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Topological insulators exhibit unique properties due to surface states of massless Dirac fermions

with conserved time reversal symmetry. We consider the quantum capacitance under strain in an

external tilted magnetic field and demonstrate a minimum at the charge neutrality point due to

splitting of the zeroth Landau level. We also find beating in the Shubnikov de Haas oscillations due

to strain, which originate from the topological helical states. Varying the tilting angle from

perpendicular to parallel washes out these oscillations with a strain induced gap at the charge

neutrality point. Our results explain recent quantum capacitance and transport experiments. VC 2012
American Institute of Physics. [http://dx.doi.org/10.1063/1.4770000]

In recent years, progress in the realization of topological

insulators (TIs) has attracted much interest in condensed

matter physics.1–12 In general, due to strong spin-orbit inter-

action, TIs have an energy gap in the bulk and gapless con-

ducting surface states. By the conserved time reversal

symmetry these surface states are immune to defects, non-

magnetic impurities, and other environmental perturbations,

paving the way to non-dissipative applications. The disper-

sion is characterized by conical branches touching at a high

symmetry point of the first Brillouin zone. The surface states

of the compounds Bi2Se3; Sb2Te3, and Bi2Te3 are chiral

two-dimensional non-ideal Dirac fermions.8 Dirac fermions

can be seen in angle resolved photoemission experi-

ments9,10,13–16 and energy quantization of the surface states

has been confirmed by scanning tunneling spectroscopy.17,18

Along the same line, a two dimensional TI state19,20 was first

predicted and observed in HgTe quantum wells.2,3 Transport

measurements have demonstrated a vanishing bulk contribu-

tion to the electronic states in two dimensional HgTe.21

More recently, transport measurements of a 70 nm thick HgTe

film in a perpendicular magnetic field22 have explained the

Rashba-like splitting of the electronic bands.10 This splitting

is due to the strain induced by the substrate, which breaks the

inversion symmetry and results in an energy gap at the TI

surface.4,23

Our study is motivated by recent experiments on the

Bi2Se3 quantum capacitance12 and HgTe magnetotran-

sport.22 The quantum capacitance is an important tool for

accessing the electronic properties of solid state systems. Ca-

pacitance measurements have advantages over traditional

transport measurements in probing the thermodynamic den-

sity of states of an electron system,24 since they are less com-

plicated and sensitive to scattering details. Though TI

research has focused on transport properties, gaining insight

into the fundamental electronic properties and device physics

calls for a study of the capacitance-voltage characteristics. In

view of this, more attention is now being paid to electrostatic

properties such as the quantum capacitance. The present

work therefore explains experimental results12 and predicts

the effects of strain on the quantum capacitance of TIs.

An effective model to describe Dirac fermions on the

surface of a three dimensional TI is considered. The two

dimensional Dirac-like Hamiltonian incorporating strain

effects in a tilted magnetic field is10,22,25

H ¼ szvðrxPy � ryPxÞ þ szDI: (1)

Here, I is the identity matrix, rx and ry are Pauli matrices that

operate on the real spin space, sz ¼ þ=� defines the upper and

lower surfaces of the TI, v denotes the Fermi velocity of the

Dirac fermions, P ¼ pþ eA=c is the two-dimensional

canonical momentum with vector potential A, and c is the speed

of light. In addition, the strain energy D represents the inversion

symmetry breaking. We employ the Landau gauge and express

the vector potential as A ¼ ð0; xB cos h� zB sin h, 0), where z
is the TI film thickness. The energy of the Landau level n is

obtained as

Esz
0 ¼ szD; n¼ 0

Esz

n;k ¼ k�hx
ffiffiffi
n
p
þ szD; n 6¼ 0

(2)

with k ¼ þ=� for the electron and hole bands. Moreover,

szD is the splitting of the levels due to the strain and

x ¼ v
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2eB cos h=�h

p
is the cyclotron frequency of the Dirac

fermions, which depends on the tilting angle.

We consider a gated TI device where the capacitance is

formed between the gate and a thin TI. The quantum capaci-

tance CQ, i.e., the charge response in the channel as the chan-

nel potential is varied, is large in TIs, in fact the dominant

capacitive contribution, and thus is an important quantity for

device design. It can be written as CQ ¼ e2 DTðBÞ,24,26 where

DTðBÞ is the temperature dependent density of states at finite

magnetic field and can be determined from the relation,

DTðBÞ ¼
@nc

@EF
¼

ð1
0

de
@f ðE� EFÞ

@EF
DðEÞ: (3)

Here, nc is the carrier concentration, EF the Fermi energy,

and f(x) the Fermi Dirac distribution function. In the limit ofa)udo.schwingenschlogl@kaust.edu.sa. Tel.: þ966(0)544700080.
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zero temperature, we have DTðBÞ ¼ DðEFÞ, where the

DOS is defined as DðEÞ ¼ 1
2pl2

P
n;sz;k dðE� Esz

n;kÞ and l
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�h=eB cos h

p
is the magnetic length. Assuming a Gaussian

broadening (width C, zero shift) of the Landau levels, the

density of states per unit area is

DðEFÞ ¼
1

pl2

X
sz

1

C
ffiffiffiffiffiffi
2p
p exp �ðEF � Esz

0 Þ
2

2C2

" #(

þ
X
k;sz

X1
n¼1

1

C
ffiffiffiffiffiffi
2p
p exp �

ðEF � Esz

n;kÞ
2

2C2

" #)
: (4)

At the charge neutrality point (EF ¼ 0), we obtain

DðEF ¼ 0Þ ¼ 1

pl2

X
sz

1

C
ffiffiffiffiffiffi
2p
p exp �ðszDÞ2

2C2

" #

� 1þ 2
X1
n¼1

exp �ð�hx
ffiffiffi
n
p Þ2

2C2

" #( )
; (5)

which can be written as

DðEF ¼ 0Þ ¼ 4C

v2�h2p
ffiffiffiffiffiffi
2p
p exp � D2

2C2

� �
v

tanhv

� �
(6)

with v ¼ ð�hx
2CÞ

2
. Equation (6) applies to any magnetic field,

also to zero field for which we have v
tanhv ¼ 1. Clearly, there

is an energy gap at the charge neutrality point. We note that

CQ at the charge neutrality point reduces to the result

obtained in the absence of strain and tilting.24

We next show CQ in Fig. 1 as a function of the Fermi

energy (i.e., of the gate voltage) to address the splitting (at

the charge neutrality point) and beating (for higher Landau

levels), which are caused by the strain induced contribution

to the energy, see Eq. (2). The following parameters are

employed:10,12,22 D ¼ 4:2 meV, B¼ 3 T, h ¼ 0�; nc ¼ 5

�1015 m�2, and v ¼ 3� 105 ms�1. In order to make the ana-

lytical calculation tractable, we chose a constant level width of

C ¼ 0:7 meV. We see in Fig. 1 that there is a minimum in CQ

at EF ¼ 0 and that higher Landau levels show a beating

pattern. The latter traces back to mixing of neighboring

Landau levels, leading to two unequally spaced energy

branches in accordance with Eq. (2). The zeroth Landau

level splits into two levels with equal weights for the

electron and hole contributions, while all other Landau

levels show a well resolved beating pattern. In order to

observe this effect, the broadening of the Landau levels

must be less than the strain energy. To better understand

the splitting and beating pattern, the frequency of the

magnetic oscillations can be explored using the Poisson

summation formula. We obtain for Gaussian broadening

of the DOS for the n � 1 Landau levels,

DðEFÞ ¼
jEFj

p�h2v2
1þ2

X
sz

X1
k¼1

ð�1Þk exp � 2pkEF

ffiffiffi
2
p

C

�h2x2

� �2
" #(

� cos
2pk

�h2x2
ðEF� szDÞ2Þ

" #)
:

(7)

For C� �hx, it is sufficient to retain only the first order

term (k¼ 1), since contributions of the higher order terms

are highly damped. Equation (7) gives us the frequency of

the beating of the SdH oscillations for different tilting (as the

cyclotron frequency x depends on the field). Nodes occur

when the oscillatory part of Eq. (7) equals zero,

X
sz

cos
2p

�h2x2
ðEF � szDÞ2

� �
¼ 0: (8)

This can be simplified to

2 cos
2p E2

F

�h2x2

� �
cos

4pEF

�h2x2
D

� �
¼ 0; (9)

representing a wave with SdH frequency whose amplitude

oscillates at a lower frequency. This results in a beating pat-

tern when D� EF. The SdH frequency given by the first co-

sine term in Eq. (9) depends on the tilting angle as

�h2x2 ¼ v2�hð2eB cos hÞ. The amplitude of the SdH oscilla-

tions is modulated by cos
	

4pEF

�h2x2 D



such that nodes occur at
4EFD
�h2x2 ¼ 60:5;61:5;…. We note that the amplitude modula-

tion occurs when strain is present in the system. Moreover,

the threshold magnetic field where beating is seen depends

on the strain energy.

We can conclude that strain plays the main role in the

splitting of the SdH oscillations and formation of beating

patterns in quantum capacitance measurements. The former

appear in the high and the latter in the low magnetic field re-

gime, as shown in Fig. 2. Of course, splitting of the Landau

levels is also important for many other physical quantities

besides the quantum capacitance. Our results for h ¼ 0 are in

excellent agreement with recent HgTe experiments under

strain for low to high magnetic fields.22 The Boltzmann

transport equation for short range scattering can be obtained

from the Einstein relation in terms of the previously dis-

cussed density of states as rxx ¼ e2v2
FsDTðBÞ, where s is the

relaxation time. Both phenomena described in Ref. 22, split-

ting and beating, thus are explained by our theory.

Finally, we compare our results to the experimental

observations for the quantum capacitance in Ref. 12 for

FIG. 1. Quantum capacitance as a function of the Fermi energy at B¼ 3 T,

D ¼ 4:2 meV; h ¼ 0�, and C ¼ 0:7 meV. Black and red lines correspond to

zero and finite strain energy, respectively.
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D ¼ 0. We show CQ in Fig. 3 as a function of EF (i.e., the

gate voltage) for different tilting angles. The SdH oscilla-

tions are suppressed when the angle grows, since we are

decreasing the perpendicular component of the magnetic

field. When the magnetic field is almost completely aligned

with the surface, h � 80
�
, the SdH oscillations are washed

out. To explain this behavior, we study the period of the SdH

oscillations as a function of the tilt angle. Neglecting strain

effects, the tilt angle dependence results from the cosine

term in Eq. (7) as

DðB�1Þ ¼ e cos h
hnc

: (10)

When the magnetic field is fixed and the sample is rotated as

in the experiment in Ref. 12 then the SdH maxima and min-

ima change, which is shown in Fig. 3. According to Eq. (10),

the oscillations are washed out completely for h ¼ 90
�
. We

find that the results in Fig. 3 are consistent with the experi-

mental Fig. 4 in Ref. 12. The fact that the strain induced

splitting and beating depends on the effective magnetic field,

i.e., the tilt angle, causes a complex pattern of SdH oscilla-

tions, which we discuss next.

For finite strain, we show CQ as a function of EF for dif-

ferent tilting angles in Fig. 4. As the tilting angle increases,

the beating pattern of the SdH oscillations shifts from high to

low EF and vanishes when the magnetic field is fully aligned

with the surface. The strain induced energy gap at the charge

neutrality point is not affected by the direction of the mag-

netic field. Moreover, the tilted magnetic field mixes the

upper and lower surface states, whereas the strain mixes

neighbouring Landau levels. The described effects may be

confirmed by experiments similar to those in Ref. 12 when

strain is incorporated.

In conclusion, we have investigated the effects of strain

induced symmetry breaking on the quantum capacitance of

TIs in a tilted magnetic field. It turns out that splitting of the

Landau levels under strain leads to a minimum in the quan-

tum capacitance at the charge neutrality point. Evidence for

metal to insulator transitions and beating of the SdH oscilla-

tions is found. A splitting occurs when the subband broaden-

ing is much smaller than the Landau level separation (high

magnetic field regime), whereas we obtain a beating pattern

when the subband broadening is of comparable size (weak

magnetic field regime). Furthermore, when the magnetic

field changes from perpendicular to parallel the SdH oscilla-

tions are washed out. However, the strain induced gap at the

charge neutrality point remains unaffected.
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