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Abstract: We use localization to evaluate the functional integral of string field theory

on AdS2 × S2 background corresponding to the near horizon geometry of supersymmetric

black holes in 4d compactifications with N = 2 supersymmetry. In particular, for a theory

containing nv + 1 vector multiplets, we show that the functional integral localizes exactly

onto an ordinary integral over a finite-dimensional submanifold in the field space labeling

a continuous family of instanton solutions in which auxiliary fields in the vector multiplets

are excited with nontrivial dependence on AdS2 coordinates. These localizing solutions

are universal in that they follow from the off-shell supersymmetry transformations and do

not depend on the choice of the action. They are parametrized by nv + 1 real parameters

{CI ; I = 0, . . . , nv} that correspond to the values of the auxiliary fields at the center of

AdS2. In the Type-IIA frame, assuming D-terms evaluate to zero on the solutions for

reasons of supersymmetry, the classical part of the integrand equals the absolute square

of the partition function of the topological string as conjectured by Ooguri, Strominger,

and Vafa; however evaluated at the off-shell values of scalar fields at the center of AdS2.

In addition, there are contributions from one-loop determinants, brane-instantons, and

nonperturbative orbifolds that are in principle computable. These results thus provide

a concrete method to compute exact quantum entropy of these black holes including all

perturbative and nonperturbative corrections and can be used to establish a precise relation

between the quantum degeneracies of black holes and the topological string.
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1 Introduction and summary of results

The entropy of a black hole remains one of the most precious and precise clues about the

microscopic structure of quantum gravity. In a consistent quantum theory of gravity, the

black hole entropy must have a statistical interpretation in terms of underlying microstates

in the quantum Hilbert space of the theory. This is a very strong constraint on the under-

lying short distance degrees of freedom, since it must hold in any phase of the theory that

admits black holes. For a theory under construction such as string theory, this requirement
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is a particularly useful guide especially since we do not yet know which phase or ‘vacuum’

of the theory may correspond to the real world. In such a situation, a profitable strategy is

to focus on aspects of the theory that must be universally true in all phases of the theory.1

By now, there is a very good statistical understanding of the entropy of a large class

of supersymmetric charged black holes in several compactifications of string theory, in

the thermodynamic limit of large horizon area or large charges. In this limit, the lead-

ing Bekenstein-Hawking entropy [1, 2] given by one quarter of the horizon area in Planck

units precisely matches the logarithm of the degeneracy of the corresponding quantum

microstates, as in the work of Strominger and Vafa [3]. Given this beautiful agreement

to leading order, it is important to figure out what exact formula this is an approxima-

tion to, and how one might systematically compute corrections to the leading answer for

finite charges or equivalently for finite horizon area. In the full quantum theory, both the

macroscopic entropy and the microscopic degeneracy are expected to receive subleading

corrections at the perturbative as well as nonperturbative level.

Finite size corrections to the leading Bekenstein-Hawking entropy are physically very

interesting for the following reason. The Bekenstein-Hawking entropy is in a sense a bit too

universal in that it is always given by a quarter of the horizon area. This is a consequence of

the fact that it follows directly from the Einstein-Hilbert action which has a universal form

in all theories of gravity at very long distances. Finite size corrections, on the other hand,

arise from higher derivative corrections which are different in different phases. This depen-

dence on the phase can yield useful information about different aspects of the short-distance

theory. It is analogous to how one can learn about the fundamental microscopic Hamilto-

nian of a piece of metal by studying its thermodynamic properties in different phases which

can vary depending on whether phonons or electrons make the dominant contribution.

With this motivation, our objective will be to develop the macroscopic computation

of exact quantum entropy for supersymmetric black holes in a broad class of phases of

string theory, namely vacua with N = 2 supersymmetry in four dimensions. In a theory

with massless nv + 1 vector fields, a black hole is specified by a charge vector (qI , p
I) with

I = 0, . . . , nv. We would like to develop methods to systematically compute the quantum

entropy for arbitrary finite values of the charges. For this purpose, we use the quantum en-

tropy formalism developed by Sen [4, 5] which generalizes the notion of Wald entropy [6–8]

in the case of extremal black holes using holography in the near horizon AdS2 background.

In this formalism, for a supersymmetric black hole of charge vector (q, p), the macroscopic

analog of the microscopic degeneracy d(q, p) is given by the expectation value W (q, p) of

a Wilson line on the boundary of the near horizon AdS2 with specific supersymmetric

boundary conditions. Exact quantum entropy is thus given by a formal functional integral

over all string fields on the AdS2 background. We review this formalism in section 2.

Evaluating the formal expression for W (q, p) by doing the string field theory functional

integral is of course highly nontrivial. To proceed further we imagine first integrating out

the infinite tower of massive string modes and massive Kaluza-Klein modes to obtain a

1The entropy itself will of course depend in an interesting way both on the phase and the states under

consideration and is not expected to be universal. What is universal is the constraint that this entropy

must have a statistical interpretation in terms of the independently computable quantum degeneracies.
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local Wilsonian effective action for the massless supergravity fields. To compute the exact

quantum entropy, one has to then evaluate exactly this functional integral of a finite number

of massless fields with AdS2 boundary conditions using the full Wilsonian effective action

keeping all higher derivative terms. This effective action can include in general not only

perturbative corrections in α′ but also worldsheet instanton corrections. We can regard

the ultraviolet finite string theory as providing a finite, supersymmetric, and consistent

cutoff at the string scale. The functional integral with such a finite cut-off and a Wilsonian

effective action containing all higher order terms is thus in principle free of ultraviolet

divergences. This functional integral will be our starting point.

We are still left with the task of evaluating a complicated functional integral. The

near horizon geometry preserves eight superconformal symmetries and moreover the ac-

tion, measure, operator insertion, boundary conditions of the functional integral are all

supersymmetric. This allows us to apply localization techniques [9] which simplifies the

evaluation of the functional integral enormously. Localization requires identification of a

fermionic symmetry of the theory that squares to a compact bosonic symmetry. Using this

symmetry, one can then localize the functional integral onto the ‘localizing submanifold’

of bosonic field configurations invariant under the fermionic symmetry. We review the su-

perconformal symmetries of the near horizon geometry and relevant aspects of localization

in section 3.

Since localization is employed at the level of the functional integral and not just at the

level of a classical action, it is important to use an off-shell formulation of supergravity.

Off-shell formulations of supergravity are in general notoriously involved. At present a

complete formulation of off-shell supergravity coupled to both vector and hyper multiplets

is not known. To implement localization in a concrete manner, we therefore first consider

in section 5 a simpler problem of computing this expectation value of the Wilson line

in a truncated model of supergravity coupled only to vector multiplets with an action

containing only F-terms which are chiral integrals over superspace. In particular we ignore

possible D-terms and hyper multiplets, which are discussed later in section 6. The action

still contains an infinite number of higher derivative terms but all of F-type. We denote the

corresponding functional integral for the expectation value of a Wilson line in this restricted

theory on AdS2 by Ŵ (q, p). Computation of Ŵ (q, p) is greatly simplified by the fact that,

for vector multiplets in N = 2 supergravity, there exists an elegant off-shell formulation

developed in [10–12], using the superconformal calculus. The spectrum consists of the

Weyl multiplet that contains the graviton and the gravitini, nv + 1 vector multiplets, and

one compensating multiplet that eliminates unwanted degrees of freedom. We review this

formalism in section 4.

The main result of the paper concerns the localization of the functional integral for

Ŵ (q, p) which is derived in section 5. We now summarize the salient features of this

computation and the answers that we have been able to obtain.

1. We choose a particular linear combination Q of the superconformal superymmetries of

the near horizon geometry and deform the functional integral by adding to the action

a Q-exact term of the form λQV for V = (QΨ,Ψ) where Ψ refer to all fermionic fields
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of the theory and λ is a continuous parameter that we introduce. We discuss the

localizing action SQ := QV in detail in section (5.2). As we will see, using off-shell

supersymmetry variations is not only important for conceptual reasons but will turn

out to be essential in this problem. In particular some auxiliary fields which are set

to zero on the on-shell theory will play a critical role and develop a nontrivial position

dependence for the localizing solutions.

2. By the usual arguments of localization reviewed in section 3.1, the functional integral

localizes onto the critical points of the functional SQ. We obtain a family of nontrivial

instantons as exact solutions to the equations of motion that follow from extremiza-

tion of SQ. Since we use off-shell supersymmetry variations, these instanton solutions

are completely universal and independent of the form of the physical action.

3. For these solutions, the scalar fields XI in the vector multiplets are no longer fixed

at the attractor values XI
∗ but have a nontrivial position dependence in the interior

of the AdS2 given by

XI = XI
∗ +

CI

cosh(η)
, X

I
= X

I
∗ +

CI

cosh(η)
(1.1)

in coordinates where the metric on AdS2 takes form ds2 = sinh2(η)dθ2 + dη2. Aux-

iliary fields in the vector multiplets are excited in such a way that the Q super-

symmetry is preserved. The family of solutions is parametrized by real parameters

{CI}, I = 1, . . . , nv + 1, which correspond to the values of the auxiliary fields in the

vector multiplets at the center of AdS2. The infinite-dimensional functional integral

thus localizes onto a finite number of ordinary bosonic integrals over the {CI}.

4. Many D-terms are expected to evaluate to zero on these solutions because of the

nonrenormalization theorem of [13]. We assume this to be true more generally and

restrict our attention to F-type action.2 Such actions are completely specified by

specifying a single holomorphic prepotential F (XI , A) where XI are scalars in the

vector multiplet and A is the auxiliary field in the Weyl multiplet. For such actions,

we evaluate the renormalized action Sren for the Q-invariant localizing instanton

configurations exactly as a function of the {CI} following the prescription in [4, 5].

This action takes the form

Sren(φ, q, p) = −πqIφI + F(φ, p) (1.2)

with F given by

F(φ, p) = −2πi

[
F
(φI + ipI

2

)
− F

(φI − ipI

2

)]
. (1.3)

Note that Sren(φ, q, p) equals precisely the classical entropy function E(e, q, p) [4, 5]

but with electric fields replaced by the linear combination φI := eI∗ + 2CI where eI∗
are the attractor values of the electric field.

2If this assumption is not true then the contribution of the D-terms can be systematically taken into

account by simply evaluating these terms on our localizing solution.
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5. We would like to emphasize that even though Sren and E have the same functional

form, their physical origin and meaning is very different. The entropy function is

essentially a classical and on-shell object. Only its extremum which determines the

classical attractor values and its value at the extremum which determines the Wald

entropy have physical meaning. By contrast, Sren is an intrinsically off-shell object

valid for values of the fields far away from the classical attractor values. Now, as

long as Sren has the same extremum and the value at the extremum as E but differs

from E , it would reproduce the semi-classical results. Hence, a priori, away from the

extremum the two functions could have been very different. It is thus something of

a surprise that the nontrivial computation in section 5 for the off-shell instantons

yields the same answer as the classical entropy function.

6. The infinite dimensional functional integral thus reduces to the following finite di-

mensional integral

Ŵ (q, p) =

∫

MQ

e−πφ
IqI eF(φ,p) |Zinst|2 Zdet [dC]µ (1.4)

The measure of integration over [dC]µ is computable from the original measure µ

of the functional integral of massless fields of string theory by standard collective

coordinate methods. The factor Zdet are the one-loop determinants of the quadratic

fluctuation operator around the localizing instanton solution. Such one-loop deter-

minant factors in closely related problems have been computed in [14, 15]. This

computations are straightforward in principle but technically involved and we defer

their detailed discussion to a forthcoming publication [16].

7. We have included a term |Zinst|2 to indicate the contribution of brane-instantons

which in general will be present in the full string theory computation. Supersym-

metric configurations in AdS2 × S2 typically correspond to instantons localized at

the north pole of S2 with counting function Zinst and anti instantons localized at the

south pole with counting function Z inst [14, 17]. Note that nonperturbative instan-

tons in one duality frame may be incorporated as worldsheet instantons in another

duality frame, and hence the separation between the classical piece and instanton

piece is frame-dependent. We keep it general at this stage to underscore the fact that

the physics of black hole horizons is also frame-dependent. This is a consequence

of the fact that for the same asymptotic states, some degrees of freedom that are

horizon degrees of freedom in one frame may be external to the horizon in another

frame [18, 19].

Independent of our original motivation of computing quantum entropy of black holes,

results in section 5 could be viewed simply as results about the localization of this functional

integral of supergravity coupled to vector multiplets keeping only F-terms. Equation (1.4)

represents a remarkable reduction of a complicated functional integral of gravity onto an

ordinary integral with an integrand that depends on the prepotential in a particularly

simple way.
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In section 6, we proceed to the evaluation of W (q, p) using these results for Ŵ (q, p).

For this purpose it is necessary to make the assumption that the hyper multiplets and

D-terms do not contribute. We examine this in some detail in section 6.1 in view of the

nonrenormalization theorem of [13]. We then discuss in section 6.2 the subleading gravita-

tional saddle points which will in general give nonperturbative contributions in addition to

those from brane-instantons. We discuss how these saddle point can be taken into account

in a general setup. We conclude section 6.3 with comments about the connection with the

topological string and the Donaldson-Thomas invariants. Before summarizing the general

structure of the localization integral, we would like to clarify two common misconcopetions.

• Choice of the ensemble: The large area limit is the thermodynamic limit. The lead-

ing answer for the entropy in this limit is the Bekenstein- Hawking entropy which

does not depend on the choice of the ensemble. However, the subleading corrections,

which are the finite size effects, depend sensitively on the ensemble. It is thus nec-

essary to determine which ensemble is natural on the macroscopic side. The natural

ensemble from the perspective of the AdS2 boundary conditions [4, 5] is the micro-

canonical one.3 This follows from the fact that in AdS2, the Coulomb potential grows

linearly at infinity. As a result, in AdS2, the fluctuation of charge corresponds to a

nonnormalizable mode unlike say in AdS5, and must be held fixed at the boundary.

• Index vs degeneracy: The entropy of a black hole is a thermodynamic quantity and

accoding to Boltzmann relation it should be compared with the absolute number

of states. The supersymmetric techniques that we will be using would seem more

appropriate for the computation of an index and not the entropy or the absolute

number. However, for a black hole with an AdS2 near horizon geometry that preserves

at least four supersymmetries, the index equals the absolute number. This follows

from the following reasoning [22]. Demanding closure of the algebra containing the

SU(1, 1) isometries of the AdS2 together with the four supersymmetries implies that

the symmetry is a supergroup SU(1, 1|2) which contains an SU(2) symmetry. This

implies that the black hole horizon has rotational symmetry.4 In a thermodynamic

ensemble, this could either mean that its spin J is zero or the chemical potential µ

conjugate to the spin is zero. However, the boundary conditions for the choice of the

ensemble discussed above require that we hold J fixed which appears as a charge in

AdS2 and not the chemical potential. This implies that for the microstates associated

3In some cases it is possible that both boundary conditions are physically allowed as in the Breitenlohner-

Freedman window in higher dimensions. The two choices of the boundary conditions lead to physically

distinct theories whose partition functions could be regarded to be related to each other by a Legendre

transform [20]. Thus it may be possible to use the mixed ensemble in special cases, especially to compare

with the OSV conjecture [21] where the mixed ensemble arises naturally. However, in generic examples

the sum over charges may not be convergent and it is not clear if the mixed ensemble can be defined

beyond an asymptotic expansion. For a detailed discussion of the comparison of the two ensembles see [5].

In this paper we use the microcanonical boundary conditions which are most general and natural in the

AdS2 set-up.
4The well-known fact that there are no spinning supersymmetric black holes in four dimensions is a

consequence of this fact.
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with the horizon of a single black hole

Tr(−1)F := Tr(e2πiJ ) = Tr(1) , (1.5)

and hence the index equals the absolute number. Since our computation will be near

the horizon of a single black hole, the argument above shows that it is justified to

use supersymmetric localization methods even for the computation of the absolute

number. If one wishes to compare this with a microscopic computation which is

often done for an index at asymptotic infinity it is necessary to define an analogous

index on the macroscopic side using our results here as an input. For a more detailed

discussion see [23].

Putting these various ingredients together, the final answer for the quantum entropy

is of the general form

W (q, p) =
∑

s

Ws(q, p) , (1.6)

where s is a non-negative integer labeling various orbifolds with s = 0 being the unorb-

ifolded theory. The term W0 denotes the functional integral on unorbifolded AdS2 which

gives the leading contribution and will be discussed in section 6.1. In the semilclassical

limit, W0 will scale as exp (SWald) whereas Ws for nonzero s will scale as exp (SWald/c)

where c is the order of the orbifold. These terms are thus exponentially subleading com-

pared to W0 and will be discussed in section 6.2. We would like to emphasize two features

of this answer.

1. If D-terms can be ignored for reasons of supersymmetry, then we expect W0 will equal

Ŵ given by (1.4). In the Type-IIA frame, the world sheet instanton corrections are

incorporated in the prepotential computed by the topological string. Moreover, it is

likely that there are no spacetime instanton contributions from wrapped D-brane or

NS5-branes because their action would have to depend on the dilaton which is in the

hyper-multiplet. In other words, such instantons wrapping an internal cycle of the

Calabi-Yau but localized at the poles of S2 may not contribute to the supersymmetric

functional integral. We have not analyzed this in detail but if true, it would imply

that

W0(q, p) =

∫

MQ

e−πφ
IqI |Ztop(φ, p)|2 Zdet [dC]µ . (1.7)

The term |Ztop|2 is precisely of the form envisaged by Ooguri-Strominger-Vafa [21]! It

should be emphasized though that in this derivation, the topological string partition

function in (1.7) is evaluated for the values of the scalar fields at the center of AdS2

and not at the boundary of AdS2. Since the scalar fields are moving away from the

attractor values, they are no longer at the minimum of the entropy function and

hence are thus ‘climbing up’ the entropy function away from the critical point.

2. As mentioned above, for a consistent treatment of the AdS2 path integral it is nec-

essary to work in the microcanonical ensemble because in AdS2 Coulomb potential

is a a nonnormalizable mode. Various fields approach their attractor values at the

– 7 –
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boundary in this fixed charged sector. In particular, the electric fields at the bound-

ary do not fluctuate and remain fixed at their attractor values e∗. For our localizing

instanton solutions the fields move off-shell away from the attractor values inside

AdS2 and it is the value of these fields at the center of AdS2 that is allowed to fluc-

tuate and can be integrated over as in (1.7). This derivation thus requires off-shell

supergravity in an essential way.

3. It has been pointed out that agreement with statistical entropy requires modifying

the OSV conjecture by including additional measure factors and nonperturbative

corrections [24–29]. Our localizing solution provides a well-defined starting point to

define these corrections systematically on the macroscopic side as we discuss below.

See section 6.3 for a more detailed discussion of the relation to the topological string

and comparison with earlier work.

4. Note that the range of integration is determined by the localization analysis and goes

from −∞ to +∞ for all C. Since the measure factor and Zdet follow algorithmically

from the original measure of the string theory spacetime fields, the resulting answer

is guaranteed to respect all symmetries. In particular, even though the renormalized

action is Wilsonian and given in terms of holomorphic prepotential, one expects from

the AdS2/CFT1 correspondence that holomorphic anomalies [30–32] are taken into

account systematically by the integral (1.7) so that the resulting degeneracies respect

all duality symmetries.

5. The higher orbifold contributions in (1.6) appear to play an important role if the

macroscopic analysis is to reproduce the known microscopic answers in the N = 4

examples [16]. In particular, their contribution would be essential to ensure that the

resulting sum is an integer. From this point of view as well, it is more natural to work

in the microcanonical ensemble than invert (1.7) and work in a mixed ensemble.

To summarize, in this paper we have solved one major piece of the puzzle in the

evaluation of the black hole functional integral. We have determined which off-shell field

configurations to integrate over consistent with the AdS2 boundary conditions. We have

obtained explicit analytic expressions for the localizing instanton solutions and the renor-

malized action evaluated on these instantons. These solutions thus give a well-defined

starting point to evaluate various corrections to the semi-classical results. Further work

is necessary to determine one-loop contributions and the measure [16]. This computation

is technically involved but we would like to emphasize that given the localizing action

and the localizing instantons this step is essentially algorithmic. Computation of brane-

instantons in general case will be more complicated since it will depend on the details of

the compactification but can simplify in specific examples and in specific duality frames.

Finally, we note that in models where exact microscopic degeneracies d(q, p) are known

from independent computations, our macroscopic computation can be tested against the

microscopic answer. Such a comparison for half-BPS small black holes and quarter-BPS big

black holes in N = 4 compactifications will be reported in a forthcoming publication [16].

– 8 –
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In these examples, all the ingredients of the macroscopic computation discussed in this

paper play an important role. With N = 4 supersymmetry, all three terms in the inte-

grand exp(F), Zdet and Zinst can be computed almost completely. Moerover, the resulting

integral representation can be immediately be put a form that that agrees in remarkable

detail with the microscopic degeneracies including all perturbative and nonperturbative

corrections. These results can thus be seen as a partial post-facto justification for some of

the assumptions made in section 6.

2 Quantum entropy and AdS2/CFT1 correspondence

The quantum entropy formalism [4, 5] generalizes the Wald entropy formula to include

quantum corrections to black hole entropy in a consistent quantum theory of gravity such as

string theory. It is formulated in general for any extremal black holes whose near horizon ge-

ometry has an AdS2 factor. We would now like to apply this formalism to four-dimensional

supersymmetric black hole whose near-horizon geometry is of the form AdS2×S2×K where

K is a three complex dimensional Calabi-Yau manifold of string compactification.

Since the essential physics of the quantum entropy concerns the AdS2 factor, for the

rest of this section we will dimensionally reduce all the way to two dimensions onto AdS2.

One can regard the full theory as a two-dimensional theory of gravity interacting with an

infinite set of fields keeping all massive modes. The massless sector consists of the 2D

metric, a set of gauge fields Ai with field strengths F i, and matter fields φa which include

the moduli of K, as well as the fluxes through the various cycles in the ‘internal’ geometry

S2 ×K. The electric charge of the four-dimensional black hole is represented by the gauge

fields, and the magnetic charges which correspond to fluxes through the S2 are represented

as fixed parameters of the theory living on the AdS2 geometry.

2.1 Near horizon classical geometry

The most general near horizon configuration for the massless fields consistent with the

SL(2,R) isometry of AdS2 is:

ds2 = v

[
−(r2 − 1)dt2 +

dr2

r2 − 1

]
, F i = eidr ∧ dt , φa(t, r) = φa0 , (2.1)

where v, ei and φa0 are constants. This is the metric of an AdS2 black hole [33–36] with hori-

zon at r = 1. It is locally isometric to AdS2 and the region r > 1 covers a triangular wedge

extending halfway from the boundary into global AdS2 [36]. An analytic continuation

t = −iθ leads to the Euclidean metric

ds2 = v

[
(r2 − 1)dθ2 +

dr2

r2 − 1

]
, F i = −i eidr ∧ dθ, φa(θ, r) = φa0 . (2.2)

This metric is non-singular at the erstwhile horizon r = 1 provided the Euclidean time

coordinate θ is periodic modulo 2π. In the gauge Air = 0, the gauge fields are given by

Ai = −i ei(r − 1)dθ , (2.3)

– 9 –
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where the constant term ensures that the Wilson line
∮
S1 A

i around the thermal circle

vanishes at the horizon r = 1. This is needed for regularity since the thermal circle

contracts to zero size.

It is worth emphasizing that it is important to use the form of the metric in (2.1)

with two separate horizons at r = ±1 which corresponds to the Jackiw-Teitelboim black

hole [33–35]. Physically this corresponds to staying close to the black hole horizon as

one takes the near horizon limit in which the AdS2 throat becomes infinitely long. Upon

Euclidean continuation this covers the entire upper half plane or the Poincaré disk which has

the topology of a disk and hence Euler character one. In the Gibbons-Hawking formalism,

the entropy of the black hole is proportional to the Euler character of the near horizon in

the (r, t) plane and hence one obtains finite entropy. If we use instead the metric

ds2 = v

[
ρ2dθ2 +

dρ2

ρ2

]
, (2.4)

with periodic θ then this covers only a strip in the upper half plane with two edges identified.

The geometry then has a topology of a cylinder, or a punctured disk, which has Euler

character zero, and hence vanishing entropy [37]. For applications in string theory it has

been clear that an extremal black hole should really be thought of as a limit of a non-

extremal black hole in which case it has zero temperature but nonzero entropy. This

corresponds to choosing the metric as in (2.1).

2.2 Functional integral for the quantum entropy

The quantum entropy is defined by a functional integral over all field configurations which

asymptote to the AdS2 Euclidean black hole (2.2) with the fall-off conditions [38]

ds20 = v

[(
r2 + O(1)

)
dθ2 +

dr2

r2 + O(1)

]
,

φa = ua + O(1/r) , Ai = −i ei(r −O(1))dθ , (2.5)

which are invariant under an action of the Virasoro algebra. In particular, in contrast

to higher dimensional instances of the AdS/CFT correspondence, the mode of the gauge

field corresponding to the electric field grows linearly (or is ‘non-normalizable’) and must

be kept fixed, while the mode corresponding to the electric potential is constant (or is

‘normalizable’), and allowed to fluctuate. Since the asymptotic value of the electric field is

determined by the charge of the black hole by Gauss law

qi =
∂(vL)

∂ei
, (2.6)

this is equivalent to holding the charge fixed. The asymptotic values of the parameters of

the metric and the scalars are determined purely in terms of the charges by the attractor

mechanism. The constants v, ei, ua which set the boundary conditions of the path integral

must therefore be set to their attractor values v∗, e
i
∗, u

a
∗ respectively. The quantum entropy

is thus purely a function of the electric charges qi. This was defined by [5] as the functional
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integral with an insertion of the Wilson line:

W (q, p) =

〈
exp

[
− i qi

∫ 2π

0
Aiθ dθ

]〉finite

AdS2

. (2.7)

Note that in the classical limit, this constant mode of the gauge field gets determined in

terms of the attractor electric field ei∗ by the smoothness condition on the classical gauge

field but in the quantum theory it is free to fluctuate.

We will now explain the meaning of the superscript finite in the above functional

integral. The action entering into this functional integral is of the form

Sbulk + Sbdry , (2.8)

where the actions5

Sbulk =

∫
Lbulk

√
g dr dθ , Sbdry =

∫
Lbdry

√
gind dθ (2.9)

are expressed in terms of local Lagrangian densities, the measure in the boundary term

coming from the induced metric on the boundary. The integral for the bulk action over r

suffers from an obvious infrared divergence due to the infinite volume of the AdS2. The su-

perscript finite in (2.7) refers to the following prescription for regulating and renormalizing

this divergence.

First, one enforces a cutoff at a large r = r0. This cutoff which respects the angular

symmetry seems to be special, but the conclusions below have been shown to be indepen-

dent of the details of the cutoff [22]. The bulk Lagrangian density Lbulk is the full local

classical Lagrangian of the theory including all massive fields. Since Lbulk is a local func-

tional of the fields, the bulk effective action evaluated on a certain field configuration has

the form

Sbulk = C0r0 + C1 + O(r−1
0 ) , (2.10)

with C0, C1 independent of r0.

The boundary action is the boundary Lagrangian Lbdry multiplied by the the proper

length L ∼ 2π
√
vr0 of the boundary which goes to infinity as r0 → ∞. Lbdry is a local

gauge invariant functional of the fields of the theory. Using the asymptotic form of the

fields (2.5), one obtains that the boundary action has a form like (2.10) with coefficients that

only depend on the classical values of the various fields in the problem which are held fixed.

One now chooses the boundary counterterms such that the piece linear in r0 in the

integrand vanishes, as is standard in the procedure of holographic renormalization. In

particular, one can subtract the constant piece C0r0 from the action simply by using an

appropriate boundary cosmological constant as in [5]. This ensures that the boundary

Hamiltonian of the CFT1 dual to AdS2 is zero. From the above argument, this boundary

5The signs in the first equation for the bulk action is chosen in accord with the Euclidean continuation

from the Minkowski theory [4], the sign in the second equation is a convention since it is a one dimensional

Euclidean problem, which we have fixed.
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cosmological constant is a function of the classical values of the fields. There can be of

course other finite parts of the boundary action which depend on the fluctuating parts of

the fields, this will be part of the full definition of the quantum entropy function. We shall

comment on them below.

It is convenient to incorporate also the Wilson line into the renormalized action and

include counterterms to cancel the divergences in the Wilson line. One can then take the

limit r0 → ∞, and define the finite part of the path integral unambiguously as e−Sren . We

refer to this finite piece Sren as the renormalized action, which in general is a functional of

all the fields. We thus have the definition

Sren := Sbulk + Sbdry − i qi

∫ 2π

0
Aiθ dθ . (2.11)

In the classical limit, the functional integral (2.7) is dominated by the saddle point

where all fields take their classical values (2.2). In this case, the path integral reduces to

〈
exp

[
− i qi

∫ 2π

0
Aidθ

]〉
= exp

(
Sbulk + Sbdry − iqi

∫ 2π

0
Aiθdθ

)
, (2.12)

where Sbulk and Sbdry are as above. In this case, one can simply evaluate the bulk La-

grangian at the constant classical values (2.1) to get

Sbulk =

∫ 2π

0
dθ

∫ r0

1
dr vL = 2π (r0 − 1) v L , (2.13)

Sbdry = −2πr0 (vL − qie
i) + O(1/r0) , −iqi

∫ 2π

0
Aiθdθ = −2π qie

i (r0 − 1) . (2.14)

After the above regulation and renormalization procedure, one has

W (q, p) ∼ exp[2π(qie
i − vL)] ≡ exp [SWald(q, p)] , (2.15)

where it is understood that the middle term is evaluated at the attractor values of the

fields. Since the attractor values of various fields and in particular the electric fields are

determined by extermization of the classical action, one can define the entropy function

E(e, p, q) := 2π(qie
i − vL(e, p)) . (2.16)

Here we have fixed the scalars to their attractor values but kept the electric fields as

variables. By virtue of its construction, the classical attractor values e∗(q, p) of the electric

fields can be found at the extremum of E which are determined entirely in terms of the

charges. As shown in [4], the value of the entropy function at the extremum equals the

Bekenstein-Hawking-Wald entropy of the extremal black hole.

In the case of supersymmetric black holes, we should use a supersymmetric version of

this Wilson line which requires the addition of another boundary term to the Wilson line.

We find that the bulk Lagrangian is also supersymmetric only up to a boundary term which

has to be cancelled by adding a boundary counterterm. Both these additional boundary

terms are field dependent. However, it turns out that the sum of the two additional
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boundary terms is equal to a constant diverging linearly with r0, and moreover, it is

precisely the constant required to cancel the infrared divergence of the original bulk action

plus Wilson line. As a result we can express the total functional integral in a manifestly

supersymmetric manner, at the same time using the naive operational definition above. We

will discuss these issues and the supersymmetry of the functional integral in more detail in

section 5.3 and section C.

In the full quantum theory, there will be corrections to the classical answer which are

of two kinds. The first type of correction will arise from evaluating the functional integral

around the AdS2 geometry. One can try to evaluate it in a saddle point approximation, but

this can at best give an asymptotic expansion and one can never access large fluctuations

in field space. We shall overcome this using the technique of localization in the context of

supersymmetric theories. This will allow us to evaluate the functional integral in the AdS2

background exactly. We discuss this in the next sections.

The second type of correction comes from subleading orbifold saddle points that play

an important role. Keeping these subleading saddle points which are much smaller than

the power law corrections to the leading saddle point cannot be justified in an asymptotic

expansion, but the exact evaluation of the functional integral allows us here to consistently

deal with subleading saddles. The full functional integral localizes onto a discrete series, and

for each term in the series we obtain an exact finite dimensional integral which accesses

large fluctuations in field space. We discuss the general form of the localizing integral

in section 6.2.

3 Superconformal symmetries and localization

We start with a brief review in section 3.1 of the localization techniques [39–44] to evaluate

supersymmetric functional integrals. In section 3.2 we review the superconformal symme-

tries of the attractor geometry and how localization can be applied in the present context.

3.1 A review of localization of supersymmetric functional integrals

Consider a supermanifold M with an integration measure dµ. Let Q be an odd (fermionic)

vector field on this manifold that satisfies the following two requirements:

• Q2 = H for some compact bosonic vector field H,

• The measure is invariant under Q, in other words divµQ = 0.

The divergence of the fermionic vector field is the natural generalization of ordinary diver-

gence, which satisfies in particular6

∫

M

dµQ(f) = −
∫

M

dµ(divµQ) f , (3.1)

6For a bosonic vector field V and for a measure determined by a metric g, this corresponds to the identity
R

dx
√

gV m∂mf = −
R

dx∂m(
√

gV m)f = −
R

dx
√

g(∇mV m)f when the boundary contributions vanish.
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for any function f . Hence, the second property implies
∫
M
dµQ(f) = 0 for any f . We

would like to evaluate an integral of some Q-invariant function h and a Q-invariant action

S

I :=

∫

M

dµh e−S . (3.2)

To evaluate this integral using localization, one first deforms the integral to

I(λ) =

∫

M

dµh e−S−λQV , (3.3)

where V is a fermionic, H-invariant function which means Q2V = 0 and QV is Q-exact.

One has

d

dλ

∫

M

dµh e−S−λQV =

∫

M

dµhQV e−S−λQV =

∫

M

dµQ(h e−S−λQV ) = 0 , (3.4)

and hence I(λ) is independent of λ. This implies that one can perform the integral I(λ)

for any value of λ and in particular for λ → ∞. In this limit, the functional integral

localizes onto the critical points of the functional SQ := QV which we refer to as the

localizing solutions. The localizing solutions in general have both bosonic and fermionic

collective coordinates.

One can choose

V = (QΨ,Ψ) (3.5)

where Ψ are the fermionic coordinates with some positive definite inner product defined

on the fermions. In this case, the bosonic part of SQ can be written as a perfect square

(QΨ, QΨ), and hence critical points of SQ are the same as the critical points of Q. Let us

denote this set of critical points of Q by MQ. The reasoning above shows that the integral

over the supermanifold M localizes to an integral over the submanifold MQ. In the large

λ limit, the integration for directions transverse can be performed exactly in the saddle

point evaluation. One is then left with an integral over the submanifold MQ

I =

∫

MQ

dµQ h e
−S , (3.6)

with a measure dµQ induced on the submanifold by the original measure.

In our case in section 5, M is the field space of off-shell supergravity, S is the off-shell

supergravity action with appropriate boundary terms, h is the supersymmetric Wilson line,

Q is a specific supercharge described in section A and section 5, and Ψ are all fermionic

fields of the theory. We will find that the submanifold MQ of localizing solutions is a

family of nontrivial instantons as exact solutions to the equations of motion that follow

from extremization of SQ labeled by nv + 1 real parameters {CI ; I = 0, . . . , nv}.

3.2 Superconformal symmetries of the near horizon geometry

The near-horizon geometry of a supersymmetric black hole in four dimensions is AdS2×S2.

After Euclidean continuation, the metric is

ds2 = v

[
(r2 − 1)dθ2 +

dr2

r2 − 1

]
+ v

[
dψ2 + sin2(ψ)dφ2

]
. (3.7)
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We have taken the radius v of the AdS2 factor to be the same as the radius of the S2 factor

which is a consequence of supersymmetry. There are several other coordinates that are

useful. Substituting r = cosh(η), the metric takes the form

ds2 = v
[
dη2 + sinh2(η)dθ2

]
+ v

[
dψ2 + sin2(ψ)dφ2

]
. (3.8)

One can also choose the stereographic coordinates

w = tanh(
η

2
)eiθ := ρeiθ, z = tan(

ψ

2
)eiφ , (3.9)

in which the metric takes the form

ds2 = v
4dwdw

(1 − ww)2
+ v

4dzdz

(1 + zz)2
. (3.10)

Note that the interval for the coordinates are 1 ≤ r < ∞ and 0 ≤ η < ∞, and 0 ≤ ρ < 1.

In the ω coordinates, Euclidean AdS2 can be readily recognized as the Poincaré disk with

ρ as the radial coordinate of the disk and a boundary at ρ = 1.

The Weyl tensor for the metric (3.8) is zero and hence this metric is conformally flat.

For later use it will useful to know this conformal transformation. To map we first map

the Poincaré disk to the upper half plane by the transformation

u = x+ iy, u = i
1 − iw

1 + iw
. (3.11)

The metric (3.7) in the new coordinates becomes

ds2 =
dx2 + dy2 + y2dΩ2

2

y2
, (3.12)

with −∞ < x < +∞ and 0 ≤ y < ∞. From the above equation, we see that AdS2 × S2

is conformally flat. We also know that R
4 is conformal to S4 so it would be useful to

compute the conformal factor relating AdS2 × S2 to S4. In the (η, θ) coordinates we have

the following conformal rescaling

ds2(AdS2 × S2) = cosh2(η)ds2(S4) . (3.13)

Note that the conformal factor diverges at the boundary. Under a Weyl transformation

gµν → e2Ωgµν , (3.14)

a field with Weyl weight a transforms as

Φ → e−aΩΦ . (3.15)

Hence, such a field in the conformal frame with AdS2 × S2 metric will be mapped to the

field in the conformal frame with S4 metric by

ΦAdS2×S2 =
ΦS4

cosh(η)a
. (3.16)

This transformation will be useful later in section 5.
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The superconformal symmetry of the near horizon geometry is the semidirect product

SU(1, 1|2) ⋊ SU(2)′. The invariant subgroup SU(1, 1|2) will be of our main interest which

contains the bosonic subgroup SU(1, 1) × SU(2). The first factor can be identified with

the conformal symmetry of AdS2 and is generated by {L,L±}. The second factor can

be identified with the rotational symmetry of S2 and is generated by {J, J±}. The factor

SU(2)′ originates from the R-symmetry of N = 2 supergravity in four dimensions. The odd

elements of the superalgebra are the superconformal symmetries Giar . The commutations

relations are

[L,L±] = ±L± , [L+, L−] = −2L , (3.17)
[
J, J±

]
= ±J± ,

[
J+, J−

]
= 2J , (3.18)

[
L,Gia±

]
= ±1

2
Gia± ,

[
L±, G

ia
∓

]
= −iGia± , (3.19)

[
J,Gi±r

]
= ±1

2
Gi±r ,

[
J±, Gi∓r

]
= Gi±r , (3.20)

{Gi±+ , Gj±− } = ±4ǫijJ± , {Gi+± , Gj−± } = ∓4iǫijL± , (3.21)

{Gi+± , Gj−∓ } = 4ǫij(L∓ J) ; ǫ+− = −ǫ−+ = 1 . (3.22)

Explicit expressions for the Killing spinors corresponding to these superconformal super-

symmetries will be obtained in section A and will be required for localization in section 5.

It is easy to see from the algebra that the generator Q = G++
+ + G−−

− squares to

4(L− J). Since L is the generator of rotations of the Poincaré disk and J is the generator

of rotations of S2, the square Q2 is the generator of a compact bosonic symmetry. This is

the generator that we will use for localization.

4 Off-shell formulation of the theory

In this section, we review the off-shell formulation of supergravity due to [10–12]. This

formalism has several attractive features.

1. First, it allows the supersymmetry transformations to be realized in an off-shell man-

ner which will be crucial for us to apply localization to the functional integral for

quantum entropy.

2. Second, one can also include within the formalism a class of curvature squared correc-

tions to the theory that are encoded in the Weyl multiplet. This has made it possible

to study the higher derivative corrections to supersymmetric black holes using the

full power of supersymmetry for solving BPS equations in the classical theory.

3. Third, in the off-shell formalism, the supersymmetry transformations are specified

once and for all and do not need to be modified as one modifies the action with

higher derivative terms. This is analogous to the situation for diffeomorphisms where

the transformation properties of the metric, for example, are specified once and for all

and does not depend on the form the action. Since the localization action that we use

is constructed using these supersymmetry transformations, the localizing solutions
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that we will obtain by minimizing this action will therefore be universal and not

dependent on the form of the physical action. This is clearly greatly advantageous

both at the technical and conceptual level.

In this section we rederive the classical properties of the black hole in this new language.

This section is meant to set the stage and fix all the notations for the quantum calculation

which we discuss in section 5. It will therefore be concise; a detailed account of the off-shell

formalism can be found, for example, in the review [45].

We use the conformal supergravity approach to N = 2 off-shell supergravity in four

dimensions developed using superconformal multiplet calculus. The main idea is to ex-

tend the symmetries of the N = 2 Poincaré supergravity to the N = 2 superconformal

algebra. This bigger algebra has dilatations, special conformal transformations, conformal

S-supersymmetries, and local SU(2) × U(1) symmetries as extra symmetries compared to

the Poincaré group.7 The conformal supergravity is then constructed as a gauge theory of

this extended symmetry group.

Upon gauge fixing the extra superconformal symmetries, one gets the Poincaré super-

gravity. In this sense, they are both gauge equivalent. However, the multiplet structure

of the superconformal supergravity is smaller and simpler than the Poincaré theory. The

form of the supersymmetry transformation rules is also simpler in the superconformal for-

malism, and one has a systematic way of deriving invariant Lagrangians. Following this

approach, one gets an off-shell formulation of supergravity coupled to vector multiplets.

In section 4.1, we first list the multiplets of the superconformal theory that will enter

the theories we consider. In appendix B, we summarize some relevant aspects of the

superconformal multiplet calculus including the supersymmetry variations of the various

multiplets listed below. In section 4.2 we discuss the invariant action of our interest.

4.1 Superconformal multiplets

Our conventions are as follows. In the Minkowski theory, all fermion fields below are rep-

resented by Majorana spinors. In the Euclidean theory, they will be symplectic-Majorana.

Greek indices µ, ν, . . . indicate the curved spacetime, latin indices a, b, . . . indicate the flat

tangent space indices, and i, j, . . . denote the SU(2) index. The SU(2) indices are raised

and lowered by complex conjugation. A− ≡ εij A
ij for any SU(2) tensor Aij . We will also

use the superscript ± to denote (anti) self-duality in spacetime, the conventions should

be clear from the context. We use the covariant derivative Da, which is defined to be

covariant with respect to all the superconformal transformations as well as gauge fields of

the theory if present. We also use The bosonic covariant derivative ∇a is defined to be

covariant with respect to all the bosonic transformations and the gauge fields, except the

special conformal transformation.

We now summarize the field content of various multiplets.

7Note that the extra superconformal symmetry of this formalism is a gauge symmetry, not to be confused

with the physical superconformal algebra of the near-horizon geometry of extremal black holes discussed in

section 3.2 which is generated by the Killing vectors and Killing spinors of the background.
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1. Weyl multiplet : This is the gravity multiplet which contains all gauge fields arising

from gauging the full superconformal symmetries. The field content is:

w =
(
eaµ, w

ab
µ , ψ

i
µ, φ

i
µ, bµ, f

a
µ , Aµ,V i

µ j, T
ij
ab, χ

i,D
)
. (4.1)

The fields (eaµ, w
ab
µ ) are the gauge fields for translations (vielbien) and Lorentz trans-

formations; ψiµ, φ
i
µ are the gauge fields for Q-supersymmetries and the conformal

S-supersymmetries; (bµ, f
a
µ) are the gauge fields for dilatations and the special con-

formal transformations; and (V i
µ j , Aµ) are the gauge fields for the SU(2) and U(1)

R-symmetries. Imposition of the ‘conventional constraints’ determines wabµ , φ
i
µ, f

a
µ in

terms of other fields and one is left with 24 + 24 independent degrees of freedom.

The SU(2) doublet of Majorana spinors χi, the antisymmetric anti self-dual auxiliary

field T ijab and the real scalar field D are all auxiliary fields, some of which will play a

non-trivial role later. This multiplet contains the gravitational degrees of freedom.

2. Vector multiplet : The field content is

XI =
(
XI ,ΩI

i , A
I
µ, Y

I
ij

)
(4.2)

with 8 + 8 degrees of freedom. XI is a complex scalar, the gaugini ΩI
i are an SU(2)

doublet of chiral fermions, AIµ is a vector field, and Y I
ij are an SU(2) triplet of auxiliary

scalars. This multiplet contains the gauge field degrees of freedom.

3. Chiral multiplet : The field content is

Â =
(
Â, Ψ̂i, B̂ij, F̂

−
ab, Λ̂i, Ĉ

)
(4.3)

with 16 + 16 components. Â, Ĉ are complex scalars, B̂ij is a complex SU(2) triplet,

F̂−
ab is an antiselfdual Lorentz tensor, and Ψ̂i, Λ̂i are SU(2) doublets of left-handed

fermions. The action will also contain the conjugated right handed multiplet. One

can impose a supersymmetric constraint on the chiral multiplet to get a reduced

chiral multiplet with 8 + 8 degrees of freedom.

The covariant quantities of a vector multiplet are associated with a reduced chiral

multiplet. The covariant quantities of the Weyl multiplet are also associated with a

reduced chiral multiplet W
ij
ab. Products of chiral multiplets are also chiral, and one

thus gets a chiral multiplet Â = W2 = εikεjlW
ij
abW

abkl. The lowest component of

Â is Â = (T ijab εij)
2 and the highest component of Â contains terms quadratic and

linear in the curvature. The problem of building Lagrangians with terms quadratic

in the curvature thus reduces to the simpler problem of coupling the chiral multiplet

Â to the superconformal theory.

4. Compensating multiplet : This multiplet will be used as a compensator to fix the extra

gauge transformations. There are three types of compensators that have been used

in the literature so far, a non-linear multiplet, a compensating hypermultiplet and a

tensor multiplet. As an example, we discuss the non-linear multiplet [45, 46]. Other
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multiplets have their relative advantages, in particular the compensating hypermul-

tiplet is used extensively for the treatment of higher derivative terms [47].

Non-linear multiplet :
(
Φi
α, λ

i,M ij , Va
)

(4.4)

where λi is a spinor SU(2) doublet, M ij is a complex antisymmetric matrix of Lorentz

scalars, and Va is a real Lorentz vector. Φi
α is an SU(2) matrix of scalar fields with

the α index transforming in the fundamental of a rigid SU(2), it describes three

real scalars. Naively, the multiplet has 9 + 8 degrees of freedom, but there is a

supersymmetric constraint on the vector Va which reduces the degrees of freedom to

8 + 8:

DaVa − 3D − 1

2
V aVa −

1

4
|Mij |2 +DaΦi

αDaΦ
α
i + fermions = 0 (4.5)

4.2 Superconformal action

The procedure to get invariant actions is as follows: one first finds an invariant Lagrangian

for a chiral multiplet, this was solved in [48]. The second step is to write down a scalar func-

tion, the prepotential F (XI) of the vector multiplets which is a meromorphic homogeneous

function of weight 2. One then uses the chiral Lagrangian of the first step for the chiral

multiplet F. This gives the two derivative N = 2 Poincaré supergravity after gauge fixing.

To include coupling to curvature square terms, one extends the function F to depend on

the lowest component Â of the chiral multiplet Â = W2. F (XI , Â) is holomorphic and

homogeneous of degree two in all its variables. One then uses the chiral Lagrangian of the

first step for the chiral multiplet F.

We use the following notations. The prepotential which is a meromorphic function of

its arguments obeys the homogeneity condition:

F (λX, λ2Â) = λ2F (X, Â) . (4.6)

Its various derivatives are defined as:

FI =
∂F

∂XI
, F bA =

∂F

∂Â
, FIJ =

∂2F

∂XI∂XJ
, F bAI =

∂2F

∂XI∂Â
, F bA bA =

∂2F

∂Â2
. (4.7)

Following the above procedure, one gets a invariant action for I = 1, 2, . . . , NV + 1

vectors coupled to conformal supergravity. The bosonic part of the action is:

e−1L= i

[
F IX

I

(
1

6
R−D

)
+ ∇µFI∇µX

I

+
1

4
FIJ

(
F−I
ab − 1

4
X
I
T ijab εij

)(
F−abJ− 1

4
X
J
T ijab εij

)
− 1

8
FI

(
F+I
ab − 1

4
XITabij ε

ij

)
T ijab εij

−1

8
FIJY

I
ijY

Jij − 1

32
F (Tabij ε

ij)2

+
1

2
F bA
Ĉ − 1

8
F bA bA

(εikεjlB̂ijB̂kl − 2F̂−
abF̂

−
ab) +

1

2
F̂−abF bAI

(
F−I
ab − 1

4
X
I
T ijab εij

)

−1

4
B̂ijF bAIY

Iij

]
+ h.c. (4.8)
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To get to the N = 2 Poincaré supergravity, one has to gauge fix the extra gauge

transformations of the superconformal theory. To gauge fix the special conformal transfor-

mations, one sets the K-gauge:

bµ = 0 . (4.9)

To gauge fix the dilatations, one impose the D-gauge:

− i
(
XIF I − FIX

I)
= 1 . (4.10)

To fix the chiral U(1) symmetry, one fixes the A-gauge:

X0 = X
0
. (4.11)

Due to these constraints on the scalars, the Poincaré supergravity has only NV indepen-

dent scalars.

In order to fix the S-supersymmetry, one imposes another gauge called the S-gauge.

This constraint can be solved by eliminating one of the vector multiplet fermions. This

gauge also breaks Q-supersymmetry, but a combination of the S and Q supersymmetries

is preserved and corresponds to the physical supertransformations in the Poincaré theory.

Finally, to fix the local SU(2) symmetry, one imposes the V -gauge:

Φi
α = δiα (4.12)

At each step in the gauge fixing process, one has to be careful to respect the previous

gauge choices, and this leads to compensating field dependent transformations in the rules

for the various remaining transformations. This is one of the reasons the final theory is

more complicated. Finally, one has to solve algebraic equations to get rid of the auxiliary

fields D and χ. At the end of this procedure, one gets the N = 2 Poincaré supergravity

with a bosonic Lagrangian:

8πe−1L= (−i(XIF I − FIX
I
)) ·
(
− 1

2
R

)

+

[
i∇µFI∇µX

I
+

1

4
iFIJ

(
F−I
ab − 1

4
X
I
T ijab εij

)(
F−abJ− 1

4
X
J
T ijab εij

)

−1

8
iFI

(
F+I
ab − 1

4
XITabij ε

ij

)
T ijab εij

−1

8
iFIJY

I
ijY

Jij − i

32
F (Tabij ε

ij)2

+
1

2
iF bAĈ − 1

8
iF bA bA(εikεjlB̂ijB̂kl − 2F̂−

abF̂
−
ab) +

1

2
iF̂−abF bAI

(
F−I
ab − 1

4
X
I
T ijab εij

)

−1

4
iB̂ijF bAIY

Iij + h.c.

]

−i(XIF I − FIX
I
) ·
(
∇aVa −

1

2
V aVa −

1

4
|Mij |2 +DaΦi

αDaΦ
α
i

)
. (4.13)
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Note that both the covariant derivatives defined above are used in this expression, they

are related by

DaVa = ∇aVa − 2faa + fermionic terms . (4.14)

5 Localization

We now turn to the evaluation of the supersymmetric black hole functional integral defined

in section 2 using the localization techniques discussed in section 3. We use the formalism

of section 4 so that the supercharge used for localization is realized off-shell.

The on-shell equations of motion that follow from the above Lagrangian (4.13) admit

a half-BPS black hole solution [47, 49–51]. The near horizon geometry is an AdS2 × S2

which admits eight conformal supersymmetries.8 The values of other fields are determined

by the attractor mechanism [52–54] in terms of the charges consistent with the isometries.

The near-horizon AdS2 ×S2 geometry with the attractor values of the other fields can also

directly be derived from the BPS equations [55].

We first review this on-shell solution in section 5.1. We then proceed to find the

localizing instanton solution in section 5.2 and evaluate the renormalized action for this

solution in section 5.3. We will sometimes refer to the localizing solution as the off-shell

solution since for this solution the scalar fields are excited away from the attractor values

inside the AdS2. In section 5.4 we put together these ingredients to reduce the functional

integral of Ŵ (q, p) to an ordinary integral on the localizing submanifold.

5.1 On-shell attractor geometry

Symmetries of AdS2 ×S2 imply that various field in the near horizon region take the form

ds2 = v

[
−(r2 − 1)dt2 +

dr2

r2 − 1

]
+ v

[
dψ2 + sin2(ψ)dφ2

]
,

F Irt = eI∗, F Iψφ = pI sinψ, XI = XI
∗ , T−

rt = v w ,

D − 1

3
R = 0, Mij = 0, Φα

i = δαi , Y I
ij = 0 . (5.1)

The values of the constants (eI∗,X
I
∗ , v∗) that appear in this solution are determined in terms

of the charges (qI , p
I) by the attractor equations which follow from the BPS conditions [49],

or, equivalently using the entropy function formalism [46]:

v =
16

ww
, Â = −4ω2 , (5.2)

eI∗ − ipI − 1

2
X
I
∗vw = 0 , (5.3)

4i(w−1F I − w−1FI) = qI . (5.4)

8As mentioned above, these conformal supersymmetries are not the conformal supersymmetries of the

four-dimensional theory discussed in the last section, the latter are gauge symmetries in that formalism.
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Taking the real and imaginary parts of (5.3) and substituting (5.2) gives

4(w−1X
I
∗ + w−1XI

∗ ) = eI∗ , (5.5)

4i(w−1X
I
∗ − w−1XI

∗ ) = pI , (5.6)

where FI should be thought of as functions of XI
∗ . This geometry preserves eight super-

conformal supersymmetries as reviewed section A which extends the symmetries to the

supergroup SU(1, 1|2) ⋊ SU(2)′ discussed in section 3.2. The field w can be fixed by a

gauge choice. In the rest of the paper, we choose a gauge in which w = w = 4 using

the local scaling symmetry of the Lagrangian and the U(1) invariance. In this gauge, the

radius v of both AdS2 and S2 equals one, this simplifies the discussion of Killing spinors.9

5.2 Localizing action and the localizing instantons

In order to use the technique of localization for our system, we need to pick a subalgebra

of the full supersymmetry algebra discussed in section 3.2, whose bosonic generator is

compact. We shall choose the subalgebra generated by the action of the supercharge

Q1 = G++
+ +G−−

− , (5.7)

which generates the compact U(1) action:

Q2
1 = 4(L− J) . (5.8)

The explicit form of the Killing spinors can be found in section A. The above choice of the

supercharge corresponds to choosing the supersymmetry parameter ζ1 defined in (A.17).

In this section, we use the notation Q ≡ Q1, ζ ≡ ζ1.

The localizing Lagrangian is then defined by

LQ := QV with V := (QΨ,Ψ) , (5.9)

where Ψ refers to all fermions in the theory. The localizing action is then defined by

SQ =

∫
d4x

√
gLQ . (5.10)

The localization equations that follow from this action are

QΨ = 0 . (5.11)

These are the equations that we would like to solve.

We assume that the supergroup isometries of the near horizon geometry are not bro-

ken further by the Weyl multiplet fields. By construction, as long as these symmetries

are maintained, the fermions of the Weyl multiplet do not transform under the action of

Q (A.1)–(A.3) in the AdS2 attractor background. One can check that the fermions of the

9This is different from the gauge used in the previous section and also from the gauge ω = 8 which is

commonly used. These gauge choices do not affect considerations in this paper, but a better understanding

of different gauge choices can be useful to simplify the analysis. We plan to return to this issue in future.
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chiral multiplet and the non-linear multiplet also do not transform in this background.

This prompts us to look for solutions where one still has the AdS2 attractor geometry,

but the scalars of the vector multiplets can move away from their attractor values.10 As

we will see there do exist nontrivial solutions where the vector multiplet fields get excited

maintaining the symmetries of the attractor geometry.

The action of Q on the fermionic field of the vector multiplet takes the form

QΩIi
+ =

1

2

(
F I−µν − 1

4
X
I
T−
µν

)
γµ γν ζi+ + 2i6∂XI ζi− + Y Ii

j ζj+ , (5.12)

QΩIi
− =

1

2

(
F I+µν − 1

4
XI T+

µν

)
γµ γν ζi− + 2i6∂XI

ζi+ + Y Ii
j ζj− . (5.13)

Let us recall the attractor equations for the constant values of the various fields in

terms of the electric gauge field strengths eI and the magnetic charges pI :

eI∗ − ipI − 2X
I
∗ = 0 , eI∗ + ipI − 2XI

∗ = 0 Y I
ij∗ = 0 . (5.14)

We are interested in the off-shell solutions in which the vector multiplet scalars XI move

away from their attractor values XI
∗ . We therefore parametrize the off-shell XI fields as

XI := XI
∗ + ΣI , X

I
:= X

I
∗ + Σ

I
, (5.15)

so that ΣI and Σ
I

are values the scalar fields away from the attractor values. We further

write

ΣI = HI + iJI , Σ
I

= HI − iJI . (5.16)

Note that Y I
ij are triplets under the SU(2) rotation. It will turn out that for the BPS

equations that we solve, they all have to be aligned along the same direction in the SU(2)

space. Hence we parametrize them as

Y I1
1 = −Y I2

2 = KI ; Y I1
2 = Y I2

1 = 0 . (5.17)

Similarly we parametrize the gauge fields away from the attractor values as

F Iµν = F Iµν∗ + f Iµν . (5.18)

With this parametrization, we can add the two equations (5.12) and perform a Euclidean

continuation to obtain

QΩIi =
1

2
f Iab γ

a γb ζi + 2i6∂HI ζi + 26∂JI γ5ζ
i − 2iHIγ0γ1ζi − 2JIγ2γ3ζi + Y Ii

j ζj . (5.19)

for the Dirac spinors ΩIi = ΩIi
+ + ΩIi

− . Note that the a, b are tangent space indices and all

gamma matrices γa above are constant matrices of Euclidean R
4.

10Solutions more general than our simplifying ansatz are in principle possible where the Weyl multiplet

fields also vary inside the AdS2 .
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The inner product for spinors χ1 and χ2 in Euclidean space is simply

(χ1 , χ2) = χ†
1χ2 . (5.20)

With this inner product, the localization Lagrangian (5.9) restricted to only the vector

multiplet fermions is given by

LQ = QV := Q(QΨ,Ψ) (5.21)

with V chosen as in (5.9) with Ψ denoting the vector multiplet fermions. Note that V is

H-invariant because ζ is independent of the combination θ − φ and H is the vector field

that generates translations along θ − φ. The bosonic part of this Lagrangian is

LQbos ≡ QV
∣∣
bosonic

=

nV∑

I=0

(QΩI , QΩI) . (5.22)

With our choice of the inner product (5.20) this Lagrangian is manifestly positive definite.

The choice of Q is determined by the choice of the Killing spinor ζ. Substituting

the explicit form of the Killing spinor ζ and the gamma matrices defined in section A,

the bosonic Lagrangian LQbos as a function of the fields H,J,K, f can be evaluated after

somewhat tedious algebra. We find that 1
2L

Q
bos equals

cosh(η)
[
K − 2sech (η)H)

]2

+4cosh(η)
[
H1 +H tanh(η)

]2
+ 4cosh(η)[H2

0 +H2
2 +H2

3 ]

+2A

[
f−01 − J − 1

A
(sin(ψ)J3 − sinh(η)J1)

]2

+ 2B

[
f+
01 + J− 1

B
(sin(ψ)J3 + sinh(η)J1)

]2

+2A

[
f−03 +

1

A
(sin(ψ)J1 + sinh(η)J3)

]2

+ 2B

[
f+
03 +

1

B
(sin(ψ)J1 − sinh(η)J3)

]2

+2A

[
f−02 +

1

A
(sin(ψ)J0 + sinh(η)J2)

]2

+ 2B

[
f+
02 −

1

B
(sin(ψ)J0 + sinh(η)J2)

]2

+
4cosh(η)

AB
[sinh(η)J0 − sin(ψ)J2]

2 +
4cosh(η) sinh2(η)

AB
[J2

1 + J2
3 ] , (5.23)

where

HI
a := eµa∂µH

I , JIa := eµa∂µJ
I , (5.24)

and

A := cosh(η) + cos(ψ) , B := cosh(η) − cos(ψ) . (5.25)

It is understood that in (5.23) all squares are summed over the index I. Recall that

a = 0, 1, 2, 3 correspond to the directions along the coordinates θ, η, φ, ψ respectively used

for example in (3.8). Since A and B are positive, LQbos is a sum of positive squares.

The minimization equations now follow by setting each of the squares in (5.23) to zero.

This leads to simple first order differential equations for various fields which have to be

solved with boundary conditions consistent with the definition of the original functional
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integral on Euclidean AdS2 space. Equations (5.15), (5.17), (5.18) imply that fields ΣI and

KI and f I must vanish at the boundary.

It is easy to see that with these boundary conditions, JI and f Iab must both vanish

throughout space. Setting the first line in (5.23) to zero implies

KI =
2HI

cosh(η)
(5.26)

Setting the second line in (5.23) to zero leads to differential equations that can be easily

solved to obtain

HI =
CI

cosh(η)
. (5.27)

We have thus succeeded in finding a family of exact solutions to the localization equations

which respect the classical boundary conditions on AdS2 and are smooth everywhere in

the interior. In terms of the original variables defined in (5.15), we have

XI = XI
∗ +

CI

cosh(η)
, X

I
= X

I
∗ +

CI

cosh(η)
(5.28)

Y I1
1 = −Y I22 =

2CI

cosh(η)2
. (5.29)

Since the scalar fields are now excited away from their attractor values, they are no longer

at the minimum of the classical entropy function. Even though scalar fields ‘climb up’

the potential away from the minimum of the entropy function the solution remains Q-

supersymmetric (in the Euclidean theory) because an auxiliary field gets excited appropri-

ately to satisfy the Killing spinor equations.

It is worth pointing out that the solutions (5.27) and (5.26) look much simpler if we

use the conformal transformation (3.13) in section 3.2 to map AdS2 × S2 to S4. Since

the scalar fields X and the auxiliary fields Y have Weyl weight 1 and 2 respectively, and

since the conformal factor is cosh(η), the fields Σ and Y are simply constant on S4. This

is very similar to the localizing solution found by Pestun [14] in a very different context

of computing the expectation value of Wilson line in super Yang-Mills theory on S4. Of

course, under this conformal transformation the attractor values also will transform and

since they are constant on AdS2×S2, they will no longer be constant on S4. It is therefore

more natural to work in the AdS2 × S2 frame. In any case, for computing the quantum

entropy, the AdS2 boundary conditions play an important role as we will see in the next

subsection. As pointed out in [9], in this frame our computation has close formal similarity

with the gauge theory computation of ‘t Hooft-Wilson line in the formulation of [56, 57]

which could be useful in the computation of one-loop determinants and the instanton

contributions. Note that we are using localization techniques to evaluate a bulk functional

integral of supergravity whereas in [14, 56, 57] it was used to evaluate a functional integral

in the boundary gauge theory.
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5.3 Renormalized action for the localizing instantons

To obtain the exact macroscopic quantum partition function we would like to evaluate the

renormalized action restricted to the submanifold MQ in field space of localizing instan-

tons. We will find that even though both the original action and the solution are rather

complicated, the renormalized action is a remarkably simple function of the collective coor-

dinates {CI} determined entirely by the prepotential. Recall that the renormalized action

defined in section 2 takes the form

Sren := Sbulk + Sbdry + i
qI
2

∫ 2π

0
AIθ dθ . (5.30)

The charges used here are related to the ones used in (2.11) by qI = −2qi to be con-

sistent with the normalization of gauge fields used in the literature, for example, in the

reviews [45, 58].

We proceed to evaluate the bulk action given as a four dimensional integral of the

the supergravity Lagrangian (4.13) over AdS2 × S2. We note first that since various aux-

iliary fields vanish for the off-shell solution, the Lagrangian (4.13) simplifies to (recall

Â = (T ijab εij)
2):

8πL=− i

2
(XIF I −X

I
FI)R

+

[
i ∂µFI ∂

µX
I
+
i

4
FIJ

(
F−I
µν − 1

4
X
I
T ijµνεij

)(
F−Jµν − 1

4
X
J
T µνijεij

)
(5.31)

+
i

8
F I

(
F−I
µν − 1

4
X
I
Tµνijε

ij

)
T ijµνεij −

i

8
FIJ Y

I
ij Y

Jij +
i

32
F Â+

i

2
FÂ Ĉ + h.c.

]
.

Moreover, for AdS2×S2 both the Ricci scalar R and the Weyl tensor C are zero. Substitut-

ing XI = XI
∗ + ΣI and X

I
= X

I
∗ + Σ

I
from (5.15) and using the attractor equation (5.14)

in the form

F−I
µν − 1

4
X∗

I
T ijµνεij = 0 , (5.32)

we get

8π L = i FIJ (∂ηΣ
I
)(∂ηΣ

J) − i FIJΣ
I
ΣJ +

i

4
FIJ K

IKJ + 2i F I Σ
I − 2i F + h.c. . (5.33)

Substituting the solution (5.28) into the above equation, we find that the first three terms

of add up to zero. We are thus left with

8πL = 2iF IΣ
I − 2iF + h.c. . (5.34)

Since we keep the classical values XI
∗ ,X

I
∗ fixed in this problem, differentiating with respect

to XI is the same as differentiating with respect to ΣI . This can be explicitly evaluated

to find

8π L = 2i∂r
(
r(F − F )

)
, with ΣI =

CI

r
. (5.35)
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The N = 2 supergravity Euclidean action is

Sbulk =

∫
d4x

√
gL . (5.36)

The off-shell fields do not depend on the coordinates of the S2 and the angular variable θ

of the AdS2. These integrals can be done be done trivially and give an overall factor of

8π2, so that

Sbulk = 8π2

∫ η0

0
L sinh(η) dη = 8π2

∫ r0

1
L dr , (5.37)

= 2πi

∫ r0

1
dr∂r

(
r(F − F )

)
, (5.38)

= 2πir0

[
F

(
XI

∗ +
CI

r0

)
− F

(
XI

∗ +
CI

r0

)]
− 2πi

[
F (XI

∗ + CI) − F (XI
∗ + CI)

]
. (5.39)

The first piece in (5.39) which is linear in r0 can be rewritten as:

2πir0

(
F

(
XI

∗ +
CI

r0

)
− F

(
XI

∗ +
CI

r0

))
=

= 2πir0
(
F (XI

∗ ) − F (XI
∗ )
)

+ 2πi(FI(X
I
∗ ) − F I(X

I
∗ ))CI + O(1/r0)

= 2πir0
(
F (XI

∗ ) − F (XI
∗ )
)
− 2πqIC

I + O(1/r0) , (5.40)

where we have used a Taylor expansion in the first line and the attractor equation

FI(X
I
∗ ) − F I(X

I
∗ ) = iqI (5.41)

in the second.

The Wilson line evaluates to

i
qI
2

∫ 2π

0
AIθ dθ = πqIe

I
∗(r0 − 1) . (5.42)

Hence we choose

Sbdry = −2πr0

(
qI e

I
∗

2
+ i
(
F (XI

∗ ) − F (XI
∗ )
))

. (5.43)

so that Sren = Sbulk + Sbdry + i q2
∮
A is finite.

As reviewed in section 2, the main purpose of the boundary action is to cancel the

divergence in the bare bulk action plus Wilson line which grows linearly with the length of

the boundary. In order to cancel this divergence, we use a boundary cosmological constant

which must be specified along with the other boundary data. Indeed we have found that

Sbdry which is a constant that grows linearly with the length of the boundary indeed only

depends on the fixed charges and not on the fluctuating fields.

In general, however, there could be a finite part of the boundary action which does

depend on the fields that are integrated over. The full boundary action should be con-

strained by supersymmetry. We shall discuss the supersymmetry of the functional integral

– 27 –



J
H
E
P
0
6
(
2
0
1
1
)
0
1
9

in appendix C. The conclusion of the analysis in appendix C is quite simple — the finite

part of the boundary action in our problem actually vanishes due to supersymmetry, and

therefore the above prescription for Sren as a sum of terms (5.37), (5.43) and (5.42) is

already supersymmetric. In appendix C, we shall rewrite the above in a manner that is

manifestly supersymmetric. This rewriting takes the form of a functional integral with a

supersymmetric Wilson line [59, 60] with the bulk action as above (5.37), and a boundary

action which exactly cancels the boundary piece in (5.39).

We thus obtain the following expression for the renormalized action:

Sren = −π qI eI∗ − 2πqIC
I − 2πi

(
F (XI

∗ + CI) − F (XI
∗ + CI)

)
, (5.44)

The notation eI∗ refers to the classical values of the electric field strengths as a function of

the charges (qI , p
I). Using the scalar attractor values (5.5), and the new variable

φI ≡ eI∗ + 2CI , (5.45)

we can express the renormalized action in a remarkably simple form:

Sren(φ, q, p) = −πqIφI + F(φ, p) . (5.46)

with

F(φ, p) = −2πi

[
F
(φI + ipI

2

)
− F

(φI − ipI

2

)]
. (5.47)

Note that the electric field remains fixed at the attractor value but φI can still fluctuate with

CI taking values over the real line. We will discuss the significance of this fact in section 6.

Note also that the prepotential is evaluated at precisely for values of the scalar fields at

the origin of AdS2 and not at the boundary of AdS2. Thus the classical contribution to

the localization integrand will be of the form

eSren = e−πφ
IqI+F(φ,p) (5.48)

There will be additional contribution to the integral which we discuss next.

5.4 Evaluation of Ŵ (q, p)

We have thus determined which field configuration to integrate over and the classical action

for these configuration. The full functional integral will require three additional ingredients.

• The integration measure over the {CI} fields over the submanifold MQ of critical

points of Q simply descends from the measure µ of supergravity over the field space

M. We denote this measure by [dC]µ which can be computed using standard methods

of collective coordinate quantization.

• There will be one-loop determinants of fluctuations around the localizing manifold

which can be evaluated from the quadratic piece of the localizing action SQ. We

denote this determinant contribution by Zdet. It is in principle a straightforward

but technically involved computation. Very similar determinants have been analyzed
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in detail for gauge theory [14]. In string theory, the one-loop determinants and the

duality invariance measure around the on-shell solution have been analyzed in [15]

and in [27, 61] respectively. Some aspects of these computations both from gauge

theory and from around the on-shell saddle point could be adapted to study the

measure and determinants around our off-shell instantons solutions [16].

• In addition, there will be a contribution from point instantons and anti-instantons

viewed as singular configurations that couple to the vector multiplet fields as long

as they preserve the same supersymmetry. In gauge theory computations [14], the

instantons will be localized at the center of AdS2 and at the north pole of the S2

whereas the anti-instantons will be be localized at the center of AdS2 and at the

south pole of the S2. Since string theory contains gauge theory at low energies we

expect a similar structure also in string theory. We denote this generating function

for the instantons by Zinst. The generating function for anti-instantons will be the

complex conjugate of the generating function for instantons. We will thus get a fac-

tor of |Zinst|2 which will depend on the details of the string compactification, the

spectrum of wrapped brane-instantons, and the duality frame under consideration.

In gauge theory this generating function is the equivariant instanton partition func-

tion computed by Nekrasov [62]. Since the low energy limit of string theory will

reduce to gauge theory on AdS2 × S2, it would be interesting to explore if there are

generalization of the gauge theory results to string theory.

Putting these ingredients together we can conclude that the functional integral will

have the form

Ŵ (q, p) =

∫

MQ

e−πφ
IqIeF(φ,p)|Zinst|2 Zdet [dC]µ . (5.49)

We have thus successfully reduced the functional integral to ordinary integrals. The dom-

inant piece of the answer given by e−Sren we have already evaluated explicitly.

In specific string compactifications the undetermined factors Zdet and |Zinst|2 can sim-

plify. For example, with N = 4 supersymmetry, in gauge theory both |Zinstanton|2 and Zdet

equal unity. Similarly, it was found in [15] that very similar determinant factors for vector

multiplets equal unity N = 4 theories. One expects that this simplification will extend to

the factors appearing in (5.49) around the localizing solution in N = 4 theories.

6 Quantum entropy and the topological string

We now turn to the original problem of evaluating of W (q, p). There are several issues that

have to be addressed to extend the supergravity computation to a full string computation.

• First, the full action of string theory of course contains more fields in addition to

vector multiplets, in particular the hyper multiplets.

• Second, even if we restrict our attention to vector multiplets, the action will in general

contain not just the F-terms which are chiral superspace integrals but also the D-

terms which are nonchiral superspace integrals.
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• Third, there can be additional contributions from functional integral over orbifolds

of AdS2 that are allowed in the full string theory but not visible in supergravity.

We discuss these questions below.

6.1 D-terms, hyper-multiplets, and evaluation of W0(q, p)

We have thus far considered only F-type terms for the action of the vector multiplets

which are chiral integrals over N = 2 superspace of the form
∫
d4θ. The effective action

of string theory will contain in general D-type terms which are nonchiral integrals over

N = 2 superspace of the form
∫
d4θd4θ. It is not a priori clear that these terms will not

contribute to the functional integral. We would like to make the following two observations

in this connection.

• Since our localizing action SQ follows from off-shell supersymmetry transformations,

it does not depend on what terms are present in the physical action S. Hence our

localizing instanton solutions are universal and they will continue to exist even with

the addition of the D-terms. The question then reduces to evaluating the D-terms

on these solutions to obtain their contribution to the renormalized action.

• It has recently been shown [13] that a large class of D-type terms do not contribute to

the Wald entropy. This class of terms are constructed using the ‘kinetic multiplet’ T

obtained from a chiral multiplet Φ of Weyl weight 0 by T = D
4
Φ which transforms like

a chiral multiplet of Weyl weight 2. One can construct now supersymmetry invariant

terms in the action as chiral integrals
∫
d4θ with arbitrary polynomials involving the

kinetic multiplet and other chiral multiplets. Since four antichiral derivatives have

the same effect as the four antichiral integrals, these terms correspond to D-terms

with non chiral integrals
∫
d4θd4θ of terms involving the original field Φ. The non-

renormalization theorem of [13] shows that D-terms of this type do not contribute to

the Wald entropy. Since the renormalized action of the localizing instantons follows

from the bulk action and has the same form as the entropy function, it should be pos-

sible to extend this nonrenormalization theorem to the renormalized action discussed

in this paper.

These two points indicate that the D-terms, or at least a large subclass of them, may in

fact not contribute to the renormalized action.

Adding hyper multiplets does not change the transformation rules of the vector mul-

tiplets. We therefore expect that the localizing instantons that we have found here will

continue to exist. There could be in principle additional localizing solutions where hyper

multiplet fields are excited but this may not necessarily happen. It then only remains to

check that the coupling of hyper multiplets and vector multiplets at high order cannot con-

tribute to the renormalized action. Lacking an offshell formulation of couplings between

hypers and vectors, we cannot at present address this question but perhaps something

analogous to the nonrenormalization theorem discussed above can be extended to these

terms as well.
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In any case, these questions can be systematically investigated in the context of our

off-shell localizing instantons. If some of the D-terms do happen to contribute to the

renormalized action, their contribution can be taken into account by evaluating them on

the off-shell solutions. Similarly if there are new localizing instantons upon the inclusion

of hypers, those too can be added as separate contribution to the final answer for the

functional integral.

We would like to add that in several cases such as small black holes and big black holes

in models with N = 4 supersymmetry, exact microscopic degeneracies are known [63–68].

One can thus apply the formalism developed here in these specific cases to test the macro-

scopic results against a known answer from the microscopic side. These applications of our

results will be reported in a forthcoming publication [16]. We will only note here that in

all these models, the macroscopic answer obtained ignoring D-terms and hyper multiplets

appears to agree in remarkable details with the exact microscopic answer. The agreement

between microscopic and macroscopic answers thus gives additional evidence that ignoring

D-terms and hypermultiplets may be justified at least with N = 4 supersymmetry. Un-

fortunately, a manifestly off-shell formalism is not available for the N = 4 theory. So at

present, it remains an interesting open problem in offshell supergravity to check to what

extent the assumption of ignoring D-terms and hypermultiplets is justified.

If the hyper multiplets and D-terms can be ignored for reasons outlined above, one

can conclude that W0(q, p) has the same form as Ŵ (q, p) evaluated in section 5

W0(q, p) =

∫

MQ

e−πφ
IqI |Ztop(φ, p)|2 Zdet [dC]µ (6.1)

The contribution from the orbifolds of AdS2 also has a very similar structure since the

localizing instanton solution is still valid.

6.2 Non-perturbative corrections from orbifolds of AdS2

As we have seen the quantum entropy receives contributions not only from local higher-

derivative terms in the effective action via the Wald formula but also from nonlocal effects

arising from integrating out massless fields. As discussed, upon localization, these nonlocal

effects are entirely captured by the ordinary integrals over the parameters {CI} and Zdet.

The nonperturbative corrections due to brane instantons are included in the integrand

by |Zinst|2.
This is, however, not the whole story. There are additional nonperturbative corrections

which arise from subleading gravitational saddle points with the same AdS2 boundary

conditions but whose action is exponentially suppressed given by the terms with positive

s in (1.6). Localization allows us to evaluate the contribution for each family of these

subleading saddle points as well, with a structure similar to the leading saddle points.

Even though these saddle points are exponentially suppressed, it is meaningful to keep

them relative to the power-law suppressed terms, because the evaluation of the functional

integral using localization is exact and not an asymptotic expansion.

Based on the structure of known microscopic degeneracy formulas, it was proposed

in [22, 69] that there is a universal series of saddle points to the path integral semiclassical
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solutions of the theory with the same boundary conditions as the pure AdS2, but which

differs in the bulk. These saddle points give non-perturbative corrections to the entropy

of the form eE0/c for c = 2, 3 . . . These solutions are orbifolds of AdS2 × M , where the

orbifold action on the AdS2 factor of the geometry is a Zc quotient in the angular direction

of Euclidean AdS2:

ds′
2

= v

[
(r′

2 − 1) dθ′
2
+

dr′2

r′2 − 1

]
, θ′ ∼ θ′ + 2π/c . (6.2)

so that indeed the bulk action gets reduced by a factor of c compared to the original

solution c = 1. By a change of coordinates r′ = cr, θ′ = θ/c, one gets

ds2 = v

[(
r2 − 1

c2

)
dθ2 +

dr2

r2 − 1
c2

]
, θ ∼ θ + 2π , (6.3)

which makes it manifest that the asymptotics of all the solutions are the same as re-

quired (2.5).

These solutions of course have a conical singularity at the center of AdS2, which

we do not a priori expect to be included in the sum over configurations. To remedy

this, [69] proposed that only such singularities which can be resolved in string theory

should be allowed in this sum. This includes orbifolds which, in addition to the above

action, simultaneously act as a rotation on the internal S2 which is generically present in

four dimensional black holes. In this case, the singularity is locally of the C
2/Zn type which

is known to be resolvable in string theory after the addition of a B field on a collapsing

cycle as in the case of usual orbifold singularities.

In [70], it was noticed that there is another series of saddle points associated with each

electric charge that the black hole carries.11 The construction is as follows — corresponding

to each electric charge qi, one has a gauge potential Ai which classically is of the form (2.3).

Along with the above action (6.2), if one simultaneously makes a gauge transformation with

a constant parameter (thus generating a constant gauge field at asymptotic infinity), then

the orbifold action has no fixed point in the full configuration space which includes the

geometry and all the Wilson lines, and therefore there is no singularity. In the Euclidean

theory, if the orbifold action respects the supersymmetries, then it must also involve a

rotation in the S2 [69].

These smooth orbifolds are labelled (for each charge qi) by a pair of integers (c, di) and

c ≥ 1. Changing d → d + c does not change the Wilson line, and so one has 1 ≤ di < c.

In addition, one must demand that there are no new fixed points that arise, and this gives

the condition that (c, {di}) are relatively prime.

In the case that the electric charge qi has an interpretation as a momentum on a

compact circle in the internal geometry M , then the above construction gets a geometric

11The second type of orbifold can be called ‘electric’ in that it can be understood simply as an insertion

of a Wilson line associated with an electric charge, along with a geometric action on the AdS2. The first

type can be called ‘magnetic’ in that it can be understood in similar terms as the insertion of an ’t Hooft

line corresponding to a magnetic charge [70].
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life in the three dimensional theory as the very near-horizon limit of a family of extremal

BTZ black holes with the same mass and charge [70]. In this case, we can think of the

inequivalent solutions are labelled by double cosets Γ∞\SL(2,Z)/Γ∞ where

Γ∞ =

(
1 ∗
0 1

)
.

This family can be thought of as related to a different family of black holes in asymptotically

AdS3 space with fixed electric potential [71] by a Laplace transform in spacetime. These

two families of orbifolds together were sufficient to give a semiclassical interpretation of

the microscopic partition function of supersymmetric black holes in N = 4 theories.

In the N = 2 situation, there are no geometric one-cycles in M in the weak coupling

limit (although there is always one S1 in the M-theory frame). However, the general

construction sketched above applies for each of the electric charges which arise from branes

wrapping cycles inside the Calabi-Yau, and each such charge should give rise to a family of

saddle points. In general, these families may not all be independent, and may be related

by the duality symmetries that preserve a given charge configuration. This is indeed the

case in the N = 4 theory where we know the microscopic answer — there is only one

family of solutions for each T-duality invariant. From the N = 4 answer, it seems like the

’t Hooft line construction applies to each of the magnetic charges as well (up to T-duality

as above), but S-duality does not correlate the electric and magnetic family of solutions,

and they have independent labels.

6.3 Relation to classical entropy function and the topological string

We would like to conclude with a few comments about the relation of our results with the

topological string and earlier works.

• One of the remarkable facts about the formula (6.1) is that the renormalized ac-

tion that appears in the integrand is precisely the classical entropy function as

exp[E(φ, p)] [58]. As mentioned in the introduction, the classical entropy function

E is simply an elegant way to summarize the classical attractor equations. It is sim-

ply a Legendre transform of the classical action with respect to the electric charges,

and its value at the critical point equals the Wald entropy. Since the definition of the

entropy function is purely classical, only the critical points of this function and the

value of the function at the critical point have any physical meaning. This fixes only

two terms in the Taylor expansion around the critical point and thus there are any

number of functions with the same critical point and the same value at the critical

point. It is not clear which will play the role of an off-shell action. Ooguri, Stro-

minger, and Vafa of [21] made an inspired guess to attribute meaning to the entropy

function away from critical point and elevated it to an off-shell action of a mixed

ensemble. This means that to obtain the degeneracy, one must effectively elevate the

classical Legendre transform to an inverse Laplace transform. Our derivation of the

localization action explains from first principles why such an off-shell action can make

sense. Moreover, it gives a systematic way to determine contributions from one-loop
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determinants and brane-instantons. The integration measure is inherited from the

supergravity measure and since the range of C fields is the entire real line the φ con-

tours of integral are parallel to imaginary axis as for any inverse Laplace transform.

• If we ignore |Zinst|2 and Zdet in (6.1) then |Ztop(φ, p)|2 could be regarded precisely

as the mixed ensemble partition function of OSV conjecture with the measure for

the inverse Laplace transform understood to be determined as above. A derivation

of this conjecture has been outlined in [72] which uses AdS3 geometry and dilute

gas approximation. This is justified in the region where the MSW picture gives

the complete result and for range of charges for which dilute gas of M2-branes and

anti M2-branes dominates the path integral. By contrast, methods outlined in this

paper provide a way to derive the quantum entropy for arbitrary charges without

any restriction.

• A derivation of the |Ztop(φ, p)|2 factor for all orders in perturbation theory in a large

charge expansion has been suggested in [17, 73] using world sheet string theory in the

AdS2 background. In this picture worldsheet instantons at the north pole contribute

Ztop whereas worldsheet instantons at the south pole contribute Ztop giving a new

perspective on the form of the integrand. These string worldsheet computations are

necessarily tied to a fixed classical background which solves the string equations of

motion. As we have seen, the AdS2 classical background does not access arbitrary

values of the electric potential φ which are fixed to the attractor value. Our localizing

instanton solution provides a way access the large field regions of the functional

integral away from the critical point. However perturbative worldsheet calculations

would not be applicable around such off-shell configurations and it is necessary to

evaluate the supergravity functional integral.

• The AdS2 boundary conditions require to hold fixed the charges and the electric fields

at the boundary have to held fixed at their attracror value. Moreover, the integration

variables are not really the electric fields eI conjugate to the charge eI but rather

the parameters CI which is the value of the auxiliary fields at the origin of the

AdS2. Indeed, integration over the electric field as suggested by the OSV conjecture

presented an important conceptual difficulty since it would appear to be in conflict

with the usual rules of AdS2 holography. Such an integration would imply integrating

over different boundary conditions. Our derivation of the integral (5.49) shows that

the electric field indeed remains fixed at the attractor values. The integration over

the parameters C enters into the story for entirely different reasons having to do with

localization. All auxiliary fields for the localizing solutions vanish at the boundary

and thus respect the AdS2 boundary conditions.

• As we have seen in section 6.2, in string theory there are additional nonperturbative

corrections that arise from gravitational saddle points with the same AdS2 boundary

conditions. These can be viewed as orbifolds of the leading solution. As a result, their

contribution has a very similar structure to (6.1). These contributions also indicate
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W (q, p) in a microcanonical ensemble is a more natural object than the integrand

of (5.49) which could be thought of the partition function in a mixed ensemble.

Conversely, one can use the knowledge of the microscopic answer to figure out the

rules of nonperturbative quantum gravity to determine which configurations have to

be included in the functional integral.

• The quantum degeneracies of black holes d(q, p) in an appropriate duality frame are

given by the Donaldson-Thomas invariants. Given an exact evaluation of the same

quantity from macroscopic side in terms of W (q, p) involves the topological string

partition function which is related to the Gromov-Witten invariants. Results in this

paper can provide a way to establish a precise relation between these two very different

counting problems. Note however that W (q, p) give the degeneracies of a single black

hole horizon. To compare with the microscopic side it is necessary to separate the

contribution from single-centered black holes to extract from the Donaldson-Thomas

invariants which count the quantum states in asymptotically flat spacetime. This

is an interesting mathematical problem in itself. In an analogous N = 4 situation

a complete solution of this problem is known [74]. It may be possible in simple

examples to arrive at ‘exact holography’ where both bulk and boundary partition

functions can be computed exactly [16]. This connection could be used conversely

to figure out the rules of nonperturbative functional integral of quantum gravity

and string field theory in AdS2 using the knowledge of the black hole degeneracies

since one then knows what the functional integral must evaluate to. Perhaps there

is a ‘twisted’ version of this functional integral of string field theory that will focus

directly on this ‘topological’ BPS sector of the theory.
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A Killing spinors in the attractor geometry

To apply localization arguments, it is necessary to identify the supercharge Q that squares

to the compact bosonic generator L − J . For this purpose, it is useful to know first the

explicit form of the Killing spinors in the on-shell attractor geometry.

Recall that in the superconformal formalism, there are fermionic variations correspond-

ing to Q as well as S, which we label by ε and η respectively [45]. One can only impose

Q-invariance up to a uniform S-supertranslation. This corresponds to the fact that the
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physical supersymmetries in the Poincaré theory are found after the gauge fixing proce-

dure to be a linear combination of these two variations. In general, this combination has

a complicated dependence on the other fields as well as the choice of prepotential. The

method of [47] is to surpass this problem by finding spinor fields whose variation under

S vanishes. One can then simply use the Q-invariance conditions for these spinor fields,

which by construction is gauge independent. This construction was very useful in [47] to

find the half-BPS solution in asymptotically flat space.

However, these gauge-independent supersymmetry transformations then depend on

the choice of prepotential and hence the choice of the Lagrangian. This is not well-suited

for our purposes since we are really interested in the off-shell localizing solutions that are

determined direcly by the off-shell supersymmetry transformation without any reference to

the prepotential. Moreover, we are only interested in the near horizon geometry which is

much simpler to analyze than the full black hole solution including the asymptotic infinity.

For the near horizon supersymmetries, we make the simple observation that a choice of the

bosonic fields corresponding to the near horizon attractor background leads to a particularly

simple choice of gauge for the physical theory, namely η = 0. This choice then permits us

to work with the simpler supersymmetry transformations of the superconformal theory.

To see this, we begin by imposing the vanishing of the variations of fermionic fields of

the Weyl mutiplet:

0 = δψiµ = 2Dµǫ
i − 1

8
γaγbT

abijγµǫj + γµη
i , (A.1)

0 = δχi = − 1

12
γaγb 6DT abijǫj +Dǫi +

1

12
T ijabγ

aγbηj , (A.2)

0 = δφiµ = −2faµγaǫ
i − 1

4
6DT ijcdσcd + 2Dµη

i . (A.3)

At the attractor values, we have

v =
16

ωω
, T−

rt = vω , (A.4)

and the above variations simplify to

δψiµ = 2Dµǫ
i − 1

8
γaγbT

abijγµǫj + γµη
i , (A.5)

δχi =
1

12
T ijabγ

aγbηj , (A.6)

δφiµ = 2Dµη
i . (A.7)

From here, we deduce the AdS2 × S2 Killing spinors equations

Dµǫ
i =

1

16
γaγbT

abijγµǫj ,

Dµǫi =
1

16
γaγbT

ab
ijγµǫ

j (A.8)

ηi = ηi = 0.
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We thus see that ηi = 0 as promised. Before solving the equation for ǫi, ǫi, note that in the

Euclidean theory in four dimensions, the spinors should have a symplectic-Majorana condi-

tion imposed on them, while in Minkowski spacetime they can be majorana or symplectic-

Majorana [75]. In addition, the Weyl projection is not compatible with the majorana con-

dition in the Minkowski case and therefore the left and right-handed spinors are complex

conjugate to each other. On the contrary, in the Euclidean case, we can have symplectic

Majorana-Weyl spinors but not majorana

(ζi±)∗ = −iεij (σ1 × σ2) ζ
j
±, (A.9)

where the indices i, j are SU(2)′ quantum numbers and εij is the antisymmetric ten-

sor of SU(2). In the literature [45] the spinors used obeyed a majorana condition in

Minkowski space. They used the convention that positive/negative chirality is correlated

with upper/down SU(2)′ indice due to complex conjugation. Since the killing spinor equa-

tions (A.8) were derived from the Lorentzian theory, we shall use an ansatz which repro-

duces the killing spinor equations in Euclidean AdS2 × S2. The ansatz is the following

ǫi = iεijξ
j
− (A.10)

ǫi = ξi+ (A.11)

Note that we explicitly show the chirality of the spinor. We should therefore solve the

Killing spinor condition for an unconstrained Dirac spinor ξi = ξi+ + ξi−, double the space

and then impose the above constraint (A.9). We represent the Dirac spinor ξ as a direct

product ξ = ξAdS2
⊗ ξS2 where ξAdS2

and ξS2 are two component spinors, and use the

following gamma matrix representation

γθ=
√
v sinh η σ1 ⊗ 1 , γη=

√
vσ2 ⊗ 1 , γφ=

√
v sinψ σ3 ⊗σ1 , γψ=

√
vσ3 ⊗σ2 , (A.12)

where v ≡ v1(= v2) is the classical size of the AdS2 (and the S2).

Equations (A.8) simplify to the diagonal form

Dµξ
i
AdS2

=
ω

|ω|
i

2
(σ3 × 1) γµ ξ

i
AdS2

, (A.13)

Djξ
i
S2 =

ω

|ω|
i

2
(σ3 × 1) γj ξ

i
S2 . (A.14)

which are easily solved [76]. In the bispinor basis

ξ = a1

(
1

0

)
×
(

1

0

)
+ a2

(
0

1

)
×
(

1

0

)
+ a3

(
1

0

)
×
(

0

1

)
+ a4

(
0

1

)
×
(

0

1

)

≡




a1

a2

a3

a4


 (A.15)
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the solutions are (this is assuming that w ∈ R
+, and we have fixed a certain normalization

for the spinors):

ξi−− = 2 e−
i
2
(θ+φ)




cosh η
2 cos ψ2

sinh η
2 cos ψ2

− cosh η
2 sin ψ

2

− sinh η
2 sin ψ

2


 , ξi−+ = 2 e−

i
2
(θ−φ)




cosh η
2 sin ψ

2

sinh η
2 sin ψ

2

cosh η
2 cos ψ2

sinh η
2 cos ψ2


 ,

ξi+− = 2 e
i
2
(θ−φ)




sinh η
2 cos ψ2

cosh η
2 cos ψ2

− sinh η
2 sin ψ

2

− cosh η
2 sin ψ

2


 , ξi++ = 2 e

i
2
(θ+φ)




sinh η
2 sin ψ

2

cosh η
2 sin ψ

2

sinh η
2 cos ψ2

cosh η
2 cos ψ2


 . (A.16)

As explained above, we should impose a symplectic-Majorana conditon on the spinors. In

the above basis, equation (A.9) implies:

ξ+++ = (ξ−−−)∗

ξ+−+ = (ξ−+−)∗

ξ−++ = (−ξ+−−)∗

ξ−−+ = (−ξ++−)∗

where the star is not the ordinary complex conjugation but the complex conjugation con-

dition as defined by the symplectic-majorana condition.

One can now identify the spinors ǫira as the generators of Giar , the supercharges of the

near horizon N = 4 superalgebra §3.2. The real combinations Qµ, Q̃µ, µ = 1, . . . , 4 are

generated by the combinations:

ζ1 = ξ+++ + ξ−−−,

ζ2 = −i
(
ξ+++ − ξ−−−

)
,

ζ3 = −i
(
ξ−++ + ξ+−−

)
,

ζ4 = ξ−++ − ξ+−−,

ζ̃1 = ξ+−+ + ξ−+−,

ζ̃2 = −i
(
ξ+−+ − ξ−+−

)
,

ζ̃3 = −i
(
ξ−−+ + ξ++−

)
,

ζ̃4 = ξ−−+ − ξ++−,

(A.17)

We can easily see that these killing spinors are real under the complex conjugation condition

defined by (A.9). As an instructive exercise take for example ζ1. The SU(2)′ components

are ζ1+ = ξ+++ and ζ1− = ξ−−−. Both are complex conjugate to each other

(ζ1+)∗ = −iε+− (σ1 × σ2) ζ
1−

(ζ1−)∗ = −iε−+ (σ1 × σ2) ζ
1+

Recall that the supersymmetry variations for fermions and scalars of the vector mul-

tiplets in Minkowski theory are [45]

δXI = ǫiΩI
i

δX
I

= ǫiΩ
Ii

δΩI
i = 2 6∂XIǫi +

1

2
εijFIµν−γµγνǫ

j + Y I
ijǫ

j + 2XIηi

δΩIi = 2 6∂XI
ǫi +

1

2
εijFIµν+γµγνǫj + Y Iijǫj + 2X

I
ηi
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where Ωi has positive chirality while Ωi has negative chirality. Changing basis from the ǫ

spinors to the ζ spinors using (A.10), we can reexpress the susy variations as

δXI = −(ζi+)†λIi+

δX
I

= −(ζi−)†λIi−

δλIi+ =
1

2
(F I−µν − 1

4
X
I
T−
µν) γ

µ γν ζi+ + 2i6∂XI ζi− + Y Ii
j ζj+

δλIi− =
1

2
(F I+µν − 1

4
XI T+

µν) γ
µ γν ζi− + 2i6∂XI

ζi+ + Y Ii
j ζj− (A.18)

where λ are related to Ω spinors by

Ωi = εijλ
j
− Ωi = −iλi+ . (A.19)

Under a transformation generated by ζi or ζ̃i, given in (A.17), we can show that the

action of δ2 is L− J or L+ J respectively

δ2XI = −(ζi+)†δλIi+ = 2i(ζi+)† 6∂XI ζi− (A.20)

δ2X
I

= −(ζi−)†δλIi− = 2i(ζi−)† 6∂XI
ζi+ (A.21)

where the remaining contractions vanish identically for the spinors chosen. After a straight-

forward computation we find

δ2XI = −2i(∂θ − ∂φ)X
I = 2(L− J)XI (A.22)

δ2X
I

= −2i(∂θ − ∂φ)X
I

= 2(L− J)X
I
. (A.23)

B Some aspects of the superconformal multiplet calculus

In this appendix, we shall summarize some aspects of the superconformal multiplet calculus

which we briefly presented in section 4. We shall first present the supersymmetry variation

of the various multiplets. We shall then present the invariant Lagrangian density formula

for a chiral multiplet. We shall then present the rule which defines the various components

of a scalar function of chiral superfields e.g. the prepotential superfield F(XI). These are

the basic ingredients that go into building the superconformal action. We shall borrow the

presentation of the recent [13] wherein a lot of these facts (and more) have been collected,

this can be referred to for more details.

The invariance of the bulk Lagrangian under the superconformal transformations are

well established, we provide these details for the sake of completeness. Using the same

transformations, in another appendix, we shall sketch the supersymmetry invariance of our

conjectured boundary action. This, as far as we know, is new, and there is scope to develop

it further.
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As in the text, ǫi and ηi denote the parameters of the Q and S supersymmetry trans-

formations. The transformation rules for a chiral multiplet of Weyl weight w are:

δA = ǫiΨi ,

δΨi = 2 /DAǫi +Bij ǫ
j + 1

2γ
abF−

ab εijǫ
j + 2wAηi ,

δBij = 2 ǫ(i /DΨj) − 2 ǫkΛ(i εj)k + 2(1 − w) η(iΨj) ,

δF−
ab = 1

2ε
ij ǫi /DγabΨj + 1

2ǫ
iγabΛi − 1

2(1 + w) εijηiγabΨj ,

δΛi = − 1
2γ

ab /DF−
abǫi − /DBijε

jkǫk + Cεij ǫ
j + 1

4

(
/DAγabTabij + wA /DγabTabij

)
εjkǫk

− 3 γaε
jkǫk χ[iγ

aΨj] − (1 + w)Bijε
jk ηk + 1

2(1 − w) γab F−
abηi ,

δC = − 2 εijǫi /DΛj − 6 ǫiχj ε
ikεjlBkl

− 1
4ε
ijεkl

(
(w − 1) ǫiγ

ab /DTabjkΨl + ǫiγ
abTabjk /DΨl

)
+ 2wεijηiΛj . (B.1)

The independent fields of the Weyl multiplet transform as follows,

δeµ
a = ǫi γaψµi + ǫi γ

aψµ
i ,

δψµ
i = 2Dµǫ

i − 1
8Tab

ijγabγµǫj − γµη
i

δbµ = 1
2ǫ
iφµi − 3

4ǫ
iγµχi − 1

2η
iψµi + h.c. + ΛaKeµa ,

δAµ = 1
2 iǫiφµi +

3
4 iǫiγµ χi +

1
2 iηiψµi + h.c. ,

δVµij = 2 ǫjφµ
i − 3ǫjγµ χ

i + 2ηj ψµ
i − (h.c. ; traceless) ,

δTab
ij = 8 ǫ[iR(Q)ab

j] ,

δχi = − 1
12γ

ab /DTab
ij ǫj + 1

6R(V)µν
i
jγ
µνǫj − 1

3 iRµν(A)γµνǫi +Dǫi + 1
12γabT

abijηj ,

δD = ǫi /Dχi + ǫi /Dχ
i , (B.2)

where

R(Q)µν
i = 2D[µψν]

i − γ[µφν]
i − 1

8 T
abij γab γ[µψν]j . (B.3)

Based on these two multiplets, one can write down a Lagrangian density for the chiral

multiplet which is invariant under the superconformal transformations:

e−1L =C − εij ψµiγ
µΛj − 1

8ψµiTab jkγ
abγµΨl ε

ijεkl − 1
16A(Tab ijε

ij)2

− 1
2ψµiγ

µνψνj Bkl ε
ikεjl + εijψµiψνj(F

−µν − 1
2AT

µν
kl ε

kl)

− 1
2ε
ijεkle−1εµνρσψµiψνj(ψρkγσΨl + ψρkψσj A) . (B.4)

This density is built such that the variation of the Lagrangian is equal to a total derivative

in spacetime.

The Lagrangian for vector multiplets is based on first viewing the gauge invariant

quantities of the vector multiplet as a reduced chiral multiplet with weight w = 1. The
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components are:

A|vector =X ,

Ψi|vector = Ωi ,

Bij |vector =Yij = εikεjlY
kl ,

F−
ab|vector =

(
δab

cd − 1
2εab

cd
)
ec
µed

ν ∂[µAν]

+ 1
4

[
ψρ

iγabγ
ρΩj +X ψρ

iγρσγabψσ
j −X Tab

ij
]
εij ,

Λi|vector = − εij /DΩj ,

C|vector = − 2�cX − 1
4F

+
ab T

ab
ijε

ij − 3χiΩ
i . (B.5)

The transformations of the vector multiplet are:

δX = ǫiΩi ,

δΩi =2 /DXǫi +
1

2
εijFµνγ

µνǫj + Yijǫ
j + 2Xηi ,

δAµ = εijǫi(γµΩj + 2ψµjX) + εijǫ
i(γµΩ

j + 2ψµ
jX) ,

δYij =2 ǫ(i /DΩj) + 2 εikεjl ǫ
(k /DΩl) . (B.6)

One then has to choose a meromorphic homogeneous function F of weight 2 and build

the multiplet F(XI) with lowest component F (XI). The components of this is given in

terms of the components of the vector multiplet as follows:

A|F =F (A) ,

Ψi|F =F (A)I Ψi
I ,

Bij|F =F (A)I Bij
I − 1

2F (A)IJ Ψ(i
IΨj)

J ,

F−
ab|F =F (A)I F

−
ab
I − 1

8F (A)IJ ε
ijΨi

IγabΨj
J ,

Λi|F =F (A)I Λi
I − 1

2F (A)IJ
[
Bij

IεjkΨk
J + 1

2F
−
ab
IγabΨk

J
]

+ 1
48F (A)IJK γ

abΨi
I εjkΨj

JγabΨk
K ,

C|F =F (A)I C
I − 1

4F (A)IJ
[
Bij

IBkl
J εikεjl − 2F−

ab
IF−abJ + 4 εikΛi

IΨj
J
]
,

+ 1
4F (A)IJK

[
εikεjlBij

IΨk
JΨl

K − 1
2ε
klΨk

IF−
ab
JγabΨl

K
]

+ 1
192F (A)IJKL ε

ijΨi
IγabΨj

J εklΨk
KγabΨl

L . (B.7)

C Boundary terms and supersymmetry of the renormalized action

In section 5.3, we conjectured the boundary action (5.43)

Sbdry = −2πr0

(
qI e

I
∗

2
+ i
(
F (XI

∗ ) − F (XI
∗ )
))

. (C.1)

so that Sren is finite. We also mentioned that this action is supersymmetric. In this

appendix, we shall discuss the action Sren, and show that it is supersymmetric.
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To motivate this, we note that we can rewrite Sren as the sum of two pieces

Sren = Sbulk + Sbdry + i
q

2

∮
A

=
(
Sbulk + S1

bdry

)
+

(
i

2
qI

∫ 2π

0
AIθ dθ + S2

bdry

)
, (C.2)

where we have split the boundary action (5.43) into a sum of two pieces:

Sbdry = S1
bdry + S2

bdry , (C.3)

S1
bdry = −

∫ 2π

0
i
[
F (X) − F (X)

]
bdry

eθθ dθ , (C.4)

S2
bdry = −

∫ 2π

0

qI
2

[
XI +X

I
]
bdry

eθθ dθ . (C.5)

Here, eθ̂ = sinh η0 is the induced vielbein on the boundary. To verfiy (C.3), we use

the same algebra used in (5.40), namely, an expansion of the field XI into its fixed part

XI
∗ and varying part which is O(1/r0), followed by a Taylor expansion and the use of

attractor equations.

With such a split of the action, the two pieces in (C.2) have a very natural interpreta-

tion as we discuss below. We will show further that each of them is finite and supersym-

metric, implying the same for Sren.

Recall that the bulk action (5.37) evaluated on the solution can be written as the

difference of two pieces

Sbulk = 2πir0

[
F
(
XI
)
− F

(
XI
)]

bdry
− 2πi

[
F
(
XI
)
− F

(
XI
)]

origin
. (C.6)

We see that Sbulk + S1
bdry is manifestly finite. Thus, S1

bdry has the natural interpretation

of a canonical boundary term which cancels the boundary part of the bulk action, so that

any variation of Sbulk + S1
bdry will be finite and not contain boundary terms.

The second piece of the boundary action combines with the Wilson line to give the

operator

exp

[
− i

2
qI

∫ 2π

0
AIθ dθ − S2

bdry

]
= exp

[
− i

2
qI

∫ 2π

0

(
AIθ + ieθθ (XI +X

I
)
)
dθ

]
(C.7)

This operator has the natural interpretation as the supersymmetric Wilson line of gauge

theory [59, 60]. Recalling the boundary behavior of the fields

− i

2
qI

∫ 2π

0
AIθ dθ = −π qI eI∗ r0(1 + O(1/r0)) , (C.8)

− i

2
qI

∫ 2π

0
ieθθ (XI +X

I
)dθ = π qI r0

(
XI

∗ +X
I
∗ + O(1/r0)

)
, (C.9)

= π qI e
I
∗ r0(1 + O(1/r0)) , (C.10)

it is easy to see that this operator is manifestly finite.
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Evaluated on the solutions AIθ = −ieI∗(r0 − 1), XI = XI
∗ + CI

r0
, X

I
= X

I
∗ + CI

r0
that

we consider in section 5, we see that the two pieces of the renormalized action (C.2) above

give the two pieces of the final renormalized action (5.44) which we found in section 5.3,

as indeed should happen.

In the rest of the appendix, we shall sketch the proof of supersymmetry of these two

operators. The supersymmetry of the operator (C.7) above follows from the transformation

rules of XI and AIµ of the vector multiplet (B.6). We use the fact that the Killing spinors

obey

ζi = εijγ
0ζj . (C.11)

The extra term in the variation of the vector field which is proportional to the gravitino is

cancelled by the variation of the vielbein in the definition of the super Wilson line. This is

the new ingredient in the super Wilson line of a gravitational theory compared to that of

gauge theory.

Now we come to the supersymmetry of the combination Sbulk + S1
bdry. The statement

that Sbulk is supersymmetric [10–12] really means that the variation of Sbulk is a boundary

term which can be ignored in certain circumstances. In our situation, there is a non-trivial

boundary, and therefore what we need to check is that the variation of the bulk Lagrangian

is indeed equal to the derivative of the boundary Lagrangian.

To investigate this, we need to understand the structure of the Lagrangian built using

the chiral superfield [48]. In the case of rigid supersymmetry, the variation of the top

component of the chiral superfield is a total derivative in spacetime, and therefore the top

component (picked by a chiral superspace integral) is an invariant Lagrangian. For chiral

superfields coupled to superconformal gravity, the transformation rules undergo a modifica-

tion and the derivatives become covariant derivatives, and there are additional terms in the

variation (B.1) of the top component C. The invariant Lagrangian density (B.4) contains

new terms whose variation cancel the additional non-derivative terms present in δC.

The net result of this procedure is that the variation of the invariant Lagrangian is

equal to the total derivative terms that are present in the variation of the top component

C of the chiral multiplet, i.e. essentially one can drop the extra terms which arise due to

the covariantization. As an example, the term proportional to the auxiliary field Bij in

δC contains χi which is an auxiliary field of the superconformal multiplet constrained to

be proportional to R(Q)i. This term is cancelled by the term proportional to Bij in the

higher corrections to the Lagrangian density (B.4) after solving for the auxiliary field χ in

terms of the gravitini.

Looking at the Q variation (B.1) of a chiral multiplet of weight w = 2, we see that the

variation of C contains two total derivative pieces

− 2εij /∂(ǫi Λj) , (C.12)

and

− 1
4ε
ijεkℓ

(
(/∂ǫi γ

ab Tabjk)Ψl + γab Tabjk /∂(ǫiΨℓ)
)

= −1
4ε
ijεkℓ /∂ (ǫi γ

ab TabjkΨℓ

)
. (C.13)
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In our problem where we have a bunch of vector multiplets, the way to build a La-

grangian is by using the homogeneous function F (XI). One first builds a chiral multiplet

F(XI) whose bottom component is F (XI), and then uses the invariant Lagrangian de-

scribed above for this chiral multiplet. The variation of our Lagrangian is therefore equal

to the total derivative terms that appear in the variation of the top component of the chiral

multiplet F(XI). Looking at the form of the components of this superfield (B.7), and then

substituting for the components of the reduced chiral multiplet (B.5), we find that the first

type of total derivative term from integration of (C.12) is

−2εji
∫

bulk
/∂(ǫjΛi)|F

= −2εji
∫

bulk
/∂
(
− ǫjF (X)I εik /DΩkI − 1

2ǫjF (X)IJ
[
Bij

IεjkΩk
J + 1

2ǫjF
−
ab
IγabΩk

J
]

+ 1
48ǫj F (X)IJK γ

ab Ωi
I εkℓ Ωk

Jγab Ωℓ
K
)
. (C.14)

We are interested in the bosonic part of the boundary counterterm Lagrangian. The

third term on the right hand side contains three fermions and so cannot appear from the

variation of a pure bosonic term, so we shall ignore that term here. The second term on

the r.h.s. proportional to FIJ is equal to the variation of FIJΩ
IΩJ minus a total derivative

term on the boundary. We can therefore drop this term since it is fermionic. Using the

variation δXI = ǫiΩI
i , the first term on the r.h.s. is proportional to the variation of the

derivative of FI , which integrates to zero on the closed boundary, and therefore does not

produce any boundary counterterms.

This leaves us with the second term (C.13) which gives rise to a boundary term

− 1
4ε
ijεkℓ

∫

bulk
/∂
(
ǫi γ

ab Tabjk Ψℓ|F
)

= −1
4ε
ijεkℓ

∫

bulk
/∂
(
ǫi γ

ab Tabjk F (X)I Ωℓ
I
)
. (C.15)

Now, the variation of Tabjk (B.2) is proportional to the curvature R(Q)ab which integrates

to zero on the boundary. Therefore, Tabjk can be treated as a constant on the boundary

for the purpose of supersymmetry variations. Plugging in the attractor value for Tabjk, and

using δXI = ǫiΩI
i again, and the Killing spinor relation (C.11), we see that the remaining

term (C.15) is equal and opposite to the variation of the boundary term S1
bdry, thus showing

that the supersymmetry variation of Sbulk + S1
bdry vanishes.
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