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ABSTRACT: We use localization to evaluate the functional integral of string field theory
on AdSs x S? background corresponding to the near horizon geometry of supersymmetric
black holes in 4d compactifications with N' = 2 supersymmetry. In particular, for a theory
containing n, + 1 vector multiplets, we show that the functional integral localizes exactly
onto an ordinary integral over a finite-dimensional submanifold in the field space labeling
a continuous family of instanton solutions in which auxiliary fields in the vector multiplets
are excited with nontrivial dependence on AdSy coordinates. These localizing solutions
are universal in that they follow from the off-shell supersymmetry transformations and do
not depend on the choice of the action. They are parametrized by n, + 1 real parameters
{CT:I =0,...,n,} that correspond to the values of the auxiliary fields at the center of
AdS3. In the Type-ITA frame, assuming D-terms evaluate to zero on the solutions for
reasons of supersymmetry, the classical part of the integrand equals the absolute square
of the partition function of the topological string as conjectured by Ooguri, Strominger,
and Vafa; however evaluated at the off-shell values of scalar fields at the center of AdSs.
In addition, there are contributions from one-loop determinants, brane-instantons, and
nonperturbative orbifolds that are in principle computable. These results thus provide
a concrete method to compute exact quantum entropy of these black holes including all
perturbative and nonperturbative corrections and can be used to establish a precise relation
between the quantum degeneracies of black holes and the topological string.
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1 Introduction and summary of results

The entropy of a black hole remains one of the most precious and precise clues about the
microscopic structure of quantum gravity. In a consistent quantum theory of gravity, the
black hole entropy must have a statistical interpretation in terms of underlying microstates
in the quantum Hilbert space of the theory. This is a very strong constraint on the under-
lying short distance degrees of freedom, since it must hold in any phase of the theory that
admits black holes. For a theory under construction such as string theory, this requirement



is a particularly useful guide especially since we do not yet know which phase or ‘vacuum’
of the theory may correspond to the real world. In such a situation, a profitable strategy is
to focus on aspects of the theory that must be universally true in all phases of the theory.!

By now, there is a very good statistical understanding of the entropy of a large class
of supersymmetric charged black holes in several compactifications of string theory, in
the thermodynamic limit of large horizon area or large charges. In this limit, the lead-
ing Bekenstein-Hawking entropy [1, 2] given by one quarter of the horizon area in Planck
units precisely matches the logarithm of the degeneracy of the corresponding quantum
microstates, as in the work of Strominger and Vafa [3]. Given this beautiful agreement
to leading order, it is important to figure out what exact formula this is an approxima-
tion to, and how one might systematically compute corrections to the leading answer for
finite charges or equivalently for finite horizon area. In the full quantum theory, both the
macroscopic entropy and the microscopic degeneracy are expected to receive subleading
corrections at the perturbative as well as nonperturbative level.

Finite size corrections to the leading Bekenstein-Hawking entropy are physically very
interesting for the following reason. The Bekenstein-Hawking entropy is in a sense a bit too
universal in that it is always given by a quarter of the horizon area. This is a consequence of
the fact that it follows directly from the Einstein-Hilbert action which has a universal form
in all theories of gravity at very long distances. Finite size corrections, on the other hand,
arise from higher derivative corrections which are different in different phases. This depen-
dence on the phase can yield useful information about different aspects of the short-distance
theory. It is analogous to how one can learn about the fundamental microscopic Hamilto-
nian of a piece of metal by studying its thermodynamic properties in different phases which
can vary depending on whether phonons or electrons make the dominant contribution.

With this motivation, our objective will be to develop the macroscopic computation
of exact quantum entropy for supersymmetric black holes in a broad class of phases of
string theory, namely vacua with N/ = 2 supersymmetry in four dimensions. In a theory
with massless n, + 1 vector fields, a black hole is specified by a charge vector (qz,p’) with
I1=0,...,n,. We would like to develop methods to systematically compute the quantum
entropy for arbitrary finite values of the charges. For this purpose, we use the quantum en-
tropy formalism developed by Sen [4, 5] which generalizes the notion of Wald entropy [6-8]
in the case of extremal black holes using holography in the near horizon AdSs background.
In this formalism, for a supersymmetric black hole of charge vector (g, p), the macroscopic
analog of the microscopic degeneracy d(q,p) is given by the expectation value W(q,p) of
a Wilson line on the boundary of the near horizon AdS; with specific supersymmetric
boundary conditions. Exact quantum entropy is thus given by a formal functional integral
over all string fields on the AdS, background. We review this formalism in section 2.

Evaluating the formal expression for W (g, p) by doing the string field theory functional
integral is of course highly nontrivial. To proceed further we imagine first integrating out
the infinite tower of massive string modes and massive Kaluza-Klein modes to obtain a

IThe entropy itself will of course depend in an interesting way both on the phase and the states under

consideration and is not expected to be universal. What is universal is the constraint that this entropy
must have a statistical interpretation in terms of the independently computable quantum degeneracies.



local Wilsonian effective action for the massless supergravity fields. To compute the exact
quantum entropy, one has to then evaluate exactly this functional integral of a finite number
of massless fields with AdSs boundary conditions using the full Wilsonian effective action
keeping all higher derivative terms. This effective action can include in general not only
perturbative corrections in o but also worldsheet instanton corrections. We can regard
the ultraviolet finite string theory as providing a finite, supersymmetric, and consistent
cutoff at the string scale. The functional integral with such a finite cut-off and a Wilsonian
effective action containing all higher order terms is thus in principle free of ultraviolet
divergences. This functional integral will be our starting point.

We are still left with the task of evaluating a complicated functional integral. The
near horizon geometry preserves eight superconformal symmetries and moreover the ac-
tion, measure, operator insertion, boundary conditions of the functional integral are all
supersymmetric. This allows us to apply localization techniques [9] which simplifies the
evaluation of the functional integral enormously. Localization requires identification of a
fermionic symmetry of the theory that squares to a compact bosonic symmetry. Using this
symmetry, one can then localize the functional integral onto the ‘localizing submanifold’
of bosonic field configurations invariant under the fermionic symmetry. We review the su-
perconformal symmetries of the near horizon geometry and relevant aspects of localization
in section 3.

Since localization is employed at the level of the functional integral and not just at the
level of a classical action, it is important to use an off-shell formulation of supergravity.
Off-shell formulations of supergravity are in general notoriously involved. At present a
complete formulation of off-shell supergravity coupled to both vector and hyper multiplets
is not known. To implement localization in a concrete manner, we therefore first consider
in section 5 a simpler problem of computing this expectation value of the Wilson line
in a truncated model of supergravity coupled only to vector multiplets with an action
containing only F-terms which are chiral integrals over superspace. In particular we ignore
possible D-terms and hyper multiplets, which are discussed later in section 6. The action
still contains an infinite number of higher derivative terms but all of F-type. We denote the
corresponding functional integral for the expectation value of a Wilson line in this restricted
theory on AdSs by W(q, p). Computation of W(q, p) is greatly simplified by the fact that,
for vector multiplets in N' = 2 supergravity, there exists an elegant off-shell formulation
developed in [10-12], using the superconformal calculus. The spectrum consists of the
Weyl multiplet that contains the graviton and the gravitini, n, + 1 vector multiplets, and
one compensating multiplet that eliminates unwanted degrees of freedom. We review this
formalism in section 4.

The main result of the paper concerns the localization of the functional integral for
W(q,p) which is derived in section 5. We now summarize the salient features of this
computation and the answers that we have been able to obtain.

1. We choose a particular linear combination @ of the superconformal superymmetries of
the near horizon geometry and deform the functional integral by adding to the action
a Q-exact term of the form A\QV for V' = (QW, ¥) where ¥ refer to all fermionic fields



of the theory and A is a continuous parameter that we introduce. We discuss the
localizing action S% := QV in detail in section (5.2). As we will see, using off-shell
supersymmetry variations is not only important for conceptual reasons but will turn
out to be essential in this problem. In particular some auxiliary fields which are set
to zero on the on-shell theory will play a critical role and develop a nontrivial position
dependence for the localizing solutions.

2. By the usual arguments of localization reviewed in section 3.1, the functional integral
localizes onto the critical points of the functional S€. We obtain a family of nontrivial
instantons as exact solutions to the equations of motion that follow from extremiza-
tion of S9. Since we use off-shell supersymmetry variations, these instanton solutions
are completely universal and independent of the form of the physical action.

3. For these solutions, the scalar fields X! in the vector multiplets are no longer fixed
at the attractor values X! but have a nontrivial position dependence in the interior

of the AdSs given by

x'=xI+ ¢! X' =xTy c! (1.1)
cosh(n) cosh(n)

in coordinates where the metric on AdSs takes form ds? = sinh?(n)df? + dn?. Aux-
iliary fields in the vector multiplets are excited in such a way that the Q super-
symmetry is preserved. The family of solutions is parametrized by real parameters
{CI }I=1,...,n,+ 1, which correspond to the values of the auxiliary fields in the
vector multiplets at the center of AdSs. The infinite-dimensional functional integral
thus localizes onto a finite number of ordinary bosonic integrals over the {C}.

4. Many D-terms are expected to evaluate to zero on these solutions because of the
nonrenormalization theorem of [13]. We assume this to be true more generally and
restrict our attention to F-type action.? Such actions are completely specified by
specifying a single holomorphic prepotential F'(X!, A) where X! are scalars in the
vector multiplet and A is the auxiliary field in the Weyl multiplet. For such actions,
we evaluate the renormalized action Sy, for the Q-invariant localizing instanton
configurations exactly as a function of the {C!} following the prescription in [4, 5].
This action takes the form

Sen(¢,q,p) = —mqr¢" + F(¢,p) (1.2)

with F given by

I I a0

Flo,p) = —2mi [F<¢ J;”’ )-F(¢ 2”’ )] . (1.3)
Note that Syen(®,q,p) equals precisely the classical entropy function £(e, q,p) [4, 5]
but with electric fields replaced by the linear combination ¢! := el + 2C7 where el
are the attractor values of the electric field.

2If this assumption is not true then the contribution of the D-terms can be systematically taken into
account by simply evaluating these terms on our localizing solution.



5. We would like to emphasize that even though Syen and £ have the same functional
form, their physical origin and meaning is very different. The entropy function is
essentially a classical and on-shell object. Only its extremum which determines the
classical attractor values and its value at the extremum which determines the Wald
entropy have physical meaning. By contrast, Sye, is an intrinsically off-shell object
valid for values of the fields far away from the classical attractor values. Now, as
long as Sten has the same extremum and the value at the extremum as £ but differs
from &, it would reproduce the semi-classical results. Hence, a priori, away from the
extremum the two functions could have been very different. It is thus something of
a surprise that the nontrivial computation in section 5 for the off-shell instantons
yields the same answer as the classical entropy function.

6. The infinite dimensional functional integral thus reduces to the following finite di-
mensional integral

A

Wi(q,p) = /M e~ a1 (F(9p) |Zinst|2 Zaet [dC, (1.4)
Q

The measure of integration over [dC], is computable from the original measure g
of the functional integral of massless fields of string theory by standard collective
coordinate methods. The factor Zge; are the one-loop determinants of the quadratic
fluctuation operator around the localizing instanton solution. Such one-loop deter-
minant factors in closely related problems have been computed in [14, 15]. This
computations are straightforward in principle but technically involved and we defer
their detailed discussion to a forthcoming publication [16].

7. We have included a term |Zi,g|? to indicate the contribution of brane-instantons
which in general will be present in the full string theory computation. Supersym-
metric configurations in AdS, x S? typically correspond to instantons localized at
the north pole of S? with counting function Zi,s and anti instantons localized at the
south pole with counting function Zj, [14, 17]. Note that nonperturbative instan-
tons in one duality frame may be incorporated as worldsheet instantons in another
duality frame, and hence the separation between the classical piece and instanton
piece is frame-dependent. We keep it general at this stage to underscore the fact that
the physics of black hole horizons is also frame-dependent. This is a consequence
of the fact that for the same asymptotic states, some degrees of freedom that are
horizon degrees of freedom in one frame may be external to the horizon in another
frame [18, 19].

Independent of our original motivation of computing quantum entropy of black holes,
results in section 5 could be viewed simply as results about the localization of this functional
integral of supergravity coupled to vector multiplets keeping only F-terms. Equation (1.4)
represents a remarkable reduction of a complicated functional integral of gravity onto an
ordinary integral with an integrand that depends on the prepotential in a particularly
simple way.



In section 6, we proceed to the evaluation of W (g, p) using these results for W(q,p).
For this purpose it is necessary to make the assumption that the hyper multiplets and
D-terms do not contribute. We examine this in some detail in section 6.1 in view of the
nonrenormalization theorem of [13]. We then discuss in section 6.2 the subleading gravita-
tional saddle points which will in general give nonperturbative contributions in addition to
those from brane-instantons. We discuss how these saddle point can be taken into account
in a general setup. We conclude section 6.3 with comments about the connection with the
topological string and the Donaldson-Thomas invariants. Before summarizing the general
structure of the localization integral, we would like to clarify two common misconcopetions.

e Choice of the ensemble: The large area limit is the thermodynamic limit. The lead-
ing answer for the entropy in this limit is the Bekenstein- Hawking entropy which
does not depend on the choice of the ensemble. However, the subleading corrections,
which are the finite size effects, depend sensitively on the ensemble. It is thus nec-
essary to determine which ensemble is natural on the macroscopic side. The natural
ensemble from the perspective of the AdSs boundary conditions [4, 5] is the micro-
canonical one.? This follows from the fact that in AdSs, the Coulomb potential grows
linearly at infinity. As a result, in AdSs, the fluctuation of charge corresponds to a
nonnormalizable mode unlike say in AdS5, and must be held fixed at the boundary.

e Index vs degeneracy: The entropy of a black hole is a thermodynamic quantity and
accoding to Boltzmann relation it should be compared with the absolute number
of states. The supersymmetric techniques that we will be using would seem more
appropriate for the computation of an index and not the entropy or the absolute
number. However, for a black hole with an AdSs near horizon geometry that preserves
at least four supersymmetries, the index equals the absolute number. This follows
from the following reasoning [22]. Demanding closure of the algebra containing the
SU(1,1) isometries of the AdSy together with the four supersymmetries implies that
the symmetry is a supergroup SU(1,1|2) which contains an SU(2) symmetry. This
implies that the black hole horizon has rotational symmetry.? In a thermodynamic
ensemble, this could either mean that its spin J is zero or the chemical potential u
conjugate to the spin is zero. However, the boundary conditions for the choice of the
ensemble discussed above require that we hold J fixed which appears as a charge in
AdS5 and not the chemical potential. This implies that for the microstates associated

3In some cases it is possible that both boundary conditions are physically allowed as in the Breitenlohner-
Freedman window in higher dimensions. The two choices of the boundary conditions lead to physically
distinct theories whose partition functions could be regarded to be related to each other by a Legendre
transform [20]. Thus it may be possible to use the mixed ensemble in special cases, especially to compare
with the OSV conjecture [21] where the mixed ensemble arises naturally. However, in generic examples
the sum over charges may not be convergent and it is not clear if the mixed ensemble can be defined
beyond an asymptotic expansion. For a detailed discussion of the comparison of the two ensembles see [5].
In this paper we use the microcanonical boundary conditions which are most general and natural in the
AdS> set-up.

4The well-known fact that there are no spinning supersymmetric black holes in four dimensions is a
consequence of this fact.



with the horizon of a single black hole
Tr(=1)F == Tr(e*™) = Tr(1), (1.5)

and hence the index equals the absolute number. Since our computation will be near
the horizon of a single black hole, the argument above shows that it is justified to
use supersymmetric localization methods even for the computation of the absolute
number. If one wishes to compare this with a microscopic computation which is
often done for an index at asymptotic infinity it is necessary to define an analogous
index on the macroscopic side using our results here as an input. For a more detailed

discussion see [23].

Putting these various ingredients together, the final answer for the quantum entropy
is of the general form

W(g,p) =Y _ Wila,p), (1.6)

where s is a non-negative integer labeling various orbifolds with s = 0 being the unorb-
ifolded theory. The term Wy denotes the functional integral on unorbifolded AdSy which
gives the leading contribution and will be discussed in section 6.1. In the semilclassical
limit, Wy will scale as exp (Swalq) whereas Wy for nonzero s will scale as exp (Swaida/c)
where ¢ is the order of the orbifold. These terms are thus exponentially subleading com-
pared to Wy and will be discussed in section 6.2. We would like to emphasize two features
of this answer.

1. If D-terms can be ignored for reasons of supersymmetry, then we expect Wy will equal
%4 given by (1.4). In the Type-ITA frame, the world sheet instanton corrections are
incorporated in the prepotential computed by the topological string. Moreover, it is
likely that there are no spacetime instanton contributions from wrapped D-brane or
NSb5-branes because their action would have to depend on the dilaton which is in the
hyper-multiplet. In other words, such instantons wrapping an internal cycle of the
Calabi-Yau but localized at the poles of S? may not contribute to the supersymmetric
functional integral. We have not analyzed this in detail but if true, it would imply
that

Wo(q,p) = /M e | Zio (6, )| Zaet [T, - (1.7)
Q

The term | Ziop|? is precisely of the form envisaged by Ooguri-Strominger-Vafa [21]! Tt
should be emphasized though that in this derivation, the topological string partition
function in (1.7) is evaluated for the values of the scalar fields at the center of AdS,
and not at the boundary of AdSs. Since the scalar fields are moving away from the
attractor values, they are no longer at the minimum of the entropy function and
hence are thus ‘climbing up’ the entropy function away from the critical point.

2. As mentioned above, for a consistent treatment of the AdSy path integral it is nec-
essary to work in the microcanonical ensemble because in AdSs Coulomb potential
is a a nonnormalizable mode. Various fields approach their attractor values at the



boundary in this fixed charged sector. In particular, the electric fields at the bound-
ary do not fluctuate and remain fixed at their attractor values e,. For our localizing
instanton solutions the fields move off-shell away from the attractor values inside
AdS; and it is the value of these fields at the center of AdS> that is allowed to fluc-
tuate and can be integrated over as in (1.7). This derivation thus requires off-shell
supergravity in an essential way.

3. It has been pointed out that agreement with statistical entropy requires modifying
the OSV conjecture by including additional measure factors and nonperturbative
corrections [24-29]. Our localizing solution provides a well-defined starting point to
define these corrections systematically on the macroscopic side as we discuss below.
See section 6.3 for a more detailed discussion of the relation to the topological string
and comparison with earlier work.

4. Note that the range of integration is determined by the localization analysis and goes
from —oo to +oo for all C'. Since the measure factor and Zge follow algorithmically
from the original measure of the string theory spacetime fields, the resulting answer
is guaranteed to respect all symmetries. In particular, even though the renormalized
action is Wilsonian and given in terms of holomorphic prepotential, one expects from
the AdSy/CFT; correspondence that holomorphic anomalies [30-32] are taken into
account systematically by the integral (1.7) so that the resulting degeneracies respect
all duality symmetries.

5. The higher orbifold contributions in (1.6) appear to play an important role if the
macroscopic analysis is to reproduce the known microscopic answers in the N’ = 4
examples [16]. In particular, their contribution would be essential to ensure that the
resulting sum is an integer. From this point of view as well, it is more natural to work
in the microcanonical ensemble than invert (1.7) and work in a mixed ensemble.

To summarize, in this paper we have solved one major piece of the puzzle in the
evaluation of the black hole functional integral. We have determined which off-shell field
configurations to integrate over consistent with the AdSy boundary conditions. We have
obtained explicit analytic expressions for the localizing instanton solutions and the renor-
malized action evaluated on these instantons. These solutions thus give a well-defined
starting point to evaluate various corrections to the semi-classical results. Further work
is necessary to determine one-loop contributions and the measure [16]. This computation
is technically involved but we would like to emphasize that given the localizing action
and the localizing instantons this step is essentially algorithmic. Computation of brane-
instantons in general case will be more complicated since it will depend on the details of
the compactification but can simplify in specific examples and in specific duality frames.

Finally, we note that in models where exact microscopic degeneracies d(q, p) are known
from independent computations, our macroscopic computation can be tested against the
microscopic answer. Such a comparison for half-BPS small black holes and quarter-BPS big
black holes in N' = 4 compactifications will be reported in a forthcoming publication [16].



In these examples, all the ingredients of the macroscopic computation discussed in this
paper play an important role. With N' = 4 supersymmetry, all three terms in the inte-
grand exp(F), Zget and Zinst can be computed almost completely. Moerover, the resulting
integral representation can be immediately be put a form that that agrees in remarkable
detail with the microscopic degeneracies including all perturbative and nonperturbative
corrections. These results can thus be seen as a partial post-facto justification for some of
the assumptions made in section 6.

2 Quantum entropy and AdS,/CFT; correspondence

The quantum entropy formalism [4, 5] generalizes the Wald entropy formula to include
quantum corrections to black hole entropy in a consistent quantum theory of gravity such as
string theory. It is formulated in general for any extremal black holes whose near horizon ge-
ometry has an AdSs factor. We would now like to apply this formalism to four-dimensional
supersymmetric black hole whose near-horizon geometry is of the form AdSs x S? x K where
K is a three complex dimensional Calabi-Yau manifold of string compactification.

Since the essential physics of the quantum entropy concerns the AdSsy factor, for the
rest of this section we will dimensionally reduce all the way to two dimensions onto AdS5.
One can regard the full theory as a two-dimensional theory of gravity interacting with an
infinite set of fields keeping all massive modes. The massless sector consists of the 2D
metric, a set of gauge fields A’ with field strengths F*, and matter fields ¢® which include
the moduli of K, as well as the fluxes through the various cycles in the ‘internal’ geometry
52 x K. The electric charge of the four-dimensional black hole is represented by the gauge
fields, and the magnetic charges which correspond to fluxes through the S? are represented
as fixed parameters of the theory living on the AdS; geometry.

2.1 Near horizon classical geometry

The most general near horizon configuration for the massless fields consistent with the
SL(2,R) isometry of AdSs is:

dr?

ds?> = v |—(r? = 1)dt?
s v |—(r ) +7°2—1 ,

F' = éldr A dt, e (t,r) = ¢f, (2.1)
where v, e and ¢@ are constants. This is the metric of an AdSy black hole [33-36] with hori-
zon at r = 1. It is locally isometric to AdSs and the region r > 1 covers a triangular wedge
extending halfway from the boundary into global AdSs [36]. An analytic continuation
t = —if leads to the Euclidean metric

dr?

2 2 2
- 1
ds® =wv |(r )do +7“2—1 ,

Fi= —jeldr A db, »*(0,r) = ¢q - (2.2)

This metric is non-singular at the erstwhile horizon » = 1 provided the Euclidean time
coordinate 6 is periodic modulo 27. In the gauge A’ = 0, the gauge fields are given by

Al = —jel(r —1)d8, (2.3)



where the constant term ensures that the Wilson line 3%1 A* around the thermal circle
vanishes at the horizon r = 1. This is needed for regularity since the thermal circle
contracts to zero size.

It is worth emphasizing that it is important to use the form of the metric in (2.1)
with two separate horizons at » = £1 which corresponds to the Jackiw-Teitelboim black
hole [33-35]. Physically this corresponds to staying close to the black hole horizon as
one takes the near horizon limit in which the AdS, throat becomes infinitely long. Upon
Euclidean continuation this covers the entire upper half plane or the Poincaré disk which has
the topology of a disk and hence Euler character one. In the Gibbons-Hawking formalism,
the entropy of the black hole is proportional to the Euler character of the near horizon in
the (r,t) plane and hence one obtains finite entropy. If we use instead the metric

ds* = v [p2d6’2 + dgT ; (2.4)
p

with periodic 6 then this covers only a strip in the upper half plane with two edges identified.
The geometry then has a topology of a cylinder, or a punctured disk, which has Euler
character zero, and hence vanishing entropy [37]. For applications in string theory it has
been clear that an extremal black hole should really be thought of as a limit of a non-
extremal black hole in which case it has zero temperature but nonzero entropy. This
corresponds to choosing the metric as in (2.1).

2.2 Functional integral for the quantum entropy

The quantum entropy is defined by a functional integral over all field configurations which
asymptote to the AdSs Euclidean black hole (2.2) with the fall-off conditions [38]

dr?
2 2 2
dsg =v (7’ +O(1)) do —|— 2 O(l) ,
Pt =u+0(1/)r), A= —ie'(r—0(1))do, (2.5)

which are invariant under an action of the Virasoro algebra. In particular, in contrast
to higher dimensional instances of the AdS/CFT correspondence, the mode of the gauge
field corresponding to the electric field grows linearly (or is ‘non-normalizable’) and must
be kept fixed, while the mode corresponding to the electric potential is constant (or is
‘normalizable’), and allowed to fluctuate. Since the asymptotic value of the electric field is
determined by the charge of the black hole by Gauss law

d(vL)

this is equivalent to holding the charge fixed. The asymptotic values of the parameters of
the metric and the scalars are determined purely in terms of the charges by the attractor
mechanism. The constants v, €', u® which set the boundary conditions of the path integral
must therefore be set to their attractor values vy, €%, u® respectively. The quantum entropy
is thus purely a function of the electric charges ¢;. This was defined by [5] as the functional

,10,



integral with an insertion of the Wilson line:

o7 finite
Wiq,p) = <exp [ —1q; Aj dﬂ} > . (2.7)
0 AdS»2
Note that in the classical limit, this constant mode of the gauge field gets determined in
terms of the attractor electric field e’ by the smoothness condition on the classical gauge
field but in the quantum theory it is free to fluctuate.
We will now explain the meaning of the superscript finite in the above functional
integral. The action entering into this functional integral is of the form

Sbulk + Shdry ; (2.8)

where the actions®

Shulk = / Liuik /g drdo, Shdry = / Lbdry v/Gina dO (2.9)

are expressed in terms of local Lagrangian densities, the measure in the boundary term
coming from the induced metric on the boundary. The integral for the bulk action over r
suffers from an obvious infrared divergence due to the infinite volume of the AdSs. The su-
perscript finite in (2.7) refers to the following prescription for regulating and renormalizing
this divergence.

First, one enforces a cutoff at a large r = rg. This cutoff which respects the angular
symmetry seems to be special, but the conclusions below have been shown to be indepen-
dent of the details of the cutoff [22]. The bulk Lagrangian density Ly, is the full local
classical Lagrangian of the theory including all massive fields. Since Ly is a local func-
tional of the fields, the bulk effective action evaluated on a certain field configuration has
the form

Spul = Coro + C1 + O(ry 1), (2.10)

with Cy, C7 independent of r(.

The boundary action is the boundary Lagrangian Lyq,y, multiplied by the the proper
length L ~ 2my/vrg of the boundary which goes to infinity as 79 — 0o. Lpary is a local
gauge invariant functional of the fields of the theory. Using the asymptotic form of the
fields (2.5), one obtains that the boundary action has a form like (2.10) with coefficients that
only depend on the classical values of the various fields in the problem which are held fixed.

One now chooses the boundary counterterms such that the piece linear in r¢ in the
integrand vanishes, as is standard in the procedure of holographic renormalization. In
particular, one can subtract the constant piece Cyrg from the action simply by using an
appropriate boundary cosmological constant as in [5]. This ensures that the boundary
Hamiltonian of the C'F'T} dual to AdSs is zero. From the above argument, this boundary

®The signs in the first equation for the bulk action is chosen in accord with the Euclidean continuation
from the Minkowski theory [4], the sign in the second equation is a convention since it is a one dimensional
Euclidean problem, which we have fixed.
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cosmological constant is a function of the classical values of the fields. There can be of
course other finite parts of the boundary action which depend on the fluctuating parts of
the fields, this will be part of the full definition of the quantum entropy function. We shall
comment on them below.

It is convenient to incorporate also the Wilson line into the renormalized action and
include counterterms to cancel the divergences in the Wilson line. One can then take the
limit ry — oo, and define the finite part of the path integral unambiguously as e r». We
refer to this finite piece Sien as the renormalized action, which in general is a functional of
all the fields. We thus have the definition

2T
Sren = Spulk + Shdry — 1 ¢i / Ay df . (2.11)
0

In the classical limit, the functional integral (2.7) is dominated by the saddle point
where all fields take their classical values (2.2). In this case, the path integral reduces to

2r 2
<eXp [ —1q; / Ald0:| > = exp (Sbulk + dery — 1q; / A?gd@) , (2.12)
0 0

where Spuk and Spqry are as above. In this case, one can simply evaluate the bulk La-

grangian at the constant classical values (2.1) to get

27 0
Sbulk - / d@/ drvl =27 (7“0 — 1) 1)[,, (2.13)
0 1
2 )
dery = —27‘('7“0 (Uﬁ — qiei) + 0(1/7“0) s —iqi/ A},d@ = 27 qie’ (7“0 — 1) . (2.14)
0
After the above regulation and renormalization procedure, one has

Wi(q,p) ~ exp[27(gie’ —vL)] = exp [Swawa (2, D)] (2.15)

where it is understood that the middle term is evaluated at the attractor values of the
fields. Since the attractor values of various fields and in particular the electric fields are
determined by extermization of the classical action, one can define the entropy function

Ele,p,q) = 2n(qie’ —vL(e,p)). (2.16)

Here we have fixed the scalars to their attractor values but kept the electric fields as
variables. By virtue of its construction, the classical attractor values e, (g, p) of the electric
fields can be found at the extremum of & which are determined entirely in terms of the
charges. As shown in [4], the value of the entropy function at the extremum equals the
Bekenstein-Hawking-Wald entropy of the extremal black hole.

In the case of supersymmetric black holes, we should use a supersymmetric version of
this Wilson line which requires the addition of another boundary term to the Wilson line.
We find that the bulk Lagrangian is also supersymmetric only up to a boundary term which
has to be cancelled by adding a boundary counterterm. Both these additional boundary
terms are field dependent. However, it turns out that the sum of the two additional
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boundary terms is equal to a constant diverging linearly with ry, and moreover, it is
precisely the constant required to cancel the infrared divergence of the original bulk action
plus Wilson line. As a result we can express the total functional integral in a manifestly
supersymmetric manner, at the same time using the naive operational definition above. We
will discuss these issues and the supersymmetry of the functional integral in more detail in
section 5.3 and section C.

In the full quantum theory, there will be corrections to the classical answer which are
of two kinds. The first type of correction will arise from evaluating the functional integral
around the AdS5 geometry. One can try to evaluate it in a saddle point approximation, but
this can at best give an asymptotic expansion and one can never access large fluctuations
in field space. We shall overcome this using the technique of localization in the context of
supersymmetric theories. This will allow us to evaluate the functional integral in the AdSs
background exactly. We discuss this in the next sections.

The second type of correction comes from subleading orbifold saddle points that play
an important role. Keeping these subleading saddle points which are much smaller than
the power law corrections to the leading saddle point cannot be justified in an asymptotic
expansion, but the exact evaluation of the functional integral allows us here to consistently
deal with subleading saddles. The full functional integral localizes onto a discrete series, and
for each term in the series we obtain an exact finite dimensional integral which accesses
large fluctuations in field space. We discuss the general form of the localizing integral
in section 6.2.

3 Superconformal symmetries and localization

We start with a brief review in section 3.1 of the localization techniques [39-44] to evaluate
supersymmetric functional integrals. In section 3.2 we review the superconformal symme-
tries of the attractor geometry and how localization can be applied in the present context.

3.1 A review of localization of supersymmetric functional integrals

Consider a supermanifold M with an integration measure du. Let @ be an odd (fermionic)
vector field on this manifold that satisfies the following two requirements:

e ()? = H for some compact bosonic vector field H,
e The measure is invariant under @, in other words div,Q = 0.

The divergence of the fermionic vector field is the natural generalization of ordinary diver-
gence, which satisfies in particular®

| anatn=- [ dutain,Q)s. (3.1)
M M

For a bosonic vector field V and for a measure determined by a metric g, this corresponds to the identity
Jdz/gV ™ Omf = — [ dxdm(\/gV™)f = — [ dx\/g(V,m V™) f when the boundary contributions vanish.
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for any function f. Hence, the second property implies [ A dp Q(f) = 0 for any f. We
would like to evaluate an integral of some @Q-invariant function i and a Q-invariant action

S

I ::/ duhe . (3.2)
M
To evaluate this integral using localization, one first deforms the integral to
I(\) = / dphe SV (3.3)
M

where V is a fermionic, H-invariant function which means Q?V = 0 and QV is Q-exact.

One has

d
/ dphe SV = / dphQV e 572V = / dpQ(he Sy =0, (3.4)
dA Jm M M

and hence I(\) is independent of A\. This implies that one can perform the integral I(\)
for any value of A and in particular for A — oo. In this limit, the functional integral
localizes onto the critical points of the functional S® := QV which we refer to as the
localizing solutions. The localizing solutions in general have both bosonic and fermionic
collective coordinates.

One can choose

V= (QU,0) (3.5)

where ¥ are the fermionic coordinates with some positive definite inner product defined
on the fermions. In this case, the bosonic part of S? can be written as a perfect square
(Q¥,QV), and hence critical points of S9 are the same as the critical points of Q. Let us
denote this set of critical points of Q by M. The reasoning above shows that the integral
over the supermanifold M localizes to an integral over the submanifold Mq. In the large
A limit, the integration for directions transverse can be performed exactly in the saddle
point evaluation. One is then left with an integral over the submanifold Mg

I= / dughes, (3.6)
Maq

with a measure dji induced on the submanifold by the original measure.

In our case in section 5, M is the field space of off-shell supergravity, S is the off-shell
supergravity action with appropriate boundary terms, h is the supersymmetric Wilson line,
@ is a specific supercharge described in section A and section 5, and W are all fermionic
fields of the theory. We will find that the submanifold Mg of localizing solutions is a
family of nontrivial instantons as exact solutions to the equations of motion that follow
from extremization of S9 labeled by n, + 1 real parameters {C!; I =0,...,n,}.

3.2 Superconformal symmetries of the near horizon geometry

The near-horizon geometry of a supersymmetric black hole in four dimensions is AdSs x S?.
After Euclidean continuation, the metric is

ds* = v |[(r* —1)d6? + Tzd’f 1R [dy? + sin®(¥)d¢?] . (3.7)
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We have taken the radius v of the AdSs factor to be the same as the radius of the S? factor
which is a consequence of supersymmetry. There are several other coordinates that are
useful. Substituting » = cosh(n), the metric takes the form

ds* = v [d772 + sinh2(77)d92] +v [dz/)2 + sin2(1/))d¢2] . (3.8)
One can also choose the stereographic coordinates
w = tanh(g)ew =pe? 2= tan(qé})ew, (3.9)

in which the metric takes the form

4dwdw 4dzdz

ds® = :
y v(l — ww)? +v(1—|—zz)2

(3.10)
Note that the interval for the coordinates are 1 <r < ocand 0 <7 < oo, and 0 < p < 1.
In the w coordinates, Euclidean AdSs can be readily recognized as the Poincaré disk with
p as the radial coordinate of the disk and a boundary at p = 1.

The Weyl tensor for the metric (3.8) is zero and hence this metric is conformally flat.
For later use it will useful to know this conformal transformation. To map we first map
the Poincaré disk to the upper half plane by the transformation

1—w
sty i 3.11
u=ux+iy U= (3.11)
The metric (3.7) in the new coordinates becomes
d 2 d 2 2dQ2
ds? = 0 T W VAL (3.12)
Y

with —oo < 2 < 400 and 0 < y < co. From the above equation, we see that AdSy x S?
is conformally flat. We also know that R?* is conformal to S* so it would be useful to
compute the conformal factor relating AdSs x S? to S*. In the (1,0) coordinates we have
the following conformal rescaling

ds*(AdSs x §%) = cosh?(n)ds?(S) . (3.13)
Note that the conformal factor diverges at the boundary. Under a Weyl transformation
Guw = € G (3.14)
a field with Weyl weight a transforms as
D — e NP, (3.15)

Hence, such a field in the conformal frame with AdS, x S? metric will be mapped to the
field in the conformal frame with S* metric by

D

cosh(n)e (3.16)

P Ads, xs2 =

This transformation will be useful later in section 5.
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The superconformal symmetry of the near horizon geometry is the semidirect product
SU(1,1]2) x SU(2)". The invariant subgroup SU(1,1|2) will be of our main interest which
contains the bosonic subgroup SU(1,1) x SU(2). The first factor can be identified with
the conformal symmetry of AdSs and is generated by {L,Ly}. The second factor can
be identified with the rotational symmetry of S? and is generated by {J,J+}. The factor
SU(2) originates from the R-symmetry of N/ = 2 supergravity in four dimensions. The odd
elements of the superalgebra are the superconformal symmetries Gi*. The commutations
relations are

[L,Ls] = +Ly, Ly, L] = 3.17)
[J,J%] = £J7F, [Jt, 0] = 3.18)
[L,G¥] = i;Gm, [Li,G“] = —iGY, (3.19)
[J,GE] = i;Gii, [J5,GIF] = G, (3.20)
(G G7FY = +4éi g% (GG} = FaieT Ly, (3.21)
{GF,GI Y = 49(LF J) ; efT = —e—4=1. (3.22)

Explicit expressions for the Killing spinors corresponding to these superconformal super-
symmetries will be obtained in section A and will be required for localization in section 5.

It is easy to see from the algebra that the generator Q) = GIJF + GZ~ squares to
4(L — J). Since L is the generator of rotations of the Poincaré disk and J is the generator
of rotations of S2, the square Q2 is the generator of a compact bosonic symmetry. This is
the generator that we will use for localization.

4 Off-shell formulation of the theory

In this section, we review the off-shell formulation of supergravity due to [10-12]. This
formalism has several attractive features.

1. First, it allows the supersymmetry transformations to be realized in an off-shell man-
ner which will be crucial for us to apply localization to the functional integral for
quantum entropy.

2. Second, one can also include within the formalism a class of curvature squared correc-
tions to the theory that are encoded in the Weyl multiplet. This has made it possible
to study the higher derivative corrections to supersymmetric black holes using the
full power of supersymmetry for solving BPS equations in the classical theory.

3. Third, in the off-shell formalism, the supersymmetry transformations are specified
once and for all and do not need to be modified as one modifies the action with
higher derivative terms. This is analogous to the situation for diffeomorphisms where
the transformation properties of the metric, for example, are specified once and for all
and does not depend on the form the action. Since the localization action that we use
is constructed using these supersymmetry transformations, the localizing solutions
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that we will obtain by minimizing this action will therefore be universal and not
dependent on the form of the physical action. This is clearly greatly advantageous
both at the technical and conceptual level.

In this section we rederive the classical properties of the black hole in this new language.
This section is meant to set the stage and fix all the notations for the quantum calculation
which we discuss in section 5. It will therefore be concise; a detailed account of the off-shell
formalism can be found, for example, in the review [45].

We use the conformal supergravity approach to N' = 2 off-shell supergravity in four
dimensions developed using superconformal multiplet calculus. The main idea is to ex-
tend the symmetries of the A/ = 2 Poincaré supergravity to the N/ = 2 superconformal
algebra. This bigger algebra has dilatations, special conformal transformations, conformal
S-supersymmetries, and local SU(2) x U(1) symmetries as extra symmetries compared to
the Poincaré group.” The conformal supergravity is then constructed as a gauge theory of
this extended symmetry group.

Upon gauge fixing the extra superconformal symmetries, one gets the Poincaré super-
gravity. In this sense, they are both gauge equivalent. However, the multiplet structure
of the superconformal supergravity is smaller and simpler than the Poincaré theory. The
form of the supersymmetry transformation rules is also simpler in the superconformal for-
malism, and one has a systematic way of deriving invariant Lagrangians. Following this
approach, one gets an off-shell formulation of supergravity coupled to vector multiplets.

In section 4.1, we first list the multiplets of the superconformal theory that will enter
the theories we consider. In appendix B, we summarize some relevant aspects of the
superconformal multiplet calculus including the supersymmetry variations of the various
multiplets listed below. In section 4.2 we discuss the invariant action of our interest.

4.1 Superconformal multiplets

Our conventions are as follows. In the Minkowski theory, all fermion fields below are rep-
resented by Majorana spinors. In the Euclidean theory, they will be symplectic-Majorana.
Greek indices p, v, ... indicate the curved spacetime, latin indices a, b, ... indicate the flat
tangent space indices, and 4, j,... denote the SU(2) index. The SU(2) indices are raised
and lowered by complex conjugation. A~ = ¢;; A% for any SU(2) tensor AY. We will also
use the superscript + to denote (anti) self-duality in spacetime, the conventions should
be clear from the context. We use the covariant derivative D,, which is defined to be
covariant with respect to all the superconformal transformations as well as gauge fields of
the theory if present. We also use The bosonic covariant derivative V, is defined to be
covariant with respect to all the bosonic transformations and the gauge fields, except the
special conformal transformation.

We now summarize the field content of various multiplets.
"Note that the extra superconformal symmetry of this formalism is a gauge symmetry, not to be confused

with the physical superconformal algebra of the near-horizon geometry of extremal black holes discussed in
section 3.2 which is generated by the Killing vectors and Killing spinors of the background.
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1. Weyl multiplet: This is the gravity multiplet which contains all gauge fields arising
from gauging the full superconformal symmetries. The field content is:

w:<eu,wzb, b [ ALV ;g,xi,D). (4.1)

The fields (ej;, wzb) are the gauge fields for translations (vielbien) and Lorentz trans-
formations; 1, ¢;, are the gauge fields for Q-supersymmetries and the conformal
S-supersymmetries; (b, f;) are the gauge fields for dilatations and the special con-
formal transformations; and (Vu j+Ap) are the gauge fields for the SU(2 ) and U(1)
R-symmetries. Imposition of the ‘conventional constraints’ determines wy”, ¢;,, f; in

terms of other fields and one is left with 24 + 24 independent degrees of freedom.
The SU(2) doublet of Majorana spinors x*, the antisymmetric anti self-dual auxiliary
field T;i and the real scalar field D are all auxiliary fields, some of which will play a

non-trivial role later. This multiplet contains the gravitational degrees of freedom.

2. Vector multiplet: The field content is
X' = (x7,9f AL,V (4.2)

with 8 + 8 degrees of freedom. X7 is a complex scalar, the gaugini QZI are an SU(2)
doublet of chiral fermions, Aﬁ is a vector field, and Ylg are an SU(2) triplet of auxiliary
scalars. This multiplet contains the gauge field degrees of freedom.

3. Chiral multiplet: The field content is
A= (E, U;, By, F; Kl-,é) (4.3)

with 16 + 16 components. A C are complex scalars, Ew is a complex SU(2) triplet,
F " 1s an antiselfdual Lorentz tensor, and U;, A, are SU(2) doublets of left-handed
fermions. The action will also contain the conjugated right handed multiplet. One
can impose a supersymmetric constraint on the chiral multiplet to get a reduced
chiral multiplet with 8 + 8 degrees of freedom.

The covariant quantities of a vector multiplet are associated with a reduced chiral
multiplet. The covariant quantities of the Weyl multiplet are also associated with a
reduced chiral multiplet Wij Products of chiral multiplets are also chiral, and one
thus gets a chlral multiplet A=W?2= = i€ 1 W YWkl The lowest component of
As A = ( 62J) and the highest component of A contains terms quadratic and
linear in the curvature. The problem of building Lagrangians with terms quadratic
in the curvature thus reduces to the simpler problem of coupling the chiral multiplet

A to the superconformal theory.

4. Compensating multiplet: This multiplet will be used as a compensator to fix the extra
gauge transformations. There are three types of compensators that have been used
in the literature so far, a non-linear multiplet, a compensating hypermultiplet and a
tensor multiplet. As an example, we discuss the non-linear multiplet [45, 46]. Other
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multiplets have their relative advantages, in particular the compensating hypermul-
tiplet is used extensively for the treatment of higher derivative terms [47].
Non-linear multiplet:

(9%, N, MY, V) (4.4)

where A’ is a spinor SU(2) doublet, M% is a complex antisymmetric matrix of Lorentz
scalars, and V, is a real Lorentz vector. ®% is an SU(2) matrix of scalar fields with
the « index transforming in the fundamental of a rigid SU(2), it describes three
real scalars. Naively, the multiplet has 9 + 8 degrees of freedom, but there is a
supersymmetric constraint on the vector V, which reduces the degrees of freedom to
8+ 8:

1 1 .
D"V, =3D — VV, — 4|Mij|2 + D*®' D, ®% + fermions = 0 (4.5)

4.2 Superconformal action

The procedure to get invariant actions is as follows: one first finds an invariant Lagrangian
for a chiral multiplet, this was solved in [48]. The second step is to write down a scalar func-
tion, the prepotential F(X') of the vector multiplets which is a meromorphic homogeneous
function of weight 2. One then uses the chiral Lagrangian of the first step for the chiral
multiplet F. This gives the two derivative N/ = 2 Poincaré supergravity after gauge fixing.
To include coupling to curvature square terms, one extends the function F' to depend on
the lowest component A of the chiral multiplet A=W F (X1, X) is holomorphic and
homogeneous of degree two in all its variables. One then uses the chiral Lagrangian of the
first step for the chiral multiplet F.

We use the following notations. The prepotential which is a meromorphic function of
its arguments obeys the homogeneity condition:

F(AX,XA) = N’F(X, A). (4.6)
Its various derivatives are defined as:
OF oF O*F O*F O*F
F; = Fy= _, Frj= Fs = ~ Frr= . (47
T=oxr TAT x0TV T axtox) TAIT pxIpA’ op 47
Following the above procedure, one gets a invariant action for I = 1,2,..., Ny + 1

vectors coupled to conformal supergravity. The bosonic part of the action is:

1
e 'L=i [FIXI (63 — D) +V, Ve

+le1 J (Fa—bf - leI T4 aij> <F“bJ - leJ T4 gij) - éFI (F;;I - leI Tosis giJ) T ¢,
—;FIJYéYm - 312F (Tupij €7)?

+;FA6 - ;Fm(ei’%ﬂéijékl —2F Fo) + ;ﬁ—ame <Fab1 - iXI T sij>

—111 AingIY”J} +he (4.8)
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To get to the N' = 2 Poincaré supergravity, one has to gauge fix the extra gauge
transformations of the superconformal theory. To gauge fix the special conformal transfor-
mations, one sets the K-gauge:

b,=0. (4.9)
To gauge fix the dilatations, one impose the D-gauge:
—i(XTF —Fx)=1. (4.10)

To fix the chiral U(1) symmetry, one fixes the A-gauge:

x0=x". (4.11)
Due to these constraints on the scalars, the Poincaré supergravity has only Ny indepen-
dent scalars.

In order to fix the S-supersymmetry, one imposes another gauge called the S-gauge.
This constraint can be solved by eliminating one of the vector multiplet fermions. This
gauge also breaks @-supersymmetry, but a combination of the S and @) supersymmetries
is preserved and corresponds to the physical supertransformations in the Poincaré theory.

Finally, to fix the local SU(2) symmetry, one imposes the V-gauge:

Pl =6 (4.12)

At each step in the gauge fixing process, one has to be careful to respect the previous
gauge choices, and this leads to compensating field dependent transformations in the rules
for the various remaining transformations. This is one of the reasons the final theory is
more complicated. Finally, one has to solve algebraic equations to get rid of the auxiliary
fields D and x. At the end of this procedure, one gets the N’ = 2 Poincaré supergravity
with a bosonic Lagrangian:

8re L= (—i(X'F; — F; X)) - ( — ;R>

1 1 .
+ [NMFIV“XI +,iFrs (Fabf —- x'ry ,j> (F‘“b‘] - X'y g,j>

— ZF] (F;l;[ 4X1Tabij €ij>T£ €ij

1
8

1 - ; .
— giF1 REACEE 3121? (Topij €7)?

1 P

2zFAC zFM(g kel By By — 2F 7 F) + zF DF; <F — X T” g,j>
1 -

4ZBZJF Y“J+h.c}

—i(XTF; - F; X7 (vav - \ il +Da<I>iaDacI>0‘i> : (4.13)
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Note that both the covariant derivatives defined above are used in this expression, they

are related by

DV, = VWV, — 2f2 4 fermionic terms . (4.14)

5 Localization

We now turn to the evaluation of the supersymmetric black hole functional integral defined
in section 2 using the localization techniques discussed in section 3. We use the formalism
of section 4 so that the supercharge used for localization is realized off-shell.

The on-shell equations of motion that follow from the above Lagrangian (4.13) admit
a half-BPS black hole solution [47, 49-51]. The near horizon geometry is an AdSs x S?
which admits eight conformal supersymmetries.® The values of other fields are determined
by the attractor mechanism [52-54] in terms of the charges consistent with the isometries.
The near-horizon AdSs x S? geometry with the attractor values of the other fields can also
directly be derived from the BPS equations [55].

We first review this on-shell solution in section 5.1. We then proceed to find the
localizing instanton solution in section 5.2 and evaluate the renormalized action for this
solution in section 5.3. We will sometimes refer to the localizing solution as the off-shell
solution since for this solution the scalar fields are excited away from the attractor values
inside the AdSs. In section 5.4 we put together these ingredients to reduce the functional
integral of W (g, p) to an ordinary integral on the localizing submanifold.

5.1 On-shell attractor geometry

Symmetries of AdSy x S? imply that various field in the near horizon region take the form

ds® = v |- —1)d? + | o [d? +sin’(0)de?]
T J—
Fl=el, Fly=p'siny, X'=X[ T;=vw,
1
D-_ R=0, M;=0, o =47, Vi=0. (5.1)

The values of the constants (ei, Xk v,) that appear in this solution are determined in terms
of the charges (qr, p') by the attractor equations which follow from the BPS conditions [49],
or, equivalently using the entropy function formalism [46]:

16 A
v = . A= —407, (5.2)
ww
[ S
€, —ip’ — 2X*vw =0, (5.3)
4i(wFr —w 'Fr) = qr . (5.4)

8 As mentioned above, these conformal supersymmetries are not the conformal supersymmetries of the
four-dimensional theory discussed in the last section, the latter are gauge symmetries in that formalism.
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Taking the real and imaginary parts of (5.3) and substituting (5.2) gives

Awrx! 4wt XT)

el (5.5)
Li(w ' X! —wlxTy = pf

P, (5.6)

where F; should be thought of as functions of X!. This geometry preserves eight super-
conformal supersymmetries as reviewed section A which extends the symmetries to the
supergroup SU(1,1]|2) x SU(2)" discussed in section 3.2. The field w can be fixed by a
gauge choice. In the rest of the paper, we choose a gauge in which w = w = 4 using
the local scaling symmetry of the Lagrangian and the U(1) invariance. In this gauge, the

radius v of both AdSy and S? equals one, this simplifies the discussion of Killing spinors.”

5.2 Localizing action and the localizing instantons

In order to use the technique of localization for our system, we need to pick a subalgebra
of the full supersymmetry algebra discussed in section 3.2, whose bosonic generator is
compact. We shall choose the subalgebra generated by the action of the supercharge

Q1=GI"+G, (5.7)
which generates the compact U(1) action:
QI =4(L—-1J). (5.8)

The explicit form of the Killing spinors can be found in section A. The above choice of the
supercharge corresponds to choosing the supersymmetry parameter (; defined in (A.17).
In this section, we use the notation Q = @1, ( = (3.

The localizing Lagrangian is then defined by

L9 :=QV with V:=(QU,¥), (5.9)

where U refers to all fermions in the theory. The localizing action is then defined by

5S¢ = / diz/g L9 (5.10)
The localization equations that follow from this action are
QU =0. (5.11)

These are the equations that we would like to solve.

We assume that the supergroup isometries of the near horizon geometry are not bro-
ken further by the Weyl multiplet fields. By construction, as long as these symmetries
are maintained, the fermions of the Weyl multiplet do not transform under the action of
@ (A.1)—(A.3) in the AdSy attractor background. One can check that the fermions of the

9This is different from the gauge used in the previous section and also from the gauge w = 8 which is
commonly used. These gauge choices do not affect considerations in this paper, but a better understanding
of different gauge choices can be useful to simplify the analysis. We plan to return to this issue in future.
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chiral multiplet and the non-linear multiplet also do not transform in this background.
This prompts us to look for solutions where one still has the AdSs attractor geometry,
but the scalars of the vector multiplets can move away from their attractor values.'® As
we will see there do exist nontrivial solutions where the vector multiplet fields get excited
maintaining the symmetries of the attractor geometry.

The action of @ on the fermionic field of the vector multiplet takes the form

1 _ 1 _ 7. _ b ri ] , o

QO = (F;V -, X TW> YA+ 2gX T+ Y (5.12)
o1 1 4 4 o

QO = 5 (Fjj — 4Xf ij> AEav et 4 2igx” ¢+ (5.13)

Let us recall the attractor equations for the constant values of the various fields in
terms of the electric gauge field strengths e/ and the magnetic charges p’:

el —ipl —ox'=0, el+ipf—2xI=0 Yl =0. (5.14)

e

We are interested in the off-shell solutions in which the vector multiplet scalars X! move
away from their attractor values X!. We therefore parametrize the off-shell X/ fields as

xl=xl4xl,  x'=xT4+y (5.15)

I
so that ¥ and ©" are values the scalar fields away from the attractor values. We further
write

Sl=g +igl, S =H -, (5.16)

Note that Yé are triplets under the SU(2) rotation. It will turn out that for the BPS
equations that we solve, they all have to be aligned along the same direction in the SU(2)
space. Hence we parametrize them as

vil=-vBZ=kK", vi=v?=0. (5.17)
Similarly we parametrize the gauge fields away from the attractor values as

F;U = F,{V* + f,{V. (5.18)

With this parametrization, we can add the two equations (5.12) and perform a Euclidean
continuation to obtain

QO = fay 1" 2" ¢+ 2FH ¢+ 20" 35" = 2iH Ay ¢ = 2719 ¢+ Y (7 (5.19)

for the Dirac spinors Q% = fo + Q%% Note that the a,b are tangent space indices and all
gamma matrices 7% above are constant matrices of Euclidean R%.

1080lutions more general than our simplifying ansatz are in principle possible where the Weyl multiplet
fields also vary inside the AdS> .
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The inner product for spinors x; and y2 in Euclidean space is simply

(x1.x2) = XIX2 . (5.20)

With this inner product, the localization Lagrangian (5.9) restricted to only the vector
multiplet fermions is given by

L9 = QV :=Q(QV, ) (5.21)

with V' chosen as in (5.9) with ¥ denoting the vector multiplet fermions. Note that V' is
H-invariant because ( is independent of the combination # — ¢ and H is the vector field

that generates translations along 8 — ¢. The bosonic part of this Lagrangian is

ny

LE = QV], e = D01, Q1) . (5.22)

I1=0

With our choice of the inner product (5.20) this Lagrangian is manifestly positive definite.

The choice of @ is determined by the choice of the Killing spinor {. Substituting
the explicit form of the Killing spinor ¢ and the gamma matrices defined in section A,
the bosonic Lagrangian El?os as a function of the fields H, J, K, f can be evaluated after
somewhat tedious algebra. We find that %‘Cl?os equals

cosh(n)[K — 2sech (n)H )] ?
+4 cosh(n)[Hy + H tanh(n)] >4 cosh(n)[HZ + H3 + H3]

- 2 2
+24 | for —J — il (sin(e))Js — sinh(n)Jl)} + 2B [foﬁ + J—; (sin(e))Js + sinh(n)Jl)}
r 2 2
+2A | fos + il (sin(y)Jy + sinh(n)Jg)} + 2B [fo'g + ; (sin(¢p)J; — sinh(n)Jg)]
- 2 2
+2A | foa + il (sin()Jo + sinh(n)Jg)} + 2B [fo‘g — ; (sin(¢)Jo + sinh(n)Jg)]
oh h(7) sinh?
+4C(j:B(") fsinh(n) Jo — sin()Jo]® + (Z) ;m M)y 4 g2, (5.23)
where
H! :=eto,H' | Jl:=eto,J', (5.24)
and
A := cosh(n) + cos(v) , B := cosh(n) — cos() . (5.25)

It is understood that in (5.23) all squares are summed over the index I. Recall that
a =0,1,2,3 correspond to the directions along the coordinates 6,1, ¢, respectively used
for example in (3.8). Since A and B are positive, EbQOS is a sum of positive squares.

The minimization equations now follow by setting each of the squares in (5.23) to zero.
This leads to simple first order differential equations for various fields which have to be

solved with boundary conditions consistent with the definition of the original functional
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integral on Euclidean AdSs space. Equations (5.15), (5.17), (5.18) imply that fields %/ and
KT and f! must vanish at the boundary.

It is easy to see that with these boundary conditions, J! and f({b must both vanish
throughout space. Setting the first line in (5.23) to zero implies

2H!
K= 2
cosh(n) (5:26)

Setting the second line in (5.23) to zero leads to differential equations that can be easily
solved to obtain
o

H' = o (5.27)

We have thus succeeded in finding a family of exact solutions to the localization equations
which respect the classical boundary conditions on AdS; and are smooth everywhere in
the interior. In terms of the original variables defined in (5.15), we have

c! I I c!
x! = x! X =X 5.28
-+ cosh(n)’ -t cosh(n) (5:28)
201
Yt = —v/]? = . 5.29
1 2 cosh(n)? ( )

Since the scalar fields are now excited away from their attractor values, they are no longer
at the minimum of the classical entropy function. Even though scalar fields ‘climb up’
the potential away from the minimum of the entropy function the solution remains Q-
supersymmetric (in the Euclidean theory) because an auxiliary field gets excited appropri-
ately to satisfy the Killing spinor equations.

It is worth pointing out that the solutions (5.27) and (5.26) look much simpler if we
use the conformal transformation (3.13) in section 3.2 to map AdS; x S? to S*. Since
the scalar fields X and the auxiliary fields Y have Weyl weight 1 and 2 respectively, and
since the conformal factor is cosh(n), the fields ¥ and Y are simply constant on S*. This
is very similar to the localizing solution found by Pestun [14] in a very different context
of computing the expectation value of Wilson line in super Yang-Mills theory on S4. Of
course, under this conformal transformation the attractor values also will transform and
since they are constant on AdSy x S?, they will no longer be constant on S*. It is therefore
more natural to work in the AdSs x S? frame. In any case, for computing the quantum
entropy, the AdS; boundary conditions play an important role as we will see in the next
subsection. As pointed out in [9], in this frame our computation has close formal similarity
with the gauge theory computation of ‘t Hooft-Wilson line in the formulation of [56, 57]
which could be useful in the computation of one-loop determinants and the instanton
contributions. Note that we are using localization techniques to evaluate a bulk functional
integral of supergravity whereas in [14, 56, 57] it was used to evaluate a functional integral
in the boundary gauge theory.
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5.3 Renormalized action for the localizing instantons

To obtain the exact macroscopic quantum partition function we would like to evaluate the
renormalized action restricted to the submanifold Mg in field space of localizing instan-
tons. We will find that even though both the original action and the solution are rather
complicated, the renormalized action is a remarkably simple function of the collective coor-
dinates {C!} determined entirely by the prepotential. Recall that the renormalized action

defined in section 2 takes the form

2m
Sren = Soutkc + Sary +1 / Abdo . (5.30)
0
The charges used here are related to the ones used in (2.11) by ¢ = —2¢; to be con-

sistent with the normalization of gauge fields used in the literature, for example, in the
reviews [45, 58].

We proceed to evaluate the bulk action given as a four dimensional integral of the
the supergravity Lagrangian (4.13) over AdSs; x S?. We note first that since various aux-
iliary fields vanish for the off-shell solution, the Lagrangian (4.13) simplifies to (recall
A= (T4 eij)?):

srL=—" (X'F;-x' FI)R

7
2
1 -
—i—[z@ Frorx’ + Fr J<FH - X T 5Z]><FJ“” - 4X" T“””ai]) (5.31)

. . i .

i I I ij I~ Ji
8F1 <F 4X Tum-je”>T ) eij — 8F[JY Y ”+32

Moreover, for AdSs x S? both the Ricci scalar R and the Weyl tensor C' are zero. Substitut-
ing X! = X! + %! and x' = Xi +3" from (5.15) and using the attractor equation (5.14)
in the form

FM_ 4X T’ Jeij =0, (5.32)

we get
8 L=iF, (0,5")(0,57) —iFyn' o7 + iFU K'K? +2iF;x' —2iF +he. . (5.33)

Substituting the solution (5.28) into the above equation, we find that the first three terms
of add up to zero. We are thus left with

87l = 2iF ;S — 2iF + h.c.. (5.34)

Since we keep the classical values X, X i fixed in this problem, differentiating with respect
to X! is the same as differentiating with respect to /. This can be explicitly evaluated
to find

I
87 L =20, (r(F — F)), with %! = “ (5.35)
T
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The N = 2 supergravity Euclidean action is

Sbulk = /d4x\/g£ . (5.36)

The off-shell fields do not depend on the coordinates of the S? and the angular variable
of the AdS,. These integrals can be done be done trivially and give an overall factor of
872, so that

70 To
Spuk = 872 / L sinh(n)dn = 8n* / Ldr, (5.37)
0 1
To
= 2i / dro, (r(F — F)) , (5.38)
1

I I
= 2mirg [F<Xf + S )— F<X,{ + f ﬂ — ZWi[F(X,f +ch — F(XI+chl. (5.39)
0 0

The first piece in (5.39) which is linear in 79 can be rewritten as:

2mirg (F(X,{ f;) F(X + C;)) —
:2772'7“0(F( ) +2mi(Fp (XD — Fr(Xh) el + 01 /ry)
= 2mirg (F(X! xh) - 27rqfcf +O(1/r), (5.40)

where we have used a Taylor expansion in the first line and the attractor equation
Fr(XD) — Fr(X]) = iqr (5.41)

in the second.

The Wilson line evaluates to

2

iU Abdo =rmqrel(ro—1) . (5.42)

0

Hence we choose
qr ei . I I
Sbdry = — 2770 ot (F(Xy) - F(X})) ) - (5.43)

so that Sren = Spuk + dery + Zg f A is finite.

As reviewed in section 2, the main purpose of the boundary action is to cancel the
divergence in the bare bulk action plus Wilson line which grows linearly with the length of
the boundary. In order to cancel this divergence, we use a boundary cosmological constant
which must be specified along with the other boundary data. Indeed we have found that
Shdry Which is a constant that grows linearly with the length of the boundary indeed only
depends on the fixed charges and not on the fluctuating fields.

In general, however, there could be a finite part of the boundary action which does
depend on the fields that are integrated over. The full boundary action should be con-
strained by supersymmetry. We shall discuss the supersymmetry of the functional integral
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in appendix C. The conclusion of the analysis in appendix C is quite simple — the finite
part of the boundary action in our problem actually vanishes due to supersymmetry, and
therefore the above prescription for Spep as a sum of terms (5.37), (5.43) and (5.42) is
already supersymmetric. In appendix C, we shall rewrite the above in a manner that is
manifestly supersymmetric. This rewriting takes the form of a functional integral with a
supersymmetric Wilson line [59, 60] with the bulk action as above (5.37), and a boundary
action which exactly cancels the boundary piece in (5.39).
We thus obtain the following expression for the renormalized action:

Sten = —mqrel —2mq;CT —2mi(F(X] + CT) — F(X] + ), (5.44)

The notation el refers to the classical values of the electric field strengths as a function of
the charges (q7,p’). Using the scalar attractor values (5.5), and the new variable

o' =el 4207, (5.45)
we can express the renormalized action in a remarkably simple form:

Sen(¢,q,p) = —mqr¢" + F(o,p). (5.46)

with I P

Flo,p) = —2mi [F(gb ;Zp )—F(¢ _2”9 )] . (5.47)
Note that the electric field remains fixed at the attractor value but ¢! can still fluctuate with
C taking values over the real line. We will discuss the significance of this fact in section 6.
Note also that the prepotential is evaluated at precisely for values of the scalar fields at
the origin of AdSs and not at the boundary of AdS;. Thus the classical contribution to
the localization integrand will be of the form

eSren — 677T¢IQI+]:(¢7P) (548)

There will be additional contribution to the integral which we discuss next.

5.4 Evaluation of W(q,p)

We have thus determined which field configuration to integrate over and the classical action
for these configuration. The full functional integral will require three additional ingredients.

e The integration measure over the {C!} fields over the submanifold Mg of critical
points of @ simply descends from the measure u of supergravity over the field space
M. We denote this measure by [dC],, which can be computed using standard methods
of collective coordinate quantization.

e There will be one-loop determinants of fluctuations around the localizing manifold
which can be evaluated from the quadratic piece of the localizing action S¢. We
denote this determinant contribution by Zge;. It is in principle a straightforward
but technically involved computation. Very similar determinants have been analyzed
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in detail for gauge theory [14]. In string theory, the one-loop determinants and the
duality invariance measure around the on-shell solution have been analyzed in [15]
and in [27, 61] respectively. Some aspects of these computations both from gauge
theory and from around the on-shell saddle point could be adapted to study the
measure and determinants around our off-shell instantons solutions [16].

e In addition, there will be a contribution from point instantons and anti-instantons
viewed as singular configurations that couple to the vector multiplet fields as long
as they preserve the same supersymmetry. In gauge theory computations [14], the
instantons will be localized at the center of AdS; and at the north pole of the S?
whereas the anti-instantons will be be localized at the center of AdSs and at the
south pole of the S?. Since string theory contains gauge theory at low energies we
expect a similar structure also in string theory. We denote this generating function
for the instantons by Zi,st. The generating function for anti-instantons will be the
complex conjugate of the generating function for instantons. We will thus get a fac-
tor of |Zinst|2 which will depend on the details of the string compactification, the
spectrum of wrapped brane-instantons, and the duality frame under consideration.
In gauge theory this generating function is the equivariant instanton partition func-
tion computed by Nekrasov [62]. Since the low energy limit of string theory will
reduce to gauge theory on AdSs x S2, it would be interesting to explore if there are
generalization of the gauge theory results to string theory.

Putting these ingredients together we can conclude that the functional integral will
have the form

A

W(gp) = /M O FOD)| 7 2 Zoer [T, (5.49)
Q

We have thus successfully reduced the functional integral to ordinary integrals. The dom-
inant piece of the answer given by e~5r» we have already evaluated explicitly.

In specific string compactifications the undetermined factors Zge; and |Zingt|? can sim-
plify. For example, with A" = 4 supersymmetry, in gauge theory both | Zp,stanton|? and Zget
equal unity. Similarly, it was found in [15] that very similar determinant factors for vector
multiplets equal unity N' = 4 theories. One expects that this simplification will extend to
the factors appearing in (5.49) around the localizing solution in NV = 4 theories.

6 Quantum entropy and the topological string

We now turn to the original problem of evaluating of W (g, p). There are several issues that
have to be addressed to extend the supergravity computation to a full string computation.

e First, the full action of string theory of course contains more fields in addition to
vector multiplets, in particular the hyper multiplets.

e Second, even if we restrict our attention to vector multiplets, the action will in general
contain not just the F-terms which are chiral superspace integrals but also the D-
terms which are nonchiral superspace integrals.
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e Third, there can be additional contributions from functional integral over orbifolds
of AdSs that are allowed in the full string theory but not visible in supergravity.

We discuss these questions below.

6.1 D-terms, hyper-multiplets, and evaluation of Wy(q,p)

We have thus far considered only F-type terms for the action of the vector multiplets
which are chiral integrals over A" = 2 superspace of the form [ d*0. The effective action
of string theory will contain in general D-type terms which are nonchiral integrals over
N = 2 superspace of the form [ d*0d*g. 1t is not a priori clear that these terms will not
contribute to the functional integral. We would like to make the following two observations
in this connection.

e Since our localizing action S® follows from off-shell supersymmetry transformations,
it does not depend on what terms are present in the physical action S. Hence our
localizing instanton solutions are universal and they will continue to exist even with
the addition of the D-terms. The question then reduces to evaluating the D-terms
on these solutions to obtain their contribution to the renormalized action.

e It has recently been shown [13] that a large class of D-type terms do not contribute to
the Wald entropy. This class of terms are constructed using the ‘kinetic multiplet’ T’
obtained from a chiral multiplet ® of Weyl weight 0 by T' = D*® which transforms like
a chiral multiplet of Weyl weight 2. One can construct now supersymmetry invariant
terms in the action as chiral integrals [ d*# with arbitrary polynomials involving the
kinetic multiplet and other chiral multiplets. Since four antichiral derivatives have
the same effect as the four antichiral integrals, these terms correspond to D-terms
with non chiral integrals [ d*0d*® of terms involving the original field ®. The non-
renormalization theorem of [13] shows that D-terms of this type do not contribute to
the Wald entropy. Since the renormalized action of the localizing instantons follows
from the bulk action and has the same form as the entropy function, it should be pos-
sible to extend this nonrenormalization theorem to the renormalized action discussed
in this paper.

These two points indicate that the D-terms, or at least a large subclass of them, may in
fact not contribute to the renormalized action.

Adding hyper multiplets does not change the transformation rules of the vector mul-
tiplets. We therefore expect that the localizing instantons that we have found here will
continue to exist. There could be in principle additional localizing solutions where hyper
multiplet fields are excited but this may not necessarily happen. It then only remains to
check that the coupling of hyper multiplets and vector multiplets at high order cannot con-
tribute to the renormalized action. Lacking an offshell formulation of couplings between
hypers and vectors, we cannot at present address this question but perhaps something
analogous to the nonrenormalization theorem discussed above can be extended to these
terms as well.
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In any case, these questions can be systematically investigated in the context of our
off-shell localizing instantons. If some of the D-terms do happen to contribute to the
renormalized action, their contribution can be taken into account by evaluating them on
the off-shell solutions. Similarly if there are new localizing instantons upon the inclusion
of hypers, those too can be added as separate contribution to the final answer for the
functional integral.

We would like to add that in several cases such as small black holes and big black holes
in models with A = 4 supersymmetry, exact microscopic degeneracies are known [63-68|.
One can thus apply the formalism developed here in these specific cases to test the macro-
scopic results against a known answer from the microscopic side. These applications of our
results will be reported in a forthcoming publication [16]. We will only note here that in
all these models, the macroscopic answer obtained ignoring D-terms and hyper multiplets
appears to agree in remarkable details with the exact microscopic answer. The agreement
between microscopic and macroscopic answers thus gives additional evidence that ignoring
D-terms and hypermultiplets may be justified at least with A/ = 4 supersymmetry. Un-
fortunately, a manifestly off-shell formalism is not available for the A’ = 4 theory. So at
present, it remains an interesting open problem in offshell supergravity to check to what
extent the assumption of ignoring D-terms and hypermultiplets is justified.

If the hyper multiplets and D-terms can be ignored for reasons outlined above, one
can conclude that Wy(q, p) has the same form as W(q, p) evaluated in section 5

i

Wolg,p) = / e Ziop (0, ) Zaer [dC,, (6.1)
Mq

The contribution from the orbifolds of AdSy also has a very similar structure since the

localizing instanton solution is still valid.

6.2 Non-perturbative corrections from orbifolds of AdS,

As we have seen the quantum entropy receives contributions not only from local higher-
derivative terms in the effective action via the Wald formula but also from nonlocal effects
arising from integrating out massless fields. As discussed, upon localization, these nonlocal
effects are entirely captured by the ordinary integrals over the parameters {C7} and Zge;.
The nonperturbative corrections due to brane instantons are included in the integrand
by |Zinst|2-

This is, however, not the whole story. There are additional nonperturbative corrections
which arise from subleading gravitational saddle points with the same AdSs boundary
conditions but whose action is exponentially suppressed given by the terms with positive
s in (1.6). Localization allows us to evaluate the contribution for each family of these
subleading saddle points as well, with a structure similar to the leading saddle points.
Even though these saddle points are exponentially suppressed, it is meaningful to keep
them relative to the power-law suppressed terms, because the evaluation of the functional
integral using localization is exact and not an asymptotic expansion.

Based on the structure of known microscopic degeneracy formulas, it was proposed
in [22, 69] that there is a universal series of saddle points to the path integral semiclassical
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solutions of the theory with the same boundary conditions as the pure AdS,, but which
differs in the bulk. These saddle points give non-perturbative corrections to the entropy
of the form e%/¢ for ¢ = 2,3... These solutions are orbifolds of AdSy x M, where the
orbifold action on the AdSs factor of the geometry is a Z. quotient in the angular direction
of Euclidean AdSs:

12
ds? = v |("* —1)do’* + dr , 0 ~0 +2r/c. 6.2
/2 1
rl? _—

so that indeed the bulk action gets reduced by a factor of ¢ compared to the original
solution ¢ = 1. By a change of coordinates r’ = cr, 0’ = 6/c, one gets

2 _

1 2
d52:v[<r2—02>d92+ ar 1], 0~0+2m, (6.3)

which makes it manifest that the asymptotics of all the solutions are the same as re-
quired (2.5).

These solutions of course have a conical singularity at the center of AdS5, which
we do not a priori expect to be included in the sum over configurations. To remedy
this, [69] proposed that only such singularities which can be resolved in string theory
should be allowed in this sum. This includes orbifolds which, in addition to the above
action, simultaneously act as a rotation on the internal S? which is generically present in
four dimensional black holes. In this case, the singularity is locally of the C?/Z,, type which
is known to be resolvable in string theory after the addition of a B field on a collapsing
cycle as in the case of usual orbifold singularities.

In [70], it was noticed that there is another series of saddle points associated with each
electric charge that the black hole carries.!! The construction is as follows — corresponding
to each electric charge ¢;, one has a gauge potential A; which classically is of the form (2.3).
Along with the above action (6.2), if one simultaneously makes a gauge transformation with
a constant parameter (thus generating a constant gauge field at asymptotic infinity), then
the orbifold action has no fixed point in the full configuration space which includes the
geometry and all the Wilson lines, and therefore there is no singularity. In the Euclidean
theory, if the orbifold action respects the supersymmetries, then it must also involve a
rotation in the S? [69].

These smooth orbifolds are labelled (for each charge ¢;) by a pair of integers (¢, d;) and
¢ > 1. Changing d — d + ¢ does not change the Wilson line, and so one has 1 < d; < c.
In addition, one must demand that there are no new fixed points that arise, and this gives
the condition that (c,{d;}) are relatively prime.

In the case that the electric charge ¢; has an interpretation as a momentum on a
compact circle in the internal geometry M, then the above construction gets a geometric

" The second type of orbifold can be called ‘electric’ in that it can be understood simply as an insertion
of a Wilson line associated with an electric charge, along with a geometric action on the AdS>. The first
type can be called ‘magnetic’ in that it can be understood in similar terms as the insertion of an 't Hooft
line corresponding to a magnetic charge [70].
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life in the three dimensional theory as the very near-horizon limit of a family of extremal
BTZ black holes with the same mass and charge [70]. In this case, we can think of the
inequivalent solutions are labelled by double cosets I, \SL(2,Z) /T' where

o= (1%,
01

This family can be thought of as related to a different family of black holes in asymptotically
AdS3 space with fixed electric potential [71] by a Laplace transform in spacetime. These
two families of orbifolds together were sufficient to give a semiclassical interpretation of
the microscopic partition function of supersymmetric black holes in N' = 4 theories.

In the A/ = 2 situation, there are no geometric one-cycles in M in the weak coupling
limit (although there is always one S' in the M-theory frame). However, the general
construction sketched above applies for each of the electric charges which arise from branes
wrapping cycles inside the Calabi-Yau, and each such charge should give rise to a family of
saddle points. In general, these families may not all be independent, and may be related
by the duality symmetries that preserve a given charge configuration. This is indeed the
case in the N = 4 theory where we know the microscopic answer — there is only one
family of solutions for each T-duality invariant. From the N’ = 4 answer, it seems like the
't Hooft line construction applies to each of the magnetic charges as well (up to T-duality
as above), but S-duality does not correlate the electric and magnetic family of solutions,
and they have independent labels.

6.3 Relation to classical entropy function and the topological string

We would like to conclude with a few comments about the relation of our results with the
topological string and earlier works.

e One of the remarkable facts about the formula (6.1) is that the renormalized ac-
tion that appears in the integrand is precisely the classical entropy function as
expl[E(p,p)] [58]. As mentioned in the introduction, the classical entropy function
& is simply an elegant way to summarize the classical attractor equations. It is sim-
ply a Legendre transform of the classical action with respect to the electric charges,
and its value at the critical point equals the Wald entropy. Since the definition of the
entropy function is purely classical, only the critical points of this function and the
value of the function at the critical point have any physical meaning. This fixes only
two terms in the Taylor expansion around the critical point and thus there are any
number of functions with the same critical point and the same value at the critical
point. It is not clear which will play the role of an off-shell action. Ooguri, Stro-
minger, and Vafa of [21] made an inspired guess to attribute meaning to the entropy
function away from critical point and elevated it to an off-shell action of a mixed
ensemble. This means that to obtain the degeneracy, one must effectively elevate the
classical Legendre transform to an inverse Laplace transform. Our derivation of the
localization action explains from first principles why such an off-shell action can make
sense. Moreover, it gives a systematic way to determine contributions from one-loop
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determinants and brane-instantons. The integration measure is inherited from the
supergravity measure and since the range of C fields is the entire real line the ¢ con-
tours of integral are parallel to imaginary axis as for any inverse Laplace transform.

If we ignore |Zipst|? and Zger in (6.1) then |Ziop (¢, p)|? could be regarded precisely
as the mixed ensemble partition function of OSV conjecture with the measure for
the inverse Laplace transform understood to be determined as above. A derivation
of this conjecture has been outlined in [72] which uses AdS3 geometry and dilute
gas approximation. This is justified in the region where the MSW picture gives
the complete result and for range of charges for which dilute gas of M2-branes and
anti M2-branes dominates the path integral. By contrast, methods outlined in this
paper provide a way to derive the quantum entropy for arbitrary charges without
any restriction.

A derivation of the |Ziop (¢, p)|? factor for all orders in perturbation theory in a large
charge expansion has been suggested in [17, 73] using world sheet string theory in the
AdS5 background. In this picture worldsheet instantons at the north pole contribute
Ziop Whereas worldsheet instantons at the south pole contribute Zi,, giving a new
perspective on the form of the integrand. These string worldsheet computations are
necessarily tied to a fixed classical background which solves the string equations of
motion. As we have seen, the AdS, classical background does not access arbitrary
values of the electric potential ¢ which are fixed to the attractor value. Our localizing
instanton solution provides a way access the large field regions of the functional
integral away from the critical point. However perturbative worldsheet calculations
would not be applicable around such off-shell configurations and it is necessary to
evaluate the supergravity functional integral.

The AdS; boundary conditions require to hold fixed the charges and the electric fields
at the boundary have to held fixed at their attracror value. Moreover, the integration
variables are not really the electric fields e! conjugate to the charge e; but rather
the parameters C'! which is the value of the auxiliary fields at the origin of the
AdSs. Indeed, integration over the electric field as suggested by the OSV conjecture
presented an important conceptual difficulty since it would appear to be in conflict
with the usual rules of AdSs holography. Such an integration would imply integrating
over different boundary conditions. Our derivation of the integral (5.49) shows that
the electric field indeed remains fixed at the attractor values. The integration over
the parameters C' enters into the story for entirely different reasons having to do with
localization. All auxiliary fields for the localizing solutions vanish at the boundary
and thus respect the AdS; boundary conditions.

As we have seen in section 6.2, in string theory there are additional nonperturbative
corrections that arise from gravitational saddle points with the same AdSy boundary
conditions. These can be viewed as orbifolds of the leading solution. As a result, their
contribution has a very similar structure to (6.1). These contributions also indicate
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W(q,p) in a microcanonical ensemble is a more natural object than the integrand
of (5.49) which could be thought of the partition function in a mixed ensemble.
Conversely, one can use the knowledge of the microscopic answer to figure out the
rules of nonperturbative quantum gravity to determine which configurations have to
be included in the functional integral.

e The quantum degeneracies of black holes d(q, p) in an appropriate duality frame are
given by the Donaldson-Thomas invariants. Given an exact evaluation of the same
quantity from macroscopic side in terms of W(q,p) involves the topological string
partition function which is related to the Gromov-Witten invariants. Results in this
paper can provide a way to establish a precise relation between these two very different
counting problems. Note however that W (g, p) give the degeneracies of a single black
hole horizon. To compare with the microscopic side it is necessary to separate the
contribution from single-centered black holes to extract from the Donaldson-Thomas
invariants which count the quantum states in asymptotically flat spacetime. This
is an interesting mathematical problem in itself. In an analogous N = 4 situation
a complete solution of this problem is known [74]. It may be possible in simple
examples to arrive at ‘exact holography’ where both bulk and boundary partition
functions can be computed exactly [16]. This connection could be used conversely
to figure out the rules of nonperturbative functional integral of quantum gravity
and string field theory in AdSs using the knowledge of the black hole degeneracies
since one then knows what the functional integral must evaluate to. Perhaps there
is a ‘twisted’ version of this functional integral of string field theory that will focus
directly on this ‘topological’ BPS sector of the theory.
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A Killing spinors in the attractor geometry

To apply localization arguments, it is necessary to identify the supercharge () that squares
to the compact bosonic generator L — J. For this purpose, it is useful to know first the
explicit form of the Killing spinors in the on-shell attractor geometry.

Recall that in the superconformal formalism, there are fermionic variations correspond-
ing to @ as well as S, which we label by ¢ and 7 respectively [45]. One can only impose
@-invariance up to a uniform S-supertranslation. This corresponds to the fact that the
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physical supersymmetries in the Poincaré theory are found after the gauge fixing proce-
dure to be a linear combination of these two variations. In general, this combination has
a complicated dependence on the other fields as well as the choice of prepotential. The
method of [47] is to surpass this problem by finding spinor fields whose variation under
S vanishes. One can then simply use the Q-invariance conditions for these spinor fields,
which by construction is gauge independent. This construction was very useful in [47] to
find the half-BPS solution in asymptotically flat space.

However, these gauge-independent supersymmetry transformations then depend on
the choice of prepotential and hence the choice of the Lagrangian. This is not well-suited
for our purposes since we are really interested in the off-shell localizing solutions that are
determined direcly by the off-shell supersymmetry transformation without any reference to
the prepotential. Moreover, we are only interested in the near horizon geometry which is
much simpler to analyze than the full black hole solution including the asymptotic infinity.
For the near horizon supersymmetries, we make the simple observation that a choice of the
bosonic fields corresponding to the near horizon attractor background leads to a particularly
simple choice of gauge for the physical theory, namely = 0. This choice then permits us
to work with the simpler supersymmetry transformations of the superconformal theory.

To see this, we begin by imposing the vanishing of the variations of fermionic fields of
the Weyl mutiplet:

4 1 g .

0=0¢,, =2D,e" — 8fya*beab”fyMej +vun', (A.1)
. 1 y R

0=0x" == 9anPT"ej+ De' + | T,in"y"n;, (A.2)
A 1 g A

0=0¢, = —2fiy.e' — 4pnglacd +2D,1" . (A.3)

At the attractor values, we have

16 _
v= o T, =ww, (A.4)
and the above variations simplify to
4 1 - .
Oy, = 2Due’ = YT e + Yt (A.5)
, 1 .
X' = Ty (A-6)
8¢}, = 2D’ . (A.7)

From here, we deduce the AdS, x S? Killing spinors equations

4 1 y
Duet = oI5
16
1 .
Dyei = 16’Ya’YbTabz‘j’Yu€] (A.8)
N = ni = 0.
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We thus see that ' = 0 as promised. Before solving the equation for €’, ¢;, note that in the
Euclidean theory in four dimensions, the spinors should have a symplectic-Majorana condi-
tion imposed on them, while in Minkowski spacetime they can be majorana or symplectic-
Majorana [75]. In addition, the Weyl projection is not compatible with the majorana con-
dition in the Minkowski case and therefore the left and right-handed spinors are complex
conjugate to each other. On the contrary, in the Euclidean case, we can have symplectic
Majorana-Weyl spinors but not majorana

(CL)* = —ieij (01 x 02) ¢, (A.9)

where the indices 4,7 are SU(2)" quantum numbers and &;; is the antisymmetric ten-
sor of SU(2). In the literature [45] the spinors used obeyed a majorana condition in
Minkowski space. They used the convention that positive/negative chirality is correlated
with upper/down SU(2)’ indice due to complex conjugation. Since the killing spinor equa-
tions (A.8) were derived from the Lorentzian theory, we shall use an ansatz which repro-
duces the killing spinor equations in Euclidean AdSs x S2. The ansatz is the following

€ = i€@'jfj; (A.IO)
e =¢ (A.11)

Note that we explicitly show the chirality of the spinor. We should therefore solve the
Killing spinor condition for an unconstrained Dirac spinor &' = fﬁr + &%, double the space
and then impose the above constraint (A.9). We represent the Dirac spinor £ as a direct
product £ = &aqs, ® sz where {agg, and g2 are two component spinors, and use the
following gamma matrix representation

Yo=+vsinhno1®1, =Vvoa®1, yy=+Vvsinoz@o1, ~yp=+Vvo3®0os, (A.12)

where v = v1(= v2) is the classical size of the AdSy (and the S?).
Equations (A.8) simplify to the diagonal form

D, &pas, = w] 2(03 X 1) Y Erds, (A.13)
i w1 i
Dj&SQ = |w| 2(0’3 X 1) ’yj 582 . (A14)

which are easily solved [76]. In the bispinor basis

o160 (=€) )0
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the solutions are (this is assuming that w € R*, and we have fixed a certain normalization
for the spinors):

Ui P N in ¥
cosh 5 COS 5 cosh 5 Sin 5
. . n 3 ) . 0
i 9= 1(0+9) SthCos2 i i(0-9) S11r1h2511r12
5—— - e 2 n .Y ’ 5——}— =zc€ 2 n P )
— cosh 4 sin | cosh g cos
—sinh 7 sin 7’20 sinh J cos g
sinh J cos g sinh 7 sin 7’20
4 ; cosh 7 cos ¥ < i cosh 7 sin ¥
i 9pa0—9) 2 2 i 9pa0+9) 2 2 A.16
& e | &y ¢ nh 7 cos ¥ (A
—sinh 5 sin sinh 5 COS
— cosh 727 sin 15 cosh 727 cos 15

As explained above, we should impose a symplectic-Majorana conditon on the spinors. In
the above basis, equation (A.9) implies:

jrrJr = (5:7)*
= (&)
Erp ==y
e, = (—ty

where the star is not the ordinary complex conjugation but the complex conjugation con-
dition as defined by the symplectic-majorana condition.

One can now identify the spinors €', as the generators of G, the supercharges of the
near horizon N' = 4 superalgebra §3.2. The real combinations Qﬂ,éu,,u =1,...,4 are
generated by the combinations:

Q=& +&, Q=& +¢,
G=—i(f, —¢), G=—i(-¢),
G=—i(&+E), G=—i(e,+¢f),
Go=E&0, — €&, =&, —&0,
We can easily see that these killing spinors are real under the complex conjugation condition
defined by (A.9). As an instructive exercise take for example ¢!. The SU(2)" components

(A.17)

are (11t = 514_ and ('~ = ¢~_. Both are complex conjugate to each other

(C')" = —ies— (o1 x 02) ¢'7

(¢'7)" = —ie—y (01 x 02) C'F

Recall that the supersymmetry variations for fermions and scalars of the vector mul-
tiplets in Minkowski theory are [45]
ox! = ol
5x' = Qb

1 ) )
59{ = 290XTe; + 2€ijfluy_’}/ﬂ’}/,/€] + Yée] +2X 1y,

59[2 _ 2aXIEZ + 25”‘7:Uw+'7u71/€j + Yll]ej + 2XI772
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where €; has positive chirality while Q' has negative chirality. Changing basis from the e
spinors to the ¢ spinors using (A.10), we can reexpress the susy variations as

I i \TyTi
6X7 = —(C)"AY

SXT = —(¢L)TAL

SR D S R : , 4 o
ONE = (Fuy = (X T )My G+ 2igX L+ Y G

1 1 A . , o
O = (B = X T )" ¢+ 2igX" ¢+ Y] (A.18)

where A are related to €2 spinors by

Under a transformation generated by (; or C}, given in (A.17), we can show that the
action of 6% is L — .J or L + J respectively

X = (¢t = 2i(¢h)Tgx T ¢ (A.20)
x" = —(¢h)tonl = 2i(¢)igx’ ¢L (A.21)

where the remaining contractions vanish identically for the spinors chosen. After a straight-
forward computation we find

(L—J)Xx! (A.22)

(L—Jnx".

°XT = —2i(0p — 05) X" =2
2X" = —2i(0p — 05) X =2

B Some aspects of the superconformal multiplet calculus

In this appendix, we shall summarize some aspects of the superconformal multiplet calculus
which we briefly presented in section 4. We shall first present the supersymmetry variation
of the various multiplets. We shall then present the invariant Lagrangian density formula
for a chiral multiplet. We shall then present the rule which defines the various components
of a scalar function of chiral superfields e.g. the prepotential superfield F(X!). These are
the basic ingredients that go into building the superconformal action. We shall borrow the
presentation of the recent [13] wherein a lot of these facts (and more) have been collected,
this can be referred to for more details.

The invariance of the bulk Lagrangian under the superconformal transformations are
well established, we provide these details for the sake of completeness. Using the same
transformations, in another appendix, we shall sketch the supersymmetry invariance of our
conjectured boundary action. This, as far as we know, is new, and there is scope to develop
it further.
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As in the text, ¢; and 7; denote the parameters of the @@ and S supersymmetry trans-

formations. The transformation rules for a chiral multiplet of Weyl weight w are:

0A =€V
0U; =2 Ae; + Bijel + 1y Fy e5€f + 2wAn;
5Bij =2 PV, — 26’“A(i ik +2(1 —w) ¥y,
SF, =5e eDyapVj + s vaphi — 5(1+ w) e v ¥;
Sy = — NP DF e — DBiei e + Ceijel + L (DA bTabzy +w A Dy Tog) e
- 3%5] ek X7 "V — (1+w) Byel i+ 3 (1 —w) ™ Fpms,
0oC = — 26ijei$Aj — 66X ekl By,
— LM ((w — 1) ey DT U1 + ey Tupji D) + 2wen; A . (B.1)

The independent fields of the Weyl multiplet transform as follows,

a

Sep® = €y i + e *yawui ,
St = 2Dyt — LTy 65 — vun'
by = 3€ bui — 1€ VuXi — 31 Vi + hoc. + Afeepa
§A, = 3i€'Gui + Ji€vu xi + 3in"Pui + hec.,
5vﬂij =2 Ej(ﬁui — 3¢ X'+ 2n; wui — (h.c. ; traceless),
0T = 8e'R(Q)a”,
O = =07 PTa” € + ROV ) 7" = il (A€ + De + {yqu T,
0D = ¢ Pxi+ e DX, (B.2)

where
R(Q)uui = 2D[uwu]l - V[M(ﬁu}z - é Tbi Yab 7[uwu}] . (B?))

Based on these two multiplets, one can write down a Lagrangian density for the chiral

multiplet which is invariant under the superconformal transformations:

e_lﬁ =C - Eij 1/1,”7“/\]' - éwuiTabjk’Yab’YM\I/l &.ij&.kl Y A( abzgg )2
— 30V By €l €T by (FTH — %AT‘WM M)
— 57T e P by (Yo Ui+ Ypithoj A) - (B.4)

This density is built such that the variation of the Lagrangian is equal to a total derivative

in spacetime.

The Lagrangian for vector multiplets is based on first viewing the gauge invariant
quantities of the vector multiplet as a reduced chiral multiplet with weight w = 1. The
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components are:

A|Vector - )
\I}ilvector = Qz ;
Bl’j|vector = YVij = 5ik5jlykl )
Fa_b|vector :(5ab0d - éeade) ec“edy a[ﬂAll]
+ 3 [0, YV + X, Y b’ — X T e,
Ai|vector = - 5ij$Qj

Clvector = -2 DCX AllF;(_, Tab”&.ij - 3XzQZ . (B5)

The transformations of the vector multiplet are:
0X = eiQi ;
1 . .
00 = 2DXEZ + 261']'Fw/)/wjej + YVZ']'EJ +2Xn;,
0Ay, :’5ij5i(7u9j + 21 X) + ’5ij€i(7qu + 27/)qu) )

(5}/@']' =2 E(iﬂﬁj) +2 €ikEjl E(kﬂ)Ql) . (B,G)

One then has to choose a meromorphic homogeneous function F' of weight 2 and build
the multiplet F(X!) with lowest component F'(X?). The components of this is given in
terms of the components of the vector multiplet as follows:

Alp =F(4),
U,|p =F(A); U
Bijlr =F(A)r Bzg ;F(A)IJ \I](iI\I]j)J,
Folr=F(A) Fpl = LP(A) €90, y,0,7
Ailp = (A)IAZ-I — YF(A)1s[Bi %0 + LE Ty 0w,

+ R F(A) e Y00 R0y 0 R
C’F - F(A)] CI — AllF(A)[J [BijIBliEik&“jl - 2F_IF_abJ + 4€ikAiI\I/jJ] s
+ leF(A)IJK [6ik6leijI\I]kJ\I]lK kl\l’ IFab ’}/ab\I’lK]
+ 152 F(A)[JKL Eij\I/iI’yab\I/jJ Ekl\:[/k ’Yab\I}l . (B?)

C Boundary terms and supersymmetry of the renormalized action

In section 5.3, we conjectured the boundary action (5.43)

I
Sbary = —277 (qf;* +i (F(X!) - P(x! ))> . (C.1)

so that Syen is finite. We also mentioned that this action is supersymmetric. In this
appendix, we shall discuss the action Sien, and show that it is supersymmetric.
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To motivate this, we note that we can rewrite Sy, as the sum of two pieces

Sren = Sbulk + dery + Zg fA

21

1
ar | Abdf+ sgdry> : (C.2)

= (Sbuik + Shary) + (2
0

where we have split the boundary action (5.43) into a sum of two pieces:

dery = Sgdry + Sgdry ) (03)
2w
Sl = — / i|[PO0) - F(x)| eha, (C.4)
0 bdry
2 T qr I I 0
Sy = —/0 , [X + X }bdryeedﬁ. (C.5)
Here, ¢/ = sinh no is the induced vielbein on the boundary. To verfiy (C.3), we use

the same algebra used in (5.40), namely, an expansion of the field X! into its fixed part
X! and varying part which is O(1/rg), followed by a Taylor expansion and the use of
attractor equations.

With such a split of the action, the two pieces in (C.2) have a very natural interpreta-
tion as we discuss below. We will show further that each of them is finite and supersym-
metric, implying the same for Spep.

Recall that the bulk action (5.37) evaluated on the solution can be written as the

difference of two pieces

S = 2miro | F(XT) = F(XT)| = 2mi[F(XT) — F(XT)| . (C.6)

origin

bdry

We see that Spux + Sgdry is manifestly finite. Thus, Sgdry has the natural interpretation
of a canonical boundary term which cancels the boundary part of the bulk action, so that
any variation of Spu + Sé dry will be finite and not contain boundary terms.

The second piece of the boundary action combines with the Wilson line to give the

operator
ex —i 27TAId9—S2 = ex —i 7 Al + el Xl—i—XI df C7
p 2(H 0 0 bdry eXp 9 qr 0 o T g ( ) ( : )

This operator has the natural interpretation as the supersymmetric Wilson line of gauge
theory [59, 60]. Recalling the boundary behavior of the fields

i 21

— U Ajdo = —rmqrelro(1+ O(1/rg)), (C.8)
0

. 21
—; qf/ ied (X1 + X")do = 7 qrro (X,{ rxiy (’)(1/7“0)) , (C.9)
0
= mqrelro(1+O(1/r)), (C.10)

it is easy to see that this operator is manifestly finite.
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Evaluated on the solutions A} = —iel(ro — 1), X! = X! + gg, x' = Xi + gol that
we consider in section 5, we see that the two pieces of the renormalized action (C.2) above
give the two pieces of the final renormalized action (5.44) which we found in section 5.3,
as indeed should happen.

In the rest of the appendix, we shall sketch the proof of supersymmetry of these two
operators. The supersymmetry of the operator (C.7) above follows from the transformation
rules of X! and Aﬁ of the vector multiplet (B.6). We use the fact that the Killing spinors
obey

¢t =7 (C.11)

The extra term in the variation of the vector field which is proportional to the gravitino is
cancelled by the variation of the vielbein in the definition of the super Wilson line. This is
the new ingredient in the super Wilson line of a gravitational theory compared to that of
gauge theory.

Now we come to the supersymmetry of the combination Sy + Sédry’ The statement
that Spyk is supersymmetric [10-12] really means that the variation of Spy is a boundary
term which can be ignored in certain circumstances. In our situation, there is a non-trivial
boundary, and therefore what we need to check is that the variation of the bulk Lagrangian
is indeed equal to the derivative of the boundary Lagrangian.

To investigate this, we need to understand the structure of the Lagrangian built using
the chiral superfield [48]. In the case of rigid supersymmetry, the variation of the top
component of the chiral superfield is a total derivative in spacetime, and therefore the top
component (picked by a chiral superspace integral) is an invariant Lagrangian. For chiral
superfields coupled to superconformal gravity, the transformation rules undergo a modifica-
tion and the derivatives become covariant derivatives, and there are additional terms in the
variation (B.1) of the top component C. The invariant Lagrangian density (B.4) contains
new terms whose variation cancel the additional non-derivative terms present in 6C.

The net result of this procedure is that the variation of the invariant Lagrangian is
equal to the total derivative terms that are present in the variation of the top component
C of the chiral multiplet, i.e. essentially one can drop the extra terms which arise due to
the covariantization. As an example, the term proportional to the auxiliary field B;; in
0C' contains y; which is an auxiliary field of the superconformal multiplet constrained to
be proportional to R(Q)?. This term is cancelled by the term proportional to B;j in the
higher corrections to the Lagrangian density (B.4) after solving for the auxiliary field x in
terms of the gravitini.

Looking at the @ variation (B.1) of a chiral multiplet of weight w = 2, we see that the
variation of C contains two total derivative pieces

—2e9P(e; A;), (C.12)
and

— YR ((Pei v Tapjn) W1 + 7™ Tt Plei p)) = = 19eF P (9 Topju¥y) . (C.13)
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In our problem where we have a bunch of vector multiplets, the way to build a La-
grangian is by using the homogeneous function F(X'). One first builds a chiral multiplet
F(X') whose bottom component is F(X'), and then uses the invariant Lagrangian de-
scribed above for this chiral multiplet. The variation of our Lagrangian is therefore equal
to the total derivative terms that appear in the variation of the top component of the chiral
multiplet F(X!). Looking at the form of the components of this superfield (B.7), and then
substituting for the components of the reduced chiral multiplet (B.5), we find that the first
type of total derivative term from integration of (C.12) is

gt / DA
bulk

= —2cd - @( — G F(X)rea PO — e F(X) 1 [ By e + e; Fop 'y
u

+ 456 F(X) 1k 7™ e 0 vap QEK> : (C.14)

We are interested in the bosonic part of the boundary counterterm Lagrangian. The
third term on the right hand side contains three fermions and so cannot appear from the
variation of a pure bosonic term, so we shall ignore that term here. The second term on
the r.h.s. proportional to Fy is equal to the variation of Fy;Q/Q minus a total derivative
term on the boundary. We can therefore drop this term since it is fermionic. Using the
variation 6X! = ein-I, the first term on the r.h.s. is proportional to the variation of the
derivative of F7, which integrates to zero on the closed boundary, and therefore does not
produce any boundary counterterms.

This leaves us with the second term (C.13) which gives rise to a boundary term

- i&ijekg/ @ (Ei ,yab Tabjk \I/g|p) = —ieijekg/ @ (Ei ’}/ab Tabjk F(X)[ le) . (C.15)
bulk bulk

Now, the variation of T, (B.2) is proportional to the curvature R(Q)q, which integrates
to zero on the boundary. Therefore, T,;;, can be treated as a constant on the boundary
for the purpose of supersymmetry variations. Plugging in the attractor value for Tp;, and
using 6 X! = eiQiI again, and the Killing spinor relation (C.11), we see that the remaining
term (C.15) is equal and opposite to the variation of the boundary term Sg dry’ thus showing
that the supersymmetry variation of Spuk + Sgdry vanishes.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution Noncommercial License which permits any noncommercial use, distribution,
and reproduction in any medium, provided the original author(s) and source are credited.
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