
◗✉❛♥t✉♠ ❜❛❝❦ ❛❝t✐♦♥ ❡✈❛❞✐♥❣ ♠❡❛s✉r❡♠❡♥t ♦❢ ♠♦t✐♦♥

✐♥ ❛ ♥❡❣❛t✐✈❡ ♠❛ss r❡❢❡r❡♥❝❡ ❢r❛♠❡

❈❤r✐st♦✛❡r ❇✳ ▼ø❧❧❡r✱✶✱ ∗ ❘♦❞r✐❣♦ ❆✳ ❚❤♦♠❛s✱✶✱ ∗ ●❡♦r❣✐♦s ❱❛s✐❧❛❦✐s✱✶✱ ✷

❊♠✐❧ ❩❡✉t❤❡♥✱✸✱ ✶ ❨❡❣❤✐s❤❡ ❚s❛t✉r②❛♥✱✶ ▼✐❦❤❛✐❧ ❇❛❧❛❜❛s✱✶✱ ✹ ❑❛s♣❡r

❏❡♥s❡♥✱✶ ❆❧❜❡rt ❙❝❤❧✐❡ss❡r✱✶ ❑❧❡♠❡♥s ❍❛♠♠❡r❡r✱✸ ❛♥❞ ❊✉❣❡♥❡ ❙✳ P♦❧③✐❦✶✱ †

✶◆✐❡❧s ❇♦❤r ■♥st✐t✉t❡✱ ❯♥✐✈❡rs✐t② ♦❢ ❈♦♣❡♥❤❛❣❡♥✱ ❉❑✲✷✶✵✵ ❈♦♣❡♥❤❛❣❡♥✱ ❉❡♥♠❛r❦

✷■♥st✐t✉t❡ ❢♦r ❊❧❡❝tr♦♥✐❝ ❙tr✉❝t✉r❡ ❛♥❞ ▲❛s❡r✱

❋♦✉♥❞❛t✐♦♥ ❢♦r ❘❡s❡❛r❝❤ ❛♥❞ ❚❡❝❤♥♦❧♦❣②✲❍❡❧❧❛s✱ ❍❡r❛❦❧✐♦♥ ✼✶✶✶✵✱ ●r❡❡❝❡

✸■♥st✐t✉t❡ ❢♦r ❚❤❡♦r❡t✐❝❛❧ P❤②s✐❝s ✫ ■♥st✐t✉t❡ ❢♦r

●r❛✈✐t❛t✐♦♥❛❧ P❤②s✐❝s ✭❆❧❜❡rt ❊✐♥st❡✐♥ ■♥st✐t✉t❡✮✱

▲❡✐❜♥✐③ ❯♥✐✈❡rs✐tät ❍❛♥♥♦✈❡r✱ ❈❛❧❧✐♥str❛ÿ❡ ✸✽✱ ✸✵✶✻✼ ❍❛♥♥♦✈❡r✱ ●❡r♠❛♥②

✹❉❡♣❛rt♠❡♥t ♦❢ P❤②s✐❝s✱ ❙t P❡t❡rs❜✉r❣ ❙t❛t❡ ❯♥✐✈❡rs✐t②✱

❯♥✐✈❡rs✐t❡ts❦✐✐ ♣r✳ ✷✽✱ ✶✾✽✺✵✹ ❙t❛r②✐ P❡t❡r❤♦❢✱ ❘✉ss✐❛
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❆❜str❛❝t

◗✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s ❞✐❝t❛t❡s t❤❛t ❛ ❝♦♥t✐♥✉♦✉s ♠❡❛s✉r❡♠❡♥t ♦❢ t❤❡ ♣♦s✐t✐♦♥ ♦❢ ❛♥ ♦❜❥❡❝t ✐♠♣♦s❡s

❛ r❛♥❞♦♠ q✉❛♥t✉♠ ❜❛❝❦ ❛❝t✐♦♥ ✭◗❇❆✮ ♣❡rt✉r❜❛t✐♦♥ ♦♥ ✐ts ♠♦♠❡♥t✉♠✳ ❚❤✐s r❛♥❞♦♠♥❡ss tr❛♥s❧❛t❡s

✇✐t❤ t✐♠❡ ✐♥t♦ ♣♦s✐t✐♦♥ ✉♥❝❡rt❛✐♥t②✱ t❤✉s ❧❡❛❞✐♥❣ t♦ t❤❡ ✇❡❧❧ ❦♥♦✇♥ ✉♥❝❡rt❛✐♥t② ♦♥ t❤❡ ♠❡❛s✉r❡♠❡♥t

♦❢ ♠♦t✐♦♥ ❬✶✱ ✷❪✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❛♥❞ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ ❍❡✐s❡♥❜❡r❣ ✉♥❝❡rt❛✐♥t② ♣r✐♥❝✐♣❧❡✱ t❤❡

◗❇❆ ❬✸✱ ✹❪ ♣✉ts ❛ ❧✐♠✐t❛t✐♦♥✖t❤❡ s♦✲❝❛❧❧❡❞ st❛♥❞❛r❞ q✉❛♥t✉♠ ❧✐♠✐t✖♦♥ t❤❡ ♣r❡❝✐s✐♦♥ ♦❢ s❡♥s✐♥❣ ♦❢

♣♦s✐t✐♦♥✱ ✈❡❧♦❝✐t② ❛♥❞ ❛❝❝❡❧❡r❛t✐♦♥✳ ❍❡r❡ ✇❡ ❞❡♠♦♥str❛t❡ t❤❛t t❤❡ ◗❇❆ ♦♥ ❛ ♠❛❝r♦s❝♦♣✐❝ ♠❡❝❤❛♥✐❝❛❧

♦s❝✐❧❧❛t♦r ❝❛♥ ❜❡ ❡✈❛❞❡❞ ✐❢ t❤❡ ♠❡❛s✉r❡♠❡♥t ♦❢ ♠♦t✐♦♥ ✐s ❝♦♥❞✉❝t❡❞ ✐♥ t❤❡ r❡❢❡r❡♥❝❡ ❢r❛♠❡ ♦❢ ❛♥

❛t♦♠✐❝ s♣✐♥ ♦s❝✐❧❧❛t♦r ❬✺✱ ✻❪✳ ❚❤❡ ❝♦❧❧❡❝t✐✈❡ q✉❛♥t✉♠ ♠❡❛s✉r❡♠❡♥t ♦♥ t❤✐s ♥♦✈❡❧ ❤②❜r✐❞ s②st❡♠ ♦❢ t✇♦

❞✐st❛♥t ❛♥❞ ❞✐s♣❛r❛t❡ ♦s❝✐❧❧❛t♦rs ✐s ♣❡r❢♦r♠❡❞ ✇✐t❤ ❧✐❣❤t✳ ❚❤❡ ♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r ✐s ❛ ❞r✉♠ ♠♦❞❡

♦❢ ❛ ♠✐❧❧✐♠❡t❡r s✐③❡ ❞✐❡❧❡❝tr✐❝ ♠❡♠❜r❛♥❡ ❛♥❞ t❤❡ s♣✐♥ ♦s❝✐❧❧❛t♦r ✐s ❛♥ ❛t♦♠✐❝ ❡♥s❡♠❜❧❡ ✐♥ ❛ ♠❛❣♥❡t✐❝

✜❡❧❞✳ ❚❤❡ s♣✐♥ ♦r✐❡♥t❡❞ ❛❧♦♥❣ t❤❡ ✜❡❧❞ ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ❡♥❡r❣❡t✐❝❛❧❧② ✐♥✈❡rt❡❞ s♣✐♥ ♣♦♣✉❧❛t✐♦♥

❛♥❞ r❡❛❧✐③❡s ❛♥ ❡✛❡❝t✐✈❡ ♥❡❣❛t✐✈❡ ♠❛ss ♦s❝✐❧❧❛t♦r✱ ✇❤✐❧❡ t❤❡ ♦♣♣♦s✐t❡ ♦r✐❡♥t❛t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦

❛ ♣♦s✐t✐✈❡ ♠❛ss ♦s❝✐❧❧❛t♦r✳ ❚❤❡ ◗❇❆ ✐s s✉♣♣r❡ss❡❞ ❜② −1.8 ❞❇ ✐♥ t❤❡ ♥❡❣❛t✐✈❡ ♠❛ss s❡tt✐♥❣ ❛♥❞

❡♥❤❛♥❝❡❞ ❜② 2.4 ❞❇ ✐♥ t❤❡ ♣♦s✐t✐✈❡ ♠❛ss ❝❛s❡✳ ❚❤❡ ❤②❜r✐❞ q✉❛♥t✉♠ s②st❡♠ ♣r❡s❡♥t❡❞ ❤❡r❡ ♣❛✈❡s

t❤❡ r♦❛❞ t♦ ❡♥t❛♥❣❧❡♠❡♥t ❣❡♥❡r❛t✐♦♥ ❛♥❞ ❞✐st❛♥t q✉❛♥t✉♠ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❜❡t✇❡❡♥ ♠❡❝❤❛♥✐❝❛❧ ❛♥❞

s♣✐♥ s②st❡♠s ❛♥❞ t♦ s❡♥s✐♥❣ ♦❢ ❢♦r❝❡✱ ♠♦t✐♦♥ ❛♥❞ ❣r❛✈✐t② ❜❡②♦♥❞ t❤❡ st❛♥❞❛r❞ q✉❛♥t✉♠ ❧✐♠✐t✳
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❋✐❣✉r❡ ✶✳

❈♦♥t✐♥✉♦✉s ♠❡❛s✉r❡♠❡♥t ♦❢ ❛♥ ♦s❝✐❧❧❛t♦r ♣♦s✐t✐♦♥✱ x̂(t) = x̂(0) cos(Ωt)+p̂(0) sin(Ωt)/(mΩ)✱

✇❤❡r❡ Ω ✐s t❤❡ ❢r❡q✉❡♥❝② ❛♥❞ m ✐s t❤❡ ♠❛ss✱ ❧❡❛❞s t♦ ❛❝❝✉♠✉❧❛t✐♦♥ ♦❢ t❤❡ q✉❛♥t✉♠ ❜❛❝❦

❛❝t✐♦♥ ✭◗❇❆✮ ♦❢ t❤❡ ♠❡❛s✉r❡♠❡♥t ✐♥ ❜♦t❤ t❤❡ ♣♦s✐t✐♦♥ ❛♥❞ ♠♦♠❡♥t✉♠✱ p̂✱ ♥♦♥✲❝♦♠♠✉t✐♥❣

✈❛r✐❛❜❧❡s [x̂, p̂] = i~ ❬✶✱ ✷❪✳ ▼❡❛s✉r❡♠❡♥t ◗❇❆ ✇❛s r❡❝❡♥t❧② ♦❜s❡r✈❡❞ ❢♦r ❛ ♠❡❝❤❛♥✐❝❛❧

♦s❝✐❧❧❛t♦r ❬✸❪ ❛♥❞ ❢♦r ❛t♦♠✐❝ ♠♦t✐♦♥ ❬✹❪✳ ❙✉♣♣♦s❡✱ ❤♦✇❡✈❡r✱ t❤❛t t❤❡ ♣♦s✐t✐♦♥ ✐s ♠❡❛s✉r❡❞

r❡❧❛t✐✈❡ t♦ ❛♥ ♦s❝✐❧❧❛t♦r ✇✐t❤ ❛ ♠❛ss m0 = −m ❢♦r ✇❤✐❝❤ ˙̂x0 = −p̂0/m✳ ❚❤❡ r❡s✉❧t ♦❢ ❛

♠❡❛s✉r❡♠❡♥t ♦❢ x̂(t)− x̂0(t) = (x̂(0)− x̂0(0)) cos(Ωt)+ (p̂(0)+ p̂0(0)) sin(Ωt)/(mΩ) ❞❡♣❡♥❞s

♦♥❧② ♦♥ ❝♦♠♠✉t✐♥❣ ✈❛r✐❛❜❧❡s✱ [x̂ − x̂0, p̂ + p̂0] = 0✳ ❍❡♥❝❡ ✐t ❝❛♥ ❜❡ ◗❇❆ ❢r❡❡ ❬✺✱ ✻❪ ❛♥❞

t❤❡ ✉♥❝❡rt❛✐♥t② ✐♥ t❤❡ ♠❡❛s✉r❡♠❡♥t ♦❢ t❤❡ r❡❧❛t✐✈❡ ♣♦s✐t✐♦♥ 〈(x̂− x̂0)
2〉 ❝❛♥ ❜❡ s♠❛❧❧❡r t❤❛♥

t❤❡ ✉♥❝❡rt❛✐♥t② 〈x̂2〉✳ ❚❤❡ ✜rst ♣r♦♣♦s❛❧ ❢♦r s✉❝❤ ❛ ♠❡❛s✉r❡♠❡♥t ❜❛s❡❞ ♦♥ ❛t♦♠✐❝ s♣✐♥s

❬✻❪✱ ❤❛s ❜❡❡♥ ❢♦❧❧♦✇❡❞ ❜② ❛ ♥✉♠❜❡r ♦❢ ♣r♦♣♦s❛❧s ❢♦r ◗❇❆ ❢r❡❡ ♠❡❛s✉r❡♠❡♥ts ❬✼✕✶✵❪✳ ■♥

❬✶✶❪ t❤❡ ♥❡❣❛t✐✈❡ ♠❛ss ❛♣♣r♦❛❝❤ r❡❢❡rr❡❞ t♦ ❛s ✏q✉❛♥t✉♠✲♠❡❝❤❛♥✐❝s✲❢r❡❡ s✉❜s②st❡♠s✑ ✇❛s

s❤♦✇♥ t♦ ❧❡❛❞ t♦ ❛ ♠❡❛s✉r❡♠❡♥t s❡♥s✐t✐✈✐t② ❛♣♣r♦❛❝❤✐♥❣ t❤❡ ❈r❛♠ér✲❘❛♦ ❜♦✉♥❞✳ ❊❛r❧✐❡r

✇♦r❦ ♦♥ ❛t♦♠✐❝ s♣✐♥ ❡♥s❡♠❜❧❡s ✉t✐❧✐③❡❞ t❤❡ ♥❡❣❛t✐✈❡ ♠❛ss ♣r♦♣❡rt② ❢♦r ❞❡♠♦♥str❛t✐♦♥ ♦❢

❡♥t❛♥❣❧❡♠❡♥t ♦❢ ♠❛❝r♦s❝♦♣✐❝ s♣✐♥s ❬✶✷❪ ❛♥❞ ❢♦r ❡♥t❛♥❣❧❡♠❡♥t✲❛ss✐st❡❞ ♠❛❣♥❡t♦♠❡tr② ❬✶✸❪✳

❚❤❡ ❜❛❝❦ ❛❝t✐♦♥ ❡✈❛❞✐♥❣ ♠❡❛s✉r❡♠❡♥t ♦♥ t✇♦ ♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦rs ❛t r♦♦♠ t❡♠♣❡r❛t✉r❡

✇❛s ❞❡♠♦♥str❛t❡❞ ✐♥ ❬✶✹❪ ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ r❡❣✐♠❡ ✉s✐♥❣ ❧✐❣❤t✱ ❛♥❞ r❡❝❡♥t❧② ✐♥ t❤❡ q✉❛♥t✉♠

r❡❣✐♠❡ ❛t t❤❡ ♠✐❧❧✐❦❡❧✈✐♥ t❡♠♣❡r❛t✉r❡ r❛♥❣❡ ✉s✐♥❣ ♠✐❝r♦✇❛✈❡s ❬✶✺❪✳ ❲❛②s t♦ ♦✈❡r❝♦♠❡ ◗❇❆

❧✐♠✐t❛t✐♦♥s ❢♦r ❛ ❢r❡❡ ♠❛ss ♦s❝✐❧❧❛t♦r ✇✐t❤ sq✉❡❡③❡❞ ❧✐❣❤t ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ ✐♥ ❬✶✻✕✶✽❪✳

❍❡r❡ ✇❡ ❞❡♠♦♥str❛t❡ ◗❇❆ ❡✈❛s✐♦♥ ✐♥ ❛ ♥♦✈❡❧ ❤②❜r✐❞ q✉❛♥t✉♠ s②st❡♠ ❬✶✾✱ ✷✵❪ ❝♦♠✲

♣♦s❡❞ ♦❢ ❛ ♠❛❝r♦s❝♦♣✐❝ ♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r✱ ❛ ❤✐❣❤✲Q ❞✐❡❧❡❝tr✐❝ ♠❡♠❜r❛♥❡ ❬✸✻✱ ✸✼❪ ✭❋✐❣✳ ✶❛

❛♥❞ ▼❡t❤♦❞s✮ ✐♥ ❛ ❤✐❣❤ ✜♥❡ss❡ ♦♣t✐❝❛❧ ❝❛✈✐t②✱ ❛♥❞ ❛ s♣✐♥ ♦s❝✐❧❧❛t♦r✱ ❛♥ ❡♥s❡♠❜❧❡ ♦❢ r♦♦♠

✸



t❡♠♣❡r❛t✉r❡ ❈❡s✐✉♠ ❛t♦♠s ✐♥ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❝♦♥t❛✐♥❡❞ ✐♥ ❛ s♣✐♥✲♣r♦t❡❝t✐♥❣ ❡♥✈✐r♦♥✲

♠❡♥t ❬✷✹✱ ✷✺✱ ✸✵❪ ✭s❡❡ ❋✐❣✳ ✶❜ ❛♥❞ ▼❡t❤♦❞s✮✳ ❚❤❡ ♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r ❍❛♠✐❧t♦♥✐❛♥ ✐s

ĤM = (mΩ2
M/2)x̂

2+ p̂2/2m = (~ΩM/2)(X̂
2
M + P̂ 2

M)✱ ✇❤❡r❡ ✇❡ ❤❡♥❝❡❢♦rt❤ ❡♠♣❧♦② ❞✐♠❡♥s✐♦♥✲

❧❡ss ✈❛r✐❛❜❧❡s X̂M = x̂/x③♣❢ ❛♥❞ P̂M = p̂ x③♣❢/~ ✇❤❡r❡ x③♣❢ =
√

~/mΩM ✐s t❤❡ ♦s❝✐❧❧❛t♦r✬s ③❡r♦

♣♦✐♥t ♣♦s✐t✐♦♥ ✢✉❝t✉❛t✐♦♥ ❛♥❞ [X̂M , P̂M ] = i✳ ❈♦♠♣❛r❡❞ t♦ ❛ ♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r✱ ❛ s♣✐♥

♦s❝✐❧❧❛t♦r ❤❛s s♦♠❡ r❛t❤❡r ✉♥✐q✉❡ ♣r♦♣❡rt✐❡s✳ ❈♦♥s✐❞❡r ❛ ❝♦❧❧❡❝t✐✈❡ ❛t♦♠✐❝ s♣✐♥ Ĵα =
∑Na

i=1 F̂
i
α

✇✐t❤ ❝♦♠♣♦♥❡♥ts α = x, y, z ❝♦♠♣♦s❡❞ ♦❢ ❛ ❧❛r❣❡ ♥✉♠❜❡r Na ♦❢ ❣r♦✉♥❞ st❛t❡ s♣✐♥s F̂ i ✭✇✐t❤

F = 4 ✐♥ t❤❡ ♣r❡s❡♥t ❝❛s❡✮✳ ❆t♦♠s ❛r❡ ♦♣t✐❝❛❧❧② ♣✉♠♣❡❞ t♦ ❣❡♥❡r❛t❡ ❛♥ ❡♥❡r❣❡t✐❝❛❧❧② ✐♥✲

✈❡rt❡❞ s♣✐♥ ♣♦♣✉❧❛t✐♦♥ ✐♥ ❛♥ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ B ✭❋✐❣✳ ✶❝✮✱ ✇❤✐❝❤ ✇❡ t❛❦❡ t♦ ♣♦✐♥t

✐♥ t❤❡ ♣♦s✐t✐✈❡ x✲❞✐r❡❝t✐♦♥✳ ❚❤❡ ❝♦❧❧❡❝t✐✈❡ s♣✐♥ t❤✉s ❡①❤✐❜✐ts ❛ ❧❛r❣❡ ❛✈❡r❛❣❡ ♣r♦❥❡❝t✐♦♥

Jx = |〈Ĵx〉|/~ ≫ 1✳ ■ts ♥♦r♠❛❧✐③❡❞ y, z q✉❛♥t✉♠ ❝♦♠♣♦♥❡♥ts ❢♦r♠ ❝❛♥♦♥✐❝❛❧ ♦s❝✐❧❧❛t♦r ✈❛r✐✲

❛❜❧❡s [X̂S, P̂S] = [Ĵz/
√
~Jx,−Ĵy/

√
~Jx] = i ❬✸✵❪ ✐♥ t❡r♠s ♦❢ ✇❤✐❝❤ t❤❡ s♣✐♥ ❍❛♠✐❧t♦♥✐❛♥

❜❡❝♦♠❡s ĤS = ~ΩSĴx = ~ΩSJx − (~ΩS/2)(X̂
2
S + P̂ 2

S) ✇❤❡r❡ ΩS ✐s t❤❡ ▲❛r♠♦r ❢r❡q✉❡♥❝②✳

❚❤❡ ✜rst t❡r♠ ✐s ❛♥ ✐rr❡❧❡✈❛♥t ❝♦♥st❛♥t ❡♥❡r❣② ♦✛s❡t ❞✉❡ t♦ t❤❡ ♠❡❛♥ s♣✐♥ ♣♦❧❛r✐③❛t✐♦♥✳

❚❤❡ s❡❝♦♥❞ t❡r♠ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ♦❢ ❛ ♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r ĤM ✇✐t❤ ❛

♥❡❣❛t✐✈❡ ♠❛ss✳ ❊❛❝❤ q✉❛♥t✉♠ ♦❢ ❡①❝✐t❛t✐♦♥ ✐♥ t❤❡ ♥❡❣❛t✐✈❡ ♠❛ss s♣✐♥ ♦s❝✐❧❧❛t♦r ♣❤②s✐❝❛❧❧②

❝♦rr❡s♣♦♥❞s t♦ ❛ ❞❡❡①❝✐t❛t✐♦♥ ♦❢ t❤❡ ✐♥✈❡rt❡❞ s♣✐♥ ♣♦♣✉❧❛t✐♦♥ ❜② ~ΩS ✭❋✐❣✳ ✶❝✮✳ Pr❡♣❛r❛t✐♦♥

♦❢ t❤❡ ❝♦❧❧❡❝t✐✈❡ s♣✐♥ ✐♥ t❤❡ ❡♥❡r❣❡t✐❝❛❧❧② ❧♦✇❡st ❩❡❡♠❛♥ st❛t❡ r❡❛❧✐③❡s ✐♥st❡❛❞ ❛ ♣♦s✐t✐✈❡ ♠❛ss

s♣✐♥ ♦s❝✐❧❧❛t♦r ✇✐t❤ ĤS = −~ΩSJx + (~ΩS/2)(X̂
2
S + P̂ 2

S) ✭❋✐❣✳ ✶❞✮✳

❚❤❡ ❡①♣❡r✐♠❡♥t ✐♠♣❧❡♠❡♥t✐♥❣ ❛ q✉❛♥t✉♠ ♠❡❛s✉r❡♠❡♥t ♦♥ t❤❡ ❤②❜r✐❞ s②st❡♠ ✐s s❦❡t❝❤❡❞

✐♥ ❋✐❣✳ ✷❛✱ ✇❤✐❝❤ ❞❡♣✐❝ts t❤❡ ❝❛s❝❛❞❡❞ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ❛ tr❛✈❡❧✐♥❣ ❧✐❣❤t ✜❡❧❞ ❛♥❞ t❤❡

t✇♦ ♦s❝✐❧❧❛t♦rs ✭s❡❡ ▼❡t❤♦❞s ❢♦r ❞❡t❛✐❧s✮✳ ❆ ❝♦❤❡r❡♥t ♦♣t✐❝❛❧ ✜❡❧❞ ✇✐t❤ ❛ str♦♥❣✱ ❝❧❛ss✐❝❛❧✱

❧✐♥❡❛r❧② ♣♦❧❛r✐③❡❞ ❝♦♠♣♦♥❡♥t ▲❖1 ✭♣❤♦t♦♥ ✢✉① Φ1✮ ❛♥❞ ✈❛❝✉✉♠ q✉❛♥t✉♠ ✢✉❝t✉❛t✐♦♥s ✐♥

t❤❡ ♣♦❧❛r✐③❛t✐♦♥ ♦rt❤♦❣♦♥❛❧ t♦ ✐t✱ ❞❡s❝r✐❜❡❞ ❜② q✉❛❞r❛t✉r❡ ♣❤❛s❡ ♦♣❡r❛t♦rs X̂L✱✐♥ ❛♥❞ P̂L✱✐♥✱

✜rst ✐♥t❡r❛❝ts ✇✐t❤ t❤❡ s♣✐♥ ♦s❝✐❧❧❛t♦r✳ ❚❤❡ ✐♥t❡r❛❝t✐♦♥ ❢♦r ❢❛r✲♦✛✲r❡s♦♥❛♥t ❧✐❣❤t ✐s ♦❢ t❤❡

q✉❛♥t✉♠ ♥♦♥✲❞❡♠♦❧✐t✐♦♥ ✭◗◆❉✮ t②♣❡ Ĥ✐♥t,S ∝ X̂SX̂L✱✐♥✱ ✇❤❡r❡ X̂S ∝ Ĵz ✐s t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢

t❤❡ ❝♦❧❧❡❝t✐✈❡ s♣✐♥ ♦♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ❧✐❣❤t ♣r♦♣❛❣❛t✐♦♥ ❬✸✵❪✳ ❚❤❡ ❧✐❣❤t ♦✉t♣✉t q✉❛❞r❛t✉r❡✱

P̂ S
L✱♦✉t(Ω) = P̂L✱✐♥(Ω) +

√
ΓSX̂S(Ω)✱ r❡❛❞s ♦✉t t❤❡ ❛t♦♠✐❝ s♣✐♥ ♣r♦❥❡❝t✐♦♥ X̂S ❛t t❤❡ r❛t❡

ΓS ∝ Φ1✳ ❆t t❤❡ s❛♠❡ t✐♠❡ Ĥ✐♥t,S ✐♠♣❧✐❡s t❤❛t ♠❡❛s✉r❡♠❡♥t ◗❇❆ ❞✉❡ t♦ X̂L✱✐♥ ✐s ✐♠♣r✐♥t❡❞

♦♥ t❤❡ ❛t♦♠✐❝ P̂S q✉❛❞r❛t✉r❡✳ ❚❤❡ ❛t♦♠✐❝ s♣✐♥ ♣r♦❥❡❝t✐♦♥ ✐s ❞r✐✈❡♥ ✐♥ ❛❞❞✐t✐♦♥ ❜② ✐♥tr✐♥s✐❝

s♣✐♥ ♥♦✐s❡ F̂S s♦ t❤❛t X̂S = χS(Ω)[
√
γSF̂S +

√
ΓSX̂L,in]✳ ❍❡r❡ ❛♥❞ ❤❡♥❝❡❢♦rt❤ ✇❡ ❝♦♥s✐❞❡r ❛❧❧

q✉❛♥t✐t✐❡s ✐♥ ❋♦✉r✐❡r ✭❢r❡q✉❡♥❝②✮ ❞♦♠❛✐♥✱ ✇❤✐❝❤ ✐s ♠♦st ❛♣♣r♦♣r✐❛t❡ ❢♦r ❛ ❝♦♥t✐♥✉♦✉s✲t✐♠❡

✹
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1 2 3

❋✐❣✉r❡ ✷✳

♠❡❛s✉r❡♠❡♥t✳ ❚❤❡ ❛t♦♠✐❝ ♦s❝✐❧❧❛t♦r✬s s✉s❝❡♣t✐❜✐❧✐t② χS(Ω) = ±2ΩS/(Ω
2
S − Ω2 − 2iΩγS) ✐s

❞❡t❡r♠✐♥❡❞ ❜② t❤❡ s✐❣♥ ♦❢ ✐ts ❡✛❡❝t✐✈❡ ♠❛ss (±)✱ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ΩS ❛♥❞ r❡❧❛①❛t✐♦♥ r❛t❡

γS ✭❤❛❧❢ ✇✐❞t❤ ❛t ❤❛❧❢ ♠❛①✐♠✉♠ ❝♦♥✈❡♥t✐♦♥ ✐s ✉s❡❞ t❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r✮✳ ❚❤❡ ♣❤②s✐❝s

♦❢ t❤❡ ◗❇❆ ✐♥ t❤❡ s♣✐♥ s②st❡♠ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❛s ✢✉❝t✉❛t✐♦♥s ♦❢ t❤❡ ❙t❛r❦ s❤✐❢t ♦❢ t❤❡

❛t♦♠✐❝ ❡♥❡r❣② ❧❡✈❡❧s ❞✉❡ t♦ q✉❛♥t✉♠ ✢✉❝t✉❛t✐♦♥s ♦❢ t❤❡ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ ♦❢ ❧✐❣❤t ❬✸✵❪✳

❚❤❡ ❝❧❛ss✐❝❛❧ ❞r✐✈❡ ▲❖1 ✐s ✜❧t❡r❡❞ ♦✉t ❛❢t❡r ❧✐❣❤t ♣❛ss❡s t❤r♦✉❣❤ t❤❡ ❛t♦♠s ✭❋✐❣✳ ✷❛✮✱

✇❤❡r❡❛s t❤❡ r❡❧❡✈❛♥t ✢✉❝t✉❛t✐♦♥s ✐♥ t❤❡ ♦rt❤♦❣♦♥❛❧ ♣♦❧❛r✐③❛t✐♦♥✱ P̂ S
L✱♦✉t ❛♥❞ X̂

S
L✱♦✉t = X̂L✱✐♥

❛r❡ ♠✐①❡❞ ✇✐t❤ ❛ ❝❧❛ss✐❝❛❧ ❞r✐✈❡ ✜❡❧❞ ▲❖2 ✭✇✐t❤ ♣❤♦t♦♥ ✢✉① Φ2✮ ✐♥ t❤❡ s❛♠❡ ♣♦❧❛r✐③❛t✐♦♥ ❛♥❞

s❡♥t ♦♥t♦ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r✳ ❚❤❡ ♣❤❛s❡ ♦❢ ▲❖2 ✐s ❛❞❥✉st❡❞ s♦ t❤❛t X̂M
L✱✐♥ = X̂S

L✱♦✉t✱

P̂M
L✱✐♥ = P̂ S

L✱♦✉t✳ ❚❤❡ ❧✐♥❡❛r✐③❡❞ ♦♣t♦♠❡❝❤❛♥✐❝❛❧ ❍❛♠✐❧t♦♥✐❛♥ ✐s Ĥ✐♥t,M ∝ X̂MX̂
M
L✱✐♥ ❬✷✻❪✳ ■♥

❛♥❛❧♦❣② ✇✐t❤ t❤❡ s♣✐♥✱ t❤❡ ♦✉t♣✉t ♣❤❛s❡ q✉❛❞r❛t✉r❡ ♦❢ ❧✐❣❤t✱ P̂L✱♦✉t = P̂M
L✱✐♥+

√
ΓMX̂M ✱ r❡❛❞s

♦✉t t❤❡ ♠❡♠❜r❛♥❡ ♣♦s✐t✐♦♥ X̂M ❛t t❤❡ r❛t❡ ΓM ∝ Φ2✳ ❚❤❡ ♠❡♠❜r❛♥❡ ♣♦s✐t✐♦♥ ✐s ❞r✐✈❡♥ ❜②

t❤❡r♠❛❧ st❛t❡ ♥♦✐s❡ F̂M ❛♥❞ t❤❡ ◗❇❆ ♦❢ ❧✐❣❤t✱ t❤❛t ✐s X̂M = χM(Ω)[
√
γM0F̂M +

√
ΓMX̂

M
L,in]✱

✇❤❡r❡ t❤❡ ♠❡❝❤❛♥✐❝❛❧ s✉s❝❡♣t✐❜✐❧✐t② ✐s ❣✐✈❡♥ ❜② χM(Ω) = 2ΩM/(Ω
2
M − Ω2 − 2iΩγM0) ❛♥❞

❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ♠❡❝❤❛♥✐❝❛❧ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ΩM ❛♥❞ ❞❛♠♣✐♥❣ r❛t❡ γM0✳ ❍❡♥❝❡ X̂L✱✐♥

✺



a b

c d

❋✐❣✉r❡ ✸✳

✐s t❤❡ s♦✉r❝❡ ♦❢ ♠❡❛s✉r❡♠❡♥t ◗❇❆ ❢♦r ❜♦t❤ t❤❡ ♠❡♠❜r❛♥❡ ❛♥❞ t❤❡ s♣✐♥ ♦s❝✐❧❧❛t♦r✳

❖✈❡r❛❧❧✱ t❤❡ ❤♦♠♦❞②♥❡ r❡❛❞♦✉t ♦❢ t❤❡ ❥♦✐♥t s②st❡♠ ✇✐t❤ t❤❡ ❧♦❝❛❧ ♦s❝✐❧❧❛t♦r ▲❖3 ❝❛♥

❜❡ ❝❛st ❛s P̂L✱♦✉t = P̂L✱✐♥ +
√
ΓMX̂M +

√
ΓSX̂S✳ ❚❤❡ ❜❛❝❦ ❛❝t✐♦♥ ❡✈❛❞✐♥❣ ❝❤❛r❛❝t❡r ♦❢

t❤✐s ♠❡❛s✉r❡♠❡♥t ❝♦♠❡s ♦✉t ♠♦st ❝❧❡❛r❧② ✇❤❡♥ t❤❡ ♠❡❛s✉r❡❞ ❧✐❣❤t q✉❛❞r❛t✉r❡ ❢♦r t❤❡

❥♦✐♥t s②st❡♠ ✐s ❡①♣r❡ss❡❞ ❛s P̂L✱♦✉t = P̂L✱✐♥ +
√
ΓMγM0χM(Ω)F̂M +

√
ΓSγSχS(Ω)F̂S +

[ΓMχM(Ω) + ΓSχS(Ω)] X̂L,in✱ ✇✐t❤ t❤❡ t❡r♠s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ s❤♦t ♥♦✐s❡ ♦❢ ❧✐❣❤t✱ ♠❡♠✲

❜r❛♥❡ t❤❡r♠❛❧ ♥♦✐s❡✱ s♣✐♥ ♥♦✐s❡✱ ❛♥❞ ♠❡❛s✉r❡♠❡♥t ◗❇❆ ♥♦✐s❡✱ r❡s♣❡❝t✐✈❡❧②✳ ◆♦t❛❜❧②✱ t❤❡

◗❇❆ t❡r♠ s❤♦✇s t❤❡ ✐♥t❡r❢❡r✐♥❣ r❡s♣♦♥s❡s ♦❢ t❤❡ ♠❡♠❜r❛♥❡ ❛♥❞ t❤❡ s♣✐♥ ♦s❝✐❧❧❛t♦r✳ ■❞❡❛❧

❜r♦❛❞❜❛♥❞ ◗❇❆ ❡✈❛s✐♦♥ ✐s ❛❝❤✐❡✈❡❞ ❢♦r ❡q✉❛❧ r❡❛❞♦✉t r❛t❡s✱ ΓS = ΓM ✱ ❛♥❞ χM(Ω) = −χS(Ω)
✇❤✐❝❤ r❡q✉✐r❡s ΩM = ΩS✱ γM0 = γS ❛♥❞ ❛ ♥❡❣❛t✐✈❡ ♠❛ss s♣✐♥ ♦s❝✐❧❧❛t♦r ✭▼❡t❤♦❞s ❛♥❞ ❬✽❪✮✳

❲❡ ❡①♣❧♦✐t t❤❡ ❤✐❣❤ ❧❡✈❡❧ ♦❢ ✢❡①✐❜✐❧✐t② ✐♥ ♦✉r ♠♦❞✉❧❛r ❤②❜r✐❞ s❡t✉♣ t♦ ❢✉❧✜❧❧ t❤❡s❡ r❡✲

q✉✐r❡♠❡♥ts✳ ■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ♠❛t❝❤ t❤❡ r❡❛❞♦✉t r❛t❡s ΓM ≃ ΓS ❜② ❛ ♣r♦♣❡r ❝❤♦✐❝❡

♦❢ ♣♦✇❡r ❧❡✈❡❧s Φ1,2✱ ❛♥❞ t♦ t✉♥❡ t❤❡ ❛t♦♠✐❝ ▲❛r♠♦r ❢r❡q✉❡♥❝② ΩS t♦ t❤❡ ♠❡❝❤❛♥✐❝❛❧ r❡s♦✲

♥❛♥❝❡ ❢r❡q✉❡♥❝② ΩM ♦❢ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ❞r✉♠ ♠♦❞❡✳ ■♥ ♦r❞❡r t♦ ♦❜s❡r✈❡ ❛♣♣r❡❝✐❛❜❧❡ ◗❇❆

❛t t❤❡ ♠❡♠❜r❛♥❡✬s t❤❡r♠❛❧ ❡♥✈✐r♦♥♠❡♥t ♦❢ 7❑ ✇❡ ✉s❡ ❛ ♣❤♦♥♦♥✐❝✲❜❛♥❞❣❛♣ s❤✐❡❧❞❡❞ ♠❡♠✲

❜r❛♥❡ ✇✐t❤ ❤✐❣❤ ♠❡❝❤❛♥✐❝❛❧ q✉❛❧✐t② ❢❛❝t♦r Q ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛♥ ✐♥tr✐♥s✐❝ ❞❛♠♣✐♥❣ r❛t❡ ♦❢

γM0 = 2π×50♠❍③✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ✐♥tr✐♥s✐❝ s♣✐♥ ❞❛♠♣✐♥❣ r❛t❡ γS0 ≃ 2π×500❍③ ✐s

❞✉❡ t♦ ♣♦✇❡r ❜r♦❛❞❡♥✐♥❣ ❜② ♦♣t✐❝❛❧ ♣✉♠♣✐♥❣ ❛♥❞ ❛t♦♠✐❝ ❝♦❧❧✐s✐♦♥s✳ ■♥ ❛❞❞✐t✐♦♥✱ ❡✣❝✐❡♥t s♣✐♥

✻



r❡❛❞♦✉t r❡q✉✐r❡s s✐❣♥✐✜❝❛♥t ♣♦✇❡r ❜r♦❛❞❡♥✐♥❣ ❜② t❤❡ ♣r♦❜❡ ❧✐❣❤t✱ γS ≫ γS0 ✭▼❡t❤♦❞s✮✱ ✐♠✲

♣❡❞✐♥❣ ❛♥ ❛❞❥✉st♠❡♥t ♦❢ t❤❡ s♣✐♥ t♦ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ❧✐♥❡✇✐❞t❤✳ ■♥st❡❛❞ ✇❡ ♦♣t✐❝❛❧❧② ❜r♦❛❞❡♥

t❤❡ ♠❡❝❤❛♥✐❝❛❧ ❧✐♥❡✇✐❞t❤ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ ❞❡t✉♥✐♥❣ ∆ < 0 ♦❢ ▲❖2 ❢r♦♠ t❤❡ ❝❛✈✐t② r❡s♦♥❛♥❝❡✳

❚❤✐s ✐s ❛ ✇❡❧❧ ❡st❛❜❧✐s❤❡❞ t❡❝❤♥✐q✉❡ ✐♥ ♦♣t♦♠❡❝❤❛♥✐❝❛❧ ❝♦♦❧✐♥❣ ❡①♣❡r✐♠❡♥ts ✇❤✐❝❤ ❡①♣❧♦✐ts

t❤❡ ❞②♥❛♠✐❝❛❧ ❜❛❝❦ ❛❝t✐♦♥ ♦❢ ❧✐❣❤t ♦♥ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r ❢♦r ❝❤❛♥❣✐♥❣ t❤❡ ♠❡❝❤❛♥✐❝❛❧

s✉s❝❡♣t✐❜✐❧✐t② ✐♥ ♦r❞❡r t♦ ❣❡♥❡r❛t❡ ❛ s✐❣♥✐✜❝❛♥t❧② ❡♥❤❛♥❝❡❞ ❡✛❡❝t✐✈❡ ❞❛♠♣✐♥❣ r❛t❡ γM ≫ γM0

❬✷✻❪✱ ✇❤✐❧❡ ♠♦❞✐❢②✐♥❣ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ❜② ❁ ✶✪ ✭ΩM → 2π×1.27▼❍③✮✳ ■♥ t❤✐s ✇❛②

♠❛t❝❤❡❞ ❧✐♥❡✇✐❞t❤s γM ≃ γS ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❜② ❛ ♣r♦♣❡r ❝❤♦✐❝❡ ♦❢ Φ2 ❛♥❞ ∆✱ ❝❢✳ ❋✐❣✳ ✷❝✱❞✳

❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ ♣❛r❛♠❡t❡rs ❛r❡ ❧✐st❡❞ ✐♥ ❊①t❡♥❞❡❞ ❉❛t❛ ❚❛❜❧❡ ✶✳ ■♥tr♦❞✉❝✐♥❣ ❛ ♥♦♥③❡r♦

❞❡t✉♥✐♥❣ ❛❧s♦ ♠♦❞✐✜❡s t❤❡ ♦♣t♦♠❡❝❤❛♥✐❝❛❧ ✐♥♣✉t✲♦✉t♣✉t r❡❧❛t✐♦♥s ❛♥❞ t❤❡ ◗❇❆ ✐♥t❡r❢❡r❡♥❝❡

❛s ❞❡t❛✐❧❡❞ ❢✉rt❤❡r ❜❡❧♦✇ ❛♥❞ ✐♥ t❤❡ ▼❡t❤♦❞s✳

❍❛✈✐♥❣ s✐♠✐❧❛r s✉s❝❡♣t✐❜✐❧✐t✐❡s ❛♥❞ r❡❛❞♦✉t r❛t❡s ✇❡ ♣❡r❢♦r♠ ❛ ❜❛❝❦✲❛❝t✐♦♥ ❧✐♠✐t❡❞ r❡❛❞♦✉t

♦❢ t❤❡ t✇♦ s②st❡♠s ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✷❜✱❝✱❞✳ ❚❤❡ r❛t✐♦ ♦❢ ◗❇❆ ❢r♦♠ ✈❛❝✉✉♠ ♥♦✐s❡ ♦❢ ❧✐❣❤t

X̂L,in t♦ t❤❡r♠❛❧ ♥♦✐s❡ ❞✉❡ t♦ F̂M(S) ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ q✉❛♥t✉♠ ❝♦♦♣❡r❛t✐✈✐t② ♣❛r❛♠❡t❡rs

C
M(S)
q r❡s♣❡❝t✐✈❡❧② ✇❤✐❝❤ ✇❡ s❡♣❛r❛t❡❧② ❝❛❧✐❜r❛t❡ ❢♦r ❡❛❝❤ s②st❡♠ ✭▼❡t❤♦❞s✮✳ ❲❡ ❛❝❤✐❡✈❡ ❛♥

♦♣t♦♠❡❝❤❛♥✐❝❛❧ ❝♦♦♣❡r❛t✐✈✐t② ♦❢ CM
q = 2.6± 0.3 ❛♥❞ ♦♥ t❤❡ s✐❞❡ ♦❢ ❛t♦♠s CS

q = 1.10± 0.15

✇❤✐❝❤ s✐❣♥✐✜❡s t❤❛t ◗❇❆ ❛♥❞ t❤❡r♠❛❧ ♥♦✐s❡ ❝♦♥tr✐❜✉t❡ r♦✉❣❤❧② ♦♥ t❤❡ s❛♠❡ ❧❡✈❡❧ ✐♥ ❜♦t❤

s②st❡♠s✳

❋✐❣✳ ✸ ❞✐s♣❧❛②s t❤❡ r❡s✉❧ts ❢♦r t❤❡ ❤②❜r✐❞ s②st❡♠ ✇✐t❤ t❤❡ s♣✐♥ s②st❡♠ ❝♦♥tr✐❜✉t✐♦♥ r❡❞✉❝❡❞

❜② ♣r♦♣❛❣❛t✐♦♥ ❧♦ss❡s✳ ❆s ❛ r❡❢❡r❡♥❝❡ ✇❡ s❤♦✇ t❤❡ s♣❡❝tr❛ ♦❢ t❤❡ t✇♦ ✐♥❞✐✈✐❞✉❛❧ s②st❡♠s t❛❦❡♥

s❡♣❛r❛t❡❧② ✭❜❧✉❡ ✕ t❤❡ ♠❡❝❤❛♥✐❝s✱ ♦r❛♥❣❡ ✕ t❤❡ s♣✐♥✮ ✐♥ ❋✐❣✳ ✸❛ ❜♦t❤ ♠❡❛s✉r❡❞ ✇✐t❤ t❤❡ ▲❖3

❞❡t❡❝t♦r✳ ❋✐❣✳ ✸❜ ♣r❡s❡♥ts t❤❡ ❤②❜r✐❞ ♥♦✐s❡ ❢♦r t❤❡ ♥❡❣❛t✐✈❡ ✭r❡❞✮ ❛♥❞ ♣♦s✐t✐✈❡ ✭❣r❡❡♥✮ ❡✛❡❝t✐✈❡

s♣✐♥ ♠❛ss❡s✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t✇♦ ♦♣♣♦s✐t❡ ♦r✐❡♥t❛t✐♦♥s ♦❢ t❤❡ ❉❈ ♠❛❣♥❡t✐❝ ✜❡❧❞ r❡❧❛t✐✈❡

t♦ t❤❡ s♣✐♥ ♣♦❧❛r✐③❛t✐♦♥✳ ❚❤❡ ❤②❜r✐❞ s♣❡❝tr❛ ❞✐✛❡r s✐❣♥✐✜❝❛♥t❧② ❢r♦♠ ❡❛❝❤ ♦t❤❡r✱ ✇✐t❤ t❤❡

❛r❡❛ ♦❢ t❤❡ s♣❡❝tr✉♠ ❢♦r t❤❡ ♥❡❣❛t✐✈❡ ✭♣♦s✐t✐✈❡✮ s♣✐♥ ♠❛ss ❜❡✐♥❣ s✐❣♥✐✜❝❛♥t❧② s♠❛❧❧❡r ✭❧❛r❣❡r✮

t❤❛♥ t❤❛t ❢♦r ✉♥❝♦rr❡❧❛t❡❞ s②st❡♠s ✕ ❛ ❝❧❡❛r ❞❡♠♦♥str❛t✐♦♥ ♦❢ t❤❡ ❞❡str✉❝t✐✈❡ ✭❝♦♥str✉❝t✐✈❡✮

✐♥t❡r❢❡r❡♥❝❡ ♦❢ t❤❡ ◗❇❆ ❝♦♥tr✐❜✉t✐♦♥s ❢♦r t❤❡ t✇♦ s②st❡♠s✳ ❲❡ ❡♠♣❤❛s✐③❡ t❤❛t t❤❡s❡ ❞❛t❛

s✐❣♥✐❢② ❛ ◗❇❆ ❝❛♥❝❡❧❧❛t✐♦♥ ✐rr❡s♣❡❝t✐✈❡ ♦❢ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧❧✐♥❣✳ ❋♦r ❝♦♠♣❛r✐s♦♥✱ t❤❡ ❋✐❣✳ ✸❛

❛❧s♦ s❤♦✇s t❤❡ ❝✉r✈❡ ✭❞❛s❤❡❞✮ ♦❜t❛✐♥❡❞ ❜② ❛❞❞✐♥❣ t❤❡ t✇♦ ♥♦✐s❡ s♣❡❝tr❛ r❡❝♦r❞❡❞ ✐♥ s❡♣❛r❛t❡

♠❡❛s✉r❡♠❡♥ts ♦♥ ❛t♦♠s ❛♥❞ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r✳

❆♥ ✐♥tr✐❣✉✐♥❣ ❢❡❛t✉r❡ ♦❢ t❤❡ ❤②❜r✐❞ ♥♦✐s❡ s♣❡❝tr❛ ✐s t❤❡ ❛♣♣❛r❡♥t ❛❜s❡♥❝❡ ♦❢ ✐♥t❡r❢❡r❡♥❝❡

❛♥❞ ♥♦✐s❡ ❝❛♥❝❡❧❧❛t✐♦♥ ❡①❛❝t❧② ❛t t❤❡ ❋♦✉r✐❡r ❢r❡q✉❡♥❝② Ω = ΩS = ΩM ✇❤❡r❡ t❤❡ ❥♦✐♥t ♥❡❣✲
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a b

c

❋✐❣✉r❡ ✹✳

❛t✐✈❡✱ ❥♦✐♥t ♣♦s✐t✐✈❡ ❛♥❞ t❤❡ ♠❡❝❤❛♥✐❝s s♣❡❝tr❛ ♦✈❡r❧❛♣ ✭❋✐❣✳ ✸❜✮✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ str♦♥❣

♦♣t✐❝❛❧ ❜r♦❛❞❡♥✐♥❣ ♦❢ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r ✇❤✐❝❤ ❧❡❛❞s t♦ s✉♣♣r❡ss✐♦♥ ♦❢ t❤❡ s♣✐♥ ♣❤❛s❡

♥♦✐s❡ ❝♦♥tr✐❜✉t✐♦♥ t♦ ❧✐❣❤t ♦♥ t❤❡ ❡①❛❝t ❥♦✐♥t r❡s♦♥❛♥❝❡✳ ❚❤❡ ❡✛❡❝t ✐s ✇❡❧❧ ✉♥❞❡rst♦♦❞ ❢r♦♠

t❤❡ ❢✉❧❧ q✉❛♥t✉♠ ♠♦❞❡❧ ✭▼❡t❤♦❞s✮ ❛♥❞ ✐s ❛♥❛❧♦❣♦✉s t♦ ♦♣t♦♠❡❝❤❛♥✐❝❛❧❧② ✐♥❞✉❝❡❞ tr❛♥s✲

♣❛r❡♥❝② ❬✷✼❪✳ ❚❤❡ s♦❧✐❞ r❡❞✱ ❣r❡❡♥ ❛♥❞ ❜❧✉❡ ❝✉r✈❡s ❢♦r t❤❡ ♥❡❣❛t✐✈❡ ❥♦✐♥t✱ ♣♦s✐t✐✈❡ ❥♦✐♥t

❛♥❞ ♠❡❝❤❛♥✐❝s✱ r❡s♣❡❝t✐✈❡❧②✱ ❛r❡ ❣❡♥❡r❛t❡❞ ❢r♦♠ t❤✐s ♠♦❞❡❧ ❛♥❞ ❛r❡ ✐♥ ❡①❝❡❧❧❡♥t ❛❣r❡❡♠❡♥t

✇✐t❤ t❤❡ ❞❛t❛✳ ❋✐❣✳ ✸❝ ♣r❡s❡♥ts t❤❡ s♣❡❝tr✉♠ ❢♦r t❤❡ ❤②❜r✐❞ s②st❡♠ ✇✐t❤ t❤❡ ♥❡❣❛t✐✈❡ ♠❛ss

❛♥❞ t❤❡ ♠♦❞❡❧ ✜t ✭❜❧✉❡ ❝✉r✈❡✮ t♦ t❤❡ s♣❡❝tr✉♠ ♦❢ t❤❡ ♠❡❝❤❛♥✐❝s ✭❞❛t❛ ✐♥ ❋✐❣✳ ✸❛✮✳ ❚❤❡

♥♦✐s❡ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❤②❜r✐❞ s♣❡❝tr✉♠ ✭r❡❞ ❞♦ts✮ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♠❡❝❤❛♥✐❝s ♦♥❧② ✭❜❧✉❡

❝✉r✈❡✮ ✐♥ t❤❡ ✇✐♥❣s ♦❢ t❤❡ s♣❡❝tr✉♠ ✐s ♦❜s❡r✈❛❜❧❡✱ ❛❧t❤♦✉❣❤ ✐ts ❡✛❡❝t ✐s ❞✐♠✐♥✐s❤❡❞ ❜② t❤❡

❛❞❞❡❞ s♣✐♥ t❤❡r♠❛❧ ♥♦✐s❡ ✇❤✐❝❤ ✐s ♣r❡s❡♥t ✐♥ t❤❡ r❡❞ ❞❛t❛✱ ❜✉t ❞♦❡s ♥♦t ❝♦♥tr✐❜✉t❡ t♦ t❤❡

❜❧✉❡ ❝✉r✈❡✳ ❚❤❡ ♦❜s❡r✈❡❞ ✈❛r✐❛♥❝❡ ✭s♣❡❝tr❛❧ ❛r❡❛✮ ❢♦r t❤❡ ❥♦✐♥t ♥❡❣❛t✐✈❡ s②st❡♠ ✐s 2.9× x2③♣❢

✇❤✐❝❤ ✐s (95± 2)% ♦❢ t❤❡ ♦❜s❡r✈❡❞ ✈❛r✐❛♥❝❡ ❢♦r t❤❡ ♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r✱ ✇❤❡r❡ t❤❡ ❡rr♦r ✐s

❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ✜ts✳ ❋♦r t❤❡ ♣♦s✐t✐✈❡ s♣✐♥ ♠❛ss t❤❡ ❝♦♥str✉❝t✐✈❡ ✐♥t❡r❢❡r❡♥❝❡ ♦❢ t❤❡ ◗❇❆

❢♦r t❤❡ t✇♦ s②st❡♠s ✐s ❡✈✐❞❡♥t ❢r♦♠ ❝♦♠♣❛r✐♥❣ t❤❡ ❣r❡❡♥ ❞❛t❛ ♣♦✐♥ts t♦ t❤❡ ❜❧✉❡ ❝✉r✈❡ ❢♦r

t❤❡ ♠❡♠❜r❛♥❡ ♦♥❧② ✭❋✐❣✳ ✸❞✮✳

❚♦ ✜♥❞ t❤❡ r❡❞✉❝t✐♦♥✴❡♥❤❛♥❝❡♠❡♥t ♦❢ t❤❡ ◗❇❆ ❢♦r t❤❡ ❤②❜r✐❞ s②st❡♠✱ ✇❡ ✉s❡ t❤❡ ❝❛❧✲

✐❜r❛t✐♦♥ ♦❢ t❤❡ t❤❡r♠❛❧ ♥♦✐s❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ▼❡t❤♦❞s ❛♥❞ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✷❝✱❞✳ ❚❤❡
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♠❡❝❤❛♥✐❝❛❧ t❤❡r♠❛❧ ♥♦✐s❡ ❢♦✉♥❞ ✐♥ ❋✐❣✳ ✷❞ ✐s s❤♦✇♥ ❛s t❤❡ ❜❧✉❡ s❤❛❞❡❞ ❛r❡❛ ✐♥ ❋✐❣✳ ✸❝✱❞✳

❚❤❡ s♣✐♥ t❤❡r♠❛❧ ♥♦✐s❡ ❢♦✉♥❞ ✐♥ ❋✐❣✳ ✷❝ ✐s ✉s❡❞ ❛s ❛♥ ✐♥♣✉t t♦ t❤❡ ❞❡t❛✐❧❡❞ ♠♦❞❡❧ t♦ ✜♥❞

✐ts ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ♦❜s❡r✈❡❞ ❤②❜r✐❞ s♣❡❝tr❛ ✭♦r❛♥❣❡ s❤❛❞❡❞ ❛r❡❛ ✐♥ ❋✐❣✳ ✸❝✱❞✮✳ ◆♦t❡ t❤❛t

t❤✐s ♥♦✐s❡ ✐s s✉♣♣r❡ss❡❞ ❜② t❤❡ ♦♣t♦♠❡❝❤❛♥✐❝❛❧ r❡s♣♦♥s❡ ❛r♦✉♥❞ ΩM = ΩS ❜② t❤❡ s❛♠❡ ♠❡❝❤✲

❛♥✐s♠ ❛s t❤❡ ◗❇❆ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ s♣✐♥ ✐s r❡❞✉❝❡❞ t♦ ③❡r♦ ❛t t❤✐s ♣♦✐♥t✳ ❙✉❜tr❛❝t✐♥❣ t❤❡

t❤❡r♠❛❧ ♥♦✐s❡ ❛r❡❛ ❢r♦♠ t❤❡ t♦t❛❧ ❛r❡❛✱ ✇❡ ✜♥❞ t❤❡ ◗❇❆ ✈❛r✐❛♥❝❡ ❝♦♥tr✐❜✉t✐♦♥ ❢♦r t❤❡ ❤②❜r✐❞

♥❡❣❛t✐✈❡ s②st❡♠ t♦ ❜❡ 1.5×x2③♣❢ ✭str✐♣❡❞ ❛r❡❛ ✐♥ ❋✐❣✳ ✸❝✮ ❛♥❞ ❢♦r t❤❡ ❤②❜r✐❞ ♣♦s✐t✐✈❡ s②st❡♠✱

3.1× x2③♣❢ ✭str✐♣❡❞ ❛r❡❛ ✐♥ ❋✐❣✳ ✸❞✮✳ ❈♦♠♣❛r✐♥❣ t❤❡s❡ ✈❛❧✉❡s ✇✐t❤ t❤❡ ◗❇❆ ♦❢ 2.0× x2③♣❢ ❢♦r

t❤❡ ♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ◗❇❆ ❢♦r t❤❡ ❥♦✐♥t ♥❡❣❛t✐✈❡

♠❛ss s②st❡♠ ✐s −1.2 ❞❇ ✭24± 5%✮ ❜❡❧♦✇ t❤❡ ✈❛r✐❛♥❝❡ ❢♦r t❤❡ ♠❡❝❤❛♥✐❝s ❛❧♦♥❡✱ ✇❤❡r❡❛s ❢♦r

t❤❡ ❥♦✐♥t ♣♦s✐t✐✈❡ ♠❛ss s②st❡♠ ✐t ✐s 1.9 ❞❇ ✭53± 8%✮ ❤✐❣❤❡r✳ ❚❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥s t♦ t❤❡

✉♥❝❡rt❛✐♥t✐❡s ❧✐❡ ✐♥ t❤❡ ❝❛❧✐❜r❛t✐♦♥ ♦❢ q✉❛♥t✉♠ ❝♦♦♣❡r❛t✐✈✐t✐❡s✳

❋✉rt❤❡r st✉❞✐❡s r❡✈❡❛❧ t❤❛t ❛ ♠♦r❡ ❡✣❝✐❡♥t ◗❇❆ ❡✈❛s✐♦♥ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ✇❤❡♥ t❤❡ t✇♦

♦s❝✐❧❧❛t♦r ❢r❡q✉❡♥❝✐❡s ❛r❡ ♥♦t ❡①❛❝t❧② ❡q✉❛❧✱ ΩM 6= ΩS✳ ❚❛❦✐♥❣ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ str❛✐❣❤t❢♦r✲

✇❛r❞ t✉♥❛❜✐❧✐t② ♦❢ ΩS ✇✐t❤ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ ✇❡ r✉♥ t❤❡ ◗❇❆ ❡✈❛s✐♦♥ ❡①♣❡r✐♠❡♥t ✇✐t❤ t❤❡ s♣✐♥

♦s❝✐❧❧❛t♦r s❧✐❣❤t❧② ❞❡t✉♥❡❞ ❢r♦♠ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r✳ ■♥ t❤✐s ❝❛s❡ t❤❡ ❜❡st ◗❇❆ ❡✈❛s✐♦♥

✐s ♦❜t❛✐♥❡❞ ✐❢ t❤❡ q✉❛❞r❛t✉r❡s ♦❢ ❧✐❣❤t ❜❡t✇❡❡♥ t❤❡ ❛t♦♠✐❝ ❛♥❞ t❤❡ ♦♣t♦♠❡❝❤❛♥✐❝❛❧ s②st❡♠s

❛r❡ r♦t❛t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❤❛s❡ ♦❢ ▲❖2✳ ❋✐❣✳ ✹❛ s❤♦✇s t❤❡ ❞❛t❛ ❢♦r t❤❡ ❤②❜r✐❞ s②st❡♠

✇✐t❤ t❤❡ ♥❡❣❛t✐✈❡ s♣✐♥ ♠❛ss ✭r❡❞ ❞♦ts✮ ✇✐t❤ ΩS−ΩM = 2π×4.2 ❦❍③ ❛♥❞ ❛ ♣❤❛s❡ r♦t❛t✐♦♥ ♦❢

6➦✱ ❛❧♦♥❣ ✇✐t❤ t❤❡ ♥♦✐s❡ ♦❢ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r ✭❜❧✉❡ ❞♦ts✮✳ ❋♦r t❤✐s ❡①♣❡r✐♠❡♥t ✇❡ ✜♥❞

CM
q = 2.2✳ ❲❡ ♦❜s❡r✈❡ t❤❡ ❜r♦❛❞❜❛♥❞ ◗❇❆ ❡✈❛s✐♦♥ ✇❤✐❝❤✱ ❛❞❞✐t✐♦♥❛❧❧②✱ ✐s ♠♦st ♣r♦♥♦✉♥❝❡❞

❛t Ω = ΩM ✇❤❡r❡ t❤❡ ♠❡❝❤❛♥✐❝❛❧ r❡s♣♦♥s❡ ✐s ♠❛①✐♠❛❧✳ ❚❤❡ ♦❜s❡r✈❡❞ t♦t❛❧ ✈❛r✐❛♥❝❡ ❢♦r

t❤❡ ❤②❜r✐❞ s②st❡♠ ✇✐t❤ t❤❡ ♥❡❣❛t✐✈❡ s♣✐♥ ♠❛ss✱ 2.6 × x2③♣❢✱ ✐s 94 ± 2% ♦❢ t❤❡ ✈❛r✐❛♥❝❡ ❢♦r

♠❡♠❜r❛♥❡ ♦♥❧②✱ 2.8× x2③♣❢✳ ◆♦t❡ t❤❛t ✐♥t❡r❢❡r❡♥❝❡ ✐♥ t❤❡ ❤②❜r✐❞ s②st❡♠ ❧❡❛❞s t♦ s✉♣♣r❡ss✐♦♥

♦❢ t❤❡ s♣✐♥ ♥♦✐s❡ ✭s♦❧✐❞ ♦r❛♥❣❡ ❝✉r✈❡✮ ❛t ΩS✱ ✇❤✐❝❤ ✐s ✐♥st❡❛❞ tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❡✣❝✐❡♥t ◗❇❆

❡✈❛s✐♦♥ ❛r♦✉♥❞ ΩM ❢♦r t❤❡ ♥❡❣❛t✐✈❡ ♠❛ss ❤②❜r✐❞ s②st❡♠✳ ❋✐❣✳ ✹❜ s❤♦✇s t❤❡ ✐♠♣r♦✈❡♠❡♥t ✐♥

t❤❡ ♠❡♠❜r❛♥❡ ❞✐s♣❧❛❝❡♠❡♥t s❡♥s✐t✐✈✐t② ♦❜t❛✐♥❡❞ ❜② t❤❡ ◗❇❆ ❡✈❛s✐♦♥ ❝❛❧❝✉❧❛t❡❞ ❛s t❤❡ r❛t✐♦

♦❢ t❤❡ ❜❧✉❡ ❛♥❞ r❡❞ ❝✉r✈❡s ❢r♦♠ ❋✐❣✳ ✹❛✳ ❚❤❡s❡ ❞❛t❛ s✐❣♥✐❢② ❜r♦❛❞❜❛♥❞ ◗❇❆ ❡✈❛s✐♦♥ ✐♥ ❛

♠♦❞❡❧ ✐♥❞❡♣❡♥❞❡♥t ✇❛②✳

❙✉❜tr❛❝t✐♥❣ t❤❡r♠❛❧ ♥♦✐s❡ ❝♦♥tr✐❜✉t✐♦♥s ✇❡ ✜♥❞ t❤❡ ❤②❜r✐❞ ◗❇❆ ✭r❡❞ s❤❛❞❡❞ ❛r❡❛ ✐♥

❋✐❣✳ ✹❛✮ ♦❢ 1.1 × x2③♣❢✱ t❤❛t ✐s −1.8 ❞❇ ✭34 ± 5%✮ s✉♣♣r❡ss✐♦♥ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♠❡❝❤❛♥✐❝❛❧

◗❇❆ ♦❢ 1.7× x2③♣❢ ✭str✐♣❡❞ ❛r❡❛✮✳ ❋♦r t❤❡ ❤②❜r✐❞ s②st❡♠ ✇✐t❤ t❤❡ ♣♦s✐t✐✈❡ s♣✐♥ ♠❛ss ✭❣r❡❡♥

✾



❞♦ts✮✱ t❤❡ ◗❇❆ ✐s 3.0 × x2③♣❢ ✇❤✐❝❤ ✐s 2.4 ❞❇ ✭73 ± 10%✮ ❛❜♦✈❡ t❤❡ ◗❇❆ ❢♦r t❤❡ ♠❡❝❤❛♥✐❝s

❛❧♦♥❡✳ ■♥ t❤✐s ❞❡t✉♥❡❞ ❝❛s❡ t❤❡ ◗❇❆ r❡❞✉❝t✐♦♥ ✐♥ ❝❛s❡ ♦❢ ♥❡❣❧✐❣✐❜❧❡ t❤❡r♠❛❧ ♥♦✐s❡ ❝❛♥✱

✐♥ ♣r✐♥❝✐♣❧❡✱ ♦✈❡r❝♦♠❡ t❤❡ ❧✐♠✐t ♦❢ 1/2 ✈❛❧✐❞ ❢♦r t❤❡ ❝❛s❡ ♦❢ ΩM = ΩS ✭s❡❡ ▼❡t❤♦❞s✮✱ ❛s

✐♥❞✐❝❛t❡❞ ❜② t❤❡ 60% r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❇❆ t❤❛t ✇❡ ❤❛✈❡ ♦❜s❡r✈❡❞ ✐♥ ❛♥ ✐♥❞❡♣❡♥❞❡♥t

❡①♣❡r✐♠❡♥t ✇✐t❤ t❤❡ s②st❡♠ ❞r✐✈❡♥ ❜② ❝❧❛ss✐❝❛❧ ✇❤✐t❡ ♥♦✐s❡✳ ❚❤❡ ♣❤②s✐❝s ♦❢ t❤❡ ❜r♦❛❞❜❛♥❞

◗❇❆ ✐♥t❡r❢❡r❡♥❝❡ ✐s ❞✉❡ t♦ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ❢r❡q✉❡♥❝② ❞❡♣❡♥❞❡♥t ❛♠♣❧✐t✉❞❡ sq✉❡❡③✐♥❣

♦❢ t❤❡ ❧✐❣❤t ❣❡♥❡r❛t❡❞ ❜② t❤❡ s♣✐♥ ❛♥❞ t❤❡ ✐♥t❡r❢❡r❡♥❝❡ ♦❢ ◗❇❆ ♦❢ t❤❡ t✇♦ s②st❡♠s✳ ❆♥

❡①❛♠♣❧❡ ♦❢ t❤❡ ❛♠♣❧✐t✉❞❡ sq✉❡❡③❡❞ ♦✉t♣✉t ❢r♦♠ t❤❡ s♣✐♥ ✐♥ s❤♦✇♥ ✐♥ ❋✐❣✳ ✹❝✳

■♥ ❝♦♥❝❧✉s✐♦♥✱ ✇❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ❛ ♥♦✈❡❧ ❤②❜r✐❞ q✉❛♥t✉♠ s②st❡♠ ❝♦♥s✐st✐♥❣ ♦❢ ❞✐st❛♥t

♠❡❝❤❛♥✐❝❛❧ ❛♥❞ s♣✐♥ ♦s❝✐❧❧❛t♦rs ❧✐♥❦❡❞ ❜② ♣r♦♣❛❣❛t✐♥❣ ♣❤♦t♦♥s✳ ❈♦♥str✉❝t✐✈❡ ♦r ❞❡str✉❝t✐✈❡

✐♥t❡r❢❡r❡♥❝❡ ♦❢ t❤❡ q✉❛♥t✉♠ ❜❛❝❦ ❛❝t✐♦♥ ❢♦r t❤❡ t✇♦ ♦s❝✐❧❧❛t♦rs ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s✐❣♥ ♦❢ t❤❡

❡✛❡❝t✐✈❡ ♠❛ss ♦❢ t❤❡ s♣✐♥ ♦s❝✐❧❧❛t♦r ✐s ❞❡♠♦♥str❛t❡❞✳ ❆ ❞❡t❛✐❧❡❞ ♠♦❞❡❧ ❞❡s❝r✐❜❡s t❤❡ r❡s✉❧ts

✇✐t❤ ❤✐❣❤ ❛❝❝✉r❛❝②✳ ❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ ❜❛❝❦ ❛❝t✐♦♥ ❡✈❛❞✐♥❣ ♠❡❛s✉r❡♠❡♥t ✐♥ t❤❡ ❤②❜r✐❞

s②st❡♠ ❧❡❛❞s t♦ ❛♥ ❡♥❤❛♥❝❡♠❡♥t ♦❢ ❞✐s♣❧❛❝❡♠❡♥t s❡♥s✐t✐✈✐t②✳ ❋✉rt❤❡r ✐♠♣r♦✈❡♠❡♥ts ❛r❡ r❡✲

❛❧✐st✐❝ ✇✐t❤ r❡❞✉❝❡❞ ♣r♦♣❛❣❛t✐♦♥ ❧♦ss❡s✱ ❡✈❡♥ ❤✐❣❤❡r Q ♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦rs ❬✷✽❪ ❛♥❞ ❝❛✈✐t②

❡♥❤❛♥❝❡❞ s♣✐♥ s②st❡♠s✳ ❚❤❡s❡ r❡s✉❧ts ♣❛✈❡ t❤❡ ✇❛② ❢♦r ❡♥t❛♥❣❧❡♠❡♥t ❣❡♥❡r❛t✐♦♥ ❛♥❞ q✉❛♥✲

t✉♠ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❜❡t✇❡❡♥ ♠❡❝❤❛♥✐❝❛❧ ❛♥❞ s♣✐♥ s②st❡♠s✱ ❛♥❞ t♦ ◗❇❆ ❢r❡❡ ♠❡❛s✉r❡♠❡♥ts

♦❢ ❛❝❝❡❧❡r❛t✐♦♥✱ ❣r❛✈✐t② ❛♥❞ ❢♦r❝❡✳

∗ ❚❤❡s❡ ❛✉t❤♦rs ❝♦♥tr✐❜✉t❡❞ ❡q✉❛❧❧② t♦ t❤✐s ✇♦r❦

† ❚♦ ✇❤♦♠ ❝♦rr❡s♣♦♥❞❡♥❝❡ s❤♦✉❧❞ ❜❡ ❛❞❞r❡ss❡❞✳ ❊♠❛✐❧✿ ♣♦❧③✐❦❅♥❜✐✳❦✉✳❞❦

❬✶❪ ❈❛✈❡s✱ ❈✳ ▼✳✱ ❚❤♦r♥❡✱ ❑✳ ❙✳✱ ❉r❡✈❡r✱ ❘✳ ❲✳ P✳✱ ❙❛♥❞❜❡r❣✱ ❱✳ ❉✳ ✫ ❩✐♠♠❡r♠❛♥♥✱ ▼✳ ❖♥ t❤❡

♠❡❛s✉r❡♠❡♥t ♦❢ ❛ ✇❡❛❦ ❝❧❛ss✐❝❛❧ ❢♦r❝❡ ❝♦✉♣❧❡❞ t♦ ❛ q✉❛♥t✉♠✲♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r✳ ✐✳ ✐ss✉❡s ♦❢

♣r✐♥❝✐♣❧❡✳ ❘❡✈✳ ▼♦❞✳ P❤②s✳ ✺✷✱ ✸✹✶✕✸✾✷ ✭✶✾✽✵✮✳

❬✷❪ ❇r❛❣✐♥s❦②✱ ❱✳ ❇✳✱ ❱♦r♦♥ts♦✈✱ ❨✳ ■✳ ✫ ❚❤♦r♥❡✱ ❑✳ ❙✳ ◗✉❛♥t✉♠ ♥♦♥❞❡♠♦❧✐t✐♦♥ ♠❡❛s✉r❡♠❡♥ts✳

❙❝✐❡♥❝❡ ✷✵✾✱ ✺✹✼✕✺✺✼ ✭✶✾✽✵✮✳

❬✸❪ P✉r❞②✱ ❚✳ P✳✱ P❡t❡rs♦♥✱ ❘✳ ❲✳ ✫ ❘❡❣❛❧✱ ❈✳ ❆✳ ❖❜s❡r✈❛t✐♦♥ ♦❢ r❛❞✐❛t✐♦♥ ♣r❡ss✉r❡ s❤♦t ♥♦✐s❡ ♦♥

❛ ♠❛❝r♦s❝♦♣✐❝ ♦❜❥❡❝t✳ ❙❝✐❡♥❝❡ ✸✸✾✱ ✽✵✶✕✽✵✹ ✭✷✵✶✸✮✳

❬✹❪ ❙♣❡t❤♠❛♥♥✱ ◆✳✱ ❑♦❤❧❡r✱ ❏✳✱ ❙❝❤r❡♣♣❧❡r✱ ❙✳✱ ❇✉❝❤♠❛♥♥✱ ▲✳ ✫ ❙t❛♠♣❡r✲❑✉r♥✱ ❉✳ ▼✳ ❈❛✈✐t②✲

♠❡❞✐❛t❡❞ ❝♦✉♣❧✐♥❣ ♦❢ ♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦rs ❧✐♠✐t❡❞ ❜② q✉❛♥t✉♠ ❜❛❝❦✲❛❝t✐♦♥✳ ◆❛t✳ P❤②s✳ ✶✷✱

✶✵



✷✼✕✸✶ ✭✷✵✶✻✮✳

❬✺❪ P♦❧③✐❦✱ ❊✳ ❙✳ ✫ ❍❛♠♠❡r❡r✱ ❑✳ ❚r❛❥❡❝t♦r✐❡s ✇✐t❤♦✉t q✉❛♥t✉♠ ✉♥❝❡rt❛✐♥t✐❡s✳ ❆♥♥❛❧❡♥ ❞❡r P❤②s✐❦

✺✷✼✱ ❆✶✺✕❆✷✵ ✭✷✵✶✺✮✳ ❯❘▲ ❤tt♣✿✴✴❞①✳❞♦✐✳♦r❣✴✶✵✳✶✵✵✷✴❛♥❞♣✳✷✵✶✹✵✵✵✾✾✳

❬✻❪ ❍❛♠♠❡r❡r✱ ❑✳✱ ❆s♣❡❧♠❡②❡r✱ ▼✳✱ P♦❧③✐❦✱ ❊✳ ❙✳ ✫ ❩♦❧❧❡r✱ P✳ ❊st❛❜❧✐s❤✐♥❣ ❊✐♥st❡✐♥✲P♦❧❞♦s❦②✲

❘♦s❡♥ ❝❤❛♥♥❡❧s ❜❡t✇❡❡♥ ♥❛♥♦♠❡❝❤❛♥✐❝s ❛♥❞ ❛t♦♠✐❝ ❡♥s❡♠❜❧❡s✳ P❤②s✳ ❘❡✈✳ ▲❡tt✳ ✶✵✷✱ ✵✷✵✺✵✶

✭✷✵✵✾✮✳

❬✼❪ ❚s❛♥❣✱ ▼✳ ✫ ❈❛✈❡s✱ ❈✳ ▼✳ ❈♦❤❡r❡♥t q✉❛♥t✉♠✲♥♦✐s❡ ❝❛♥❝❡❧❧❛t✐♦♥ ❢♦r ♦♣t♦♠❡❝❤❛♥✐❝❛❧ s❡♥s♦rs✳

P❤②s✳ ❘❡✈✳ ▲❡tt✳ ✶✵✺✱ ✶✷✸✻✵✶ ✭✷✵✶✵✮✳

❬✽❪ ❇❛r✐❛♥✐✱ ❋✳✱ ❙❡♦❦✱ ❍✳✱ ❙✐♥❣❤✱ ❙✳✱ ❱❡♥❣❛❧❛tt♦r❡✱ ▼✳ ✫▼❡②str❡✱ P✳ ❆t♦♠✲❜❛s❡❞ ❝♦❤❡r❡♥t q✉❛♥t✉♠✲

♥♦✐s❡ ❝❛♥❝❡❧❧❛t✐♦♥ ✐♥ ♦♣t♦♠❡❝❤❛♥✐❝s✳ P❤②s✳ ❘❡✈✳ ❆ ✾✷✱ ✵✹✸✽✶✼ ✭✷✵✶✺✮✳

❬✾❪ ❩❤❛♥❣✱ ❑✳✱ ▼❡②str❡✱ P✳ ✫ ❩❤❛♥❣✱ ❲✳ ❇❛❝❦✲❛❝t✐♦♥✲❢r❡❡ q✉❛♥t✉♠ ♦♣t♦♠❡❝❤❛♥✐❝s ✇✐t❤ ♥❡❣❛t✐✈❡✲
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❝♦♥✈❡♥t✐♦♥❛❧ ❣r❛✈✐t❛t✐♦♥❛❧✲✇❛✈❡ ✐♥t❡r❢❡r♦♠❡t❡rs ✐♥t♦ q✉❛♥t✉♠ ♥♦♥❞❡♠♦❧✐t✐♦♥ ✐♥t❡r❢❡r♦♠❡t❡rs

❜② ♠♦❞✐❢②✐♥❣ t❤❡✐r ✐♥♣✉t ❛♥❞✴♦r ♦✉t♣✉t ♦♣t✐❝s✳ P❤②s✳ ❘❡✈✳ ❉ ✻✺✱ ✵✷✷✵✵✷ ✭✷✵✵✶✮✳

❬✶✽❪ ❉❛♥✐❧✐s❤✐♥✱ ❙✳ ▲✳ ✫ ❑❤❛❧✐❧✐✱ ❋✳ ❨✳ ◗✉❛♥t✉♠ ♠❡❛s✉r❡♠❡♥t t❤❡♦r② ✐♥ ❣r❛✈✐t❛t✐♦♥❛❧✲✇❛✈❡ ❞❡t❡❝✲

✶✶

http://dx.doi.org/10.1002/andp.201400099


t♦rs✳ ▲✐✈✐♥❣ ❘❡✈✐❡✇s ✐♥ ❘❡❧❛t✐✈✐t② ✶✺✱ ✺ ✭✷✵✶✷✮✳

❬✶✾❪ ❑✉r✐③❦✐✱ ●✳ ❡t ❛❧✳ ◗✉❛♥t✉♠ t❡❝❤♥♦❧♦❣✐❡s ✇✐t❤ ❤②❜r✐❞ s②st❡♠s✳ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ◆❛t✐♦♥❛❧

❆❝❛❞❡♠② ♦❢ ❙❝✐❡♥❝❡s ✶✶✷✱ ✸✽✻✻✕✸✽✼✸ ✭✷✵✶✺✮✳

❬✷✵❪ ❏ö❝❦❡❧✱ ❆✳ ❡t ❛❧✳ ❙②♠♣❛t❤❡t✐❝ ❝♦♦❧✐♥❣ ♦❢ ❛ ♠❡♠❜r❛♥❡ ♦s❝✐❧❧❛t♦r ✐♥ ❛ ❤②❜r✐❞ ♠❡❝❤❛♥✐❝❛❧✲❛t♦♠✐❝

s②st❡♠✳ ◆❛t✉r❡ ♥❛♥♦t❡❝❤♥♦❧♦❣② ✶✵✱ ✺✺✕✺✾ ✭✷✵✶✺✮✳

❬✷✶❪ ❚s❛t✉r②❛♥✱ ❨✳ ❡t ❛❧✳ ❉❡♠♦♥str❛t✐♦♥ ♦❢ s✉♣♣r❡ss❡❞ ♣❤♦♥♦♥ t✉♥♥❡❧✐♥❣ ❧♦ss❡s ✐♥ ♣❤♦♥♦♥✐❝ ❜❛♥❞❣❛♣

s❤✐❡❧❞❡❞ ♠❡♠❜r❛♥❡ r❡s♦♥❛t♦rs ❢♦r ❤✐❣❤✲q ♦♣t♦♠❡❝❤❛♥✐❝s✳ ❖♣t✳ ❊①♣r❡ss ✷✷✱ ✻✽✶✵✕✻✽✷✶ ✭✷✵✶✹✮✳

❬✷✷❪ ◆✐❡❧s❡♥✱ ❲✳ ❍✳ P✳✱ ❚s❛t✉r②❛♥✱ ❨✳✱ ▼ø❧❧❡r✱ ❈✳ ❇✳✱ P♦❧③✐❦✱ ❊✳ ❙✳ ✫ ❙❝❤❧✐❡ss❡r✱ ❆✳ ▼✉❧t✐♠♦❞❡ ♦♣✲

t♦♠❡❝❤❛♥✐❝❛❧ s②st❡♠ ✐♥ t❤❡ q✉❛♥t✉♠ r❡❣✐♠❡✳ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ◆❛t✐♦♥❛❧ ❆❝❛❞❡♠② ♦❢ ❙❝✐❡♥❝❡s

✶✶✹✱ ✻✷✕✻✻ ✭✷✵✶✼✮✳

❬✷✸❪ ❍❛♠♠❡r❡r✱ ❑✳✱ ❙ør❡♥s❡♥✱ ❆✳ ❙✳ ✫ P♦❧③✐❦✱ ❊✳ ❙✳ ◗✉❛♥t✉♠ ✐♥t❡r❢❛❝❡ ❜❡t✇❡❡♥ ❧✐❣❤t ❛♥❞ ❛t♦♠✐❝

❡♥s❡♠❜❧❡s✳ ❘❡✈✳ ▼♦❞✳ P❤②s✳ ✽✷✱ ✶✵✹✶✕✶✵✾✸ ✭✷✵✶✵✮✳

❬✷✹❪ ❙❡❧t③❡r✱ ❙✳ ❏✳ ✫ ❘♦♠❛❧✐s✱ ▼✳ ❱✳ ❍✐❣❤✲t❡♠♣❡r❛t✉r❡ ❛❧❦❛❧✐ ✈❛♣♦r ❝❡❧❧s ✇✐t❤ ❛♥t✐r❡❧❛①❛t✐♦♥ s✉r❢❛❝❡

❝♦❛t✐♥❣s✳ ❏♦✉r♥❛❧ ♦❢ ❆♣♣❧✐❡❞ P❤②s✐❝s ✶✵✻✱ ✶✶✹✾✵✺ ✭✷✵✵✾✮✳

❬✷✺❪ ❱❛s✐❧❛❦✐s✱ ●✳ ❡t ❛❧✳ ●❡♥❡r❛t✐♦♥ ♦❢ ❛ sq✉❡❡③❡❞ st❛t❡ ♦❢ ❛♥ ♦s❝✐❧❧❛t♦r ❜② str♦❜♦s❝♦♣✐❝ ❜❛❝❦✲❛❝t✐♦♥✲

❡✈❛❞✐♥❣ ♠❡❛s✉r❡♠❡♥t✳ ◆❛t✉r❡ P❤②s✐❝s ✶✶✱ ✸✽✾✕✸✾✷ ✭✷✵✶✺✮✳

❬✷✻❪ ❆s♣❡❧♠❡②❡r✱ ▼✳✱ ❑✐♣♣❡♥❜❡r❣✱ ❚✳ ❏✳ ✫ ▼❛rq✉❛r❞t✱ ❋✳ ❈❛✈✐t② ♦♣t♦♠❡❝❤❛♥✐❝s✳ ❘❡✈✳ ▼♦❞✳ P❤②s✳

✽✻✱ ✶✸✾✶✕✶✹✺✷ ✭✷✵✶✹✮✳

❬✷✼❪ ❲❡✐s✱ ❙✳ ❡t ❛❧✳ ❖♣t♦♠❡❝❤❛♥✐❝❛❧❧② ✐♥❞✉❝❡❞ tr❛♥s♣❛r❡♥❝②✳ ❙❝✐❡♥❝❡ ✸✸✵✱ ✶✺✷✵✕✶✺✷✸ ✭✷✵✶✵✮✳

❬✷✽❪ ❚s❛t✉r②❛♥✱ ❨✳✱ ❇❛r❣✱ ❆✳✱ P♦❧③✐❦✱ ❊✳ ❙✳ ✫ ❙❝❤❧✐❡ss❡r✱ ❆✳ ❯❧tr❛✲❝♦❤❡r❡♥t ♥❛♥♦♠❡❝❤❛♥✐❝❛❧ r❡s✲

♦♥❛t♦rs ✈✐❛ s♦❢t ❝❧❛♠♣✐♥❣ ❛♥❞ ❞✐ss✐♣❛t✐♦♥ ❞✐❧✉t✐♦♥✳ ❛r❳✐✈ ♣r❡♣r✐♥t ❛r❳✐✈✿✶✻✵✽✳✵✵✾✸✼ ✭✷✵✶✻✮✳

✶✷



❋✐❣✉r❡ ✶✳ ▼❡❝❤❛♥✐❝❛❧ ❛♥❞ s♣✐♥ ♦s❝✐❧❧❛t♦rs✳ ❛✳ ❚❤❡ ♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r ✕ t❤❡ ✭✶✱✷✮ ❞r✉♠

♠♦❞❡✱ ΩM = 2π×1.28▼❍③✱ ♦❢ ❛ 0.5♠♠✱ sq✉❛r❡ s✐❧✐❝♦♥ ♥✐tr✐❞❡ ♠❡♠❜r❛♥❡ ✭❧✐❣❤t sq✉❛r❡ ✐♥ t❤❡

❝❡♥t❡r ♦❢ t❤❡ ✐♥s❡t✮ s✉♣♣♦rt❡❞ ❜② t❤❡ s✐❧✐❝♦♥ ♣❤♦♥♦♥✐❝ ❝r②st❛❧ str✉❝t✉r❡✳ ❜✳ ❚❤❡ s♣✐♥ ♦s❝✐❧❧❛t♦r ✐s ❛♥

♦♣t✐❝❛❧❧② ♣✉♠♣❡❞ ❣❛s ♦❢ ❈❡s✐✉♠ ❛t♦♠s ❝♦♥t❛✐♥❡❞ ✐♥ sq✉❛r❡ ❝r♦ss s❡❝t✐♦♥ ❝❤❛♥♥❡❧ ✐♥s✐❞❡ ❛ ❣❧❛ss ❝❡❧❧✳

❈❤❛♥♥❡❧ ✇❛❧❧s ❛r❡ ❝♦❛t❡❞ ✇✐t❤ ❛ s♣✐♥✲♣r♦t❡❝t✐♥❣ ❝♦❛t✐♥❣✳ ❚❤❡ ❝❡❧❧ ✐s ♣❧❛❝❡❞ ✐♥ ❛ st❛t✐❝ ♠❛❣♥❡t✐❝ ✜❡❧❞

✇✐t❤ t❤❡ ▲❛r♠♦r ❢r❡q✉❡♥❝② ΩS t✉♥❛❜❧❡ ❛r♦✉♥❞ ΩM ✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐❝

✜❡❧❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❛t♦♠✐❝ s♣✐♥✱ t❤❡ ♦s❝✐❧❧❛t♦r ❝❛♥ ❤❛✈❡ ❛ ❧♦✇❡r ✭❤✐❣❤❡r✮ ❡♥❡r❣②

♦❢ t❤❡ ❡①❝✐t❡❞ st❛t❡✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♥❡❣❛t✐✈❡ ✭♣♦s✐t✐✈❡✮ ❡✛❡❝t✐✈❡ ♠❛ss✱ ❛s s❤♦✇♥ ✐♥ ❝ ❛♥❞ ❞✱

r❡s♣❡❝t✐✈❡❧②✳

❋✐❣✉r❡ ✷✳ ❊①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ❛♥❞ ♦❜s❡r✈❛t✐♦♥ ♦❢ ◗❇❆ ❢♦r t❤❡ s♣✐♥ ❛♥❞ ♠❡❝❤❛♥✐❝❛❧

♦s❝✐❧❧❛t♦rs✳ ❛✳ ❙✐♠♣❧✐✜❡❞ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣✳ ❆t♦♠✐❝ s♣✐♥ ❡♥s❡♠❜❧❡ S ✐♥ ♠❛❣♥❡t✐❝ ✜❡❧❞ B ✐s

♣r♦❜❡❞ ❜② t❤❡ ✜❡❧❞ ▲❖1✳ ❚❤❡ ♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r M ✐s ♣r♦❜❡❞ ❜② ▲❖2✳ ❋♦r ❜♦t❤ s②st❡♠s t❤❡

q✉❛❞r❛t✉r❡ X̂L,✐♥ ✐s t❤❡ ◗❇❆ ❢♦r❝❡✳ P❇❙ ✕ ♣♦❧❛r✐③✐♥❣ ❜❡❛♠ s♣❧✐tt❡r✱ ❍❲P ✕ ❤❛❧❢✲✇❛✈❡ ♣❧❛t❡✱ ◗❲P

✕ q✉❛rt❡r✲✇❛✈❡ ♣❧❛t❡✳ ❜✳ ❆♠♣❧✐t✉❞❡ ♥♦✐s❡ s♣❡❝tr✉♠ ♦❢ t❤❡ ♦♣t♦♠❡❝❤❛♥✐❝❛❧ s②st❡♠✳ ❝✳ P❤❛s❡ ♥♦✐s❡

s♣✐♥ s♣❡❝tr✉♠✳ ❇❧❛❝❦ ❞♦ts ✕ s♣✐♥ ❞r✐✈❡♥ ✇✐t❤ t❤❡r♠❛❧ ❧✐❣❤t ♥♦✐s❡ ❛♥❞ t❤❡r♠❛❧ ❢♦r❝❡✱ ♦r❛♥❣❡ ❞♦ts

✕ s♣✐♥ ❞r✐✈❡♥ ❜② ✈❛❝✉✉♠ ❧✐❣❤t ♥♦✐s❡ ❛♥❞ t❤❡r♠❛❧ ❢♦r❝❡✱ ♦r❛♥❣❡ ❛r❡❛ ✕ t❤❡r♠❛❧ ♥♦✐s❡ ♦❢ t❤❡ s♣✐♥✳

❙tr✐♣❡❞ ❛r❡❛ ✕ ◗❇❆ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ t❤❡ ❞❛t❛✳ ❞✳ P❤❛s❡ ♥♦✐s❡ ♦❢ ♦♣t♦♠❡❝❤❛♥✐❝❛❧ s②st❡♠ ❞r✐✈❡♥ ❜②

✈❛❝✉✉♠ ❧✐❣❤t ♥♦✐s❡ ❛♥❞ t❤❡r♠❛❧ ❢♦r❝❡✳ ❇❧✉❡ ❛r❡❛ ✕ ♠❡♠❜r❛♥❡ t❤❡r♠❛❧ ♥♦✐s❡✳ ❙tr✐♣❡❞ ❛r❡❛ ✕ ◗❇❆

❞❡t❡r♠✐♥❡❞ ❢r♦♠ sq✉❡❡③✐♥❣ ❞❛t❛ s❤♦✇♥ ✐♥ ❛✳ ❆①❡s ❧❛❜❡❧s✿ ✭❙◆✮ ✕ s❤♦t ♥♦✐s❡ ♦❢ ❧✐❣❤t✱ x③♣❢ ✕ ③❡r♦

♣♦✐♥t ✢✉❝t✉❛t✐♦♥s✳

✶✸



❋✐❣✉r❡ ✸✳ ◗✉❛♥t✉♠ ❜❛❝❦ ❛❝t✐♦♥ ✐♥t❡r❢❡r❡♥❝❡ ❢♦r t❤❡ ♠❡❝❤❛♥✐❝❛❧ ❛♥❞ s♣✐♥ ♦s❝✐❧❧❛t♦rs

✇✐t❤ ❡q✉❛❧ ❝❡♥tr❛❧ ❢r❡q✉❡♥❝✐❡s✳ ❆①❡s ❧❛❜❡❧s✿ ✭❙◆✮ ✕ s❤♦t ♥♦✐s❡ ♦❢ ❧✐❣❤t✱ x③♣❢ ✕ ③❡r♦ ♣♦✐♥t

✢✉❝t✉❛t✐♦♥s✳ ❛✳ ❇❧✉❡ ✕ ♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r✱ ♦r❛♥❣❡ ✕ s♣✐♥ ♦s❝✐❧❧❛t♦r✱ ❜❧❛❝❦ ❞❛s❤❡❞ ✕ t❤❡ s✉♠ ♦❢

t❤❡ t✇♦ s♣❡❝tr❛✳ ❜✳ ❍②❜r✐❞ s♣❡❝tr✉♠ ❢♦r t❤❡ s②st❡♠ ✇✐t❤ t❤❡ ♥❡❣❛t✐✈❡ ✭r❡❞✮ ❛♥❞ ♣♦s✐t✐✈❡ ✭❣r❡❡♥✮

❡✛❡❝t✐✈❡ s♣✐♥ ♠❛ss❡s✳ ❇❧❛❝❦ ❝✉r✈❡ ✕ t❤❡ ♠♦❞❡❧ ❢♦r t❤❡ ❥♦✐♥t ♥♦✐s❡ s♣❡❝tr✉♠ ♦❢ t❤❡ ❤②❜r✐❞ s②st❡♠

✇✐t❤ q✉❛♥t✉♠ ❇❆ ✐♥t❡r❢❡r❡♥❝❡ ♣✉t t♦ ③❡r♦✳ ❝✳ ❍②❜r✐❞ s♣❡❝tr✉♠ ♥♦✐s❡ ❢♦r t❤❡ ♥❡❣❛t✐✈❡ ♠❛ss ✭r❡❞

❞♦ts✮✳ ❚❤❡r♠❛❧ ♥♦✐s❡ ♦❢ t❤❡ ♠❡♠❜r❛♥❡ ✭❜❧✉❡ s❤❛❞❡✮✱ t❤❡r♠❛❧ ♥♦✐s❡ ♦❢ t❤❡ s♣✐♥ ✭♦r❛♥❣❡ s❤❛❞❡✮ ❛♥❞

❥♦✐♥t t❤❡r♠❛❧ ♥♦✐s❡ ✭r❡❞ ❞❛s❤❡❞ ❝✉r✈❡✮✳ ❙tr✐♣❡❞ ❛r❡❛ ✕ ◗❇❆ ♦❢ t❤❡ ❤②❜r✐❞ s②st❡♠✳ ❇❧✉❡ ❝✉r✈❡ ✕

♠♦❞❡❧ ✜t t♦ t❤❡ ♠❡♠❜r❛♥❡ ♥♦✐s❡ ❞❛t❛ ✭s❛♠❡ ❛s ✐♥ ❛✮✳ ❞ ❙❛♠❡ ❛s ✐♥ ❝✱ ❜✉t ❢♦r t❤❡ ❥♦✐♥t s②st❡♠ ✇✐t❤

t❤❡ ♣♦s✐t✐✈❡ ♠❛ss s♣✐♥ ♦s❝✐❧❧❛t♦r✳ ❈✉r✈❡s ✕ ❢✉❧❧ ♠♦❞❡❧ ✭▼❡t❤♦❞s✮✳

❋✐❣✉r❡ ✹✳ ◗✉❛♥t✉♠ ❜❛❝❦ ❛❝t✐♦♥ ❡✈❛s✐♦♥ ❢♦r t❤❡ ♦♣t✐♠❛❧❧② ❞❡t✉♥❡❞ ♠❡❝❤❛♥✐❝❛❧ ❛♥❞ s♣✐♥

♦s❝✐❧❧❛t♦rs✳ ◆♦✐s❡ s♣❡❝tr❛ ♦❢ ❞❡t❡❝t❡❞ ❧✐❣❤t✳ ❆①❡s ❧❛❜❡❧s✿ ✭❙◆✮ ✕ s❤♦t ♥♦✐s❡ ♦❢ ❧✐❣❤t✱ x③♣❢ ✕ ③❡r♦ ♣♦✐♥t

✢✉❝t✉❛t✐♦♥s✳ ❛ ▼❡♠❜r❛♥❡ ♥♦✐s❡ ✭❜❧✉❡ ❞♦ts✮✱ ❤②❜r✐❞ s②st❡♠ ✇✐t❤ t❤❡ ♥❡❣❛t✐✈❡✴♣♦s✐t✐✈❡ ♠❛ss s♣✐♥

♦s❝✐❧❧❛t♦r ✭r❡❞✴❣r❡❡♥ ❞♦ts✮✱ ❜❧✉❡ ❛r❡❛ ✕ ♠❡♠❜r❛♥❡ t❤❡r♠❛❧ ♥♦✐s❡✱ ♦r❛♥❣❡ ❛r❡❛ ✕ s♣✐♥ t❤❡r♠❛❧ ♥♦✐s❡✳

❙♦❧✐❞ ♦r❛♥❣❡ ❝✉r✈❡ ✕ ❛ ✜t t♦ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s♣✐♥ s♣❡❝tr✉♠ t❛❦❡♥ ✇✐t❤♦✉t ♠❡❝❤❛♥✐❝❛❧ r❡s♣♦♥s❡✳

❘❡❞ ❛r❡❛ ✕ ◗❇❆ ❢♦r t❤❡ ❤②❜r✐❞ s②st❡♠✳ ❙tr✐♣❡❞ ❛r❡❛ ✕ ◗❇❆ ❢♦r t❤❡ ♠❡♠❜r❛♥❡✳ ❉❛s❤❡❞ ✈❡rt✐❝❛❧

❜❧❛❝❦ ❧✐♥❡s ✭❛❧s♦ ❞✐s♣❧❛②❡❞ ✐♥ ❝✮ ✐♥❞✐❝❛t❡ t❤❡ ❢✉❧❧ ✇✐❞t❤ ❤❛❧❢ ♠❛①✐♠✉♠ ✭2γM ✮ ❢r❡q✉❡♥❝② r❛♥❣❡ ♦❢

t❤❡ ♠❡❝❤❛♥✐❝❛❧ r❡s♣♦♥s❡✳ ❜ ❉✐s♣❧❛❝❡♠❡♥t s❡♥s✐t✐✈✐t② ❢♦r t❤❡ ❤②❜r✐❞ s②st❡♠ ✇✐t❤ t❤❡ ♥❡❣❛t✐✈❡ ♠❛ss

✭r❡❞✮ ♥♦r♠❛❧✐③❡❞ t♦ t❤❡ s❡♥s✐t✐✈✐t② ❢♦r t❤❡ ♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r✳ ❝ ❆♥ ❡①❛♠♣❧❡ ♦❢ t❤❡ sq✉❡❡③❡❞

❛♠♣❧✐t✉❞❡ ♦✉t♣✉t ♦❢ t❤❡ s♣✐♥ s②st❡♠ ❢♦r ♣♦s✐t✐✈❡ ✭❜❧❛❝❦✮ ❛♥❞ ♥❡❣❛t✐✈❡ ✭♦r❛♥❣❡✮ ❡✛❡❝t✐✈❡ ♠❛ss✳

✶✹



❊①t❡♥❞❡❞ ❉❛t❛ ❚❛❜❧❡ ✶✳ ❙✉♠♠❛r② ♦❢ ♥♦t❛t✐♦♥ ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧ ♣❛r❛♠❡t❡rs✳

❊①t❡♥❞❡❞ ❉❛t❛ ❋✐❣✉r❡ ✶✳ ❉❡t❛✐❧❡❞ s❝❤❡♠❛t✐❝ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣✳ ❚❤❡ ❛t♦♠✐❝ s♣✐♥

s②st❡♠ ✐s ♣✐❝t✉r❡❞ ✐♥ t❤❡ ❜❧❛❝❦✲♦r❛♥❣❡ ❞❛s❤❡❞ ❜♦①✱ ❛❧♦♥❣ ✇✐t❤ ✐ts ❇✲✜❡❧❞ ❛♥❞ ♦♣t✐❝❛❧ ♣✉♠♣✐♥❣❀

✐♥ t❤❡ ❜❧✉❡ ❧✐♥❡❞ ❜♦①✱ t❤❡ ♦♣t♦♠❡❝❤❛♥✐❝❛❧ ♠❡♠❜r❛♥❡✲✐♥✲t❤❡✲♠✐❞❞❧❡ s❡t✉♣✳ ❚❤❡ ❤②❜r✐❞ s②st❡♠ ✐s

♣r♦❜❡❞ ✈✐❛ ❛ tr❛✈❡❧❧✐♥❣ ♦♣t✐❝❛❧ ♠♦❞❡✳ ❚❤❡ ❛t♦♠✐❝ s②st❡♠✱ ❞r✐✈❡♥ ❜② ▲❖1 ✇✐t❤ ❧✐♥❡❛r ♣♦❧❛r✐③❛t✐♦♥

❛♥❣❧❡ s❡t ❜② ✵❖ ❤❛s ✐ts ♦✉t♣✉t ♣♦❧❛r✐③❛t✐♦♥ ✜❧t❡r❡❞ ✐♥ ✶❖ ❛♥❞ ✐s r❡❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ❝♦rr❡❝t ♣❤❛s❡

✇✐t❤ ▲❖2 ✐♥ ✷❖✱ s❡t ❡❧❡❝tr♦♥✐❝❛❧❧② ✈✐❛ s✉✐t❛❜❧❡ ❞❡t❡❝t✐♦♥ ✐♥ ❉1❀ ✸❖ ❡♥s✉r❡s t❤❛t ❜♦t❤ ❧♦❝❛❧ ♦s❝✐❧❧❛t♦r

❛♥❞ t❤❡ ✜❧t❡r❡❞ ❛t♦♠✐❝ r❡s♣♦♥s❡ ❤❛✈❡ t❤❡ s❛♠❡ ♣♦❧❛r✐③❛t✐♦♥✳ ❚❤❡ ♦♣t♦♠❡❝❤❛♥✐❝❛❧ s②st❡♠ ✐s ♣r♦❜❡❞

✐♥ r❡✢❡❝t✐♦♥ ❛♥❞ ❢r❡q✉❡♥❝② st❛❜✐❧✐③❡❞ ✈✐❛ P❉❍ ❧♦❝❦✐♥❣ ✐♥ t❤❡ ✉♥✉s❡❞ ♣♦rt✳ P❤❛s❡ s❡♥s✐t✐✈❡ ❞❡t❡❝t✐♦♥

✐s ❞♦♥❡ ✈✐❛ ❤♦♠♦❞②♥✐♥❣ ✇✐t❤ ▲❖3 ✐♥ ❉2✳

❊①t❡♥❞❡❞ ❉❛t❛ ❋✐❣✉r❡ ✷✳ ❚❤❡♦r❡t✐❝❛❧ s❝❤❡♠❛t✐❝ ♦❢ t❤❡ s❡t✉♣✿ ❚❤❡ ❛t♦♠✐❝ s♣✐♥ ✐s ❞r✐✈❡♥ ❜②

❧✐❣❤t ♥♦✐s❡ XL,in ❛♥❞ s♣✐♥ ♥♦✐s❡ FS ✳ ❖✉t♣✉t ❧✐❣❤t ♦❢ t❤❡ t❤❡ s♣✐♥ s②st❡♠ X
S
L,out ✐s ❝❤❛♥♥❡❧❡❞ t♦

t❤❡ ❛t♦♠✐❝ s②st❡♠✱ ❛♥❞ ❡①♣❡r✐❡♥❝❡s ❧♦ss❡s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ tr❛♥s♠✐ss✐✈✐t② η1 ❛ss♦❝✐❛t❡❞ ✇✐t❤

❛❞❞✐t✐♦♥❛❧ ❧✐❣❤t ♥♦✐s❡ V1,in ❛♥❞ ❛ ♣❤❛s❡ r♦t❛t✐♦♥ ❜② ❛♥ ❛♥❣❧❡ ϕ✱ r❡s✉❧t✐♥❣ ✐♥ ❛ ❞r✐✈✐♥❣ ✜❡❧❞ X
M
L,in

♦❢ t❤❡ ♦♣t♦♠❡❝❤❛♥✐❝❛❧ s②st❡♠✳ ❚❤❡ ♦♣t♦♠❡❝❤❛♥✐❝❛❧ ❝❛✈✐t② ✐s t✇♦✲s✐❞❡❞ ✇✐t❤ ❞❡❝❛② r❛t❡s κ1 ❛♥❞

κ2✳ ❚❤❡ ♦♣t♦♠❡❝❤❛♥✐❝❛❧ s②st❡♠ ✐s ❞r✐✈❡♥ ✐♥ ❛❞❞✐t✐♦♥ ❜② ❧✐❣❤t ♥♦✐s❡ Vin ❛♥❞ ❛ t❤❡r♠❛❧ ❢♦r❝❡ F✳

❚❤❡ ♦✉t♣✉t ✜❡❧❞ ♦❢ t❤❡ ♦♣t♦♠❡❝❤❛♥✐❝❛❧ s②st❡♠ ❡①♣❡r✐❡♥❝❡s ❢✉rt❤❡r ❧♦ss❡s ✇✐t❤ tr❛♥s♠✐ss✐✈✐t② η2

❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛❞❞✐t✐♦♥❛❧ ❧✐❣❤t ♥♦✐s❡ V2,in✳
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❆❈❑◆❖❲▲❊❉●▼❊◆❚❙

❲❡ ❛❝❦♥♦✇❧❡❞❣❡ ✐❧❧✉♠✐♥❛t✐♥❣ ❞✐s❝✉ss✐♦♥s ✇✐t❤ ❋❛r✐❞ ❑❤❛❧✐❧✐✳ ❚❤✐s ✇♦r❦ ✇❛s s✉♣♣♦rt❡❞ ❜②

t❤❡ ❊✉r♦♣❡❛♥ ❯♥✐♦♥ ❙❡✈❡♥t❤ ❋r❛♠❡✇♦r❦ Pr♦❣r❛♠ ✭❊❘❈ ❣r❛♥t ■◆❚❊❘❋❆❈❊✱ ♣r♦❥❡❝ts ❙■◗❙

❛♥❞ ✐◗❯❖❊▼❙✮✱ t❤❡ ❊✉r♦♣❡❛♥ ❯♥✐♦♥✬s ❍♦r✐③♦♥ ✷✵✷✵ r❡s❡❛r❝❤ ❛♥❞ ✐♥♥♦✈❛t✐♦♥ ♣r♦❣r❛♠♠❡

✭❊❘❈ ❣r❛♥t ◗✲❈❊❖▼✱ ❣r❛♥t ❛❣r❡❡♠❡♥t ♥♦✳ ✻✸✽✼✻✺✮✱ ❛ ❙❛♣❡r❡ ❆✉❞❡ st❛rt✐♥❣ ❣r❛♥t ❢r♦♠ t❤❡

❉❛♥✐s❤ ❈♦✉♥❝✐❧ ❢♦r ■♥❞❡♣❡♥❞❡♥t ❘❡s❡❛r❝❤✱ ❛♥❞ t❤❡ ❉❆❘P❆ ♣r♦❥❡❝t ◗❯❆❙❆❘✳ ❘✳❆✳❚✳ ✐s

❢✉♥❞❡❞ ❜② t❤❡ ♣r♦❣r❛♠ ❙❝✐❡♥❝❡ ✇✐t❤♦✉t ❇♦r❞❡rs ♦❢ t❤❡ ❇r❛③✐❧✐❛♥ ❋❡❞❡r❛❧ ●♦✈❡r♥♠❡♥t✳ ❊✳❩✳

✐s s✉♣♣♦rt❡❞ ❜② t❤❡ ❈❛r❧s❜❡r❣ ❋♦✉♥❞❛t✐♦♥✳ ❑✳❍✳ ❛♥❞ ❊✳❩✳ ❛❝❦♥♦✇❧❡❞❣❡ s✉♣♣♦rt ❢r♦♠ ❉❋●

t❤r♦✉❣❤ ❙❋❇ ✶✷✷✼ ✭❉◗✲♠❛t✮✳ ❲❡ ❛❝❦♥♦✇❧❡❞❣❡ ❤❡❧♣ ❢r♦♠ ▼❛r✐✉s ●❛✉❞❡s✐✉s ❛t t❤❡ ❡❛r❧②

st❛❣❡ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❡✈❡❧♦♣♠❡♥t✳

❆❯❚❍❖❘ ❈❖◆❚❘■❇❯❚■❖◆❙

❊✳❙✳P✳ ❝♦♥❝❡✐✈❡❞ ❛♥❞ ❧❡❞ t❤❡ ♣r♦❥❡❝t✳ ❈✳❇✳▼✳✱ ❘✳❆✳❚✳ ❛♥❞ ●✳❱✳ ❜✉✐❧t t❤❡ ❡①♣❡r✐♠❡♥t ✇✐t❤

t❤❡ ❤❡❧♣ ♦❢ ❑✳❏✳✱ ❨✳❚✳ ❛♥❞ ❆✳❙✳ ❚❤❡ ♠❡♠❜r❛♥❡ r❡s♦♥❛t♦r ❤❛s ❜❡❡♥ ❞❡s✐❣♥❡❞ ❛♥❞ ❢❛❜r✐❝❛t❡❞

❜② ❨✳❚✳ ▼✳❇✳ ❤❛s ❢❛❜r✐❝❛t❡❞ ❈❡s✐✉♠ ❝❡❧❧s ✇✐t❤ s♣✐♥ ♣r♦t❡❝t✐♥❣ ❝♦❛t✐♥❣✳ ❈✳❇✳▼✳✱ ❘✳❆✳❚✳✱

●✳❱✳ ❛♥❞ ❊✳❙✳P✳ t♦♦❦ t❤❡ ❞❛t❛✳ ❊✳❩✳ ❛♥❞ ❑✳❍✳ ❞❡✈❡❧♦♣❡❞ t❤❡ t❤❡♦r② ✇✐t❤ ✐♥♣✉t ❢r♦♠ ❆✳❙✳

❛♥❞ ❊✳❙✳P✳ ❚❤❡ ♣❛♣❡r ✇❛s ✇r✐tt❡♥ ❜② ❊✳❙✳P✳✱ ❑✳❍✳✱ ❊✳❩✳✱ ❘✳❆✳❚✳✱ ❈✳❇✳▼✳ ❛♥❞ ●✳❱✳ ✇✐t❤

❝♦♥tr✐❜✉t✐♦♥s ❢r♦♠ ♦t❤❡r ❛✉t❤♦rs✳ ❆✳❙✳✱ ❑✳❍✳ ❛♥❞ ❊✳❙✳P✳ s✉♣❡r✈✐s❡❞ t❤❡ r❡s❡❛r❝❤✳

▼❊❚❍❖❉❙

■✳ ❊❳P❊❘■▼❊◆❚❆▲ ❙❊❚❯P

❆✳ ❆t♦♠✐❝ s♣✐♥ ♦s❝✐❧❧❛t♦r

❚❤❡ s♣✐♥ ❡♥s❡♠❜❧❡ ❝♦♥s✐sts ♦❢ Na ∼ 109 ❈❡s✐✉♠ ❛t♦♠s ❝♦♥t❛✐♥❡❞ ✐♥ ❛♥ ❛♥t✐✲r❡❧❛①❛t✐♦♥

❝♦❛t❡❞ ♣②r❡① ✈❛♣♦r ❝❡❧❧ ✭♠✐❝r♦❝❡❧❧✮ ❬✷✾❪ ❤❡❛t❡❞ t♦ ❛ t❡♠♣❡r❛t✉r❡ ♦❢ 65 ◦❈✳ ❚❤❡s❡ ❛t♦♠s ❛r❡

❝♦♥✜♥❡❞ ✐♥ ❛ ❝❤❛♥♥❡❧ ♦❢ 300 ➭♠×300 ➭♠×10♠♠ ❝♦♥♥❡❝t❡❞ t♦ ❛♥ ❡①t❡r♥❛❧ ❈❡s✐✉♠ r❡s❡r✈♦✐r

✈✐❛ ❛ ∼ 10 ➭♠ r❛❞✐✉s ❧❛s❡r ❞r✐❧❧❡❞ ❤♦❧❡✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✶❜✳ ❚❤❡② ❛r❡ ❛❞❞r❡ss❡❞ ❜② ❧✐❣❤t

♦❢ ❛ ✇❛✐st ✭r❛❞✐✉s✮ s✐③❡ ♦❢ 55 ➭♠ ❢♦❝✉s❡❞ t❤r♦✉❣❤ t❤❡ ❝❤❛♥♥❡❧✳ ❚❤❡ ♠✐❝r♦❝❡❧❧ ✐s ❡♥❝❧♦s❡❞

✐♥ ❛ ❢♦✉r ❧❛②❡r ♠❛❣♥❡t✐❝ s❤✐❡❧❞✐♥❣✱ ♣r♦t❡❝t✐♥❣ t❤❡ s♣✐♥s ❢r♦♠ ❛♠❜✐❡♥t ♠❛❣♥❡t✐❝ ✜❡❧❞s ❛♥❞
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❡①t❡r♥❛❧ ❘❋ s♦✉r❝❡s✳ ❆♥ ✐♥♥❡r s②st❡♠ ♦❢ ❝♦✐❧s ♣r♦❞✉❝❡s ❛ ❤♦♠♦❣❡♥❡♦✉s ❜✐❛s ✜❡❧❞✱ B✱ ✇❤✐❝❤

❧❡❛❞s t♦ ❛ ▲❛r♠♦r ❢r❡q✉❡♥❝② ΩS✳ ❚❤❡ ✇❛❧❧✲t♦✲✇❛❧❧ tr❛♥s✐❡♥t t✐♠❡ ♦❢ ❈s ❛t♦♠s ✐♥ t❤❡ ❝❤❛♥♥❡❧

✐s ♦♥ ❛✈❡r❛❣❡ ≃ 1.5 ➭s✳ ❲✐t❤✐♥ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❡✈♦❧✉t✐♦♥ t✐♠❡ ♦❢ t❤❡ q✉❛♥t✉♠ st❛t❡✱ t❤❡

♠♦✈✐♥❣ ❛t♦♠s ❤❛✈❡ t♦ ❝r♦ss t❤❡ ❧✐❣❤t ❜❡❛♠ ♠❛♥② t✐♠❡s✱ ❡①♣❡r✐❡♥❝✐♥❣ ❛ ♠♦t✐♦♥❛❧❧② ❛✈❡r❛❣❡❞

✐♥t❡r❛❝t✐♦♥ ❬✸✵✱ ✸✶❪❀ ❛t♦♠s t❤❛t ❞♦ ♥♦t s❛t✐s❢② t❤✐s ❝♦♥❞✐t✐♦♥✱ ❝♦♥tr✐❜✉t❡ t♦ ❛♥ ✉♥❝♦rr❡❧❛t❡❞

❜r♦❛❞❜❛♥❞ ❢❡❛t✉r❡ ❛❞❞❡❞ t♦ t❤❡ s♣✐♥s ♣❤❛s❡ r❡s♣♦♥s❡✳ ■♥ t❤❡ ❡①♣❡r✐♠❡♥ts ❞❡s❝r✐❜❡❞ ✐♥

t❤✐s ❛rt✐❝❧❡✱ t❤✐s ❝♦♥tr✐❜✉t✐♦♥ ✐s ❛♥ ❛❞❞✐t✐♦♥❛❧ ∼ 2.5 s❤♦t ♥♦✐s❡ ✉♥✐ts✳ ❚❤❡ s♣✐♥✲♣r♦t❡❝t✐♥❣

❝♦❛t✐♥❣ ♦❢ t❤❡ ❝❡❧❧ ✇❛❧❧s ❣r❛♥ts ❛♥ ✐♥tr✐♥s✐❝ ❞❡❝♦❤❡r❡♥❝❡ r❛t❡ ♦❢ ≃300 ➭s✳ ❚❤✐s r❛t❡ ✐s ❧✐♠✐t❡❞

❜② s♣✐♥ ❞❡str✉❝t✐♦♥ ❝♦❧❧✐s✐♦♥s ♦❢ ❛t♦♠s ✇✐t❤ t❤❡ ❝❡❧❧ ✇❛❧❧s✱ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐♥❤♦♠♦❣❡♥❡✐t✐❡s

❛♥❞ s♣✐♥✲❡①❝❤❛♥❣❡ ❝♦❧❧✐s✐♦♥s✳

❆ ❝✐r❝✉❧❛r❧② ♣♦❧❛r✐③❡❞ ❞✐♦❞❡ ❧❛s❡r t✉♥❡❞ t♦ t❤❡ F = 3 → F ′ = 4 tr❛♥s✐t✐♦♥ ♦❢ t❤❡

❉✷ ❧✐♥❡ ✐s ✉s❡❞ t♦ s♣✐♥ ♣♦❧❛r✐③❡ ❛t♦♠s ✐♥t♦ t❤❡ F = 4 ❣r♦✉♥❞ st❛t❡✳ ❚❤❡ ♣r♦❜✐♥❣ ♦❢ t❤❡

❛t♦♠✐❝ ❡♥s❡♠❜❧❡ ✐s ❞♦♥❡ ✇✐t❤ ❧✐♥❡❛r❧② ♣♦❧❛r✐③❡❞ ❧✐❣❤t ❛t 852.3490 ♥♠ ✭▲❖1✮✱ ❜❧✉❡ ❞❡t✉♥❡❞

❜② ∆S ∼ 2π×3●❍③ ❢r♦♠ t❤❡ F = 4 → F ′ = 5 ✐♥ t❤❡ ❉2 tr❛♥s✐t✐♦♥✳ ❆❜s♦r♣t✐♦♥ ❡✛❡❝ts ❝❛♥

❜❡ ♥❡❣❧❡❝t❡❞ ❛s ∆S ≫ ∆ω❍❲❍▼
❉♦♣♣❧❡r ≃ 2π× 200▼❍③✱ ❡✛❡❝t✐✈❡❧② ❡❧✐♠✐♥❛t✐♥❣ t❤❡ ❡✛❡❝t ♦❢ s♣✐♥

♠♦t✐♦♥✳ ❚❤❡ ♣♦❧❛r✐③❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❡ s❡t ❜② t❤❡ ❤❛❧❢✲✇❛✈❡♣❧❛t❡ ✭❍❲P0 ✐♥ ❊①t❡♥❞❡❞ ❉❛t❛

❋✐❣✉r❡ ✶✮ ❛❧❧♦✇s ❢♦r ❛❞❥✉st♠❡♥t ♦❢ t❤❡ ♣♦❧❛r✐③❛t✐♦♥ ❛①✐s ♦❢ t❤❡ ❧✐♥❡❛r❧② ♣♦❧❛r✐③❡❞ ♣r♦❜✐♥❣

❧✐❣❤t ✭▲❖1✮✳ ■♥ t❤❡ ❡①♣❡r✐♠❡♥t t❤✐s ❛①✐s ✐s ❝❤♦s❡♥ t♦ ♠✐♥✐♠✐③❡ t❤❡ ❛❞❞❡❞ ❜r♦❛❞❡♥✐♥❣ ♦❢ t❤❡

s♣✐♥ ♦s❝✐❧❧❛t♦r✱ r❡s✉❧t✐♥❣ ✐♥ ❛♥ ❛♥❣❧❡ θa ≈ 55◦ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❛t♦♠✐❝

♣♦❧❛r✐③❛t✐♦♥✳ ❲❡ ❡♠♣❤❛s✐③❡ t❤❛t t❤❡ ❞♦♠✐♥❛♥t ♣❛rt ♦❢ t❤❡ ❧✐❣❤t✲❛t♦♠s ✐♥t❡r❛❝t✐♦♥ ✐s ♦❢ t❤❡

◗◆❉ t②♣❡ ❬✸✷❪ ✭s❡❡ ❊q✳ ✭✶✽✮✮ ❛♥❞ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❛♥❣❧❡ θa❀ t❤❡ ♦♣t✐❝❛❧ r♦t❛t✐♦♥

t❤❛t t❤❡ ❧✐❣❤t ❡①♣❡r✐❡♥❝❡s ✐s t♦ ❛ ✈❡r② ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♣♦❧❛r✐③❛t✐♦♥

♦r✐❡♥t❛t✐♦♥✳ ❚❤❡ ✈❛❝✉✉♠ s✐❞❡❜❛♥❞s t❤❛t ❛✛❡❝t t❤❡ s♣✐♥ ♦s❝✐❧❧❛t♦r ❛r❡ ✐♥ ❛♥ ♦rt❤♦❣♦♥❛❧

♣♦❧❛r✐③❛t✐♦♥ ♠♦❞❡ ❛♥❞ π/2 ♦✉t ♦❢ ♣❤❛s❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❧♦❝❛❧ ♦s❝✐❧❧❛t♦r ▲❖1✳

❚❤❡ ♦♣t✐❝❛❧ r❡❛❞♦✉t r❛t❡✱ ΓS ∝ ∆−2
S Φ1|Jx|✱ ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❛t♦♠s Jx =

FNa✱ t❤❡ ❧♦❝❛❧ ♦s❝✐❧❧❛t♦r ♣❤♦t♦♥ ✢✉① Φ1 ❛♥❞ t❤❡ ❞❡t✉♥✐♥❣ ∆S✳ ■ts ♦r✐❣✐♥ ❧✐❡s ✐♥ t❤❡ r❡✲

♣❛r❛♠❡tr✐③❛t✐♦♥ ♦❢ t❤❡ ❋❛r❛❞❛② r♦t❛t✐♦♥ ❡①♣❡r✐❡♥❝❡❞ ❜② ❧✐❣❤t ❞✉❡ t♦ ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ ❢❛r

❞❡t✉♥❡❞ ❛t♦♠s ❬✸✸✱ ✸✹❪✳ ■♥ t❤❡ ❡st❛❜❧✐s❤❡❞ ❧❛♥❣✉❛❣❡ ♦❢ t❤❡ ❧✐❣❤t✲❛t♦♠s ✐♥t❡r❢❛❝❡ ❬✸✵❪✱ t❤❡

r❡❛❞♦✉t r❛t❡ ✐s r❡❧❛t❡❞ t♦ t❤❡ ✐♥t❡r❛❝t✐♦♥ str❡♥❣t❤ κ2❛t♦♠s = ΓST ✱ ✇✐t❤ T ❜❡✐♥❣ t❤❡ t❡♠♣♦r❛❧

❧❡♥❣t❤ ♦❢ t❤❡ ♣r♦❜✐♥❣ ❧✐❣❤t ♠♦❞❡✳ ❚❤❡ ❛t♦♠✐❝ s♣✐♥s✬ ❧✐♥❡✇✐❞t❤✱ γS✱ ✐s ❞♦♠✐♥❛t❡❞ ❜② t❤❡

♦♣t✐❝❛❧ ❜r♦❛❞❡♥✐♥❣ ❛♥❞ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ Φ1 ✐♥ t❤❡ r❡❣✐♠❡ ♦❢ ✐♥t❡r❡st✳ ❚②♣✐❝❛❧ ✈❛❧✉❡s ❢♦r

♦♣t✐❝❛❧ ♣♦✇❡rs ❛♥❞ γS ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❊①t❡♥❞❡❞ ❉❛t❛ ❚❛❜❧❡ ✶✳
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❚❤❡ ❈❡s✐✉♠ s♣✐♥ ❡♥s❡♠❜❧❡ ❢✉❧❧② ♣♦❧❛r✐③❡❞ t♦ F = 4,mF = ±4 ❤❛s ♣r♦❥❡❝t✐♦♥ ♥♦✐s❡

✈❛r✐❛♥❝❡ ✈❛r(Ĵy,z)P◆ = |Jx|~/2 = FNA~/2 = 2NA~ ✐♥ ✐ts ❣r♦✉♥❞ st❛t❡✱ ✇❤❡r❡❛s ❛ ❝♦♠♣❧❡t❡❧②

✉♥♣♦❧❛r✐③❡❞ ❡♥s❡♠❜❧❡ ❤❛s ✈❛r(Ĵy,z)❚❤ = F (F + 1)NA~/3 = 10/3 × ✈❛r(Ĵy,z)P◆ ❬✸✵❪✳ ■♥

t❤❡ ❡①♣❡r✐♠❡♥t ✈❛r(Ĵy,z) ≃ 2.8 × ✈❛r(Ĵy,z)P◆ ✇✐t❤ t❤❡ ❞❡❣r❡❡ ♦❢ s♣✐♥ ♣♦❧❛r✐③❛t✐♦♥ ♦❢ 60%✱

❡q✉✐✈❛❧❡♥t t♦ ❤❛✈✐♥❣ 1.8 ✉♥✐ts ♦❢ ❡①tr❛ ❣r♦✉♥❞ st❛t❡ ♥♦✐s❡✳ ❚❤❡ ♥❡❣❛t✐✈❡ ✭♣♦s✐t✐✈❡✮ ♠❛ss

❝♦♥✜❣✉r❛t✐♦♥ ✐s ❛❝❤✐❡✈❡❞ ❜② ♦♣t✐❝❛❧ ♣✉♠♣✐♥❣ ♦❢ t❤❡ ❛t♦♠s t♦ t❤❡ F = 4,mF = +4 ✭F =

4,mF = −4✮ st❛t❡✱ ✐✳❡✱ ♣❛r❛❧❧❡❧ ✭❛♥t✐♣❛r❛❧❧❡❧✮ t♦ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ ✇❤✐❝❤ ✇❡ t❛❦❡ t♦ ❞❡✜♥❡

t❤❡ ♣♦s✐t✐✈❡ x✲❞✐r❡❝t✐♦♥✳ ❲✐t❤✐♥ t❤❡ ❍♦❧st❡✐♥✲Pr✐♠❛❦♦✛ ❛♣♣r♦①✐♠❛t✐♦♥ ❬✸✺❪ t❤✐s ✐s ❢♦r♠❛❧❧②

❡q✉✐✈❛❧❡♥t t♦ ❤❛✈✐♥❣ ❛ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r ✇✐t❤ ΩS < 0 ✭ΩS > 0✮ ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✶❝ ✭❋✐❣✳

✶❞✮ ♦❢ t❤❡ ♠❛✐♥ t❡①t✳ ◆♦t❡ t❤❛t t❤r♦✉❣❤♦✉t t❤❡ ▼❡t❤♦❞s✱ ✇❡ ✐♥❝❧✉❞❡ t❤❡ s✐❣♥ ♦❢ t❤❡ ❡✛❡❝t✐✈❡

s♣✐♥ ♠❛ss ✐♥ ΩS ✭✇❤❡r❡❛s t❤✐s s✐❣♥ ✐s st❛t❡❞ ❛s ❛♥ ❡①♣❧✐❝✐t ♣r❡❢❛❝t♦r ✐♥ t❤❡ ♠❛✐♥ t❡①t✮✳ ❋♦r

t❤❡ ♥❡❣❛t✐✈❡ ✭♣♦s✐t✐✈❡✮ ♠❛ss ♦s❝✐❧❧❛t♦r✱ t❤❡ ✜rst ❡①❝✐t❡❞ st❛t❡ ♦❢ t❤❡ s♣✐♥ ♦s❝✐❧❧❛t♦r ✐s t❤❡ ♦♥❡

✇✐t❤ ❛ s✐♥❣❧❡ ❛t♦♠ ✐♥ t❤❡ F = 4,mF = 3 ✭F = 4,mF = −3✮ st❛t❡✳ ❊①♣❡r✐♠❡♥t❛❧❧②✱ ✇❡

❝❤❛♥❣❡ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❞✐r❡❝t✐♦♥ t♦ ❝❤♦♦s❡ t❤❡ s✐❣♥ ♦❢ t❤❡ ♦s❝✐❧❧❛t♦r✬s ♠❛ss✳

❆s ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✷❝✱ t❤❡ q✉❛♥t✉♠ ❝♦♦♣❡r❛t✐✈✐t② ❢♦r t❤❡ s♣✐♥ ♦s❝✐❧❧❛t♦r✱ CS
q ✱ ✐s ❝❤❛r✲

❛❝t❡r✐③❡❞ ✈✐❛ ❜r♦❛❞❜❛♥❞ t❤❡r♠❛❧ ♠♦❞✉❧❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐❝❛❧ ❞r✐✈✐♥❣ ❢♦r❝❡✳ ❚❤✐s t❡❝❤♥✐q✉❡

r❡q✉✐r❡s ❛♥ ❡❧❡❝tr♦✲♦♣t✐❝❛❧ ♠♦❞✉❧❛t♦r t♦ ❞r✐✈❡ ▲❖1✬s ♣♦❧❛r✐③❛t✐♦♥ q✉❛❞r❛t✉r❡ X̂L,✐♥ ❛♥❞ ❛ ❘❋

s♦✉r❝❡ ♦✉t♣✉t✐♥❣ t❤❡r♠❛❧ ✈♦❧t❛❣❡ ♥♦✐s❡✱ ♣r♦❞✉❝✐♥❣ ❛ ❢r❡q✉❡♥❝② ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ♣r♦♣♦rt✐♦♥❛❧

t♦ t❤❡ ❞r✐✈✐♥❣ ✈♦❧t❛❣❡✱ ♦♣t✐❝❛❧ ♣♦✇❡r ✇✐t❤ ❡①❝❡ss n❲◆ ♣❤♦t♦♥ ✢✉① ✐♥ t❤❡ ❢r❡q✉❡♥❝② ❜❛♥❞ ♦❢

✐♥t❡r❡st✳ ■♥ ❋✐❣✳ ✷❝✱ t❤❡ ❜❧❛❝❦ ❞♦ts r❡♣r❡s❡♥t t❤❡ s♣✐♥ ♦s❝✐❧❧❛t♦r ❞r✐✈❡♥ ✇✐t❤ n❲◆ = 1.22✳

❈♦♠♣❛r✐♥❣ t❤✐s ❝✉r✈❡ t♦ t❤❡ s❤♦t✲♥♦✐s❡ ❧✐♠✐t❡❞ ✭n❲◆ = 0✮ ♣r♦❜✐♥❣✱ ✐♥ ♦r❛♥❣❡ ❞♦ts✱ ✇❡ ❡①✲

tr❛❝t t❤❡ ❡✛❡❝t ♦❢ q✉❛♥t✉♠ ♥♦✐s❡ ♦❢ ❧✐❣❤t ♦♥ t❤❡ s♣✐♥ ♦s❝✐❧❧❛t♦r ❛♥❞ t❤❡ r❛t✐♦ ♦❢ ❜❛❝❦ ❛❝t✐♦♥

t♦ t❤❡r♠❛❧ ♥♦✐s❡✱ t❤❡ q✉❛♥t✉♠ ❝♦♦♣❡r❛t✐✈✐t②✳ ❋♦r ❛ t❤♦r♦✉❣❤ ❞✐s❝✉ss✐♦♥ ♦♥ t❤✐s ✇❡ r❡❢❡r t♦

t❤❡ ❙❡❝t✐♦♥ ■●✳

❇✳ ❖♣t♦♠❡❝❤❛♥✐❝❛❧ ❙②st❡♠

❚❤❡ ♦♣t♦♠❡❝❤❛♥✐❝❛❧ s②st❡♠ ✐s ❜❛s❡❞ ♦♥ ❛ ♥❡❛r✲♠♦♥♦❧✐t❤✐❝ ❝r②♦❣❡♥✐❝ ♠❡♠❜r❛♥❡✲✐♥✲t❤❡✲

♠✐❞❞❧❡ s②st❡♠✳ ❚❤❡ ♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r ✐s ❛ ❤✐❣❤❧② str❡ss❡❞✱ 60 ♥♠ t❤✐❝❦ st♦✐❝❤✐♦♠❡tr✐❝

❙✐❧✐❝♦♥ ◆✐tr✐❞❡ ✭❙✐◆✮ ♠❡♠❜r❛♥❡ s✉♣♣♦rt❡❞ ❜② ❛ s✐❧✐❝♦♥ ♣❡r✐♦❞✐❝ str✉❝t✉r❡ ❢♦r♠✐♥❣ ❛ ♣❤♦♥♦♥✐❝

❜❛♥❞❣❛♣✳ ❚❤❡ ❜❛♥❞❣❛♣ ♣r♦t❡❝ts t❤❡ ♦s❝✐❧❧❛t♦r ❢r♦♠ ♣❤♦♥♦♥ t✉♥♥❡❧✐♥❣ ❢r♦♠ t❤❡ ❝❧❛♠♣✐♥❣

♦❢ t❤❡ str✉❝t✉r❡ ❛♥❞ ♣r♦✈✐❞❡s ❛ r❡❣✐♦♥ ❝❧❡❛r ♦❢ ✉♥❞❡s✐r❡❞ ♣❤♦♥♦♥✐❝ ♠♦❞❡s ❬✸✼❪✳ ❚❤❡ ❤✐❣❤
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str❡ss ❜♦♦sts t❤❡ q✉❛❧✐t② ❢❛❝t♦r t❤r♦✉❣❤ ❞✐ss✐♣❛t✐♦♥ ❞✐❧✉t✐♦♥ ❬✷✽❪✳ ❚❤❡ ♠❡♠❜r❛♥❡ t❤✐❝❦♥❡ss✱

tM ✱ ✐s ❝❤♦s❡♥ t♦ ♠❛①✐♠✐③❡ t❤❡ ♦♣t♦♠❡❝❤❛♥✐❝❛❧ s✐♥❣❧❡ ♣❤♦t♦♥ ❝♦✉♣❧✐♥❣ r❛t❡✱ g0✳ ❚❤❡ tr❛❞❡♦✛

✐s ❜❡t✇❡❡♥ t❤❡ ③❡r♦ ♣♦✐♥t ✢✉❝t✉❛t✐♦♥s x③♣❢ =
√

~/(m❡✛ΩM) ∝ t
−1/2
M ❛♥❞ t❤❡ ❛♠♣❧✐t✉❞❡

r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ ❙✐◆✱ ✇❤✐❝❤ ✐s ♣❡r✐♦❞✐❝ ✇✐t❤ tM ✳ ❚❤❡ ❝♦✉♣❧✐♥❣ g0 ❞❡♣❡♥❞s ❧✐♥❡❛r❧② ♦♥

❜♦t❤ ♦❢ t❤❡s❡ q✉❛♥t✐t✐❡s✳

❚❤❡ ✭✶✱✷✮ ❞r✉♠ ♠♦❞❡ ♦❢ t❤❡ ♠❡♠❜r❛♥❡ ✇✐t❤ ❛♥ ✐♥str✐♥s✐❝ ❢r❡q✉❡♥❝② ΩM0 = 2π×1.28▼❍③

✐s ✉s❡❞ ❛s ✐t ✐s t❤❡ ❧♦✇❡st ❢r❡q✉❡♥❝② ♠♦❞❡ t♦ ❧✐❡ ✇✐t❤✐♥ t❤❡ ❜❛♥❞❣❛♣ ❛♥❞ ❤❛s ❛ ❤✐❣❤ q✉❛❧✐t②

❢❛❝t♦r ♦❢ Q = 13 × 106 ❛s ♠❡❛s✉r❡❞ ❜② r✐♥❣✲❞♦✇♥s ✭γM0 = 2π × 50♠❍③✮✳ ❚❤❡ ∼ 8%

s✐❞❡ ❧❡♥❣t❤ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ ♠❡♠❜r❛♥❡ ❜r❡❛❦s t❤❡ ❞❡❣❡♥❡r❛❝② ♦❢ t❤❡ ✭✶✱✷✮ ❛♥❞ ✭✷✱✶✮ ♠♦❞❡s

s✐❣♥✐✜❝❛♥t❧②✱ ✇✐t❤ t❤❡ ✭✶✱✷✮ ♠♦❞❡ ❜❡✐♥❣ ∼ 60 ❦❍③ ❧♦✇❡r ✐♥ ❢r❡q✉❡♥❝② t❤❛♥ ✐ts s✐❜❧✐♥❣✳ ❚❤✐s

♠❡♠❜r❛♥❡ ✐s ♣❧❛❝❡❞ ✐♥ ❛ ❝❛✈✐t② ❛♥❞ ❛❧✐❣♥❡❞ s✉❝❤ t❤❛t t❤❡ ❝❛✈✐t② ❚❊▼00 ♠♦❞❡ ❤❛s ❛ ❣♦♦❞

♦✈❡r❧❛♣ ✇✐t❤ t❤❡ ✭✶✱✷✮ ♠♦❞❡ ❛♥❞ ❛ ♣♦♦r ♦✈❡r❧❛♣ ✇✐t❤ t❤❡ ✭✷✱✶✮ ♠♦❞❡✳ ❚❤✐s ❢✉rt❤❡r s❡♣❛r❛t❡s

t❤❡ s②st❡♠s ❛s t❤❡ ♦♣t✐❝❛❧ s♣r✐♥❣ ❡✛❡❝t ✭❞②♥❛♠✐❝❛❧ ❜❛❝❦ ❛❝t✐♦♥✮ ♣✉s❤❡s t❤❡ ✭✶✱✷✮ ♠♦❞❡

❛♥♦t❤❡r ∼ 10 ❦❍③ ❛✇❛②✱ ✇❤✐❧❡ ❤❛✈✐♥❣ ♦♥❧② ❛ ♠❛r❣✐♥❛❧ ✐♠♣❛❝t ♦♥ t❤❡ ✭✷✱✶✮ ♠♦❞❡✳

❚❤❡ 1.3♠♠ ❧♦♥❣ ♣❧❛♥♦✲❝♦♥❝❛✈❡ ❋❛❜r②✲Pér♦t ♦♣t✐❝❛❧ ❝❛✈✐t② ✇✐t❤ ✜♥❡ss❡ F = 4500 ✭❤❛❧❢

❜❛♥❞✇✐❞t❤ ♦❢ κ = 2π×13▼❍③✮ ✐s ♠♦✉♥t❡❞ ✐♥ ❛ ❝♦♥t✐♥✉♦✉s ✢♦✇ ❝r②♦st❛t ✇✐t❤ ❧❛r❣❡ ✇✐♥❞♦✇s

❢♦r ❣♦♦❞ ♦♣t✐❝❛❧ ❛❝❝❡ss ❛♥❞ ❛ ❜❛s❡ t❡♠♣❡r❛t✉r❡ ♦❢ 4.4 ❑✳ ❚❤❡ ♣♦✇❡r tr❛♥s♠✐ss✐♦♥s ♦❢ t❤❡

♠✐rr♦rs ❛r❡ 20 ♣♣♠ ❛♥❞ 1400 ♣♣♠ t❤✉s ♣r♦❞✉❝✐♥❣ ❛ ❧❛r❣❡❧② ♦♥❡✲s✐❞❡❞ ❝❛✈✐t②✳ P❧❛❝✐♥❣ t❤❡

❛❢♦r❡♠❡♥t✐♦♥❡❞ ❞✐❡❧❡❝tr✐❝ ♠❡♠❜r❛♥❡ 500 ➭♠ ❢r♦♠ t❤❡ 20 ♣♣♠ ♠✐rr♦r✱ ❢♦r♠s t✇♦ s✉❜✲❝❛✈✐t✐❡s

✇❤♦s❡ ❞②♥❛♠✐❝s ❝❛♥ ❜❡ ♠❛♣♣❡❞ ♦♥t♦ t❤❡ ❝❛♥♦♥✐❝❛❧ ♦♣t♦♠❡❝❤❛♥✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥ ✉s❡❞ ✐♥

t❤❡ t❤❡♦r② s❡❝t✐♦♥ ✈✐❛ t❤❡ tr❛♥s❢❡r ♠❛tr✐① ♠♦❞❡❧ ❛♣♣r♦❛❝❤ ❞❡s❝r✐❜❡❞ ✐♥ ❬✸✽❪✳ ■♥ ❡✛❡❝t✱ t❤❡

❝❛✈✐t② ❤❛❧❢ ❜❛♥❞✇✐❞t❤ κ ❛♥❞ ❝♦✉♣❧✐♥❣ r❛t❡ g0 ❛r❡ ♠♦❞✉❧❛t❡❞ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣♦s✐t✐♦♥

♦❢ t❤❡ ♠❡♠❜r❛♥❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ st❛♥❞✐♥❣ ✇❛✈❡ ✐♥ t❤❡ ❝❛✈✐t② ❬✸✾❪✳ ❚❤✐s ✐s ❞✉❡ t♦ ❛

❞✐✛❡r❡♥t✐❛❧ ✐♥tr❛❝❛✈✐t② ♣♦✇❡r ✐♥ ❡❛❝❤ s✉❜✲❝❛✈✐t②✳ ❍❛✈✐♥❣ ♠♦r❡ ✐♥tr❛❝❛✈✐t② ♣♦✇❡r ✐♥ t❤❡ s✉❜✲

❝❛✈✐t② ❜♦✉♥❞❡❞ ♦♥ ♦♥❡ s✐❞❡ ❜② t❤❡ ❧♦✇ tr❛♥s♠✐ss✐♦♥ ✭20 ♣♣♠✮ ♠✐rr♦r ♣r♦❞✉❝❡s ❛♥ ♦✈❡r❛❧❧

❞❡❝r❡❛s❡❞ ❝❛✈✐t② ❧♦ss r❛t❡✳ ■♥ t❤❡ ❝❛♥♦♥✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❞❡❝❛② r❛t❡s

κ1 ❛♥❞ κ2 ♦❢ t❤❡ ❝❛✈✐t② ♣♦rts ✶ ❛♥❞ ✷ ❜❡✐♥❣ ❛❧t❡r❡❞ ❛s②♠♠❡tr✐❝❛❧❧②✱ s❡❡ ❊①t❡♥❞❡❞ ❉❛t❛

❋✐❣✉r❡ ✷✳ ❚❤❡ ♠❡♠❜r❛♥❡ ✐ts❡❧❢ ❛❞❞s ♥❡❣❧✐❣✐❜❧❡ ❛❞❞✐t✐♦♥❛❧ ✐♥tr❛❝❛✈✐t② ❧♦ss✳

❚❤❡ ♠❡♠❜r❛♥❡ ✐s ♣♦s✐t✐♦♥❡❞ ✐♥ t❤❡ ❝❛✈✐t② s✉❝❤ t❤❛t t❤❡ ❝♦✉♣❧✐♥❣ r❛t❡ ✐s ❧❛r❣❡ ❛♥❞ t❤❡

♦✈❡r❛❧❧ ❝❛✈✐t② ❜❛♥❞✇✐❞t❤ r❡❞✉❝❡❞ ❢r♦♠ κ = 2π× 13▼❍③ ✭❜❛r❡ ❝❛✈✐t②✮ t♦ κ = 2π× 7.7▼❍③

✭✜♥❡ss❡ ❡♥❤❛♥❝❡❞ t♦ 7500✮✳ ❚❤✐s ❝♦♠❡s ❛t t❤❡ ❡①♣❡♥s❡ ♦❢ ❤❛✈✐♥❣ ❛ ❧❡ss ♦♥❡✲s✐❞❡❞ ❝❛✈✐t②✳

❚❤❡ r❛t✐♦ ♦❢ t❤❡ ❝❛✈✐t② ♣♦rts ❞❡❝❛② r❛t❡s ❣♦❡s ❢r♦♠ κ1/κ2 = 70 ✭❜❛r❡ ❝❛✈✐t②✮ t♦ κ1/κ2 = 25✳

✶✾



❚❤❡ r❡❞✉❝❡❞ ❝❛✈✐t② ❜❛♥❞✇✐❞t❤ ✐s ❛❞✈❛♥t❛❣❡♦✉s ❛s ❛ ❝❡rt❛✐♥ ❞❡❣r❡❡ ♦❢ s✐❞❡❜❛♥❞ r❡s♦❧✉t✐♦♥ ✐s

r❡q✉✐r❡❞ t♦ ♦♣t✐❝❛❧❧② ❜r♦❛❞❡♥ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r s✐❣♥✐✜❝❛♥t❧② ✇✐t❤♦✉t r❡q✉✐r✐♥❣ ❛ t♦♦

❧❛r❣❡ r❡❛❞♦✉t r❛t❡ ✭♥❡❝❡ss❛r② t♦ ♠❛t❝❤ t❤❡ s♣✐♥ s②st❡♠✮✳

❚❤❡ ❤✐❣❤ tr❛♥s♠✐ss✐♦♥ ✐♥❝♦✉♣❧✐♥❣ ♠✐rr♦r ✐s ♠♦✉♥t❡❞ ♦♥ ❛ ♣✐❡③♦❡❧❡❝tr✐❝ tr❛♥s❞✉❝❡r✱ ✇❤✐❝❤

✐s ✉s❡❞ t♦ t✉♥❡ t❤❡ ❝❛✈✐t② r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ❝❧♦s❡ t♦ t❤❛t ❞✐❝t❛t❡❞ ❜② t❤❡ ❛t♦♠✐❝ ♣r♦❜❡

▲❖1✳ ■t ✐s t✉♥❡❞ s✉❝❤ t❤❛t ▲❖2 ♣r♦❜❡s t❤❡ ❝❛✈✐t② r❡❞ ❞❡t✉♥❡❞ ❜② ∆ = −2π × 4.7▼❍③✳

❚❤✐s ✐s ❡♥s✉r❡❞ ✉s✐♥❣ ❛ s❡♣❛r❛t❡ ❜❡❛♠ ♦r✐❣✐♥❛t✐♥❣ ❢r♦♠ t❤❡ s❛♠❡ ❧❛s❡r✳ ❚❤✐s ❜❡❛♠ ✐s ❜❧✉❡

s❤✐❢t❡❞ ✭❜② −∆✮ ❢r♦♠ ▲❖2 ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ❜② ❛♥ ❛❝♦✉st♦✲♦♣t✐❝ ♠♦❞✉❧❛t♦r✳ ■t ✐s t❤❡♥ ♣❤❛s❡

♠♦❞✉❧❛t❡❞ ❛t ✶✷▼❍③ ❛♥❞ ♣r♦❜❡s t❤❡ ❝❛✈✐t② ❢r♦♠ t❤❡ ✉♥❞❡r❝♦✉♣❧❡❞ ♣♦rt ✷✱ s❡❡ ❊①t❡♥❞❡❞

❉❛t❛ ❋✐❣✉r❡ ✶✳ ❆♥ ❡rr♦r s✐❣♥❛❧ ✐s ❞❡r✐✈❡❞ ✉s✐♥❣ t❤❡ P♦✉♥❞✲❉r❡✈❡r✲❍❛❧❧ t❡❝❤♥✐q✉❡ ❛♥❞ ✐s ✉s❡❞

t♦ ❢❡❡❞❜❛❝❦ ♦♥ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ♣✐❡③♦❡❧❡❝tr✐❝ tr❛♥s❞✉❝❡r ✇❤✐❝❤ st❛❜✐❧✐③❡s t❤❡ ❝❛✈✐t② s✉❝❤

t❤❛t t❤✐s ❜❡❛♠ ✐s ❧♦❝❦❡❞ ♦♥ r❡s♦♥❛♥❝❡✳ ❚❤✐s ❧♦❝❦✐♥❣ ❜❡❛♠ ✐s ✐♥ t❤❡ ♦rt❤♦❣♦♥❛❧ ♣♦❧❛r✐③❛t✐♦♥

t♦ ▲❖2 ❛♥❞ ❝♦♥tr✐❜✉t❡s t♦ < 1% ♦❢ t❤❡ ✐♥tr❛❝❛✈✐t② ♣♦✇❡r✳ ❚❤❡ ❧♦❝❦✐♥❣ ❜❡❛♠ t❤✉s ❤❛s ❛

♥❡❣❧✐❣✐❜❧❡ ✐♠♣❛❝t ♦♥ t❤❡ ✐♥tr❛❝❛✈✐t② ❞②♥❛♠✐❝s ❛♥❞ t❤❡ ✜♥❛❧ ❞❡t❡❝t✐♦♥✳

❚❤❡ ♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r ✐s ✐♥✐t✐❛❧❧② ♦♥❧② ❝♦✉♣❧❡❞ t♦ ❛ t❤❡r♠❛❧ ❜❛t❤ ♦❢ t❡♠♣❡r❛t✉r❡ T❜❛t❤

✇✐t❤ ♠❡❛♥ ♦❝❝✉♣❛t✐♦♥ n̄❜❛t❤✳ ❆❞❞✐♥❣ t❤❡ ♣r♦❜❡ ▲❖2 ❛❧t❡rs t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ s②st❡♠ ❛s

t❤❡ ♦s❝✐❧❧❛t♦r ✐s ❝♦✉♣❧❡❞ t♦ t❤❡ ✐♥tr❛❝❛✈✐t② ✜❡❧❞ ✇✐t❤ ❛ r❛t❡ g = g0
√
N ✱ ✇❤❡r❡ N ✐s t❤❡

♠❡❛♥ ✐♥tr❛❝❛✈✐t② ♣❤♦t♦♥ ♥✉♠❜❡r✳ ❉②♥❛♠✐❝❛❧ ❜❛❝❦ ❛❝t✐♦♥ ♦♣t✐❝❛❧❧② ❜r♦❛❞❡♥s t❤❡ ♠❡❝❤❛♥✐❝❛❧

❧✐♥❡✇✐❞t❤ ❜② γM,♦♣t ✭s✉❝❤ t❤❛t γM = γM0 + γM,♦♣t✮ ❛♥❞ t❤❡ ♠❡❛♥ t❤❡r♠❛❧ ♦❝❝✉♣❛t✐♦♥ ✐s

r❡❞✉❝❡❞ t♦ n̄thM = (γM0/γM)n̄❜❛t❤✳ ❚❤✐s ✭s♦✲❝❛❧❧❡❞✮ s✐❞❡❜❛♥❞ ❝♦♦❧✐♥❣ ✐s ❞✉❡ t♦ ❛♥ ❛s②♠♠❡tr②

✐♥ t❤❡ ❙t♦❦❡s ❛♥❞ ❛♥t✐✲❙t♦❦❡s ♣r♦❝❡ss❡s ❝❛✉s❡❞ ❜② t❤❡ ❞❡t✉♥✐♥❣ ❢r♦♠ ❝❛✈✐t② r❡s♦♥❛♥❝❡✳ ❚❤❡

❙t♦❦❡s s✐❞❡❜❛♥❞ ✭❝❛✉s✐♥❣ ❤❡❛t✐♥❣✮ ✐s ♥❡✈❡r ❝♦♠♣❧❡t❡❧② s✉♣♣r❡ss❡❞ ✇❤✐❝❤ s❡ts ❛ ♠✐♥✐♠✉♠

❛❝❤✐❡✈❛❜❧❡ ♠❡❛♥ ♦❝❝✉♣❛t✐♦♥ n̄♠✐♥
M ❬✹✵❪✳ ❚❤❡ ❡✛❡❝t✐✈❡ ♠❡❛♥ ♦❝❝✉♣❛t✐♦♥ ♦❢ t❤❡ ♠❡❝❤❛♥✐❝❛❧

♦s❝✐❧❧❛t♦r ✐s ♥♦✇ n̄M = (γM0/γM)n̄❜❛t❤ + (γM,♦♣t/γM)n̄♠✐♥
M ✱ ✇❤❡r❡ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ n̄♠✐♥

M ✐s

❝♦rr❡❧❛t❡❞ ✇✐t❤ t❤❡ q✉❛♥t✉♠ ❜❛❝❦✲❛❝t✐♦♥✳

❚❤❡ t♦t❛❧ ✈❛r✐❛♥❝❡ ♦❢ ♠♦t✐♦♥ ✇✐❧❧ t❤✉s ❤❛✈❡ ❝♦♥tr✐❜✉t✐♦♥s ❢r♦♠ ❜♦t❤ t❤❡ ◗❇❆ ❛♥❞ t❤❡

t❤❡r♠❛❧ ❜❛t❤❀ t❤❡ r❛t✐♦ ♦❢ t❤❡s❡ ✐s

γM,♦♣t(n̄
♠✐♥
M + 1/2)

γM0(n̄❜❛t❤ + 1/2)
≈
CM
q

2

(

κ2

κ2 + (∆− ΩM)2
+

κ2

κ2 + (∆ + ΩM)2

)

, ✭✶✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ t❤❡ q✉❛♥t✉♠ ❝♦♦♣❡r❛t✐✈✐t② CM
q = g20N/(2κγM0n̄❜❛t❤) ❛♥❞ ❛♣♣r♦①✲

✐♠❛t❡❞ n̄❜❛t❤+1/2 ≈ n̄❜❛t❤ ✭✐♥ t❤❡ ♣r❡s❡♥t s❝❡♥❛r✐♦ n̄❜❛t❤ ∼ 105✮✳ ❚❤❡ ♦❜s❡r✈❡❞ r❛t✐♦ ♦❢ ◗❇❆

t♦ t❤❡r♠❛❧ ♥♦✐s❡ ❝♦♥tr✐❜✉t✐♦♥s ❛❧s♦ ❞❡♣❡♥❞s ♦♥ t❤❡ ❞❡t❡❝t❡❞ q✉❛❞r❛t✉r❡ ❜❡✐♥❣ ♦❜s❡r✈❡❞ ✇✐t❤
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❊q✳ ✭✶✮ ❜❡✐♥❣ ❛ ✈❡r② ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ ♣❤❛s❡ q✉❛❞r❛t✉r❡ ❞❛t❛ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳

✷✲✹✳

❚❤❡ t♦t❛❧ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ♠♦t✐♦♥ ❝❛♥ ❜❡ ❞✐r❡❝t❧② ✐♥❢❡rr❡❞ ❢r♦♠ t❤❡ ❛r❡❛ ♦❢ t❤❡ ♠❡❛s✉r❡❞

♦✉t♣✉t s♣❡❝tr✉♠ ❜② 〈X̂2
M〉 =

∫

(Γ−1
M 〈P̂ 2

L✱♦✉t〉 − 1)dΩ ≈ Γ−1
M

∫

〈P̂ 2
L✱♦✉t〉dΩ✳ ❚❤❡ ❛♣♣r♦①✐♠❛t✐♦♥

✐s ❣♦♦❞ ❛s t❤❡ s♣❡❝tr❛ ✉s❡❞ ❛r❡ ❞♦♠✐♥❛t❡❞ ❜② ◗❇❆ ❛♥❞ t❤❡r♠❛❧ ♥♦✐s❡ ❝♦♥tr✐❜✉t✐♦♥s✱ ✇✐t❤ ❛

♥❡❣❧✐❣✐❜❧❡ ❙◆ ❝♦♥tr✐❜✉t✐♦♥✱ ✐♥ t❤❡ ❢r❡q✉❡♥❝② r❛♥❣❡ s❤♦✇♥ ✐♥ ❛❧❧ ✜❣✉r❡s✳ ❇② t❤❡ s❛♠❡ t♦❦❡♥✱

❊q✳ ✭✶✮ ❣✐✈❡s ♦♣❡r❛t✐♦♥❛❧ ♠❡❛♥✐♥❣ t♦ t❤❡ q✉❛♥t✉♠ ❝♦♦♣❡r❛t✐✈✐t② CM
q ❛s t❤❡ r❛t✐♦ ♦❢ ◗❇❆

❛♥❞ t❤❡r♠❛❧ ❝♦♥tr✐❜✉t✐♦♥s t♦ t❤❡ ♦❜s❡r✈❡❞ ✈❛r✐❛♥❝❡ ✭❡①❝❡♣t ❢♦r t❤❡ ▲♦r❡♥t③✐❛♥ ❢❛❝t♦r ♦❢ ♦r❞❡r

✉♥✐t②✱ . 1✱ s❡❡♥ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡✮✳

❚❤❡ ♦♣t♦♠❡❝❤❛♥✐❝❛❧ s②st❡♠ ✐s ♣r♦❜❡❞ ✐♥ r❡✢❡❝t✐♦♥✳ ❚❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❛ q✉❛rt❡r✲

✇❛✈❡♣❧❛t❡ ❛t 45◦ ❛♥❞ ❛ ♣♦❧❛r✐③✐♥❣ ❜❡❛♠ s♣❧✐tt❡r ❡✛❡❝t✐✈❡❧② ❛❝ts ❛s ❛♥ ✐s♦❧❛t♦r tr❛♥s♠✐tt✐♥❣

t❤❡ ✐♥♣✉t ❧✐❣❤t ✭✐♥ t❤❡ ❤②❜r✐❞ ❝♦♥✜❣✉r❛t✐♦♥ ❝♦♠✐♥❣ ❢r♦♠ t❤❡ s♣✐♥ s②st❡♠✮ ❛♥❞ r❡✢❡❝t✐♥❣ t❤❡

❧✐❣❤t ❡♠❡r❣✐♥❣ ❢r♦♠ t❤❡ ❝❛✈✐t②✳ ❲✐t❤ ✇❡❧❧ ❝❤❛r❛❝t❡r✐③❡❞ ♦♣t✐❝❛❧ ❧♦ss❡s ❛♥❞ s②st❡♠ ♣❛r❛♠❡t❡rs✱

t❤❡ ❜❛t❤ t❡♠♣❡r❛t✉r❡ ❛♥❞ CM
q ❝❛♥ ❜❡ ✐♥❢❡rr❡❞ ❢r♦♠ t❤❡ ♦❜s❡r✈❡❞ ❞❡❣r❡❡ ♦❢ ♣♦♥❞❡r♦♠♦t✐✈❡

sq✉❡❡③✐♥❣✳ ❆ s♣❡❝tr✉♠ ✭❛♠♣❧✐t✉❞❡ q✉❛❞r❛t✉r❡✮ s❤♦✇✐♥❣ sq✉❡❡③✐♥❣ ♦❢ ✲1.7 ❞❇ ✭✲2.6 ❞❇ ❝♦r✲

r❡❝t❡❞ ❢♦r ❞❡t❡❝t✐♦♥ ❡✣❝✐❡♥❝② ♦❢ 72%✮ ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✷❜✳ ❚❤❡ s❤♦t ♥♦✐s❡ ✭❙◆✮ ❧❡✈❡❧ ✐s

✈❡r✐✜❡❞ ❜② ❜❛❧❛♥❝❡❞ ❞❡t❡❝t✐♦♥ ❛♥❞ ❜② ❝♦♠♣❛r✐s♦♥ t♦ ❛ ✇❤✐t❡ ❧✐❣❤t s♦✉r❝❡ t♦ ✇✐t❤✐♥ < 5%

❛❝❝✉r❛❝②✳ ❯s✐♥❣ t❤❡ ❞❡t❛✐❧❡❞ ♠♦❞❡❧ ✭♦✉t❧✐♥❡❞ ✐♥ t❤❡ t❤❡♦r② s❡❝t✐♦♥✮ ✇✐t❤ t❤❡ ❜❛t❤ t❡♠♣❡r✲

❛t✉r❡ ♦❢ t❤❡ ♠❡♠❜r❛♥❡✱ T❜❛t❤✱ ❛s t❤❡ ♦♥❧② ❛❞❥✉st❛❜❧❡ ♣❛r❛♠❡t❡r✱ ✇❡ ♦❜t❛✐♥ t❤❡ ✜t s❤♦✇♥ ✐♥

❋✐❣✳ ✷❜ ✇✐t❤ T❜❛t❤ = (7 ± .5) ❑✳ ❋r♦♠ T❜❛t❤ ✇❡ t❤✉s ♦❜t❛✐♥ t❤❡ ✈❛❧✉❡ ♦❢ CM
q = 2.6 ± 0.3

❢♦r t❤❡ ❞❛t❛ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✷❞✳ ❚❤❡ t❤❡r♠❛❧ ♥♦✐s❡ ❝♦♥tr✐❜✉t✐♦♥ ✐s s❤♦✇♥ ❛s t❤❡ ❜❧✉❡ ❛r❡❛

❛♥❞ ❝❛♥ ❡❛s✐❧② ❜❡ ❢♦✉♥❞ ✉s✐♥❣ ❊q✳ ✭✶✮✳

❋♦r t❤❡ t✇♦ ♣❤❛s❡ q✉❛❞r❛t✉r❡ ❞❛t❛ s❡ts s❤♦✇♥ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r ✇❛s ♦♣t✐❝❛❧❧②

❜r♦❛❞❡♥❡❞ t♦ γM ≃ 2π × 2.7 ❦❍③✳ ❚❤✐s r❡q✉✐r❡❞ t❤❡ ✐♥♣✉t ▲❖2 ♣♦✇❡r t♦ ❜❡ ❛❞❥✉st❡❞ ❛s t❤❡

❝❛✈✐t② ❤❛❧❢ ❜❛♥❞✇✐❞t❤ ❛♥❞ s✐♥❣❧❡ ♣❤♦t♦♥ ❝♦✉♣❧✐♥❣ r❛t❡ ✈❛r✐❡❞ s❧✐❣❤t❧② ❜❡t✇❡❡♥ r✉♥s✳ ❚❤✐s

✇❛s ❞✉❡ t♦ ❛ ✈❛r②✐♥❣ ♠❡♠❜r❛♥❡ ♣♦s✐t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✐♥tr❛✲❝❛✈✐t② ✜❡❧❞ ♦♥ ❞✐✛❡r❡♥t

❞❛②s ❝❛✉s❡❞ ❜② ♦✈❡r♥✐❣❤t t❡♠♣❡r❛t✉r❡ ❝②❝❧❡s✳ ❚❤❡ ❡①♣❡r✐♠❡♥t❛❧❧② r❡❛❧✐s❡❞ ♣❛r❛♠❡t❡rs ❢♦r

t❤❡s❡ ❛r❡ ❞✐s♣❧❛②❡❞ ✐♥ ❊①t❡♥❞❡❞ ❉❛t❛ ❚❛❜❧❡ ✶✳

▼✐rr♦r s✉❜str❛t❡ ♥♦✐s❡ ✭❛s ❝❛♥ ❜❡ s❡❡♥ ❛s s♣✐❦❡s ✐♥ t❤❡ ❧♦✇ ❢r❡q✉❡♥❝② ✇✐♥❣ ♦❢ ❋✐❣✳ ✷❜✮ ✐s

♥♦t ♠♦❞❡❧❧❡❞ ❛s ✐ts ❝♦♥tr✐❜✉t✐♦♥ ✐s ♥❡❣❧✐❣✐❜❧❡ ❛s ❝♦♠♣❛r❡❞ t♦ ❙◆ ✐♥ t❤❡ r❡❧❡✈❛♥t ❢r❡q✉❡♥❝②

r❛♥❣❡✳ ❚❤❡ ❝❧♦s❡st ♠✐rr♦r s✉❜str❛t❡ ♠♦❞❡s ❛r❡ ∼ 5γM ❛✇❛②✱ t❤✉s r❡♥❞❡r✐♥❣ t❤❡✐r ✐♠♣❛❝t

♠✐♥♦r✳ ❚❤❡✐r ❛❞❞❡❞ ❞❡❝♦❤❡r❡♥❝❡ ✇♦✉❧❞ ❞❡❝r❡❛s❡ t❤❡ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ◗❇❆ ❝♦♥tr✐❜✉t✐♦♥ t♦
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t❤❡ t♦t❛❧ ♠❡❝❤❛♥✐❝❛❧ ✈❛r✐❛♥❝❡ t❤✉s ✐♥❝r❡❛s✐♥❣ t❤❡ ◗❇❆ r❡❞✉❝t✐♦♥ ❝❧❛✐♠❡❞ ✐♥ t❤❡ ♠❛✐♥ t❡①t✳

❈✳ ❍②❜r✐❞ s②st❡♠

❆ ❞❡t❛✐❧❡❞ s❝❤❡♠❛t✐❝ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ✐s s❤♦✇♥ ✐♥ ❊①t❡♥❞❡❞ ❉❛t❛ ❋✐❣✉r❡ ✶✿ ❛

tr❛✈❡❧❧✐♥❣ ❧✐❣❤t ✜❡❧❞ ✐♥t❡r❛❝ts ✇✐t❤ t❤❡ ❛t♦♠✐❝ s♣✐♥ ❛♥❞ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r ✐♥ ❛ ❝❛s❝❛❞❡❞

✇❛②✳ ❚❤❡ ❞r✐✈✐♥❣ ❜❡❛♠s ❢♦r t❤❡ s②st❡♠✱ ▲❖1 ❛♥❞ ▲❖2✱ ❛s ✇❡❧❧ ❛s t❤❡ ❧♦❝❛❧ ♦s❝✐❧❧❛t♦r ▲❖3 ❢♦r

t❤❡ ❤♦♠♦❞②♥❡ ♠❡❛s✉r❡♠❡♥t ❛r❡ ❣❡♥❡r❛t❡❞ ❜② ❛ ❚✐✲❙❛♣♣❤✐r❡ ❧❛s❡r✳ ❚❤❡ ❧✐❣❤t ✐s s❤♦t ♥♦✐s❡

❧✐♠✐t❡❞ ❢♦r t❤❡ r❡❧❡✈❛♥t ♣♦✇❡rs ❛♥❞ ❋♦✉r✐❡r ❢r❡q✉❡♥❝✐❡s ♦❢ ✐♥t❡r❡st ✐♥ t❤❡ q✉❛❞r❛t✉r❡s t❤❛t

♠❛tt❡r ❢♦r ❜♦t❤ s②st❡♠s✳

❚❤❡ s♣✐♥✲♠❡❝❤❛♥✐❝s ✐♥t❡r❢❛❝❡ r❡q✉✐r❡s ✜❧t❡r✐♥❣ ♦❢ t❤❡ s♣✐♥s✬ ♦✉t♣✉t ✜❡❧❞✳ ❚❤❡ ❛t♦♠✐❝

s♣✐♥s r❡s♣♦♥❞ t♦ ♠♦❞✉❧❛t✐♦♥ ♦✉t ♦❢ ♣❤❛s❡ ❛♥❞ ✐♥ t❤❡ ♦rt❤♦❣♦♥❛❧ ♣♦❧❛r✐③❛t✐♦♥ t♦ ✐ts ❧♦❝❛❧

♦s❝✐❧❧❛t♦r ✭❞❡♥♦t❡❞ ❜② t❤❡ q✉❛♥t✉♠ ✜❡❧❞ ♦♣❡r❛t♦r X̂L,✐♥ ✐♥ t❤❡ ♠❛✐♥ t❡①t✮✳ ❚❤❡ ♠❡❝❤❛♥✐❝❛❧

♦s❝✐❧❧❛t♦r r❡s♣♦♥❞s t♦ ♠♦❞✉❧❛t✐♦♥ ✐♥ ♣❤❛s❡ ❛♥❞ ✐♥ t❤❡ s❛♠❡ ♣♦❧❛r✐③❛t✐♦♥ ♠♦❞❡ ❛s ✐ts ♦✇♥

❞r✐✈✐♥❣ ❧♦❝❛❧ ♦s❝✐❧❧❛t♦r ✭r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ✜❡❧❞ ♦♣❡r❛t♦r X̂M
L,✐♥✮✳ ❚❤❡r❡❢♦r❡✱ ▲❖2 s❤♦✉❧❞ ❜❡ ✐♥

❛♥ ♦rt❤♦❣♦♥❛❧ ♣♦❧❛r✐③❛t✐♦♥ ♠♦❞❡ ❛♥❞ π/2 ♣❤❛s❡ s❤✐❢t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ ▲❖✶✳ ❚✇♦ ✜❧t❡r✐♥❣

st❛❣❡s ❛r❡ r❡q✉✐r❡❞✱ ♦♥❡ ❢♦r ♣♦❧❛r✐③❛t✐♦♥ ❛♥❞ ♦♥❡ ❢♦r ♣❤❛s❡✱ ❜♦t❤ ♦❢ t❤❡♠ ❜❡✐♥❣ ❞❡♣✐❝t❡❞ ✐♥

❊①t❡♥❞❡❞ ❉❛t❛ ❋✐❣✉r❡ ✶ ❛♥❞ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❚❤❡ ♣♦❧❛r✐③❛t✐♦♥ ✜❧t❡r✐♥❣ ✐s ❞♦♥❡

✉s✐♥❣ ❍❲P1 ❛♥❞ P❇❙1 r✐❣❤t ❛❢t❡r t❤❡ ♠✐❝r♦❝❡❧❧✱ ❞❡❝♦✉♣❧✐♥❣ ▲❖1 ❢r♦♠ t❤❡ q✉❛♥t✉♠ ✢✉❝t✉✲

❛t✐♦♥s ♦❢ ✐♥t❡r❡st ✐♥ t❤❡ ♦rt❤♦❣♦♥❛❧ ♣♦❧❛r✐③❛t✐♦♥ q✉❛❞r❛t✉r❡❀ t❤❡ ♣❤❛s❡ ✜❧t❡r✐♥❣ ✐s r❡❛❧✐③❡❞

✉s✐♥❣ ❛ ▼❛❝❤✲❩❡❤♥❞❡r ✐♥t❡r❢❡r♦♠❡t❡r ✇✐t❤ ♦✉t♣✉t ❛t P❇❙2✱ s❡tt✐♥❣ ❛ ✈❛r✐❛❜❧❡ ♣❤❛s❡ ❢♦r t❤❡

s♣✐♥ s✐❞❡❜❛♥❞ ✜❡❧❞s {X̂S
L,♦✉t, P̂

S
L,♦✉t} ✇✐t❤ r❡s♣❡❝t t♦ ▲❖2✳ ❚❤❡ ❞r✐✈✐♥❣ ❧♦❝❛❧ ♦s❝✐❧❧❛t♦r ❛♥❞

t❤❡ s✐❞❡❜❛♥❞s ❛r❡ t❤❡♥ ♣r♦❥❡❝t❡❞ ✐♥ t❤❡ s❛♠❡ ♣♦❧❛r✐③❛t✐♦♥ ♠♦❞❡ ✇✐t❤ ❍❲P3 ❛♥❞ P❇❙3 ❛♥❞

❝♦✉♣❧❡❞ t♦ t❤❡ ♦♣t♦♠❡❝❤❛♥✐❝❛❧ ❝❛✈✐t②✳ ❚♦ ❞❡t❡❝t t❤❡ ♦♣t✐❝❛❧ q✉❛❞r❛t✉r❡ ♦❢ ✐♥t❡r❡st✱ ❜❛❧❛♥❝❡❞

♣♦❧❛r✐♠❡tr② ✇✐t❤ t❤❡ ❧♦❝❛❧ ♦s❝✐❧❧❛t♦r ▲❖3 ✭✇✐t❤ t❤❡ ❛✐❞ ♦❢ ❛♥♦t❤❡r ▼❛❝❤✲❩❡❤♥❞❡r ✐♥t❡r❢❡r✲

♦♠❡t❡r✮ ✐s ♣❡r❢♦r♠❡❞ ✇❤❡♥ t❤❡ ♣❤❛s❡ q✉❛❞r❛t✉r❡ ✐s ♦❢ ✐♥t❡r❡st❀ t♦ ♠❡❛s✉r❡ t❤❡ ❛♠♣❧✐t✉❞❡

q✉❛❞r❛t✉r❡✱ t❤❡ ❧♦❝❛❧ ♦s❝✐❧❧❛t♦r ✐s r❡♠♦✈❡❞ ❛♥❞ ❛❧❧ ❧✐❣❤t ✐s ❞✐r❡❝t❡❞ t♦ ❛ s✐♥❣❧❡ ♣❤♦t♦❞✐♦❞❡✳

■♥ t❤❡ ❡①♣❡r✐♠❡♥t✱ P❇❙1 ❡①t✐♥❣✉✐s❤❡s ▲❖1 ❜❡tt❡r t❤❛♥ 1✿103 ❢r♦♠ t❤❡ ♦♣t✐❝❛❧ ♣❛t❤ ✇✐t❤

❧✐tt❧❡ ❧♦ss ♦❢ t❤❡ ♠♦❞✉❧❛t✐♦♥ s✐❞❡❜❛♥❞s ♦r t❤♦s❡ ❝❛rr②✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ s♣✐♥ ♦s❝✐❧❧❛t♦r✳

❆♥ ❡❧❡❝tr♦✲♦♣t✐❝ ♠♦❞✉❧❛t♦r ✭❊❖▼✮ ✐♥ ▲❖1 ✐s ✉s❡❞ ❢♦r ❧♦❝❦✐♥❣ t❤❡ ♣❤❛s❡ ✜❧t❡r✐♥❣ ✐♥t❡r✲

❢❡r♦♠❡t❡r✳ ❚❤❡ ♣❤❛s❡ ❛♥❞ ❛①✐s ♦❢ t❤❡ ❊❖▼ ❛r❡ ❛❞❥✉st❡❞ ✐♥ s✉❝❤ ❛ ✇❛② s♦ t❤❛t ❛ ✈♦❧t❛❣❡

✷✷



♠♦❞✉❧❛t✐♦♥ ✭s♠❛❧❧ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ π ✈♦❧t❛❣❡✮ r❡s✉❧ts ✐♥ ❛ s♠❛❧❧ ♠♦❞✉❧❛t✐♦♥ ♣r❡❞♦♠✐♥❛♥t❧②

✐♥ t❤❡ ❞❡❣r❡❡ ♦❢ ❝✐r❝✉❧❛r ♣♦❧❛r✐③❛t✐♦♥ ♦❢ ❧✐❣❤t ✭q✉❛♥t✐✜❡❞ ❜② t❤❡ Ŝz ❙t♦❦❡s ❝♦♠♣♦♥❡♥t✮✳ ❚❤❡

r❛t✐♦ ♦❢ ❝✐r❝✉❧❛r ♣♦❧❛r✐③❛t✐♦♥ ♠♦❞✉❧❛t✐♦♥ t♦ ❧✐♥❡❛r ♣♦❧❛r✐③❛t✐♦♥ ♠♦❞✉❧❛t✐♦♥ ✐♥tr♦❞✉❝❡❞ ❜②

t❤❡ ❊❖▼ ✐s t②♣✐❝❛❧❧② ∼ 105 ✐♥ ♣♦✇❡r✳ ❙✐♥✉s♦✐❞❛❧ ♠♦❞✉❧❛t✐♦♥ s✐❞❡❜❛♥❞s ❛t 10▼❍③✱ ❢❛r ❢r♦♠

❜♦t❤ ♦s❝✐❧❧❛t♦rs✬ r❡s♣♦♥s❡s✱ ♣r♦✈✐❞❡ t❤❡ ♣❤❛s❡ r❡❢❡r❡♥❝❡✳ ❚❤❡s❡ s✐❞❡❜❛♥❞s ❛r❡ ❝♦♠❜✐♥❡❞ ✇✐t❤

▲❖2 ✐♥ t❤❡ ♦✉t♣✉t ♦❢ t❤❡ ✐♥t❡r❢❡r♦♠❡t❡r✱ P❇❙2✳ ❆ ❤❛❧❢✲✇❛✈❡♣❧❛t❡ ❛❧❧♦✇s ❢♦r ❛♥ ❛❞❥✉st❛❜❧❡

❢r❛❝t✐♦♥ ♦❢ t❤❡ s✐❞❡❜❛♥❞ ♣♦✇❡r t♦ ❜❡ ✉s❡❞ ❢♦r ❧♦❝❦✐♥❣ ✭t②♣✐❝❛❧❧② ∼ 5%✮✳ ❚❤❡ ❞❡♠♦❞✉❧❛t❡❞

r❡s✉❧t ♦❢ t❤❡ ❜❛❧❛♥❝❡❞ ♣♦❧❛r✐♠❡tr② ♠❡❛s✉r❡♠❡♥t ♦❢ t❤❡ ❧♦❝❦✐♥❣ s✐❣♥❛❧ ✐♥ ❉1 ✐s ♣r♦♣♦rt✐♦♥❛❧

t♦ cos δφ▲❖✶✱✷✱ ✇❤❡r❡ δφ▲❖1,2
✐s t❤❡ ♣❤❛s❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ▲❖1 ❛♥❞ ▲❖2✳ ❋❡❡❞❜❛❝❦ ♦♥ ❛

♣✐❡③♦❡❧❡❝tr✐❝ tr❛♥s❞✉❝❡r ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤✐s s✐❣♥❛❧ ❛❧❧♦✇s ✉s t♦ ❧♦❝❦ t❤❡ ♥❡✇ ❧♦❝❛❧ ♦s❝✐❧❧❛t♦r

✐♥ ♣❤❛s❡ ✇✐t❤ t❤❡ s✐❞❡❜❛♥❞ q✉❛❞r❛t✉r❡ t❤❛t ❞r♦✈❡ t❤❡ s♣✐♥ ♦s❝✐❧❧❛t♦r✳

❚❤❡ ❤❛❧❢✲✇❛✈❡♣❧❛t❡ ❍❲P2 ❛♥❞ P❇❙2 ♣r♦❥❡❝t ❛ s♠❛❧❧ ♣♦rt✐♦♥ ♦❢ ▲❖2 ✭∼ 3%✮ ❛♥❞ ♠♦st

♦❢ t❤❡ s✐❞❡❜❛♥❞ s✐❣♥❛❧ ✭∼ 97%✮ ✐♥t♦ t❤❡ s❛♠❡ ♣♦❧❛r✐③❛t✐♦♥ ♠♦❞❡✳ ❙✉✐t❛❜❧❡ ♦♣t✐❝s ❞✐r❡❝t

t❤❡ ❜❡❛♠ ♦♥t♦ t❤❡ ♦♣t♦♠❡❝❤❛♥✐❝❛❧ ❝❛✈✐t② ✇✐t❤ ❛ t♦t❛❧ ♦♣t✐❝❛❧ ♣♦✇❡r tr❛♥s♠✐ss✐♦♥ ❢♦r t❤❡

s♣✐♥ s②st❡♠ r❡s♣♦♥s❡ s✐❞❡❜❛♥❞s ✐♥ t❤❡ 60 − 65% r❛♥❣❡✳ ❚❤❡s❡ s✐❞❡❜❛♥❞s ❛r❡ ✐♥ t❤❡ s❛♠❡

s♣❛t✐❛❧ ♠♦❞❡ ❛s ▲❖1✱ ✇❤✐❝❤ ✐s ♠♦❞❡♠❛t❝❤❡❞ t♦ t❤❡ ❝❛✈✐t② ✇✐t❤ ❛♥ ❡✣❝✐❡♥❝② ♦❢ ηmm ≃ 90%✳

❚❤❡ ♠♦❞❡♠❛t❝❤✐♥❣ ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❢r❛❝t✐♦♥ ♦❢ ✐♥❝✐❞❡♥t ▲❖1 ♣♦✇❡r ❣♦✐♥❣ ✐♥t♦ t❤❡ ❚❊▼00

❝♦♠♣❛r❡❞ t♦ ❛❧❧ ❚❊▼ ♠♦❞❡s✳

❲❤❡♥ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❛t♦♠✐❝ s♣✐♥ ♦s❝✐❧❧❛t♦r ✐s ♣❡r❢♦r♠❡❞✱ ❛ ❢✉♥❝t✐♦♥ ❣❡♥❡r❛t♦r

♣r♦✈✐❞❡s ❛ ✇❤✐t❡ ♥♦✐s❡ ✭❲◆✮ ♠♦❞✉❧❛t✐♦♥ ♦✈❡r t❤❡ ✐♥t❡r❡st✐♥❣ ❢r❡q✉❡♥❝② r❛♥❣❡✱ ❢r♦♠ ✶▼❍③

t♦ ✷▼❍③❀ t②♣✐❝❛❧ ✈❛❧✉❡s ❢♦r t❤❡ ❛❞❞❡❞ ♠♦❞✉❧❛t❡❞ ❲◆ ♣❤♦t♦♥s ✭✐♥ ✉♥✐ts ♦❢ ❙◆✮ r❛♥❣❡ ❢r♦♠

✵✳✺ t♦ ✶✵✵✳

❚❤❡ s♣❡❝tr❛ ♦❢ P̂L,♦✉t ❛r❡ ♠❡❛s✉r❡❞ ❜② ❜❛❧❛♥❝❡❞ ❤♦♠♦❞②♥✐♥❣ ♦❢ t❤❡ ✜❡❧❞ r❡✢❡❝t❡❞ ♦✛ t❤❡

♦♣t♦♠❡❝❤❛♥✐❝❛❧ ❝❛✈✐t② ✇✐t❤ ▲❖3✱ ✇✐t❤ ♣♦✇❡r ✐♥ t❤❡ ♦r❞❡r ♦❢ 1.5♠❲✱ ✇❤✐❝❤ ✐s ❧♦❝❦❡❞ t♦ t❤❡

❉❈ ③❡r♦ ♦❢ t❤❡ ✐♥t❡r❢❡r❡♥❝❡ ❢r✐♥❣❡ ✇✐t❤ ▲❖2✱ t❤✉s ❡♥s✉r✐♥❣ t❤❛t t❤❡ ♣❤❛s❡ q✉❛❞r❛t✉r❡ ✐s

❜❡✐♥❣ ♠❡❛s✉r❡❞✳

❚❤❡ ♠♦❞❡❧ ✜ts ❛♥❞ ❦♥♦✇❧❡❞❣❡ ♦❢ ❛❧❧ r❡❧❡✈❛♥t s②st❡♠ ♣❛r❛♠❡t❡rs ♣r♦✈✐❞❡ ❛ r❡❧✐❛❜❧❡ r❡❢✲

❡r❡♥❝❡ ♣♦✐♥t ❢r♦♠ ✇❤✐❝❤ ✇❡ ❝❛❧✐❜r❛t❡ t❤❡ s♣❡❝tr❛ ✐♥ ✉♥✐ts ♦❢ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ③❡r♦ ♣♦✐♥t

✢✉❝t✉❛t✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ r✐❣❤t ✈❡rt✐❝❛❧ ❛①✐s ✐♥ ❋✐❣✳ ✷❞ s❤♦✇s t❤❡ s♣❡❝tr❛❧ ❞❡♥s✐t② ♦❢

♠♦t✐♦♥ ✐♥ ✉♥✐ts ♦❢ x2③♣❢/❦❍③✱ ❝❛❧✐❜r❛t❡❞ t♦ t❤❡ t❤❡r♠❛❧ ♥♦✐s❡ ✈❛r✐❛♥❝❡ ❝♦♥tr✐❜✉t✐♦♥ ❛❢t❡r s✐❣✲

♥✐✜❝❛♥t ♦♣t✐❝❛❧ ❝♦♦❧✐♥❣✳ ■♥t❡❣r❛t✐♥❣ t❤❡ ♣♦✇❡r s♣❡❝tr❛❧ ❞❡♥s✐t② ❞❛t❛ ✇❡ ✜♥❞ t❤❡ ♦❜s❡r✈❡❞

♠❡❝❤❛♥✐❝❛❧ ✈❛r✐❛♥❝❡ ♦❢ 3.0 × x2③♣❢✳ ❙✉❜tr❛❝t✐♥❣ t❤❡ t❤❡r♠❛❧ ♥♦✐s❡ ✈❛r✐❛♥❝❡ ♦❢ 1.0 × x2③♣❢ ✇❡

✷✸



♦❜t❛✐♥ t❤❡ ◗❇❆ ✈❛r✐❛♥❝❡ 2.0× x2③♣❢✳

▲♦ss❡s ✐♥ t❤❡ s②st❡♠ ❛r❡ ❞✉❡ t♦ t❤❡ ✜♥✐t❡ tr❛♥s♠✐ss✐♦♥ ❝♦❡✣❝✐❡♥t ❜❡t✇❡❡♥ t❤❡ s♣✐♥ ❛♥❞ t❤❡

♦♣t♦♠❡❝❤❛♥✐❝❛❧ s②st❡♠s ♦❢ η1 = 61% ❛♥❞ t❤❡ ✜♥✐t❡ ♦♣t♦♠❡❝❤❛♥✐❝❛❧ ❝❛✈✐t② ♠♦❞❡♠❛t❝❤✐♥❣

❡✣❝✐❡♥❝② ηmm = 89%✳ ❉❡t❡❝t✐♦♥ ❧♦ss❡s ❛r❡ ❣✐✈❡♥ ❜② t❤❡ tr❛♥s♠✐ss✐♦♥ ❝♦❡✣❝✐❡♥t ❜❡t✇❡❡♥ t❤❡

♦♣t♦♠❡❝❤❛♥✐❝❛❧ s②st❡♠ ❛♥❞ t❤❡ ❞❡t❡❝t✐♦♥ ♦❢ η2 ≃ 64% ✇❤✐❝❤ ✐♥❝❧✉❞❡s t❤❡ q✉❛♥t✉♠ ❡✣❝✐❡♥❝②

♦❢ t❤❡ ♣❤♦t♦❞❡t❡❝t♦r ❛♥❞ t❤❡ ♠♦❞❡♠❛t❝❤✐♥❣ t♦ t❤❡ ❤♦♠♦❞②♥✐♥❣ ▲❖3✳ ❚❤❡s❡ ✈❛❧✉❡s ✈❛r②

✇✐t❤✐♥ ❛ ❢❡✇ ♣❡r❝❡♥t❛❣❡ ♣♦✐♥ts ❢r♦♠ ❡①♣❡r✐♠❡♥t t♦ ❡①♣❡r✐♠❡♥t✳

❚❍❊❖❘❊❚■❈❆▲ ▼❖❉❊▲

❉✳ ❖♣t♦♠❡❝❤❛♥✐❝❛❧ ❙②st❡♠

❚❤❡ ♦♣t♦♠❡❝❤❛♥✐❝❛❧ s②st❡♠ ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡ st❛♥❞❛r❞ ❧✐♥❡❛r✐③❡❞ ❍❛♠✐❧t♦♥✐❛♥

Ĥ =
ΩM

2

(

X̂2
M + P̂ 2

M

)

−∆ â†â− g
(

âe−iφ + â†eiφ
)

X̂M ,

✇❤❡r❡ [X̂M , P̂M ] = i ❛r❡ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ❝❛♥♦♥✐❝❛❧ ♦♣❡r❛t♦rs ❢♦r t❤❡ ♠❡❝❤❛♥✐❝❛❧ s②st❡♠✱

❛♥❞ [â, â†] = 1 ❛r❡ ❛♥♥✐❤✐❧❛t✐♦♥✴❝r❡❛t✐♦♥ ♦♣❡r❛t♦rs ❢♦r ❝❛✈✐t② ♣❤♦t♦♥s✳ ∆ = ωL − ωc ✐s t❤❡

❞❡t✉♥✐♥❣ ♦❢ t❤❡ ❞r✐✈✐♥❣ ❧❛s❡r ❢r♦♠ t❤❡ ❝❛✈✐t② r❡s♦♥❛♥❝❡ ωc✳ ❚❤❡ ❧✐♥❡❛r✐③❡❞ ♦♣t♦♠❡❝❤❛♥✐❝❛❧

❝♦✉♣❧✐♥❣ r❛t❡ g = g0|α| ❞❡♣❡♥❞s ♦♥ t❤❡ s✐♥❣❧❡ ♣❤♦t♦♥ ❝♦✉♣❧✐♥❣ r❛t❡ g0 ♦❢ t❤❡ ♦♣t♦♠❡❝❤❛♥✐❝❛❧

s②st❡♠ ❛♥❞ t❤❡ ✐♥tr❛❝❛✈✐t② ❛♠♣❧✐t✉❞❡ α✳ ■t ✐s ❧✐♥❦❡❞ t♦ t❤❡ ♦♣t♦♠❡❝❤❛♥✐❝❛❧ r❡❛❞♦✉t r❛t❡ ΓM

✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ♠❛✐♥ t❡①t ❜②

ΓM =
2g2

κ
, ✭✷✮

✇❤❡r❡ κ ✐s t❤❡ ❝❛✈✐t② ❤❛❧❢ ❧✐♥❡✇✐❞t❤✳ ❚❤❡ ♣❤❛s❡ φ = arctan(∆/κ) ❞❡♥♦t❡s t❤❡ ♣❤❛s❡ ♦❢ t❤❡

✐♥tr❛❝❛✈✐t② ✜❡❧❞ ❛♠♣❧✐t✉❞❡ α r❡❧❛t✐✈❡ t♦ ❞r✐✈✐♥❣ ✜❡❧❞✱ ❛s ✐s ❞✐s❝✉ss❡❞ ❢✉rt❤❡r ❜❡❧♦✇ ✐♥ ❝♦♥✲

♥❡❝t✐♦♥ ✇✐t❤ ❊q✳ ✭✸✷✮✳ ❍❡r❡ ✇❡ t❛❦❡ t❤❡ ✐♥❝♦♠✐♥❣ ✜❡❧❞ ❛s t❤❡ ♣❤❛s❡ r❡❢❡r❡♥❝❡ ✐♥st❡❛❞ ♦❢ t❤❡

✐♥tr❛❝❛✈✐t② ✜❡❧❞ ✭❛s ✐s ✉s✉❛❧❧② ❞♦♥❡ ✐♥ ❝❛✈✐t② ♦♣t♦♠❡❝❤❛♥✐❝s✮ s✐♥❝❡ ✇❡ ❡✈❡♥t✉❛❧❧② ✐♥t❡r❡st❡❞

✐♥ t❤❡ tr❛♥s❢❡r ♠❛tr✐① ❢♦r t❤❡ ✐♥❝♦♠✐♥❣✴♦✉t❣♦✐♥❣ ❛♠♣❧✐t✉❞❡s r❡s✉❧t✐♥❣ ❢r♦♠ t❤✐s ❍❛♠✐❧t♦✲

♥✐❛♥✳ ■♥❝❧✉❞✐♥❣ ❞❡❝❛② ❛♥❞ ▲❛♥❣❡✈✐♥ ♥♦✐s❡ ❢♦r❝❡s t❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦

t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❛r❡

˙̂a(t) + (κ− i∆)â(t)− igeiφX̂M(t) =
√
2κ1âin(t) +

√
2κ2v̂in(t)

¨̂
XM(t) + Ω2

MX̂M(t) + 2γM0
˙̂
XM(t)− ΩMg

(

â(t)e−iφ + â†(t)eiφ
)

=
√

4γM0 ΩM f̂(t),

✷✹



✇❤❡r❡ âin(t) ❛♥❞ v̂in(t) ❛r❡ ✐♥❝♦♠✐♥❣ q✉❛♥t✉♠ ✜❡❧❞s ❞r✐✈✐♥❣ t❤❡ ❝❛✈✐t② t❤r♦✉❣❤ ♣♦rt 1 ❛♥❞ 2✱

r❡s♣❡❝t✐✈❡❧②✱ ❝❢✳ ❊①t❡♥❞❡❞ ❉❛t❛ ❋✐❣✉r❡ ✷❀ t❤❡✐r ❝♦♠♠✉t❛t✐♦♥ r❡❧❛t✐♦♥s ❛r❡ [âin(t), â
†
in(t

′)] =

δ(t− t′) = [v̂in(t), v̂
†
in(t

′)]✳ ❚❤❡ ♣❛rt✐❛❧ ❞❡❝❛② r❛t❡s κ1(2) ❢✉❧✜❧❧ κ = κ1 + κ2✳ ❚❤❡ ❧✐♥❡✇✐❞t❤ ♦❢

t❤❡ ♠❡❝❤❛♥✐❝❛❧ r❡s♦♥❛♥❝❡ ✭❡①❝❧✉❞✐♥❣ ♦♣t✐❝❛❧ ❜r♦❛❞❡♥✐♥❣✮ ✐s γM0✱ ❛♥❞ t❤❡ t❤❡r♠❛❧ ▲❛♥❣❡♥✈✐♥

❢♦r❝❡ ✐s f̂(t)✳ ■♥ t❤❡ ❤✐❣❤ t❡♠♣❡r❛t✉r❡ ❧✐♠✐t ✇❡ ❝❛♥ t❛❦❡ 〈f̂(t)f̂(t′)〉 = δ(t− t′)(n̄❜❛t❤ + 1/2)

✇❤❡r❡ n̄❜❛t❤ ≃ kBT❜❛t❤/(~ΩM)✳

■♥ t❤❡ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥ t❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ r❡❛❞

(

κ− i(∆ + Ω)
)

â(Ω)− igeiφX̂M(Ω) =
√
2κ1âin(Ω) +

√
2κ2v̂in(Ω)

DM0(Ω)X̂M(Ω)− gΩM

(

â(Ω)e−iφ + â†(−Ω)eiφ
)

=
√

4γM0Ωmf̂(Ω),

✇❤❡r❡

DM0(Ω) = Ω2
M − Ω2 − 2iΩγM0. ✭✸✮

❲❡ ❞❡✜♥❡ ✜❡❧❞ q✉❛❞r❛t✉r❡s ❛s

X̂L(Ω) =
1

2
(â(Ω) + â†(−Ω)) P̂L(Ω) =

1

2i
(â(Ω)− â†(−Ω)) ✭✹✮

❛♥❞ s✐♠✐❧❛r ❞❡✜♥✐t✐♦♥s ❛r❡ ✉s❡❞ ❢♦r q✉❛❞r❛t✉r❡s ♦❢ ✐♥❝♦♠✐♥❣✴♦✉t❣♦✐♥❣ ✜❡❧❞s✳ ■♥ t❡r♠s ♦❢

t❤❡s❡ t❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ✐♥ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥ ❛r❡










κ− iΩ ∆ g sinφ

−∆ κ− iΩ −g cosφ
−2gΩM cosφ −2gΩM sinφ DM0(Ω)





















X̂L(Ω)

P̂L(Ω)

X̂M(Ω)











=











√
2κ1X̂

M
L,in(Ω) +

√
2κ2V̂x,in(Ω)

√
2κ1P̂

M
L,in(Ω) +

√
2κ2V̂p,in(Ω)

√
4γM0ΩM f̂(Ω)











✇❤✐❝❤ ❝❛♥ ❜❡ ❝♦♥✈❡♥✐❡♥t❧② ✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ ❜❧♦❝❦ ♠❛tr✐❝❡s




Oφ 0

0 1









A B

C DM0(Ω)









OT
φ 0

0 1









X̂L(Ω)

X̂M(Ω)



 =





√
2κ1X̂

M
L,in(Ω) +

√
2κ2V̂in(Ω)

√
4γM0ΩM f̂(Ω)





✇❤❡r❡

Oφ =





cos(φ) − sin(φ)

sin(φ) cos(φ)



 , A =





κ− iΩ ∆

−∆ κ− iΩ



 ,

B =





0

−g



 , C =
(

−2gΩM 0
)

, X̂L(Ω) =





X̂L(Ω)

P̂L(Ω)



 , ❡t❝✳

✷✺



❚❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ❛r❡ s♦❧✈❡❞ ❜②





X̂L(Ω)

X̂M(Ω)



 =





Oφ 0

0 1









A B

C DM0(Ω)





−1



OT
φ 0

0 1









√
2κ1X̂

M
L,in(Ω) +

√
2κ2V̂in(Ω)

√
4γM0ΩM f̂(Ω)





✇❤❡r❡ t❤❡ ✐♥✈❡rs❡ ❇❧♦❝❦ ♠❛tr✐① ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t✇♦ ❡q✉✐✈❛❧❡♥t ❢♦r♠s





A B

C DM0(Ω)





−1

=





A−1 + A−1BS−1CA−1 −A−1BS−1

−S−1CA−1 S−1



 ✭✺✮

=





T−1 −T−1BD−1
M0

−D−1
M0CT

−1 D−1
M0 +D−1

M0CT
−1BD−1



 ✭✻✮

❜② ♠❡❛♥s ♦❢ t❤❡ ❙❝❤✉r ❝♦♠♣❧❡♠❡♥ts

S = DM0(Ω)− CA−1B = DM0(Ω) +
ΓMκΩM∆

(κ− iΩ)2 +∆2
=: DM(Ω), ✭✼✮

T = A− BD−1
M0(Ω)C =





κ− iΩ ∆

−∆− ΓMκΩM

DM0(Ω)
κ− iΩ



 . ✭✽✮

❚❤❡ ❡✛❡❝t✐✈❡ ♠❡❝❤❛♥✐❝❛❧ s✉s❝❡♣t✐❜✐❧✐t② ✐♥❝❧✉❞✐♥❣ ♦♣t✐❝❛❧❧② ✐♥❞✉❝❡❞ s❤✐❢t ❛♥❞ ❜r♦❛❞❡♥✐♥❣ ✐s

χM(Ω) = 2ΩMD
−1
M (Ω). ✭✾✮

❚❤❡ ✐♥tr❛❝❛✈✐t② q✉❛❞r❛t✉r❡s ❢♦❧❧♦✇✐♥❣ ❢r♦♠ ❊qs✳ ✭✺✮ ❛♥❞ ✭✻✮ ❛r❡

X̂L(Ω) = OφT
−1OT

φ

(√
2κ1X̂

M
L,in(Ω) +

√
2κ2V̂in(Ω)

)

+

√
2γM0κΓMΩm

DM(Ω)
OφA

−1
F̂(Ω),

✐♥ ✇❤✐❝❤

F̂(Ω) :=





0

f̂(Ω)



 ,

❛♥❞ t❤❡ ✜❡❧❞ r❡✢❡❝t❡❞ ♦✛ t❤❡ ❝❛✈✐t② ✐♥ ♣♦rt 1 ✐s

X̂
M
L,out(Ω) = −X̂

M
L,in(Ω) +

√
2κ1X̂L(Ω)

= Oφ(2κ1T
−1 − 1)OT

φ X̂
M
L,in(Ω) +

√
4κ1κ2OφT

−1OT
φ V̂in(Ω)

+
2
√
ΓMκκ1γM0Ωm

DM(Ω)
OφA

−1
F̂(Ω)

=: M(Ω)X̂M
L,in(Ω) +V(Ω)V̂in(Ω) + F(Ω)F̂(Ω) ✭✶✵✮

✷✻



❚❤❡ ♦♣t♦♠❡❝❤❛♥✐❝❛❧ tr❛♥s❢❡r ♠❛tr✐① M(Ω) ✐s ❡①♣❧✐❝✐t❧② ❣✐✈❡♥ ❜②

M(Ω) =
2κ1

(κ− iΩ)2 +∆
(

∆+ ΓMκΩM

DM0(Ω)

)Oφ





κ− iΩ −∆

∆+ ΓMκΩM

DM0(Ω)
κ− iΩ



OT
φ − 1

=
1

Dc(Ω)

2κ1DM0(Ω)

DM(Ω)
Oφ





κ− iΩ −∆

∆+ ΓMκΩM

DM0(Ω)
κ− iΩ



OT
φ − 1, ✭✶✶✮

✇❤❡r❡ Dc(Ω) = (κ− iΩ)2 +∆2✳ ■♥ t❤❡ ❢♦r♠ ❣✐✈❡♥ ✐♥ t❤❡ s❡❝♦♥❞ ❧✐♥❡ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡

❡✛❡❝t✐✈❡ ♠❡❝❤❛♥✐❝❛❧ s✉s❝❡♣t✐❜✐❧✐t② ❜❡❝♦♠❡s ❡✈✐❞❡♥t✳

❲❡ ♥♦t❡ t❤❛t ❢♦r ❛ ❜r♦❛❞❜❛♥❞ ❝❛✈✐t② ✭κ≫ ∆,ΩM ,Ω✮ ❛♥❞ ♥❡❣❧❡❝t✐♥❣ ❧♦ss❡s ✭κ2 = 0✮ ♦♥❡

r❡❝♦✈❡rs ❢r♦♠ ❊q✳ ✭✶✵✮ t❤❡ s✐♠♣❧❡ ♦♣t♦♠❡❝❤❛♥✐❝❛❧ ✐♥♣✉t✲♦✉t♣✉t r❡❧❛t✐♦♥ st❛t❡❞ ✐♥ t❤❡ ♠❛✐♥

t❡①t✱





X̂M
L,out(Ω)

P̂M
L,out(Ω)



 =





1 0

ΓMχM(Ω) 1









X̂M
L,in(Ω)

P̂M
L,in(Ω)



+
√

ΓMγM0χM(Ω)





0

f̂(Ω)



 . ✭✶✷✮

■♥ t❤❡ ❧✐♠✐t ❝♦♥s✐❞❡r❡❞ ❤❡r❡ t❤❡ s✉s❝❡♣t✐❜✐❧✐t② ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♦♥❡ ♦❢ t❤❡ ❜❛r❡ ♠❡❝❤❛♥✐❝❛❧

s②st❡♠ ✭✇✐t❤♦✉t s❤✐❢t ❛♥❞ ❜r♦❛❞❡♥✐♥❣✮✳

❋♦r ♥♦♥③❡r♦ ❞❡t✉♥✐♥❣ ❛♥❞ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❡✛❡❝ts ♦❢ ❛ ✜♥✐t❡ ❝❛✈✐t② ❧✐♥❡✇✐❞t❤✱ t❤❡

♠♦r❡ ✐♥✈♦❧✈❡❞ ✐♥♣✉t✲♦✉t♣✉t r❡❧❛t✐♦♥s ❞❡s❝r✐❜❡❞ ❜② ❊qs✳ ✭✶✵✮ ❤❛✈❡ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❣❡♥✲

❡r❛❧✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❡ ✉♥r❡s♦❧✈❡❞✲s✐❞❡❜❛♥❞ r❡❣✐♠❡ ✭κ ≫ ΩM ,Ω✮ ✇❡ ♠❛② ♦❜t❛✐♥ ❛ s✐♠♣❧✐✜❡❞

❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ♦♣t♦♠❡❝❤❛♥✐❝❛❧ tr❛♥s❢❡r ♠❛tr✐① ✭✶✶✮✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ♥♦t❡ t❤❛t t❤❡ ❝❛✈✲

✐t② r❡s♣♦♥s❡ t♦ t❤❡ ✐♥❞✐✈✐❞✉❛❧ s✐❞❡❜❛♥❞ ❝♦♠♣♦♥❡♥ts ❛t ±Ω ♦❢ t❤❡ ❧✐❣❤t q✉❛❞r❛t✉r❡s ✭✹✮ ✐s

❣♦✈❡r♥❡❞ ❜② t❤❡ ❝♦♠♣❧❡① ▲♦r❡♥t③✐❛♥

L(Ω) =
κ

κ− i(∆ + Ω)
=: |L(Ω)|eiθ(Ω), |L(Ω)| = κ

√

κ2 + (∆ + Ω)2
, θ(Ω) = arctan

(

∆+Ω

κ

)

,

✭✶✸✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ ✐ts ♣♦❧❛r ❞❡❝♦♠♣♦s✐t✐♦♥✳ ■♥ t❡r♠s ♦❢ t❤✐s✱ ❊q✳ ✭✶✶✮ ❝❛♥ ❜❡ r❡❡①✲

♣r❡ss❡❞ ❛s ✭❛❣❛✐♥ ♥❡❣❧❡❝t✐♥❣ ❝❛✈✐t② ❧♦ss❡s ❢♦r s✐♠♣❧✐❝✐t②✱ κ2 = 0✮

M(Ω) = ei[θ(Ω)−θ(−Ω)]Oφ+[θ(Ω)+θ(−Ω)]/2

(

[1 + i
ΓMχM(Ω)

4
(|L(Ω)|2 − |L(−Ω)|2)]1

+
ΓMχM(Ω)

4





0 −(|L(Ω)| − |L(−Ω)|)2

(|L(Ω)|+ |L(−Ω)|)2 0





)

OT
φ−[θ(Ω)+θ(−Ω)]/2, ✭✶✹✮

✷✼



✇❤❡r❡ φ = θ(0) ✭s❡❡ ❞✐s❝✉ss✐♦♥ ♦❢ ❊q✳ ✭✸✷✮ ❜❡❧♦✇✮ ❛♥❞ χM(Ω) ✐s t❤❡ ❡✛❡❝t✐✈❡ ♠❡❝❤❛♥✐❝❛❧

s✉s❝❡♣t✐❜✐❧✐t② ✭✾✮✳ ❚♦ ♦❜t❛✐♥ ❛ s✐♠♣❧❡r ❡①♣r❡ss✐♦♥ ❢♦r ❊q✳ ✭✶✹✮ ✐♥ t❤❡ r❡❣✐♠❡ κ≫ ΩM ,Ω✱ ✇❡

❡①♣❛♥❞ |L(Ω)| ❛♥❞ θ(Ω) t♦ ❧✐♥❡❛r ♦r❞❡r ❛r♦✉♥❞ t❤❡ ❝❛rr✐❡r ❢r❡q✉❡♥❝② ✭Ω = 0 ✐♥ t❤❡ r♦t❛t✐♥❣

❢r❛♠❡✮✱

|L(Ω)| ≈ L0 + δL(Ω), L0 := |L(0)| = κ√
κ2 +∆2

, δL(Ω) := − Ω∆κ

(κ2 +∆2)3/2
✭✶✺✮

θ(Ω) ≈ φ+ δθ(Ω), δθ(Ω) :=
Ωκ

κ2 +∆2
, ✭✶✻✮

r❡s✉❧t✐♥❣ ✐♥ t❤❡ ♦♣t♦♠❡❝❤❛♥✐❝❛❧ s❝❛tt❡r✐♥❣ ♠❛tr✐①

M(Ω) ≈ e2iδθ(Ω)O2φ

(

[1 + iΓMχM(Ω)L0δL(Ω)]1+ ΓMχM(Ω)L2
0





0 0

1 0





)

, ✭✶✼✮

t♦ ❧❡❛❞✐♥❣ ♦r❞❡r ✐♥ δθ, δL ✭t❤❡ ♣❤❛s❡ ♣r❡❢❛❝t♦r ❞♦❡s ♥♦t ❛✛❡❝t t❤❡ r❡s✉❧t✐♥❣ s♣❡❝tr❛ ❛♥❞ ✇✐❧❧

❜❡ s✉♣♣r❡ss❡❞ ❢♦r ❜r❡✈✐t② ❤❡♥❝❡❢♦rt❤✮✳

❚❤❡ tr❛♥s❢❡r ♠❛tr✐① ✐♥ ❊q✳ ✭✶✼✮ ✐♥t❡r♣♦❧❛t❡s ❜❡t✇❡❡♥ t❤❡ s✐♠♣❧❡ r❡s✉❧t ✐♥ ❊q✳ ✭✶✷✮✱ ✇❤✐❝❤

✐s ✈❛❧✐❞ ✐♥ t❤❡ ❧✐♠✐t κ→ ∞✱ ❛♥❞ t❤❡ ❣❡♥❡r❛❧ r❡s✉❧t ✐♥ ❊q✳ ✭✶✶✮✳

❲❤❡♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ✜❡❧❞ r❡✢❡❝t❡❞ ♦✛ t❤❡ ❝❛✈✐t② ✐♥ ♣♦rt ✶ ✐♥ ❊q✳ ✭✶✵✮✱ t❤❡ ✜♥✐t❡ ♠♦❞❡✲

♠❛t❝❤✐♥❣ ηmm ♦❢ t❤❡ ✐♥♣✉t q✉❛❞r❛t✉r❡s X̂L,in(Ω) t♦ t❤❡ ❝❛✈✐t② q✉❛❞r❛t✉r❡s X̂L(Ω) ✐s tr❡❛t❡❞

❛s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ✐♥♣✉t ♣♦rt ❤❛✈✐♥❣ ❤✐❣❤❡r ❧♦ss✱ ✐✳❡✳ κ1 → ηmmκ1✳ ❚❤❡ t♦t❛❧ ❝❛✈✐t② ❧♦ss

r❡♠❛✐♥s ✜①❡❞ κ = κ1 + κ2 ❛♥❞ ✇❡ s✐♠♣❧② tr❡❛t κ2 → κ2 + (1− ηmm)κ1 ❛s t❤❡ ✐♥♣✉t ❢♦r t❤❡

❛❞❞✐t✐♦♥❛❧ ✈❛❝✉✉♠ ♥♦✐s❡✳

❊✳ ❆t♦♠✐❝ ❙♣✐♥s ❙②st❡♠

❆s ❞✐s❝✉ss❡❞ ✐♥ ❘❡❢✳ ❬✸✵✱ ✸✹❪✱ ✐♥ t❤❡ ❧✐♠✐t ♦❢ ❧♦✇ s❛t✉r❛t✐♦♥ ❛♥❞ ❧❛r❣❡ ❞❡t✉♥✐♥❣ ❢r♦♠ t❤❡

❛t♦♠✐❝ r❡s♦♥❛♥❝❡✱ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❛✛❡❝t✐♥❣ t❤❡ ❛t♦♠✐❝ s♣✐♥ ❛♥❞ ❧✐❣❤t ♣♦❧❛r✐③❛t✐♦♥ ♦❜s❡r✈✲

❛❜❧❡s ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠✿

Ĥ✐♥t = αŜzĴz, ✭✶✽✮

✇❤❡r❡ Ĵz ✐s t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ✭~ = 1✮ ❝♦❧❧❡❝t✐✈❡ s♣✐♥ ❝♦♠♣♦♥❡♥t ❛❧♦♥❣ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢

❧✐❣❤t ♣r♦♣❛❣❛t✐♦♥ ✭t❛❦❡♥ ❤❡r❡ t♦ ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ z ❛①✐s ✐♥ t❤❡ ❧❛❜ ❢r❛♠❡✮ ❛♥❞ Ŝz ✐s t❤❡

❙t♦❦❡s ❝♦♠♣♦♥❡♥t ♦❢ ❧✐❣❤t t❤❛t ♠❡❛s✉r❡s t❤❡ ❞❡❣r❡❡ ♦❢ ❝✐r❝✉❧❛r ♣♦❧❛r✐③❛t✐♦♥✳ ❚❤❡ ♣❛r❛♠❡t❡r

α ❞❡♣❡♥❞s ♦♥ t❤❡ ❞❡t✉♥✐♥❣ ❢r♦♠ t❤❡ r❡s♦♥❛♥❝❡ ∆S✱ ♦♥ t❤❡ ❛r❡❛ A ♦❢ ✐♥t❡r❛❝t✐♦♥ ❛♥❞ ♦♥

✷✽



♣❤②s✐❝❛❧ ❝♦♥st❛♥ts✿

α =
Γs♣

8A∆S

λ2

2π
α1(∆S), ✭✶✾✮

✇❤❡r❡ Γs♣ ✐s t❤❡ s♣♦♥t❛♥❡♦✉s ❡♠✐ss✐♦♥ r❛t❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♦♣t✐❝❛❧ tr❛♥s✐t✐♦♥✱ λ ✐s t❤❡

✇❛✈❡❧❡♥❣t❤ ♦❢ ❧✐❣❤t ❛♥❞ α1(∆S) ✐s ❛ ♥✉♠❡r✐❝❛❧ ❢❛❝t♦r t❤❛t ❞❡♣❡♥❞s ♦♥ t❤❡ s♣❡❝✐✜❝ ❛t♦♠✐❝

str✉❝t✉r❡ ❛♥❞ ❢♦r ❞❡t✉♥✐♥❣s ♠✉❝❤ ❧❛r❣❡r t❤❛♥ t❤❡ ❡①❝✐t❡❞ st❛t❡ ❤②♣❡r✜♥❡ str✉❝t✉r❡ ❝❛♥ ❜❡

❛♣♣r♦①✐♠❛t❡❞ t♦ ❜❡ ✉♥✐t②✳

❋♦r ❛♥ ❡♥s❡♠❜❧❡ ♦❢ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❛t♦♠s✱ ❤✐❣❤❧② ♣♦❧❛r✐③❡❞ ❛❧♦♥❣ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ❛

st❛t✐❝ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✭x ❞✐r❡❝t✐♦♥✮✱ t❤❡ ❍♦❧st❡✐♥✲Pr✐♠❛❦♦✛ tr❛♥s❢♦r♠❛t✐♦♥ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞

❛♥❞ ♠❛♣ t❤❡ ❝♦❧❧❡❝t✐✈❡ s♣✐♥ ♦♣❡r❛t♦rs t♦ ♣♦s✐t✐♦♥ ❛♥❞ ♠♦♠❡♥t✉♠ ♦♣❡r❛t♦rs ♦❢ ❛♥ ❡✛❡❝t✐✈❡

✭s♣✐♥✮ ♦s❝✐❧❧❛t♦r✿

X̂S =
Ĵz

√

|Jx|
; P̂S = −s❣♥(Jx)

Ĵy
√

|Jx|
. ✭✷✵✮

❍❡r❡ ✇❡ r❡♣r❡s❡♥t t❤❡ ♠❛❝r♦s❝♦♣✐❝ ♠❡❛♥ ♣♦❧❛r✐③❛t✐♦♥ ❜② ✐ts x✲♣r♦❥❡❝t✐♦♥ Jx = 〈Ĵx〉 ✭✐♥❝❧✉❞✐♥❣
✐ts s✐❣♥✮ r❛t❤❡r t❤❛♥ ♠❡r❡❧② ✐ts ♠❛❣♥✐t✉❞❡ ✭❛s ❞♦♥❡ ✐♥ t❤❡ ♠❛✐♥ t❡①t ❢♦r s✐♠♣❧✐❝✐t②✮✳ ❆s

❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♠❛✐♥ t❡①t ❛♥❞ ❛❜♦✈❡ ✐♥ t❤❡ ▼❡t❤♦❞s s❡❝t✐♦♥✱ t❤❡ r❡❧❛t✐✈❡ s✐❣♥ ♦❢ Jx ❛♥❞ B

❝❛♥ ❜❡ ❡✐t❤❡r ♣♦s✐t✐✈❡ ♦r ♥❡❣❛t✐✈❡✱ r❡✢❡❝t✐♥❣ ✇❤❡t❤❡r t❤❡ ♠❛❝r♦s❝♦♣✐❝ s♣✐♥ ✐s ❛❧✐❣♥❡❞ ♦r ❛♥t✐✲

❛❧✐❣♥❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❛♣♣❧✐❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❋♦r t❤❡ ❝❛s❡ ♦❢ t❤✐s ✇♦r❦✱ ✇❤❡r❡ ❈❡s✐✉♠

❛t♦♠s ❛r❡ ♣♦❧❛r✐③❡❞ ✐♥ t❤❡ F = 4 ❤②♣❡r✜♥❡ ♠❛♥✐❢♦❧❞ ♦❢ t❤❡ ❣r♦✉♥❞ ❡❧❡❝tr♦♥✐❝ st❛t❡✱ ♣♦s✐t✐✈❡

s❣♥(Jx/B) ❝♦rr❡s♣♦♥❞s t♦ ❛ ♥❡❣❛t✐✈❡ ♠❛ss ♦s❝✐❧❧❛t♦r ✭❡♥❡r❣② s❤♦✉❧❞ ❜❡ ❡①tr❛❝t❡❞ t♦ r❡♠♦✈❡

t❤❡ ❡♥s❡♠❜❧❡ ❢r♦♠ t❤❡ ❢✉❧❧② ♣♦❧❛r✐③❡❞ st❛t❡✮✱ ✇❤❡r❡❛s ♥❡❣❛t✐✈❡ s❣♥(Jx/B) ❝♦rr❡s♣♦♥❞s t♦ ❛

♣♦s✐t✐✈❡ ♠❛ss ♦s❝✐❧❧❛t♦r✳

❚❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ st❛t✐❝ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛❞❞s t❤❡ ❍❛♠✐❧t♦♥✐❛♥ t❡r♠

ĤS = µBgFBĴx ✭✷✶✮

✇✐t❤ µB ❜❡✐♥❣ t❤❡ ❇♦❤r ♠❛❣♥❡t♦♥ ❛♥❞ gF = 1/4 t❤❡ ▲❛♥❞é ❢❛❝t♦r ❢♦r t❤❡ F = 4 ♠❛♥✐❢♦❧❞✳

■♥ t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ s♣✐♥ ♦s❝✐❧❧❛t♦rs t❤✐s ❍❛♠✐❧t♦♥✐❛♥ t❡r♠ ❛✛❡❝ts t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ X̂S ❛♥❞ P̂S

✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿
˙̂
XS

∣

∣

∣

B
= ΩSP̂S;

˙̂
PS

∣

∣

∣

B
= −ΩSX̂S, ✭✷✷✮

✇❤❡r❡ ΩS = −s❣♥(Jx)µBgFB s♦ t❤❛t ΩS > 0(< 0) r❡❢❡rs t♦ t❤❡ ♣♦s✐t✐✈❡ ✭♥❡❣❛t✐✈❡✮ ♠❛ss

s❝❡♥❛r✐♦✳

✷✾



❆ s✐♠✐❧❛r ♠❛♣♣✐♥❣ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ✇✐t❤ t❤❡ ❙t♦❦❡s ❝♦♠♣♦♥❡♥ts ♦❢ ❧✐❣❤t✳ ❋♦r ❧✐♥❡❛r❧②

♣♦❧❛r✐③❡❞ ❧✐❣❤t ✐♥ t❤❡ x ❞✐r❡❝t✐♦♥ ✇✐t❤ ❙t♦❦❡s ❝♦♠♣♦♥❡♥t Sx = s❣♥(Sx)Φ/2✱ ✇❤❡r❡ Φ ✐s t❤❡

♣❤♦t♦♥ ✢✉①✱ t❤❡ ♠❛♣♣✐♥❣ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠✿

X̂L =
Ŝz

√

|Sx|
; P̂L = −s❣♥(Sx)

Ŝy
√

|Sx|
. ✭✷✸✮

❋r♦♠ ❊qs✳ ✭✶✽✮✱ ✭✷✵✮✱ ✭✷✶✮ ✭✷✸✮ ❛♥❞ ✭✷✼✮ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❛s

Ĥ =
√

ΓSX̂SX̂L + ΩS(X̂
2
S + P̂ 2

S)/2, ✭✷✹✮

❚❤❡ ✐♥♣✉t✲♦✉t♣✉t r❡❧❛t✐♦♥s❤✐♣s ❢♦r t❤❡ ❙t♦❦❡s ❝♦♠♣♦♥❡♥ts

Ŝz,♦✉t(t) = Ŝz,✐♥(t); Ŝy,♦✉t(t) = Ŝy,✐♥(t) + αSxĴz(t), ✭✷✺✮

❛r❡ ♠❛♣♣❡❞ ✐♥t♦✿

X̂L,♦✉t(t) = X̂L,✐♥(t); P̂L,♦✉t = P̂L,✐♥(t) +
√

ΓSX̂S(t), ✭✷✻✮

✇❤❡r❡ t❤❡ r❡❛❞♦✉t r❛t❡ ΓS ✐s

ΓS =
1

2
α2Φ|Jx|. ✭✷✼✮

❚❤❡ ❛t♦♠✐❝ s♣✐♥ ❞②♥❛♠✐❝s✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ❡✛❡❝ts ♦❢ ✐ts ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ ❛ ▼❛r❦♦✈✐❛♥ r❡s❡r✈♦✐r✱

✐s

d

dt
P̂S(t) = −ΩSX̂S(t)− 2γSP̂S(t) +

√

4γSF̂S(t) +
√

ΓSX̂L(t), ✭✷✽✮

d

dt
X̂S(t) = ΩSP̂S(t), ✭✷✾✮

✇✐t❤ F̂S(t) ❜❡✐♥❣ t❤❡ r❛♥❞♦♠ ▲❛♥❣❡✈✐♥ ❢♦r❝❡ ❛❝t✐♥❣ ♦♥ t❤❡ s♣✐♥❀ t❤✐s ❢♦r❝❡ ✐s t❤❡ ❛♥❛❧♦❣♦✉s

♦❢ t❤❡ t❤❡r♠❛❧ ♥♦✐s❡ f̂ t❤❛t ❛❝ts ♦♥ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r✳ ■ts ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ✐s

〈F̂S(t)F̂S(t′)〉 = δ(t − t′)(nS + 1/2)✱ ✇❤❡r❡ ❛ t❤❡r♠❛❧ s♣✐♥ ♦❝❝✉♣❛♥❝② nS > 0 r❡✢❡❝ts t❤❡

❡①❝❡ss ♥♦✐s❡ ✐♥❞✉❝❡❞ ❜② ✐♠♣❡r❢❡❝t ♣♦❧❛r✐③❛t✐♦♥ ♦❢ t❤❡ ❡♥s❡♠❜❧❡✳ ■♥ t❤❡ ❛❜♦✈❡ ❛♥❛❧②s✐s✱ t❤❡

❡✛❡❝t ♦❢ t❡♥s♦r ♣♦❧❛r✐③❛❜✐❧✐t② ✐♥ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐❣❤t ❛♥❞ s♣✐♥ st❛t❡ ✇❛s ♥❡❣❧❡❝t❡❞✳ ❋♦r

t❤❡ ❞❡t✉♥✐♥❣ ✉s❡❞ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥t ✭∆S ∼ ✸●❍③✮ t❤❡ ❡✛❡❝t ♦❢ t❤❡ t❡♥s♦r ♣♦❧❛r✐③❛❜✐❧✐t② ✐s

❡st✐♠❛t❡❞ t♦ ❜❡ ♦♥ t❤❡ ❢❡✇ ♣❡r❝❡♥t ❧❡✈❡❧ ❬✹✵❪✳

■♥ ❢r❡q✉❡♥❝② s♣❛❝❡✱ t❤❡ s♣✐♥ s②st❡♠ ✐s str✉❝t✉r❛❧❧② ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ♦♥❡ ♦❢ t❤❡ s✐♠♣❧❡ ❧✐♠✐t

❝♦♥s✐❞❡r❡❞ ✐♥ ❊q✳ ✭✶✷✮ ❢♦r t❤❡ ♦♣t♦♠❡❝❤❛♥✐❝❛❧ s②st❡♠✱ t❤❛t ✐s✱ ❋♦✉r✐❡r tr❛♥s❢♦r♠✐♥❣ ❛♥❞

✸✵



s♦❧✈✐♥❣ ❊qs✳ ✭✷✻✱✷✽✱✷✾✮✱ ♦♥❡ ♦❜t❛✐♥s t❤❡ ♠❛tr✐① r❡❧❛t✐♦♥s❤✐♣

X
S
L,out(Ω) = S(Ω)XL,in(Ω) +

√

ΓSγSχS(Ω)FS(Ω). S(Ω) =





1 0

ΓSχS(Ω) 1



 ✭✸✵✮

✇❤❡r❡ t❤❡ s♣✐♥ ♦s❝✐❧❧❛t♦r s✉s❝❡♣t✐❜✐❧✐t② ✐s χS(Ω) = 2ΩS/(Ω
2
S−Ω2−2iΩγS)✳ ❚❤❡ s♣✐♥ t❤❡r♠❛❧

♥♦✐s❡ ✐s r❡♣r❡s❡♥t❡❞ ❜② FS(Ω) = [0, F̂S(Ω)]
T ✳ ❍❡r❡ ✇❡ ❛❞♦♣t ❛ ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ♠♦❞❡❧ ❢♦r

t❤❡ s✉s❝❡♣t✐❜✐❧✐t② ♦❢ t❤❡ s♣✐♥ ♦s❝✐❧❧❛t♦r✳ ❆ ♠✐❝r♦s❝♦♣✐❝ ❞❡r✐✈❛t✐♦♥ ❛❧♦♥❣ t❤❡ ❧✐♥❡s ♦❢ ❬✹✶❪ ✇♦✉❧❞

r❡s✉❧t ✐♥ ❛ s❧✐❣❤t❧② ❞✐✛❡r❡♥t s✉s❝❡♣t✐❜✐❧✐t② ✇✐t❤ ❝♦rr❡❝t✐♦♥s t♦ t❤❡ ♣r❡s❡♥t ♦♥❡ s❝❛❧✐♥❣ ❛s Q−1
S

✇❤❡r❡ QS ≫ 1 ✐s t❤❡ q✉❛❧✐t② ❢❛❝t♦r ♦❢ t❤❡ ❛t♦♠✐❝ ♦s❝✐❧❧❛t♦r✳

❋✳ ❍②❜r✐❞ ❙②st❡♠

❚❤❡ t✇♦ s②st❡♠s ❛r❡ ❝♦♥♥❡❝t❡❞ s✉❝❤ t❤❛t XM
L,in(Ω) = X

M
S,out(Ω)✱ ❛s s❤♦✇♥ s❝❤❡♠❛t✐❝❛❧❧②

✐♥ ❊①t❡♥❞❡❞ ❉❛t❛ ❋✐❣✉r❡ ✷✳ ❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❧♦ss❡s ❛♥❞ ❢✉rt❤❡r ♣❤❛s❡ s❤✐❢ts ❛s ✐♥❞✐❝❛t❡❞

✐♥ t❤❡ ✜❣✉r❡ t❤❡ ❝♦♠♣♦✉♥❞ tr❛♥s❢❡r ♠❛tr✐① ❢♦r t❤❡ ❤②❜r✐❞ ♦♣t♦♠❡❝❤❛♥✐❝❛❧✲s♣✐♥ s②st❡♠ ✐s

X̂L,out(Ω) =

√
η1η2M(Ω)OϕS(Ω)XL,in(Ω) ✭✈❛❝✉✉♠ ♥♦✐s❡ ♦❢ ❧✐❣❤t tr❛♥s❞✉❝❡❞ t❤r♦✉❣❤ S ❛♥❞ M✮

+
√
η1η2M(Ω)Oϕ

√

ΓSγSχS(Ω)FS(Ω) ✭s♣✐♥ ♥♦✐s❡ tr❛♥s❞✉❝❡❞ t❤r♦✉❣❤ M✮

+
√

(1− η1)η2M(Ω)V̂1,in(Ω) ✭✈❛❝✉✉♠ ♥♦✐s❡ ♦❢ ❧✐❣❤t ❢r♦♠ ❧♦ss❡s ❜t✇ S ❛♥❞ M✮

+
√
η2V(Ω)V̂in(Ω) ✭✈❛❝✉✉♠ ♥♦✐s❡ ♦❢ ❧✐❣❤t ❢r♦♠ ❧♦ss❡s ✐♥ ♦♣t♦♠❡❝❤❛♥✐❝❛❧ ❝❛✈✐t②✮

+
√
η2F(Ω)F(Ω) ✭t❤❡r♠❛❧ ♥♦✐s❡ ❢r♦♠ M✮

+
√

1− η2V̂2,in(Ω) ✭✈❛❝✉✉♠ ♥♦✐s❡ ❢r♦♠ ❧♦ss❡s ❜❡t✇❡❡♥ M ❛♥❞ ❞❡t❡❝t♦r✮

✭✸✶✮

✇❤❡r❡ η1 ❛♥❞ η2 ❞❡♥♦t❡ t❤❡ tr❛♥s♠✐ss✐♦♥ ❡✣❝✐❡♥❝✐❡s ❢r♦♠ t❤❡ s♣✐♥ s②st❡♠ t♦ t❤❡ ♦♣t♦♠❡✲

❝❤❛♥✐❝❛❧ ❝❛✈✐t② ❛♥❞ ❢r♦♠ t❤❡ ♦♣t♦♠❡❝❤❛♥✐❝❛❧ ❝❛✈✐t② t♦ t❤❡ ❞❡t❡❝t♦r✱ r❡s♣❡❝t✐✈❡❧②✳ ❱❛❝✉✉♠

♥♦✐s❡s ✐♥❝✉rr❡❞ t❤r♦✉❣❤ t❤❡s❡ ❧♦ss❡s ❛r❡ ❞❡s❝r✐❜❡❞ ❜② V̂1(2),in(Ω)✳ ❆♥ ♦♣t✐♦♥❛❧ ♣❤❛s❡ s❤✐❢t ϕ

✐♥tr♦❞✉❝❡❞ ❞❡❧✐❜❡r❛t❡❧② ✐♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ s②st❡♠s ✐s ❛❝❝♦✉♥t❡❞ ❢♦r ❜② t❤❡ r♦t❛t✐♦♥ ♠❛tr✐①

Oϕ✳

❋✐♥❛❧❧②✱ t❤❡ ❤♦♠♦❞②♥❡ ❞❡t❡❝t✐♦♥ ✐s ♣❡r❢♦r♠❡❞ ✐♥ t❤❡ ❢r❛♠❡ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ✜❡❧❞ ❛❢t❡r t❤❡

♦♣t♦♠❡❝❤❛♥✐❝❛❧ s②st❡♠ ✇❤❡r❡ ✐t ❤❛s ❛❝q✉✐r❡❞ ❛ ♣❤❛s❡ s❤✐❢t r❡❧❛t✐✈❡ t♦ t❤❡ ✜❡❧❞ ❜❡❢♦r❡ t❤❡

♦♣t♦♠❡❝❤❛♥✐❝❛❧ ❝❛✈✐t②✳ ❚❤✐s ♣❤❛s❡ ✐s ❢♦✉♥❞ ❛s ❢♦❧❧♦✇s✿ ❚❤❡ ❝❧❛ss✐❝❛❧ ✐♥tr❛❝❛✈✐t② ❛♠♣❧✐t✉❞❡

✸✶



α ✐s ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ✐♥❝♦♠✐♥❣ ❛♠♣❧✐t✉❞❡ αin ❜②

α =

√
2κ1

κ− i∆
αin =

αin√
κ2 +∆2

eiφ, φ = arctan(∆/κ). ✭✸✷✮

✇❤❡r❡ κ = κ1 + κ2✳ ❚❤❡ ♦✉t❣♦✐♥❣ ✜❡❧❞ ✐s

αout = −αin +
√
2κ1α =

κ1 − κ2 + i∆

κ1 + κ2 − i∆
αin =

[κ1 − κ2 + i∆] [κ1 + κ2 + i∆]

(κ1 + κ2)2 +∆2
αin ∼ ei(ψ+φ)αin

✇❤❡r❡ ψ = arctan(∆/(κ1 − κ2))✳ ❆❝❝♦r❞✐♥❣❧②✱ t❤❡ ♠❡❛s✉r❡❞ ✜❡❧❞ q✉❛❞r❛t✉r❡ P̂L,meas ✐s

❞❡t❡r♠✐♥❡❞ ❜②




X̂L,meas

P̂L,meas



 = OT
ψ+φX̂L,out(Ω).

❚❤✐s r❡❧❛t✐♦♥ ✐s ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♠❡❛s✉r❡❞ ♥♦✐s❡ s♣❡❝tr❛❧ ❞❡♥s✐t✐❡s s❤♦✇♥ ✐♥ t❤❡ ♠❛✐♥

t❡①t✳ ❋♦r s✐♠♣❧✐❝✐t② ♦❢ ♥♦t❛t✐♦♥✱ t❤❡ ♠❡❛s✉r❡❞ q✉❛❞r❛t✉r❡ P̂L,meas ✐s r❡❢❡rr❡❞ t♦ ❛s P̂L,♦✉t ✐♥

t❤❡ ♠❛✐♥ t❡①t ❛♥❞ ♦t❤❡r ♣❛rts ♦❢ t❤❡ ▼❡t❤♦❞s✳

❲❡ ✇✐❧❧ ♥♦✇ ✉s❡ t❤❡ tr❛♥s❢❡r ♠❛tr✐① ♦❢ t❤❡ ❤②❜r✐❞ s②st❡♠ t♦ ❛♥❛❧②s❡ t❤❡ ◗❇❆ ❝♦♥tr✐❜✉t✐♦♥

t♦ t❤❡ ♦♣t✐❝❛❧ ♦✉t♣✉t ✜❡❧❞ ❬❊q✳ ✭✸✶✮✱ ✶st ❧✐♥❡❪✳ ❋♦r t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ ♦♣t♦✲♠❡❝❤❛♥✐❝❛❧

❞❛♠♣✐♥❣ ❞♦♠✐♥❛t❡s t❤❡ ♠❡♠❜r❛♥❡ r❡s♣♦♥s❡✱ γM ≫ γM0✱ ❛♥❞ ✐♥ t❤❡ s✐❞❡❜❛♥❞ ✉♥r❡s♦❧✈❡❞

❧✐♠✐t✱ ΩM ≪ κ✱ ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ ❛♣♣r♦①✐♠❛t❡ ♦♣t♦♠❡❝❤❛♥✐❝❛❧ s❝❛tt❡r✐♥❣ ♠❛tr✐① ✭✶✼✮ t♦ ✜♥❞

✭✐❣♥♦r✐♥❣ ♦♣t✐❝❛❧ ❧♦ss❡s η1 = 0 = η2, κ2 = 0 ❢♦r s✐♠♣❧✐❝✐t② ❛♥❞ s❡tt✐♥❣ ϕ = 0✮

P̂L,meas =
[

ΓML
2
0χM(Ω) + ΓSχS(Ω) {1 + iΓMχM(Ω)L0δL}

]

X̂L,in, ✭✸✸✮

✇❤❡r❡ L0 ✐s t❤❡ ❡♠♣t② ❝❛✈✐t② ▲♦r❡♥t③✐❛♥ r❡s♣♦♥s❡ ❛♥❞ δL ✐s t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ ❝❛✈✐t② r❡s♣♦♥s❡

❛t ❢r❡q✉❡♥❝✐❡s ±Ω ≪ κ✳ ❖♥❧② ✇✐t❤ δL = 0 ✭▲❖2 t✉♥❡❞ t♦ ❝❛✈✐t② r❡s♦♥❛♥❝❡✮ t❤❡ s♣✐♥

◗❇❆ ❛♥❞ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ◗❇❆ ❛❞❞✴s✉❜tr❛❝t ✐♥ P̂L,meas✳ ❋r♦♠ ❊qs✳ ✭✸✱✼✱✾✮ ♦♥❡ ✜♥❞s t❤❛t

L0δL = (γM−γM0)/ΓM ✱ t❤❛t ✐s t❤❡ ❞✐st♦rt✐♦♥ ♦❢ t❤❡ ◗❇❆ ❞✉❡ t♦ δL 6= 0 ❤❛s t❤❡ s❛♠❡ ♦r✐❣✐♥

❛s t❤❡ ♦♣t♦♠❡❝❤❛♥✐❝❛❧ ❜r♦❛❞❡♥✐♥❣✳ ■♥ t❤❡ r❡❧❡✈❛♥t ❝❛s❡ ♦❢ str♦♥❣ ♦♣t♦♠❡❝❤❛♥✐❝❛❧ ❝♦♦❧✐♥❣

γM ≫ γM0✱ t❤❡r❡ ✐s ♥♦ ❜❛❝❦ ❛❝t✐♦♥ ❝❛♥❝❡❧❧❛t✐♦♥ ❛t t❤❡ ❡①❛❝t ❥♦✐♥t r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② s✐♥❝❡

iχM(Ω = ΩM)γM = −1✳ ■♥ t❤✐s r❡❣✐♠❡ t❤❡ ◗❇❆ ♣♦✇❡r s♣❡❝t✉♠ ♦❢ t❤❡ ❤②❜r✐❞ s②st❡♠

SPL,meas
❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❊q✳ ✭✸✸✮ ❜❡❝♦♠❡s

SPL,meas
=

(ΓMδS + ΓSδM)2 + Γ2
Mγ

2
S

(δ2M + γ2M)(δ2S + γ2S)
SXL,in

, ✭✸✹✮

✇✐t❤ δM,S = Ω−ΩM,S ❛♥❞ SXL,in
❜❡✐♥❣ t❤❡ ♣♦✇❡r s♣❡❝tr❛❧ ❞❡♥s✐t② ♦❢ t❤❡ ✐♥♣✉t ❧✐❣❤t ❛♠♣❧✐t✉❞❡

✢✉❝t✉❛t✐♦♥s✳ ❋♦r ♠❛t❝❤❡❞ r❡s♣♦♥s❡s ✭ΓS = ΓML
2
0✮ ✱ ΩM = ΩS✱ ΓM = ΓS, γM = γS✱ t❤❡ r❛t✐♦

✸✷



♦❢ t❤❡ ❤②❜r✐❞ ◗❇❆ s♣❡❝tr✉♠ t♦ t❤❡ ◗❇❆ s♣❡❝tr✉♠ ♦❢ t❤❡ ♠❡❝❤❛♥✐❝s ❜❡❝♦♠❡s γ2M/((Ω −
ΩM)2+γ2M)✱ t❤✉s ◗❇❆ ❡✈❛s✐♦♥ ✐s ✐♥❞❡❡❞ ❡①♣❡❝t❡❞ ❡✈❡r②✇❤❡r❡✱ ❡①❝❡♣t ❢♦r Ω = ΩM ✱ ❛s ✐♥❞❡❡❞

♦❜s❡r✈❡❞ ✐♥ ❋✐❣✳ ✷ ❛♥❞ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♠❛✐♥ t❡①t✳ ❚❤❡ ♠✐♥✐♠❛❧ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❤②❜r✐❞ ◗❇❆

✐s 1/2 ♦❢ t❤❡ ◗❇❆ ♦❢ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r ❛❧♦♥❡✳

●✳ ❈❛❧✐❜r❛t✐♦♥ ♦❢ q✉❛♥t✉♠ ❜❛❝❦ ❛❝t✐♦♥ ❢♦r t❤❡ s♣✐♥ s②st❡♠

❚♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ q✉❛♥t✉♠ ❝♦♦♣❡r❛t✐✈✐t②✱ CS
q ✱ ❛♥❞ t❤❡ r❡❛❞♦✉t r❛t❡✱ ΓS✱ ♦♥❡ ❝❛♥ ✉s❡

t❤❡ ❢❛❝t t❤❛t ❛ s✐♥❣❧❡ ❧✐❣❤t q✉❛❞r❛t✉r❡ ✐s ❝♦✉♣❧❡❞ t♦ t❤❡ ♦s❝✐❧❧❛t♦r✿ ❜② s✉✐t❛❜❧❡ ♠♦❞✉❧❛t✐♦♥

♦❢ X̂L,✐♥ ♦♥❡ ❝❛♥ ❜♦♦st t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ♠❡❛s✉r❡♠❡♥t✲✐♥❞✉❝❡❞ ❜❛❝❦ ❛❝t✐♦♥✳

❆s t❤♦r♦✉❣❤❧② ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s ❛♥❞ s✉♠♠❛r✐③❡❞ ❜② ❡q✉❛t✐♦♥ ✭✸✵✮✱ t❤❡

✐♥♣✉t✲♦✉t♣✉t r❡❧❛t✐♦♥s ❢♦r t❤❡ ❝♦♥t✐♥✉♦✉s r❡❛❞♦✉t ♦❢ ❛ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r ❛r❡




XL,♦✉t

PL,♦✉t



 =





XL,✐♥

PL,✐♥



+ ΓvT1 Lv2





0 0

1 0









XL,✐♥

PL,✐♥



+
√

ΓγvT1 LFTh





0

1



 , ✭✸✺✮

✐♥ ✇❤✐❝❤ Γ ✐s t❤❡ r❡❛❞♦✉t r❛t❡✱ γ t❤❡ ❞❡❝❛② r❛t❡ ❛♥❞

L = (iω1−M)−1

M =





0 ω0

−ω0 −γ





v1 =





1

0



 v2 =





0

1



 .

■♥ ❛ ♠♦r❡ str❛✐❣❤t❢♦r✇❛r❞ ❧❛♥❣✉❛❣❡✱ ❡q✉❛t✐♦♥ ✭✸✺✮ ❜❡❝♦♠❡s





XL,♦✉t

PL,♦✉t



 =





XL,✐♥

PL,✐♥



+R❇❆





0 0

1 0









XL,✐♥

PL,✐♥



+R❚❤





0

1



 , ✭✸✻✮

✇✐t❤ R❇❆ ❛♥❞ R❚❤ ❜❡✐♥❣ t❤❡ r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ♦s❝✐❧❧❛t♦r t♦ t❤❡ ❜❛❝❦ ❛❝t✐♦♥ ❛♥❞

t❤❡r♠❛❧ ❢♦r❝❡s✳

❚❤❡ ❡✛❡❝t ♦❢ ❧♦ss❡s ✐s ❛❧s♦ ✐♠♣♦rt❛♥t✱ ❛s t❤❡r❡ ✐s ❛♥ ❛❞♠✐①t✉r❡ ♦❢ ✉♥❝♦rr❡❧❛t❡❞ ✈❛❝✉✉♠✱

✐♥❞✐❝❛t❡❞ ❜② t❤❡ s✉❜s❝r✐♣t v✱ ✇✐t❤ t❤❡ s✐❣♥❛❧ ♦❢ ✐♥t❡r❡st❀ t❤❡r❡❢♦r❡




XL,♦✉t

PL,♦✉t



→ √
η





XL,♦✉t

PL,♦✉t



+
√

1− η





XL,✈

PL,✈



 . ✭✸✼✮

✸✸



❚❤❡ P❙❉ ❢♦r ❜♦t❤ ❧✐❣❤t q✉❛❞r❛t✉r❡s ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ ❛❜s♦❧✉t❡ sq✉❛r❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥

✭✸✻✮✿

SXX = η〈XL,✐♥X
†
L,✐♥〉+ (1− η)〈XL,✈X

†
L,✈〉

SPP = η
[

〈PL,✐♥P †
L,✐♥〉+R2

❇❆〈XL,✐♥X
†
L,✐♥〉+R2

❚❤

]

+ (1− η)〈PL,✈P †
L,✈〉. ✭✸✽✮

❚❤❡r❡❢♦r❡✱ ✐t ✐s ❡①♣❧✐❝✐t t❤❛t t♦ ❜♦♦st t❤❡ ❜❛❝❦ ❛❝t✐♦♥ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ♦s❝✐❧❧❛t♦r r❡❛❞♦✉t ✐♥

❝♦♠♣❛r✐s♦♥ t♦ t❤❡ ♦t❤❡r ♥♦✐s❡ ❝♦♥tr✐❜✉t✐♦♥s✱ ♦♥❡ s❤♦✉❧❞ ♠♦❞✉❧❛t❡ t❤❡ ✐♥✲♣❤❛s❡ q✉❛❞r❛t✉r❡

♦❢ ❧✐❣❤t✱ X̂L✳ ❉♦✐♥❣ s♦✱ t❤❡ ✐♥♣✉t s♣❡❝tr❛❧ ❞❡♥s✐t✐❡s ❛r❡

〈XL,✐♥X
†
L,✐♥〉 → (nWN + 1)〈XL,✐♥X

†
L,✐♥〉,

❛♥❞ 〈XL,i(ω)X
†
L,j(−ω′)〉 = δ(ω − ω′)δij✱ ✐♥ ✇❤✐❝❤ i, j r❡♣r❡s❡♥t t❤❡ ❞✐✛❡r❡♥t s♦✉r❝❡s ♦❢ ✢✉❝✲

t✉❛t✐♦♥s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ✐♥♣✉t✲♦✉t♣✉t r❡❧❛t✐♦♥s ❢r♦♠ ✭✸✽✮ ❛r❡

SXX = ηnWN + 1

SPP = η
[

R2
❇❆(nWN + 1) +R2

❚❤

]

+ 1. ✭✸✾✮

❊①♣❡r✐♠❡♥t❛❧❧②✱ t♦ ❜❡ ❛❜❧❡ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❜❛❝❦ ❛❝t✐♦♥ t♦ t❤❡r♠❛❧ ♥♦✐s❡ r❛t✐♦✱ ♦♥❡ ♥❡❡❞s t♦

♠❡❛s✉r❡ t❤❡ ✭✐✮ r❡s♣♦♥s❡ ♦❢ t❤❡ s②st❡♠ t♦ ❙◆ ❞r✐✈❡ ❛♥❞ ✭✐✐✮ t❤❡ r❡s♣♦♥s❡ ♦❢ t❤❡ s②st❡♠ ✇✐t❤

s♦♠❡ ❦♥♦✇♥ ♠♦❞✉❧❛t✐♦♥ nWN ✱ ❢♦r ❛ ❣✐✈❡♥ ♣r♦❜❡ ♣♦✇❡r✳ ❈❛❧✐❜r❛t✐♥❣ t❤❡ ❝✉r✈❡s ✐♥ s❤♦t ♥♦✐s❡

✉♥✐ts✱ t❤❡ ♠❡❛s✉r❡❞ s♣❡❝tr❛❧ ♦♥✲r❡s♦♥❛♥❝❡ ❤❡✐❣❤ts ❛❢t❡r t❤❡ s✉❜tr❛❝t✐♦♥ ♦❢ t❤❡ ✇❤✐t❡ ♥♦✐s❡

❝♦♥tr✐❜✉t✐♦♥✱ ❞❡✜♥❡❞ ❤❡r❡ ❛s ❆ ❛♥❞ ❇✱ ❛r❡

SWN
PP − 1 = B = η

[

R2
❇❆(nWN + 1) +R2

❚❤

]

SSNPP − 1 = A = η
[

R2
❇❆ +R2

❚❤

]

,

t❤❡r❡❢♦r❡✱ t❤❡ ❞❡s✐r❡❞ r❛t✐♦ ✐s✿

R2
❇❆

R2
❚❤

=
B − A

(nWN + 1)A− B
. ✭✹✵✮

❚❤✐s t❡❝❤♥✐q✉❡ ✇❛s ✉s❡❞ t♦ ❝❛❧✐❜r❛t❡ CS
q ✱ t❤❡ q✉❛♥t✉♠ ❝♦♦♣❡r❛t✐✈✐t② ♦❢ t❤❡ s♣✐♥ ♦s❝✐❧❧❛t♦r✳

❋♦r t❤✐s ♠❡❛s✉r❡♠❡♥t✱ η = 0.7 ✐s t❤❡ ❞❡t❡❝t✐♦♥ ❡✣❝✐❡♥❝②✱ S❲◆ ✐s t❤❡ s♣❡❝tr❛❧ ❞❡♥s✐t② ♦❢ ❛❞❞❡❞

✇❤✐t❡ ♥♦✐s❡ ✐♥ ✉♥✐ts ♦❢ ✈❛❝✉✉♠ ♥♦✐s❡ ❛♥❞ SQBA ❛♥❞ S❚❍ ❛r❡ t❤❡ ❜❛❝❦ ❛❝t✐♦♥ ❛♥❞ t❤❡r♠❛❧

s♣❡❝tr❛❧ ❞❡♥s✐t✐❡s✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥ts ♦❢ t❤❡ ♣❤❛s❡ ♥♦✐s❡ ♣r❡s❡♥t❡❞ ✐♥ ✭❋✐❣✳ ✷❝✮

❛♥❞ ♦❢ S❲◆ ❛r❡ ♣❡r❢♦r♠❡❞ ✇✐t❤ ♣♦❧❛r✐③❛t✐♦♥ ✐♥t❡r❢❡r♦♠❡tr② ✉s✐♥❣ ▲❖1 ❝❛❧✐❜r❛t❡❞ t♦ t❤❡ s❤♦t
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♥♦✐s❡ ♦❢ ▲❖1✳ ❋r♦♠ t❤❡ ♣❤❛s❡ ♥♦✐s❡ SPP,0 ❛♥❞ SPP,N ♠❡❛s✉r❡❞ ❢♦r n❲◆ = 0 ✭✈❛❝✉✉♠ ✐♥♣✉t✮

❛♥❞ S❲◆ = 1.2✱ r❡s♣❡❝t✐✈❡❧② ✭❋✐❣✳ ✷❝✮✱ ✇❡ ✜♥❞ S◗❇❆ = (SPP,N − SPP,0)/(1.2 × ηA) ❛♥❞

CS
q = (SPP,N − SPP,0)/(2.2× SPP,N − SPP,0) = 1.10± 0.15✳

∗ ❚❤❡s❡ ❛✉t❤♦rs ❝♦♥tr✐❜✉t❡❞ ❡q✉❛❧❧② t♦ t❤✐s ✇♦r❦
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