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Abstract

We present and analyse a theoretical proposal to demonstrate quantum control of

a single qubit. Quantum control is the measurement and correction of a quantum

system. The quantum system is measured, and the dynamics of the system are

altered, based on the measurement results. In classical control, it is of benefit to

acquire as much information about the system as possible. This is not the case with

quantum control, as any measurement of the system results in back-action noise due

to the measurement. In quantum control it is possible to know too much. We perform

a theoretical characterisation of the performance of the quantum control scheme in

protecting the quantum state from noise and investigate the optimal measurement

strength. Our scheme is compared with two alternative approaches: doing nothing

to measure or correct the system; or using a classical-like discriminate-and-replace

scheme. The optimality of the quantum control scheme is also investigated. Finally,

we propose a prototype experiment to demonstrate this scheme with polarisation

encoded photonic qubits.
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Chapter 1

Introduction

Feedback control is integral to the development of most modern technologies. It

is responsible for the stable operation of complex devices that would otherwise be

unstable due to disturbances, noise, variability in fabrication of parts, and many

other imperfections.

As devices get smaller, they enter a regime where their behaviour becomes quan-

tum mechanical in nature. Rather than search for ways to avoid these quantum

behaviours, we can try to use them to our advantage to make further technological

advances. For example, quantum computers rely on such quantum behaviours and

would benefit from smaller features in solid state systems. Quantum systems are

known to be even more susceptible to noise than classical systems and they will

require some form of control. We will see in this thesis that classical control will

not suffice and that a new theory, a theory of quantum control, will need to be

developed.

In this thesis, an experimentally feasible scheme to demonstrate the quantum control

of a single qubit is proposed. Before this can be done, we must cover a number

of necessary concepts. A basic introduction to classical control and the theory

of quantum measurements is given in this chapter. The concepts from these two

sections are then used when we introduce quantum control. The chapter finishes

with a review of previous work conducted in theoretical and experimental quantum

control.

1.1 Classical Control

Control is the measurement and alteration of a system based on the results of the

measurement. Much of today’s technology relies on the stabilisation of inherently

unstable systems. This is done by making a measurement on that system, then

feeding back the information gained from the measurement, to alter the system

based on the measurement results. This process can be carried out repeatedly or

continuously.

1
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An example of a device which uses control is the thermostat. When on an oven is

turned on and set to a certain temperature T , a signal is sent to a device in the

oven which runs a current through the element. When the temperature reaches

T , the thermostat sends a signal to switch off the current. After some time the

temperature begins to fall and the thermostat sends another signal to switch on the

current which runs through the element, which increases the temperature in the oven

again. This process is repeated while the oven remains turned on. The thermostat

can in principle measure the temperature with arbitrary accuracy. In fact, the more

accurate the measurement, the better the control scheme.

This example demonstrates the main ideas behind classical control: measurement,

feedback and correction. In classical physics, we want to gain as much information

about a system as possible. When formulating the theory of quantum control we will

need to take some ideas from classical control. However, the important difference

in quantum physics is that the measurement of a system will disturb its state.

Therefore, in quantum control we need to find a way to make measurements on a

system without disturbing it too much. In pursuing this goal we will make use of

weak measurements: measurements which allow us to gain adequate information

about a system without disturbing it more than is necessary.

Before moving onto quantum control, we first need to introduce some properties of

quantum measurements.

1.2 Quantum Measurement

In this section, we will discuss a number of quantum measurements including the

weak measurements that will be used in the quantum control scheme. The concept

of distinguishability in quantum mechanics is also introduced.

1.2.1 Projective Measurements

A projective measurement is a measurement which projects a system onto an

eigenspace of an observable M . The observable has the following spectral decompo-

sition:

M =
�

m

Pm (1.1)

where Pm is the projector onto the eigenspace of M with eigenvalue m [1].

If we were to measure the state |ψ�, the probability of getting the result m would

be given by

pm = �ψ|Pm|ψ� (1.2)
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and given that the outcome m occurred, the state of the system immediately after

measurement is

Pm|ψ�√
pm

. (1.3)

We will sometimes use the phrase, ‘to measure in a basis {|m�}’. This means to

perform a projective measurement with projectors Pm = |m��m|, as opposed to

some other decomposition of M .

For rank-one projectors, the post-measurement state is |m�. Consider an example

of a projective measurement on the single qubit state |φ� = (|0� + |1�)/
√

2. If we

were to make a measurement on the state in the computational basis (measure in

the basis {|0�, |1�}) then the probability of getting the outcome 0 is

p0 = �φ|P0|φ� (1.4)

=

� �0| + �1|√
2

�

|0��0|
�

|0� + |1�√
2

�

(1.5)

=
1

2
. (1.6)

Similarly p1 = 1/2. Given that the measurement result was 0, the state of the

system immediately after measurement is

P0|φ�√
p0

=
|0��0| |0�+|1�√

2
�

1
2

(1.7)

= |0� . (1.8)

Similarly, if the measurement result was 1, the state of the system immediately after

measurement is |1�.

1.2.2 QND Measurements

In quantum mechanics, any measurement that acquires information about a system

must necessarily disturb that system. Quantum non-demolition (QND) measure-

ments allow for this type of measurement to be made by keeping the back action

noise entirely within unwanted observables [2].

The standard way to perform a QND measurement is to employ the use of a meter

system. By coupling the system to be measured (the signal system) to the meter

system, the states become entangled. By performing a measurement of the meter

system, we can acquire information about the signal system due to the entanglement
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between the two systems [2].1

Typically, QND measurements are projective, which means that even though the

measurements do not destroy the state of interest, they still alter the state by col-

lapsing it into an eigenstate of the observable [3].

1.2.3 Weak Measurements

It was shown by Pryde et al. [4] that by employing the use of a controlled-not

(cnot) gate, which we will define in the next section, it is possible to perform a

QND measurement, on a single qubit, with variable strength. We are calling this

type of measurement a weak measurement.

A weak measurement can be made by varying the level of entanglement between

the signal and meter states. When the states are completely entangled and the

meter state is measured, a projective measurement with maximum measurement

strength (a QND measurement) is made on the signal state. If the entanglement

is varied such that the signal and meter states are no longer entangled, then the

measurement of the meter state provides no information about the signal state and

does not disturb the state of the system. This is essentially a weak measurement

with the measurement strength ‘turned off’. By varying the measurement strength,

there is a trade-off between the amount of information one can gain about a system

and the disturbance to that system.

In the quantum control scheme proposed in this thesis, the state of the meter is

rotated after the entanglement. This does not vary the level of entanglement between

the states — it varies the measurement basis of the meter, essentially enabling us

to ‘ignore’ the entanglement between the states when we make the measurement.

1.2.4 Distinguishability

If one attempts to distinguish between two non-orthogonal states, there is no way

that this can be done with certainty due to the laws of quantum physics. Consider

two non-orthogonal states of a qubit:

|0� and |+� ≡ |0� + |1�√
2

. (1.9)

These two states can not be distinguished with certainty because the state |+� can be

decomposed into a non-zero component parallel to |0� and an orthogonal component

1Note that in the implementation example, when we use quantum optics, the meter and signal
states will be photons. This means that the measurement on the meter photon will have to be a
destructive measurement because all optical measurements are based on photodetection.
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to |0� [1]. If we measure in the {|0�, |1�} basis, then a measurement of |0� will always

give the result 0; and a measurement of |+� will give the result 0 with probability 1/2

and the result 1 with probability 1/2. If we make our measurement and the result

is 1, then we can determine that the state was |+� (it could not have been |0�);
however if the result is 0, then we have no way of knowing which state we measured.

If we try to make the measurement in the {|+�, |−�} basis, then the same problem

arises as the measurement of |0� will give the result ‘+’ with probability 1/2 and

the result ‘−’ with probability 1/2.

In quantum control, we want to measure a system and correct the state of the

system, based on the measurement results. If the system can be in one of two non-

orthogonal states, then this measurement will not distinguish between these two

states with certainty.

1.3 Quantum Control

In classical physics, there is no fundamental reason why a control scheme would

not want to acquire as much information about a system as possible. This is not

the case in quantum physics. The very act of measuring the system will necessarily

disturb it due to back-action noise resulting from the measurement [5, 6]. We saw

from the example in section 1.2.1 that a measurement on the state |φ� could give

the result 1 or 0 with equal probability. The measurement result gives only some

information about the state before the measurement. Any information we acquire

about the system will not completely describe the original state of the system since

it will be different from the state it was in before the measurement. In addition,

we can not distinguish between two non-orthogonal states with certainty, as we saw

from the example in section 1.2.4.

This presents a problem as one of the key steps in a control scheme is measurement.

For a quantum control scheme to be successful, we require the right type of mea-

surement. In quantum control, destroying the state or projecting it onto another

state will result in a loss of information contained in the state. If we can acquire

information about a state after it has been perturbed by noise without disturbing

it too much, we can correct it back to its initial state, allowing the information

contained in the state to be preserved.

A weak measurement is a good choice of measurement; however, even with a weak

measurement there will still be some influence on the system due to the measurement.

By varying the strength of the measurement, we can control how much we disturb

the system. If we make a measurement with minimum strength (no measurement)

then there is no disturbance to the system; however, we do not gain any information

about the state of the system. Increasing the measurement strength, we find that

there is a trade-off between the amount of information one can gain about the state of
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a system and the disturbance caused to the system. A measurement with maximum

strength (a projective measurement), will maximally disturb the system and the

probability of the result is strongly dependant on the previous state of the system.

This behaviour leads us to believe that there will be an optimum measurement

strength between the two extremes.

We need to find the optimal weak measurement which gives sufficient information

about the system so that it can be controlled, while minimising the disturbance to the

system.

1.4 Previous Work in Quantum Control

In this section, we will discuss a number of theoretical and experimental advances

made in quantum control. Although the field of quantum control is in its infancy, the

literature is by no means limited to the examples given in this brief summary. We will

discuss a few of the pioneers in theoretical quantum control, some state-of-the-art

experiments and a theoretical paper containing the idea of optimal measurements,

which is also the theme of this thesis.

The pioneering theoretical work in quantum control was done in the 1980s by

Belavkin, who formulated a complete mathematical theory of quantum mechani-

cal feedback systems [7]. This was followed by the first papers in quantum optics

discussing quantum limited feed back. Caves and Milburn [8] present a way to de-

scribe a continuous or ‘dynamic’ measurement of position then modify the basic

model to include feedback to stabilise the position and momentum. Wiseman and

Milburn were the first to explore the noise reducing capabilities of feedback in quan-

tum optical systems [9]. The theory in [9] describes quantum-limited feedback of a

homodyne current to control an optical cavity.

A theoretical proposal by Thomsen et al. [10] describes a technique for spin squeez-

ing via coherent and continuous feedback. The scheme shows how one can prepare

unconditional, or deterministically reproducible, spin squeezed states. The subse-

quent experiment was performed by Geremia et al. [11] where they used real-time

feedback during a quantum non-demolition experiment of atomic spin-angular mo-

mentum.

Geremia et al. [12] recently showed that one can make sensitive measurements of

the magnetic field, at the Heisenberg limit, using spin squeezing. In this paper, the

uncertainty of one spin component is redistributed into the orthogonal spin compo-

nent. It was shown that one can construct a Kalman filter2 that optimally estimates

the field magnitude from continuously observed conditional atomic dynamics.

2The Kalman filter is a set of mathematical equations that provides an efficient computational
means to estimate the state of a process, in a way that minimises the mean of the squared error
[13].
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Smith et al. [14] used quantum feedback to suppress the oscillations of the electric

field in an optical cavity. An atom in the cavity is coupled to a weak field. When

a single photon escapes from the cavity, the oscillations of the valence electron

of the atom increase, and after some time, these oscillations are transferred to the

coupled field. The detection of the photon triggers a pulse which changes the driving

frequency such that the oscillations of the field are suppressed for the duration of

the pulse. When the pulse is turned off, the oscillations return with the same phase

and amplitude information.

In a paper of particular interest in the context of this thesis, Doherty and Jacobs

[15], discuss the theory behind measuring the position of an oscillator (for example,

a trapped atom or a moving mirror forming one end of an optical cavity). In this

paper, a laser incident on the oscillator results in a phase shift in the beam, allowing

a continuous measurement of the position of the oscillator. By integrating the mea-

surement signal it is possible to make an estimate of the position and momentum

of the oscillator. Then on the basis of these estimates, it is possible to apply the

appropriate force, proportional to the momentum, in the opposite direction to cool

and confine the oscillator. In theme with the ideas within this thesis, high accu-

racy in the position measurement of a quantum system results in large variance in

the momentum of that system. This means that in contrast with classical physics,

quantum mechanically there will be an optimum measurement accuracy.

1.5 Thesis Structure

In this chapter, we covered some of the basic concepts of classical and quantum

control. Chapter 2 introduces the formalisms that are used throughout this thesis.

We begin with the qubit formalism used in quantum information when representing

general quantum systems, then see how this ties in with the polarisation encoding

formalism used in quantum optics where the quantum systems are no longer general,

but single photons.

The quantum control proposal is discussed in Chapter 3, where we demonstrate how

to model dephasing noise and the control system’s behaviour. We then show how the

quantum operations from Chapter 2 are used to perform the required measurements,

feedback and correction.

Chapter 4 explores our scheme in comparison to doing nothing to the system and

letting it evolve under dephasing noise. The quantum control scheme is also com-

pared to a scheme where one discriminates between two possible states then replaces

the states based on the results of the measurement. This discriminate-and-replace

scheme is how one would go about correcting the states classically. The optimality

of the quantum control scheme is also investigated.
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In Chapter 5, we demonstrate how the proposed quantum control scheme could be

implemented as a quantum optics experiment. We also explore which optical ele-

ments are required to build the quantum circuit, as well as discuss available sources

and how the dephasing noise and feedback can be implemented experimentally.

1.6 Summary

Classical control plays an enormous role in modern technologies. Without feedback

control, it would be nearly impossible to stabilise the systems required to build

these technologies. We have already discussed how quantum systems break some of

the assumptions behind classical control. The main point in this discussion is that

a measurement of a quantum system necessarily disturbs it. Therefore, unlike in

classical control, it is not always best to acquire as much information as possible

about a quantum system.



Chapter 2

Formalism

In this chapter, we will cover the different formalisms used throughout this thesis.

The chapter begins with how two-dimensional states can be represented and manip-

ulated in the language of quantum information. We then introduce how to represent

the quantum states by using the polarisation of a photon in optics. We also discuss

how one can translate between these formalisms.

2.1 Qubit Formalism in Quantum Information

Classical computation and classical information revolve around the fundamental

concept of a mathematical object called a bit1. A bit can be realised as a physical

system with two distinct states, 0 or 1. In quantum computation and quantum

information, we make use of the analogous quantum bit or the qubit. A qubit is a

two-dimensional Hilbert space for a two level system. The system can be assigned

the state |0� or |1�, where {|0�, |1�} is an orthonormal basis, which correspond to

the classical states 0 and 1 [1]. An unusual property of the qubit is that it can

also take on states which are in a superposition of |0� and |1�, a phenomenon that

is a characteristic of quantum physics. Such a state can be written as a linear

combination of states:

|ψ� = α|0� + β|1� (2.1)

where α and β are complex numbers. The state |ψ� is required to be a unit vector,

�ψ|ψ� = 1, therefore it is a requirement that |α|2 + |β|2 = 1. This is often known as

the normalisation condition for state vectors. We can also represent |ψ� in vector

form as:

|ψ� =

�

α

β

�

or �ψ| = [α∗ β∗] . (2.2)

1A bit is a binary digit.

9
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Alternatively, we can represent a state |ψ� as a density operator :

ρ = |ψ��ψ| (2.3)

= (α|0� + β|1�) (α∗�0| + β∗�1|) (2.4)

= |α|2|0��0| + |β|2|1��1| + αβ∗|0��1| + α∗β|1��0| (2.5)

or as a density matrix :

ρ =

�

|α|2 αβ∗

α∗β |β|2

�

. (2.6)

If the state |ψ� is known with certainty, ρ = |ψ��ψ| is said to be in a pure state,

otherwise, it is said to be in a mixed state [1].

2.1.1 The Pauli Matrices

The Pauli matrices are 2 × 2 matrices that are often used in quantum information

and quantum computation. They can be used to make transformation on states.

The Pauli matrices are

I =

�

1 0

0 1

�

X =

�

0 1

1 0

�

Y =

�

0 −i

i 0

�

Z =

�

1 0

0 −1

�

. (2.7)

I is known as the identity matrix while X and Z are sometimes referred to as a bit

flip and a phase flip, respectively. Y is equal to XZ, up to an overall, irrelevant

phase, and can be thought of as both a bit flip and a phase flip. The Pauli matrices

are Hermitian (H† = H) and unitary (U †U = I), which makes them useful in

operator expansions.

Figure 2.1 shows the effect of the Pauli matrices on an arbitrary qubit state.

X

Y

Z

α|0〉 + β|1〉

α|0〉 + β|1〉

α|0〉 + β|1〉

α|1〉 + β|0〉

iα|1〉 − iβ|0〉

α|0〉 − β|1〉

Figure 2.1: The Pauli matrix transformations on an arbitrary qubit state.
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2.1.2 The Bloch Sphere

The Bloch sphere formalism provides a useful way in which to visualise the state

of a single qubit. However it is limited as there is no simple generalisation of the

sphere for multiple qubits [1]. The state in equation 2.1 can be rewritten as:

|ψ� = cos θ
2 |0� + eiϕ sin θ

2 |1� (2.8)

where θ and ϕ are real numbers which define a point on the three-dimensional Bloch

sphere [1], as shown in figure 2.2. Pure states lie on the surface of the Bloch sphere

and mixed states are found inside the sphere.

x

z

y

!

"

j i#

Figure 2.2: Bloch sphere representation of a qubit.

It is conventional to define a set of states which are eigenstates of X, Y , and Z, the

axes of the Bloch sphere. The states at the poles of the sphere are |0� and |1�, as

shown in figure 2.3. The other states are linear combinations of these states:

|+� =
|0� + |1�√

2
(2.9)

|−� =
|0� − |1�√

2
(2.10)

|+i� =
|0� + i|1�√

2
(2.11)

|−i� =
|0� − i|1�√

2
, (2.12)

and are also shown in figure 2.3.

Any mixed state inside the sphere can be decomposed into a mixture of two pure

states |ψ� and |φ� on the surface of the sphere, such that the mixed state lies on a
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x

z

y

j i0

j i1

j i+i

j i-

j i-i

j i+

Figure 2.3: The six eigenstates of X, Y and Z, the axes of the Bloch sphere.

line joining the pure states:

ρ = p|ψ��ψ| + (1 − p)|φ��φ| (2.13)

where p is a coefficient which determines the weighting of each state. This is shown

on a 2-d cross section of the Bloch sphere in figure 2.4. Furthermore, any mixed

state on the inside of the sphere can be decomposed into pure states in an infinite

number of ways.

x

y

j i!

j i"

#

Figure 2.4: Any mixed state ρ inside the sphere can be decomposed into a mixture of two

pure states |ψ� and |φ� on the surface of the sphere.
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If we know the density matrix ρ for a given state |ψ�, we can calculate the Bloch

sphere coordinates for that state.

x = Tr{ρX} (2.14)

y = Tr{ρY } (2.15)

z = Tr{ρZ} (2.16)

where �r = (x, y, z) satisfies ||�r|| ≤ 1. Likewise, we can calculate ρ, given the real x,

y and z coordinates:

ρ =
I

2
+

1

2

�

xX + yY + zZ
�

. (2.17)

The completely mixed state I/2 is at the center of the sphere. Two states are

orthogonal when they lie at opposite points on the sphere. For example, the states

|0� and |1� are orthogonal, as are the states |+� and |−�.

2.1.3 Single-Qubit Gates

The Pauli matrices can also be used to construct unitary rotation operators:

Xθ = eiθX/2 = cos θ
2I + i sin θ

2X =

�

cos θ
2 i sin θ

2

i sin θ
2 cos θ

2

�

(2.18)

Yθ = eiθY/2 = cos θ
2I + i sin θ

2Y =

�

cos θ
2 sin θ

2

− sin θ
2 cos θ

2

�

(2.19)

Zθ = eiθZ/2 = cos θ
2I + i sin θ

2Z =

�

e+iθ/2 0

0 e−iθ/2

�

. (2.20)

These operators rotate the state by an angle θ about the x, y and z axes of the

Bloch sphere.2 Notice that Yθ and Zθ are Hermitian while Xθ is not.

2.1.4 Two-Qubit Gates

Apart from having gates which act on one qubit, there are also gates that act on

two qubits.

In section 2.1.1, we introduced the Pauli-X matrix which acts on one qubit. The

Pauli-X matrix is also known as the not gate and it takes 0 → 1 and 1 → 0. In this

section we will introduce the controlled-not gate, or cnot. The cnot acts on two

2To avoid confusion, note that the Pauli matrices are X, Y and Z while the rotation matrices
have subscripts which denote the angle of rotation Xθ, Yθ and Zθ.
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qubits, one known as the control and the other as the target. If the control qubit

is |1�, the cnot acts as a not gate on the target qubit and takes |0� → |1� and

|1� → |0�. If the control is |0�, then the cnot does nothing to the target qubit. We

can represent the cnot in matrix form as follows:

cnot =









1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0









. (2.21)

The cnot is written with respect to the amplitudes |00�, |01�, |10� and |11�, in that

order. Figure 2.5 shows how the cnot acts on two qubits.

|1〉

α|0〉 + β|1〉

|1〉

α|1〉 + β|0〉

|0〉

α|0〉 + β|1〉

|0〉

α|0〉 + β|1〉

Figure 2.5: The cnot gate acts like a not on the target (⊕) qubit when the control (•)

qubit is in the state |1� and leaves the target qubit unchanged if the control qubit is |0�

There exist other two-qubit gates. However, we are particularly interested in the

cnot as, together with local unitaries, it is universal and forms a building block of

quantum circuits [1]. In addition, if the control is in a superposition state, the cnot

is entangling between the control and the target states.

2.2 General Transformations

The most general transformation on a single qubit state can be represented as a

quantum operation:

ρ� = E(ρ) =
�

k

EkρE†
k (2.22)

where the operation elements Ek satisfy the completeness relation
�

k E†
kEk = I,

and are therefore trace preserving. E(ρ) takes the state ρ in the input Hilbert space

Hin to the state ρ� in the output Hilbert space Hout, and is called positive if it takes
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a positive operator (an operator whose eigenvalues are non-negative) to a positive

operator. The representation on the right of equation 2.22 is known as the operator

sum representation [1].

It is sometimes beneficial to represent the transformation E by a positive, Hermitian

operator K, in the following way.

If we know E(ρ), we can define K:

K = (I ⊗ E)(|ψ+��ψ+|) (2.23)

=
�

k

(I ⊗ Ek)|ψ
+��ψ+|(I ⊗ Ek)

† (2.24)

where K acts on Hin ⊗Hout, |ψ
+� =

�

j |j�|j�/
√

d and |j� is the basis. Likewise, if

we know K, we can find E(ρ):

E(ρ) = Trin{(ρ
T ⊗ I)K} . (2.25)

E is completely positive if it takes a positive operator to a positive operator while

acting on a subspace of the density matrix. E and K contain the same information

and if E is completely positive and trace preserving, then K must obey the following

constraints [16, 17]:3

K ≥ 0 (2.26)

Trout{K} = Iin . (2.27)

2.3 Polarisation Encoding in Optics

One method of encoding a photonic qubit is to use two orthogonal polarisations of a

single photon. We can represent a photonic qubit on the Poincaré sphere (see figure

2.6), the polarisation equivalent of the Bloch sphere. Table 2.1 shows how the states

on the Poincaré sphere are equivalent to the states on the Bloch sphere.

The Poincaré sphere is analogous to the Bloch sphere, however a different convention

is used in optics where right (R) and left (L) circular polarisations are placed at the

poles of the Poincaré sphere. This means that the R-L axis actually corresponds to

the y axis on the Bloch sphere. If we compare the sphere in figure 2.6 to the sphere

in figure 2.3, we see that the y and z axes have been swapped, however, this is only

a matter of convention.

Single photon qubits are well defined and since, at optical frequencies, the environ-

ment is a vacuum the qubits are decoupled from the environment. If the qubits are

3A clear and concise discussion of this is presented in [18].
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Bloch sphere Poincaré sphere

|0� |H� horizontal polarisation
|1� |V � vertical polarisation
|+� |D� diagonal polarisation
|−� |A� anti-diagonal polarisation
|+i� |R� right circular polarisation
|−i� |L� left circular polarisation

Table 2.1: The states on the Bloch sphere can be written as equivalent states on the

Poincaré sphere.

encoded in polarisation, then all single qubit gates can be done with passive, linear

optics, for example, wave plates. It is still difficult to construct two qubit gates in

optics, however this can be done non-deterministically and has been demonstrated

by a number of groups [4, 19, 20, 21, 22]. Therefore, we have chosen to propose

our quantum control scheme to be implemented with single photons, as the tools

required for our scheme are already well developed in optics. In the rest of this sec-

tion we will outline the optical elements required to construct the gates introduced

in the previous section.

x

y

z

R

L

VH

D

A

Figure 2.6: Different polarisations of light can be represented on the Poincaré sphere. The

six eigenstates of X, Y and Z are horizontal (H), vertical (V), diagonal (D), anti-diagonal

(A), right (R) and left (L) circular polarisations.
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2.3.1 Beamsplitters

A beamsplitter is a partially reflective optical element which reflects some of the

incident light and transmits the rest (assuming no absorption). The amount of

light reflected is represented by the intensity reflection coefficient �. Consider the

beamsplitter shown in figure 2.7.

A
in A

out

B
in

B
out

Figure 2.7: Conceptual diagram of a beam splitter. Ain and Bin represent the input modes

while Aout and Bout represent the output modes.

In quantum mechanics, we assume that the input beams are travelling beams de-

scribed by the operators Ain and Bin. The beam splitter can be simply described by

a transformation from the two input mode operators into two output mode operators

Aout and Bout [23]:

�

Bout

Aout

�

=

� √
�

√
1 − �

−
√

1 − �
√

�

� �

Ain

Bin

�

. (2.28)

The ‘−’ sign comes from the choice of beamsplitter convention. The usual choice is

to set three relative phases to zero and the fourth to π. The normal explanation is

that one of the reflected waves has a phase shift of 180◦ with respect to all other

waves [23], which is one choice of phase convention that satisfies conservation of

energy. It is not difficult to see that for � = 1 and � = 0, the output modes are

�

Bout

Aout

�

=

�

Ain

Bin

�

and

�

Bout

Aout

�

=

�

Bin

−Ain

�

(2.29)

respectively.

The beamsplitter turns out to be equivalent to a Yθ rotation:

B(θ) ≡ Yθ = eiθY/2 =

�

cos θ
2 sin θ

2

− sin θ
2 cos θ

2

�

. (2.30)
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Again, it is not difficult to see that for θ = 0 and θ = π, the output modes are the

same as in equations 2.29. When θ = π/2, the output will be an equal superposition

of Ain and Bin, corresponding to a 50/50 (� = 1/2) beam splitter .

2.3.2 Wave Plates

Experimentalists can make qubits in the lab in the form of polarisation-encoded

photons. They manipulate the photons using wave plates. There is no optical

element which will apply a transformation like the matrices introduced in section

2.1, however, it is possible to construct such rotations by arranging a series of wave

plates in a particular order. The most common wave plates are quarter-wave plates

(QWP) and half-wave plates (HWP). One can align the optical axis of the wave plate

with one of the axes on the linear polarisation circle of the Poincaré sphere. The

HPW and QWP rotate the states on the sphere about the optical axis by 90◦ and

180◦ respectively. The following matrix representations of the wave plates assume

that the optical axis is the H − V axis.

Q =

�

1 0

0 −i

�

(2.31)

H =

�

1 0

0 −1

�

. (2.32)

However, we can rotate the optical axis parallel to any linear polarisation (anywhere

on the equator). The wave plate operations can be generalised to three steps [24]:

first apply a rotation about the R-L axis by some angle φ; then apply a wave plate;

and then apply another rotation by some angle −φ:

Q(φ) = R(−φ) Q R(φ) (2.33)

H(φ) = R(−φ) H R(φ) . (2.34)

Armed with these general wave plate operations, we can construct the rotations

from section 2.1:

Xθ = Q(0) H(−θ
2 ) Q(0) =

�

cos θ
2 i sin θ

2

i sin θ
2 cos θ

2

�

(2.35)

Yθ = H(−θ−π
4 ) H( θ−π

4 ) =

�

cos θ
2 sin θ

2

− sin θ
2 cos θ

2

�

(2.36)

Zθ = Q(π
2 ) H(π+θ

2 ) Q(π
2 ) =

�

e+iθ/2 0

0 e−iθ/2

�

. (2.37)

We want to implement our quantum control scheme experimentally in optics. The
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states will be encoded in the polarisation of single photons, and beam splitters and

wave plates will be used to construct the required one and two qubit gates. This is

discussed in chapter 5.

2.4 Summary

Throughout this thesis, we will make use of mainly two types of formalisms: the qubit

formalism used in quantum information; and the polarisation encoding formalism

used in quantum optics. In the qubit formalism, we make use of the Bloch sphere as

a way of visually representing a single qubit. Qubits are an abstraction that allows

for a generic description of the states quantum systems. In optics, we can represent

a single qubit using the orthogonal polarisations of a single photon and all single

qubit rotations can be implemented by a number of half and quarter-wave plates.

We will use the qubit formalism to present and analyse the quantum control scheme

and then translate the scheme to the polarisation encoding formalism when we

propose the prototype optics experiment.
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Chapter 3

Quantum Control Proposal

This chapter introduces the quantum control scheme. We describe how we can model

the system and noise using the quantum information formalism introduced in the

previous chapter.

Consider a system that encounters some noise and its state is perturbed. If the state

of the system before the noise is known, we do not need to correct the noisy system,

we can simply reprepare the system in the original state. A procedure that truly

demonstrates quantum control must necessarily function on two or more possible

states that cannot be easily distinguished.

noise weak
meas.

fix

feedback

compare

j i! "

Figure 3.1: Conceptual diagram of the quantum control procedure. The state (represented

by an arrow) |ψ� goes through some noise, gets measured using a weak measurement and

then is corrected based on the results of the weak measurement. The output state ρ is

compared with the input state |ψ� to characterise how well the scheme works.

We propose a scheme which reduces the effects of noise, through a feedback control

procedure, on a system that can be prepared in one of two possible states. Consider

two parties, Alice and Bob. Alice wants to send a series of systems, each prepared

in one of two non-orthogonal states to Bob. These non-orthogonal states can be

used to demonstrate the use of our scheme, because there is no way that two non-

orthogonal states can be precisely distinguished by measurement. If the states were

21
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orthogonal, the scheme would be unnecessary, as it would be possible to distinguish

the states, by using a measurement in the basis constructed out of the orthogonal

states to be distinguished, and replace them.

This approach uses classical control concepts and we can use it to attempt to dis-

tinguish the two non-orthogonal states and then reprepare the state based on the

results. This will work to some degree but is not necessarily the best possible ap-

proach. The quantum approach is to do the opposite and not distinguish the states.

If we can find out how the state was perturbed, then we can correct it without

actually knowing which state the system was in to begin with.

When Alice sends one of the states to Bob, the state will decohere as it passes

through a noisy channel. Bob will use the QND scheme described to perform a

weak measurement on the state. He will then attempt to correct the system to its

original state based on the measurement results. The performance of the quantum

control scheme can be characterised by comparing Bob’s state with Alice’s original.

A conceptual diagram for this procedure is shown in figure 3.1.

The scheme we are proposing is shown in figure 3.2. We will explain the scheme in

detail in the following sections.

E

Yχ

Z±η|ψ〉
s

|0〉
m

ρs

Quantum control scheme

Y

E

Figure 3.2: Circuit diagram of the quantum control proposal. The signal state |ψ�s is sent

through a noisy channel E . The quantum control scheme consists of everything inside the

dashed box: The noisy signal state ρs and the meter state |0�m are entangled using the

entangling gate E, the strength of the measurement is set using the rotation Yχ and the

meter state is measured. Based on the measurement results, we either apply a Y to the

signal state and then a rotation Z−η or we skip the Y and go straight to the rotation Zη

which corrects the signal state.

3.1 Initial Input States

As discussed previously, Alice will randomly send one of two non orthogonal states

to Bob. These states are required to be non-orthogonal so that they can not be
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distinguished with certainty. To ensure non-orthogonality between states, the inner

product of the states must be non-zero. The two states that Alice will prepare are:

|ψ1�s = cos θ
2 |+� + sin θ

2 |−� (3.1)

|ψ2�s = cos θ
2 |+� − sin θ

2 |−� (3.2)

where |±� = (|0�±|1�)/
√

2 and θ is an angle on the Bloch sphere, as shown in figure

3.3. The subscript s denotes that this is the system state (as opposed to the meter).

Any two states can be expressed in this form, with the right form of Bloch sphere

coordinates, for example |φ� = sin θ/2|0� ± cos θ/2|1�. The inner product between

|ψ1�s and |ψ2�s is

s�ψ1|ψ2�s = (cos θ
2 �+| + sin θ

2 �−|)(cos θ
2 |+� + sin θ

2 |−�) (3.3)

= cos2 θ
2 − sin2 θ

2 (3.4)

= cos θ (3.5)

which is nonzero except when θ = π/2. The angle θ determines the orthogonality

between the states. From figure 3.3, we can see that this is what would be expected,

as an angle of θ = π/2 puts the states along the z axis. We have chosen the states

to lie on the x-z plane for reasons which will become apparent when we discuss the

noise model and measurement techniques later in this chapter.

y

z

x

!

j i"#

j i0

j i1

j i"$

!

Figure 3.3: The initial states |ψ1�s and |ψ2�s. Alice will send one of these states to Bob.

The signal states can be represented as density matrices, ρs1 = |ψ1�s�ψ1| and

ρs2 = |ψ2�s�ψ2|, respectively. As Alice will randomly send either ρs1 or ρs2, the
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state of the signal can be represented as an equal mixture of the two states,

ρs = 1
2ρs1 + 1

2ρs2. (3.6)

The density matrix ρs is the description of the state for someone who does not know

which state Alice chooses, as it takes both possible states into consideration.

3.2 Dephasing Noise

As a system propagates, it will necessarily be affected by noise. We have chosen

to use dephasing (defined below) as a simple model of this noise. Dephasing noise

commonly occurs in physical systems, for example a photon propagating through an

optical fibre experiences dephasing.

Mathematically, we can think of the dephasing noise as applying a phase flip on

the state with some probability p and doing nothing to the state with probability

(1 − p). The quantum operation that is implemented by this noise process is:

E(ρ) = p(ZρZ) + (1 − p)ρ . (3.7)

Our goal is to pass our system of two non-orthogonal states through the noise, then

try to control the system. In the previous section, we chose to prepare the non-

orthogonal states symmetric about the equator. This is the best way to prepare

two non-orthogonal states for this scheme as the dephasing noise acts in a way that

allows a measurement of the effect of the noise without gaining any information

about the state of the system.

To gain an intuitive understanding of what effect the noise has on a state, let us

first consider a state |+� along the x axis (see figure 3.4). We will define the density

matrix for this state as σ = |+��+|. In this example we will make the probability

of a phase flip p = 1/4. This means that 25% of the time, the state will be flipped

and 75% of the time, the state will remain unchanged. Using equation 3.7 and the

vector representation from equation 2.17,

E(σ) = 1
4(ZσZ) + 3

4σ

= 1
4Z( I

2 + 1
2X)Z + 3

4( I
2 + 1

2X)

= 1
4( I

2 − 1
2X) + 3

4( I
2 + 1

2X)

= I
2 + 1

4X

= I
2 + 1

2x�X

where the new component along the x axis is x� = 1/2.
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From figure 3.4, we can see that this results in the state being shortened along the

x axis by a factor of 1/2.

3
4σ 1

4(ZσZ) E(σ)

x

z

y
j i!

j i0

j i1

x

z

Zj i!

j i0

j i1

x

z

yE"#$

j i0

j i1

y+ =

Figure 3.4: Decomposition of the dephasing noise into E(σ) = p(ZσZ) + (1 − p)σ, for

p = 3/4.

An equivalent way to describe the noise process is a rotation of the state about the

z axis by some angle α half of the time, and a rotation of the state about the z

axis by some angle −α the remaining half of the time. The angle α is related to

the probability p such that p = sin2(α/2). It is easier to follow the derivation which

proves this if we work backwards.

E(ρ) = 1
2ZαρZ†

α + 1
2Z−αρZ†

−α

= 1
2eiαZ/2ρe−iαZ/2 + 1

2e−iαZ/2ρeiαZ/2

= 1
2

�

cos α
2 I + i sin α

2 Z
�

ρ
�

cos α
2 I − i sin α

2 Z
�

+1
2

�

cos α
2 I − i sin α

2 Z
�

ρ
�

cos α
2 I + i sin α

2 Z
�

= sin2 α
2 ZρZ + cos2 α

2 ρ

If we now substitute sin2(α/2) = p then we get

E(ρ) = p(ZρZ) + (1 − p)ρ

Figure 3.5 shows that this alternate way describing the dephasing noise produces

the same result as in figure 3.4. In this example, α = π/3 which corresponds to

p = 1/4.
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1
2Zπ/3σZ†

π/3
1
2Z−π/3σZ†

−π/3 E(σ)

x

z

y

j i0

j i1

x

z

Zj i!

j i0

j i1

x

z

yE"#$

j i0

j i1

y+ =% %

Z&%j i!Z%j i!

Figure 3.5: Decomposition of the dephasing noise into E(σ) = 1

2
ZασZ†

α
+ 1

2
Z−ασZ†

−α
, for

α = π/3.

For a more general state |ψ�, the noise has the effect of shortening the state along

the x axis of the Bloch sphere while leaving the z component of the state unchanged,

as is shown in figure 3.6.

Figure 3.7 shows what the dephasing noise of p = 0.3 does to every state on the

surface of the Bloch sphere. The z component of the states remains unchanged,

while the x and y components get shortened by a factor of 1 − 2p [1].

The effect of the dephasing noise on the two possible input states is to shorten the

states along the x axis by the same amount, while keeping the Euclidean distance

between the states the same — that is, keeping the straight line between the points

on the Bloch sphere the same.

3.3 Measurement

In this section, we will introduce the quantum control scheme. In Chapter 1, we

determined that making a weak measurement on the signal system enables one to

perform feedback control on the system, based on the results of this measurement.

The quantum operation used to perform this type of measurement is an entangling

gate E (see figure 3.8) which sets up correlations between the signal state and the

meter state.

In chapter 1, we discussed the use of a controlled-not (cnot) gate and an ancillary

meter state to perform weak measurements on the signal state. We will prepare the

meter system in the state:

|ψ�m = |0�m . (3.8)
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y

z

x

!

j i"

j i0

j i1

!’

#’
Zj i"

Figure 3.6: Bloch sphere representation of the effect of dephasing noise on a state |ψ�.
The noise has the effect of shortening the state along the x axis of the Bloch sphere while

leaving the z component of the state unchanged. θ is the original angle on the Bloch sphere.

When the state is shortened, the angle becomes θ�. Notice that the viewing angle has been

rotated from the viewing angle used in previous figures.

Returning to the scenario from the beginning of this chapter: Alice will randomly

select either |ψ1� or |ψ2� to send to Bob. The dephasing noise can be thought of

as rotating the state she sends about the z axis by α and −α. We assume that

the dephasing channel has been previously characterised and we know what α is.

In our quantum control scheme, we do not want to gain information about which

of the states she sent. In fact, we want to avoid acquiring this information, but

nevertheless we want to determine the effect of the noise.

If we think of the noise in terms of rotations, then in a way, the scheme works

by gaining information about which way the noise rotated the state about the z

axis. The noise has the same effect on both states, rotating them such that the y

component is the same in each state. By making a measurement along the y axis,

we can gain maximal information about the noise and no information about which

state the signal was in. A detector is used to measures the state of the meter system,

giving the result 0 or 1 depending on which state it measures.

If the meter state is measured immediately after entanglement, we perform a com-

pletely projective measurement on the signal state. However, if we add a rotation

on the meter state about the y axis by an angle χ, we can vary the strength of the

measurement.

When χ = 0, there is no rotation and the measurement remains projective, project-

ing the state onto either |+i� or |−i�. As χ increases, the measurement becomes

weaker: the signal state is still rotated about the z axis, lengthened and brought

closer to the equator, but not as much as for a projective measurement. One can
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a) b)

Figure 3.7: a) All states on the surface of the Bloch sphere before noise and b) all states

after noise (p = 0.3). The dephasing noise leaves the z component of the states unchanged

while shortening the x and y components of the states by a factor of 1 − 2p [1].

Xπ
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Figure 3.8: The entangling gate used to set up correlations between the signal and meter

states.

think of this as ‘partially projecting’ the state. At χ = π/2, there is no measurement

and the signal state is unaffected. This is shown in figure 3.9.

To ensure that the final state is as similar to the initial state as possible, the final

state should be as pure as possible and the angle from the equator should be as

similar as possible to the initial angle θ. The stronger the measurement, the longer,

and therefore more pure, the state becomes. However, the state also becomes closer

to the equatorial plane. There is an optimal measurement strength which optimises

the trade-off between the pureness and the position of the state.
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Figure 3.9: Bloch sphere representation of the effect on the signal state by a measurement

of the meter state. The measurement shown here yields the result 0. For measurements

yielding the result 1, the behaviour would be symmetric in the x-z plane. a) The state

before noise; and b) the state after noise. The state also looks like this when χ = π

2
and no

measurement is made. c) 0 < χ < π

2
. A weak measurement partially projects the state into

|−i� d) χ = 0. A strong measurement complectly projects the state into |−i�.
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3.3.1 Example of a Weak Measurement

Let us consider a simpler example by working in the {|0�, |1�} basis. If we have a

signal system in the state |φ�s = α|0�s + β|1�s and the meter system in the state

|φ�m = |0�m, they can be entangled using the cnot. Writing the combined signal-

meter state in vector form:

|φin�sm = α|0�s|0�m + β|1�s|0�m =









α

0

β

0









(3.9)

and applying the cnot, we get:

|φout�sm =









1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

















α

0

β

0









=









α

0

0

β









= α|0�s|0�m + β|1�s|1�m . (3.10)

At this point, a Yχ rotation to determine the measurement strength would be applied,

but since we want to first consider the case where a strong measurement (χ = 0) is

made, the rotation simplifies to a 4 × 4 identity matrix. Measuring the state in the

{|0�, |1�} basis, results in a projective measurement that projects the signal state

into |0� when the measurement of the meter state yields the result 0, and projects

the signal state into |1� when the measurement yields the result 1.

At the other extreme, to make the weakest measurement (no measurement), a Yπ/2

rotation is applied to the meter state after entanglement.

|φout�sm =
1√
2









1 1 0 0

−1 1 0 0

0 0 1 1

0 0 −1 1

















α

0

0

β









=
1√
2









α

−α

β

β









=
α|0�s + β|1�s√

2
|0�m − α|0�s − β|1�s√

2
|1�m . (3.11)

If a measurement of the meter gives the result 0, then the signal will be in the

state (α|0� +β|1�)/
√

2. However, if the measurement gives the result 1, a phase flip

needs to be applied to the signal state, which then also results in the signal being

in the state (α|0� + β|1�)/
√

2. As expected, no measurement of the meter state

gives no information about the state of the signal. One can imagine that when χ is
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somewhere between 0 and π/2, there will be some, but not total, measurement and

some, but not total, ‘projection’.

In the quantum controls scheme, where the states are represented in the {|+�, |−�}
basis, one can construct an equivalent but slightly messier argument. This introduces

two minor changes to the process: a Pauli-Y operation is applied to the signal state

(instead of a phase flip) when a measurement of the meter state gives the result 1;

and two X±θ rotations need to be applied to the signal state, before and after the

cnot.

3.4 Correction

After the measurement strength is determined by applying Yχ, the density matrix

for the signal state is

ρs =









1
2(1 + sin θ sin χ) 1

2(cos χ sin η

+(1 − 2p) cos η cos θ sin χ)
1
2(cos χ sin η

+(1 − 2p) cos η cos θ sinχ) 1
2(1 − sin θ sin χ)









. (3.12)

The last step in the procedure is to correct the state based on the result of the

measurement. The state is corrected by rotating it about the z axis on the Bloch

sphere by an angle η. Depending on whether the measurement result was 1 or 0, the

state will be rotated either left or right. We can see from figure 3.9 that the angle

of rotation η is

tan η =
y

x
. (3.13)

We can calculate x and y from the density matrix in equation 3.12 using equations

2.14 and 2.15:

x = (1 − 2p) cos θ sin χ (3.14)

y = cosχ . (3.15)

This gives an equation for η in terms of the noise p, the angle on the Bloch sphere

θ and the measurement strength χ:

tan η =
1

(1 − 2p) cos θ tanχ
. (3.16)

We can calculate η, because we have previously characterised the dephasing noise.

When we perform the experiment, we only need to determine if the angle of rotation

was +η or −η. Figure 3.10 shows what the state looks like after a measurement that
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yields the result 0 and after the state is corrected by rotating it about the z axis of

the Bloch sphere by an angle η. The corrected state in figure 3.10 b) may at first

look very much like the noisy state, before measurement and correction, in figure

3.9 b) but the corrected state is in fact more pure and closer to the original state

than the noisy state.

a) b)
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Figure 3.10: Bloch sphere representation of the state a) after measurement and b) after

correction. Notice that the sphere in part a) is the same as the sphere in figure 3.9 c).

3.5 Summary

In this chapter, we discussed the proposed quantum control scheme. One of two

possible non-orthogonal states is sent from one party to another. The possible

states are required to be non-orthogonal to demonstrate the need for a quantum

control scheme. After being sent, the states will inevitably encounter noise which

we have modelled as dephasing noise.

The key thing about the quantum control scheme is that it relies on acquiring

information about the effect of the noise rather than learning anything about the

state of the system. We make use of an ancillary meter state by entangling it with a

signal state and performing a weak measurement by measuring the meter state. We

can correct the signal state, based on the information gained from this measurement

which tells us about how the signal state was perturbed.

To characterise how well our quantum control scheme works, we want to compare

the corrected output state in figure 3.10 b) with the initial input state in figure 3.9

a). This will be the topic of the next chapter.



Chapter 4

Performance and

Characterisation

To characterise how well our scheme performs at controlling the state, we need to

compare the measured and corrected state with the initial input signal state. One

way that this can be done is by calculating the fidelity between the two states.

The fidelity is a measure that determines how similar two quantum systems are

[1]. We use the fidelity to see how well our scheme performs when compared with

two scenarios: the state is sent through the noisy channel and we do not attempt

to measure or correct it at all; and the state is sent through the noisy channel

and we correct it using a classical-like discriminate-and-replace technique. We also

investigate the optimality of the quantum control scheme.

4.1 Fidelity and its Properties

The fidelity between two states ρ and σ is defined to be:

F (ρ, σ) =

�

Tr
�

�√
ρσ

√
ρ
�

�2

. (4.1)

This can be simplified for a pure state σ = |ψ��ψ| and an arbitrary state ρ as follows:

F (|ψ�, ρ) = Tr {ρ|ψ��ψ|} (4.2)

= �ψ|ρ|ψ� . (4.3)

The fidelity ranges from 0 to 1 and is a measure of how much two states overlap

each other. If two states ρ and σ overlap each other completely (ρ = σ) the fidelity

is 1. If the states do not overlap each other at all (they are orthogonal to each other)

then the fidelity is 0.

33
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We will examine how the classical schemes perform and then compare them with

the quantum control scheme.

4.2 No Measurement or Correction

The first and most obvious comparison to see how well the quantum control scheme

performs is to compare it to the case where we leave the state alone and hope for

the best.

In this case, we take the input states

ρin1 = |ψ1��ψ1| (4.4)

ρin2 = |ψ2��ψ2| (4.5)

where

|ψ1� = cos(θ/2)|+� + sin(θ/2)|−� (4.6)

|ψ2� = cos(θ/2)|+� − sin(θ/2)|−� (4.7)

and apply the same noise to them as in the quantum control scheme, then see how

close the noisy output states compare with the initial input states. The output

states are

ρout1 = E(ρin1) (4.8)

ρout2 = E(ρin2) . (4.9)

The fidelity between the input and output states is given by:

FN = �ψ1|ρout1|ψ1� (4.10)

= �ψ2|ρout2|ψ2� (4.11)

since ρin1 = |ψ1��ψ1| and ρin2 = |ψ2��ψ2|.

After some simplification, we get

FN = 1 − p cos2 θ . (4.12)

Figure 4.1 shows how FN varies with p and θ. There are several limiting cases that

are easily explained. It can be seen from figure 4.1 that when p = 0, the fidelity

is 1 for all values of θ. This is because when there is no noise, the state does not

get perturbed, and as one would expect, the output state is the same as the input

state. When θ = π/2, the fidelity is also 1 for all values of P . In this case, both

states begin along the z axis and the dephasing noise rotates the state about the z
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Figure 4.1: The fidelity between the input state and the noisy output state where the

output state has not been measured nor corrected. Note that the z axis has been scaled to

range from 0.9 − 1. The fidelity reaches 0.5 when p = 0.5 and θ = 0.

axis, therefore, any state along that axis will also be unperturbed. When θ = 0, the

noise maximally perturbs the states and when p = 0.5, there is a maximum amount

of noise perturbing the state. This results in a completely mixed state and a fidelity

of 1/2, however we have not shown this in figure 4.1.

4.3 Discriminate-and-Replace Scheme

As discussed previously: Alice will randomly send one of two states to Bob. The

state she sends will encounter some noise, therefore, a scheme which will return the

noisy state as close as possible to the original pure state, is required.

The classical control strategy is to attempt to learn as much information as possible

about the system. Such a scheme would consist of making a measurement to deter-

mine which state Alice sent and then recreating that state based on the results of

the measurement. This requires the measurement of an observable which minimises

the error about which state the system is in, that is, a measurement which distin-

guishes between the two states [25]. This type of measurement was first proposed

by Helstrom [26] and is known a Helstrom measurement.1

4.3.1 Helstrom Measurement

In this section, we will apply the optimum discrimination measurement to our sce-

nario [27]. Consider two states |ψ1� and |ψ2�, in Hilbert space, each occurring with

probabilities P1 and P2.

1A clear and easy to follow discussion of this is given in [27].
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Figure 4.2: States involved in the Helstrom measurement. |ψ1� and |ψ2� are the input

states, |µ1� and |µ2� are unknown states which make up an orthonormal basis for the

optimum measurement and |2� and |3� are arbitrary basis states.

The states |µ1� and |µ2� are unknown states which make up an orthonormal basis

for the optimum measurement. To be able to perform this optimum measurement,

it is necessary to calculate what |µ1� and |µ2� are.

Consider two arbitrary states |2� and |3�, which make up another orthonormal basis.

It can be easily seen from figure 4.2 that the states |ψ1�, |ψ2�, |µ1� and |µ2� can be

written in terms of this basis:

|ψ1� = cosσ|2� + sinσ|3� (4.13)

|ψ2� = cosσ|2� − sin σ|3� (4.14)

|µ1� = sin τ |2� + cos τ |3� (4.15)

|µ2� = cos τ |2� − sin τ |3� . (4.16)

The probability of making a correct measurement is given by [27]:

P0 =
2

�

i=1

Pi|�ψi|µi�|2 (4.17)

= P1 cos2(σ − τ) + P2 sin2(σ + τ) . (4.18)

In our scheme, the probability of Alice sending each of the states is P1 = P2 = 1/2,

therefore, P0 reduces to:

P0 = 1
2

�

1 + sin(2σ) sin(2τ)
�

(4.19)

To optimise the probability of making a correct measurement, we need to calculate

when P0 is maximum. Taking the derivative of P0 with respect to τ and equating it
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to zero will give a number of values for τ . The derivative is:

dP0

dτ
= cos(2τ) sin(2σ) (4.20)

and is equal to zero when τ = π/4, 3π/4, . . . This reveals the turning points of P0,

but in order to find the maxima, the negative region of the double derivative of P0

with respect to τ is required:

d2P0

dτ2
= −2 sin(2σ) sin(2τ) . (4.21)

d2P0/dτ2 is negative when

τ =
π

4
and 0 < σ <

π

2
(4.22)

τ =
3π

4
and

π

2
< σ < π . (4.23)

The region of interest is when 0 < σ < π
2 , therefore we choose τ = π

4 and equations

4.15 and 4.16 become:

|µ1� =
|2� + |3�√

2
(4.24)

|µ2� =
|2� − |3�√

2
. (4.25)

Now that we know what the measurement basis looks like in terms of our arbitrary

basis, we would like to translate it into how it will look on the Bloch sphere. Rear-

ranging equations 4.13 and 4.14, we can write the basis states |2� and |3� in terms

of the states |ψ1� and |ψ2�:

|2� =
|ψ1� + |ψ2�

2 cos σ
(4.26)

|3� =
|ψ1� − |ψ2�

2 sin σ
. (4.27)

We also know that the states |ψ1� and |ψ2� can be written as:

|ψ1� = cos θ
2 |+� + sin θ

2 |−� (4.28)

|ψ2� = cos θ
2 |+� − sin θ

2 |−� (4.29)

where |±� = (|0� ± |1�)/
√

22.

2The reader may notice that we are using the pure input states for this derivation rather than
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We can now rewrite |µ1� and |µ2� in terms of states on the Bloch sphere. We make

use of the fact that an angle in Hilbert space is equal to half that angle on the Bloch

sphere, which in this case means that σ = θ/2.

|µ1� =
|2� + |3�√

2
(4.30)

=
|ψ1� + |ψ2�
2
√

2 cos σ
+

|ψ1� − |ψ2�
2
√

2 sin σ

=
cos θ

2√
2 cosσ

|+� +
sin θ

2√
2 sin σ

|−�

=
|+� + |−�√

2
= |0�

Similarly |µ2� = |1�. This corresponds to making a measurement along the z axis of

the Bloch sphere. This shows that the best way to distinguish between two states

symmetric about the equatorial plane is to make a measurement along the z axis of

the Bloch sphere.

4.3.2 Fidelity

The probability of making a correct measurement, shown in equation 4.17, becomes:

P0 =

2
�

i=1

Pi|�ψi|i�|2 (4.31)

where |ψ1� and |ψ2� are defined in equations 4.28 and 4.29. This simplifies to:

P0 = 1
2(1 + sin θ) . (4.32)

Using this probability, we can calculate the average fidelity for the best classical

scheme.

FC = P0 + (1 − P0)|�ψ1|ψ2�|2 (4.33)

= 1 + 1
2(sin3 θ − sin2 θ) (4.34)

where the first term in equation 4.33 refers to the probability of making a correct

measurement multiplied by the fidelity when the measurement is correct (F=1);

the noisy mixed states. The justification for this will become apparent at the end of the derivation,
where we find that, for this scheme, the Helstrom measurement is along the z axis and, therefore,
independent of the noise p, since the noise does not affect the z component of the states. We present
the derivation for pure input states as it is easier to follow, yet produces the same result.
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and the second term refers to the probability of making an incorrect measurement

multiplied by the fidelity when the measurement is incorrect.

Figure 4.3 shows how the fidelity depends on the angle θ. We see that the fidelity is

independent of the amount of noise p. To understand why this is the case, we must

consider the noise model we are using. The dephasing noise has an effect on the x

and y component of the states but leaves the z component unchanged. By making

the Helstrom measurement along the z axis of the Bloch sphere, the statistics of the

Helstrom measurement are independent of the amount of noise. At θ = π/2, the

two states are orthogonal which means that they can be distinguished with certainty.

This results in the state being recreated perfectly each time and a fidelity of 1 for

all values of p. When θ = 0, the states can not be distinguished, but we will always

recreate the state with certainty regardless of the result of the measurement because

the states begin equivalent to each other. This also results in a fidelity of 1 for all

values of p.
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Figure 4.3: The fidelity for the discriminate-and-replace scheme.

We have calculated the fidelity between the input and output states for the case

where the input state evolves under the effect of the noise with no measurement

or correction; and the case where we discriminate between the two possible states

and replace the state based on the results of that discrimination. We now want

to calculate the fidelity for the quantum controls scheme where we avoid learning

anything about the states themselves, but attempt to gain as much information as

possible about the effect of the noise on the states.

4.4 Quantum Control Scheme

To characterise the quantum control scheme, we calculate the fidelity between the

input state and the measured and corrected output state. Using equation 4.3, it can
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be shown that the fidelity for our scheme is:

FQC = 1
2

�

1 + sin2 θ sin χ + cos θ

�

1 − (1 − (1 − 2p)2 cos2 θ) sin2 χ

�

. (4.35)

We can see that FQC is a function of p, θ and χ. For each p and θ, there is an

optimum measurement strength χopt which gives the highest fidelity. By taking the

derivative of FQC with respect to χ, setting the derivative equal to zero and solving

for χ, we get an expression for the optimum measurement strength χopt, which is

itself a function of p and θ.

χopt = arcsin

�

sin4 θ

(1 − (1 − 2p)2 cos2 θ)2 cos2 θ + (1 − (1 − 2p)2 cos2 θ) sin4 θ

�

1
2

.

(4.36)

Substituting χopt for χ in equation 4.35, we get the following expression for the

optimum fidelity:

FQCopt = 1
2



1 +

�

cos2 θ +
sin4 θ

1 − (1 − 2p)2 cos2 θ



 . (4.37)

Figure 4.4 shows the optimum fidelity for our quantum control scheme.
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Figure 4.4: The fidelity between the input state and the measured and corrected output

state for the quantum control scheme.

Notice that the fidelity is 1 for three limiting cases. When p = 0, there is no noise

so the state is not perturbed, resulting in unity fidelity for all values of θ. When

θ = π/2, the states are orthogonal and start off along the z axis so the noise which

rotates the states about the z axis does not affect the states, again resulting in unity

fidelity for all values of p. To see why the fidelity is 1 for θ = 0 requires a little more

thought: the quantum control scheme is set up to make a measurement with the
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optimum measurement strength χopt. In this case the two states are the same state

and the optimum measurement is a projective measurement which will project the

state into either |+i� or |−i�. Regardless of the measurement result, the state will

be pure after the measurement and when we correct the state, we rotate it about

the z axis by η = π/2, therefore it always returns to the original state. This results

in a fidelity of 1 for all values of p.

In the next section, we will compare the fidelity for the quantum control scheme to

the above-mentioned schemes.

4.5 Comparing the Fidelities for the Schemes

When compared to the two schemes described in this chapter, our quantum control

scheme always performs with an equal or higher fidelity. This can be seen in figure

4.5, where we have shown the fidelities for: a) leaving the state unmeasured and

uncorrected; b) the discriminate-and-replace scheme; and c) the quantum control

scheme where we do not distinguish between the states but instead use weak mea-

surements to determine the perturbation to the state and correct it based on the

measurement results.

a) b) c)
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Figure 4.5: The fidelities for the three schemes that are being compared: a) sending the

state through the noisy channel and doing nothing to measure and correct it; b) sending

the state through the noisy channel and using the discriminate-and-replace scheme to fix it;

and c) sending the state through a noisy channel and using the quantum control scheme to

correct it.

To confirm that our scheme does in fact have a higher fidelity, we can take the

difference between the quantum control scheme and the best of the two schemes we

are comparing with.

Fdif = FQC − max(FN, FC) . (4.38)

Figure 4.6, shows that Fdif is always positive, which means that the quantum control

scheme always has a higher fidelity. The quantum control scheme performs signifi-
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cantly better in the region where 0.05 < p < 0.3 and 0.3 < θ < 1, that is when there

is less noise and for states which are closer together on the Bloch sphere, but not

too close.
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Figure 4.6: The difference between the fidelity for the quantum control scheme and the

best of the two schemes being compared with the quantum control scheme: a) shows the

same aspect as figure 4.5; and b) shows the same plot as a), rotated. The difference is always

positive, which means that the quantum control scheme does in fact always have a higher

fidelity.

In the next section we will show that our scheme not only performs better when

compared to the schemes described above, but is actually the optimal quantum

control scheme.

4.6 Optimal Quantum Control

We have shown that the proposed quantum control scheme performs better at pro-

tecting a quantum state than the discriminate-and-replace scheme. But is this quan-

tum control scheme the best that we can do? The answer to that question is yes!

We will show that our quantum control scheme is in fact optimal.

Throughout this thesis, we have been considering the following scenario: Alice sends

one of two non orthogonal states |ψ1� or |ψ2� to Bob. On the way there, the state

encounters some noise and becomes a mixed state ρ1 or ρ2. We want to find the

closest physically realisable transformation to the map that takes ρ1 and ρ2 in the

input Hilbert space back to |ψ1� and |ψ2� in the output Hilbert space. To do this,

we need to find a linear map Q(ρ), which needs to be completely positive and trace-

preserving (CPTP) to satisfy physical realisability, where

Q(ρ1) = ρ�1 (4.39)

Q(ρ2) = ρ�2 (4.40)
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To optimise the map, we must maximise the average fidelity between Q(ρ) and the

desired state [28]. This means that we want to maximise the average fidelity between

the states ρ�1 and ρ�2 and the input states |ψ1� and |ψ2�.3 The average fidelity is:

F = 1
2 �ψ1|ρ

�
1|ψ1� + 1

2 �ψ2|ρ
�
2|ψ2� (4.41)

= 1
2 �ψ1|Q(ρ1)|ψ1� + 1

2 �ψ2|Q(ρ2)|ψ2� . (4.42)

Using equation 2.25, we get:

F = 1
2 �ψ1|Trin{(ρ

T
1 ⊗ I)K}|ψ1� + 1

2 �ψ2|Trin{(ρ
T
2 ⊗ I)K}|ψ2�

= 1
2Trout{Trin{(ρ

T
1 ⊗ I)K}|ψ1��ψ1|} + 1

2Trout{Trin{(ρ
T
2 ⊗ I)K}|ψ2��ψ2|}

= 1
2Tr{KρT

1 ⊗ |ψ1��ψ1|} + 1
2Tr{KρT

2 ⊗ |ψ2��ψ2|}

= Tr{KR} (4.43)

where

R = 1
2(ρT

1 ⊗ |ψ1��ψ1| + ρT
2 ⊗ |ψ2��ψ2|) . (4.44)

The problem has now been formulated as an optimisation problem where we want

to

maximise Tr{KR} (4.45)

K ≥ 0 (4.46)

Trout{K} = Iin . (4.47)

This problem is non-linear and has not yet been solved analytically, however, it was

shown in [28] that this type of problem belongs to a well-studied class of optimisation

problems called semi-definite programs (SDP).

This problem can be cast as the primal problem [28], which is a minimisation of a

linear function of real variable x ∈ Rm, subject to a matrix inequality:

minimise cT x

F0 +

m
�

i=1

xiFi ≥ 0 (4.48)

where F (x) is positive semi-definite. The problem data are c ∈ Rm and the m + 1

real symmetric matrices Fi. Any solution which satisfies the above constraint will

give a primal value p while the minimum solution will give the optimal primal value

3A note on the labelling of states: When we are talking about the noise process then |ψ1� and
|ψ2� are the input states and ρ1 and ρ2 are the output states. However, when we are taking about
the map which takes the states ρ1 and ρ2 to the states ρ�

1 and ρ�
2 then we call ρ1 and ρ2 the input

states and ρ�
1 and ρ�

2 the output states.
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p∗.

Knowing the form of a primal problem, we can always reformulate it as a dual

problem:

maximise Tr{F0Z}

Z ≥ 0 (4.49)

Tr{FiZ} = ci, i = 1 . . . m (4.50)

where the variable is the real symmetric (or Hermitian) matrix Z, and the data c.

Fi are the same as in the primal problem. Any solution will give a dual value d,

while the maximum will give the optimal dual value d∗.

An important property of SDPs is that they exploit the inequality

d ≤ d∗ ≤ p∗ ≤ p . (4.51)

We will see that it is not necessary to find p∗ directly. We take an educated guess at

p and show that it is equivalent to d∗, then from the inequality above, the guessed

p will have to be equal to p∗.

For our problem (optimising equations 4.45–4.47), the optimum dual value is given

by [28]:

d∗ = −2maxA(λmin(A ⊗ I − R)) + 1
2 (4.52)

where A is a traceless, Hermitian matrix and λmin is the minimum eigenvalue of the

matrix. A can be expanded in terms of the Pauli matrices:

A = aX + bY + cZ . (4.53)

We have shown numerically that b = c = 0, so finding d∗ becomes an optimisation

of a single variable a over all traceless matrices A. The quantum control scheme will

give a value for p, which is related to the fidelity FQC. We found that d∗ = p (to 10

decimal places for a 40×100 grid ranging over 0 < θ < π/2 and 0 < p < 1/2). From

the inequality in equation 4.51, if p = d∗ then p = p∗, meaning that our ‘guessed’ p

is optimal.

This result shows that our quantum control scheme is indeed optimal, meaning that

there is no physical process which performs better, at returning a noisy state as close

as possible to the original input state, than the proposed quantum control scheme.
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4.7 Trace Distance

Using the fidelity between the input and output states, we were able to determine

how well the quantum control scheme returns the noisy state as close as possible

to the original input state. Now that we know that the quantum control scheme is

optimal, it is of interest to investigate some other properties of the scheme.

In this section we look at a different way of characterising the schemes. We want to

find how well the schemes maintain the distinguishability between the two possible

states. This can be determined from the trace distance. The trace distance between

two quantum states ρ and σ is given by:

D(ρ,σ) ≡ 1

2
Tr|ρ − σ| (4.54)

where |A| ≡
√

A†A.

The trace distance ranges from 0 to 1 and is equal to one half of the Euclidean

distance between the two states on the Bloch sphere [1]. When D(ρ,σ) = 1, the

states ρ and σ are orthogonal, while when D(ρ,σ) = 0, ρ = σ. This is more intuitive

if we consider the Bloch sphere. Two orthogonal states on the sphere will be on

opposite surfaces of the sphere. Since the radius of the sphere is 1, the Euclidean

distance between the two states will be 2, therefore the trace distance is one half of

that, or 1.

We will use the trace distance to determine how well the scheme maintained the dis-

tinguishability between the two non-orthogonal input states |ψ1�s and |ψ2�s. We will

take the trace distance between the output states ρ1 and ρ2. The distinguishability

between two states is higher when the trace distance between these states is higher,

therefore the trace distance is related to the success probability for the Helstrom

measurement.

4.7.1 No Measurement or Correction

If we let the states evolve under the dephasing noise and do nothing to correct them,

then the two output states will be:

ρN1 =

�

1
2(1 + sin θ) 1

2(cos θ − 2p cos θ)
1
1(cos θ − 2p cos θ) 1

2(1 − sin θ)

�

(4.55)

ρN2 =

�

1
2(1 − sin θ) 1

2(cos θ − 2p cos θ)
1
2(cos θ − 2p cos θ) 1

2(1 + sin θ)

�

(4.56)
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From equation 4.54, the trace distance when doing nothing to the state is:

D(ρN1, ρN2) = | sin θ| (4.57)

and is independent of the noise p. We expect this to be the case as we know that the

dephasing noise does not alter the z components of the states and therefore leaves

the Euclidean distance between the states unchanged.

4.7.2 Discriminate-and-Replace Scheme

In this classical-like scheme, we make a measurement which distinguishes between

the two possible input states, and replace the state based on the results of the

measurement. The two output states for this scheme are:

ρC1 =

�

1 − 1
2 cos2 θ 1

2 cos θ
1
2 cos θ 1

2 cos2 θ

�

(4.58)

ρC2 =

�

1
2 cos2 θ 1

2 cos θ
1
2 cos θ 1 − 1

2 cos2 θ

�

(4.59)

This gives the following trace distance for the discriminate-and-replace scheme:

D(ρC1, ρC2) = sin2 θ . (4.60)

The trace distance for this scheme is also independent of p as the Helstrom mea-

surement is independent of the dephasing noise and the dephasing noise does not

affect the trace distance.

4.7.3 Quantum Control Scheme

If we use the quantum control scheme to measure and correct the state, then the

two output states will be:
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ρQC1 =









1
2(1 + sin θ sin χ) 1

2 cos χ sin η

+(1
2 − p) cos η cos θ sinχ

1
2 cos χ sin η

+(1
2 − p) cos η cos θ sin χ 1

2(1 − sin θ sin χ)









(4.61)

ρQC2 =









1
2(1 − sin θ sin χ) 1

2 cos χ sin η

+(1
2 − p) cos η cos θ sinχ

1
2 cos χ sin η

+(1
2 − p) cos η cos θ sin χ 1

2(1 + sin θ sin χ)









(4.62)

(4.63)

This gives the following expression for the trace distance using the quantum control

scheme:

D(ρQC1, ρQC2) = | sin θ sin χ| (4.64)

Any operation on two states can not make them more distinguishable [1], therefore,

the optimum measurement strength to maintain the distinguishability will be one

which does not measure the states at all. However, we are interested in how the

trace distance will be affected when we use the optimum measurement strength

which maximises the fidelity. The trace distance with χ = χopt from equation 4.36

is:

DQCopt =

�

�

�

�

sin3 θ

[(1 − (1 − 2p)2 cos2 θ)2 cos2 θ + (1 − (1 − 2p)2 cos2 θ) sin4 θ]1/2

�

�

�

�

. (4.65)

In the next section, we compare the trace distances for the three scheme mentioned

above.

4.7.4 Comparing the Trace Distances for the Schemes

Using the expressions for the trace distance for the three schemes, we can see which

scheme is better at maintaining the distinguishability between the two possible input

states, as the initial distinguishability is the same for all schemes. Figure 4.7 shows

how the trace distance, and therefore the distinguishability, compares as a function

of the input state which depends on θ and the amount of noise p.

To compare the schemes quantitatively, we can find the difference between the trace

distance for our scheme and the best of the trace distances for the other two schemes:

Ddif1 = DQC − max(DN, DC) (4.66)

= DQC − DN (4.67)
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Figure 4.7: The trace distances for the three schemes that are being compared: a) sending

the state through the noisy channel and doing nothing to measure and correct it; b) sending

the state through the noisy channel and using the discriminate-and-replace scheme to correct

it; and c) sending the state through a noisy channel and using the quantum control scheme

to correct it.

where the second line turns out to be true in this case as DN > DC. Figure 4.8 a)

shows that Ddif1 is always negative. This means that doing nothing to measure and

correct the state maintains the distinguishability between the states better than the

quantum control scheme, as well as the discriminate-and-replace scheme. This is

what one would expect as the noise process does not affect the z component of the

states, leaving the distance between the states unchanged. As soon as we measure

the states, we will cause them to become less distinguishable and since there is

no process which can make two states more distinguishable, it is not possible for

a scheme that measures the states to completely maintain the distinguishability

between them [1].

We can, however, compare the schemes that actively control the states: the quan-

tum control scheme and the discriminate-and-replace scheme. Taking the difference

between the two schemes,

Ddif2 = DQC − DC (4.68)

we find that the quantum control scheme is better at maintaining the distinguishabil-

ity, than the discriminate-and-replace scheme, over approximately half of the para-

meters, as shown in figure 4.8 b) and c). While we have not explicitly compared the

trace distance before noise and after the correction schemes, we know that the trace

distance for the input states was the same for all schemes and therefore the scheme

with the highest trace distance between the output states is better at maintaining

the distinguishability. The region where our scheme performs significantly better is

for a lower amount of noise (0 < p < 0.2) and when the states are 0.5 < θ < 1 apart.

This region approximately corresponds to the region where the quantum control

scheme also performs with a significantly higher fidelity.
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Figure 4.8: a) The difference between the trace distance for the quantum control scheme

and the best of the two schemes we are comparing with the quantum control scheme. This

is always negative therefore doing nothing to measure and correct the state is better for

maintaining the distinguishability than the quantum control scheme. b) and c) The differ-

ence between the trace distance for quantum control scheme and the trace distance for the

discriminate-and-replace scheme. We can see that for approximately half of the region of

parameters, Ddif2 is positive. a) shows all values of Ddif2 while b) shows only the region

where Ddif2 is positive. This is the region where our scheme always performs better at

maintaining the distinguishability between the two states than the discriminate-and-replace

scheme.

4.8 Summary

We used the fidelity between the pure input states and the measured and corrected

output states as a way of characterising the quantum controls scheme. The fidelity

is a measure of how similar two states are to each other. Comparing the fidelity of

the quantum control scheme to those of doing nothing to correct the state, or using a

discriminate-and-replace scheme, we found that the quantum control scheme always

performed with a higher fidelity. Furthermore, we showed that the quantum control

scheme was in fact optimal by formulating the problem, of returning the noisy state

as close as possible to the original input state, as a semi-definite program. We used

the trace distance between the two possible output states as a measure of how well

the schemes maintained the distinguishability between the states. Doing nothing

to measure or correct the states always maintains the distinguishability between

the states. The quantum control and discriminate-and-replace schemes decrease the

distinguishability between the states, however the quantum control scheme performs

significantly better that the discriminate-and-replace scheme over a certain range of

parameters.
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Chapter 5

Optical Implementation

In this chapter, we will outline how our proposed quantum control scheme can be im-

plemented as a quantum optics experiment. We will first discuss how the schematic

diagram of the quantum circuit, shown in Chapter 3, can be directly translated

into an experimental setup constructed from the optical elements introduced in

Chapter 2. Then we will look at what sources of optical states are available and

how the dephasing noise and the feedback can be implemented in the experiment.

5.1 From Quantum Information to an Optical Circuit

To implement our quantum control scheme experimentally, we need to encode our

qubits in a physical system. There are a number of ways that this can be done in

optics. However, we have chosen to encode the qubits in the polarisation of single

photons: a simple, easy to manipulate, two-level system. The two non-orthogonal

states that Alice will prepare can be written in terms of diagonally D and anti-

diagonally A polarised photons:

|ψ1�s = cos θ
2 |D� + sin θ

2 |A� (5.1)

|ψ2�s = cos θ
2 |D� − sin θ

2 |A� (5.2)

where |D� = (|H� + |V �)/
√

2, |A� = (|H� − |V �)/
√

2 and θ is an angle on the

Poincaré sphere (see section 2.3). The subscript s denotes that this is the signal

state (as opposed to the meter).

The meter state will be a horizontally polarised photon:

|ψ�m = |H�m (5.3)

where the subscript m denotes that this is the meter state.

In Chapter 2, we introduced a way to construct the Pauli matrices X, Y and Z

and arbitrary rotations Xθ, Yθ and Zθ, on polarisation encoded qubits, out of half-

51
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wave and quarter-wave plates (HWP and QWP). We will use these wave plates to

manipulate our polarised photon states the same way we manipulated the arbitrary

qubit states in the previous chapters. Figure 5.1 shows the experimental setup of

our quantum control scheme. The required weak measurements for this scheme have

already been demonstrated by Pryde et al. [4].
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Figure 5.1: a) Schematic diagram of the proposed experimental setup for the quantum

control scheme. From left to right: the first three wave plates implement an Xπ/2 rotation

on the signal photon; the elements inside the first dashed rectangle implement a cnot gate

which entangles the signal and meter photons; the three wave plates in the top rail on

the right of the cnot implement an X−π/2 rotation on the signal photon and the two wave

plates in the bottom rail on the right of the cnot implement a Yχ rotation, which determines

the measurement strength, on the meter photon. The meter photon then passes through a

polarising beam splitter (PBS), being detected by either detector 0 or detector 1, depending

on the polarisation of the photon. The remaining seven wave plates implement the required

rotations to correct the state based on the results of the detection. Figures b) and c) are

the circuit diagram of the quantum control proposal, as described in Chapter 3.

The signal state |ψ�s is sent through dephasing noise E and then entangled with the

meter state |H�m. The entangling gate consists of: a Xπ/2 rotation, on the signal

state, which is implemented with three wave plates Q(0), H(π/4) and Q(0); a cnot

which is shown in the first dotted box in figure 5.1; and a X−π/2 rotation, on the

signal state, which is again implemented with three wave plates Q(0), H(−π/4) and

Q(0). The cnot gate is non-deterministic, which means that it does not always

work; but when one photon exits from each of the outputs we know with high
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probability that it has worked.

After the two states are entangled, the measurement strength is determined by a Yχ

rotation on the meter state. This is implemented with two half-wave plates H(π/2)

and H(0) before the meter photon’s path is split by a polarising beam splitter (PBS).

Depending on the polarisation of the photon, it will either be detected by detector

1 or detector 0.

Regardless of which detector detects a photon, a Zη rotation on the signal state is

implemented by three wave plates Q(π/2), H((π − η)/2) and Q(π/2) at the end of

the experiment. However, if detector 1 detects a photon, there will be an additional

Y and Z−2η rotation on the signal state, shown inside the dashed rectangle on the

right of the diagram. These will be implemented by the five wave plates H(−π/2),

H(0), Q(π/2), H((π + 2η)/2) and Q(π/2). This results in a rotation of Zη on the

signal photon when detector 0 detects a photon or a correction Y followed by a

rotation of Z−η (Z−2η followed by Zη) on the signal photon when detector 1 detects

a photon.

5.2 Photon Sources

Currently, there are no devices that can produce a single photon on demand. There

are, however, good approximations to single photon sources based on parametric

downconversion, where pairs of photons are produced at random times. Upon de-

tection of one photon, a good approximation to a single photon remains.

When a laser beam of frequency ω1 is incident on a highly non-linear χ(2) crystal1,

there is some probability that a high energy (pump) photon of frequency ωp and

momentum �kp will transform into a pair of lower energy (signal and idler) photons

of frequency ωs and ωi, and momenta �ks and �ki. Due to conservation of energy and

momentum, the frequencies and momenta are related as follows:

ωp = ωs + ωi (5.4)

�kp = �ks + �ki . (5.5)

In the degenerate case:

ωs = ωi (5.6)

�ks� = �ki� (5.7)

�ks⊥ = �ki⊥ . (5.8)

1A commonly used χ(2) crystal is β-barium-borate (BBO: β-BaB2O4). This type of crystal was
used to create single photon sources in the cnot experiment demonstrated by O’Brien et al. [29].
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As shown in figure 5.2 a), a detector is placed in front of the two spatial modes

where the photons could be.

a) b)

!
"
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Figure 5.2: a) Conceptual diagram of parametric downconversion. A laser beam of fre-

quency ω1 is incident on a highly non-linear crystal.With some probability, a high energy

photon from the beam will transform into a pair of lower energy photons of frequency ω2

where, due to energy and momentum conservation, ω1 = 2ω2. A single photon detector is

placed in front of each mode. b) When one of the detectors in a) detects a photon, then

there is high probability of there being one and only one photon, and very low probability

of there being two or more photons, in the other mode as depicted in the diagram.

The state that comes out will be of the form:

|φ� =
1

N
(|00� + λ|11� + λ2|22� + λ3|33� + . . . ) (5.9)

where N is a normalisation factor which depends on λ, and |nn� means that there

are n photons in each mode. When a detector in front of one of the modes detects a

photon, then we know with high probability that there is one and only one photon in

the other mode. The second detector will detect the other photon at the end of the

experiment to perform a coincidence measurement. Due to detector inefficiencies, it

is possible that the detector will not be able to distinguish between whether it has

detected one or two photons, so there is a chance that when the detector ‘claims’

to have detected only one photon, there are in fact two photons in the other mode.

However, as λ is a very small number (of the order of 10−6), the probability of this

happening is very low. Figure 5.2 b) demonstrates how the probability of there

being one photon in the other arm when the detector detects a photon compares

with the probability of there being two photons in the other mode.

The input states for the quantum control scheme can be produced using the down-

conversion scheme described above. The signal and idler (meter) photons will be

the input photons for the quantum controls scheme. The downconversion can be

set up in such a way that both the lower energy photons are horizontally polarised.
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Since the meter state is |ψ�m = |H�m, we can pass one of the photons directly into

the meter mode. To create the signal state, we need to pass the H photon through

one of two half-wave plates: H((π−2θ)/8) to create |ψ1�s or H((π +2θ)/8) to create

|ψ2�s. If we want to randomly create |ψ1�s and |ψ2�s with equal probability, we can

send the H photon through a 50/50 beamsplitter such that a reflected photon would

be sent to one wave plate and a transmitted photon would be sent to the other wave

plate.

When we detect a photon at one of the meter detectors and another photon at

the output of the signal state, we know that the experiment has been successful,

regardless of detector inefficiencies. However, from figure 5.1, we can see that there

are a number of other paths that the photons could follow. We could get two photons

at the meter detectors and no photons at the signal detector or vice versa, we could

also lose photons at the 1/3 beam splitters at the top and bottom of the cnot, to

name a few. Though the experiment will run for all those cases, only the results

for when the experiment was a success will be selected for analysis. This method

is known as post selection. This means that, with current technology, the quantum

control experiment will be non-deterministic.

5.3 Dephasing Noise

We will use the technique described in this section to simulate dephasing noise. The

dephasing noise is deliberately added to test the quantum control protocol.

The dephasing noise consists of applying a phase flip Z on the state with some

probability p and doing nothing to the state with probability 1 − p. One possible

way to implement this experimentally is using a Pockels cell (PC) [31]. When a

photon is sent through a PC, nothing happens to it unless a voltage is applied to

the cell. When this voltage is applied, the photon experiences a phase shift, between

the horizontal and vertical components, of a set value which can range from 0 to

2π. In our case, we would want a phase shift of π. The PC can be connected to a

random number generator with the appropriate statistics for the experiment.

5.4 Feedback and Correction

After being entangled with the signal photon, the meter photon passes through a

polarising beam splitter. Depending on the polarisation of the photon, it is detected

by either detector 0 or 1. The correction in this experiment could be implemented

using a number of PCs triggered by the detection of a photon at detector 1. The

PCs will need to apply the transformations shown in the dotted box on the right of

figure 5.1.
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The feedback process will most likely be much slower than the time it takes for the

signal photon to leave the entangling gate and arrive at the point where it needs to

be corrected. The signal photon can be delayed by sending it through a fibre optic

cable, giving the feedback process enough time to activate the PCs.

This type of feedback and correction has been recently demonstrated by Pittman

et al. [31], where the feedback was used in an experimental demonstration of a

quantum error correction.

5.5 Characterisation

To characterise the experimental scheme, one can employ quantum state tomography

to completely reconstruct the density matrices of the input and output states. This is

done by making a series of measurements on a large number of identically prepared

copies of the quantum systems. This method was used by O’Brien et al. [30]

to characterise the performance of the cnot demonstrated by O’Brien et al [29].

Knowing the density matrices for the states, we can calculate the fidelity between

the two input and output states to see how well the scheme has performed.

5.6 Summary

The quantum control scheme described in Chapter 3 can be implemented as a quan-

tum optics experiment by encoding the qubits in the orthogonal polarisations of a

single photon. All the necessary one qubit gates can be implemented using combi-

nations of half and quarter-wave plates, and the entangling gate uses the cnot pro-

posed in [3, 29]. The states can be prepared with high probability using parametric

downconversion while the dephasing noise and feedback control can be implemented

with the use of Pockels cells. The experimental scheme can be characterised by

performing state and process tomography on the experiment. In addition, all of the

required operations have already been demonstrated experimentally.



Chapter 6

Conclusion

The theory and application of classical control is already well developed. In this

thesis, we have taken the first steps in formulating a quantum control theory for

single qubits as well as proposing an experiment to test the theory.

The main ideas behind classical control are that of measurement, feedback and cor-

rection. This poses a problem for quantum control as the measurement of a quantum

system will necessarily introduce back-action noise into that system. In addition,

quantum mechanics introduces the concept of non-orthogonal states and there exists

no measurement which can deterministically distinguish two non-orthogonal states

with certainty.

In this thesis, we have discussed the theory of a number of different types of quan-

tum measurements. Quantum non-demolition (QND) measurements make use of an

ancillary (meter) system which is entangled with the state of interest (the state of

the signal system). A measurement of the state of the meter system will give in-

formation about the state of the signal without destroying the signal system. QND

measurements are projective, which means that while they do not destroy the state

of interest, they do project it into an eigenstate of the measurement. Weak mea-

surements, however, allow the measurement strength to be varied by varying the

state of the meter. The strength of the measurement ranges from no measurement

being made when the measurement is ‘turned off’ to a strong measurement where

the measurement is a projective QND measurement. There is a trade-off between

the amount of information gained about the state of the system and the disturbance

to the system. We have shown that somewhere in between, there is an optimum

measurement strength which gives sufficient information about the state while min-

imising the disturbance to the system.

The proposed quantum control scheme uses weak measurements to determine the

effect of the noise on the state, then correct the state based on the results of the

measurement. The input state is one of two non orthogonal states. The states are

non-orthogonal to ensure that they can not be distinguished with certainty. The

correction of orthogonal, and therefore distinguishable, states would not require the
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use of the quantum control scheme. In this scheme one party, Alice, randomly

sends one of these two non-orthogonal states to another party, Bob. Before reaching

Bob, the state will inevitably encounter some noise, which we have modelled as

dephasing noise. Using a cnot, we entangle the signal state to a meter state.

The measurement strength is then determined by a Pauli-Y rotation on the meter

state which is subsequently measured by a detector. Based on the results of this

measurement, the signal state is corrected by a Pauli-Z rotation.

To characterise how well the scheme has performed, we use the fidelity between

the input and output signal states. The fidelity is a measure that determines how

similar two states are to each other and ranges from 0 (for orthogonal states) to 1

(for identical states). We compare the fidelity for our scheme with the fidelities for

two other schemes: in the first scheme, we let the state evolve under noise and do

nothing to measure or correct it; and in the second scheme we use the a classical-like

discriminate-and-replace scheme. We have shown that the fidelity for our scheme is

always higher than the fidelity for either of the schemes we used for comparison. In

addition, we have shown that our scheme is the optimal quantum control scheme to

return the noisy state to as close as possible to the original pure state, by formulating

the problem as a semi-definite program. We have also investigated the ability of

the quantum controls scheme at maintaining the distinguishability between the two

possible input states.

We have shown that the proposed quantum control scheme can be implemented

experimentally by encoding the qubits in the orthogonal polarisation of single pho-

tons. All the necessary rotations can be implemented by a number of half-wave and

quarter-wave plates. We also presented a brief discussion into the available single

photon sources for state preparation, the dephasing noise and a possible feedback

scheme.

In this thesis, we have only considered one iteration of the quantum control scheme.

Many, if not all, control schemes utilise repeated or continuous measurement and

correction of a system. A future direction may be to consider multiple iterations of

this scheme where the measured and corrected output state encounters more noise

and is measured and corrected again. It may be worthwhile to also consider making

the correction based not only on the measurement results of each iteration, but on

the results of all past measurements, as discussed in [15].

We believe that quantum control will play a necessary role in the quest for fur-

ther technological advances. In this thesis, we have made the first steps toward

formulating the theory of quantum control for single qubits.
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