgk e−β∆A . (164)

The result follows by demanding e
wl+2Mv
hgk ≤ (ε/6)2 or, equivalently,

wl ≤ −2Mv − 2hgk ln(6/ε) . (165)

4.3.2 The case U 6= 1l: Transverse-field Ising model

As explained in Sec. 4.1, the case U 6= 1l is equivalent to that where we replace H0 → H ′0 = UH0U†
and V → VU = H1 − H ′0, and we start from the thermal state ρ′0 of H ′0. This allows for a
direct generalization of Thm. 1.5 to the case U 6= 1l, which is useful as long as H ′0 and VU remain
as k-local Hamiltonians of degree d. In fact, a generalization of this result applies to the more
general case U = U†1U0, where U0 and U1 are two unitaries that take H0 and H1 into k-local

Hamiltonians of degree d; that is H ′0 = U0H0U†0 and H ′1 = U1H1U†1 are local Hamiltonians.
This result also follows from an equivalent interpretation of the two-time measurement scheme
of Sec. 2.1, where the projective measurement of H0 on ρ0 followed by a unitary U0 is equivalent to
a projective measurement of H ′0 on ρ′0. If another unitary U†1 is applied and then H1 is measured,

this step is equivalent to the projective measurement of H ′1 followed by the action of U†1 . The
projective measurements of H ′0 and H ′1 produce a work value that is sampled according to the

same distribution P (w) of the original process. Hence, Thm. 1.4 applies to the case U = U†1U0 if
we replace V → VU := H ′1 − H ′0. Often, a unitary U will break the locality of the Hamiltonians
and the bound in Eq. (165) does not apply to that case.
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One example of a local spin system is the well-known transverse-field Ising model in one di-
mension, which has the Hamiltonian

H =
n∑
j=1

Zj − v
n−1∑
j=1

XjXj+1 , (166)

where Xj and Zj are the corresponding Pauli operators of the j-th qubit. This model can be solved
exactly using the Jordan-Wigner mapping [90, 91]. In particular, this mapping provides a unitary
that diagonalizes H and takes it to a linear combination of the Zj ’s only. As a consequence, the
thermal state can be prepared efficiently using other methods than the one presented in here. Since
our goal in this section is to illustrate the benefits of using a nontrivial unitary U in our quantum
algorithm in general, we do not take advantage of the integrability or exact-solvability of the model
in our calculations.

Let β = 1 and consider H0 given by v = 0 and H1 = H0 + V given by v = 1/2 in Eq. (166),
i.e.,

H0 =
n∑
j=1

Zj , (167)

V = −1
2

n−1∑
j=1

XjXj+1 . (168)

Our quantum algorithm requires a unitary U0 that prepares |Ψ0〉 , the purification of the thermal
state of H0 given in Eq. (23). A quantum circuit for U0 can be simply constructed as follows.
Let Ry(θ) = e−iθY be a single qubit rotation with θ = arccos(e−β/2/

√
2 cosh(β)). Acting on

two n-qubit registers, we first apply Ry(θ)⊗n to the first register and next apply a sequence of n
controlled-NOT gates between the corresponding qubits of each register, controlled by the qubits
in the first register. The prepared state is

U0 |0〉 → |Ψ0〉 = 1√
Z0

∑
b1,...,bn

e−
β
2 (n−2b1−...−2bn) |b1, . . . , bn〉 |b1, . . . , bn〉 , (169)

where bj ∈ {0, 1} and |b1, . . . , bn〉 are states in the computational basis. The gate complexity of
U0 is O(n) in this case.

To illustrate the advantages of considering certain efficiently-implementable U ’s in our quantum
algorithm, we numerically analyze the work distribution arising in this model for various unitaries.

In particular, we consider the unitaries UT = T e−i
∫ T

0
dtH(t)

, which are time-evolution with Hamil-
tonians H(t) = H0+(t/T )V from time 0 to T , with the convention U0 = 1l. In the limit T →∞ this
corresponds to adiabatic evolution and, in the absence of level crossings (which is the case for this
model) we have limT→∞ UT = Uopt(ε = 0) ≡ Uopt (formally defined in Cor. B.2 in Appendix B). 3

For each UT , we numerically compute the largest value of the cutoff wl that satisfies Eq (4) of
Thm. 1.2. To this end, we compute all possible 2n × 2n transition probabilities P (ε1,n|ε0,m) and
determine P (w) as in Eq. (12). While it might be possible to do this more efficiently in this model,
obtaining the largest value of wl that satisfies Eq (4) for general models might require simulating
the entire scheme.

In the left panel of Fig. 6 we plot this value for n = 6 against ε and for different values of T ,
and in the right panel against T and for different values of ε. It can be observed that whereas
reducing error tolerance decreases the (largest) work cutoff for all interpolation times, the cutoff
for the optimal unitary does not have a strong dependence on ε. We also observe that increasing
the interpolation time in general increases the work cutoff.

In Fig. 7 we plot work distributions for different choices of the unitaries along with the associated
work cutoffs. We observe that the optimal unitary results in a most peaked distribution with largest
mean, and distributions tend to get narrower for longer time evolutions and their means increase.

3We do not consider the true optimal unitary Uopt(ε 6= 0) as this can be very hard to implement in practice,
even approximately.
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Figure 6: Largest work cutoff wl that satisfies Eq. (4) for each U , given an initial Hamiltonian H0 =
∑n

j=1 Zj
and the perturbation V = −(1/2)

∑n

j=1 XjXj+1, for an n = 6 qubit system at β = 1. On the left, we plot wl
as a function of the error ε, for when U is i) adiabatic evolution, and ii) the evolution under the time dependent
Hamiltonian H(t) = H0 + (t/T )V for different choices in T . On the right, we consider the same scenario but
plot wl as a function of T for different choices in ε.

These observations are consistent with those in Fig. 6. Note that the work cutoffs are at the far
tails of the distributions, which is easier to appreciate in the inset. This is due to the importance
of rare events [47].

Finally, in Fig. 8 we plot the work cutoff against system size for ε = 0.005 and for interpolation
times T = 0, T = 2, and interpolation times linear in system size, T = n and T = 5n. We observe
that even a time evolution of modest duration can significantly increase the work cutoff.
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Figure 7: The binned work distributions for the scenario described in Fig. 6 (i.e., H0 =
∑n

j=1 Zj and
V = −(1/2)

∑n

j=1 XjXj+1 for an n = 6 qubit system at β = 1 and ε = 0.005) for the adiabatic evolu-
tion and dynamical evolution for different choices in T . The main plot and the inset show the same data
using a logarithmic and a linear scale for the vertical axis, respectively. The vertical dotted lines indicate the
corresponding wl value for each case.

5 Discussions and open problems
Using fluctuation theorems, we provided a quantum algorithm to prepare a purification of the
thermal state of a quantum system H1 at inverse temperature β ≥ 0, starting from a purification
of the thermal state of a quantum system H0. The dominant factor in the complexity of our

quantum algorithm is e
β
2 (∆A−wl), where ∆A is the free-energy difference and wl is a work cutoff.

This result is a significant improvement of prior quantum algorithms [17,21]. The work cutoff also
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Figure 8: Largest work cutoff wl for each U for the scenario described in Fig. 6 (i.e. H0 =
∑n

j=1 Zj and
V = −(1/2)

∑n

j=1 XjXj+1 at β = 1 and ε = 0.005) but with varying system size n. We compare the cases
where the total evolution time T is fixed, i.e. to T = 0 (light blue) or T = 2 (dark blue), and when it is allowed
to scale linearly with n, i.e. T = n (green) or T = 5n (yellow).

depends on a non-equilibrium unitary U that can be arbitrary. We showed that certain U ’s allow
for an improvement in wl and the runtime of our algorithm. We also obtained suitable choices
of wl for large classes of Hamiltonians, including general Hamiltonians, commuting Hamiltonians,
and the local spin Hamiltonians. In all these cases we found a lower bound of wl that, for U = 1l,
depends on the strength of the perturbation V . These results are especially useful in the regime
where β‖V ‖ � 1.

In the construction of our algorithm we produced an approximation of the operator e−βW/2

as a linear combination of unitaries, each corresponding to an evolution with W for some time
[Eq. (25)]. This approximation results from a Fourier analysis, which has been proven useful in
related contexts (cf. [84]). Our approximation allowed us to take advantage of the cutoff wl, which
is important to reduce complexity.

Other useful approximations of e−βW/2 for quantum algorithms might be obtained using, for
example, Chebyshev polynomials [46,77,84]. In contrast with approximations based on time evolu-
tions, these polynomials can be constructed and implemented exactly using quantum walks [46,84].
However, these Chebyshev approximations might not help when we seek the approximation to be
accurate on a subspace only. For example, following the method in Ref. [84] to approximate the
action of e−βW/2 produces a Chebyshev approximation

∑
j αjTj(W/|W |), where αj ∈ C, Tj is the

j-th Chebyshev polynomial of the first kind, and |W | is an upper bound of ‖W‖ that is obtained
from the presentation of W . The L1 norm of this approximation, given by

∑
j |αj |, is exponential

in β‖W‖ = β(‖H1‖ + ‖H0‖) in the worst case, even when we require the approximation to be
accurate in the subspace where w ≥ wl only. This is in sharp contrast with Eq. (103), which is
exponential in −βwl. Finding a suitable Chebyshev approximation that is accurate in the subspace
and whose L1 norm exponential in −βwl remains as an open problem. (A related problem was
encountered in Ref. [92] for simulating quantum dynamics on a subspace.)

Last, we emphasize that our quantum algorithm considers the thermal-state preparation prob-
lem only. Preparing thermal states suffices to compute thermal properties accurately. However, it
is possible to build other quantum algorithms that compute thermal properties directly without
preparing the thermal state. Such techniques can also be constructed from fluctuation theorems
and are left for future work.
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A Gate complexity of U

Our quantum algorithm uses the unitary U , which corresponds to the time-evolution operator for
time −δβ/2 of the Hamiltonian H1 ⊗ 1l − 1l ⊗H∗0 , or V ⊗ 1l = (H1 −H0)⊗ 1l if the Hamiltonians
commute. The parameter δ is discussed in Sec. 3.3.2. The gate complexity of U can be obtained
from known results in Hamiltonian simulation and depends on the presentation of the Hamiltonians
and the desired approximation error [26, 27, 29–33, 46, 80]. A common setting is one where the
Hamiltonians are presented as linear combination of unitaries. The results in quantum signal
processing and qubitization in Refs. [33, 46] apply to this setting and imply:

Theorem A.1 (Gate complexity of U using quantum signal processing and qubitization). Let
H0 =

∑L
l=1 α0,lU0,l and H1 =

∑L
l=1 α1,lU1,l be two Hamiltonians acting on Hs, where the U0,l’s

and U1,l’s are m-qubit unitaries, and α0,l > 0, α1,l > 0 for all 1 ≤ l ≤ L. Then, if the quantum
algorithm makes Q′ uses the time-evolution unitary U := eiδβW/2, where W := H1 ⊗ 1l − 1l ⊗H∗0 ,
β ≥ 0, and δ ≤ π/16, we can simulate U with approximation error ε/Q′ using Õ(L2m((α0 +
α1)δβ + log(Q′/ε))) two-qubit gates, where α0 =

∑
l α0,l and α1 =

∑
l α1,l. In addition, if V =

H1−H0 =
∑
l αV,lVl, where the Vl are also m−qubit unitaries, αV,l > 0, and [H0, H1] = 0, we can

simulate U with approximation error ε/Q′ using Õ(L2m(αV δβ+ log(Q/ε))) two-qubit gates, where
αV =

∑
l αV,l. The Õ notation hides a factor that is logarithmic in L. The method implements a

unitary that acts on the space Hanc⊗Hs⊗Hs, where Hanc is an ancillary space of m′ = O(log(L))
qubits.

Proof. Consider a block-encoding for a Hamiltonian H ′ acting on Hs ⊗Hs = C2N , N = 2n, where
H ′ = 〈G|UH′ |G〉 . The operation UH′ is unitary and acts on 2n+ m̃ qubits, |G〉 = UG |0〉 is some
fiducial state of the m̃ ancilla qubits, and UG is a unitary acting on the ancilla space C2m̃ . Theorem
1 of Ref. [46] states that H ′ can be simulated for time t′ and error ε′ with O(t′ + log(1/ε′)) uses
of the controlled-UH′ and controlled-UG, and their inverses, and additional two-qubit gates. The
dominant gate complexity is the one coming from implementing the relevant unitaries. The total
number of ancilla qubits is m′ = 2 + m̃ where, beyond the m̃ ancilla qubits needed for |G〉 , one
additional ancilla qubit is needed for the controlled operations in quantum signal processing and
another ancilla qubit is needed to construct a so-called “unitary iterate” from UH′ . This unitary
iterate is basically a controlled operation that implements UH′ or U†H′ depending on the state
of an ancilla qubit, followed by a sequence of other unitaries that do not use Ul; see Ref. [46]
for details. Repeated (k) implementations of the unitary iterate provide a block-encoding of the
k-th Chebyshev polynomial of H ′, which is useful to accurately approximate e−it′H′ as a linear
combination of these polynomials.

Let H =
∑2L
l=1 αlUl be a Hamiltonian presented as a linear combination of m-qubit unitaries

Ul, where αl > 0. Our goal is to simulate H for time t. Then, we can rescale the Hamiltonian to
simulate H ′ = H/α for time t′ = αt, where α =

∑2L
l=1 αl, i.e., e−itH = e−it

′H′ . In this setting, the
unitary that encodes the Hamiltonian H ′ is

UH′ =
2L∑
l=1
|l〉〈l| ⊗ Ul , (170)

and the unitary that prepares |G〉 performs the map

|0〉 → UG |0〉 =
2L∑
l=1

√
αl/α |l〉 . (171)

If we use a binary encoding, the number of ancilla qubits is m̃ = dlog2(2L)e, hence m′ = O(log(L)),
and the gate complexity of UG is O(L).

Implementing UH′ in Eq. (170) requires implementing each Ul controlled on the state |l〉 of the
m̃ ancilla qubits. If each Ul acts on, at most, m qubits, then UH′ requires O(L2m log(L)) two-qubit
gates. The results in Ref. [46] imply that the overall number of two-qubit gates to simulate H for
time t and approximation error ε′ is

Õ(L2m(αt+ log(1/ε′))) , (172)
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where we dropped the logarithmic factor in L.
Theorem A.1 follows directly from Eq. (172) if we replace H, α, t, and ε′ with H1⊗ 1l− 1l⊗H∗0

(or H1 −H0), α0 + α1, δβ/2, and ε/Q′.

In general, we do not have an upper bound of α0 or α1 in terms of the spectral norms of H0 or
H1, but in many cases it is simple to show α0 ≤ c‖H0‖ and α1 ≤ c‖H1‖, where c > 0 is a constant.
This implies (α0 + α1)δβ = O((‖H0‖+ ‖H1‖)β) and the gate complexity of U from Thm. A.1 is

Õ(L2m((‖H0‖+ ‖H1‖)δβ + log(Q′/ε))) . (173)

Moreover, in Thm. 1.2, Q′ can be determined from the number of amplitude amplification rounds
times the number of uses of U per round. Then, the dominant factor in Eqs. (172) and (173) is
expected to be ln(Q′/ε), since Q′ > Q is exponential in β.

Evolving with H1 ⊗ 1l − 1l ⊗ H∗0 can be done in parallel, acting with H1 on one system and
with −H∗0 on the other. Also, by setting the approximation error to ε/Q′, we guarantee that the
additional error coming from the simulation of U is, at most, ε. In Thm. 1.2, this would imply that
the state prepared by our quantum algorithm satisfies 1

2‖τ1 − ρ1‖1 ≤ ε due to the approximation
of U .

B Optimal non-equilibrium unitaries
Our quantum algorithm uses a non-equilibrium unitary U that determines the work distribution
P (w) and the work cutoff wl. To reduce the query complexity, a good choice for U is one that, for
a given ε ≥ 0, allows us to maximize wl in Eq. (4). Similarly, we can treat the left hand side of
Eq. (4) as a cost function C(U) ≥ 0 to minimize. Due to the positivity of the terms in the sum,
finding the unitary U that gives the largest work cutoff w∗l , i.e. the largest wl for which Eq. (4) is
satisfied for a given ε ≥ 0, is equivalent to finding the unitary U that minimizes C(U) for a given
work cutoff w∗l . We focus on the latter problem.

Instead of Eq. (4), it will prove more convenient to work with the equivalent condition Eq. (82).
Our goal is then to find the non-equilibrium unitary that minimizes the following cost function

C(U) =
∑

w>−w∗
l

P rev(w) (174)

=
∑

m,n:ε0,m−ε1,n>−w∗l

P rev(ε0,m|ε1,n)P1(ε1,n) (175)

for the largest work cutoff w∗l . Here, P rev(w) is the work distribution of the reverse two-time
measurement scheme discussed in Sec. 4.1, P rev(ε0,m|ε1,m) = |〈φ0,m| U† |φ1,n〉|2 is the transition
probability that depends on U , and P1(ε1,n) = e−βε1,n/Z1 is the Boltzmann weight, which is
independent of U . Intuitively, the optimal unitary, which we call Uεopt, forbids transitions from
|φ0,m〉 to |φ1,n〉 corresponding to ε0,m−ε1,n > −w∗l . If this can be achieved for all transitions, i.e.
P rev(ε0,m|ε1,n) = 0 if ε0,m − ε1,n > −w∗l , then C(Uεopt) = 0. However, this is not always possible.
The unitary Uεopt described below is such that it minimizes the contribution to the cost function
due to these transitions.

It is easiest to state the form of Uεopt in terms of the action of its inverse Uε †opt on the eigenstates of
H1, so we adopt this approach. Recall that our convention is such that ε0,0 ≤ ε0,1 ≤ . . . ≤ ε0,N−1
and ε1,0 ≤ ε1,1 ≤ . . . ≤ ε1,N−1. The rough intuition underlying Uε †opt is to pursue a greedy
strategy to minimize C(U). Namely, starting with the lowest eigenvalue eigenstate of H1, |φ1,0〉 ,
this is mapped to the lowest eigenvalue eigenstate of H0, |φ0,0〉 , if ε0,0 − ε1,0 ≤ −w∗l , without
contributing to the cost function. If ε0,0 − ε1,0 > −w∗l , the |φ1,0〉 state will contribute P1(ε1,0)
to the cost function “no matter what”, and so ε1,0 is mapped to the largest eigenvalue eigenstate
of H0. This is to leave more “room” at the bottom of the spectrum of H0, ensuring that other
eigenstates of H1 with n ≥ 1 have eigenstates of H0 of lower eigenvalue (shifted by w∗l ) available
to them, and so are less likely to contribute to the cost function. This general greedy strategy is
then applied iteratively to each of the eigenstates of H1 in increasing order n = 0, 1, . . . to obtain
Uε †opt. More concretely, Uε †opt can be described as follows.
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(a) (b)

"1,1
<latexit sha1_base64="AC9PGDqbd6GrLpjfP1KiANe+nc4=">AAACDXicbVBLSgNBEO3xG+Nvoks3jUFwIWE6CLoMuHEZwXwgGUJPp5I06ekZunsiYcgZPIFbPYE7cesZPID3sCeZhUl8UPDqvSqqeEEsuDae9+1sbG5t7+wW9or7B4dHx27ppKmjRDFosEhEqh1QDYJLaBhuBLRjBTQMBLSC8V3mtyagNI/ko5nG4Id0KPmAM2qs1HNL3QlVEGsubJeSKzLruWWv4s2B1wnJSRnlqPfcn24/YkkI0jBBte4QLzZ+SpXhTMCs2E00xJSN6RA6lkoagvbT+eszfGGVPh5EypY0eK7+3UhpqPU0DOxkSM1Ir3qZ+J/XSczg1k+5jBMDki0ODRKBTYSzHHCfK2BGTC2hTHH7K2YjqigzNq2lK4GiYzBZLmQ1hXXSrFaIVyEP1+VaNU+ogM7QObpEBN2gGrpHddRADD2hF/SK3pxn5935cD4XoxtOvnOKluB8/QINHJwh</latexit><latexit sha1_base64="AC9PGDqbd6GrLpjfP1KiANe+nc4=">AAACDXicbVBLSgNBEO3xG+Nvoks3jUFwIWE6CLoMuHEZwXwgGUJPp5I06ekZunsiYcgZPIFbPYE7cesZPID3sCeZhUl8UPDqvSqqeEEsuDae9+1sbG5t7+wW9or7B4dHx27ppKmjRDFosEhEqh1QDYJLaBhuBLRjBTQMBLSC8V3mtyagNI/ko5nG4Id0KPmAM2qs1HNL3QlVEGsubJeSKzLruWWv4s2B1wnJSRnlqPfcn24/YkkI0jBBte4QLzZ+SpXhTMCs2E00xJSN6RA6lkoagvbT+eszfGGVPh5EypY0eK7+3UhpqPU0DOxkSM1Ir3qZ+J/XSczg1k+5jBMDki0ODRKBTYSzHHCfK2BGTC2hTHH7K2YjqigzNq2lK4GiYzBZLmQ1hXXSrFaIVyEP1+VaNU+ogM7QObpEBN2gGrpHddRADD2hF/SK3pxn5935cD4XoxtOvnOKluB8/QINHJwh</latexit><latexit sha1_base64="AC9PGDqbd6GrLpjfP1KiANe+nc4=">AAACDXicbVBLSgNBEO3xG+Nvoks3jUFwIWE6CLoMuHEZwXwgGUJPp5I06ekZunsiYcgZPIFbPYE7cesZPID3sCeZhUl8UPDqvSqqeEEsuDae9+1sbG5t7+wW9or7B4dHx27ppKmjRDFosEhEqh1QDYJLaBhuBLRjBTQMBLSC8V3mtyagNI/ko5nG4Id0KPmAM2qs1HNL3QlVEGsubJeSKzLruWWv4s2B1wnJSRnlqPfcn24/YkkI0jBBte4QLzZ+SpXhTMCs2E00xJSN6RA6lkoagvbT+eszfGGVPh5EypY0eK7+3UhpqPU0DOxkSM1Ir3qZ+J/XSczg1k+5jBMDki0ODRKBTYSzHHCfK2BGTC2hTHH7K2YjqigzNq2lK4GiYzBZLmQ1hXXSrFaIVyEP1+VaNU+ogM7QObpEBN2gGrpHddRADD2hF/SK3pxn5935cD4XoxtOvnOKluB8/QINHJwh</latexit><latexit sha1_base64="AC9PGDqbd6GrLpjfP1KiANe+nc4=">AAACDXicbVBLSgNBEO3xG+Nvoks3jUFwIWE6CLoMuHEZwXwgGUJPp5I06ekZunsiYcgZPIFbPYE7cesZPID3sCeZhUl8UPDqvSqqeEEsuDae9+1sbG5t7+wW9or7B4dHx27ppKmjRDFosEhEqh1QDYJLaBhuBLRjBTQMBLSC8V3mtyagNI/ko5nG4Id0KPmAM2qs1HNL3QlVEGsubJeSKzLruWWv4s2B1wnJSRnlqPfcn24/YkkI0jBBte4QLzZ+SpXhTMCs2E00xJSN6RA6lkoagvbT+eszfGGVPh5EypY0eK7+3UhpqPU0DOxkSM1Ir3qZ+J/XSczg1k+5jBMDki0ODRKBTYSzHHCfK2BGTC2hTHH7K2YjqigzNq2lK4GiYzBZLmQ1hXXSrFaIVyEP1+VaNU+ogM7QObpEBN2gGrpHddRADD2hF/SK3pxn5935cD4XoxtOvnOKluB8/QINHJwh</latexit>

"1,2
<latexit sha1_base64="uQMjCH60rcoAWzoW3A7YM1866gw=">AAACDXicbVBLSgNBEO3xG+Nvoks3g0FwIWEmCLoMuHEZwXwgGUJNp5I06ekZunsiYcgZPIFbPYE7cesZPID3sCeZhUl8UPDqvSqqeEHMmdKu+21tbG5t7+wW9or7B4dHx3bppKmiRFJs0IhHsh2AQs4ENjTTHNuxRAgDjq1gfJf5rQlKxSLxqKcx+iEMBRswCtpIPbvUnYDEWDFuutS7qs56dtmtuHM468TLSZnkqPfsn24/okmIQlMOSnU8N9Z+ClIzynFW7CYKY6BjGGLHUAEhKj+dvz5zLozSdwaRNCW0M1f/bqQQKjUNAzMZgh6pVS8T//M6iR7c+ikTcaJR0MWhQcIdHTlZDk6fSaSaTw0BKpn51aEjkEC1SWvpSiBhjDrLxVtNYZ00qxXPrXgP1+VaNU+oQM7IObkkHrkhNXJP6qRBKHkiL+SVvFnP1rv1YX0uRjesfOeULMH6+gUOtJwi</latexit><latexit sha1_base64="uQMjCH60rcoAWzoW3A7YM1866gw=">AAACDXicbVBLSgNBEO3xG+Nvoks3g0FwIWEmCLoMuHEZwXwgGUJNp5I06ekZunsiYcgZPIFbPYE7cesZPID3sCeZhUl8UPDqvSqqeEHMmdKu+21tbG5t7+wW9or7B4dHx3bppKmiRFJs0IhHsh2AQs4ENjTTHNuxRAgDjq1gfJf5rQlKxSLxqKcx+iEMBRswCtpIPbvUnYDEWDFuutS7qs56dtmtuHM468TLSZnkqPfsn24/okmIQlMOSnU8N9Z+ClIzynFW7CYKY6BjGGLHUAEhKj+dvz5zLozSdwaRNCW0M1f/bqQQKjUNAzMZgh6pVS8T//M6iR7c+ikTcaJR0MWhQcIdHTlZDk6fSaSaTw0BKpn51aEjkEC1SWvpSiBhjDrLxVtNYZ00qxXPrXgP1+VaNU+oQM7IObkkHrkhNXJP6qRBKHkiL+SVvFnP1rv1YX0uRjesfOeULMH6+gUOtJwi</latexit><latexit sha1_base64="uQMjCH60rcoAWzoW3A7YM1866gw=">AAACDXicbVBLSgNBEO3xG+Nvoks3g0FwIWEmCLoMuHEZwXwgGUJNp5I06ekZunsiYcgZPIFbPYE7cesZPID3sCeZhUl8UPDqvSqqeEHMmdKu+21tbG5t7+wW9or7B4dHx3bppKmiRFJs0IhHsh2AQs4ENjTTHNuxRAgDjq1gfJf5rQlKxSLxqKcx+iEMBRswCtpIPbvUnYDEWDFuutS7qs56dtmtuHM468TLSZnkqPfsn24/okmIQlMOSnU8N9Z+ClIzynFW7CYKY6BjGGLHUAEhKj+dvz5zLozSdwaRNCW0M1f/bqQQKjUNAzMZgh6pVS8T//M6iR7c+ikTcaJR0MWhQcIdHTlZDk6fSaSaTw0BKpn51aEjkEC1SWvpSiBhjDrLxVtNYZ00qxXPrXgP1+VaNU+oQM7IObkkHrkhNXJP6qRBKHkiL+SVvFnP1rv1YX0uRjesfOeULMH6+gUOtJwi</latexit><latexit sha1_base64="uQMjCH60rcoAWzoW3A7YM1866gw=">AAACDXicbVBLSgNBEO3xG+Nvoks3g0FwIWEmCLoMuHEZwXwgGUJNp5I06ekZunsiYcgZPIFbPYE7cesZPID3sCeZhUl8UPDqvSqqeEHMmdKu+21tbG5t7+wW9or7B4dHx3bppKmiRFJs0IhHsh2AQs4ENjTTHNuxRAgDjq1gfJf5rQlKxSLxqKcx+iEMBRswCtpIPbvUnYDEWDFuutS7qs56dtmtuHM468TLSZnkqPfsn24/okmIQlMOSnU8N9Z+ClIzynFW7CYKY6BjGGLHUAEhKj+dvz5zLozSdwaRNCW0M1f/bqQQKjUNAzMZgh6pVS8T//M6iR7c+ikTcaJR0MWhQcIdHTlZDk6fSaSaTw0BKpn51aEjkEC1SWvpSiBhjDrLxVtNYZ00qxXPrXgP1+VaNU+oQM7IObkkHrkhNXJP6qRBKHkiL+SVvFnP1rv1YX0uRjesfOeULMH6+gUOtJwi</latexit>

"1,3
<latexit sha1_base64="TkBxHwFfgbuzIy/lT2JhgPywtzc=">AAACDXicbVDLSsNAFJ3UV62vVJduBovgQkpSBV0W3LisYB/QhjKZ3rRDJ5MwM6mU0G/wC9zqF7gTt36DH+B/OGmzsK0HLpx7zr3cy/FjzpR2nG+rsLG5tb1T3C3t7R8cHtnl45aKEkmhSSMeyY5PFHAmoKmZ5tCJJZDQ59D2x3eZ356AVCwSj3oagxeSoWABo0QbqW+XexMiIVaMmy51L69mfbviVJ058Dpxc1JBORp9+6c3iGgSgtCUE6W6rhNrLyVSM8phVuolCmJCx2QIXUMFCUF56fz1GT43ygAHkTQlNJ6rfzdSEio1DX0zGRI9UqteJv7ndRMd3HopE3GiQdDFoSDhWEc4ywEPmASq+dQQQiUzv2I6IpJQbdJauuJLMgad5eKuprBOWrWq61Tdh+tKvZYnVESn6AxdIBfdoDq6Rw3URBQ9oRf0it6sZ+vd+rA+F6MFK985QUuwvn4BEEycIw==</latexit><latexit sha1_base64="TkBxHwFfgbuzIy/lT2JhgPywtzc=">AAACDXicbVDLSsNAFJ3UV62vVJduBovgQkpSBV0W3LisYB/QhjKZ3rRDJ5MwM6mU0G/wC9zqF7gTt36DH+B/OGmzsK0HLpx7zr3cy/FjzpR2nG+rsLG5tb1T3C3t7R8cHtnl45aKEkmhSSMeyY5PFHAmoKmZ5tCJJZDQ59D2x3eZ356AVCwSj3oagxeSoWABo0QbqW+XexMiIVaMmy51L69mfbviVJ058Dpxc1JBORp9+6c3iGgSgtCUE6W6rhNrLyVSM8phVuolCmJCx2QIXUMFCUF56fz1GT43ygAHkTQlNJ6rfzdSEio1DX0zGRI9UqteJv7ndRMd3HopE3GiQdDFoSDhWEc4ywEPmASq+dQQQiUzv2I6IpJQbdJauuJLMgad5eKuprBOWrWq61Tdh+tKvZYnVESn6AxdIBfdoDq6Rw3URBQ9oRf0it6sZ+vd+rA+F6MFK985QUuwvn4BEEycIw==</latexit><latexit sha1_base64="TkBxHwFfgbuzIy/lT2JhgPywtzc=">AAACDXicbVDLSsNAFJ3UV62vVJduBovgQkpSBV0W3LisYB/QhjKZ3rRDJ5MwM6mU0G/wC9zqF7gTt36DH+B/OGmzsK0HLpx7zr3cy/FjzpR2nG+rsLG5tb1T3C3t7R8cHtnl45aKEkmhSSMeyY5PFHAmoKmZ5tCJJZDQ59D2x3eZ356AVCwSj3oagxeSoWABo0QbqW+XexMiIVaMmy51L69mfbviVJ058Dpxc1JBORp9+6c3iGgSgtCUE6W6rhNrLyVSM8phVuolCmJCx2QIXUMFCUF56fz1GT43ygAHkTQlNJ6rfzdSEio1DX0zGRI9UqteJv7ndRMd3HopE3GiQdDFoSDhWEc4ywEPmASq+dQQQiUzv2I6IpJQbdJauuJLMgad5eKuprBOWrWq61Tdh+tKvZYnVESn6AxdIBfdoDq6Rw3URBQ9oRf0it6sZ+vd+rA+F6MFK985QUuwvn4BEEycIw==</latexit><latexit sha1_base64="TkBxHwFfgbuzIy/lT2JhgPywtzc=">AAACDXicbVDLSsNAFJ3UV62vVJduBovgQkpSBV0W3LisYB/QhjKZ3rRDJ5MwM6mU0G/wC9zqF7gTt36DH+B/OGmzsK0HLpx7zr3cy/FjzpR2nG+rsLG5tb1T3C3t7R8cHtnl45aKEkmhSSMeyY5PFHAmoKmZ5tCJJZDQ59D2x3eZ356AVCwSj3oagxeSoWABo0QbqW+XexMiIVaMmy51L69mfbviVJ058Dpxc1JBORp9+6c3iGgSgtCUE6W6rhNrLyVSM8phVuolCmJCx2QIXUMFCUF56fz1GT43ygAHkTQlNJ6rfzdSEio1DX0zGRI9UqteJv7ndRMd3HopE3GiQdDFoSDhWEc4ywEPmASq+dQQQiUzv2I6IpJQbdJauuJLMgad5eKuprBOWrWq61Tdh+tKvZYnVESn6AxdIBfdoDq6Rw3URBQ9oRf0it6sZ+vd+rA+F6MFK985QUuwvn4BEEycIw==</latexit>

"1,4
<latexit sha1_base64="KL/E2zoczISaD1lt+QWv67Rfqns=">AAACDXicbVDLSsNAFJ3UV62vVJduBovgQkpSCrosuHFZwT6gDWUyvWmHTiZhZlIpod/gF7jVL3Anbv0GP8D/cNJmYVsPXDj3nHu5l+PHnCntON9WYWt7Z3evuF86ODw6PrHLp20VJZJCi0Y8kl2fKOBMQEszzaEbSyChz6HjT+4yvzMFqVgkHvUsBi8kI8ECRok20sAu96dEQqwYN13qXtfnA7viVJ0F8CZxc1JBOZoD+6c/jGgSgtCUE6V6rhNrLyVSM8phXuonCmJCJ2QEPUMFCUF56eL1Ob40yhAHkTQlNF6ofzdSEio1C30zGRI9VuteJv7n9RId3HopE3GiQdDloSDhWEc4ywEPmQSq+cwQQiUzv2I6JpJQbdJaueJLMgGd5eKup7BJ2rWq61Tdh3qlUcsTKqJzdIGukItuUAPdoyZqIYqe0At6RW/Ws/VufVify9GCle+coRVYX78R5Jwk</latexit><latexit sha1_base64="KL/E2zoczISaD1lt+QWv67Rfqns=">AAACDXicbVDLSsNAFJ3UV62vVJduBovgQkpSCrosuHFZwT6gDWUyvWmHTiZhZlIpod/gF7jVL3Anbv0GP8D/cNJmYVsPXDj3nHu5l+PHnCntON9WYWt7Z3evuF86ODw6PrHLp20VJZJCi0Y8kl2fKOBMQEszzaEbSyChz6HjT+4yvzMFqVgkHvUsBi8kI8ECRok20sAu96dEQqwYN13qXtfnA7viVJ0F8CZxc1JBOZoD+6c/jGgSgtCUE6V6rhNrLyVSM8phXuonCmJCJ2QEPUMFCUF56eL1Ob40yhAHkTQlNF6ofzdSEio1C30zGRI9VuteJv7n9RId3HopE3GiQdDloSDhWEc4ywEPmQSq+cwQQiUzv2I6JpJQbdJaueJLMgGd5eKup7BJ2rWq61Tdh3qlUcsTKqJzdIGukItuUAPdoyZqIYqe0At6RW/Ws/VufVify9GCle+coRVYX78R5Jwk</latexit><latexit sha1_base64="KL/E2zoczISaD1lt+QWv67Rfqns=">AAACDXicbVDLSsNAFJ3UV62vVJduBovgQkpSCrosuHFZwT6gDWUyvWmHTiZhZlIpod/gF7jVL3Anbv0GP8D/cNJmYVsPXDj3nHu5l+PHnCntON9WYWt7Z3evuF86ODw6PrHLp20VJZJCi0Y8kl2fKOBMQEszzaEbSyChz6HjT+4yvzMFqVgkHvUsBi8kI8ECRok20sAu96dEQqwYN13qXtfnA7viVJ0F8CZxc1JBOZoD+6c/jGgSgtCUE6V6rhNrLyVSM8phXuonCmJCJ2QEPUMFCUF56eL1Ob40yhAHkTQlNF6ofzdSEio1C30zGRI9VuteJv7n9RId3HopE3GiQdDloSDhWEc4ywEPmQSq+cwQQiUzv2I6JpJQbdJaueJLMgGd5eKup7BJ2rWq61Tdh3qlUcsTKqJzdIGukItuUAPdoyZqIYqe0At6RW/Ws/VufVify9GCle+coRVYX78R5Jwk</latexit><latexit sha1_base64="KL/E2zoczISaD1lt+QWv67Rfqns=">AAACDXicbVDLSsNAFJ3UV62vVJduBovgQkpSCrosuHFZwT6gDWUyvWmHTiZhZlIpod/gF7jVL3Anbv0GP8D/cNJmYVsPXDj3nHu5l+PHnCntON9WYWt7Z3evuF86ODw6PrHLp20VJZJCi0Y8kl2fKOBMQEszzaEbSyChz6HjT+4yvzMFqVgkHvUsBi8kI8ECRok20sAu96dEQqwYN13qXtfnA7viVJ0F8CZxc1JBOZoD+6c/jGgSgtCUE6V6rhNrLyVSM8phXuonCmJCJ2QEPUMFCUF56eL1Ob40yhAHkTQlNF6ofzdSEio1C30zGRI9VuteJv7n9RId3HopE3GiQdDloSDhWEc4ywEPmQSq+cwQQiUzv2I6JpJQbdJaueJLMgGd5eKup7BJ2rWq61Tdh3qlUcsTKqJzdIGukItuUAPdoyZqIYqe0At6RW/Ws/VufVify9GCle+coRVYX78R5Jwk</latexit>

"1,5
<latexit sha1_base64="c2zehynI1V+MgSbjggckT0uTsqs=">AAACDXicbVDLSsNAFJ3UV62vVJduBovgQkpSFF0W3LisYB/QhjKZ3rRDJ5MwM6mU0G/wC9zqF7gTt36DH+B/OGmzsK0HLpx7zr3cy/FjzpR2nG+rsLG5tb1T3C3t7R8cHtnl45aKEkmhSSMeyY5PFHAmoKmZ5tCJJZDQ59D2x3eZ356AVCwSj3oagxeSoWABo0QbqW+XexMiIVaMmy51L69nfbviVJ058Dpxc1JBORp9+6c3iGgSgtCUE6W6rhNrLyVSM8phVuolCmJCx2QIXUMFCUF56fz1GT43ygAHkTQlNJ6rfzdSEio1DX0zGRI9UqteJv7ndRMd3HopE3GiQdDFoSDhWEc4ywEPmASq+dQQQiUzv2I6IpJQbdJauuJLMgad5eKuprBOWrWq61Tdh6tKvZYnVESn6AxdIBfdoDq6Rw3URBQ9oRf0it6sZ+vd+rA+F6MFK985QUuwvn4BE3ycJQ==</latexit><latexit sha1_base64="c2zehynI1V+MgSbjggckT0uTsqs=">AAACDXicbVDLSsNAFJ3UV62vVJduBovgQkpSFF0W3LisYB/QhjKZ3rRDJ5MwM6mU0G/wC9zqF7gTt36DH+B/OGmzsK0HLpx7zr3cy/FjzpR2nG+rsLG5tb1T3C3t7R8cHtnl45aKEkmhSSMeyY5PFHAmoKmZ5tCJJZDQ59D2x3eZ356AVCwSj3oagxeSoWABo0QbqW+XexMiIVaMmy51L69nfbviVJ058Dpxc1JBORp9+6c3iGgSgtCUE6W6rhNrLyVSM8phVuolCmJCx2QIXUMFCUF56fz1GT43ygAHkTQlNJ6rfzdSEio1DX0zGRI9UqteJv7ndRMd3HopE3GiQdDFoSDhWEc4ywEPmASq+dQQQiUzv2I6IpJQbdJauuJLMgad5eKuprBOWrWq61Tdh6tKvZYnVESn6AxdIBfdoDq6Rw3URBQ9oRf0it6sZ+vd+rA+F6MFK985QUuwvn4BE3ycJQ==</latexit><latexit sha1_base64="c2zehynI1V+MgSbjggckT0uTsqs=">AAACDXicbVDLSsNAFJ3UV62vVJduBovgQkpSFF0W3LisYB/QhjKZ3rRDJ5MwM6mU0G/wC9zqF7gTt36DH+B/OGmzsK0HLpx7zr3cy/FjzpR2nG+rsLG5tb1T3C3t7R8cHtnl45aKEkmhSSMeyY5PFHAmoKmZ5tCJJZDQ59D2x3eZ356AVCwSj3oagxeSoWABo0QbqW+XexMiIVaMmy51L69nfbviVJ058Dpxc1JBORp9+6c3iGgSgtCUE6W6rhNrLyVSM8phVuolCmJCx2QIXUMFCUF56fz1GT43ygAHkTQlNJ6rfzdSEio1DX0zGRI9UqteJv7ndRMd3HopE3GiQdDFoSDhWEc4ywEPmASq+dQQQiUzv2I6IpJQbdJauuJLMgad5eKuprBOWrWq61Tdh6tKvZYnVESn6AxdIBfdoDq6Rw3URBQ9oRf0it6sZ+vd+rA+F6MFK985QUuwvn4BE3ycJQ==</latexit><latexit sha1_base64="c2zehynI1V+MgSbjggckT0uTsqs=">AAACDXicbVDLSsNAFJ3UV62vVJduBovgQkpSFF0W3LisYB/QhjKZ3rRDJ5MwM6mU0G/wC9zqF7gTt36DH+B/OGmzsK0HLpx7zr3cy/FjzpR2nG+rsLG5tb1T3C3t7R8cHtnl45aKEkmhSSMeyY5PFHAmoKmZ5tCJJZDQ59D2x3eZ356AVCwSj3oagxeSoWABo0QbqW+XexMiIVaMmy51L69nfbviVJ058Dpxc1JBORp9+6c3iGgSgtCUE6W6rhNrLyVSM8phVuolCmJCx2QIXUMFCUF56fz1GT43ygAHkTQlNJ6rfzdSEio1DX0zGRI9UqteJv7ndRMd3HopE3GiQdDFoSDhWEc4ywEPmASq+dQQQiUzv2I6IpJQbdJauuJLMgad5eKuprBOWrWq61Tdh6tKvZYnVESn6AxdIBfdoDq6Rw3URBQ9oRf0it6sZ+vd+rA+F6MFK985QUuwvn4BE3ycJQ==</latexit>

"1,0
<latexit sha1_base64="O5iDvwHZgrPiJRP8zcjgv8i7XCA=">AAACDXicbVBLSgNBEO3xG+Nvoks3jUFwIWEmCLoMuHEZwXwgGUJNp5I06fnQ3RMJQ87gCdzqCdyJW8/gAbyHPcksTOKDglfvVVHF82PBlXacb2tjc2t7Z7ewV9w/ODw6tksnTRUlkmGDRSKSbR8UCh5iQ3MtsB1LhMAX2PLHd5nfmqBUPAof9TRGL4BhyAecgTZSzy51JyAxVlyYLnWvnFnPLjsVZw66TtyclEmOes/+6fYjlgQYaiZAqY7rxNpLQWrOBM6K3URhDGwMQ+wYGkKAykvnr8/ohVH6dBBJU6Gmc/XvRgqBUtPAN5MB6JFa9TLxP6+T6MGtl/IwTjSGbHFokAiqI5rlQPtcItNiaggwyc2vlI1AAtMmraUrvoQx6iwXdzWFddKsVlyn4j5cl2vVPKECOSPn5JK45IbUyD2pkwZh5Im8kFfyZj1b79aH9bkY3bDynVOyBOvrFwuEnCA=</latexit><latexit sha1_base64="O5iDvwHZgrPiJRP8zcjgv8i7XCA=">AAACDXicbVBLSgNBEO3xG+Nvoks3jUFwIWEmCLoMuHEZwXwgGUJNp5I06fnQ3RMJQ87gCdzqCdyJW8/gAbyHPcksTOKDglfvVVHF82PBlXacb2tjc2t7Z7ewV9w/ODw6tksnTRUlkmGDRSKSbR8UCh5iQ3MtsB1LhMAX2PLHd5nfmqBUPAof9TRGL4BhyAecgTZSzy51JyAxVlyYLnWvnFnPLjsVZw66TtyclEmOes/+6fYjlgQYaiZAqY7rxNpLQWrOBM6K3URhDGwMQ+wYGkKAykvnr8/ohVH6dBBJU6Gmc/XvRgqBUtPAN5MB6JFa9TLxP6+T6MGtl/IwTjSGbHFokAiqI5rlQPtcItNiaggwyc2vlI1AAtMmraUrvoQx6iwXdzWFddKsVlyn4j5cl2vVPKECOSPn5JK45IbUyD2pkwZh5Im8kFfyZj1b79aH9bkY3bDynVOyBOvrFwuEnCA=</latexit><latexit sha1_base64="O5iDvwHZgrPiJRP8zcjgv8i7XCA=">AAACDXicbVBLSgNBEO3xG+Nvoks3jUFwIWEmCLoMuHEZwXwgGUJNp5I06fnQ3RMJQ87gCdzqCdyJW8/gAbyHPcksTOKDglfvVVHF82PBlXacb2tjc2t7Z7ewV9w/ODw6tksnTRUlkmGDRSKSbR8UCh5iQ3MtsB1LhMAX2PLHd5nfmqBUPAof9TRGL4BhyAecgTZSzy51JyAxVlyYLnWvnFnPLjsVZw66TtyclEmOes/+6fYjlgQYaiZAqY7rxNpLQWrOBM6K3URhDGwMQ+wYGkKAykvnr8/ohVH6dBBJU6Gmc/XvRgqBUtPAN5MB6JFa9TLxP6+T6MGtl/IwTjSGbHFokAiqI5rlQPtcItNiaggwyc2vlI1AAtMmraUrvoQx6iwXdzWFddKsVlyn4j5cl2vVPKECOSPn5JK45IbUyD2pkwZh5Im8kFfyZj1b79aH9bkY3bDynVOyBOvrFwuEnCA=</latexit><latexit sha1_base64="O5iDvwHZgrPiJRP8zcjgv8i7XCA=">AAACDXicbVBLSgNBEO3xG+Nvoks3jUFwIWEmCLoMuHEZwXwgGUJNp5I06fnQ3RMJQ87gCdzqCdyJW8/gAbyHPcksTOKDglfvVVHF82PBlXacb2tjc2t7Z7ewV9w/ODw6tksnTRUlkmGDRSKSbR8UCh5iQ3MtsB1LhMAX2PLHd5nfmqBUPAof9TRGL4BhyAecgTZSzy51JyAxVlyYLnWvnFnPLjsVZw66TtyclEmOes/+6fYjlgQYaiZAqY7rxNpLQWrOBM6K3URhDGwMQ+wYGkKAykvnr8/ohVH6dBBJU6Gmc/XvRgqBUtPAN5MB6JFa9TLxP6+T6MGtl/IwTjSGbHFokAiqI5rlQPtcItNiaggwyc2vlI1AAtMmraUrvoQx6iwXdzWFddKsVlyn4j5cl2vVPKECOSPn5JK45IbUyD2pkwZh5Im8kFfyZj1b79aH9bkY3bDynVOyBOvrFwuEnCA=</latexit>

"1,1
<latexit sha1_base64="AC9PGDqbd6GrLpjfP1KiANe+nc4=">AAACDXicbVBLSgNBEO3xG+Nvoks3jUFwIWE6CLoMuHEZwXwgGUJPp5I06ekZunsiYcgZPIFbPYE7cesZPID3sCeZhUl8UPDqvSqqeEEsuDae9+1sbG5t7+wW9or7B4dHx27ppKmjRDFosEhEqh1QDYJLaBhuBLRjBTQMBLSC8V3mtyagNI/ko5nG4Id0KPmAM2qs1HNL3QlVEGsubJeSKzLruWWv4s2B1wnJSRnlqPfcn24/YkkI0jBBte4QLzZ+SpXhTMCs2E00xJSN6RA6lkoagvbT+eszfGGVPh5EypY0eK7+3UhpqPU0DOxkSM1Ir3qZ+J/XSczg1k+5jBMDki0ODRKBTYSzHHCfK2BGTC2hTHH7K2YjqigzNq2lK4GiYzBZLmQ1hXXSrFaIVyEP1+VaNU+ogM7QObpEBN2gGrpHddRADD2hF/SK3pxn5935cD4XoxtOvnOKluB8/QINHJwh</latexit><latexit sha1_base64="AC9PGDqbd6GrLpjfP1KiANe+nc4=">AAACDXicbVBLSgNBEO3xG+Nvoks3jUFwIWE6CLoMuHEZwXwgGUJPp5I06ekZunsiYcgZPIFbPYE7cesZPID3sCeZhUl8UPDqvSqqeEEsuDae9+1sbG5t7+wW9or7B4dHx27ppKmjRDFosEhEqh1QDYJLaBhuBLRjBTQMBLSC8V3mtyagNI/ko5nG4Id0KPmAM2qs1HNL3QlVEGsubJeSKzLruWWv4s2B1wnJSRnlqPfcn24/YkkI0jBBte4QLzZ+SpXhTMCs2E00xJSN6RA6lkoagvbT+eszfGGVPh5EypY0eK7+3UhpqPU0DOxkSM1Ir3qZ+J/XSczg1k+5jBMDki0ODRKBTYSzHHCfK2BGTC2hTHH7K2YjqigzNq2lK4GiYzBZLmQ1hXXSrFaIVyEP1+VaNU+ogM7QObpEBN2gGrpHddRADD2hF/SK3pxn5935cD4XoxtOvnOKluB8/QINHJwh</latexit><latexit sha1_base64="AC9PGDqbd6GrLpjfP1KiANe+nc4=">AAACDXicbVBLSgNBEO3xG+Nvoks3jUFwIWE6CLoMuHEZwXwgGUJPp5I06ekZunsiYcgZPIFbPYE7cesZPID3sCeZhUl8UPDqvSqqeEEsuDae9+1sbG5t7+wW9or7B4dHx27ppKmjRDFosEhEqh1QDYJLaBhuBLRjBTQMBLSC8V3mtyagNI/ko5nG4Id0KPmAM2qs1HNL3QlVEGsubJeSKzLruWWv4s2B1wnJSRnlqPfcn24/YkkI0jBBte4QLzZ+SpXhTMCs2E00xJSN6RA6lkoagvbT+eszfGGVPh5EypY0eK7+3UhpqPU0DOxkSM1Ir3qZ+J/XSczg1k+5jBMDki0ODRKBTYSzHHCfK2BGTC2hTHH7K2YjqigzNq2lK4GiYzBZLmQ1hXXSrFaIVyEP1+VaNU+ogM7QObpEBN2gGrpHddRADD2hF/SK3pxn5935cD4XoxtOvnOKluB8/QINHJwh</latexit><latexit sha1_base64="AC9PGDqbd6GrLpjfP1KiANe+nc4=">AAACDXicbVBLSgNBEO3xG+Nvoks3jUFwIWE6CLoMuHEZwXwgGUJPp5I06ekZunsiYcgZPIFbPYE7cesZPID3sCeZhUl8UPDqvSqqeEEsuDae9+1sbG5t7+wW9or7B4dHx27ppKmjRDFosEhEqh1QDYJLaBhuBLRjBTQMBLSC8V3mtyagNI/ko5nG4Id0KPmAM2qs1HNL3QlVEGsubJeSKzLruWWv4s2B1wnJSRnlqPfcn24/YkkI0jBBte4QLzZ+SpXhTMCs2E00xJSN6RA6lkoagvbT+eszfGGVPh5EypY0eK7+3UhpqPU0DOxkSM1Ir3qZ+J/XSczg1k+5jBMDki0ODRKBTYSzHHCfK2BGTC2hTHH7K2YjqigzNq2lK4GiYzBZLmQ1hXXSrFaIVyEP1+VaNU+ogM7QObpEBN2gGrpHddRADD2hF/SK3pxn5935cD4XoxtOvnOKluB8/QINHJwh</latexit>

"1,2
<latexit sha1_base64="uQMjCH60rcoAWzoW3A7YM1866gw=">AAACDXicbVBLSgNBEO3xG+Nvoks3g0FwIWEmCLoMuHEZwXwgGUJNp5I06ekZunsiYcgZPIFbPYE7cesZPID3sCeZhUl8UPDqvSqqeEHMmdKu+21tbG5t7+wW9or7B4dHx3bppKmiRFJs0IhHsh2AQs4ENjTTHNuxRAgDjq1gfJf5rQlKxSLxqKcx+iEMBRswCtpIPbvUnYDEWDFuutS7qs56dtmtuHM468TLSZnkqPfsn24/okmIQlMOSnU8N9Z+ClIzynFW7CYKY6BjGGLHUAEhKj+dvz5zLozSdwaRNCW0M1f/bqQQKjUNAzMZgh6pVS8T//M6iR7c+ikTcaJR0MWhQcIdHTlZDk6fSaSaTw0BKpn51aEjkEC1SWvpSiBhjDrLxVtNYZ00qxXPrXgP1+VaNU+oQM7IObkkHrkhNXJP6qRBKHkiL+SVvFnP1rv1YX0uRjesfOeULMH6+gUOtJwi</latexit><latexit sha1_base64="uQMjCH60rcoAWzoW3A7YM1866gw=">AAACDXicbVBLSgNBEO3xG+Nvoks3g0FwIWEmCLoMuHEZwXwgGUJNp5I06ekZunsiYcgZPIFbPYE7cesZPID3sCeZhUl8UPDqvSqqeEHMmdKu+21tbG5t7+wW9or7B4dHx3bppKmiRFJs0IhHsh2AQs4ENjTTHNuxRAgDjq1gfJf5rQlKxSLxqKcx+iEMBRswCtpIPbvUnYDEWDFuutS7qs56dtmtuHM468TLSZnkqPfsn24/okmIQlMOSnU8N9Z+ClIzynFW7CYKY6BjGGLHUAEhKj+dvz5zLozSdwaRNCW0M1f/bqQQKjUNAzMZgh6pVS8T//M6iR7c+ikTcaJR0MWhQcIdHTlZDk6fSaSaTw0BKpn51aEjkEC1SWvpSiBhjDrLxVtNYZ00qxXPrXgP1+VaNU+oQM7IObkkHrkhNXJP6qRBKHkiL+SVvFnP1rv1YX0uRjesfOeULMH6+gUOtJwi</latexit><latexit sha1_base64="uQMjCH60rcoAWzoW3A7YM1866gw=">AAACDXicbVBLSgNBEO3xG+Nvoks3g0FwIWEmCLoMuHEZwXwgGUJNp5I06ekZunsiYcgZPIFbPYE7cesZPID3sCeZhUl8UPDqvSqqeEHMmdKu+21tbG5t7+wW9or7B4dHx3bppKmiRFJs0IhHsh2AQs4ENjTTHNuxRAgDjq1gfJf5rQlKxSLxqKcx+iEMBRswCtpIPbvUnYDEWDFuutS7qs56dtmtuHM468TLSZnkqPfsn24/okmIQlMOSnU8N9Z+ClIzynFW7CYKY6BjGGLHUAEhKj+dvz5zLozSdwaRNCW0M1f/bqQQKjUNAzMZgh6pVS8T//M6iR7c+ikTcaJR0MWhQcIdHTlZDk6fSaSaTw0BKpn51aEjkEC1SWvpSiBhjDrLxVtNYZ00qxXPrXgP1+VaNU+oQM7IObkkHrkhNXJP6qRBKHkiL+SVvFnP1rv1YX0uRjesfOeULMH6+gUOtJwi</latexit><latexit sha1_base64="uQMjCH60rcoAWzoW3A7YM1866gw=">AAACDXicbVBLSgNBEO3xG+Nvoks3g0FwIWEmCLoMuHEZwXwgGUJNp5I06ekZunsiYcgZPIFbPYE7cesZPID3sCeZhUl8UPDqvSqqeEHMmdKu+21tbG5t7+wW9or7B4dHx3bppKmiRFJs0IhHsh2AQs4ENjTTHNuxRAgDjq1gfJf5rQlKxSLxqKcx+iEMBRswCtpIPbvUnYDEWDFuutS7qs56dtmtuHM468TLSZnkqPfsn24/okmIQlMOSnU8N9Z+ClIzynFW7CYKY6BjGGLHUAEhKj+dvz5zLozSdwaRNCW0M1f/bqQQKjUNAzMZgh6pVS8T//M6iR7c+ikTcaJR0MWhQcIdHTlZDk6fSaSaTw0BKpn51aEjkEC1SWvpSiBhjDrLxVtNYZ00qxXPrXgP1+VaNU+oQM7IObkkHrkhNXJP6qRBKHkiL+SVvFnP1rv1YX0uRjesfOeULMH6+gUOtJwi</latexit>

"1,3
<latexit sha1_base64="TkBxHwFfgbuzIy/lT2JhgPywtzc=">AAACDXicbVDLSsNAFJ3UV62vVJduBovgQkpSBV0W3LisYB/QhjKZ3rRDJ5MwM6mU0G/wC9zqF7gTt36DH+B/OGmzsK0HLpx7zr3cy/FjzpR2nG+rsLG5tb1T3C3t7R8cHtnl45aKEkmhSSMeyY5PFHAmoKmZ5tCJJZDQ59D2x3eZ356AVCwSj3oagxeSoWABo0QbqW+XexMiIVaMmy51L69mfbviVJ058Dpxc1JBORp9+6c3iGgSgtCUE6W6rhNrLyVSM8phVuolCmJCx2QIXUMFCUF56fz1GT43ygAHkTQlNJ6rfzdSEio1DX0zGRI9UqteJv7ndRMd3HopE3GiQdDFoSDhWEc4ywEPmASq+dQQQiUzv2I6IpJQbdJauuJLMgad5eKuprBOWrWq61Tdh+tKvZYnVESn6AxdIBfdoDq6Rw3URBQ9oRf0it6sZ+vd+rA+F6MFK985QUuwvn4BEEycIw==</latexit><latexit sha1_base64="TkBxHwFfgbuzIy/lT2JhgPywtzc=">AAACDXicbVDLSsNAFJ3UV62vVJduBovgQkpSBV0W3LisYB/QhjKZ3rRDJ5MwM6mU0G/wC9zqF7gTt36DH+B/OGmzsK0HLpx7zr3cy/FjzpR2nG+rsLG5tb1T3C3t7R8cHtnl45aKEkmhSSMeyY5PFHAmoKmZ5tCJJZDQ59D2x3eZ356AVCwSj3oagxeSoWABo0QbqW+XexMiIVaMmy51L69mfbviVJ058Dpxc1JBORp9+6c3iGgSgtCUE6W6rhNrLyVSM8phVuolCmJCx2QIXUMFCUF56fz1GT43ygAHkTQlNJ6rfzdSEio1DX0zGRI9UqteJv7ndRMd3HopE3GiQdDFoSDhWEc4ywEPmASq+dQQQiUzv2I6IpJQbdJauuJLMgad5eKuprBOWrWq61Tdh+tKvZYnVESn6AxdIBfdoDq6Rw3URBQ9oRf0it6sZ+vd+rA+F6MFK985QUuwvn4BEEycIw==</latexit><latexit sha1_base64="TkBxHwFfgbuzIy/lT2JhgPywtzc=">AAACDXicbVDLSsNAFJ3UV62vVJduBovgQkpSBV0W3LisYB/QhjKZ3rRDJ5MwM6mU0G/wC9zqF7gTt36DH+B/OGmzsK0HLpx7zr3cy/FjzpR2nG+rsLG5tb1T3C3t7R8cHtnl45aKEkmhSSMeyY5PFHAmoKmZ5tCJJZDQ59D2x3eZ356AVCwSj3oagxeSoWABo0QbqW+XexMiIVaMmy51L69mfbviVJ058Dpxc1JBORp9+6c3iGgSgtCUE6W6rhNrLyVSM8phVuolCmJCx2QIXUMFCUF56fz1GT43ygAHkTQlNJ6rfzdSEio1DX0zGRI9UqteJv7ndRMd3HopE3GiQdDFoSDhWEc4ywEPmASq+dQQQiUzv2I6IpJQbdJauuJLMgad5eKuprBOWrWq61Tdh+tKvZYnVESn6AxdIBfdoDq6Rw3URBQ9oRf0it6sZ+vd+rA+F6MFK985QUuwvn4BEEycIw==</latexit><latexit sha1_base64="TkBxHwFfgbuzIy/lT2JhgPywtzc=">AAACDXicbVDLSsNAFJ3UV62vVJduBovgQkpSBV0W3LisYB/QhjKZ3rRDJ5MwM6mU0G/wC9zqF7gTt36DH+B/OGmzsK0HLpx7zr3cy/FjzpR2nG+rsLG5tb1T3C3t7R8cHtnl45aKEkmhSSMeyY5PFHAmoKmZ5tCJJZDQ59D2x3eZ356AVCwSj3oagxeSoWABo0QbqW+XexMiIVaMmy51L69mfbviVJ058Dpxc1JBORp9+6c3iGgSgtCUE6W6rhNrLyVSM8phVuolCmJCx2QIXUMFCUF56fz1GT43ygAHkTQlNJ6rfzdSEio1DX0zGRI9UqteJv7ndRMd3HopE3GiQdDFoSDhWEc4ywEPmASq+dQQQiUzv2I6IpJQbdJauuJLMgad5eKuprBOWrWq61Tdh+tKvZYnVESn6AxdIBfdoDq6Rw3URBQ9oRf0it6sZ+vd+rA+F6MFK985QUuwvn4BEEycIw==</latexit>

"1,4
<latexit sha1_base64="KL/E2zoczISaD1lt+QWv67Rfqns=">AAACDXicbVDLSsNAFJ3UV62vVJduBovgQkpSCrosuHFZwT6gDWUyvWmHTiZhZlIpod/gF7jVL3Anbv0GP8D/cNJmYVsPXDj3nHu5l+PHnCntON9WYWt7Z3evuF86ODw6PrHLp20VJZJCi0Y8kl2fKOBMQEszzaEbSyChz6HjT+4yvzMFqVgkHvUsBi8kI8ECRok20sAu96dEQqwYN13qXtfnA7viVJ0F8CZxc1JBOZoD+6c/jGgSgtCUE6V6rhNrLyVSM8phXuonCmJCJ2QEPUMFCUF56eL1Ob40yhAHkTQlNF6ofzdSEio1C30zGRI9VuteJv7n9RId3HopE3GiQdDloSDhWEc4ywEPmQSq+cwQQiUzv2I6JpJQbdJaueJLMgGd5eKup7BJ2rWq61Tdh3qlUcsTKqJzdIGukItuUAPdoyZqIYqe0At6RW/Ws/VufVify9GCle+coRVYX78R5Jwk</latexit><latexit sha1_base64="KL/E2zoczISaD1lt+QWv67Rfqns=">AAACDXicbVDLSsNAFJ3UV62vVJduBovgQkpSCrosuHFZwT6gDWUyvWmHTiZhZlIpod/gF7jVL3Anbv0GP8D/cNJmYVsPXDj3nHu5l+PHnCntON9WYWt7Z3evuF86ODw6PrHLp20VJZJCi0Y8kl2fKOBMQEszzaEbSyChz6HjT+4yvzMFqVgkHvUsBi8kI8ECRok20sAu96dEQqwYN13qXtfnA7viVJ0F8CZxc1JBOZoD+6c/jGgSgtCUE6V6rhNrLyVSM8phXuonCmJCJ2QEPUMFCUF56eL1Ob40yhAHkTQlNF6ofzdSEio1C30zGRI9VuteJv7n9RId3HopE3GiQdDloSDhWEc4ywEPmQSq+cwQQiUzv2I6JpJQbdJaueJLMgGd5eKup7BJ2rWq61Tdh3qlUcsTKqJzdIGukItuUAPdoyZqIYqe0At6RW/Ws/VufVify9GCle+coRVYX78R5Jwk</latexit><latexit sha1_base64="KL/E2zoczISaD1lt+QWv67Rfqns=">AAACDXicbVDLSsNAFJ3UV62vVJduBovgQkpSCrosuHFZwT6gDWUyvWmHTiZhZlIpod/gF7jVL3Anbv0GP8D/cNJmYVsPXDj3nHu5l+PHnCntON9WYWt7Z3evuF86ODw6PrHLp20VJZJCi0Y8kl2fKOBMQEszzaEbSyChz6HjT+4yvzMFqVgkHvUsBi8kI8ECRok20sAu96dEQqwYN13qXtfnA7viVJ0F8CZxc1JBOZoD+6c/jGgSgtCUE6V6rhNrLyVSM8phXuonCmJCJ2QEPUMFCUF56eL1Ob40yhAHkTQlNF6ofzdSEio1C30zGRI9VuteJv7n9RId3HopE3GiQdDloSDhWEc4ywEPmQSq+cwQQiUzv2I6JpJQbdJaueJLMgGd5eKup7BJ2rWq61Tdh3qlUcsTKqJzdIGukItuUAPdoyZqIYqe0At6RW/Ws/VufVify9GCle+coRVYX78R5Jwk</latexit><latexit sha1_base64="KL/E2zoczISaD1lt+QWv67Rfqns=">AAACDXicbVDLSsNAFJ3UV62vVJduBovgQkpSCrosuHFZwT6gDWUyvWmHTiZhZlIpod/gF7jVL3Anbv0GP8D/cNJmYVsPXDj3nHu5l+PHnCntON9WYWt7Z3evuF86ODw6PrHLp20VJZJCi0Y8kl2fKOBMQEszzaEbSyChz6HjT+4yvzMFqVgkHvUsBi8kI8ECRok20sAu96dEQqwYN13qXtfnA7viVJ0F8CZxc1JBOZoD+6c/jGgSgtCUE6V6rhNrLyVSM8phXuonCmJCJ2QEPUMFCUF56eL1Ob40yhAHkTQlNF6ofzdSEio1C30zGRI9VuteJv7n9RId3HopE3GiQdDloSDhWEc4ywEPmQSq+cwQQiUzv2I6JpJQbdJaueJLMgGd5eKup7BJ2rWq61Tdh3qlUcsTKqJzdIGukItuUAPdoyZqIYqe0At6RW/Ws/VufVify9GCle+coRVYX78R5Jwk</latexit>

"1,5
<latexit sha1_base64="c2zehynI1V+MgSbjggckT0uTsqs=">AAACDXicbVDLSsNAFJ3UV62vVJduBovgQkpSFF0W3LisYB/QhjKZ3rRDJ5MwM6mU0G/wC9zqF7gTt36DH+B/OGmzsK0HLpx7zr3cy/FjzpR2nG+rsLG5tb1T3C3t7R8cHtnl45aKEkmhSSMeyY5PFHAmoKmZ5tCJJZDQ59D2x3eZ356AVCwSj3oagxeSoWABo0QbqW+XexMiIVaMmy51L69nfbviVJ058Dpxc1JBORp9+6c3iGgSgtCUE6W6rhNrLyVSM8phVuolCmJCx2QIXUMFCUF56fz1GT43ygAHkTQlNJ6rfzdSEio1DX0zGRI9UqteJv7ndRMd3HopE3GiQdDFoSDhWEc4ywEPmASq+dQQQiUzv2I6IpJQbdJauuJLMgad5eKuprBOWrWq61Tdh6tKvZYnVESn6AxdIBfdoDq6Rw3URBQ9oRf0it6sZ+vd+rA+F6MFK985QUuwvn4BE3ycJQ==</latexit><latexit sha1_base64="c2zehynI1V+MgSbjggckT0uTsqs=">AAACDXicbVDLSsNAFJ3UV62vVJduBovgQkpSFF0W3LisYB/QhjKZ3rRDJ5MwM6mU0G/wC9zqF7gTt36DH+B/OGmzsK0HLpx7zr3cy/FjzpR2nG+rsLG5tb1T3C3t7R8cHtnl45aKEkmhSSMeyY5PFHAmoKmZ5tCJJZDQ59D2x3eZ356AVCwSj3oagxeSoWABo0QbqW+XexMiIVaMmy51L69nfbviVJ058Dpxc1JBORp9+6c3iGgSgtCUE6W6rhNrLyVSM8phVuolCmJCx2QIXUMFCUF56fz1GT43ygAHkTQlNJ6rfzdSEio1DX0zGRI9UqteJv7ndRMd3HopE3GiQdDFoSDhWEc4ywEPmASq+dQQQiUzv2I6IpJQbdJauuJLMgad5eKuprBOWrWq61Tdh6tKvZYnVESn6AxdIBfdoDq6Rw3URBQ9oRf0it6sZ+vd+rA+F6MFK985QUuwvn4BE3ycJQ==</latexit><latexit sha1_base64="c2zehynI1V+MgSbjggckT0uTsqs=">AAACDXicbVDLSsNAFJ3UV62vVJduBovgQkpSFF0W3LisYB/QhjKZ3rRDJ5MwM6mU0G/wC9zqF7gTt36DH+B/OGmzsK0HLpx7zr3cy/FjzpR2nG+rsLG5tb1T3C3t7R8cHtnl45aKEkmhSSMeyY5PFHAmoKmZ5tCJJZDQ59D2x3eZ356AVCwSj3oagxeSoWABo0QbqW+XexMiIVaMmy51L69nfbviVJ058Dpxc1JBORp9+6c3iGgSgtCUE6W6rhNrLyVSM8phVuolCmJCx2QIXUMFCUF56fz1GT43ygAHkTQlNJ6rfzdSEio1DX0zGRI9UqteJv7ndRMd3HopE3GiQdDFoSDhWEc4ywEPmASq+dQQQiUzv2I6IpJQbdJauuJLMgad5eKuprBOWrWq61Tdh6tKvZYnVESn6AxdIBfdoDq6Rw3URBQ9oRf0it6sZ+vd+rA+F6MFK985QUuwvn4BE3ycJQ==</latexit><latexit sha1_base64="c2zehynI1V+MgSbjggckT0uTsqs=">AAACDXicbVDLSsNAFJ3UV62vVJduBovgQkpSFF0W3LisYB/QhjKZ3rRDJ5MwM6mU0G/wC9zqF7gTt36DH+B/OGmzsK0HLpx7zr3cy/FjzpR2nG+rsLG5tb1T3C3t7R8cHtnl45aKEkmhSSMeyY5PFHAmoKmZ5tCJJZDQ59D2x3eZ356AVCwSj3oagxeSoWABo0QbqW+XexMiIVaMmy51L69nfbviVJ058Dpxc1JBORp9+6c3iGgSgtCUE6W6rhNrLyVSM8phVuolCmJCx2QIXUMFCUF56fz1GT43ygAHkTQlNJ6rfzdSEio1DX0zGRI9UqteJv7ndRMd3HopE3GiQdDFoSDhWEc4ywEPmASq+dQQQiUzv2I6IpJQbdJauuJLMgad5eKuprBOWrWq61Tdh6tKvZYnVESn6AxdIBfdoDq6Rw3URBQ9oRf0it6sZ+vd+rA+F6MFK985QUuwvn4BE3ycJQ==</latexit>

"1,0
<latexit sha1_base64="O5iDvwHZgrPiJRP8zcjgv8i7XCA=">AAACDXicbVBLSgNBEO3xG+Nvoks3jUFwIWEmCLoMuHEZwXwgGUJNp5I06fnQ3RMJQ87gCdzqCdyJW8/gAbyHPcksTOKDglfvVVHF82PBlXacb2tjc2t7Z7ewV9w/ODw6tksnTRUlkmGDRSKSbR8UCh5iQ3MtsB1LhMAX2PLHd5nfmqBUPAof9TRGL4BhyAecgTZSzy51JyAxVlyYLnWvnFnPLjsVZw66TtyclEmOes/+6fYjlgQYaiZAqY7rxNpLQWrOBM6K3URhDGwMQ+wYGkKAykvnr8/ohVH6dBBJU6Gmc/XvRgqBUtPAN5MB6JFa9TLxP6+T6MGtl/IwTjSGbHFokAiqI5rlQPtcItNiaggwyc2vlI1AAtMmraUrvoQx6iwXdzWFddKsVlyn4j5cl2vVPKECOSPn5JK45IbUyD2pkwZh5Im8kFfyZj1b79aH9bkY3bDynVOyBOvrFwuEnCA=</latexit><latexit sha1_base64="O5iDvwHZgrPiJRP8zcjgv8i7XCA=">AAACDXicbVBLSgNBEO3xG+Nvoks3jUFwIWEmCLoMuHEZwXwgGUJNp5I06fnQ3RMJQ87gCdzqCdyJW8/gAbyHPcksTOKDglfvVVHF82PBlXacb2tjc2t7Z7ewV9w/ODw6tksnTRUlkmGDRSKSbR8UCh5iQ3MtsB1LhMAX2PLHd5nfmqBUPAof9TRGL4BhyAecgTZSzy51JyAxVlyYLnWvnFnPLjsVZw66TtyclEmOes/+6fYjlgQYaiZAqY7rxNpLQWrOBM6K3URhDGwMQ+wYGkKAykvnr8/ohVH6dBBJU6Gmc/XvRgqBUtPAN5MB6JFa9TLxP6+T6MGtl/IwTjSGbHFokAiqI5rlQPtcItNiaggwyc2vlI1AAtMmraUrvoQx6iwXdzWFddKsVlyn4j5cl2vVPKECOSPn5JK45IbUyD2pkwZh5Im8kFfyZj1b79aH9bkY3bDynVOyBOvrFwuEnCA=</latexit><latexit sha1_base64="O5iDvwHZgrPiJRP8zcjgv8i7XCA=">AAACDXicbVBLSgNBEO3xG+Nvoks3jUFwIWEmCLoMuHEZwXwgGUJNp5I06fnQ3RMJQ87gCdzqCdyJW8/gAbyHPcksTOKDglfvVVHF82PBlXacb2tjc2t7Z7ewV9w/ODw6tksnTRUlkmGDRSKSbR8UCh5iQ3MtsB1LhMAX2PLHd5nfmqBUPAof9TRGL4BhyAecgTZSzy51JyAxVlyYLnWvnFnPLjsVZw66TtyclEmOes/+6fYjlgQYaiZAqY7rxNpLQWrOBM6K3URhDGwMQ+wYGkKAykvnr8/ohVH6dBBJU6Gmc/XvRgqBUtPAN5MB6JFa9TLxP6+T6MGtl/IwTjSGbHFokAiqI5rlQPtcItNiaggwyc2vlI1AAtMmraUrvoQx6iwXdzWFddKsVlyn4j5cl2vVPKECOSPn5JK45IbUyD2pkwZh5Im8kFfyZj1b79aH9bkY3bDynVOyBOvrFwuEnCA=</latexit><latexit sha1_base64="O5iDvwHZgrPiJRP8zcjgv8i7XCA=">AAACDXicbVBLSgNBEO3xG+Nvoks3jUFwIWEmCLoMuHEZwXwgGUJNp5I06fnQ3RMJQ87gCdzqCdyJW8/gAbyHPcksTOKDglfvVVHF82PBlXacb2tjc2t7Z7ewV9w/ODw6tksnTRUlkmGDRSKSbR8UCh5iQ3MtsB1LhMAX2PLHd5nfmqBUPAof9TRGL4BhyAecgTZSzy51JyAxVlyYLnWvnFnPLjsVZw66TtyclEmOes/+6fYjlgQYaiZAqY7rxNpLQWrOBM6K3URhDGwMQ+wYGkKAykvnr8/ohVH6dBBJU6Gmc/XvRgqBUtPAN5MB6JFa9TLxP6+T6MGtl/IwTjSGbHFokAiqI5rlQPtcItNiaggwyc2vlI1AAtMmraUrvoQx6iwXdzWFddKsVlyn4j5cl2vVPKECOSPn5JK45IbUyD2pkwZh5Im8kFfyZj1b79aH9bkY3bDynVOyBOvrFwuEnCA=</latexit>

"0,0 + w⇤
l

<latexit sha1_base64="dBUJ/ODHcMxi16qTxr0t86YLcXg=">AAACE3icbVDLSsNAFJ3UV62vqAsXboJFEJWSFEGXBTcuK9gHtDFMpjft0MkkzEwqJeQz/AK3+gXuxK0f4Af4H07bLGzrgQtnzrmXO/f4MaNS2fa3UVhZXVvfKG6WtrZ3dvfM/YOmjBJBoEEiFom2jyUwyqGhqGLQjgXg0GfQ8oe3E781AiFpxB/UOAY3xH1OA0qw0pJnHnVHWEAsKdOv1L60s4snjz2ee2bZrthTWMvEyUkZ5ah75k+3F5EkBK4Iw1J2HDtWboqFooRBVuomEmJMhrgPHU05DkG66fSAzDrVSs8KIqGLK2uq/p1IcSjlOPR1Z4jVQC56E/E/r5Oo4MZNKY8TBZzMFgUJs1RkTdKwelQAUWysCSaC6r9aZIAFJkpnNrfFF3gIKtO5OIspLJNmteLYFef+qlyr5gkV0TE6QWfIQdeohu5QHTUQQRl6Qa/ozXg23o0P43PWWjDymUM0B+PrFzIdnlA=</latexit><latexit sha1_base64="dBUJ/ODHcMxi16qTxr0t86YLcXg=">AAACE3icbVDLSsNAFJ3UV62vqAsXboJFEJWSFEGXBTcuK9gHtDFMpjft0MkkzEwqJeQz/AK3+gXuxK0f4Af4H07bLGzrgQtnzrmXO/f4MaNS2fa3UVhZXVvfKG6WtrZ3dvfM/YOmjBJBoEEiFom2jyUwyqGhqGLQjgXg0GfQ8oe3E781AiFpxB/UOAY3xH1OA0qw0pJnHnVHWEAsKdOv1L60s4snjz2ee2bZrthTWMvEyUkZ5ah75k+3F5EkBK4Iw1J2HDtWboqFooRBVuomEmJMhrgPHU05DkG66fSAzDrVSs8KIqGLK2uq/p1IcSjlOPR1Z4jVQC56E/E/r5Oo4MZNKY8TBZzMFgUJs1RkTdKwelQAUWysCSaC6r9aZIAFJkpnNrfFF3gIKtO5OIspLJNmteLYFef+qlyr5gkV0TE6QWfIQdeohu5QHTUQQRl6Qa/ozXg23o0P43PWWjDymUM0B+PrFzIdnlA=</latexit><latexit sha1_base64="dBUJ/ODHcMxi16qTxr0t86YLcXg=">AAACE3icbVDLSsNAFJ3UV62vqAsXboJFEJWSFEGXBTcuK9gHtDFMpjft0MkkzEwqJeQz/AK3+gXuxK0f4Af4H07bLGzrgQtnzrmXO/f4MaNS2fa3UVhZXVvfKG6WtrZ3dvfM/YOmjBJBoEEiFom2jyUwyqGhqGLQjgXg0GfQ8oe3E781AiFpxB/UOAY3xH1OA0qw0pJnHnVHWEAsKdOv1L60s4snjz2ee2bZrthTWMvEyUkZ5ah75k+3F5EkBK4Iw1J2HDtWboqFooRBVuomEmJMhrgPHU05DkG66fSAzDrVSs8KIqGLK2uq/p1IcSjlOPR1Z4jVQC56E/E/r5Oo4MZNKY8TBZzMFgUJs1RkTdKwelQAUWysCSaC6r9aZIAFJkpnNrfFF3gIKtO5OIspLJNmteLYFef+qlyr5gkV0TE6QWfIQdeohu5QHTUQQRl6Qa/ozXg23o0P43PWWjDymUM0B+PrFzIdnlA=</latexit><latexit sha1_base64="dBUJ/ODHcMxi16qTxr0t86YLcXg=">AAACE3icbVDLSsNAFJ3UV62vqAsXboJFEJWSFEGXBTcuK9gHtDFMpjft0MkkzEwqJeQz/AK3+gXuxK0f4Af4H07bLGzrgQtnzrmXO/f4MaNS2fa3UVhZXVvfKG6WtrZ3dvfM/YOmjBJBoEEiFom2jyUwyqGhqGLQjgXg0GfQ8oe3E781AiFpxB/UOAY3xH1OA0qw0pJnHnVHWEAsKdOv1L60s4snjz2ee2bZrthTWMvEyUkZ5ah75k+3F5EkBK4Iw1J2HDtWboqFooRBVuomEmJMhrgPHU05DkG66fSAzDrVSs8KIqGLK2uq/p1IcSjlOPR1Z4jVQC56E/E/r5Oo4MZNKY8TBZzMFgUJs1RkTdKwelQAUWysCSaC6r9aZIAFJkpnNrfFF3gIKtO5OIspLJNmteLYFef+qlyr5gkV0TE6QWfIQdeohu5QHTUQQRl6Qa/ozXg23o0P43PWWjDymUM0B+PrFzIdnlA=</latexit>

"0,1 + w⇤
l

<latexit sha1_base64="vOh0DMUr7H5UPGXj3EiXhRnrsQY=">AAACE3icbVDLSsNAFJ3UV62vqAsXboJFEJWSFEGXBTcuK9gHtDFMpjft0MkkzEwqJeQz/AK3+gXuxK0f4Af4H07bLGzrgQtnzrmXO/f4MaNS2fa3UVhZXVvfKG6WtrZ3dvfM/YOmjBJBoEEiFom2jyUwyqGhqGLQjgXg0GfQ8oe3E781AiFpxB/UOAY3xH1OA0qw0pJnHnVHWEAsKdOv1L50sosnjz2ee2bZrthTWMvEyUkZ5ah75k+3F5EkBK4Iw1J2HDtWboqFooRBVuomEmJMhrgPHU05DkG66fSAzDrVSs8KIqGLK2uq/p1IcSjlOPR1Z4jVQC56E/E/r5Oo4MZNKY8TBZzMFgUJs1RkTdKwelQAUWysCSaC6r9aZIAFJkpnNrfFF3gIKtO5OIspLJNmteLYFef+qlyr5gkV0TE6QWfIQdeohu5QHTUQQRl6Qa/ozXg23o0P43PWWjDymUM0B+PrFzO7nlE=</latexit><latexit sha1_base64="vOh0DMUr7H5UPGXj3EiXhRnrsQY=">AAACE3icbVDLSsNAFJ3UV62vqAsXboJFEJWSFEGXBTcuK9gHtDFMpjft0MkkzEwqJeQz/AK3+gXuxK0f4Af4H07bLGzrgQtnzrmXO/f4MaNS2fa3UVhZXVvfKG6WtrZ3dvfM/YOmjBJBoEEiFom2jyUwyqGhqGLQjgXg0GfQ8oe3E781AiFpxB/UOAY3xH1OA0qw0pJnHnVHWEAsKdOv1L50sosnjz2ee2bZrthTWMvEyUkZ5ah75k+3F5EkBK4Iw1J2HDtWboqFooRBVuomEmJMhrgPHU05DkG66fSAzDrVSs8KIqGLK2uq/p1IcSjlOPR1Z4jVQC56E/E/r5Oo4MZNKY8TBZzMFgUJs1RkTdKwelQAUWysCSaC6r9aZIAFJkpnNrfFF3gIKtO5OIspLJNmteLYFef+qlyr5gkV0TE6QWfIQdeohu5QHTUQQRl6Qa/ozXg23o0P43PWWjDymUM0B+PrFzO7nlE=</latexit><latexit sha1_base64="vOh0DMUr7H5UPGXj3EiXhRnrsQY=">AAACE3icbVDLSsNAFJ3UV62vqAsXboJFEJWSFEGXBTcuK9gHtDFMpjft0MkkzEwqJeQz/AK3+gXuxK0f4Af4H07bLGzrgQtnzrmXO/f4MaNS2fa3UVhZXVvfKG6WtrZ3dvfM/YOmjBJBoEEiFom2jyUwyqGhqGLQjgXg0GfQ8oe3E781AiFpxB/UOAY3xH1OA0qw0pJnHnVHWEAsKdOv1L50sosnjz2ee2bZrthTWMvEyUkZ5ah75k+3F5EkBK4Iw1J2HDtWboqFooRBVuomEmJMhrgPHU05DkG66fSAzDrVSs8KIqGLK2uq/p1IcSjlOPR1Z4jVQC56E/E/r5Oo4MZNKY8TBZzMFgUJs1RkTdKwelQAUWysCSaC6r9aZIAFJkpnNrfFF3gIKtO5OIspLJNmteLYFef+qlyr5gkV0TE6QWfIQdeohu5QHTUQQRl6Qa/ozXg23o0P43PWWjDymUM0B+PrFzO7nlE=</latexit><latexit sha1_base64="vOh0DMUr7H5UPGXj3EiXhRnrsQY=">AAACE3icbVDLSsNAFJ3UV62vqAsXboJFEJWSFEGXBTcuK9gHtDFMpjft0MkkzEwqJeQz/AK3+gXuxK0f4Af4H07bLGzrgQtnzrmXO/f4MaNS2fa3UVhZXVvfKG6WtrZ3dvfM/YOmjBJBoEEiFom2jyUwyqGhqGLQjgXg0GfQ8oe3E781AiFpxB/UOAY3xH1OA0qw0pJnHnVHWEAsKdOv1L50sosnjz2ee2bZrthTWMvEyUkZ5ah75k+3F5EkBK4Iw1J2HDtWboqFooRBVuomEmJMhrgPHU05DkG66fSAzDrVSs8KIqGLK2uq/p1IcSjlOPR1Z4jVQC56E/E/r5Oo4MZNKY8TBZzMFgUJs1RkTdKwelQAUWysCSaC6r9aZIAFJkpnNrfFF3gIKtO5OIspLJNmteLYFef+qlyr5gkV0TE6QWfIQdeohu5QHTUQQRl6Qa/ozXg23o0P43PWWjDymUM0B+PrFzO7nlE=</latexit>

"0,2 + w⇤
l

<latexit sha1_base64="1Oo7xb7UeRyNlMWUvrzrRzCkXyQ=">AAACE3icbVDLSsNAFJ3UV62vqAsXbgaLIColKYIuC25cVrAPaGOYTG/aoZMHM5NKCfkMv8CtfoE7cesH+AH+h9M2C9t64MKZc+7lzj1ezJlUlvVtFFZW19Y3ipulre2d3T1z/6Apo0RQaNCIR6LtEQmchdBQTHFoxwJI4HFoecPbid8agZAsCh/UOAYnIP2Q+YwSpSXXPOqOiIBYMq5fqXVZzS6eXP547pplq2JNgZeJnZMyylF3zZ9uL6JJAKGinEjZsa1YOSkRilEOWambSIgJHZI+dDQNSQDSSacHZPhUKz3sR0JXqPBU/TuRkkDKceDpzoCogVz0JuJ/XidR/o2TsjBOFIR0tshPOFYRnqSBe0wAVXysCaGC6b9iOiCCUKUzm9viCTIElelc7MUUlkmzWrGtin1/Va5V84SK6BidoDNko2tUQ3eojhqIogy9oFf0Zjwb78aH8TlrLRj5zCGag/H1CzVZnlI=</latexit><latexit sha1_base64="1Oo7xb7UeRyNlMWUvrzrRzCkXyQ=">AAACE3icbVDLSsNAFJ3UV62vqAsXbgaLIColKYIuC25cVrAPaGOYTG/aoZMHM5NKCfkMv8CtfoE7cesH+AH+h9M2C9t64MKZc+7lzj1ezJlUlvVtFFZW19Y3ipulre2d3T1z/6Apo0RQaNCIR6LtEQmchdBQTHFoxwJI4HFoecPbid8agZAsCh/UOAYnIP2Q+YwSpSXXPOqOiIBYMq5fqXVZzS6eXP547pplq2JNgZeJnZMyylF3zZ9uL6JJAKGinEjZsa1YOSkRilEOWambSIgJHZI+dDQNSQDSSacHZPhUKz3sR0JXqPBU/TuRkkDKceDpzoCogVz0JuJ/XidR/o2TsjBOFIR0tshPOFYRnqSBe0wAVXysCaGC6b9iOiCCUKUzm9viCTIElelc7MUUlkmzWrGtin1/Va5V84SK6BidoDNko2tUQ3eojhqIogy9oFf0Zjwb78aH8TlrLRj5zCGag/H1CzVZnlI=</latexit><latexit sha1_base64="1Oo7xb7UeRyNlMWUvrzrRzCkXyQ=">AAACE3icbVDLSsNAFJ3UV62vqAsXbgaLIColKYIuC25cVrAPaGOYTG/aoZMHM5NKCfkMv8CtfoE7cesH+AH+h9M2C9t64MKZc+7lzj1ezJlUlvVtFFZW19Y3ipulre2d3T1z/6Apo0RQaNCIR6LtEQmchdBQTHFoxwJI4HFoecPbid8agZAsCh/UOAYnIP2Q+YwSpSXXPOqOiIBYMq5fqXVZzS6eXP547pplq2JNgZeJnZMyylF3zZ9uL6JJAKGinEjZsa1YOSkRilEOWambSIgJHZI+dDQNSQDSSacHZPhUKz3sR0JXqPBU/TuRkkDKceDpzoCogVz0JuJ/XidR/o2TsjBOFIR0tshPOFYRnqSBe0wAVXysCaGC6b9iOiCCUKUzm9viCTIElelc7MUUlkmzWrGtin1/Va5V84SK6BidoDNko2tUQ3eojhqIogy9oFf0Zjwb78aH8TlrLRj5zCGag/H1CzVZnlI=</latexit><latexit sha1_base64="1Oo7xb7UeRyNlMWUvrzrRzCkXyQ=">AAACE3icbVDLSsNAFJ3UV62vqAsXbgaLIColKYIuC25cVrAPaGOYTG/aoZMHM5NKCfkMv8CtfoE7cesH+AH+h9M2C9t64MKZc+7lzj1ezJlUlvVtFFZW19Y3ipulre2d3T1z/6Apo0RQaNCIR6LtEQmchdBQTHFoxwJI4HFoecPbid8agZAsCh/UOAYnIP2Q+YwSpSXXPOqOiIBYMq5fqXVZzS6eXP547pplq2JNgZeJnZMyylF3zZ9uL6JJAKGinEjZsa1YOSkRilEOWambSIgJHZI+dDQNSQDSSacHZPhUKz3sR0JXqPBU/TuRkkDKceDpzoCogVz0JuJ/XidR/o2TsjBOFIR0tshPOFYRnqSBe0wAVXysCaGC6b9iOiCCUKUzm9viCTIElelc7MUUlkmzWrGtin1/Va5V84SK6BidoDNko2tUQ3eojhqIogy9oFf0Zjwb78aH8TlrLRj5zCGag/H1CzVZnlI=</latexit>

"0,3 + w⇤
l

<latexit sha1_base64="yKS1rFnrQeeIpHSKPpaGhnO58ZE=">AAACE3icbVDLSsNAFJ3UV62vqAsXboJFEJWSVEGXBTcuK9gHtDFMpjft0MkkzEwqJeQz/AK3+gXuxK0f4Af4H05rFrb1wIUz59zLnXv8mFGpbPvLKCwtr6yuFddLG5tb2zvm7l5TRokg0CARi0TbxxIY5dBQVDFoxwJw6DNo+cObid8agZA04vdqHIMb4j6nASVYackzD7ojLCCWlOlXap9fZGePHns49cyyXbGnsBaJk5MyylH3zO9uLyJJCFwRhqXsOHas3BQLRQmDrNRNJMSYDHEfOppyHIJ00+kBmXWslZ4VREIXV9ZU/TuR4lDKcejrzhCrgZz3JuJ/XidRwbWbUh4nCjj5XRQkzFKRNUnD6lEBRLGxJpgIqv9qkQEWmCid2cwWX+AhqEzn4synsEia1YpjV5y7y3KtmidURIfoCJ0gB12hGrpFddRABGXoGb2gV+PJeDPejY/f1oKRz+yjGRifPzb3nlM=</latexit><latexit sha1_base64="yKS1rFnrQeeIpHSKPpaGhnO58ZE=">AAACE3icbVDLSsNAFJ3UV62vqAsXboJFEJWSVEGXBTcuK9gHtDFMpjft0MkkzEwqJeQz/AK3+gXuxK0f4Af4H05rFrb1wIUz59zLnXv8mFGpbPvLKCwtr6yuFddLG5tb2zvm7l5TRokg0CARi0TbxxIY5dBQVDFoxwJw6DNo+cObid8agZA04vdqHIMb4j6nASVYackzD7ojLCCWlOlXap9fZGePHns49cyyXbGnsBaJk5MyylH3zO9uLyJJCFwRhqXsOHas3BQLRQmDrNRNJMSYDHEfOppyHIJ00+kBmXWslZ4VREIXV9ZU/TuR4lDKcejrzhCrgZz3JuJ/XidRwbWbUh4nCjj5XRQkzFKRNUnD6lEBRLGxJpgIqv9qkQEWmCid2cwWX+AhqEzn4synsEia1YpjV5y7y3KtmidURIfoCJ0gB12hGrpFddRABGXoGb2gV+PJeDPejY/f1oKRz+yjGRifPzb3nlM=</latexit><latexit sha1_base64="yKS1rFnrQeeIpHSKPpaGhnO58ZE=">AAACE3icbVDLSsNAFJ3UV62vqAsXboJFEJWSVEGXBTcuK9gHtDFMpjft0MkkzEwqJeQz/AK3+gXuxK0f4Af4H05rFrb1wIUz59zLnXv8mFGpbPvLKCwtr6yuFddLG5tb2zvm7l5TRokg0CARi0TbxxIY5dBQVDFoxwJw6DNo+cObid8agZA04vdqHIMb4j6nASVYackzD7ojLCCWlOlXap9fZGePHns49cyyXbGnsBaJk5MyylH3zO9uLyJJCFwRhqXsOHas3BQLRQmDrNRNJMSYDHEfOppyHIJ00+kBmXWslZ4VREIXV9ZU/TuR4lDKcejrzhCrgZz3JuJ/XidRwbWbUh4nCjj5XRQkzFKRNUnD6lEBRLGxJpgIqv9qkQEWmCid2cwWX+AhqEzn4synsEia1YpjV5y7y3KtmidURIfoCJ0gB12hGrpFddRABGXoGb2gV+PJeDPejY/f1oKRz+yjGRifPzb3nlM=</latexit><latexit sha1_base64="yKS1rFnrQeeIpHSKPpaGhnO58ZE=">AAACE3icbVDLSsNAFJ3UV62vqAsXboJFEJWSVEGXBTcuK9gHtDFMpjft0MkkzEwqJeQz/AK3+gXuxK0f4Af4H05rFrb1wIUz59zLnXv8mFGpbPvLKCwtr6yuFddLG5tb2zvm7l5TRokg0CARi0TbxxIY5dBQVDFoxwJw6DNo+cObid8agZA04vdqHIMb4j6nASVYackzD7ojLCCWlOlXap9fZGePHns49cyyXbGnsBaJk5MyylH3zO9uLyJJCFwRhqXsOHas3BQLRQmDrNRNJMSYDHEfOppyHIJ00+kBmXWslZ4VREIXV9ZU/TuR4lDKcejrzhCrgZz3JuJ/XidRwbWbUh4nCjj5XRQkzFKRNUnD6lEBRLGxJpgIqv9qkQEWmCid2cwWX+AhqEzn4synsEia1YpjV5y7y3KtmidURIfoCJ0gB12hGrpFddRABGXoGb2gV+PJeDPejY/f1oKRz+yjGRifPzb3nlM=</latexit>

"0,4 + w⇤
l

<latexit sha1_base64="PeajKUk5mYryT8KBhq1I11dyzDs=">AAACE3icbVDLSsNAFJ34rPUVdeHCTbAIolKSUtBlwY3LCvYBbQyT6U07dDIJM5NKCfkMv8CtfoE7cesH+AH+h9M2C9t64MKZc+7lzj1+zKhUtv1trKyurW9sFraK2zu7e/vmwWFTRokg0CARi0TbxxIY5dBQVDFoxwJw6DNo+cPbid8agZA04g9qHIMb4j6nASVYackzj7sjLCCWlOlXal9Vs8snjz1eeGbJLttTWMvEyUkJ5ah75k+3F5EkBK4Iw1J2HDtWboqFooRBVuwmEmJMhrgPHU05DkG66fSAzDrTSs8KIqGLK2uq/p1IcSjlOPR1Z4jVQC56E/E/r5Oo4MZNKY8TBZzMFgUJs1RkTdKwelQAUWysCSaC6r9aZIAFJkpnNrfFF3gIKtO5OIspLJNmpezYZee+WqpV8oQK6ASdonPkoGtUQ3eojhqIoAy9oFf0Zjwb78aH8TlrXTHymSM0B+PrFziVnlQ=</latexit><latexit sha1_base64="PeajKUk5mYryT8KBhq1I11dyzDs=">AAACE3icbVDLSsNAFJ34rPUVdeHCTbAIolKSUtBlwY3LCvYBbQyT6U07dDIJM5NKCfkMv8CtfoE7cesH+AH+h9M2C9t64MKZc+7lzj1+zKhUtv1trKyurW9sFraK2zu7e/vmwWFTRokg0CARi0TbxxIY5dBQVDFoxwJw6DNo+cPbid8agZA04g9qHIMb4j6nASVYackzj7sjLCCWlOlXal9Vs8snjz1eeGbJLttTWMvEyUkJ5ah75k+3F5EkBK4Iw1J2HDtWboqFooRBVuwmEmJMhrgPHU05DkG66fSAzDrTSs8KIqGLK2uq/p1IcSjlOPR1Z4jVQC56E/E/r5Oo4MZNKY8TBZzMFgUJs1RkTdKwelQAUWysCSaC6r9aZIAFJkpnNrfFF3gIKtO5OIspLJNmpezYZee+WqpV8oQK6ASdonPkoGtUQ3eojhqIoAy9oFf0Zjwb78aH8TlrXTHymSM0B+PrFziVnlQ=</latexit><latexit sha1_base64="PeajKUk5mYryT8KBhq1I11dyzDs=">AAACE3icbVDLSsNAFJ34rPUVdeHCTbAIolKSUtBlwY3LCvYBbQyT6U07dDIJM5NKCfkMv8CtfoE7cesH+AH+h9M2C9t64MKZc+7lzj1+zKhUtv1trKyurW9sFraK2zu7e/vmwWFTRokg0CARi0TbxxIY5dBQVDFoxwJw6DNo+cPbid8agZA04g9qHIMb4j6nASVYackzj7sjLCCWlOlXal9Vs8snjz1eeGbJLttTWMvEyUkJ5ah75k+3F5EkBK4Iw1J2HDtWboqFooRBVuwmEmJMhrgPHU05DkG66fSAzDrTSs8KIqGLK2uq/p1IcSjlOPR1Z4jVQC56E/E/r5Oo4MZNKY8TBZzMFgUJs1RkTdKwelQAUWysCSaC6r9aZIAFJkpnNrfFF3gIKtO5OIspLJNmpezYZee+WqpV8oQK6ASdonPkoGtUQ3eojhqIoAy9oFf0Zjwb78aH8TlrXTHymSM0B+PrFziVnlQ=</latexit><latexit sha1_base64="PeajKUk5mYryT8KBhq1I11dyzDs=">AAACE3icbVDLSsNAFJ34rPUVdeHCTbAIolKSUtBlwY3LCvYBbQyT6U07dDIJM5NKCfkMv8CtfoE7cesH+AH+h9M2C9t64MKZc+7lzj1+zKhUtv1trKyurW9sFraK2zu7e/vmwWFTRokg0CARi0TbxxIY5dBQVDFoxwJw6DNo+cPbid8agZA04g9qHIMb4j6nASVYackzj7sjLCCWlOlXal9Vs8snjz1eeGbJLttTWMvEyUkJ5ah75k+3F5EkBK4Iw1J2HDtWboqFooRBVuwmEmJMhrgPHU05DkG66fSAzDrTSs8KIqGLK2uq/p1IcSjlOPR1Z4jVQC56E/E/r5Oo4MZNKY8TBZzMFgUJs1RkTdKwelQAUWysCSaC6r9aZIAFJkpnNrfFF3gIKtO5OIspLJNmpezYZee+WqpV8oQK6ASdonPkoGtUQ3eojhqIoAy9oFf0Zjwb78aH8TlrXTHymSM0B+PrFziVnlQ=</latexit>

"0,5 + w⇤
l

<latexit sha1_base64="P6Jl8tGsDP4aHkF9dXfDWH7JeaA=">AAACE3icbVDLSsNAFJ3UV62vqAsXboJFEJWSFEWXBTcuK9gHtDFMpjft0MkkzEwqJeQz/AK3+gXuxK0f4Af4H05rFrb1wIUz59zLnXv8mFGpbPvLKCwtr6yuFddLG5tb2zvm7l5TRokg0CARi0TbxxIY5dBQVDFoxwJw6DNo+cObid8agZA04vdqHIMb4j6nASVYackzD7ojLCCWlOlXap9fZmePHns49cyyXbGnsBaJk5MyylH3zO9uLyJJCFwRhqXsOHas3BQLRQmDrNRNJMSYDHEfOppyHIJ00+kBmXWslZ4VREIXV9ZU/TuR4lDKcejrzhCrgZz3JuJ/XidRwbWbUh4nCjj5XRQkzFKRNUnD6lEBRLGxJpgIqv9qkQEWmCid2cwWX+AhqEzn4synsEia1YpjV5y7i3KtmidURIfoCJ0gB12hGrpFddRABGXoGb2gV+PJeDPejY/f1oKRz+yjGRifPzoznlU=</latexit><latexit sha1_base64="P6Jl8tGsDP4aHkF9dXfDWH7JeaA=">AAACE3icbVDLSsNAFJ3UV62vqAsXboJFEJWSFEWXBTcuK9gHtDFMpjft0MkkzEwqJeQz/AK3+gXuxK0f4Af4H05rFrb1wIUz59zLnXv8mFGpbPvLKCwtr6yuFddLG5tb2zvm7l5TRokg0CARi0TbxxIY5dBQVDFoxwJw6DNo+cObid8agZA04vdqHIMb4j6nASVYackzD7ojLCCWlOlXap9fZmePHns49cyyXbGnsBaJk5MyylH3zO9uLyJJCFwRhqXsOHas3BQLRQmDrNRNJMSYDHEfOppyHIJ00+kBmXWslZ4VREIXV9ZU/TuR4lDKcejrzhCrgZz3JuJ/XidRwbWbUh4nCjj5XRQkzFKRNUnD6lEBRLGxJpgIqv9qkQEWmCid2cwWX+AhqEzn4synsEia1YpjV5y7i3KtmidURIfoCJ0gB12hGrpFddRABGXoGb2gV+PJeDPejY/f1oKRz+yjGRifPzoznlU=</latexit><latexit sha1_base64="P6Jl8tGsDP4aHkF9dXfDWH7JeaA=">AAACE3icbVDLSsNAFJ3UV62vqAsXboJFEJWSFEWXBTcuK9gHtDFMpjft0MkkzEwqJeQz/AK3+gXuxK0f4Af4H05rFrb1wIUz59zLnXv8mFGpbPvLKCwtr6yuFddLG5tb2zvm7l5TRokg0CARi0TbxxIY5dBQVDFoxwJw6DNo+cObid8agZA04vdqHIMb4j6nASVYackzD7ojLCCWlOlXap9fZmePHns49cyyXbGnsBaJk5MyylH3zO9uLyJJCFwRhqXsOHas3BQLRQmDrNRNJMSYDHEfOppyHIJ00+kBmXWslZ4VREIXV9ZU/TuR4lDKcejrzhCrgZz3JuJ/XidRwbWbUh4nCjj5XRQkzFKRNUnD6lEBRLGxJpgIqv9qkQEWmCid2cwWX+AhqEzn4synsEia1YpjV5y7i3KtmidURIfoCJ0gB12hGrpFddRABGXoGb2gV+PJeDPejY/f1oKRz+yjGRifPzoznlU=</latexit><latexit sha1_base64="P6Jl8tGsDP4aHkF9dXfDWH7JeaA=">AAACE3icbVDLSsNAFJ3UV62vqAsXboJFEJWSFEWXBTcuK9gHtDFMpjft0MkkzEwqJeQz/AK3+gXuxK0f4Af4H05rFrb1wIUz59zLnXv8mFGpbPvLKCwtr6yuFddLG5tb2zvm7l5TRokg0CARi0TbxxIY5dBQVDFoxwJw6DNo+cObid8agZA04vdqHIMb4j6nASVYackzD7ojLCCWlOlXap9fZmePHns49cyyXbGnsBaJk5MyylH3zO9uLyJJCFwRhqXsOHas3BQLRQmDrNRNJMSYDHEfOppyHIJ00+kBmXWslZ4VREIXV9ZU/TuR4lDKcejrzhCrgZz3JuJ/XidRwbWbUh4nCjj5XRQkzFKRNUnD6lEBRLGxJpgIqv9qkQEWmCid2cwWX+AhqEzn4synsEia1YpjV5y7i3KtmidURIfoCJ0gB12hGrpFddRABGXoGb2gV+PJeDPejY/f1oKRz+yjGRifPzoznlU=</latexit>

H0 + w⇤
l

<latexit sha1_base64="U0sVsjj83FcnDr2IN2/R494ts8o=">AAACA3icbVDLSgNBEJz1GeMr6tHLYBBEIeyKoAcPAS85RjAPSdZldtKbDJmZXWZmlbDk6Bd41S/wJl79ED/A/3DyOJjEgoaiqpvurjDhTBvX/XaWlldW19ZzG/nNre2d3cLefl3HqaJQozGPVTMkGjiTUDPMcGgmCogIOTTC/s3IbzyC0iyWd2aQgC9IV7KIUWKsdF8J3LOngD+cBoWiW3LHwIvEm5IimqIaFH7anZimAqShnGjd8tzE+BlRhlEOw3w71ZAQ2iddaFkqiQDtZ+ODh/jYKh0cxcqWNHis/p3IiNB6IELbKYjp6XlvJP7ntVITXfkZk0lqQNLJoijl2MR49D3uMAXU8IElhCpmb8W0RxShxmY0syVUpA9maHPx5lNYJPXzkueWvNuLYvl6mlAOHaIjdII8dInKqIKqqIYoEugFvaI359l5dz6cz0nrkjOdOUAzcL5+AVcQl/I=</latexit><latexit sha1_base64="U0sVsjj83FcnDr2IN2/R494ts8o=">AAACA3icbVDLSgNBEJz1GeMr6tHLYBBEIeyKoAcPAS85RjAPSdZldtKbDJmZXWZmlbDk6Bd41S/wJl79ED/A/3DyOJjEgoaiqpvurjDhTBvX/XaWlldW19ZzG/nNre2d3cLefl3HqaJQozGPVTMkGjiTUDPMcGgmCogIOTTC/s3IbzyC0iyWd2aQgC9IV7KIUWKsdF8J3LOngD+cBoWiW3LHwIvEm5IimqIaFH7anZimAqShnGjd8tzE+BlRhlEOw3w71ZAQ2iddaFkqiQDtZ+ODh/jYKh0cxcqWNHis/p3IiNB6IELbKYjp6XlvJP7ntVITXfkZk0lqQNLJoijl2MR49D3uMAXU8IElhCpmb8W0RxShxmY0syVUpA9maHPx5lNYJPXzkueWvNuLYvl6mlAOHaIjdII8dInKqIKqqIYoEugFvaI359l5dz6cz0nrkjOdOUAzcL5+AVcQl/I=</latexit><latexit sha1_base64="U0sVsjj83FcnDr2IN2/R494ts8o=">AAACA3icbVDLSgNBEJz1GeMr6tHLYBBEIeyKoAcPAS85RjAPSdZldtKbDJmZXWZmlbDk6Bd41S/wJl79ED/A/3DyOJjEgoaiqpvurjDhTBvX/XaWlldW19ZzG/nNre2d3cLefl3HqaJQozGPVTMkGjiTUDPMcGgmCogIOTTC/s3IbzyC0iyWd2aQgC9IV7KIUWKsdF8J3LOngD+cBoWiW3LHwIvEm5IimqIaFH7anZimAqShnGjd8tzE+BlRhlEOw3w71ZAQ2iddaFkqiQDtZ+ODh/jYKh0cxcqWNHis/p3IiNB6IELbKYjp6XlvJP7ntVITXfkZk0lqQNLJoijl2MR49D3uMAXU8IElhCpmb8W0RxShxmY0syVUpA9maHPx5lNYJPXzkueWvNuLYvl6mlAOHaIjdII8dInKqIKqqIYoEugFvaI359l5dz6cz0nrkjOdOUAzcL5+AVcQl/I=</latexit><latexit sha1_base64="U0sVsjj83FcnDr2IN2/R494ts8o=">AAACA3icbVDLSgNBEJz1GeMr6tHLYBBEIeyKoAcPAS85RjAPSdZldtKbDJmZXWZmlbDk6Bd41S/wJl79ED/A/3DyOJjEgoaiqpvurjDhTBvX/XaWlldW19ZzG/nNre2d3cLefl3HqaJQozGPVTMkGjiTUDPMcGgmCogIOTTC/s3IbzyC0iyWd2aQgC9IV7KIUWKsdF8J3LOngD+cBoWiW3LHwIvEm5IimqIaFH7anZimAqShnGjd8tzE+BlRhlEOw3w71ZAQ2iddaFkqiQDtZ+ODh/jYKh0cxcqWNHis/p3IiNB6IELbKYjp6XlvJP7ntVITXfkZk0lqQNLJoijl2MR49D3uMAXU8IElhCpmb8W0RxShxmY0syVUpA9maHPx5lNYJPXzkueWvNuLYvl6mlAOHaIjdII8dInKqIKqqIYoEugFvaI359l5dz6cz0nrkjOdOUAzcL5+AVcQl/I=</latexit>

H0 + w⇤
l

<latexit sha1_base64="U0sVsjj83FcnDr2IN2/R494ts8o=">AAACA3icbVDLSgNBEJz1GeMr6tHLYBBEIeyKoAcPAS85RjAPSdZldtKbDJmZXWZmlbDk6Bd41S/wJl79ED/A/3DyOJjEgoaiqpvurjDhTBvX/XaWlldW19ZzG/nNre2d3cLefl3HqaJQozGPVTMkGjiTUDPMcGgmCogIOTTC/s3IbzyC0iyWd2aQgC9IV7KIUWKsdF8J3LOngD+cBoWiW3LHwIvEm5IimqIaFH7anZimAqShnGjd8tzE+BlRhlEOw3w71ZAQ2iddaFkqiQDtZ+ODh/jYKh0cxcqWNHis/p3IiNB6IELbKYjp6XlvJP7ntVITXfkZk0lqQNLJoijl2MR49D3uMAXU8IElhCpmb8W0RxShxmY0syVUpA9maHPx5lNYJPXzkueWvNuLYvl6mlAOHaIjdII8dInKqIKqqIYoEugFvaI359l5dz6cz0nrkjOdOUAzcL5+AVcQl/I=</latexit><latexit sha1_base64="U0sVsjj83FcnDr2IN2/R494ts8o=">AAACA3icbVDLSgNBEJz1GeMr6tHLYBBEIeyKoAcPAS85RjAPSdZldtKbDJmZXWZmlbDk6Bd41S/wJl79ED/A/3DyOJjEgoaiqpvurjDhTBvX/XaWlldW19ZzG/nNre2d3cLefl3HqaJQozGPVTMkGjiTUDPMcGgmCogIOTTC/s3IbzyC0iyWd2aQgC9IV7KIUWKsdF8J3LOngD+cBoWiW3LHwIvEm5IimqIaFH7anZimAqShnGjd8tzE+BlRhlEOw3w71ZAQ2iddaFkqiQDtZ+ODh/jYKh0cxcqWNHis/p3IiNB6IELbKYjp6XlvJP7ntVITXfkZk0lqQNLJoijl2MR49D3uMAXU8IElhCpmb8W0RxShxmY0syVUpA9maHPx5lNYJPXzkueWvNuLYvl6mlAOHaIjdII8dInKqIKqqIYoEugFvaI359l5dz6cz0nrkjOdOUAzcL5+AVcQl/I=</latexit><latexit sha1_base64="U0sVsjj83FcnDr2IN2/R494ts8o=">AAACA3icbVDLSgNBEJz1GeMr6tHLYBBEIeyKoAcPAS85RjAPSdZldtKbDJmZXWZmlbDk6Bd41S/wJl79ED/A/3DyOJjEgoaiqpvurjDhTBvX/XaWlldW19ZzG/nNre2d3cLefl3HqaJQozGPVTMkGjiTUDPMcGgmCogIOTTC/s3IbzyC0iyWd2aQgC9IV7KIUWKsdF8J3LOngD+cBoWiW3LHwIvEm5IimqIaFH7anZimAqShnGjd8tzE+BlRhlEOw3w71ZAQ2iddaFkqiQDtZ+ODh/jYKh0cxcqWNHis/p3IiNB6IELbKYjp6XlvJP7ntVITXfkZk0lqQNLJoijl2MR49D3uMAXU8IElhCpmb8W0RxShxmY0syVUpA9maHPx5lNYJPXzkueWvNuLYvl6mlAOHaIjdII8dInKqIKqqIYoEugFvaI359l5dz6cz0nrkjOdOUAzcL5+AVcQl/I=</latexit><latexit sha1_base64="U0sVsjj83FcnDr2IN2/R494ts8o=">AAACA3icbVDLSgNBEJz1GeMr6tHLYBBEIeyKoAcPAS85RjAPSdZldtKbDJmZXWZmlbDk6Bd41S/wJl79ED/A/3DyOJjEgoaiqpvurjDhTBvX/XaWlldW19ZzG/nNre2d3cLefl3HqaJQozGPVTMkGjiTUDPMcGgmCogIOTTC/s3IbzyC0iyWd2aQgC9IV7KIUWKsdF8J3LOngD+cBoWiW3LHwIvEm5IimqIaFH7anZimAqShnGjd8tzE+BlRhlEOw3w71ZAQ2iddaFkqiQDtZ+ODh/jYKh0cxcqWNHis/p3IiNB6IELbKYjp6XlvJP7ntVITXfkZk0lqQNLJoijl2MR49D3uMAXU8IElhCpmb8W0RxShxmY0syVUpA9maHPx5lNYJPXzkueWvNuLYvl6mlAOHaIjdII8dInKqIKqqIYoEugFvaI359l5dz6cz0nrkjOdOUAzcL5+AVcQl/I=</latexit>

"0,0 + w⇤
l

<latexit sha1_base64="dBUJ/ODHcMxi16qTxr0t86YLcXg=">AAACE3icbVDLSsNAFJ3UV62vqAsXboJFEJWSFEGXBTcuK9gHtDFMpjft0MkkzEwqJeQz/AK3+gXuxK0f4Af4H07bLGzrgQtnzrmXO/f4MaNS2fa3UVhZXVvfKG6WtrZ3dvfM/YOmjBJBoEEiFom2jyUwyqGhqGLQjgXg0GfQ8oe3E781AiFpxB/UOAY3xH1OA0qw0pJnHnVHWEAsKdOv1L60s4snjz2ee2bZrthTWMvEyUkZ5ah75k+3F5EkBK4Iw1J2HDtWboqFooRBVuomEmJMhrgPHU05DkG66fSAzDrVSs8KIqGLK2uq/p1IcSjlOPR1Z4jVQC56E/E/r5Oo4MZNKY8TBZzMFgUJs1RkTdKwelQAUWysCSaC6r9aZIAFJkpnNrfFF3gIKtO5OIspLJNmteLYFef+qlyr5gkV0TE6QWfIQdeohu5QHTUQQRl6Qa/ozXg23o0P43PWWjDymUM0B+PrFzIdnlA=</latexit><latexit sha1_base64="dBUJ/ODHcMxi16qTxr0t86YLcXg=">AAACE3icbVDLSsNAFJ3UV62vqAsXboJFEJWSFEGXBTcuK9gHtDFMpjft0MkkzEwqJeQz/AK3+gXuxK0f4Af4H07bLGzrgQtnzrmXO/f4MaNS2fa3UVhZXVvfKG6WtrZ3dvfM/YOmjBJBoEEiFom2jyUwyqGhqGLQjgXg0GfQ8oe3E781AiFpxB/UOAY3xH1OA0qw0pJnHnVHWEAsKdOv1L60s4snjz2ee2bZrthTWMvEyUkZ5ah75k+3F5EkBK4Iw1J2HDtWboqFooRBVuomEmJMhrgPHU05DkG66fSAzDrVSs8KIqGLK2uq/p1IcSjlOPR1Z4jVQC56E/E/r5Oo4MZNKY8TBZzMFgUJs1RkTdKwelQAUWysCSaC6r9aZIAFJkpnNrfFF3gIKtO5OIspLJNmteLYFef+qlyr5gkV0TE6QWfIQdeohu5QHTUQQRl6Qa/ozXg23o0P43PWWjDymUM0B+PrFzIdnlA=</latexit><latexit sha1_base64="dBUJ/ODHcMxi16qTxr0t86YLcXg=">AAACE3icbVDLSsNAFJ3UV62vqAsXboJFEJWSFEGXBTcuK9gHtDFMpjft0MkkzEwqJeQz/AK3+gXuxK0f4Af4H07bLGzrgQtnzrmXO/f4MaNS2fa3UVhZXVvfKG6WtrZ3dvfM/YOmjBJBoEEiFom2jyUwyqGhqGLQjgXg0GfQ8oe3E781AiFpxB/UOAY3xH1OA0qw0pJnHnVHWEAsKdOv1L60s4snjz2ee2bZrthTWMvEyUkZ5ah75k+3F5EkBK4Iw1J2HDtWboqFooRBVuomEmJMhrgPHU05DkG66fSAzDrVSs8KIqGLK2uq/p1IcSjlOPR1Z4jVQC56E/E/r5Oo4MZNKY8TBZzMFgUJs1RkTdKwelQAUWysCSaC6r9aZIAFJkpnNrfFF3gIKtO5OIspLJNmteLYFef+qlyr5gkV0TE6QWfIQdeohu5QHTUQQRl6Qa/ozXg23o0P43PWWjDymUM0B+PrFzIdnlA=</latexit><latexit sha1_base64="dBUJ/ODHcMxi16qTxr0t86YLcXg=">AAACE3icbVDLSsNAFJ3UV62vqAsXboJFEJWSFEGXBTcuK9gHtDFMpjft0MkkzEwqJeQz/AK3+gXuxK0f4Af4H07bLGzrgQtnzrmXO/f4MaNS2fa3UVhZXVvfKG6WtrZ3dvfM/YOmjBJBoEEiFom2jyUwyqGhqGLQjgXg0GfQ8oe3E781AiFpxB/UOAY3xH1OA0qw0pJnHnVHWEAsKdOv1L60s4snjz2ee2bZrthTWMvEyUkZ5ah75k+3F5EkBK4Iw1J2HDtWboqFooRBVuomEmJMhrgPHU05DkG66fSAzDrVSs8KIqGLK2uq/p1IcSjlOPR1Z4jVQC56E/E/r5Oo4MZNKY8TBZzMFgUJs1RkTdKwelQAUWysCSaC6r9aZIAFJkpnNrfFF3gIKtO5OIspLJNmteLYFef+qlyr5gkV0TE6QWfIQdeohu5QHTUQQRl6Qa/ozXg23o0P43PWWjDymUM0B+PrFzIdnlA=</latexit>

"0,1 + w⇤
l

<latexit sha1_base64="vOh0DMUr7H5UPGXj3EiXhRnrsQY=">AAACE3icbVDLSsNAFJ3UV62vqAsXboJFEJWSFEGXBTcuK9gHtDFMpjft0MkkzEwqJeQz/AK3+gXuxK0f4Af4H07bLGzrgQtnzrmXO/f4MaNS2fa3UVhZXVvfKG6WtrZ3dvfM/YOmjBJBoEEiFom2jyUwyqGhqGLQjgXg0GfQ8oe3E781AiFpxB/UOAY3xH1OA0qw0pJnHnVHWEAsKdOv1L50sosnjz2ee2bZrthTWMvEyUkZ5ah75k+3F5EkBK4Iw1J2HDtWboqFooRBVuomEmJMhrgPHU05DkG66fSAzDrVSs8KIqGLK2uq/p1IcSjlOPR1Z4jVQC56E/E/r5Oo4MZNKY8TBZzMFgUJs1RkTdKwelQAUWysCSaC6r9aZIAFJkpnNrfFF3gIKtO5OIspLJNmteLYFef+qlyr5gkV0TE6QWfIQdeohu5QHTUQQRl6Qa/ozXg23o0P43PWWjDymUM0B+PrFzO7nlE=</latexit><latexit sha1_base64="vOh0DMUr7H5UPGXj3EiXhRnrsQY=">AAACE3icbVDLSsNAFJ3UV62vqAsXboJFEJWSFEGXBTcuK9gHtDFMpjft0MkkzEwqJeQz/AK3+gXuxK0f4Af4H07bLGzrgQtnzrmXO/f4MaNS2fa3UVhZXVvfKG6WtrZ3dvfM/YOmjBJBoEEiFom2jyUwyqGhqGLQjgXg0GfQ8oe3E781AiFpxB/UOAY3xH1OA0qw0pJnHnVHWEAsKdOv1L50sosnjz2ee2bZrthTWMvEyUkZ5ah75k+3F5EkBK4Iw1J2HDtWboqFooRBVuomEmJMhrgPHU05DkG66fSAzDrVSs8KIqGLK2uq/p1IcSjlOPR1Z4jVQC56E/E/r5Oo4MZNKY8TBZzMFgUJs1RkTdKwelQAUWysCSaC6r9aZIAFJkpnNrfFF3gIKtO5OIspLJNmteLYFef+qlyr5gkV0TE6QWfIQdeohu5QHTUQQRl6Qa/ozXg23o0P43PWWjDymUM0B+PrFzO7nlE=</latexit><latexit sha1_base64="vOh0DMUr7H5UPGXj3EiXhRnrsQY=">AAACE3icbVDLSsNAFJ3UV62vqAsXboJFEJWSFEGXBTcuK9gHtDFMpjft0MkkzEwqJeQz/AK3+gXuxK0f4Af4H07bLGzrgQtnzrmXO/f4MaNS2fa3UVhZXVvfKG6WtrZ3dvfM/YOmjBJBoEEiFom2jyUwyqGhqGLQjgXg0GfQ8oe3E781AiFpxB/UOAY3xH1OA0qw0pJnHnVHWEAsKdOv1L50sosnjz2ee2bZrthTWMvEyUkZ5ah75k+3F5EkBK4Iw1J2HDtWboqFooRBVuomEmJMhrgPHU05DkG66fSAzDrVSs8KIqGLK2uq/p1IcSjlOPR1Z4jVQC56E/E/r5Oo4MZNKY8TBZzMFgUJs1RkTdKwelQAUWysCSaC6r9aZIAFJkpnNrfFF3gIKtO5OIspLJNmteLYFef+qlyr5gkV0TE6QWfIQdeohu5QHTUQQRl6Qa/ozXg23o0P43PWWjDymUM0B+PrFzO7nlE=</latexit><latexit sha1_base64="vOh0DMUr7H5UPGXj3EiXhRnrsQY=">AAACE3icbVDLSsNAFJ3UV62vqAsXboJFEJWSFEGXBTcuK9gHtDFMpjft0MkkzEwqJeQz/AK3+gXuxK0f4Af4H07bLGzrgQtnzrmXO/f4MaNS2fa3UVhZXVvfKG6WtrZ3dvfM/YOmjBJBoEEiFom2jyUwyqGhqGLQjgXg0GfQ8oe3E781AiFpxB/UOAY3xH1OA0qw0pJnHnVHWEAsKdOv1L50sosnjz2ee2bZrthTWMvEyUkZ5ah75k+3F5EkBK4Iw1J2HDtWboqFooRBVuomEmJMhrgPHU05DkG66fSAzDrVSs8KIqGLK2uq/p1IcSjlOPR1Z4jVQC56E/E/r5Oo4MZNKY8TBZzMFgUJs1RkTdKwelQAUWysCSaC6r9aZIAFJkpnNrfFF3gIKtO5OIspLJNmteLYFef+qlyr5gkV0TE6QWfIQdeohu5QHTUQQRl6Qa/ozXg23o0P43PWWjDymUM0B+PrFzO7nlE=</latexit>

"0,2 + w⇤
l

<latexit sha1_base64="1Oo7xb7UeRyNlMWUvrzrRzCkXyQ=">AAACE3icbVDLSsNAFJ3UV62vqAsXbgaLIColKYIuC25cVrAPaGOYTG/aoZMHM5NKCfkMv8CtfoE7cesH+AH+h9M2C9t64MKZc+7lzj1ezJlUlvVtFFZW19Y3ipulre2d3T1z/6Apo0RQaNCIR6LtEQmchdBQTHFoxwJI4HFoecPbid8agZAsCh/UOAYnIP2Q+YwSpSXXPOqOiIBYMq5fqXVZzS6eXP547pplq2JNgZeJnZMyylF3zZ9uL6JJAKGinEjZsa1YOSkRilEOWambSIgJHZI+dDQNSQDSSacHZPhUKz3sR0JXqPBU/TuRkkDKceDpzoCogVz0JuJ/XidR/o2TsjBOFIR0tshPOFYRnqSBe0wAVXysCaGC6b9iOiCCUKUzm9viCTIElelc7MUUlkmzWrGtin1/Va5V84SK6BidoDNko2tUQ3eojhqIogy9oFf0Zjwb78aH8TlrLRj5zCGag/H1CzVZnlI=</latexit><latexit sha1_base64="1Oo7xb7UeRyNlMWUvrzrRzCkXyQ=">AAACE3icbVDLSsNAFJ3UV62vqAsXbgaLIColKYIuC25cVrAPaGOYTG/aoZMHM5NKCfkMv8CtfoE7cesH+AH+h9M2C9t64MKZc+7lzj1ezJlUlvVtFFZW19Y3ipulre2d3T1z/6Apo0RQaNCIR6LtEQmchdBQTHFoxwJI4HFoecPbid8agZAsCh/UOAYnIP2Q+YwSpSXXPOqOiIBYMq5fqXVZzS6eXP547pplq2JNgZeJnZMyylF3zZ9uL6JJAKGinEjZsa1YOSkRilEOWambSIgJHZI+dDQNSQDSSacHZPhUKz3sR0JXqPBU/TuRkkDKceDpzoCogVz0JuJ/XidR/o2TsjBOFIR0tshPOFYRnqSBe0wAVXysCaGC6b9iOiCCUKUzm9viCTIElelc7MUUlkmzWrGtin1/Va5V84SK6BidoDNko2tUQ3eojhqIogy9oFf0Zjwb78aH8TlrLRj5zCGag/H1CzVZnlI=</latexit><latexit sha1_base64="1Oo7xb7UeRyNlMWUvrzrRzCkXyQ=">AAACE3icbVDLSsNAFJ3UV62vqAsXbgaLIColKYIuC25cVrAPaGOYTG/aoZMHM5NKCfkMv8CtfoE7cesH+AH+h9M2C9t64MKZc+7lzj1ezJlUlvVtFFZW19Y3ipulre2d3T1z/6Apo0RQaNCIR6LtEQmchdBQTHFoxwJI4HFoecPbid8agZAsCh/UOAYnIP2Q+YwSpSXXPOqOiIBYMq5fqXVZzS6eXP547pplq2JNgZeJnZMyylF3zZ9uL6JJAKGinEjZsa1YOSkRilEOWambSIgJHZI+dDQNSQDSSacHZPhUKz3sR0JXqPBU/TuRkkDKceDpzoCogVz0JuJ/XidR/o2TsjBOFIR0tshPOFYRnqSBe0wAVXysCaGC6b9iOiCCUKUzm9viCTIElelc7MUUlkmzWrGtin1/Va5V84SK6BidoDNko2tUQ3eojhqIogy9oFf0Zjwb78aH8TlrLRj5zCGag/H1CzVZnlI=</latexit><latexit sha1_base64="1Oo7xb7UeRyNlMWUvrzrRzCkXyQ=">AAACE3icbVDLSsNAFJ3UV62vqAsXbgaLIColKYIuC25cVrAPaGOYTG/aoZMHM5NKCfkMv8CtfoE7cesH+AH+h9M2C9t64MKZc+7lzj1ezJlUlvVtFFZW19Y3ipulre2d3T1z/6Apo0RQaNCIR6LtEQmchdBQTHFoxwJI4HFoecPbid8agZAsCh/UOAYnIP2Q+YwSpSXXPOqOiIBYMq5fqXVZzS6eXP547pplq2JNgZeJnZMyylF3zZ9uL6JJAKGinEjZsa1YOSkRilEOWambSIgJHZI+dDQNSQDSSacHZPhUKz3sR0JXqPBU/TuRkkDKceDpzoCogVz0JuJ/XidR/o2TsjBOFIR0tshPOFYRnqSBe0wAVXysCaGC6b9iOiCCUKUzm9viCTIElelc7MUUlkmzWrGtin1/Va5V84SK6BidoDNko2tUQ3eojhqIogy9oFf0Zjwb78aH8TlrLRj5zCGag/H1CzVZnlI=</latexit>

"0,3 + w⇤
l

<latexit sha1_base64="yKS1rFnrQeeIpHSKPpaGhnO58ZE=">AAACE3icbVDLSsNAFJ3UV62vqAsXboJFEJWSVEGXBTcuK9gHtDFMpjft0MkkzEwqJeQz/AK3+gXuxK0f4Af4H05rFrb1wIUz59zLnXv8mFGpbPvLKCwtr6yuFddLG5tb2zvm7l5TRokg0CARi0TbxxIY5dBQVDFoxwJw6DNo+cObid8agZA04vdqHIMb4j6nASVYackzD7ojLCCWlOlXap9fZGePHns49cyyXbGnsBaJk5MyylH3zO9uLyJJCFwRhqXsOHas3BQLRQmDrNRNJMSYDHEfOppyHIJ00+kBmXWslZ4VREIXV9ZU/TuR4lDKcejrzhCrgZz3JuJ/XidRwbWbUh4nCjj5XRQkzFKRNUnD6lEBRLGxJpgIqv9qkQEWmCid2cwWX+AhqEzn4synsEia1YpjV5y7y3KtmidURIfoCJ0gB12hGrpFddRABGXoGb2gV+PJeDPejY/f1oKRz+yjGRifPzb3nlM=</latexit><latexit sha1_base64="yKS1rFnrQeeIpHSKPpaGhnO58ZE=">AAACE3icbVDLSsNAFJ3UV62vqAsXboJFEJWSVEGXBTcuK9gHtDFMpjft0MkkzEwqJeQz/AK3+gXuxK0f4Af4H05rFrb1wIUz59zLnXv8mFGpbPvLKCwtr6yuFddLG5tb2zvm7l5TRokg0CARi0TbxxIY5dBQVDFoxwJw6DNo+cObid8agZA04vdqHIMb4j6nASVYackzD7ojLCCWlOlXap9fZGePHns49cyyXbGnsBaJk5MyylH3zO9uLyJJCFwRhqXsOHas3BQLRQmDrNRNJMSYDHEfOppyHIJ00+kBmXWslZ4VREIXV9ZU/TuR4lDKcejrzhCrgZz3JuJ/XidRwbWbUh4nCjj5XRQkzFKRNUnD6lEBRLGxJpgIqv9qkQEWmCid2cwWX+AhqEzn4synsEia1YpjV5y7y3KtmidURIfoCJ0gB12hGrpFddRABGXoGb2gV+PJeDPejY/f1oKRz+yjGRifPzb3nlM=</latexit><latexit sha1_base64="yKS1rFnrQeeIpHSKPpaGhnO58ZE=">AAACE3icbVDLSsNAFJ3UV62vqAsXboJFEJWSVEGXBTcuK9gHtDFMpjft0MkkzEwqJeQz/AK3+gXuxK0f4Af4H05rFrb1wIUz59zLnXv8mFGpbPvLKCwtr6yuFddLG5tb2zvm7l5TRokg0CARi0TbxxIY5dBQVDFoxwJw6DNo+cObid8agZA04vdqHIMb4j6nASVYackzD7ojLCCWlOlXap9fZGePHns49cyyXbGnsBaJk5MyylH3zO9uLyJJCFwRhqXsOHas3BQLRQmDrNRNJMSYDHEfOppyHIJ00+kBmXWslZ4VREIXV9ZU/TuR4lDKcejrzhCrgZz3JuJ/XidRwbWbUh4nCjj5XRQkzFKRNUnD6lEBRLGxJpgIqv9qkQEWmCid2cwWX+AhqEzn4synsEia1YpjV5y7y3KtmidURIfoCJ0gB12hGrpFddRABGXoGb2gV+PJeDPejY/f1oKRz+yjGRifPzb3nlM=</latexit><latexit sha1_base64="yKS1rFnrQeeIpHSKPpaGhnO58ZE=">AAACE3icbVDLSsNAFJ3UV62vqAsXboJFEJWSVEGXBTcuK9gHtDFMpjft0MkkzEwqJeQz/AK3+gXuxK0f4Af4H05rFrb1wIUz59zLnXv8mFGpbPvLKCwtr6yuFddLG5tb2zvm7l5TRokg0CARi0TbxxIY5dBQVDFoxwJw6DNo+cObid8agZA04vdqHIMb4j6nASVYackzD7ojLCCWlOlXap9fZGePHns49cyyXbGnsBaJk5MyylH3zO9uLyJJCFwRhqXsOHas3BQLRQmDrNRNJMSYDHEfOppyHIJ00+kBmXWslZ4VREIXV9ZU/TuR4lDKcejrzhCrgZz3JuJ/XidRwbWbUh4nCjj5XRQkzFKRNUnD6lEBRLGxJpgIqv9qkQEWmCid2cwWX+AhqEzn4synsEia1YpjV5y7y3KtmidURIfoCJ0gB12hGrpFddRABGXoGb2gV+PJeDPejY/f1oKRz+yjGRifPzb3nlM=</latexit>

"0,4 + w⇤
l

<latexit sha1_base64="PeajKUk5mYryT8KBhq1I11dyzDs=">AAACE3icbVDLSsNAFJ34rPUVdeHCTbAIolKSUtBlwY3LCvYBbQyT6U07dDIJM5NKCfkMv8CtfoE7cesH+AH+h9M2C9t64MKZc+7lzj1+zKhUtv1trKyurW9sFraK2zu7e/vmwWFTRokg0CARi0TbxxIY5dBQVDFoxwJw6DNo+cPbid8agZA04g9qHIMb4j6nASVYackzj7sjLCCWlOlXal9Vs8snjz1eeGbJLttTWMvEyUkJ5ah75k+3F5EkBK4Iw1J2HDtWboqFooRBVuwmEmJMhrgPHU05DkG66fSAzDrTSs8KIqGLK2uq/p1IcSjlOPR1Z4jVQC56E/E/r5Oo4MZNKY8TBZzMFgUJs1RkTdKwelQAUWysCSaC6r9aZIAFJkpnNrfFF3gIKtO5OIspLJNmpezYZee+WqpV8oQK6ASdonPkoGtUQ3eojhqIoAy9oFf0Zjwb78aH8TlrXTHymSM0B+PrFziVnlQ=</latexit><latexit sha1_base64="PeajKUk5mYryT8KBhq1I11dyzDs=">AAACE3icbVDLSsNAFJ34rPUVdeHCTbAIolKSUtBlwY3LCvYBbQyT6U07dDIJM5NKCfkMv8CtfoE7cesH+AH+h9M2C9t64MKZc+7lzj1+zKhUtv1trKyurW9sFraK2zu7e/vmwWFTRokg0CARi0TbxxIY5dBQVDFoxwJw6DNo+cPbid8agZA04g9qHIMb4j6nASVYackzj7sjLCCWlOlXal9Vs8snjz1eeGbJLttTWMvEyUkJ5ah75k+3F5EkBK4Iw1J2HDtWboqFooRBVuwmEmJMhrgPHU05DkG66fSAzDrTSs8KIqGLK2uq/p1IcSjlOPR1Z4jVQC56E/E/r5Oo4MZNKY8TBZzMFgUJs1RkTdKwelQAUWysCSaC6r9aZIAFJkpnNrfFF3gIKtO5OIspLJNmpezYZee+WqpV8oQK6ASdonPkoGtUQ3eojhqIoAy9oFf0Zjwb78aH8TlrXTHymSM0B+PrFziVnlQ=</latexit><latexit sha1_base64="PeajKUk5mYryT8KBhq1I11dyzDs=">AAACE3icbVDLSsNAFJ34rPUVdeHCTbAIolKSUtBlwY3LCvYBbQyT6U07dDIJM5NKCfkMv8CtfoE7cesH+AH+h9M2C9t64MKZc+7lzj1+zKhUtv1trKyurW9sFraK2zu7e/vmwWFTRokg0CARi0TbxxIY5dBQVDFoxwJw6DNo+cPbid8agZA04g9qHIMb4j6nASVYackzj7sjLCCWlOlXal9Vs8snjz1eeGbJLttTWMvEyUkJ5ah75k+3F5EkBK4Iw1J2HDtWboqFooRBVuwmEmJMhrgPHU05DkG66fSAzDrTSs8KIqGLK2uq/p1IcSjlOPR1Z4jVQC56E/E/r5Oo4MZNKY8TBZzMFgUJs1RkTdKwelQAUWysCSaC6r9aZIAFJkpnNrfFF3gIKtO5OIspLJNmpezYZee+WqpV8oQK6ASdonPkoGtUQ3eojhqIoAy9oFf0Zjwb78aH8TlrXTHymSM0B+PrFziVnlQ=</latexit><latexit sha1_base64="PeajKUk5mYryT8KBhq1I11dyzDs=">AAACE3icbVDLSsNAFJ34rPUVdeHCTbAIolKSUtBlwY3LCvYBbQyT6U07dDIJM5NKCfkMv8CtfoE7cesH+AH+h9M2C9t64MKZc+7lzj1+zKhUtv1trKyurW9sFraK2zu7e/vmwWFTRokg0CARi0TbxxIY5dBQVDFoxwJw6DNo+cPbid8agZA04g9qHIMb4j6nASVYackzj7sjLCCWlOlXal9Vs8snjz1eeGbJLttTWMvEyUkJ5ah75k+3F5EkBK4Iw1J2HDtWboqFooRBVuwmEmJMhrgPHU05DkG66fSAzDrTSs8KIqGLK2uq/p1IcSjlOPR1Z4jVQC56E/E/r5Oo4MZNKY8TBZzMFgUJs1RkTdKwelQAUWysCSaC6r9aZIAFJkpnNrfFF3gIKtO5OIspLJNmpezYZee+WqpV8oQK6ASdonPkoGtUQ3eojhqIoAy9oFf0Zjwb78aH8TlrXTHymSM0B+PrFziVnlQ=</latexit>

"0,5 + w⇤
l

<latexit sha1_base64="P6Jl8tGsDP4aHkF9dXfDWH7JeaA=">AAACE3icbVDLSsNAFJ3UV62vqAsXboJFEJWSFEWXBTcuK9gHtDFMpjft0MkkzEwqJeQz/AK3+gXuxK0f4Af4H05rFrb1wIUz59zLnXv8mFGpbPvLKCwtr6yuFddLG5tb2zvm7l5TRokg0CARi0TbxxIY5dBQVDFoxwJw6DNo+cObid8agZA04vdqHIMb4j6nASVYackzD7ojLCCWlOlXap9fZmePHns49cyyXbGnsBaJk5MyylH3zO9uLyJJCFwRhqXsOHas3BQLRQmDrNRNJMSYDHEfOppyHIJ00+kBmXWslZ4VREIXV9ZU/TuR4lDKcejrzhCrgZz3JuJ/XidRwbWbUh4nCjj5XRQkzFKRNUnD6lEBRLGxJpgIqv9qkQEWmCid2cwWX+AhqEzn4synsEia1YpjV5y7i3KtmidURIfoCJ0gB12hGrpFddRABGXoGb2gV+PJeDPejY/f1oKRz+yjGRifPzoznlU=</latexit><latexit sha1_base64="P6Jl8tGsDP4aHkF9dXfDWH7JeaA=">AAACE3icbVDLSsNAFJ3UV62vqAsXboJFEJWSFEWXBTcuK9gHtDFMpjft0MkkzEwqJeQz/AK3+gXuxK0f4Af4H05rFrb1wIUz59zLnXv8mFGpbPvLKCwtr6yuFddLG5tb2zvm7l5TRokg0CARi0TbxxIY5dBQVDFoxwJw6DNo+cObid8agZA04vdqHIMb4j6nASVYackzD7ojLCCWlOlXap9fZmePHns49cyyXbGnsBaJk5MyylH3zO9uLyJJCFwRhqXsOHas3BQLRQmDrNRNJMSYDHEfOppyHIJ00+kBmXWslZ4VREIXV9ZU/TuR4lDKcejrzhCrgZz3JuJ/XidRwbWbUh4nCjj5XRQkzFKRNUnD6lEBRLGxJpgIqv9qkQEWmCid2cwWX+AhqEzn4synsEia1YpjV5y7i3KtmidURIfoCJ0gB12hGrpFddRABGXoGb2gV+PJeDPejY/f1oKRz+yjGRifPzoznlU=</latexit><latexit sha1_base64="P6Jl8tGsDP4aHkF9dXfDWH7JeaA=">AAACE3icbVDLSsNAFJ3UV62vqAsXboJFEJWSFEWXBTcuK9gHtDFMpjft0MkkzEwqJeQz/AK3+gXuxK0f4Af4H05rFrb1wIUz59zLnXv8mFGpbPvLKCwtr6yuFddLG5tb2zvm7l5TRokg0CARi0TbxxIY5dBQVDFoxwJw6DNo+cObid8agZA04vdqHIMb4j6nASVYackzD7ojLCCWlOlXap9fZmePHns49cyyXbGnsBaJk5MyylH3zO9uLyJJCFwRhqXsOHas3BQLRQmDrNRNJMSYDHEfOppyHIJ00+kBmXWslZ4VREIXV9ZU/TuR4lDKcejrzhCrgZz3JuJ/XidRwbWbUh4nCjj5XRQkzFKRNUnD6lEBRLGxJpgIqv9qkQEWmCid2cwWX+AhqEzn4synsEia1YpjV5y7i3KtmidURIfoCJ0gB12hGrpFddRABGXoGb2gV+PJeDPejY/f1oKRz+yjGRifPzoznlU=</latexit><latexit sha1_base64="P6Jl8tGsDP4aHkF9dXfDWH7JeaA=">AAACE3icbVDLSsNAFJ3UV62vqAsXboJFEJWSFEWXBTcuK9gHtDFMpjft0MkkzEwqJeQz/AK3+gXuxK0f4Af4H05rFrb1wIUz59zLnXv8mFGpbPvLKCwtr6yuFddLG5tb2zvm7l5TRokg0CARi0TbxxIY5dBQVDFoxwJw6DNo+cObid8agZA04vdqHIMb4j6nASVYackzD7ojLCCWlOlXap9fZmePHns49cyyXbGnsBaJk5MyylH3zO9uLyJJCFwRhqXsOHas3BQLRQmDrNRNJMSYDHEfOppyHIJ00+kBmXWslZ4VREIXV9ZU/TuR4lDKcejrzhCrgZz3JuJ/XidRwbWbUh4nCjj5XRQkzFKRNUnD6lEBRLGxJpgIqv9qkQEWmCid2cwWX+AhqEzn4synsEia1YpjV5y7i3KtmidURIfoCJ0gB12hGrpFddRABGXoGb2gV+PJeDPejY/f1oKRz+yjGRifPzoznlU=</latexit>

U ✏ †
opt

<latexit sha1_base64="B8VFscoCSKyQICv86oHU91tKRwo=">AAACJnicbVDLSgNBEJz1/Tbq0ctgEMRD2BVBwUvAi0cFE4VsDL2TThwyO7PM9Aph2X/wM/wCr/oF3kS8efE/3E1y8FXQUFR1090VJUo68v13b2p6ZnZufmFxaXlldW29srHZdCa1AhvCKGOvI3CopMYGSVJ4nViEOFJ4FQ1OS//qDq2TRl/SMMF2DH0te1IAFVKnsh/GQLcCVNbIO1loY24Sym+yEBMnldHhCQ+70O+jzTuVql/zR+B/STAhVTbBeafyGXaNSGPUJBQ41wr8hNoZWJJCYb4Upg4TEAPoY6ugGmJ07Wz0U853C6XLe8YWpYmP1O8TGcTODeOo6Cw/cL+9UvzPa6XUO25nUicpoRbjRb1UcTK8DIh3pUVBalgQEFYWt3JxCxYEFTH+2BJZGCCVuQS/U/hLmge1wK8FF4fV+sEkoQW2zXbYHgvYEauzM3bOGkywe/bIntiz9+C9eK/e27h1ypvMbLEf8D6+AAMhp0g=</latexit><latexit sha1_base64="B8VFscoCSKyQICv86oHU91tKRwo=">AAACJnicbVDLSgNBEJz1/Tbq0ctgEMRD2BVBwUvAi0cFE4VsDL2TThwyO7PM9Aph2X/wM/wCr/oF3kS8efE/3E1y8FXQUFR1090VJUo68v13b2p6ZnZufmFxaXlldW29srHZdCa1AhvCKGOvI3CopMYGSVJ4nViEOFJ4FQ1OS//qDq2TRl/SMMF2DH0te1IAFVKnsh/GQLcCVNbIO1loY24Sym+yEBMnldHhCQ+70O+jzTuVql/zR+B/STAhVTbBeafyGXaNSGPUJBQ41wr8hNoZWJJCYb4Upg4TEAPoY6ugGmJ07Wz0U853C6XLe8YWpYmP1O8TGcTODeOo6Cw/cL+9UvzPa6XUO25nUicpoRbjRb1UcTK8DIh3pUVBalgQEFYWt3JxCxYEFTH+2BJZGCCVuQS/U/hLmge1wK8FF4fV+sEkoQW2zXbYHgvYEauzM3bOGkywe/bIntiz9+C9eK/e27h1ypvMbLEf8D6+AAMhp0g=</latexit><latexit sha1_base64="B8VFscoCSKyQICv86oHU91tKRwo=">AAACJnicbVDLSgNBEJz1/Tbq0ctgEMRD2BVBwUvAi0cFE4VsDL2TThwyO7PM9Aph2X/wM/wCr/oF3kS8efE/3E1y8FXQUFR1090VJUo68v13b2p6ZnZufmFxaXlldW29srHZdCa1AhvCKGOvI3CopMYGSVJ4nViEOFJ4FQ1OS//qDq2TRl/SMMF2DH0te1IAFVKnsh/GQLcCVNbIO1loY24Sym+yEBMnldHhCQ+70O+jzTuVql/zR+B/STAhVTbBeafyGXaNSGPUJBQ41wr8hNoZWJJCYb4Upg4TEAPoY6ugGmJ07Wz0U853C6XLe8YWpYmP1O8TGcTODeOo6Cw/cL+9UvzPa6XUO25nUicpoRbjRb1UcTK8DIh3pUVBalgQEFYWt3JxCxYEFTH+2BJZGCCVuQS/U/hLmge1wK8FF4fV+sEkoQW2zXbYHgvYEauzM3bOGkywe/bIntiz9+C9eK/e27h1ypvMbLEf8D6+AAMhp0g=</latexit><latexit sha1_base64="B8VFscoCSKyQICv86oHU91tKRwo=">AAACJnicbVDLSgNBEJz1/Tbq0ctgEMRD2BVBwUvAi0cFE4VsDL2TThwyO7PM9Aph2X/wM/wCr/oF3kS8efE/3E1y8FXQUFR1090VJUo68v13b2p6ZnZufmFxaXlldW29srHZdCa1AhvCKGOvI3CopMYGSVJ4nViEOFJ4FQ1OS//qDq2TRl/SMMF2DH0te1IAFVKnsh/GQLcCVNbIO1loY24Sym+yEBMnldHhCQ+70O+jzTuVql/zR+B/STAhVTbBeafyGXaNSGPUJBQ41wr8hNoZWJJCYb4Upg4TEAPoY6ugGmJ07Wz0U853C6XLe8YWpYmP1O8TGcTODeOo6Cw/cL+9UvzPa6XUO25nUicpoRbjRb1UcTK8DIh3pUVBalgQEFYWt3JxCxYEFTH+2BJZGCCVuQS/U/hLmge1wK8FF4fV+sEkoQW2zXbYHgvYEauzM3bOGkywe/bIntiz9+C9eK/e27h1ypvMbLEf8D6+AAMhp0g=</latexit>

U†
opt

<latexit sha1_base64="r7jZOI5u+lTbkrCt+bkLht+kraA=">AAACHHicbVDLSgNBEJz1GeMr6tHLYBA8hd0g6DHgxWME84BsDL2TTjJk9sFMrxCWvfoZfoFX/QJv4lXwA/wPd5McTGJBQ1HVTXeXFylpyLa/rbX1jc2t7cJOcXdv/+CwdHTcNGGsBTZEqELd9sCgkgE2SJLCdqQRfE9hyxvf5H7rEbWRYXBPkwi7PgwDOZACKJN6Je76QCMBKmmkvcTVPg8jSh8S7vZhOESd9kplu2JPwVeJMydlNke9V/px+6GIfQxIKDCm49gRdRPQJIXCtOjGBiMQYxhiJ6MB+Gi6yfSTlJ9nSp8PQp1VQHyq/p1IwDdm4ntZZ363WfZy8T+vE9PgupvIIIoJAzFbNIgVp5DnsfC+1ChITTICQsvsVi5GoEFQFt7CFk/DGCnPxVlOYZU0qxXHrjh3l+VadZ5QgZ2yM3bBHHbFauyW1VmDCfbEXtgre7OerXfrw/qcta5Z85kTtgDr6xe7pqL3</latexit><latexit sha1_base64="r7jZOI5u+lTbkrCt+bkLht+kraA=">AAACHHicbVDLSgNBEJz1GeMr6tHLYBA8hd0g6DHgxWME84BsDL2TTjJk9sFMrxCWvfoZfoFX/QJv4lXwA/wPd5McTGJBQ1HVTXeXFylpyLa/rbX1jc2t7cJOcXdv/+CwdHTcNGGsBTZEqELd9sCgkgE2SJLCdqQRfE9hyxvf5H7rEbWRYXBPkwi7PgwDOZACKJN6Je76QCMBKmmkvcTVPg8jSh8S7vZhOESd9kplu2JPwVeJMydlNke9V/px+6GIfQxIKDCm49gRdRPQJIXCtOjGBiMQYxhiJ6MB+Gi6yfSTlJ9nSp8PQp1VQHyq/p1IwDdm4ntZZ363WfZy8T+vE9PgupvIIIoJAzFbNIgVp5DnsfC+1ChITTICQsvsVi5GoEFQFt7CFk/DGCnPxVlOYZU0qxXHrjh3l+VadZ5QgZ2yM3bBHHbFauyW1VmDCfbEXtgre7OerXfrw/qcta5Z85kTtgDr6xe7pqL3</latexit><latexit sha1_base64="r7jZOI5u+lTbkrCt+bkLht+kraA=">AAACHHicbVDLSgNBEJz1GeMr6tHLYBA8hd0g6DHgxWME84BsDL2TTjJk9sFMrxCWvfoZfoFX/QJv4lXwA/wPd5McTGJBQ1HVTXeXFylpyLa/rbX1jc2t7cJOcXdv/+CwdHTcNGGsBTZEqELd9sCgkgE2SJLCdqQRfE9hyxvf5H7rEbWRYXBPkwi7PgwDOZACKJN6Je76QCMBKmmkvcTVPg8jSh8S7vZhOESd9kplu2JPwVeJMydlNke9V/px+6GIfQxIKDCm49gRdRPQJIXCtOjGBiMQYxhiJ6MB+Gi6yfSTlJ9nSp8PQp1VQHyq/p1IwDdm4ntZZ363WfZy8T+vE9PgupvIIIoJAzFbNIgVp5DnsfC+1ChITTICQsvsVi5GoEFQFt7CFk/DGCnPxVlOYZU0qxXHrjh3l+VadZ5QgZ2yM3bBHHbFauyW1VmDCfbEXtgre7OerXfrw/qcta5Z85kTtgDr6xe7pqL3</latexit><latexit sha1_base64="r7jZOI5u+lTbkrCt+bkLht+kraA=">AAACHHicbVDLSgNBEJz1GeMr6tHLYBA8hd0g6DHgxWME84BsDL2TTjJk9sFMrxCWvfoZfoFX/QJv4lXwA/wPd5McTGJBQ1HVTXeXFylpyLa/rbX1jc2t7cJOcXdv/+CwdHTcNGGsBTZEqELd9sCgkgE2SJLCdqQRfE9hyxvf5H7rEbWRYXBPkwi7PgwDOZACKJN6Je76QCMBKmmkvcTVPg8jSh8S7vZhOESd9kplu2JPwVeJMydlNke9V/px+6GIfQxIKDCm49gRdRPQJIXCtOjGBiMQYxhiJ6MB+Gi6yfSTlJ9nSp8PQp1VQHyq/p1IwDdm4ntZZ363WfZy8T+vE9PgupvIIIoJAzFbNIgVp5DnsfC+1ChITTICQsvsVi5GoEFQFt7CFk/DGCnPxVlOYZU0qxXHrjh3l+VadZ5QgZ2yM3bBHHbFauyW1VmDCfbEXtgre7OerXfrw/qcta5Z85kTtgDr6xe7pqL3</latexit>

Figure 9: Description of optimal unitaries for an N = 6 dimensional system, where arrows denote the action
of Uε †opt on the corresponding eigenstates of H1 (the spectrum is represented by blue lines). (a) The case of
ε > 0. Starting from the lowest eigenvalue eigenstate of H1, |φ1,0〉 is mapped to |φ0,0〉 , as ε1,0 ≥ ε0,0 + w∗l .
Then, |φ1,1〉 is mapped to the largest eigenvalue eigenstate of H0, |φ0,N−1〉 , as ε1,1 < ε0,1 +w∗l . This process
is iterated, resulting in the transformation shown. The optimal unitary shown here achieves the minimal cost
function value C(Uεopt) = P1(ε1,1) + P1(ε1,4) > 0. (b) The case of ε = 0. The cost function in this case is
C(Uopt) = 0. As expected, the largest work cutoff w∗l in case (b) is smaller than that of case (a).

Theorem B.1 (Optimal non-equilibrium unitary). Let H0 and H1 be two Hamiltonians acting
on Hs, ε ≥ 0, and w∗l be the largest work cutoff for which Eq. (4) holds upon optimizing over all
unitaries U . Then, an optimal unitary Uεopt, which maps eigenstates of H0 to eigenstates of H1,
can be constructed as follows:
Let S0 := {0, 1, . . . , N − 1}.
For n = 0, 1, . . . , N − 1:

if ε1,n ≥ ε0,min(Sn) + w∗l :
set Uε †opt |φ1,n〉 = |φ0,min(Sn)〉 ,
set Sn+1 = Sn \min(Sn);

else:
set Uε †opt |φ1,n〉 = |φ0,max(Sn)〉 ,
set Sn+1 = Sn \max(Sn);

We provide the proof of this theorem below. One immediate implication is:

Corollary B.2 (Optimal non-equilibrium unitary for ε = 0). Let H0 and H1 be two Hamiltonians
acting on Hs. Let Uopt be the unitary that maximizes the largest possible work cutoff wl that
satisfies Eq. (4) with ε = 0, i.e. Uopt := U0

opt. Equivalently, Uopt is the unitary that maximizes the
minimum value of work wmin that can occur with nonzero probability. It follows from Thm. B.1
that Uopt maps eigenstates of H0 to eigenstates of H1, while preserving the ascending order of the
eigenvalues, i.e. Uopt |φ0,n〉 = |φ1,n〉 for all 0 ≤ n ≤ N − 1.

Optimal unitaries for ε > 0 and ε = 0 are demonstrated for a system with N = 6 in Fig. 9(a)
and (b), respectively. These constructions follow Thm. B.1 and Cor. B.2. Note that, for Uεopt, the

transition probabilities satisfy P rev(ε0,m|ε1,n) = 1 if |φ0,m〉 = Uε †opt |φ1,n〉 and P rev(ε0,m|ε1,n) =
0 otherwise. Then, C(Uopt) is simply a sum of Boltzmann weights P1(ε1,n) for those n where
P rev(ε0,m|ε1,n) = 1 and ε0,m − ε1,n > −w∗l . Analyzing the constructive proof below we will see
that optimal unitaries are in general not unique. The one presented here is chosen for convenience
of presentation.

We now prove that the unitary Uεopt described in Thm. B.1 minimizes the value of Eq. (175) for
a given w∗l . The proof follows two steps: first, we argue that the optimal unitary is a permutation
that maps eigenstates of H0 to eigenstates of H1, and then we show that the unitary of Thm. B.1
is optimal and minimizes Eq. (175) among all such permutations.
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For the first step, unitarity implies that, for all U ,∑
m

P rev(ε0,m|ε1,n) =
∑
n

P rev(ε0,m|ε1,n) (176)

= 1 . (177)

Thus P rev(ε0,m|ε1,n) gives rise to an N × N doubly stochastic matrix. Birkhoff-von Neumann
theorem states that the class of N ×N doubly stochastic matrices is a convex polytope BN , also
known as the Birkhoff polytope, and is the convex hull of the set of N ×N permutation matrices.
Furthermore the vertices BN are precisely the permutation matrices. The cost function C(U) is
linear in the entries of this matrix and the coefficients are positive. By the fundamental theorem
of linear programming, the minimum of C(U) is attained at the vertices of the Birkhoff polytope.
Thus, we only need to find the permutation πopt ∈ SN in the symmetric group that determines

Uεopt and minimizes C(U) 4. For simplicity, we use a convention where πopt corresponds to Uε †opt,

i.e., Uε †opt maps the m-th eigenstate of H1 to the πopt(m)-th eigenstate of H0 or, equivalently, Uεopt
maps the m-th eigenstate of H0 to the π−1

opt(m)-th eigenstate of H1.

For the second step, we describe a procedure that iteratively transforms any permutation
π ∈ SN to πopt, and show that the cost function does not increase in the procedure. (With some
abuse of notation, we write C(π−1) for the cost function in Eq. (175) when U corresponds to a
permutation between eigenstates given by some π−1, that is, U |φ0,m〉 = |φ1,π−1(m)〉 for all m, or
U |φ0,π(n)〉 = |φ1,n〉 for all n.) As this procedure works for any permutation π, it follows that

C(π−1
opt) ≤ C(π−1) for all π ∈ SN , and therefore the unitary Uεopt determined by π−1

opt is optimal.

Let then πopt ∈ SN be the permutation that corresponds to the unitary Uε †opt given by Thm. B.1.
The core idea of the procedure is to transform π into πopt one transition at a time by performing
a “swap”. The procedure is as follows:

For n = 0, 1, . . . , N − 2:
if π(n) 6= πopt(n)

set m = πopt(n) ,
set m′ = π(n) ,
set n′ = π−1(m) ,
set π(n) = m ,
set π(n′) = m′ ;

Note that the swap at the n-th step does not change π(0) = πopt(0), π(1) = πopt(1), . . . , π(n−
1) = πopt(n− 1). Then, at the end, the updated π coincides with πopt. Below, we will argue that
the cost function does not increase after each step.

Let ε̃0,m = ε0,m + w∗l for all m. Prior to each swap in the procedure, the contributions to
C(π−1) come only from terms where (m′ = π(n))

ε1,n < ε̃0,m′ , (178)

with the magnitude of each such contribution given by P1(ε1,n). The change in the cost function
after each swap in the procedure only depends on the eigenvalues ε0,m and ε0,m′ of H0 and ε1,n and
ε1,n′ of H1. By construction, n′ > n and then ε1,n′ ≥ ε1,n. With regard to ε̃0,m, there are two cases
to consider, as shown in Fig. 10. In case 1, ε̃0,m ≤ ε1,n and therefore πopt(n) = min(Sn) according
to Thm. B.1. As a result, m′ > m, ε0,m′ ≥ ε0,m and ε̃0,m′ can take values in three intervals,
as shown in the left panel of Fig. 10. In case 2, ε̃0,m > ε1,n and therefore πopt(n) = max(Sn)
according to Thm. B.1. As a result, m′ < m, ε0,m′ ≤ ε0,m, and ε1,n′ can take values in three
intervals, as shown in the right panel of Fig. 10. For these total of six cases, the contributions to
the cost function before and after each update are shown in the figure. The change in the cost
function for each case is non-positive.

4Not every doubly stochastic matrix can be obtained from an underlying unitary process. However, since the
minimum of C(U) is achieved by a basis transformation between H0 and H1, which is unitary, we do not need to
worry about this fact.
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H1<latexit sha1_base64="Pi/AVhT16M2ywAIjh8xpETt1lTg=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoAcPAS85RjQPSJYwO5lNhszOLjO9QliCX+BVv8CbePVb/AD/w0myBxMtaCiquunuChIpDLrul1NYW9/Y3Cpul3Z29/YPyodHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hbmtx+5NiJWDzhJuB/RoRKhYBStdF/ve/1yxa26c5C/xMtJBXI0+uXv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sisejPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCms7Ql0HTMcWpz8VZT+EtaF1XPrXp3l5XaTZ5QEU7gFM7BgyuoQR0a0AQGQ3iGF3h1npw35935WLQWnHzmGJbgfP4AU9iVwg==</latexit><latexit sha1_base64="Pi/AVhT16M2ywAIjh8xpETt1lTg=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoAcPAS85RjQPSJYwO5lNhszOLjO9QliCX+BVv8CbePVb/AD/w0myBxMtaCiquunuChIpDLrul1NYW9/Y3Cpul3Z29/YPyodHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hbmtx+5NiJWDzhJuB/RoRKhYBStdF/ve/1yxa26c5C/xMtJBXI0+uXv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sisejPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCms7Ql0HTMcWpz8VZT+EtaF1XPrXp3l5XaTZ5QEU7gFM7BgyuoQR0a0AQGQ3iGF3h1npw35935WLQWnHzmGJbgfP4AU9iVwg==</latexit><latexit sha1_base64="Pi/AVhT16M2ywAIjh8xpETt1lTg=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoAcPAS85RjQPSJYwO5lNhszOLjO9QliCX+BVv8CbePVb/AD/w0myBxMtaCiquunuChIpDLrul1NYW9/Y3Cpul3Z29/YPyodHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hbmtx+5NiJWDzhJuB/RoRKhYBStdF/ve/1yxa26c5C/xMtJBXI0+uXv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sisejPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCms7Ql0HTMcWpz8VZT+EtaF1XPrXp3l5XaTZ5QEU7gFM7BgyuoQR0a0AQGQ3iGF3h1npw35935WLQWnHzmGJbgfP4AU9iVwg==</latexit><latexit sha1_base64="Pi/AVhT16M2ywAIjh8xpETt1lTg=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoAcPAS85RjQPSJYwO5lNhszOLjO9QliCX+BVv8CbePVb/AD/w0myBxMtaCiquunuChIpDLrul1NYW9/Y3Cpul3Z29/YPyodHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hbmtx+5NiJWDzhJuB/RoRKhYBStdF/ve/1yxa26c5C/xMtJBXI0+uXv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sisejPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCms7Ql0HTMcWpz8VZT+EtaF1XPrXp3l5XaTZ5QEU7gFM7BgyuoQR0a0AQGQ3iGF3h1npw35935WLQWnHzmGJbgfP4AU9iVwg==</latexit>

Case 2
H1<latexit sha1_base64="Pi/AVhT16M2ywAIjh8xpETt1lTg=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoAcPAS85RjQPSJYwO5lNhszOLjO9QliCX+BVv8CbePVb/AD/w0myBxMtaCiquunuChIpDLrul1NYW9/Y3Cpul3Z29/YPyodHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hbmtx+5NiJWDzhJuB/RoRKhYBStdF/ve/1yxa26c5C/xMtJBXI0+uXv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sisejPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCms7Ql0HTMcWpz8VZT+EtaF1XPrXp3l5XaTZ5QEU7gFM7BgyuoQR0a0AQGQ3iGF3h1npw35935WLQWnHzmGJbgfP4AU9iVwg==</latexit><latexit sha1_base64="Pi/AVhT16M2ywAIjh8xpETt1lTg=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoAcPAS85RjQPSJYwO5lNhszOLjO9QliCX+BVv8CbePVb/AD/w0myBxMtaCiquunuChIpDLrul1NYW9/Y3Cpul3Z29/YPyodHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hbmtx+5NiJWDzhJuB/RoRKhYBStdF/ve/1yxa26c5C/xMtJBXI0+uXv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sisejPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCms7Ql0HTMcWpz8VZT+EtaF1XPrXp3l5XaTZ5QEU7gFM7BgyuoQR0a0AQGQ3iGF3h1npw35935WLQWnHzmGJbgfP4AU9iVwg==</latexit><latexit sha1_base64="Pi/AVhT16M2ywAIjh8xpETt1lTg=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoAcPAS85RjQPSJYwO5lNhszOLjO9QliCX+BVv8CbePVb/AD/w0myBxMtaCiquunuChIpDLrul1NYW9/Y3Cpul3Z29/YPyodHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hbmtx+5NiJWDzhJuB/RoRKhYBStdF/ve/1yxa26c5C/xMtJBXI0+uXv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sisejPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCms7Ql0HTMcWpz8VZT+EtaF1XPrXp3l5XaTZ5QEU7gFM7BgyuoQR0a0AQGQ3iGF3h1npw35935WLQWnHzmGJbgfP4AU9iVwg==</latexit><latexit sha1_base64="Pi/AVhT16M2ywAIjh8xpETt1lTg=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoAcPAS85RjQPSJYwO5lNhszOLjO9QliCX+BVv8CbePVb/AD/w0myBxMtaCiquunuChIpDLrul1NYW9/Y3Cpul3Z29/YPyodHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hbmtx+5NiJWDzhJuB/RoRKhYBStdF/ve/1yxa26c5C/xMtJBXI0+uXv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sisejPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCms7Ql0HTMcWpz8VZT+EtaF1XPrXp3l5XaTZ5QEU7gFM7BgyuoQR0a0AQGQ3iGF3h1npw35935WLQWnHzmGJbgfP4AU9iVwg==</latexit>

H1<latexit sha1_base64="Pi/AVhT16M2ywAIjh8xpETt1lTg=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoAcPAS85RjQPSJYwO5lNhszOLjO9QliCX+BVv8CbePVb/AD/w0myBxMtaCiquunuChIpDLrul1NYW9/Y3Cpul3Z29/YPyodHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hbmtx+5NiJWDzhJuB/RoRKhYBStdF/ve/1yxa26c5C/xMtJBXI0+uXv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sisejPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCms7Ql0HTMcWpz8VZT+EtaF1XPrXp3l5XaTZ5QEU7gFM7BgyuoQR0a0AQGQ3iGF3h1npw35935WLQWnHzmGJbgfP4AU9iVwg==</latexit><latexit sha1_base64="Pi/AVhT16M2ywAIjh8xpETt1lTg=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoAcPAS85RjQPSJYwO5lNhszOLjO9QliCX+BVv8CbePVb/AD/w0myBxMtaCiquunuChIpDLrul1NYW9/Y3Cpul3Z29/YPyodHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hbmtx+5NiJWDzhJuB/RoRKhYBStdF/ve/1yxa26c5C/xMtJBXI0+uXv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sisejPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCms7Ql0HTMcWpz8VZT+EtaF1XPrXp3l5XaTZ5QEU7gFM7BgyuoQR0a0AQGQ3iGF3h1npw35935WLQWnHzmGJbgfP4AU9iVwg==</latexit><latexit sha1_base64="Pi/AVhT16M2ywAIjh8xpETt1lTg=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoAcPAS85RjQPSJYwO5lNhszOLjO9QliCX+BVv8CbePVb/AD/w0myBxMtaCiquunuChIpDLrul1NYW9/Y3Cpul3Z29/YPyodHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hbmtx+5NiJWDzhJuB/RoRKhYBStdF/ve/1yxa26c5C/xMtJBXI0+uXv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sisejPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCms7Ql0HTMcWpz8VZT+EtaF1XPrXp3l5XaTZ5QEU7gFM7BgyuoQR0a0AQGQ3iGF3h1npw35935WLQWnHzmGJbgfP4AU9iVwg==</latexit><latexit sha1_base64="Pi/AVhT16M2ywAIjh8xpETt1lTg=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoAcPAS85RjQPSJYwO5lNhszOLjO9QliCX+BVv8CbePVb/AD/w0myBxMtaCiquunuChIpDLrul1NYW9/Y3Cpul3Z29/YPyodHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hbmtx+5NiJWDzhJuB/RoRKhYBStdF/ve/1yxa26c5C/xMtJBXI0+uXv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sisejPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCms7Ql0HTMcWpz8VZT+EtaF1XPrXp3l5XaTZ5QEU7gFM7BgyuoQR0a0AQGQ3iGF3h1npw35935WLQWnHzmGJbgfP4AU9iVwg==</latexit>

<latexit sha1_base64="bd1RtuxRX9Y2XSDGPqyg9FCzTHs=">AAAB+nicbVBNS8NAEJ34WetXqkcvwSJ4KCURUY8FLx4r2A9oQ9lsJ+3SzSbsbiol9qd48aCIV3+JN/+N2zYHbX0w8Pa9GXbmBQlnSrvut7W2vrG5tV3YKe7u7R8c2qWjpopTSbFBYx7LdkAUciawoZnm2E4kkijg2ApGtzO/NUapWCwe9CRBPyIDwUJGiTZSzy51x0Riohg3r8yriGnPLrtVdw5nlXg5KUOOes/+6vZjmkYoNOVEqY7nJtrPiNSMcpwWu6nChNARGWDHUEEiVH42X33qnBml74SxNCW0M1d/T2QkUmoSBaYzInqolr2Z+J/XSXV442dMJKlGQRcfhSl3dOzMcnD6TCLVfGIIoZKZXR06JJJQbdIqmhC85ZNXSfOi6l1VvfvLcq2Sx1GAEziFc/DgGmpwB3VoAIVHeIZXeLOerBfr3fpYtK5Z+cwx/IH1+QNnt5QG</latexit>"1,n

<latexit sha1_base64="bd1RtuxRX9Y2XSDGPqyg9FCzTHs=">AAAB+nicbVBNS8NAEJ34WetXqkcvwSJ4KCURUY8FLx4r2A9oQ9lsJ+3SzSbsbiol9qd48aCIV3+JN/+N2zYHbX0w8Pa9GXbmBQlnSrvut7W2vrG5tV3YKe7u7R8c2qWjpopTSbFBYx7LdkAUciawoZnm2E4kkijg2ApGtzO/NUapWCwe9CRBPyIDwUJGiTZSzy51x0Riohg3r8yriGnPLrtVdw5nlXg5KUOOes/+6vZjmkYoNOVEqY7nJtrPiNSMcpwWu6nChNARGWDHUEEiVH42X33qnBml74SxNCW0M1d/T2QkUmoSBaYzInqolr2Z+J/XSXV442dMJKlGQRcfhSl3dOzMcnD6TCLVfGIIoZKZXR06JJJQbdIqmhC85ZNXSfOi6l1VvfvLcq2Sx1GAEziFc/DgGmpwB3VoAIVHeIZXeLOerBfr3fpYtK5Z+cwx/IH1+QNnt5QG</latexit>"1,n

<latexit sha1_base64="bd1RtuxRX9Y2XSDGPqyg9FCzTHs=">AAAB+nicbVBNS8NAEJ34WetXqkcvwSJ4KCURUY8FLx4r2A9oQ9lsJ+3SzSbsbiol9qd48aCIV3+JN/+N2zYHbX0w8Pa9GXbmBQlnSrvut7W2vrG5tV3YKe7u7R8c2qWjpopTSbFBYx7LdkAUciawoZnm2E4kkijg2ApGtzO/NUapWCwe9CRBPyIDwUJGiTZSzy51x0Riohg3r8yriGnPLrtVdw5nlXg5KUOOes/+6vZjmkYoNOVEqY7nJtrPiNSMcpwWu6nChNARGWDHUEEiVH42X33qnBml74SxNCW0M1d/T2QkUmoSBaYzInqolr2Z+J/XSXV442dMJKlGQRcfhSl3dOzMcnD6TCLVfGIIoZKZXR06JJJQbdIqmhC85ZNXSfOi6l1VvfvLcq2Sx1GAEziFc/DgGmpwB3VoAIVHeIZXeLOerBfr3fpYtK5Z+cwx/IH1+QNnt5QG</latexit>"1,n

<latexit sha1_base64="zj/HohWLsQAvf4YNh1rU8ffwEY8=">AAAB+3icbVBNS8NAEJ34WetXrUcvwSJ6KCURUY8FLx4r2A9oQ9lsJ+3SzSbsbool5K948aCIV/+IN/+N2zYHbX0w8Pa9GXbm+TFnSjvOt7W2vrG5tV3YKe7u7R8clo7KLRUlkmKTRjySHZ8o5ExgUzPNsRNLJKHPse2P72Z+e4JSsUg86mmMXkiGggWMEm2kfqncmxCJsWLcvFK3Ks6zfqni1Jw57FXi5qQCORr90ldvENEkRKEpJ0p1XSfWXkqkZpRjVuwlCmNCx2SIXUMFCVF56Xz3zD4zysAOImlKaHuu/p5ISajUNPRNZ0j0SC17M/E/r5vo4NZLmYgTjYIuPgoSbuvIngVhD5hEqvnUEEIlM7vadEQkodrEVTQhuMsnr5LWZc29rrkPV5V6NY+jACdwChfgwg3U4R4a0AQKT/AMr/BmZdaL9W59LFrXrHzmGP7A+vwBzmGUNw==</latexit>"1,n0

<latexit sha1_base64="zj/HohWLsQAvf4YNh1rU8ffwEY8=">AAAB+3icbVBNS8NAEJ34WetXrUcvwSJ6KCURUY8FLx4r2A9oQ9lsJ+3SzSbsbool5K948aCIV/+IN/+N2zYHbX0w8Pa9GXbm+TFnSjvOt7W2vrG5tV3YKe7u7R8clo7KLRUlkmKTRjySHZ8o5ExgUzPNsRNLJKHPse2P72Z+e4JSsUg86mmMXkiGggWMEm2kfqncmxCJsWLcvFK3Ks6zfqni1Jw57FXi5qQCORr90ldvENEkRKEpJ0p1XSfWXkqkZpRjVuwlCmNCx2SIXUMFCVF56Xz3zD4zysAOImlKaHuu/p5ISajUNPRNZ0j0SC17M/E/r5vo4NZLmYgTjYIuPgoSbuvIngVhD5hEqvnUEEIlM7vadEQkodrEVTQhuMsnr5LWZc29rrkPV5V6NY+jACdwChfgwg3U4R4a0AQKT/AMr/BmZdaL9W59LFrXrHzmGP7A+vwBzmGUNw==</latexit>"1,n0

<latexit sha1_base64="zj/HohWLsQAvf4YNh1rU8ffwEY8=">AAAB+3icbVBNS8NAEJ34WetXrUcvwSJ6KCURUY8FLx4r2A9oQ9lsJ+3SzSbsbool5K948aCIV/+IN/+N2zYHbX0w8Pa9GXbm+TFnSjvOt7W2vrG5tV3YKe7u7R8clo7KLRUlkmKTRjySHZ8o5ExgUzPNsRNLJKHPse2P72Z+e4JSsUg86mmMXkiGggWMEm2kfqncmxCJsWLcvFK3Ks6zfqni1Jw57FXi5qQCORr90ldvENEkRKEpJ0p1XSfWXkqkZpRjVuwlCmNCx2SIXUMFCVF56Xz3zD4zysAOImlKaHuu/p5ISajUNPRNZ0j0SC17M/E/r5vo4NZLmYgTjYIuPgoSbuvIngVhD5hEqvnUEEIlM7vadEQkodrEVTQhuMsnr5LWZc29rrkPV5V6NY+jACdwChfgwg3U4R4a0AQKT/AMr/BmZdaL9W59LFrXrHzmGP7A+vwBzmGUNw==</latexit>"1,n0

<latexit sha1_base64="bd1RtuxRX9Y2XSDGPqyg9FCzTHs=">AAAB+nicbVBNS8NAEJ34WetXqkcvwSJ4KCURUY8FLx4r2A9oQ9lsJ+3SzSbsbiol9qd48aCIV3+JN/+N2zYHbX0w8Pa9GXbmBQlnSrvut7W2vrG5tV3YKe7u7R8c2qWjpopTSbFBYx7LdkAUciawoZnm2E4kkijg2ApGtzO/NUapWCwe9CRBPyIDwUJGiTZSzy51x0Riohg3r8yriGnPLrtVdw5nlXg5KUOOes/+6vZjmkYoNOVEqY7nJtrPiNSMcpwWu6nChNARGWDHUEEiVH42X33qnBml74SxNCW0M1d/T2QkUmoSBaYzInqolr2Z+J/XSXV442dMJKlGQRcfhSl3dOzMcnD6TCLVfGIIoZKZXR06JJJQbdIqmhC85ZNXSfOi6l1VvfvLcq2Sx1GAEziFc/DgGmpwB3VoAIVHeIZXeLOerBfr3fpYtK5Z+cwx/IH1+QNnt5QG</latexit>"1,n

<latexit sha1_base64="bd1RtuxRX9Y2XSDGPqyg9FCzTHs=">AAAB+nicbVBNS8NAEJ34WetXqkcvwSJ4KCURUY8FLx4r2A9oQ9lsJ+3SzSbsbiol9qd48aCIV3+JN/+N2zYHbX0w8Pa9GXbmBQlnSrvut7W2vrG5tV3YKe7u7R8c2qWjpopTSbFBYx7LdkAUciawoZnm2E4kkijg2ApGtzO/NUapWCwe9CRBPyIDwUJGiTZSzy51x0Riohg3r8yriGnPLrtVdw5nlXg5KUOOes/+6vZjmkYoNOVEqY7nJtrPiNSMcpwWu6nChNARGWDHUEEiVH42X33qnBml74SxNCW0M1d/T2QkUmoSBaYzInqolr2Z+J/XSXV442dMJKlGQRcfhSl3dOzMcnD6TCLVfGIIoZKZXR06JJJQbdIqmhC85ZNXSfOi6l1VvfvLcq2Sx1GAEziFc/DgGmpwB3VoAIVHeIZXeLOerBfr3fpYtK5Z+cwx/IH1+QNnt5QG</latexit>"1,n

<latexit sha1_base64="zj/HohWLsQAvf4YNh1rU8ffwEY8=">AAAB+3icbVBNS8NAEJ34WetXrUcvwSJ6KCURUY8FLx4r2A9oQ9lsJ+3SzSbsbool5K948aCIV/+IN/+N2zYHbX0w8Pa9GXbm+TFnSjvOt7W2vrG5tV3YKe7u7R8clo7KLRUlkmKTRjySHZ8o5ExgUzPNsRNLJKHPse2P72Z+e4JSsUg86mmMXkiGggWMEm2kfqncmxCJsWLcvFK3Ks6zfqni1Jw57FXi5qQCORr90ldvENEkRKEpJ0p1XSfWXkqkZpRjVuwlCmNCx2SIXUMFCVF56Xz3zD4zysAOImlKaHuu/p5ISajUNPRNZ0j0SC17M/E/r5vo4NZLmYgTjYIuPgoSbuvIngVhD5hEqvnUEEIlM7vadEQkodrEVTQhuMsnr5LWZc29rrkPV5V6NY+jACdwChfgwg3U4R4a0AQKT/AMr/BmZdaL9W59LFrXrHzmGP7A+vwBzmGUNw==</latexit>"1,n0

<latexit sha1_base64="zj/HohWLsQAvf4YNh1rU8ffwEY8=">AAAB+3icbVBNS8NAEJ34WetXrUcvwSJ6KCURUY8FLx4r2A9oQ9lsJ+3SzSbsbool5K948aCIV/+IN/+N2zYHbX0w8Pa9GXbm+TFnSjvOt7W2vrG5tV3YKe7u7R8clo7KLRUlkmKTRjySHZ8o5ExgUzPNsRNLJKHPse2P72Z+e4JSsUg86mmMXkiGggWMEm2kfqncmxCJsWLcvFK3Ks6zfqni1Jw57FXi5qQCORr90ldvENEkRKEpJ0p1XSfWXkqkZpRjVuwlCmNCx2SIXUMFCVF56Xz3zD4zysAOImlKaHuu/p5ISajUNPRNZ0j0SC17M/E/r5vo4NZLmYgTjYIuPgoSbuvIngVhD5hEqvnUEEIlM7vadEQkodrEVTQhuMsnr5LWZc29rrkPV5V6NY+jACdwChfgwg3U4R4a0AQKT/AMr/BmZdaL9W59LFrXrHzmGP7A+vwBzmGUNw==</latexit>"1,n0

<latexit sha1_base64="zj/HohWLsQAvf4YNh1rU8ffwEY8=">AAAB+3icbVBNS8NAEJ34WetXrUcvwSJ6KCURUY8FLx4r2A9oQ9lsJ+3SzSbsbool5K948aCIV/+IN/+N2zYHbX0w8Pa9GXbm+TFnSjvOt7W2vrG5tV3YKe7u7R8clo7KLRUlkmKTRjySHZ8o5ExgUzPNsRNLJKHPse2P72Z+e4JSsUg86mmMXkiGggWMEm2kfqncmxCJsWLcvFK3Ks6zfqni1Jw57FXi5qQCORr90ldvENEkRKEpJ0p1XSfWXkqkZpRjVuwlCmNCx2SIXUMFCVF56Xz3zD4zysAOImlKaHuu/p5ISajUNPRNZ0j0SC17M/E/r5vo4NZLmYgTjYIuPgoSbuvIngVhD5hEqvnUEEIlM7vadEQkodrEVTQhuMsnr5LWZc29rrkPV5V6NY+jACdwChfgwg3U4R4a0AQKT/AMr/BmZdaL9W59LFrXrHzmGP7A+vwBzmGUNw==</latexit>"1,n0
<latexit sha1_base64="bd1RtuxRX9Y2XSDGPqyg9FCzTHs=">AAAB+nicbVBNS8NAEJ34WetXqkcvwSJ4KCURUY8FLx4r2A9oQ9lsJ+3SzSbsbiol9qd48aCIV3+JN/+N2zYHbX0w8Pa9GXbmBQlnSrvut7W2vrG5tV3YKe7u7R8c2qWjpopTSbFBYx7LdkAUciawoZnm2E4kkijg2ApGtzO/NUapWCwe9CRBPyIDwUJGiTZSzy51x0Riohg3r8yriGnPLrtVdw5nlXg5KUOOes/+6vZjmkYoNOVEqY7nJtrPiNSMcpwWu6nChNARGWDHUEEiVH42X33qnBml74SxNCW0M1d/T2QkUmoSBaYzInqolr2Z+J/XSXV442dMJKlGQRcfhSl3dOzMcnD6TCLVfGIIoZKZXR06JJJQbdIqmhC85ZNXSfOi6l1VvfvLcq2Sx1GAEziFc/DgGmpwB3VoAIVHeIZXeLOerBfr3fpYtK5Z+cwx/IH1+QNnt5QG</latexit>"1,n

Before After Before After
<latexit sha1_base64="l8YPmZ79IepNOyKkHqqGZPSuHSY=">AAACA3icbVDLSsNAFJ3UV62vqks3g0UQhZKIqAsXBTddVrAPaWOYTCft0JkkzNwoJXTpF7jVL3Anbv0QP8D/cNpmYVsPXDiccy/33uPHgmuw7W8rt7S8srqWXy9sbG5t7xR39xo6ShRldRqJSLV8opngIasDB8FasWJE+oI1/cHN2G8+MqV5FN7BMGauJL2QB5wSMNJ91bNPnzzxcOIVS3bZngAvEicjJZSh5hV/Ot2IJpKFQAXRuu3YMbgpUcCpYKNCJ9EsJnRAeqxtaEgk0246OXiEj4zSxUGkTIWAJ+rfiZRIrYfSN52SQF/Pe2PxP6+dQHDlpjyME2AhnS4KEoEhwuPvcZcrRkEMDSFUcXMrpn2iCAWT0cwWX5EBg5HJxZlPYZE0zsrORdm5PS9VrrOE8ugAHaJj5KBLVEFVVEN1RJFEL+gVvVnP1rv1YX1OW3NWNrOPZmB9/QJZCJf4</latexit>

H0 + w⇤
l

<latexit sha1_base64="l8YPmZ79IepNOyKkHqqGZPSuHSY=">AAACA3icbVDLSsNAFJ3UV62vqks3g0UQhZKIqAsXBTddVrAPaWOYTCft0JkkzNwoJXTpF7jVL3Anbv0QP8D/cNpmYVsPXDiccy/33uPHgmuw7W8rt7S8srqWXy9sbG5t7xR39xo6ShRldRqJSLV8opngIasDB8FasWJE+oI1/cHN2G8+MqV5FN7BMGauJL2QB5wSMNJ91bNPnzzxcOIVS3bZngAvEicjJZSh5hV/Ot2IJpKFQAXRuu3YMbgpUcCpYKNCJ9EsJnRAeqxtaEgk0246OXiEj4zSxUGkTIWAJ+rfiZRIrYfSN52SQF/Pe2PxP6+dQHDlpjyME2AhnS4KEoEhwuPvcZcrRkEMDSFUcXMrpn2iCAWT0cwWX5EBg5HJxZlPYZE0zsrORdm5PS9VrrOE8ugAHaJj5KBLVEFVVEN1RJFEL+gVvVnP1rv1YX1OW3NWNrOPZmB9/QJZCJf4</latexit>

H0 + w⇤
l

<latexit sha1_base64="bd1RtuxRX9Y2XSDGPqyg9FCzTHs=">AAAB+nicbVBNS8NAEJ34WetXqkcvwSJ4KCURUY8FLx4r2A9oQ9lsJ+3SzSbsbiol9qd48aCIV3+JN/+N2zYHbX0w8Pa9GXbmBQlnSrvut7W2vrG5tV3YKe7u7R8c2qWjpopTSbFBYx7LdkAUciawoZnm2E4kkijg2ApGtzO/NUapWCwe9CRBPyIDwUJGiTZSzy51x0Riohg3r8yriGnPLrtVdw5nlXg5KUOOes/+6vZjmkYoNOVEqY7nJtrPiNSMcpwWu6nChNARGWDHUEEiVH42X33qnBml74SxNCW0M1d/T2QkUmoSBaYzInqolr2Z+J/XSXV442dMJKlGQRcfhSl3dOzMcnD6TCLVfGIIoZKZXR06JJJQbdIqmhC85ZNXSfOi6l1VvfvLcq2Sx1GAEziFc/DgGmpwB3VoAIVHeIZXeLOerBfr3fpYtK5Z+cwx/IH1+QNnt5QG</latexit>"1,n

<latexit sha1_base64="bd1RtuxRX9Y2XSDGPqyg9FCzTHs=">AAAB+nicbVBNS8NAEJ34WetXqkcvwSJ4KCURUY8FLx4r2A9oQ9lsJ+3SzSbsbiol9qd48aCIV3+JN/+N2zYHbX0w8Pa9GXbmBQlnSrvut7W2vrG5tV3YKe7u7R8c2qWjpopTSbFBYx7LdkAUciawoZnm2E4kkijg2ApGtzO/NUapWCwe9CRBPyIDwUJGiTZSzy51x0Riohg3r8yriGnPLrtVdw5nlXg5KUOOes/+6vZjmkYoNOVEqY7nJtrPiNSMcpwWu6nChNARGWDHUEEiVH42X33qnBml74SxNCW0M1d/T2QkUmoSBaYzInqolr2Z+J/XSXV442dMJKlGQRcfhSl3dOzMcnD6TCLVfGIIoZKZXR06JJJQbdIqmhC85ZNXSfOi6l1VvfvLcq2Sx1GAEziFc/DgGmpwB3VoAIVHeIZXeLOerBfr3fpYtK5Z+cwx/IH1+QNnt5QG</latexit>"1,n

<latexit sha1_base64="bd1RtuxRX9Y2XSDGPqyg9FCzTHs=">AAAB+nicbVBNS8NAEJ34WetXqkcvwSJ4KCURUY8FLx4r2A9oQ9lsJ+3SzSbsbiol9qd48aCIV3+JN/+N2zYHbX0w8Pa9GXbmBQlnSrvut7W2vrG5tV3YKe7u7R8c2qWjpopTSbFBYx7LdkAUciawoZnm2E4kkijg2ApGtzO/NUapWCwe9CRBPyIDwUJGiTZSzy51x0Riohg3r8yriGnPLrtVdw5nlXg5KUOOes/+6vZjmkYoNOVEqY7nJtrPiNSMcpwWu6nChNARGWDHUEEiVH42X33qnBml74SxNCW0M1d/T2QkUmoSBaYzInqolr2Z+J/XSXV442dMJKlGQRcfhSl3dOzMcnD6TCLVfGIIoZKZXR06JJJQbdIqmhC85ZNXSfOi6l1VvfvLcq2Sx1GAEziFc/DgGmpwB3VoAIVHeIZXeLOerBfr3fpYtK5Z+cwx/IH1+QNnt5QG</latexit>"1,n

<latexit sha1_base64="zj/HohWLsQAvf4YNh1rU8ffwEY8=">AAAB+3icbVBNS8NAEJ34WetXrUcvwSJ6KCURUY8FLx4r2A9oQ9lsJ+3SzSbsbool5K948aCIV/+IN/+N2zYHbX0w8Pa9GXbm+TFnSjvOt7W2vrG5tV3YKe7u7R8clo7KLRUlkmKTRjySHZ8o5ExgUzPNsRNLJKHPse2P72Z+e4JSsUg86mmMXkiGggWMEm2kfqncmxCJsWLcvFK3Ks6zfqni1Jw57FXi5qQCORr90ldvENEkRKEpJ0p1XSfWXkqkZpRjVuwlCmNCx2SIXUMFCVF56Xz3zD4zysAOImlKaHuu/p5ISajUNPRNZ0j0SC17M/E/r5vo4NZLmYgTjYIuPgoSbuvIngVhD5hEqvnUEEIlM7vadEQkodrEVTQhuMsnr5LWZc29rrkPV5V6NY+jACdwChfgwg3U4R4a0AQKT/AMr/BmZdaL9W59LFrXrHzmGP7A+vwBzmGUNw==</latexit>"1,n0

<latexit sha1_base64="zj/HohWLsQAvf4YNh1rU8ffwEY8=">AAAB+3icbVBNS8NAEJ34WetXrUcvwSJ6KCURUY8FLx4r2A9oQ9lsJ+3SzSbsbool5K948aCIV/+IN/+N2zYHbX0w8Pa9GXbm+TFnSjvOt7W2vrG5tV3YKe7u7R8clo7KLRUlkmKTRjySHZ8o5ExgUzPNsRNLJKHPse2P72Z+e4JSsUg86mmMXkiGggWMEm2kfqncmxCJsWLcvFK3Ks6zfqni1Jw57FXi5qQCORr90ldvENEkRKEpJ0p1XSfWXkqkZpRjVuwlCmNCx2SIXUMFCVF56Xz3zD4zysAOImlKaHuu/p5ISajUNPRNZ0j0SC17M/E/r5vo4NZLmYgTjYIuPgoSbuvIngVhD5hEqvnUEEIlM7vadEQkodrEVTQhuMsnr5LWZc29rrkPV5V6NY+jACdwChfgwg3U4R4a0AQKT/AMr/BmZdaL9W59LFrXrHzmGP7A+vwBzmGUNw==</latexit>"1,n0

<latexit sha1_base64="zj/HohWLsQAvf4YNh1rU8ffwEY8=">AAAB+3icbVBNS8NAEJ34WetXrUcvwSJ6KCURUY8FLx4r2A9oQ9lsJ+3SzSbsbool5K948aCIV/+IN/+N2zYHbX0w8Pa9GXbm+TFnSjvOt7W2vrG5tV3YKe7u7R8clo7KLRUlkmKTRjySHZ8o5ExgUzPNsRNLJKHPse2P72Z+e4JSsUg86mmMXkiGggWMEm2kfqncmxCJsWLcvFK3Ks6zfqni1Jw57FXi5qQCORr90ldvENEkRKEpJ0p1XSfWXkqkZpRjVuwlCmNCx2SIXUMFCVF56Xz3zD4zysAOImlKaHuu/p5ISajUNPRNZ0j0SC17M/E/r5vo4NZLmYgTjYIuPgoSbuvIngVhD5hEqvnUEEIlM7vadEQkodrEVTQhuMsnr5LWZc29rrkPV5V6NY+jACdwChfgwg3U4R4a0AQKT/AMr/BmZdaL9W59LFrXrHzmGP7A+vwBzmGUNw==</latexit>"1,n0

<latexit sha1_base64="bd1RtuxRX9Y2XSDGPqyg9FCzTHs=">AAAB+nicbVBNS8NAEJ34WetXqkcvwSJ4KCURUY8FLx4r2A9oQ9lsJ+3SzSbsbiol9qd48aCIV3+JN/+N2zYHbX0w8Pa9GXbmBQlnSrvut7W2vrG5tV3YKe7u7R8c2qWjpopTSbFBYx7LdkAUciawoZnm2E4kkijg2ApGtzO/NUapWCwe9CRBPyIDwUJGiTZSzy51x0Riohg3r8yriGnPLrtVdw5nlXg5KUOOes/+6vZjmkYoNOVEqY7nJtrPiNSMcpwWu6nChNARGWDHUEEiVH42X33qnBml74SxNCW0M1d/T2QkUmoSBaYzInqolr2Z+J/XSXV442dMJKlGQRcfhSl3dOzMcnD6TCLVfGIIoZKZXR06JJJQbdIqmhC85ZNXSfOi6l1VvfvLcq2Sx1GAEziFc/DgGmpwB3VoAIVHeIZXeLOerBfr3fpYtK5Z+cwx/IH1+QNnt5QG</latexit>"1,n

<latexit sha1_base64="bd1RtuxRX9Y2XSDGPqyg9FCzTHs=">AAAB+nicbVBNS8NAEJ34WetXqkcvwSJ4KCURUY8FLx4r2A9oQ9lsJ+3SzSbsbiol9qd48aCIV3+JN/+N2zYHbX0w8Pa9GXbmBQlnSrvut7W2vrG5tV3YKe7u7R8c2qWjpopTSbFBYx7LdkAUciawoZnm2E4kkijg2ApGtzO/NUapWCwe9CRBPyIDwUJGiTZSzy51x0Riohg3r8yriGnPLrtVdw5nlXg5KUOOes/+6vZjmkYoNOVEqY7nJtrPiNSMcpwWu6nChNARGWDHUEEiVH42X33qnBml74SxNCW0M1d/T2QkUmoSBaYzInqolr2Z+J/XSXV442dMJKlGQRcfhSl3dOzMcnD6TCLVfGIIoZKZXR06JJJQbdIqmhC85ZNXSfOi6l1VvfvLcq2Sx1GAEziFc/DgGmpwB3VoAIVHeIZXeLOerBfr3fpYtK5Z+cwx/IH1+QNnt5QG</latexit>"1,n

<latexit sha1_base64="bd1RtuxRX9Y2XSDGPqyg9FCzTHs=">AAAB+nicbVBNS8NAEJ34WetXqkcvwSJ4KCURUY8FLx4r2A9oQ9lsJ+3SzSbsbiol9qd48aCIV3+JN/+N2zYHbX0w8Pa9GXbmBQlnSrvut7W2vrG5tV3YKe7u7R8c2qWjpopTSbFBYx7LdkAUciawoZnm2E4kkijg2ApGtzO/NUapWCwe9CRBPyIDwUJGiTZSzy51x0Riohg3r8yriGnPLrtVdw5nlXg5KUOOes/+6vZjmkYoNOVEqY7nJtrPiNSMcpwWu6nChNARGWDHUEEiVH42X33qnBml74SxNCW0M1d/T2QkUmoSBaYzInqolr2Z+J/XSXV442dMJKlGQRcfhSl3dOzMcnD6TCLVfGIIoZKZXR06JJJQbdIqmhC85ZNXSfOi6l1VvfvLcq2Sx1GAEziFc/DgGmpwB3VoAIVHeIZXeLOerBfr3fpYtK5Z+cwx/IH1+QNnt5QG</latexit>"1,n

<latexit sha1_base64="zj/HohWLsQAvf4YNh1rU8ffwEY8=">AAAB+3icbVBNS8NAEJ34WetXrUcvwSJ6KCURUY8FLx4r2A9oQ9lsJ+3SzSbsbool5K948aCIV/+IN/+N2zYHbX0w8Pa9GXbm+TFnSjvOt7W2vrG5tV3YKe7u7R8clo7KLRUlkmKTRjySHZ8o5ExgUzPNsRNLJKHPse2P72Z+e4JSsUg86mmMXkiGggWMEm2kfqncmxCJsWLcvFK3Ks6zfqni1Jw57FXi5qQCORr90ldvENEkRKEpJ0p1XSfWXkqkZpRjVuwlCmNCx2SIXUMFCVF56Xz3zD4zysAOImlKaHuu/p5ISajUNPRNZ0j0SC17M/E/r5vo4NZLmYgTjYIuPgoSbuvIngVhD5hEqvnUEEIlM7vadEQkodrEVTQhuMsnr5LWZc29rrkPV5V6NY+jACdwChfgwg3U4R4a0AQKT/AMr/BmZdaL9W59LFrXrHzmGP7A+vwBzmGUNw==</latexit>"1,n0

<latexit sha1_base64="zj/HohWLsQAvf4YNh1rU8ffwEY8=">AAAB+3icbVBNS8NAEJ34WetXrUcvwSJ6KCURUY8FLx4r2A9oQ9lsJ+3SzSbsbool5K948aCIV/+IN/+N2zYHbX0w8Pa9GXbm+TFnSjvOt7W2vrG5tV3YKe7u7R8clo7KLRUlkmKTRjySHZ8o5ExgUzPNsRNLJKHPse2P72Z+e4JSsUg86mmMXkiGggWMEm2kfqncmxCJsWLcvFK3Ks6zfqni1Jw57FXi5qQCORr90ldvENEkRKEpJ0p1XSfWXkqkZpRjVuwlCmNCx2SIXUMFCVF56Xz3zD4zysAOImlKaHuu/p5ISajUNPRNZ0j0SC17M/E/r5vo4NZLmYgTjYIuPgoSbuvIngVhD5hEqvnUEEIlM7vadEQkodrEVTQhuMsnr5LWZc29rrkPV5V6NY+jACdwChfgwg3U4R4a0AQKT/AMr/BmZdaL9W59LFrXrHzmGP7A+vwBzmGUNw==</latexit>"1,n0

<latexit sha1_base64="zj/HohWLsQAvf4YNh1rU8ffwEY8=">AAAB+3icbVBNS8NAEJ34WetXrUcvwSJ6KCURUY8FLx4r2A9oQ9lsJ+3SzSbsbool5K948aCIV/+IN/+N2zYHbX0w8Pa9GXbm+TFnSjvOt7W2vrG5tV3YKe7u7R8clo7KLRUlkmKTRjySHZ8o5ExgUzPNsRNLJKHPse2P72Z+e4JSsUg86mmMXkiGggWMEm2kfqncmxCJsWLcvFK3Ks6zfqni1Jw57FXi5qQCORr90ldvENEkRKEpJ0p1XSfWXkqkZpRjVuwlCmNCx2SIXUMFCVF56Xz3zD4zysAOImlKaHuu/p5ISajUNPRNZ0j0SC17M/E/r5vo4NZLmYgTjYIuPgoSbuvIngVhD5hEqvnUEEIlM7vadEQkodrEVTQhuMsnr5LWZc29rrkPV5V6NY+jACdwChfgwg3U4R4a0AQKT/AMr/BmZdaL9W59LFrXrHzmGP7A+vwBzmGUNw==</latexit>"1,n0

<latexit sha1_base64="l8YPmZ79IepNOyKkHqqGZPSuHSY=">AAACA3icbVDLSsNAFJ3UV62vqks3g0UQhZKIqAsXBTddVrAPaWOYTCft0JkkzNwoJXTpF7jVL3Anbv0QP8D/cNpmYVsPXDiccy/33uPHgmuw7W8rt7S8srqWXy9sbG5t7xR39xo6ShRldRqJSLV8opngIasDB8FasWJE+oI1/cHN2G8+MqV5FN7BMGauJL2QB5wSMNJ91bNPnzzxcOIVS3bZngAvEicjJZSh5hV/Ot2IJpKFQAXRuu3YMbgpUcCpYKNCJ9EsJnRAeqxtaEgk0246OXiEj4zSxUGkTIWAJ+rfiZRIrYfSN52SQF/Pe2PxP6+dQHDlpjyME2AhnS4KEoEhwuPvcZcrRkEMDSFUcXMrpn2iCAWT0cwWX5EBg5HJxZlPYZE0zsrORdm5PS9VrrOE8ugAHaJj5KBLVEFVVEN1RJFEL+gVvVnP1rv1YX1OW3NWNrOPZmB9/QJZCJf4</latexit>

H0 + w⇤
l

<latexit sha1_base64="l8YPmZ79IepNOyKkHqqGZPSuHSY=">AAACA3icbVDLSsNAFJ3UV62vqks3g0UQhZKIqAsXBTddVrAPaWOYTCft0JkkzNwoJXTpF7jVL3Anbv0QP8D/cNpmYVsPXDiccy/33uPHgmuw7W8rt7S8srqWXy9sbG5t7xR39xo6ShRldRqJSLV8opngIasDB8FasWJE+oI1/cHN2G8+MqV5FN7BMGauJL2QB5wSMNJ91bNPnzzxcOIVS3bZngAvEicjJZSh5hV/Ot2IJpKFQAXRuu3YMbgpUcCpYKNCJ9EsJnRAeqxtaEgk0246OXiEj4zSxUGkTIWAJ+rfiZRIrYfSN52SQF/Pe2PxP6+dQHDlpjyME2AhnS4KEoEhwuPvcZcrRkEMDSFUcXMrpn2iCAWT0cwWX5EBg5HJxZlPYZE0zsrORdm5PS9VrrOE8ugAHaJj5KBLVEFVVEN1RJFEL+gVvVnP1rv1YX1OW3NWNrOPZmB9/QJZCJf4</latexit>

H0 + w⇤
l

same same

same

decrease

decrease

decrease

<latexit sha1_base64="k8SM9a4G/7oabEMPIrW2xc/YMQE=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL8EieiglEVGPBS8eK9gPaELZbKbt0t1N2N0USqgX/4oXD4p49V9489+4bXPQ1gcDj/dmmJkXJowq7brfVmFldW19o7hZ2tre2d2z9w+aKk4lgQaJWSzbIVbAqICGpppBO5GAecigFQ5vp35rBFLRWDzocQIBx31Be5RgbaSufeRryiLwR1hCoigzWuZW+Nmka5fdqjuDs0y8nJRRjnrX/vKjmKQchCYMK9Xx3EQHGZaaEgaTkp8qSDAZ4j50DBWYgwqy2QcT59QokdOLpSmhnZn6eyLDXKkxD00nx3qgFr2p+J/XSXXvJsioSFINgswX9VLm6NiZxuFEVALRbGwIJpKaWx0ywBITbUIrmRC8xZeXSfOi6l1VvfvLcq2Sx1FEx+gEnSMPXaMaukN11EAEPaJn9IrerCfrxXq3PuatBSufOUR/YH3+AIshlt8=</latexit>

"̃0,m0
<latexit sha1_base64="Sqjxv9pXV7IQS7N4Sb7hhUMb6QE=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgodSEhH1WPDisYL9gCaUzWbSLt1Nwu6mUEIv/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMvSDlT2nG+rdLa+sbmVnm7srO7t39gHx61VZJJCi2a8ER2A6KAsxhammkO3VQCEQGHTjC6m/mdMUjFkvhRT1LwBRnELGKUaCP17RNPMx6CNyYSUsW40XKnJqZ9u+rUnTnwKnELUkUFmn37ywsTmgmINeVEqZ7rpNrPidSMcphWvExBSuiIDKBnaEwEKD+fPzDF50YJcZRIU7HGc/X3RE6EUhMRmE5B9FAtezPxP6+X6ejWz1mcZhpiulgUZRzrBM/SwCGTQDWfGEKoZOZWTIdEEqpNZhUTgrv88ippX9bd67r7cFVt1Io4yugUnaEL5KIb1ED3qIlaiKIpekav6M16sl6sd+tj0Vqyiplj9AfW5w8h/5au</latexit>

"̃0,m

<latexit sha1_base64="k8SM9a4G/7oabEMPIrW2xc/YMQE=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL8EieiglEVGPBS8eK9gPaELZbKbt0t1N2N0USqgX/4oXD4p49V9489+4bXPQ1gcDj/dmmJkXJowq7brfVmFldW19o7hZ2tre2d2z9w+aKk4lgQaJWSzbIVbAqICGpppBO5GAecigFQ5vp35rBFLRWDzocQIBx31Be5RgbaSufeRryiLwR1hCoigzWuZW+Nmka5fdqjuDs0y8nJRRjnrX/vKjmKQchCYMK9Xx3EQHGZaaEgaTkp8qSDAZ4j50DBWYgwqy2QcT59QokdOLpSmhnZn6eyLDXKkxD00nx3qgFr2p+J/XSXXvJsioSFINgswX9VLm6NiZxuFEVALRbGwIJpKaWx0ywBITbUIrmRC8xZeXSfOi6l1VvfvLcq2Sx1FEx+gEnSMPXaMaukN11EAEPaJn9IrerCfrxXq3PuatBSufOUR/YH3+AIshlt8=</latexit>

"̃0,m0

<latexit sha1_base64="Sqjxv9pXV7IQS7N4Sb7hhUMb6QE=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgodSEhH1WPDisYL9gCaUzWbSLt1Nwu6mUEIv/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMvSDlT2nG+rdLa+sbmVnm7srO7t39gHx61VZJJCi2a8ER2A6KAsxhammkO3VQCEQGHTjC6m/mdMUjFkvhRT1LwBRnELGKUaCP17RNPMx6CNyYSUsW40XKnJqZ9u+rUnTnwKnELUkUFmn37ywsTmgmINeVEqZ7rpNrPidSMcphWvExBSuiIDKBnaEwEKD+fPzDF50YJcZRIU7HGc/X3RE6EUhMRmE5B9FAtezPxP6+X6ejWz1mcZhpiulgUZRzrBM/SwCGTQDWfGEKoZOZWTIdEEqpNZhUTgrv88ippX9bd67r7cFVt1Io4yugUnaEL5KIb1ED3qIlaiKIpekav6M16sl6sd+tj0Vqyiplj9AfW5w8h/5au</latexit>

"̃0,m

<latexit sha1_base64="k8SM9a4G/7oabEMPIrW2xc/YMQE=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL8EieiglEVGPBS8eK9gPaELZbKbt0t1N2N0USqgX/4oXD4p49V9489+4bXPQ1gcDj/dmmJkXJowq7brfVmFldW19o7hZ2tre2d2z9w+aKk4lgQaJWSzbIVbAqICGpppBO5GAecigFQ5vp35rBFLRWDzocQIBx31Be5RgbaSufeRryiLwR1hCoigzWuZW+Nmka5fdqjuDs0y8nJRRjnrX/vKjmKQchCYMK9Xx3EQHGZaaEgaTkp8qSDAZ4j50DBWYgwqy2QcT59QokdOLpSmhnZn6eyLDXKkxD00nx3qgFr2p+J/XSXXvJsioSFINgswX9VLm6NiZxuFEVALRbGwIJpKaWx0ywBITbUIrmRC8xZeXSfOi6l1VvfvLcq2Sx1FEx+gEnSMPXaMaukN11EAEPaJn9IrerCfrxXq3PuatBSufOUR/YH3+AIshlt8=</latexit>

"̃0,m0

<latexit sha1_base64="Sqjxv9pXV7IQS7N4Sb7hhUMb6QE=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgodSEhH1WPDisYL9gCaUzWbSLt1Nwu6mUEIv/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMvSDlT2nG+rdLa+sbmVnm7srO7t39gHx61VZJJCi2a8ER2A6KAsxhammkO3VQCEQGHTjC6m/mdMUjFkvhRT1LwBRnELGKUaCP17RNPMx6CNyYSUsW40XKnJqZ9u+rUnTnwKnELUkUFmn37ywsTmgmINeVEqZ7rpNrPidSMcphWvExBSuiIDKBnaEwEKD+fPzDF50YJcZRIU7HGc/X3RE6EUhMRmE5B9FAtezPxP6+X6ejWz1mcZhpiulgUZRzrBM/SwCGTQDWfGEKoZOZWTIdEEqpNZhUTgrv88ippX9bd67r7cFVt1Io4yugUnaEL5KIb1ED3qIlaiKIpekav6M16sl6sd+tj0Vqyiplj9AfW5w8h/5au</latexit>

"̃0,m

<latexit sha1_base64="k8SM9a4G/7oabEMPIrW2xc/YMQE=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL8EieiglEVGPBS8eK9gPaELZbKbt0t1N2N0USqgX/4oXD4p49V9489+4bXPQ1gcDj/dmmJkXJowq7brfVmFldW19o7hZ2tre2d2z9w+aKk4lgQaJWSzbIVbAqICGpppBO5GAecigFQ5vp35rBFLRWDzocQIBx31Be5RgbaSufeRryiLwR1hCoigzWuZW+Nmka5fdqjuDs0y8nJRRjnrX/vKjmKQchCYMK9Xx3EQHGZaaEgaTkp8qSDAZ4j50DBWYgwqy2QcT59QokdOLpSmhnZn6eyLDXKkxD00nx3qgFr2p+J/XSXXvJsioSFINgswX9VLm6NiZxuFEVALRbGwIJpKaWx0ywBITbUIrmRC8xZeXSfOi6l1VvfvLcq2Sx1FEx+gEnSMPXaMaukN11EAEPaJn9IrerCfrxXq3PuatBSufOUR/YH3+AIshlt8=</latexit>

"̃0,m0
<latexit sha1_base64="Sqjxv9pXV7IQS7N4Sb7hhUMb6QE=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgodSEhH1WPDisYL9gCaUzWbSLt1Nwu6mUEIv/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMvSDlT2nG+rdLa+sbmVnm7srO7t39gHx61VZJJCi2a8ER2A6KAsxhammkO3VQCEQGHTjC6m/mdMUjFkvhRT1LwBRnELGKUaCP17RNPMx6CNyYSUsW40XKnJqZ9u+rUnTnwKnELUkUFmn37ywsTmgmINeVEqZ7rpNrPidSMcphWvExBSuiIDKBnaEwEKD+fPzDF50YJcZRIU7HGc/X3RE6EUhMRmE5B9FAtezPxP6+X6ejWz1mcZhpiulgUZRzrBM/SwCGTQDWfGEKoZOZWTIdEEqpNZhUTgrv88ippX9bd67r7cFVt1Io4yugUnaEL5KIb1ED3qIlaiKIpekav6M16sl6sd+tj0Vqyiplj9AfW5w8h/5au</latexit>

"̃0,m

<latexit sha1_base64="k8SM9a4G/7oabEMPIrW2xc/YMQE=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL8EieiglEVGPBS8eK9gPaELZbKbt0t1N2N0USqgX/4oXD4p49V9489+4bXPQ1gcDj/dmmJkXJowq7brfVmFldW19o7hZ2tre2d2z9w+aKk4lgQaJWSzbIVbAqICGpppBO5GAecigFQ5vp35rBFLRWDzocQIBx31Be5RgbaSufeRryiLwR1hCoigzWuZW+Nmka5fdqjuDs0y8nJRRjnrX/vKjmKQchCYMK9Xx3EQHGZaaEgaTkp8qSDAZ4j50DBWYgwqy2QcT59QokdOLpSmhnZn6eyLDXKkxD00nx3qgFr2p+J/XSXXvJsioSFINgswX9VLm6NiZxuFEVALRbGwIJpKaWx0ywBITbUIrmRC8xZeXSfOi6l1VvfvLcq2Sx1FEx+gEnSMPXaMaukN11EAEPaJn9IrerCfrxXq3PuatBSufOUR/YH3+AIshlt8=</latexit>

"̃0,m0

<latexit sha1_base64="Sqjxv9pXV7IQS7N4Sb7hhUMb6QE=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgodSEhH1WPDisYL9gCaUzWbSLt1Nwu6mUEIv/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMvSDlT2nG+rdLa+sbmVnm7srO7t39gHx61VZJJCi2a8ER2A6KAsxhammkO3VQCEQGHTjC6m/mdMUjFkvhRT1LwBRnELGKUaCP17RNPMx6CNyYSUsW40XKnJqZ9u+rUnTnwKnELUkUFmn37ywsTmgmINeVEqZ7rpNrPidSMcphWvExBSuiIDKBnaEwEKD+fPzDF50YJcZRIU7HGc/X3RE6EUhMRmE5B9FAtezPxP6+X6ejWz1mcZhpiulgUZRzrBM/SwCGTQDWfGEKoZOZWTIdEEqpNZhUTgrv88ippX9bd67r7cFVt1Io4yugUnaEL5KIb1ED3qIlaiKIpekav6M16sl6sd+tj0Vqyiplj9AfW5w8h/5au</latexit>

"̃0,m

<latexit sha1_base64="k8SM9a4G/7oabEMPIrW2xc/YMQE=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL8EieiglEVGPBS8eK9gPaELZbKbt0t1N2N0USqgX/4oXD4p49V9489+4bXPQ1gcDj/dmmJkXJowq7brfVmFldW19o7hZ2tre2d2z9w+aKk4lgQaJWSzbIVbAqICGpppBO5GAecigFQ5vp35rBFLRWDzocQIBx31Be5RgbaSufeRryiLwR1hCoigzWuZW+Nmka5fdqjuDs0y8nJRRjnrX/vKjmKQchCYMK9Xx3EQHGZaaEgaTkp8qSDAZ4j50DBWYgwqy2QcT59QokdOLpSmhnZn6eyLDXKkxD00nx3qgFr2p+J/XSXXvJsioSFINgswX9VLm6NiZxuFEVALRbGwIJpKaWx0ywBITbUIrmRC8xZeXSfOi6l1VvfvLcq2Sx1FEx+gEnSMPXaMaukN11EAEPaJn9IrerCfrxXq3PuatBSufOUR/YH3+AIshlt8=</latexit>

"̃0,m0

<latexit sha1_base64="Sqjxv9pXV7IQS7N4Sb7hhUMb6QE=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgodSEhH1WPDisYL9gCaUzWbSLt1Nwu6mUEIv/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMvSDlT2nG+rdLa+sbmVnm7srO7t39gHx61VZJJCi2a8ER2A6KAsxhammkO3VQCEQGHTjC6m/mdMUjFkvhRT1LwBRnELGKUaCP17RNPMx6CNyYSUsW40XKnJqZ9u+rUnTnwKnELUkUFmn37ywsTmgmINeVEqZ7rpNrPidSMcphWvExBSuiIDKBnaEwEKD+fPzDF50YJcZRIU7HGc/X3RE6EUhMRmE5B9FAtezPxP6+X6ejWz1mcZhpiulgUZRzrBM/SwCGTQDWfGEKoZOZWTIdEEqpNZhUTgrv88ippX9bd67r7cFVt1Io4yugUnaEL5KIb1ED3qIlaiKIpekav6M16sl6sd+tj0Vqyiplj9AfW5w8h/5au</latexit>

"̃0,m

<latexit sha1_base64="k8SM9a4G/7oabEMPIrW2xc/YMQE=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL8EieiglEVGPBS8eK9gPaELZbKbt0t1N2N0USqgX/4oXD4p49V9489+4bXPQ1gcDj/dmmJkXJowq7brfVmFldW19o7hZ2tre2d2z9w+aKk4lgQaJWSzbIVbAqICGpppBO5GAecigFQ5vp35rBFLRWDzocQIBx31Be5RgbaSufeRryiLwR1hCoigzWuZW+Nmka5fdqjuDs0y8nJRRjnrX/vKjmKQchCYMK9Xx3EQHGZaaEgaTkp8qSDAZ4j50DBWYgwqy2QcT59QokdOLpSmhnZn6eyLDXKkxD00nx3qgFr2p+J/XSXXvJsioSFINgswX9VLm6NiZxuFEVALRbGwIJpKaWx0ywBITbUIrmRC8xZeXSfOi6l1VvfvLcq2Sx1FEx+gEnSMPXaMaukN11EAEPaJn9IrerCfrxXq3PuatBSufOUR/YH3+AIshlt8=</latexit>

"̃0,m0

<latexit sha1_base64="Sqjxv9pXV7IQS7N4Sb7hhUMb6QE=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgodSEhH1WPDisYL9gCaUzWbSLt1Nwu6mUEIv/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMvSDlT2nG+rdLa+sbmVnm7srO7t39gHx61VZJJCi2a8ER2A6KAsxhammkO3VQCEQGHTjC6m/mdMUjFkvhRT1LwBRnELGKUaCP17RNPMx6CNyYSUsW40XKnJqZ9u+rUnTnwKnELUkUFmn37ywsTmgmINeVEqZ7rpNrPidSMcphWvExBSuiIDKBnaEwEKD+fPzDF50YJcZRIU7HGc/X3RE6EUhMRmE5B9FAtezPxP6+X6ejWz1mcZhpiulgUZRzrBM/SwCGTQDWfGEKoZOZWTIdEEqpNZhUTgrv88ippX9bd67r7cFVt1Io4yugUnaEL5KIb1ED3qIlaiKIpekav6M16sl6sd+tj0Vqyiplj9AfW5w8h/5au</latexit>

"̃0,m

<latexit sha1_base64="k8SM9a4G/7oabEMPIrW2xc/YMQE=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL8EieiglEVGPBS8eK9gPaELZbKbt0t1N2N0USqgX/4oXD4p49V9489+4bXPQ1gcDj/dmmJkXJowq7brfVmFldW19o7hZ2tre2d2z9w+aKk4lgQaJWSzbIVbAqICGpppBO5GAecigFQ5vp35rBFLRWDzocQIBx31Be5RgbaSufeRryiLwR1hCoigzWuZW+Nmka5fdqjuDs0y8nJRRjnrX/vKjmKQchCYMK9Xx3EQHGZaaEgaTkp8qSDAZ4j50DBWYgwqy2QcT59QokdOLpSmhnZn6eyLDXKkxD00nx3qgFr2p+J/XSXXvJsioSFINgswX9VLm6NiZxuFEVALRbGwIJpKaWx0ywBITbUIrmRC8xZeXSfOi6l1VvfvLcq2Sx1FEx+gEnSMPXaMaukN11EAEPaJn9IrerCfrxXq3PuatBSufOUR/YH3+AIshlt8=</latexit>

"̃0,m0

<latexit sha1_base64="Sqjxv9pXV7IQS7N4Sb7hhUMb6QE=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgodSEhH1WPDisYL9gCaUzWbSLt1Nwu6mUEIv/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMvSDlT2nG+rdLa+sbmVnm7srO7t39gHx61VZJJCi2a8ER2A6KAsxhammkO3VQCEQGHTjC6m/mdMUjFkvhRT1LwBRnELGKUaCP17RNPMx6CNyYSUsW40XKnJqZ9u+rUnTnwKnELUkUFmn37ywsTmgmINeVEqZ7rpNrPidSMcphWvExBSuiIDKBnaEwEKD+fPzDF50YJcZRIU7HGc/X3RE6EUhMRmE5B9FAtezPxP6+X6ejWz1mcZhpiulgUZRzrBM/SwCGTQDWfGEKoZOZWTIdEEqpNZhUTgrv88ippX9bd67r7cFVt1Io4yugUnaEL5KIb1ED3qIlaiKIpekav6M16sl6sd+tj0Vqyiplj9AfW5w8h/5au</latexit>

"̃0,m

<latexit sha1_base64="k8SM9a4G/7oabEMPIrW2xc/YMQE=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL8EieiglEVGPBS8eK9gPaELZbKbt0t1N2N0USqgX/4oXD4p49V9489+4bXPQ1gcDj/dmmJkXJowq7brfVmFldW19o7hZ2tre2d2z9w+aKk4lgQaJWSzbIVbAqICGpppBO5GAecigFQ5vp35rBFLRWDzocQIBx31Be5RgbaSufeRryiLwR1hCoigzWuZW+Nmka5fdqjuDs0y8nJRRjnrX/vKjmKQchCYMK9Xx3EQHGZaaEgaTkp8qSDAZ4j50DBWYgwqy2QcT59QokdOLpSmhnZn6eyLDXKkxD00nx3qgFr2p+J/XSXXvJsioSFINgswX9VLm6NiZxuFEVALRbGwIJpKaWx0ywBITbUIrmRC8xZeXSfOi6l1VvfvLcq2Sx1FEx+gEnSMPXaMaukN11EAEPaJn9IrerCfrxXq3PuatBSufOUR/YH3+AIshlt8=</latexit>

"̃0,m0

<latexit sha1_base64="Sqjxv9pXV7IQS7N4Sb7hhUMb6QE=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgodSEhH1WPDisYL9gCaUzWbSLt1Nwu6mUEIv/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMvSDlT2nG+rdLa+sbmVnm7srO7t39gHx61VZJJCi2a8ER2A6KAsxhammkO3VQCEQGHTjC6m/mdMUjFkvhRT1LwBRnELGKUaCP17RNPMx6CNyYSUsW40XKnJqZ9u+rUnTnwKnELUkUFmn37ywsTmgmINeVEqZ7rpNrPidSMcphWvExBSuiIDKBnaEwEKD+fPzDF50YJcZRIU7HGc/X3RE6EUhMRmE5B9FAtezPxP6+X6ejWz1mcZhpiulgUZRzrBM/SwCGTQDWfGEKoZOZWTIdEEqpNZhUTgrv88ippX9bd67r7cFVt1Io4yugUnaEL5KIb1ED3qIlaiKIpekav6M16sl6sd+tj0Vqyiplj9AfW5w8h/5au</latexit>

"̃0,m

<latexit sha1_base64="k8SM9a4G/7oabEMPIrW2xc/YMQE=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL8EieiglEVGPBS8eK9gPaELZbKbt0t1N2N0USqgX/4oXD4p49V9489+4bXPQ1gcDj/dmmJkXJowq7brfVmFldW19o7hZ2tre2d2z9w+aKk4lgQaJWSzbIVbAqICGpppBO5GAecigFQ5vp35rBFLRWDzocQIBx31Be5RgbaSufeRryiLwR1hCoigzWuZW+Nmka5fdqjuDs0y8nJRRjnrX/vKjmKQchCYMK9Xx3EQHGZaaEgaTkp8qSDAZ4j50DBWYgwqy2QcT59QokdOLpSmhnZn6eyLDXKkxD00nx3qgFr2p+J/XSXXvJsioSFINgswX9VLm6NiZxuFEVALRbGwIJpKaWx0ywBITbUIrmRC8xZeXSfOi6l1VvfvLcq2Sx1FEx+gEnSMPXaMaukN11EAEPaJn9IrerCfrxXq3PuatBSufOUR/YH3+AIshlt8=</latexit>

"̃0,m0

<latexit sha1_base64="Sqjxv9pXV7IQS7N4Sb7hhUMb6QE=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgodSEhH1WPDisYL9gCaUzWbSLt1Nwu6mUEIv/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMvSDlT2nG+rdLa+sbmVnm7srO7t39gHx61VZJJCi2a8ER2A6KAsxhammkO3VQCEQGHTjC6m/mdMUjFkvhRT1LwBRnELGKUaCP17RNPMx6CNyYSUsW40XKnJqZ9u+rUnTnwKnELUkUFmn37ywsTmgmINeVEqZ7rpNrPidSMcphWvExBSuiIDKBnaEwEKD+fPzDF50YJcZRIU7HGc/X3RE6EUhMRmE5B9FAtezPxP6+X6ejWz1mcZhpiulgUZRzrBM/SwCGTQDWfGEKoZOZWTIdEEqpNZhUTgrv88ippX9bd67r7cFVt1Io4yugUnaEL5KIb1ED3qIlaiKIpekav6M16sl6sd+tj0Vqyiplj9AfW5w8h/5au</latexit>

"̃0,m

<latexit sha1_base64="k8SM9a4G/7oabEMPIrW2xc/YMQE=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL8EieiglEVGPBS8eK9gPaELZbKbt0t1N2N0USqgX/4oXD4p49V9489+4bXPQ1gcDj/dmmJkXJowq7brfVmFldW19o7hZ2tre2d2z9w+aKk4lgQaJWSzbIVbAqICGpppBO5GAecigFQ5vp35rBFLRWDzocQIBx31Be5RgbaSufeRryiLwR1hCoigzWuZW+Nmka5fdqjuDs0y8nJRRjnrX/vKjmKQchCYMK9Xx3EQHGZaaEgaTkp8qSDAZ4j50DBWYgwqy2QcT59QokdOLpSmhnZn6eyLDXKkxD00nx3qgFr2p+J/XSXXvJsioSFINgswX9VLm6NiZxuFEVALRbGwIJpKaWx0ywBITbUIrmRC8xZeXSfOi6l1VvfvLcq2Sx1FEx+gEnSMPXaMaukN11EAEPaJn9IrerCfrxXq3PuatBSufOUR/YH3+AIshlt8=</latexit>

"̃0,m0
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Figure 10: Change in cost function C(π−1) after each swap of the procedure. At each step, there are six possible
cases that need to be considered. Case 1 (left) corresponds to ε̃0,m ≤ ε1,n and case 2 (right) corresponds to
ε̃0,m > ε1,n. The subcases correspond to the possible orderings of the other energy levels. Red arrows indicate
the transitions that contribute to the cost. For example, a red arrow originating at a level labeled n contributes
P1(ε1,n) to the cost function. For the subcase in the lowest panel under Case 1, we used the fact that
P1(ε1,n) > P1(ε1,n′) for ε1,n < ε1,n′ to establish that the cost function decreases. In all other panels, it is
straightforward to see that the cost is either decreasing or stays the same.

C Proof of Thm. 1.6
For 0 ≤ s ≤ 1 we let Hs := H0 +sV , |ψs,p〉 be the eigenstates of eigenvalue εs,p, Zs := tr(e−βHs) =∑
p e
−βεs,p be the partition function, and ρs := e−βHs/Zs be the thermal state of Hs. Then,

∂sZs = −β
∑
p

(∂sεs,p)e−βεs,p (179)

= −β
∑
p

(∂s 〈ψs,p|Hs |ψs,p〉 )e−βεs,p (180)

= −β
∑
p

〈ψs,p| ∂sHs |ψs,p〉 e−βεs,p (181)

= −β
∑
p

〈ψs,p|V |ψs,p〉 e−βεs,p (182)

= −βZstr(V ρs) . (183)

This implies

ln
(
Z1

Z0

)
=
∫ 1

0
ds ∂s lnZs (184)

=
∫ 1

0
ds

∂sZs
Zs

(185)

= −β
∫ 1

0
ds tr(V ρs) (186)

and then

|∆A| =
∣∣∣∣ 1β ln

(
Z1

Z0

)∣∣∣∣ (187)

≤
∫ 1

0
ds |tr(V ρs)| (188)

≤ ‖V ‖ . (189)

This implies Eq. (11).
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D Proof of Lemma 3.4
The proof follows three approximation steps. First, we approximate the exponential operator by a
convolution using h(x) = (f ? g)(x) and the cutoff wl. Second, we approximate the convolution by
an infinite sum obtaining a Fourier series. Third, we approximate the infinite sum by a finite one.
These steps will set ∆ as a function of ε, and also δ, J+1, and ωJ+1 as a function of other problem
parameters. Once these are determined, it is simple to prove Eq. (103). Each step is realized by
operators X1, X2, and X, respectively, allowing us to use triangle inequality:

‖(e−βW/2 −X |Ψ0〉 ‖ ≤‖(e−βW/2 −X1) |Ψ0〉 ‖+ ‖(X1 −X2) |Ψ0〉 ‖+
+ ‖(X2 −X) |Ψ0〉 ‖ . (190)

The operators X1, X2, and X commute with W and have the same eigenstates |ψm,n〉 . They also
depend on β and ε, but we do not make these dependencies explicit for simplicity.

D.1 Step I: The approximation X1

We start with the approximation e−x ≈ h(x) = (f ? g)(x), where f(x) and g(x) are given in
Eqs. (85) and (86), respectively, and replace x → x̂ := β(W − wl)/2. (The eigenvalues of x̂ are
non-negative when acting on eigenstates |ψm,n〉 of eigenvalue wm,n ≥ wl.) Then, the operator in
the first approximation step is [see Eq. (87)]

X1 := e−βwl/2
e−1/4
√
π

∫ ∞
−∆−1/2

dy e−(x̂−y)2
e−y , (191)

where ∆ ≥ 0. Following Eq. (90), the eigenvalues of X1 are

e−βwl/2h(xm,n) = e−βwl/2
e−1/4
√
π

∫ ∞
−∆−1/2

dy e−(xm,n−y)2
e−y (192)

= e−βwm,n/2
1 + Erf(∆ + xm,n)

2 , (193)

where xm,n := β(wm,n − wl)/2. This implies

(e−βW −X1) |ψm,n〉 = e−βwm,n/2
(

1− 1 + Erf(∆ + xm,n)
2

)
|ψm,n〉 (194)

= e−βwm,n/2
Erfc(∆ + xm,n)

2 |ψm,n〉 (195)

where Erfc(z) := 2√
π

∫∞
z
dye−y

2 = 1− Erf(z). Note that Erfc(z) ≤ e−z2
for z ≥ 0 and hence

‖(e−βW −X1) |ψm,n〉 ‖ ≤
{
e−βwm,n/2e−∆2

/2 if wm,n ≥ wl,
e−βwm,n/2 if wm,n < wl.

(196)

D.2 Step II: The approximation X2

For the second approximation step we rewrite X1 using the Fourier transform as

X1 = e−βwl/2
1√
2π

∫ ∞
−∞

dω H(ω)eiωx̂ , (197)

where H(ω) =
√

2πF (ω)G(ω) is the Fourier transform of h(x), and F (ω) and G(ω) are given in
Eqs. (92) and (94), respectively. In the second approximation, we replace the integral by the sum,
i.e.,

X2 := e−βwl/2
δ√
2π

∞∑
j=−∞

H(ωj)eiωj x̂ , (198)
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where ωj = jδ, and δ > 0. The eigenvalues of X2 are

e−βwl/2
δ√
2π

∞∑
j=−∞

H(ωj)eiωjxm,n . (199)

This Fourier series is a periodic function in xm,n, where the period is 2π/δ. Hence, it is possible
that the error when approximating the exponential operator is undesirably large for some large
values of xm,n. However, we are interested in a useful approximation to the exponential operator
only in the domain where the eigenvalues of W are wm,n ∈ [wmin, wmax], which can be obtained by
making the period 2π/δ sufficiently large, as we discuss below.

For an L1 function r(x) with Fourier transform R(ω), the Poisson summation formula implies

δ√
2π

∞∑
j=−∞

R(ωj)eiaωj =
∞∑

k=−∞
r(a+ k2π/δ) . (200)

Then, using Eq. (90) and the Poisson summation formula above, we rewrite Eq. (199) as

e−βwl/2
∞∑

k=−∞
h(xm,n + k2π/δ) = e−βwm,n/2

∞∑
k=−∞

e−k2π/δ 1 + Erf(∆ + xm,n + k2π/δ)
2 . (201)

In the left hand side of Eq. (201), the term where k = 0 is e−βwl/2h(xm,n) and coincides with
Eq. (192). This implies

(X1 −X2) |ψm,n〉 = e−βwm,n/2
∑
k 6=0

e−k2π/δ 1 + Erf(∆ + xm,n + k2π/δ)
2 |ψm,n〉 . (202)

If 2π/δ ≥ 1 and for k ≥ 1, we obtain, in general,∑
k≥1

e−k2π/δ 1 + Erf(∆ + xm,n + k2π/δ)
2 ≤

∑
k≥1

e−k2π/δ (203)

= e−2π/δ

1− e−2π/δ (204)

≤ 2e−2π/δ . (205)

For k ≤ −1 and wm,n ≥ wl (xm,n ≥ 0) we could obtain a large relative error – as compared to that
in Eq. (64)– if there exists a negative k such that ∆ + xm,n + k2π/δ ≥ 0 (or Erf ≈ 1) and e−k2π/δ

is large. This is consistent with the fact that our approximation is a periodic function of xm,n. To
fix this we demand that 2π/δ ≥ 2(∆ + xm,n) = 2∆ + β(wm,n − wl) for all m,n, and thus suffices
if 2π/δ ≥ 2∆ + β(wmax − wl). Similarly, for k ≤ −1 and wm,n ≥ wl (xm,n ≥ 0),

∆ + xm,n + k2π/δ = ∆ + xm,n + kπ/δ + kπ/δ (206)
≤ ∆ + xm,n + k(∆ + xm,n) + kπ/δ (207)
= (1 + k)(∆ + xm,n) + kπ/δ (208)
≤ kπ/δ . (209)
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Then, for all wm,n ≥ wl,∑
k≤−1

e−k2π/δ 1 + Erf(∆ + xm,n + k2π/δ)
2 ≤

∑
k≤−1

e−k2π/δ 1 + Erf(kπ/δ)
2 (210)

≤
∑
k≥1

ek2π/δ e
−(kπ/δ)2

2 (211)

= e

2
∑
k≥1

e−(kπ/δ−1)2
(212)

≤ e

2
∑
k≥1

e−(kπ/(2δ))2
(213)

≤ e

2
∑
k≥1

e−k(π/(2δ))2
(214)

= e

2
e−(π/(2δ))2

1− e−(π/(2δ))2 (215)

≤ ee−(π/(2δ))2
, (216)

where we also assumed π/(2δ) ≥ 1 and used 1 + Erf(z) = Erfc(|z|) ≤ e−z2
for z ≤ 0.

For wm,n < wl (xm,n < 0), we have∑
k≤−1

e−k2π/δ 1 + Erf(∆ + xm,n + k2π/δ)
2 ≤

∑
k≥1

ek2π/δ 1 + Erf(∆− k2π/δ)
2 (217)

≤
∑
k≥1

ek2π/δ e
−(k2π/δ−∆)2

2 (218)

= e1/4+∆

2
∑
k≥1

e−(k2π/δ−∆−1/2)2
(219)

≤ e1/4+∆

2
∑
k≥1

e−(k2∆−∆−1/2)2
(220)

= e1/4+∆

2
∑
k≥1

e−(k∆−1/2)2
(221)

= 1
2
∑
k≥1

e−k
2∆2+(k+1)∆ (222)

≤ 1
2
∑
k≥1

e−k
2∆2/2 (223)

≤ 1
2
∑
k≥1

e−k∆2/2 (224)

= 1
2

e−∆2/2

1− e−∆2/2 (225)

≤ e−∆2/2 , (226)

where we used 2π/δ ≥ ∆ and ∆ ≥ 4, so that k2∆2 − (k + 1)∆ ≥ k2∆2/2 for k ≥ 1, and

1− e−∆2/2 ≥ 1/2. Hence

‖(X1 −X2) |ψm,n〉 ‖ ≤
{
e−βwm,n/2(2e−2π/δ + ee−(π/(2δ))2) if wm,n ≥ wl ,

e−βwm,n/2(2e−2π/δ + e−∆2/2) if wm,n < wl.
(227)
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D.3 Step III: The approximation X

Last, we place the corresponding upper bound in J , and the resulting approximation is X in
Eq. (95). From Eq. (199), we have

(X2 −X) |ψm,n〉 = e−βwl/2
δ√
2π

∑
|j|>J

H(ωj)eiωjxm,n |ψm,n〉 . (228)

Then,

e−βwl/2
δ√
2π
|
∑
|j|>J

H(ωj)eiωjxm,n | ≤ e−βwl/2
δ√
2π

∑
|j|>J

|H(ωj)| (229)

= e−βwl/2δ
∑
|j|>J

|F (ωj)G(ωj)| (230)

≤ e−βwl/2 δ

2π e
1/4+∆

∑
|j|>J

e−ω
2
j/4 (231)

≤ 2e−βwl/2 δ

2π e
1/4+∆

∑
j>J

e−j(J+1)δ2/4 (232)

= e−βwl/2
δ

π
e1/4+∆ e−ω

2
J+1/4

1− e−ωJ+1δ/4
(233)

= e−βwl/2
4(ωJ+1δ/4)
πωJ+1

e1/4+∆ e−ω
2
J+1/4

1− e−ωJ+1δ/4
(234)

≤ 2e−βwl/2 e∆

ωJ+1

(
ωJ+1δ

4 + 1
)
e−ω

2
J+1/4 (235)

= 2e−βwl/2e∆
(
δ

4 + 1
ωJ+1

)
e−ω

2
J+1/4 (236)

≤ 5
2e
−βwl/2e∆−ω2

J+1/4 (237)

= 5
2e
−βwm,n/2e∆+xm,ne−ω

2
J+1/4 , (238)

where we used Eqs. (92) and (94) for bounding |H(ωj)|, 4e1/4/π ≤ 2, y/(1−e−y) ≤ y+1 for y ≥ 0
(y = ωJ+1δ/4), and assumed δ ≤ 1 and ωJ+1 ≥ 1. Hence, we obtain

‖(X2 −X) |ψm,n〉 ‖ ≤
5
2e
−βwm,n/2e∆+xm,ne−ω

2
J+1/4. (239)

D.4 Choice of parameters and final bounds
We start from the triangle inequality using the three approximations:

‖(e−βW/2 −X) |ψm,n〉 ‖ ≤‖(e−βW/2 −X1) |ψm,n〉 ‖+ ‖(X1 −X2) |ψm,n〉 ‖
+ ‖(X2 −X) |ψm,n〉 ‖ . (240)

Let

Xm,n := e−βwl/2
δ√
2π

J∑
j=−J

H(ωj)eiωjxm,n (241)

be the eigenvalue of X when acting on |ψm,n〉 . In addition, let ∆, δ, and J be such that

∆ ≥ 4 , (242)
2π/δ ≥ 2∆ + β(wmax − wl) , (243)
ωJ+1 ≥ 1 , (244)
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which are consistent with all previous assumptions. Then, according to Eq. (196), Eq. (227),
Eq. (239), and Eq. (240), we obtain

|e−βwm,n/2 −Xm,n|

≤ e−βwm,n/2
(
e−∆2

2 + 2e−2π/δ + ee−(π/(2δ))2
+ 5

2e
∆+xm,ne−ω

2
J+1/4

)
, (245)

for all wm,n ≥ wl. According to Eq. (196), Eq. (227), Eq. (239), and Eq. (240), we obtain

|e−βwm,n/2 −Xm,n| ≤ e−βwm,n/2
(

1 + 2e−2π/δ + e−∆2/2 + 5
2e

∆+xm,n e−ω
2
J+1/4

)
, (246)

for all wm,n < wl.
We will choose our parameters so that, when wm,n ≥ wl, each term in Eq. (245) provides

an (ε/12)-relative error and the sum is an overall (ε/3)-relative error, as required by Eq. (64) in
Lemma 3.2. To this end, let

∆ = max{4,
√

ln(6/ε)} , (247)
2π/δ ≥ max{2∆ + β(wmax − wl), 2∆2} , (248)

ω2
J+1/4 ≥ ∆ + β(wmax − wl)/2 + ln(30/ε) ; (249)

these are also consistent with all the previous assumptions. Then

ee−(π/(2δ))2
< 2e−2π/δ <

e−∆2

2 ≤ ε/12 , (250)

and using wm,n ≤ wmax (i.e., xm,n ≤ β(wmax − wl)/2),

5
2e

∆+xm,n e−ω
2
J+1/4 ≤ 5

2e
− ln(30/ε) = ε/12 . (251)

Hence, the above conditions imply, for wm,n ≥ wl,

‖(e−βW/2 −X) |ψm,n〉 ‖ ≤
ε

3e
−βwm,n/2 , (252)

which is Eq. (64). For wm,n < wl, we follow Eq. (246) and obtain

|e−βwm,n/2 −Xm,n| ≤ e−βwm,n/2(1 + ε/12 + e−8 + ε/12) (253)
≤ 2e−βwm,n/2 . (254)

Equivalently, for wm,n < wl,

‖(e−βW/2 −X) |ψm,n〉 ‖ ≤ 2e−βwm,n/2 , (255)

which is Eq. (63). Therefore, any ∆, δ, and ωJ+1 satisfying the conditions given in Eqs. (247),
(248), and (249), suffice to achieve the desired overall error.

Hence, we can choose (∆2 ≥ 4∆)

δ = 2π
β(wmax − wl) + 2∆2 (256)

to satisfy Eq. (248) and any

ωJ+1 ≥
5
3
√
β(wmax − wl) + 2∆2 (257)

≥
√

2β(wmax − wl) + (11/2)∆2 (258)

≥
√

2β(wmax − wl) + ∆2 + 4∆2 + 8 (259)

≥
√

2β(wmax − wl) + ∆2 + 4 ln(6/ε) + 4 ln(5) (260)

≥
√

2β(wmax − wl) + 4∆ + 4 ln(30/ε) (261)
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to satisfy Eq. (249). It follows that for any J satisfying

J + 1 ≥
⌈

1
3(β(wmax − wl) + 2∆2)3/2

⌉
(262)

≥
⌈

5
3

1
2π (β(wmax − wl) + 2∆2)3/2

⌉
, (263)

Eqs. (257) and (249) are satisfied. Since ∆ is sublogarithmic in 1/ε, we would expect the term
β(wmax − wl) to be the dominant term in many interesting instances. The results of the lemma
follow from the definition z := β(wmax−wl)+2∆2, so that δ = 2π/z, and choosing J+1 ≥ d 1

3z
3/2e

suffices to satisfy Eq. (249). In particular, there exists a value of J (i.e., given by the right hand side
of Eq. (262)) that implies ωJ+1 ≈ (2π/3)z1/2. The above are possible choices for the parameters,
but other choices that respect the bounds in Eqs. (247), (248), and Eq. (249), will work as well.
This proves the main claim of Lemma 3.4.

Last, using again the Poisson summation formula, we obtain the following bound

δ√
2π

J∑
j=−J

|H(ωj)| ≤
δ√
2π

∑
j

|H(ωj)| (264)

≤ δ

2π e
1/4+∆

∑
j

e−ω
2
j/4 (265)

= 1√
π
e1/4+∆

∑
k

e−(k2π/δ)2
(266)

≤ e∆(1 + 2
∞∑
k=1

e−(k2π/δ)2
) (267)

≤ e∆(1 + 2
∞∑
k=1

e−(k2∆)2
) (268)

≤ e∆(1 + 2
∞∑
k=1

e−k64) (269)

≤ 2e∆ (270)

≤ 2e4e
√

ln(6/ε) , (271)

which proves Eq. (103) in Lemma 3.4. This term is 1/εo(1) and thus subpolynomial in 1/ε. This

implies that the coefficients appearing in the operator X satisfy α =
∑J
j=−J |αj | ≤ e−βwl/22e∆.

E Improved approximations for W ≥ 0
It is possible that for some instances the work operator in Eq. (25) is W ≥ 0. This occurs, for
example, when H1 ≥ 0 and H0 ≤ 0 [21,77]. The following result is a direct consequence of Lemma
3 in Ref. [83]:

Lemma E.1 (Hubbard-Stratonovich approximation). Let ε > 0 and assume wmin ≥ 0. Then, for

δ = 1
2π

(√
βwmax +

√
6 ln(2/ε)

)−1
, (272)

and all

J ≥ d2π
(√

βwmax +
√

6 ln(2/ε)
)√

6 ln(2/ε)e , (273)

we obtain

‖e−βW/2 −X‖ ≤ ε , (274)
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where

X := δ√
2π

J∑
j=−J

e−ω
2
j/2eiωj

√
βW (275)

and ωj = jδ. In addition, the coefficients in the expansion of X satisfy

δ√
2π

J∑
j=−J

e−ω
2
j/2 ≤ 2 . (276)

Proof. The result follows from the Hubbard-Stratonovich transformation [94], which itself follows
from the identity (x ≥ 0)

e−βx/2 = 1√
2π

∫ ∞
−∞

dy e−y
2/2eiy

√
βx . (277)

We use some results of Appendix C of Ref. [77]. In that work it is first shown that if (λ ≥ 0)

2π
δ
≥
√
βλ+

√
2 ln(5/ε) , (278)

then ∣∣∣∣∣∣e−βλ/2 − δ√
2π

∞∑
j=−∞

e−ω
2
j/2eiωj

√
βλ

∣∣∣∣∣∣ ≤ ε/2 . (279)

Next, it is shown that if

ωJ ≥
√

6 ln(2/ε) , (280)

then
δ√
2π

∑
|j|>J

e−ω
2
j/2 ≤ ε/2 . (281)

The triangle inequality gives∣∣∣∣∣∣e−βλ/2 − δ√
2π

J∑
j=−J

e−ω
2
j/2eiωj

√
βλ

∣∣∣∣∣∣ ≤ ε . (282)

We replace λ by an eigenvalue of W , wm,n. In particular, we are in the case where wmin ≥ 0
and then the largest eigenvalue is wmax. We can then choose

δ = 1
2π

(√
βwmax +

√
6 ln(2/ε)

)−1
(283)

≤ 1
2π

(√
βwmax +

√
2 ln(5/ε)

)−1
(284)

and

J ≥ d1
δ

√
6 ln(2/ε)e (285)

= d2π
√

6 ln(2/ε)
(√

βwmax +
√

6 ln(2/ε)
)
e (286)

to satisfy, for all eigenvalues wm,n of W ,∣∣∣∣∣∣e−βwm,n/2 − δ√
2π

J∑
j=−J

e−ω
2
j/2eiωj

√
βwm,n

∣∣∣∣∣∣ ≤ ε . (287)
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Equivalently, ∥∥∥∥∥∥e−βW/2 − δ√
2π

J∑
j=−J

e−ω
2
j/2eiωj

√
βW

∥∥∥∥∥∥ ≤ ε , (288)

which is Eq. (274).
Last, considering the case λ = 0, we already showed∣∣∣∣∣∣1− δ√

2π

J∑
j=−J

e−ω
2
j/2

∣∣∣∣∣∣ ≤ ε . (289)

This implies
J∑

j=−J
e−ω

2
j/2 ≤ 1 + ε (290)

≤ 2 , (291)

which is Eq. (276).

Lemma E.1 is useful as long as we can implement the unitaries e−iωj
√
βW , which correspond

to evolving with
√
W for time ωj

√
β [95]. Under this assumption, it is possible to approximate

the exponential operator using a number of unitaries (2J + 1) that is an improvement with respect
to the general case given in Lemma 3.4. That is, the relevant quantities depend now on

√
βwmax

rather than β(wmax − wl). In general, this is a mild improvement of the complexity, which is still
expected to be dominated by the factor eβ∆A/2 in many cases, even when W ≥ 0.

F Proof of Lemma 4.2
For any a ≥ 0, we obtain

‖Π1
≤ε1

Π0
>ε0
‖ = ‖Π1

≤ε1
eaH1e−aH1eaH0e−aH0Π0

>ε0
‖ (292)

≤ ‖Π1
≤ε1

eaH1‖ ‖e−aH1eaH0‖ ‖e−aH0Π0
>ε0
‖ (293)

≤ e−a(ε0−ε1) ‖e−aH1eaH0‖. (294)

Let F (a) := e−aH1eaH0 . This operator satisfies

∂aF (a) = −F (a)e−aH1V eaH0 (295)
= −F (a)V (a) , (296)

where V (a) := e−aH0V eaH0 . Hence

F (a) = T e−
∫ a

0
da′ V (a′)

, (297)

where T is the time-ordering operator. Then,

‖F (a)‖ = ‖T e
∫ a

0
da′ V (a′)‖ (298)

≤ 1 +
∫ a

0
da′‖V (a′)‖+

∫ a

0
da′
∫ a′

0
da′′‖V (a′)‖‖V (a′′)‖+ . . . (299)

≤ eamaxa′∈[0,a] ‖V (a′)‖ . (300)

Lemma 3.1 in Ref. [96] implies ‖V (a′)‖ ≤ Mv
(1−a′hgk)r if 0 ≤ 1− a′hgk < 1, where r := R/(hgk)

and R := maxY ∈Λ
∑
X∈Λ:[h0,X ,vY ] 6=0 ‖h0,X‖. (In their notation, s→ a′ and g → gh.) Then,

max
a′∈[0,a]

‖V (a′)‖ ≤ Mv

(1− ahgk)r (301)
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under the assumption 0 ≤ ahgk < 1. Note that R ≤ hgk, since each term vX in V involves at most
k spins, and each spin interacts with at most g other spins. Then, r ≤ 1. As a result, we obtain

‖Π1
≤ε1

Π0
>ε0
‖ ≤ e−a(ε0−ε1)ea

Mv
(1−ahgk) . (302)

Choosing a = 1/(2hgk), we obtain the desired result:

‖Π1
≤ε1

Π0
>ε0
‖ ≤ e−

ε0−ε1−2Mv
2hgk . (303)

Note that we can obtain a better bound by minimization over all possible values of a ∈ R+

subject to the assumption. Nevertheless, the previous result suffices for Thm. 1.5.

G Phases for quantum signal processing
We seek to implement the operator X given in Eq. (95) using QSP. This requires finding the phases
associated with the ancilla qubit rotations, as discussed in Sec. 3.3.4. Here we use the MATLAB
package QSPPACK (https://github.com/qsppack/QSPPACK) to explicitly calculate these phases
using optimization methods. The MATLAB package is based on the recent work by Yulong Dong
et al. [88]. It requires the input polynomials to be real and given in a Chebyshev basis, as a
linear combination of Chebyshev polynomials Tj(y) of the first kind. The input polynomials are
also required to have definite parity (even or odd) in y. With a little extra work, we note that
the package can be modified to provide the phases when the input function is given as a linear
combination of

√
1− y2Rj(y), where the Rj ’s are the Chebyshev polynomials of the second kind;

more details follow.
The general quantum circuit VΦ used for QSP implementation in the package is in Fig. 3.

The ancilla-qubit gates determined by Φ = {φ0, φ1, · · · , φd} are rotations around the Z axis by
corresponding angles. H is the Hadamard gate and X is the Pauli gate that performs the map
X |0〉 → |1〉 and X |1〉 → |0〉 . The operations V and V† are unitary, and these are controlled on the
state |1〉 of the ancilla. Let θ/2 be an eigenphase of V, |ψθ/2〉 the corresponding eigenstate, and
define y = cos(θ/2). Then, in the two-dimensional subspace spanned by { |0〉 |ψθ/2〉 , |1〉 |ψθ/2〉 },
the quantum circuit in Fig. 3 implements the SU(2) operation

VΦ(y) = eiφ0ZW(y)eiφ1Z · · ·W(y)eiφdZ , (304)

where

W(y) := e±i arccos(y)X (305)

=
(

y ±i
√

1− y2

±i
√

1− y2 y

)
(306)

is in SU(2) and, for integer k,

Wk(y) = e±ik arccos(y)X (307)

=
(

cos(kθ/2) i sin(kθ/2)
i sin(kθ/2) cos(kθ/2)

)
(308)

=
(

Tk(y) ±i
√

1− y2Rk−1(y)
±i
√

1− y2Rk−1(y) Tk(y)

)
. (309)

(We adopt the convention T−k(y) = Tk(y) and R−k−1(y) = −Rk−1(y) if k ≥ 1.) The sign in
the off-diagonal entry depends on the value of θ; it is +1 if θ/2 mod 2π ∈ [0, π) and −1 if θ/2
mod 2π ∈ [π, 2π). Using Eq. (309) and the fact that ZWk(y)Z =W−k(y), Z2 = 1l, we can prove

VΦ(y) = (cosφ01l + i sinφ0Z)W(y)(cosφ11l + i sinφ1Z)W(y) . . . (310)

=
∑

k=−d,−d+2,...,d
DkWk(y) , (311)
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where Dk are two-dimensional diagonal matrices that can be written as Dk = Re(βk)1l+ iIm(βk)Z,
for some coefficients βk ∈ C. Then,

VΦ(y) =
(

P (y) ±i
√

1− y2Q(y)
±i
√

1− y2Q∗(y) P ∗(y)

)
, (312)

where P (y) =
∑
k=−d,−d+2,... βkTk(y) and Q(y) =

∑
k=−d,−d+2,... βkRk−1(y). Setting (even) d =

2J , these are

P (y) = β0 +
J∑
j=1

(β2j + β−2j)T2j(y) , (313)

Q(y) =
J∑
j=1

(β2j − β−2j)R2j−1(y) . (314)

Note that P (y) = P (−y) and Q(y) = −Q(−y) have definite parity (even and odd degrees, respec-
tively).

The input to QSPPACK is a polynomial p1(y) ∈ R[y] of definite parity, such that |p1(y)| ≤
1 ∀y ∈ [−1, 1], given as a linear combination of Chebyshev polynomials of the first kind, e.g., a
linear combination of T2j(y) if it is an even function. The package finds a set Φ1 of 2J + 1 phases
that produces an SU(2) unitary VΦ1(y), where the first entry satisfies Re( 〈0|VΦ1(y) |0〉 ) = p1(y).
Finding Φ1 is a straightforward application of the function QSP solver in the package, which uses
the limited-memory BFGS optimization algorithm. A modification of the solver allows us to ad-
dress a polynomial q2(y) ∈ R[y] of definite parity, such that |q2(y)| ≤ 1 ∀y ∈ [−1, 1], given
as a linear combination of Chebyshev polynomials of the second kind, e.g., a linear combination
of R2j−1(y) if it is an odd function. In this case, the package finds a set Φ2 of 2J + 1 phases
that produces an SU(2) unitary VΦ2(y), where the second entry satisfies Im( 〈0|VΦ2(y) |1〉 ) =
±
√

1− y2q2(y). To that end, we modify the solver such that objective function to be mini-

mized is 1
2

(
Im( 〈0|VΦ(y) |1〉 )− (±

√
1− y2)Q(y)

)2
. We can also combine the unitaries such that

Re( 〈0|VΦ1(y) + VΦ2(y)e−iπ2 X |0〉 ) = p1(y)+(±
√

1− y2)q2(y), allowing us to address more general
functions using a simple LCU.

To implement the operator X using QSPPACK, we need to find a presentation that is compat-
ible with Eqs. (313) and (314). For θ ∈ R, let f(eiθ) := 1

α

∑J
j=−J αje

ijθ, where α =
∑J
j=−J |αj |,

αj = e−βwl/2
δ√
2π
H(ωj)e−iωjβwl/2 , (315)

H(ω) = e∆+1/2−(ω2+1)/4
√

2π(1 + ω2)
(1− iω)eiω(∆+1/2), (316)

and ω = jδ; see Eqs. (96) and (103). In particular, if θ is an eigenphase of U , where U is the
unitary in Eq. (41), and if we replace eiθ → U , we obtain f(U) = X/α. The property αj = α∗−j
implies f(eiθ) ∈ R. Then, f(eiθ) = 1

α

∑J
j=−J Re(αj) cos(jθ)− Im(αj) sin(jθ) and, if y = cos(θ/2),

we obtain f(eiθ) = p1(y) + (±
√

1− y2)q2(y), where

p1(y) := 1
α

α0 + 2
J∑
j=1

Re(αj)T2j(y)

 , (317)

q2(y) := − 2
α

J∑
j=1

Im(αj)R2j−1(y) . (318)

These polynomials satisfy the properties required by the (modified) package. That is, for y ∈
[−1, 1], p1(y) ∈ R and q2(y) ∈ R are presented as linear combinations of Chebyshev polynomials of
the first and second kinds, respectively. Also, p1(y) = p1(−y) is an even function, q2(y) = −q2(−y)
is an odd function, and |p1(y)| ≤ 1, |q2(y)| ≤ 1. We can then produce each of these polynomials
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in the entries of SU(2) matrices using QSPPACK, which outputs the sets Φ1 and Φ2 discussed
earlier, of 2J + 1 phases each. In particular, in the two-dimensional subspace,

1
2

(
VΦ1(y) + V †Φ1

(y) + VΦ2(y)e−iπ2 X + ei
π
2 XV †Φ2

(y)
)

=
(
p1(y) + (±

√
1− y2)q2(y) .
. .

)
, (319)

and the first entry is f(eiθ). The SU(2) unitaries VΦ1(y) and VΦ2(y) correspond to unitaries VΦ1

and VΦ2 in the larger Hilbert space, respectively, that can be implemented using a circuit like

Fig. 3. The unitaries V †Φ1
and V †Φ2

can also be implemented using a similar circuit noting that, in

general, V †Φ = e−iφd(Z⊗1l)W · · · e−iφ1(Z⊗1l)We−iφ0(Z⊗1l).
The circuit in Fig. 3 uses controlled-V and controlled-V† operations. In the analyzed two-

dimensional subspaces, θ/2 is the eigenphase of V and θ is the eigenphase of U , implying V = U
1
2 .

Our quantum algorithm assumes access to U but not necessarily to U
1
2 . Nevertheless, a simple

compilation of the circuit in Fig. 3 allows it to be implemented using controlled-U and controlled-U†

operations instead:

φd H • H φd−1 H • H φd−2 · · ·

U
1
2 U−

1
2 U

1
2 U−

1
2

· · ·
· · ·
· · ·

(320)

φd H • H φd−1 H • H φd−2 · · ·

=

U
1
2 U−

1
2 U

1
2 U−

1
2 U

1
2 U−

1
2

· · ·
· · ·
· · ·

(321)

VΦ

φd H H φd−1 H • H φd−2 · · ·

= =

U U†

· · ·
· · ·
· · ·

(322)

Equation (319) implies

1
4

(
VΦ1 + V †Φ1

+ VΦ2e
−iπ2 X + ei

π
2 XV †Φ2

)
=
(
X
2α .
. .

)
, (323)

and the first entry contains the desired operator X. This is a linear combination of four unitaries,
where the coefficients add up to 1, and can be directly implemented using the LCU framework
described in Sec. 3.3.3. It requires two additional ancilla qubits, bringing the total ancilla count to
three in this case. The number of controlled-U and controlled-U† is bounded by 4× (2J) = O(J),
and the additional number of two-qubit gates is also O(J), as stated in Thm. 1.2. Since using this
method we implement X/(2α) rather than X/α (see Eq. (127) and Sec. 3.5), the factor 1/2 will
bring an additional but constant overhead, where the average number of amplitude amplification
rounds is doubled.

In Fig. 11 we show the sets of phases Φ1 = {φ1,0, φ1,1, . . . , φ1,2J} and Φ2 = {φ2,0, φ2,1, . . . , φ2,2J}
obtained by running the QSPPACK MATLAB package, such that the unitaries VΦ1 and VΦ2 satisfy
Eq. (323). Note that, to better display the results, we have not plotted the first and last phases
of these sets, which are given in the caption. The package was modified to have an extra input
called “kind”, which has the value 1 for functions given as linear combinations of Tj(y) and 2 for
functions given as linear combinations of Rj(y). The objective function and the gradient function
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is defined in the package depending on the value of “kind”. The relevant parameters chosen in this
simulation are βwmax = 50, βwl = −1, ∆ = 4. We then use Lemma 3.4 to compute the rest of the
parameters. We obtain J = 252 and δ = 0.0757 for Eqs. (317) and (318), and these also determine
X. An initial guess for the phases is needed by QSPPACK, and we set Φini

1 = {π4 , 0, 0, · · · ,
π
4 }

and Φini
2 = {0, 0, 0, · · · ,−π2 }. The package uses limited memory BFGS algorithm (a quasi Newton

method) to find the phases. The resulting error in generating the function p1(y)+(±
√

1− y2)q2(y)
in the entry of the SU(2) matrix in Eq. (319) is less than machine precision for all y ∈ [−1, 1].

Figure 11: Phases to implement X using QSP. The simulation parameters are ∆ = 4, βwmax = 50, βwl = −1,
J = 252, and δ = 0.0757. (a) Phases Φ1 = {φ1,0, φ1,1, . . . , φ1,504} obtained using QSPPACK for generating
p1(y), where φ1,0 = φ1,504 = π

4 are not plotted. (b) Phases Φ2 = {φ2,0, φ2,1, . . . , φ2,504} obtained using
QSPPACK for generating q2(y), where φ2,0 = 0 and φ2,504 = −π2 are not plotted.
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