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Quantum-corrected rotating black holes and naked singularities
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We analytically investigate the perturbative effects of a quantum conformally coupled scalar field on
rotating (2 + 1)-dimensional black holes and naked singularities. In both cases we obtain the quantum-
backreacted metric analytically. In the black hole case, we explore the quantum corrections on different
regions of relevance for a rotating black hole geometry. We find that the quantum effects lead to a growth of
both the event horizon and the ergosphere, as well as to a reduction of the angular velocity compared to
their corresponding unperturbed values. Quantum corrections also give rise to the formation of a curvature
singularity at the Cauchy horizon and show no evidence of the appearance of a superradiant instability. In
the naked singularity case, quantum effects lead to the formation of a horizon that hides the conical defect,
thus turning it into a black hole. The fact that these effects occur not only for static but also for spinning
geometries makes a strong case for the role of quantum mechanics as a cosmic censor in Nature.
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I. INTRODUCTION

The quantum regime of gravitation has been one of the
outstanding conundrums of theoretical physics for almost a
century. Even the perturbative semiclassical framework,
where the matter fields are quantized while the quantum
nature of a background geometry is ignored, is a difficult
problem, both technically and conceptually. Yet, important
results have been shown within the semiclassical frame-
work. For example, in the presence of a black hole (BH), it
has been shown that quantum effects give rise to Hawking
radiation [1]. Such a semiclassical framework is possibly
a good approximation for astronomical BHs, but pro-
bably too crude for a microscopic BH near the end of
the evaporation process.

In this paper we focus in particular on a different
question of interest within the semiclassical framework:
the fate of timelike singularities as solutions of the classical
Einstein field equations when quantum matter effects are
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taken into account. Timelike space-time singularities
appear in various settings. For example, rotating BHs
possess a hypersurface, called the Cauchy horizon, inside
the event horizon, beyond which there is a timelike
singularity. Such a singularity, while not visible to observ-
ers outside the black hole, may be visible to observers that
fall inside the BH. This can be seen in Fig. 1(b), where
r=20, r_ and r, are the radii of, respectively, the sin-
gularity, Cauchy horizon and event horizon. Nonrotating
but electrically charged black hole solutions also possess a
Cauchy horizon with a timelike singularity lying beyond it.
Another example is that of space-time solutions (rotating or
not) possessing timelike singularities but no event horizon;
such “naked” singularities (NSs) would thus be visible even
to far-away observers.

The presence of a generic (timelike) singularity is an
undesirable feature from a physical point of view, since it
signifies the breakdown of predictability: Cauchy data on
an initial hypersurface does not have a unique evolution;
heuristically: we do not know what may “come out” of such
a singularity. Therefore, Penrose formulated a cosmic
censorship hypothesis (CCH)[2]. The weak version of
CCH [3,4] essentially states that if a singularity forms
from the gravitational collapse of matter, then it will be
surrounded by an event horizon—thus, it will not be visible
to far-away observers. In its turn, the strong version of CCH
[5] essentially states that if a singularity forms from the
gravitational collapse of matter, then it will generically be
spacelike or null (not timelike)—thus, the singularity will
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not be visible to any observers at all (although they may
crash into it).

Given that there exist exact space-time solutions of the
classical Einstein equations which contain timelike singu-
larities, it is important to investigate whether they generically
form under gravitational collapse. Investigating whether
singularities are stable under field perturbations will help
ascertain whether they are generic singularities or not.

In (3 + 1)-dimensions, it has been shown that classical
field perturbations lead to a curvature (nontimelike) singu-
larity at the Cauchy horizon in the case of spherically
symmetric and electrically charged (Reissner-Nordstrom)
BHs, with [6,7] or without [8—11] a positive cosmological
constant, as well as in the case of rotating (Kerr) BHs
[12,13]. These results are in support of strong CCH.'
In space-times with a number of dimensions other than
four, on the other hand, violation of strong CCH has been
found in, e.g., [14,15], as due to the Gregory-Laflamme
instability [16].

As for weak CCH, recent work [17] has shown that a
Kerr BH or a Kerr-Newman (i.e., electrically-charged Kerr)
BH cannot be turned into a NS by throwing matter into it,
as long as its stress-energy tensor satisfies the null energy
condition. However, in the specific case of (3 + 1)-D anti—
de Sitter (AdS) space-time (i.e., a Universe with a negative
cosmological constant), Ref. [18] has shown that weak
CCH may be violated.

The above examples deal with the classical stability
of space-times possessing timelike singularities. It is also
important to investigate their stability properties under
quantum field perturbations. This can be achieved via
the semiclassical Einstein equations, in which the classical
stress energy tensor is supplemented with the renormalized
expectation value of the quantum stress-energy tensor
(RSET) calculated on a fixed, classical background
space-time.

In the quantum case, the results for timelike singularities
in (3 + 1)-dimensions are very scarce. One of the very few
results is the argument in [19-21] that the RSET calculated
on Reissner-Nordstrom or Kerr(-Newman) background
space-time diverges on (at least a part of) the CH; there
is also the recent [22], which contains an exact calculation
of the renormalized expectation value of the square of
the field on the Cauchy horizon of Reissner-Nordstrom
and is found to be regular there, while the trace of the
RSET diverges. We note, however, that the RSET was not
obtained explicitly in these works and, therefore, the space-
time resulting from the quantum perturbations of the
Reissner-Nordstrom or Kerr(-Newman) background could
not be obtained. In order to understand the full structure of

"There are different versions of strong CCH. These results are
in support of some version or other of strong CCH: they show
varying degrees of “irregularity” of the field perturbation on the
Cauchy horizon depending on the specific physical setting, while
the C° character is preserved in all settings studied.

the backreacted space-time, resulting from quantum field
perturbations, one should solve the semiclassical Einstein
equations. To the best of our knowledge, this has not been
achieved exactly” for any (3 4 1)-D BH space-time. There
already exist some works in the literature where the
quantum-backreacted metric has been obtained in (1 4 1)-
dimensions (see e.g., [24] and references therein) as
well as in (2 4 1)-dimensions. We next review quantum-
backreaction results on a specific (2 + 1)-D case: the so-
called Bafados-Teitelboim-Zanelli (BTZ) geometries,
which include both BHs [25,26] and NSs [27].

Semiclassical backreaction on static BTZ space-times
has been studied in the following works. References [28,29]
showed that the horizon of a static BTZ BH is “pushed out”
due to backreaction and that a curvature singularity forms at
the center of the BH (although this region where the
curvature singularity forms is in principle beyond the regime
of validity of the semiclassical approximation). Also in the
case of a static BTZ BH, [30] found that the contribution of
the backreaction to the gravitational force on a static particle
may be positive or negative depending on the radius.

These works are for the case that the background space-
time is that of a static BTZ BH, which does not possess a
timelike singularity. In the case of a static (timelike) BTZ
NS, we showed in [31] that backreaction creates an event
horizon and forms a curvature singularity at its center
(although, again, this region inside the BH in principle
lies beyond the regime of validity of the semiclassical
approximation).

In the important case of nonzero rotation, to the best of
our knowledge, the only work up until recently which
aimed at investigating quantum-backreaction was that of
Steif in [32]. Steif found that, in the case of a rotating BTZ
BH, the RSET diverges as the inner horizon is approached
from its inside. In the paper [33] we went further and we
presented results for the backreacted metric, both in the
case of a rotating BTZ BH and a rotating BTZ NS. In this
paper we provide the full details of the calculation
presented in [33]. We analytically obtain the quantum-
backreacted metric everywhere for these two background
space-times. This enables us to thoroughly study the effect
of quantum corrections on rotating geometries describing
both BHs and naked conical singularities in 2 4+ 1 dimen-
sions. In particular, we study the quantum stability of such
space-times in relation to CCH. We also investigate the
effects of quantum backreaction on other interesting
regions of the space-times. For example, in the case of
the rotating BH space-time, we determine the quantum
backreaction on the event horizon and on the ergosphere
(region outside the rotating horizon where observers cannot
remain static). Our results show that, in the BH case, the
event horizon is pushed out (as in the static case) and the

“See [23], where an approximation for the RSET was used in
(3 + 1)-D Schwarzschild space-time.
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FIG. 1.

inner horizon develops a curvature singularity. This sin-
gularity in the backreacted spacetime may be spacelike or
timelike, depending on the values of the mass and angular
momentum of the black hole; when it is spacelike, strong
CCH is enforced. In the NS case, we find that an event
horizon forms and shields the singularity, which becomes a
spacelike curvature singularity (as in the static case of [31]).
Quantum effects on the NS thus act to enforce strong CCH.

There is an issue worth mentioning regarding our
space-time setting and evolution of initial data. Our BTZ
geometries are asymptotically AdS. Therefore, they are
not globally-hyperbolic and the Cauchy value problem
is, in principle, not well posed. It is known, however, that
this issue may be resolved by imposing specific boundary
conditions for the matter field on the AdS boundary [34]—
see r = oo in Fig. 1. We specifically impose the so-called
transparent boundary conditions [34] on the AdS boundary.
Furthermore, we are dealing with regions of space-time
which possess a timelike singularity. This is true, of course,
for the NS case, but also for the region inside the Cauchy
horizon of the rotating BH case (which is the region that we
need to deal with in order to find the instability of the
Cauchy horizon). Similarly to the AdS boundary, the field
effectively satisfies some specific boundary conditions on
the timelike singularity, so that unique evolution of initial
data is restored.

Another point worth mentioning is that the singularity on
the Cauchy horizon that we find appears in the limit as we
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(b)

Penrose diagrams for BTZ black holes: static black hole in panel (a) and rotating, nonextremal black hole in panel (b).

approach the Cauchy horizon from its inside. However, as
opposed to Kerr, in the rotating BTZ geometry there exist
no closed timelike curves. Therefore, we are not faced with
the issues that such curves cause in relation to the initial
value problem in the region inside the Cauchy horizon
in Kerr.

An important point of our results is that they show that
the quantum effects on black holes and naked singularities
found in the static case [28,29,31] are rather generic. They
do not require the geometry to be static, but they are also
present in many of the spinning cases.

Finally, we note that, since three-dimensional gravity has
no local dynamical degrees of freedom (d.o.f.), the quan-
tum effects can only be due to the quantized matter source,
which in our case is provided by a (conformally coupled3)
scalar field. As mentioned, the quantum fluctuations of the
scalar field vacuum on a fixed background geometry give
rise to a RSET which is of O(%) and acts as a source of
Einstein’s equations. These corrected equations give rise to
a one-loop correction on the geometry (backreaction). In
principle, one could go on to compute the second order
correction to the RSET by recalculating it, this time, on the
backreacted geometry. However, those would in principle

3The choice of conformal coupling is motivated by simplicity:
because AdS space-time is conformal to Minkowski space-time,
the quantum propagator in AdS is then obtained directly from its
expression in flat space-time.
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be corrections of O(A?) and we choose not to continue in
this direction.

The paper is organized as follows. In Sec. II we review
the classical rotating BTZ geometries, both for black holes
and for naked singularities. In that section we also review
an exact black hole solution of the Einstein equations with a
source given by a particular classical scalar field configu-
ration. In Sec. III we consider a quantum scalar field on a
rotating BTZ geometry and calculate the two-point func-
tion and the RSET. We analytically solve the semiclassical
Einstein equations in Sec. IV. We analyze in depth the
physical features of these quantum-backreacted geometries
in Sec. V. We finish the main body of the paper with a
discussion in Sec. VI, where we summarize our results and
point to open questions. After the main body there are three
Appendixes: in Appendix A we present the background
BTZ geometries as the result of identifying points in the
embedding space R%?; in Appendix B we review the two-
point function in (the covering space of) AdSs; in the last
Appendix C, we (re)derive the two-point function in a static
naked singularity space-time via the alternative method of
mode sums.

We use units such that the cosmological constant is
A = —¢~% and the Planck length is [, = fix/(87), where ¢
is the radius of curvature and « is the (2 + 1)-dimensional
gravitational constant. We choose metric signature
(=++).

II. REVIEW OF BTZ GEOMETRIES: BLACK
HOLES AND CONICAL SINGULARITIES

Three-dimensional BTZ BH and NS space-times are
exact solutions of the vacuum Einstein field equations with
a negative cosmological constant “—#~2", described by the
line element

) r? 5 2 72\ -1 )
ds :<M—f2>dt —Jdtd9+<f2—M+4r2> dr

+ r2de?, (2.1)
where —oco <t < 400,00 < r < 00,0 <6 < 27 (periodic).
The constants M and J are, respectively, the mass’ and
angular momentum of these space-times. In this section we
review in some detail these classical solutions. For further

details, we refer the reader to the original papers [25,26] in
the BH case, and [27] in the NS case.

A. Black hole

The metric (2.1) describes a spinning black hole pro-
vided M¢ > |J| > 0. In this case, the space-time possesses

“The Hamiltonian mass and angular momentum of the
BTZ space-time are, in fact, Mz/k and Jz/k, respectively,
but we shall just refer to M and J as the mass and angular
momentum.

a Cauchy horizon at r = r_ > 0 and an event horizon at
r=r, >r_, where

£a| \/ J \/ J
=— =\/M+—=-+\/M—-. 2.2
ry > ai + 7 7 (2.2)
Note that
2 2 Z
M:#>O and J:%, (2.3)

with a, >0, a, > a_, and o% —a® = 4\/M*> - J? /.
The static BH is obtained for J =0, where a, =
2v/M > 0, a_ = 0, and there is no Cauchy horizon.

The coordinates in Eq. (2.1) do not cover the maximal
analytical extension of the rotating BTZ BH space-time.
The maximal analytical extension is represented in Fig. 1
by means of a Carter-Penrose diagram.

Clearly, the extremal (i.e., maximally rotating) BH
corresponds to M¢ = |J|. See Eq. (A2) for an expression
of the subextremal line-element (2.1) in terms of a, and
Eq. (A12) for the line-element for the extremal BTZ BH.

The inner horizon is classically unstable [35,36] in a
similar manner to that of Kerr or Reissner-Nordstrom
space-times [11,13,37]. Unlike the (3 + 1)-D Kerr geom-
etry, however, the (24 1)-D BH possesses no curvature
singularities—instead, it possesses a causal singularity at
r=0" there exist inextendible incomplete geodesics
that hit » = 0 [25,26]. Like the singularity in Kerr, the
singularity of the BTZ BH is timelike. The past boundary
of the causal future of the timelike singularity is the
(future) Cauchy horizon. The name of “Cauchy” given
to this horizon is because the Cauchy problem the® is not
well-posed to its future. In Kerr, the situation is even worse
since there exist closed timelike curves near its singularity
[38]. In the rotating BTZ space-time, on the other hand,
there exist no closed timelike curves by construction of the
space-time.

Conformal infinity Z for null geodesics corresponds to
the so-called AdS boundary at r = co. This boundary is a
timelike hypersurface and so the space-time is not globally
hyperbolic. Figure 1 shows the causal structure that gives
the defining characters to the event and Cauchy horizons, as
well as to the AdS boundary.

The metric in Eq. (2.1) is stationary and axially sym-
metric, with associated Killing vectors d/0¢ and 0/08,
respectively. The Killing vector 9/0¢ is timelike for
r>rg =VM¢, it is null at r = rg; and it is spacelike
for r, < r < rq.. This means that no static observers can
lie in the region r < rg; .. The hypersurface r = rg; is called

°In a slight abuse of language, we refer to r = 0 although,
this singularity is, strictly speaking, not a point of the space-time.
®The Cauchy problem is the initial value problem when the
field data is given on a certain constant-coordinate hypersurface.
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2+1 BH-NS spectrum
M

NSs not produced
by k-k>0

Defects
(Particles )

FIG. 2.

the static limit surface and the region r € (r,, rq ) is called
the ergosphere. The existence of an ergosphere allows
for the Penrose process, whereby particles (only massless
ones in the BTZ case) can extract rotational energy from
the BH (see [3] in Kerr and [39] in rotating BTZ). The
ergosphere also allows for the wave-equivalent of the
Penrose process, the so-called phenomenon of superra-
diance, whereby boson field waves can extract rotational
energy from the BH. For superradiance, see [40,41] in Kerr
and [42] in asymptotically-AdS Kerr. In BTZ, on the other
hand, a massless scalar field obeying Dirichlet boundary
conditions does not exhibit superradiance [43], although the
specific case of a massive scalar field obeying certain Robin
boundary conditions does exhibit superradiance [44].

In its turn, the Killing vector y = 9/0t + Q0/06, where
Q = J/(2r%) is the angular velocity of the event horizon, is
the generator of the event horizon. The vector y is null at the
event horizon and, in the nonextremal case, it is timelike for
r > r, . This means that, in the nonextremal case, timelike
observers that rigidly rotate at the angular velocity of the
BH can lie anywhere outside the event horizon, i.e., there is
no speed-of-light surface as in Kerr. In the extremal case, on
the other hand, the Killing vector y is null everywhere.

Spinning BHs can also be obtained by boosting a static
BH of a given mass M), yielding a new BH state of mass M
and angular momentum J, with

My(1 + @?)
(1-w?)

- 2a)M0f

"= )

(2.4)

where @ is the boost parameter in the Lorentz trans-
formation and it satisfies |w| < 1. In this way, all BH

Vacuum

Schematic representation of BTZ black hole and naked singularity states for different values of M and J.

states with M and J lying on the hyperbola M? — J?/£? =
const on the M-J plane—see Fig. 2—are connected by
boosts [45].

B. Naked singularity

If the mass in the BTZ metric (2.1) is continued to
negative values, the geometry then becomes a conical
NS (there is a curvature singularity at » = 0) [27], with
the single exception of nonrotating AdS; space-time
(M = —1,J =0). For — M¢ > |J|, we define

Br=\-M+J/t+\/-M—-J/t€R, (2.5)

so that

2 2
M:—M<O and J

— # (2.6)

with 8, > |f_| >0 and 2 — 2 = 4\/M?* — J* /2.

It follows from the line element (2.1) [see Eq. (A21) for
the NS line element in terms of #, ] with mass M < 0 that
its metric components are well-defined everywhere for
r # 0, which means that there is no horizon and it therefore
describes a NS. Its conformal structure at infinity is as in
the BH case and so it also possesses a (timelike) AdS
boundary at r = co.

The spinless (i.e., J = 0) states in the range —1 < M < 0
correspond to conical space-times with angular defects
A =2z(1 — /=M) (particles), while those with M < —1
are conical excesses (antiparticles). The dividing case,
M = —1, corresponds to AdS; vacuum space-time.

104023-5
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Identification vector k for the nonextremal (M2#? > J?) and extremal (M?*¢? = J?) BH and NS

M2£2 — 12

Type of Killing vector k

(Joo +Jo3 +J12 + Jy3)

Spacelike, no fixed points

TABLE 1.

geometries in terms of the so(2,2) generators J,, (see Appendix A).
M*£? > J?

M=>0 $apdor +a_ty) a(Jor +J23) + 3%

M <0 3 (Bdar + B-J3) ]

Pz = J12) =5 o1 +Joz +J12 = Jo3)

Spacelike, r = 0 fixed point

The static conical singularities can also be boosted to obtain
spinning (anti)particles, in the same manner as for BHs. All
of these states are described by the same BTZ metric,
Eq. (2.1), with MZ < —|J|.

Like the BH metric, the NS metric is also stationary and
axially symmetric, with the same associated Killing vectors
0/0t and 0/00, respectively. In this geometry, 0/0¢ is
always timelike and there is no ergosphere. The extremal
NS case corresponds to maximal rotation, M¢ = —|J|, and
its metric is given in Eq. (A29).

The spectrum of BHs and NSs can thus be summarized
as follows:

M>0 & 0<M?*?-J?< x: Black holes

M<0 & 0<M?*?—J*<1: Particles

M<0 & J#0 & 1=M?¢*—J?: Rotating AdS;
M=-1 & J=0: Nonrotating AdS;(vacuum)

M<0 & 1<M?*?—J?< co: Antiparticles

This spectrum is represented schematically in the M-J
plane in Fig. 2. The case M =J =0 is known as the
“zero-mass black hole” or the maximum-deficit conical
singularity.

C. Construction of the classical BTZ geometries

In order to construct the BTZ geometries, we first
consider flat R?2) with coordinates X°, X!, X2, X3 e R
and metric

ds® = —(dX°)* + (dX")> + (dX?)* — (dX*)*.  (2.7)
We can then think of AdS; as the pseudosphere
(X2 + (X1 + (X2 - () =22 (28)

embedded in R(?2). However, the topology of AdS; is
S'(time) x R?(space) and so the space-time contains
closed timelike curves. The covering of AdS;, denoted
by CAdS;, is obtained by “unwrapping” the S, so that the
resulting space-time does not contain closed timelike
curves. We can now obtain BHs and NSs in (2 + 1)-
dimensions as locally negative constant curvature geom-
etries by identifying points in the covering space CAdS;,
which is represented by its embedding in flat R>2.

The identification is a quotient of CAdS; by a Killing
vector k in the algebra so(2,2) of global isometries of the
pseudosphere.

In the BH case (M > |J| > 0), k is a Killing vector that
acts transitively, that is, leaving no fixed points on CAdS;.
The region where the Killing vector is spacelike (k> > 0) is
identified as r > 0 in the resulting manifold, while the
region where k is timelike (k> = r> < 0) is removed in
order to avoid traversable closed timelike curves [26]. Thus
r=0 is a causal singularity. The specific form of k
depends on the mass M and angular momentum J of the
BH, with M > |J|/¢.

In the NS case, the Killing vector for the identification is
a spacelike rotation that keeps r = 0 fixed. The manifold
CAdS;/k(M, J) then has a conical NS at the fixed point
of k (i.e., r =0), where the curvature has a Dirac-6
singularity. The corresponding identification is along the
compact coordinate 6.

These identifications can also be expressed as the action
of a matrix H (k) that maps every point in R>? to its image
under k, given in Table I. The identification matrices in
R2? corresponding to the different BHs and conical
singularities are given explicitly in Appendix A.

D. Black hole solutions with a scalar field

We complete the discussion of the classical system by
reviewing an exact solution of Einstein equations in the
presence of a source given by a massless and conformally-
coupled real scalar field ¢ [46]. The action in three space-
time dimensions reads

R+2672 1 1
1= [ e e
(2.9)

which provides the following field equations:

G

w— g = KT

JA

D(/)—éRqﬁ =0, (2.10)

where the stress-energy tensor is given by

1
T/w = vﬂ¢vb¢ - Eg/wgaﬂvad)vﬁd)

1

+ 3 (9.,0-V,V,+G,)¢* (2.11)

104023-6



QUANTUM-CORRECTED ROTATING BLACK HOLES AND...

PHYS. REV. D 99, 104023 (2019)

It is straightforward to check that this stress-energy tensor
is conserved and traceless, which in turn implies that the
geometry has a constant Ricci scalar,

R =—6¢72. (2.12)

An exact static, circularly-symmetric solution was found
in [46]. Its line element is given by

ds®> = —f(r)dt* + f~(r)dr* + r*d9*, (2.13)
where
1 2C3 +C)?*(r-2C
f(r)Eﬁ(r2—3C2—T>_(r )52(: ),
(2.14)

is the lapse function, C is an arbitrary integration constant
and the corresponding scalar field is given by

8C

P(r) = m (2.15)

This exact solution describes a BH with an event horizon at
r, = 2C provided C > 0. In that case, the event horizon
surrounds a single curvature singularity at » = 0, as can be
shown by calculating the Kretschmann scalar,

12(r° +2C°)
R#IM‘DRWMP = T (216)
r
For C =0 the solution reduces to the massless BTZ
spacetime with a vanishing scalar field. The on-shell
stress-energy tensor is given by

¢
T, = Wdlag(l, 1,-2), (2.17)
which is consistently traceless. It should be noted that,
except for the constant factor C3/(k£?), the rest in the
expression in (2.17) coincides exactly with the renormal-
ized stress-energy tensor (3.43) to be presented in the next
section.

ITII. QUANTUM SCALAR FIELD

The semiclassical Finstein equations are obtained by
replacing the classical stress-energy of the matter field(s)
by the renormalized expectation value of the quantum
stress-energy tensor operator (RSET). In the presence
of a cosmological constant A = —£2, the semiclassical
Einstein equations are

G

G;w - ? - K<W|Tuv‘w>ren7 (31)

where (y|T,,|w), is the RSET for a quantum field in a
state |y). For ease of notation, we henceforth drop the

subindex “ren” as well as the symbol for the quantum state
in the RSET, and we thus denote it by (T,).

A. Two-point functions

From now on we shall consider a massless, conformally
coupled scalar field ¢ (conformal coupling in three dimen-
sions corresponds to a coupling constant £ = 1/8 [47]). In
this case, the (Klein-Gordon) field equation is

(D + %)qﬁ(x) 0.

As opposed to Eq. (2.10), the d’ Alembertian [J = ¢V, V,
here is with respect to a background metric g, (i.e., it is a
solution of the classical vacuum Einstein equations) which,
in our case, we shall take to be a BTZ geometry.

The RSET for the quantum scalar field ¢ in a state |y)
is typically constructed from a geometric differential
operator acting on the Hadamard elementary two-point
function, which is the anticommutator G)(x,x') =
(wl{p(x), p(x')}|w) [48], where x and x’ are space-time
points. The anticommutator is related to the Feynman
Green function Gg(x,x’) and to the Wightman function

G™(x,¥) = (wlp(x)p(x)ly) as [47,49]:

G (x,x") = 2Im(Gp(x,x')) = 2Re(G* (x,x)).

(3.2)

(3.3)

Clearly from their definitions, both the anticommutator
and the Wightman function satisfy (with respect to either
x or x’) the homogeneous scalar field equation (3.2). In its
turn, the Feynman Green function satisfies the Green
function equation

63 (x —x')

Vo
where g = det(g,,) and 60) is the Dirac-6 distribution in
three dimensions.

<D + i) Gp(x.2) = —

17 (3.4)

1. Locally AdS; space-time

In principle, there are two possible approaches to
compute the two-point function in the BTZ geometries.
The first one is to expand this function in terms of
elementary modes of the wave equation (3.2) satisfying
appropriate boundary conditions. The second approach is
to use the fact that these geometries can be obtained by an
appropriate identification in the covering AdS; geometry.
This second approach is the one followed by [28,29,32,50]
and the one that we shall follow here—except in
Appendix C, where we follow the first approach.

Within the second approach, the two-point function in
BTZ can be readily obtained from the two-point function
in the embedding space CAdS; [28,32]. As mentioned in
Sec. II, the BTZ space-times are not globally hyperbolic.
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For the Cauchy problem to be well-defined in these
space-times, one must impose boundary conditions on
the timelike AdS boundary [34] (as well as on the timelike
singularity in the NS case). The field may obey different
boundary conditions on the AdS boundary. We choose
transparent boundary conditions, which correspond to
defining the field modes that are smooth on the entire
Einstein static universe to which the AdS geometry can be
conformally mapped [28,34]. Taking advantage of the fact
that AdS; is a maximally symmetric space-time, the
anticommutator in CAdS; corresponding to these boundary
conditions can be found to be [32,34,50-52]

1 B(c(x,x))
2327 \Jo(x.x)

G\ (x,x) = (3.5)

where O is the Heaviside step function,

O'(x,x’) = (—(XO —X'O)2 + (Xl _X/1>2 4 (X2 _X/2)2
— (X3 =X")?)/2, (3.6)

and x and x’ are points in AdS;. Here, X“ and X’?, with
a =0, 1, 2, 3, are the coordinates in the embedding space
R(22) of the points x and x’, respectively. We note that
o(x,x') is equal to one-half of the square of the geodesic
distance between the two points X¢ and X’ in flat R(>2)
(this is Synge’s world function in R(>?), not in CAdS;).
Since X“ and X"? belong to the pseudosphere, o(x, x') is the
chordal distance between x and x’. Throughout the paper,
we use Latin letters (such as a and b) for indices of
coordinates of points in R?>? and Greek letters (such as u
and v) for indices of coordinates of points in CAdS; and
BTZ geometries. See Appendix B for further details and an

explicit coordinate expression for Ggl)(x, x).

2. Multiply connected spaces

Let us now turn to the calculation of the two-point
function and the RSET specifically in the BTZ geometries.
Applying the method of images—according to which one
must sum over all distinct images of a point obtained by
the identification in the embedding space—it readily
follows that the anticommutator both for the BH and NS
geometries reads

G (x,x) = ZGS)(x, H"X'),

nel

(3.7)

where H is the identification matrix in R>? introduced in
Sec. I1 C7 and the range I is described below. In the case of

7Strictly speaking, H is meant to act on a point in R?>2. As a
slight abuse of notation, by H"x we shall mean H" acting on the
point on the pseudosphere in R%? that corresponds to the point x
in the BTZ space-time.

transparent boundary conditions, the two-point function
can be written as

1 O(o(x, H"x'))
_2\/571; o(x, H'Y)

This expression applies to the case that the field obeys
specific boundary conditions on the AdS boundary
(r = o0) and, if the spacetime possesses one (which is
the case for all BTZ geometries except for the static BH),
also on the timelike singularity (» = 0). In the case of a
static NS, we (re)derive the expression (3.8) in Appendix C
using the alternative method of mode sums, and we see
explicitly that the boundary conditions satisfied at the
timelike singularity are square-integrability.

In the expressions above, I C Z is a summation range
over all the various distinct images (see Appendix C where,
in the static NS case, the “sum over images” arises as a
“sum over caustics”). The identification matrices for the
BH and NS cases are different and we give them explicitly
in Appendix A; the ranges / are also different in each case
and we describe them next.

G (x,x') (3.8)

Black hole.—The Green function for the three-dimensional
BTZ BH was discussed in [28,32,50]. Since the identi-
fication matrix H acts transitively on R?>?, the sum in
Eq. (3.7) includes an infinite countable number of images:
n €l = Z. As is shown in Appendix A, the H matrix for
the rotating black hole is given by

cosh(za, ) sinh(za,) 0 0
sinh(za, ) cosh(za, ) 0 0
- 0 0 cosh(za_) —sinh(za_)
0 0 —sinh(za_) cosh(za_)

(3.9)

Conical singularity.—In the case of a conical singularity,
the method of images does not reproduce the mode
expansion for the two-point function for arbitrary values
of M and J. Let us for now focus on the static case. If the
deficit angle A is of the form 2z(k —1)/k, k € Z*, the
angular identification produces a finite number of images.8
On the other hand, for arbitrary real values of A the sum in
Eq. (3.7) must be replaced by an integral since the
associated eigenfunctions acquire a continuous degree
and order [53]. The integral expressions, however, inter-
polate between the discrete sums that occur for consecutive
deficit angles, 2z(k — 1)/k and 2zk/(k + 1).

The rationale that explains the difference between the
BH case NS cases is as in electrostatics: the method of
images between two parallel conducting plates generates a

¥A finite number of images is also obtained for rational values
of k.
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countable but infinite number of images regardless of the
distance between the plates. On the other hand, if the plates
form an angle @ = 2x/k, a finite number of images is
produced, for k € Z, whereas a dense distribution of
images are generated for a generic k. In the case of angular
excesses (negative angular deficit and M < —1) the geom-
etry is also described by Eq. (2.1), but the method of images
is inadequate. Therefore, from now on, for NS geometries
(whether rotating or not), we restrict ourselves to the case
M?*¢? —J* <1 (and M < 0).

The identification matrix H is that in Eq. (A26) for
p=p, =2v-M, f_ =0, namely

1 0 0 0

e 0 c?s(zzﬂ) —sin(zp) 0 (3.10)
0 sin(zp) cos(zf) O
0 0 0 1

The number of terms in the sum in Eq. (3.7) is given by
the number of distinct images produced by the action of the
identification matrix H, which in this case is N — 1, where
N is the smallest positive integer such that HV = 1. The
condition that such a number N exists implies that § is a
rational number. In [54] and in asymptotically flat (instead
of AdS) space-time, the method of images was applied
specifically to the case f = 2/N, with N a positive integer.
Furthermore, in Appendix C we obtain the two-point
function for this f using the method of mode sums, without
relying on the method of images. Therefore, henceforth we
shall consider only the case f =2/N, N € Z™, for static
NSs. Both from the method of images and from the
independent mode-sum calculation of Appendix C, it
follows that in Eq. (3.7) the sum over the images yields

=

1 %@(o(x, H"X)
2\/5” n=1

Gs(xx') = > Gy (x HIx') =

3
Il
=}

(3.11)

The mode expansion in [54,55] for a conical space-time
without a cosmological constant can possibly be extended
to the asymptotically AdS; case by replacing Bessel
functions by Legendre functions in the homogeneous
solutions—see Eq. (C3).

Let us now turn to the rotating case. In this case, the
identification matrix [given in Eq. (A26)] depends on two
parameters, £, and S_,

cos (zf_) 0 0 —sin (zf_)
e 0 cos(zf.) —sin(nfy) 0
0 sin(zf,) cos(zp,) 0
sin (zf_) 0 0 cos (zf_)

(3.12)

o(x, H'Y)

Again, the number of terms in the sum in Eq. (3.7) is given
by the number of distinct images produced by the action of
the identification matrix H. We shall henceforth consider
only the case f. =2/N,, N, €N, |N_| € N for rotating
NSs, where [N_| > N, . The smallest N for which HY = 1
occurs when N is the least common multiple of N, and N_.
This means that the number of images in the sum in
Eq. (3.7) is N — 1 and the expression for the two-point
function is formally the same as in Eq. (3.11).

B. Renormalized stress-energy tensor

Equipped with the two-point function, we now turn to
the calculation of the RSET. As mentioned above, the
quantum stress-energy tensor would in principle be calcu-
lated by applying a certain geometric differential operator
on the two-point function G“)(x, x'). However, as is well
known, the two-point function typically diverges at coinci-
dence (x = x’ )9—this can readily be seen in the BTZ case
from Eq. (3.8) and the fact that o(x, x) = 0. The divergence
at coincidence, which can readily be seen in the BTZ case
from Eq. (3.8), is an ultraviolet divergence which must be
renormalized away [47]. That is, in order to obtain the
RSET, one must first renormalize the two-point function by
subtracting from it an appropriate bitensor G((jlll (x,x)
which is purely geometric. The RSET for the conformally
coupled scalar field can thus be obtained from the
Hadamard elementary function as [32,47]10:

(T,

(x)) = xl P,}’ig}c <3V;Vf’ - gﬂygaﬂV;‘;V;/

1
~ ViV = 00 ) (G (1) = G (x.0))
(3.13)

We note that the Heaviside step function in Eq. (3.8) does
not actually appear in [28,32,50,51]. The reason is that
these references calculate either a two-point function
different from the anticommutator or else the anticommu-
tator only in the static case. In the static case (whether BH
or NS), o(x, H"x) is non-negative and so the step function
is redundant in this case. However, in the rotating case
(whether BH or NS), o(x, H"x) can be negative and so it is
important to include the step function.

Let us here note some properties of the RSET. First, since
we are dealing with a massless and conformally coupled
scalar field, the trace of its classical stress-energy tensor

9Any other divergences of the two-point function are not
ultraviolet divergences and so are of no relevance to the
renormalization process which we are interested in here.

"The operator in Eq. (3.13) is 1/2 times the corresponding
operator in [31,56]. The reason is that the definition of the
anticommutator G'!)(x, x') here is 2 times the definition used in
[31,56], so that all the results in here and in [31,56] agree.
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must be zero. Furthermore, since we are dealing with a
three-dimensional space-time, the trace of the RSET must
also be zero (i.e., there is no trace anomaly) [47]. Second,
the divergent term GEiliz, is constructed in a way so that the
RSET is also conserved with respect to the classical
background metric. In the BTZ case, the subtraction of

Gg,lil(x, x") corresponds to simply removing the n = 0 term
from the n-sum in Eq. (3.7) [50,54,57]. Therefore, the
n-sums for the RSET that follow from Egs. (3.7) and (3.13)
will be over the summation range 7\{0}, instead of the
range / which we described in Sec. III A 2 for the various
space-time settings.

Furthermore, as follows from Eqs. (3.7) and (3.13), the
n-summands in the RSET will contain the quantity

d, =20(x,H"x) (3.14)

as well as ©(d,,). Therefore, in order to facilitate the nota-
tion for the n-sums we define a new summation symbol,

> 5= 0(d,)s,

for some summand s, and some summation range.

It follows from [32] that, by inserting the general form
Eq. (3.7) for the two-point function into Eq. (3.13), and
using Eq. (3.6) for o, the RSET for a conformal scalar field
satisfying transparent boundary conditions on a BTZ
geometry takes the form

3l /
K<T/w> = TP Z

nel\{0}

(3.15)

1
(Sﬁy - ggﬂygﬁpsg,) s (316)

where S7, = 0,X0,X"S?, is the pull back to AdS; of
(Hn)ab
P
3(H") oo X (H™")pgX! = (H") 1o X (H") pg X
FE :

n J—
Sab =

+

(3.17)

Even though this expression for the RSET was given in [32]
for the BH case, it also applies to the NS with the
appropriate summation range /.

We now proceed to give explicit expressions for the
RSET and describe its main physical features, separately
for the BH and NS cases. We will make use of the fact
that the summand in Eq. (3.16) is either symmetric or
antisymmetric—depending on the specific component—
under n — —n.

1. Black hole

Here we give the RSET in the BH geometries. Using the
symmetries under n — —n mentioned above and the fact
that I = Z is symmetric with respect to n = 0, the explicit

F(M)
0.025 -

0.020

0.015

0.010

0.005

L n . M
5 10 15

FIG. 3. The function F(M) of Eq. (3.19) that defines the RSET
profile for a static BH. This function has a maximum at
M =~ 0.648876, decays exponentially for large M and F(0") =
¢(3)/(27%) = 0.0193841.

expressions for the RSET that we shall give will contain
n-sums involving only n > 0.

We first summarize the RSET result in [29] in the static
case. We then rederive (and make a slight correction to) the
RSET in [32] in the nonextremal rotating case and plot its
components. We finally derive the RSET in the extremal
case. For the rotating BH cases, we also give the specific
radii inside the Cauchy horizon at which the RSET
diverges.

RSET for the static BTZ black hole.—The RSET in the
static BTZ BH is obtained from Eqgs. (3.16), (A3), (A4), and
(A8) with (a_ = 0), and the summation range from —oco <
n < oo in Eq. (3.8). In this setting, itis d, > 0, Vn > 0, at
any space-time point, and so ®(d,,) = 1 in Eq. (3.15). The
RSET in this case is

l
K(T¥,(x)) = = F(M)diag(1,1,-2),  (3.18)
r
in {t, r, 0} coordinates, where
M3 h(2nzv/M
F(M) = cosh(2nzv/M) + 3 (3.19)

2v2 = (cosh(2nay/M) — 1)3/2

We plot the function F(M) in Fig. 3. Also, we note that we
obtain the same expression for the RSET regardless of
which region of the space-time, r > r, [Eq. (A3)] or
0 <r<ry [Eq. (A4)], we calculate it in. The result
(3.19) was previously found in [28] and [32].

RSET for the rotating nonextremal BTZ black hole.—Let us
now include (nonextremal) rotation to the BH. From
Egs. (3.16), (A3), (A4), (A5) and (A8) we obtain the
RSET in the nonextremal BH case:
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oI} = = 2—lPa i/ 2(2r%(3a, + (&% — a®)b,) — fzg:lj):/; +3a,a_e, (877 — 2% + 2.£?) 320
1 - g
(7)) = 1 i’ dc;/’z , (3.21)
W(19,) = - - 2_111,0{2 - i/ 2(2r*(3a, — (@2 — a)b,) — fzg,gsc/,; +3a,a_e,(8r* — a2 ¢? + a2 £?) C6»)
T o) o p
6lpl  ~= (4(cy — 4)r* — a, %) cpaa_ + e,(—4r (a2 + a%) + 2a2a% £?)
KT =~z —ap 2 " : (3.23)
W(T°)) zi/ (4(c, —4)r? — a,?)cpo ac —|—2;,/(2 42 (a2 + a%) + ot + ot ))7 (3.24)
P n
with
a, = 242 sinh? (%) + 202 sinh? (@) (3.25)
a, = 2a> smh2( ”2 > + 202 smh2< : ) (3.26)
b, = cosh (zna, ) — cosh (zna_) =2 (sinh2 (%) — sinh? <7m2a_>) , (3.27)
¢, = cosh (zna, ) + cosh (zna_) + 2, (3.28)
e, = 2sinh (zna ) sinh (zna_), (3.29)
g, = a* (0% + 2a%) sinh? <nn’a+> + a2 (@ + 20%) sinh? (%) , (3.30)
g, = a*(a% 4 203 ) sinh? <%> + a% (a? + 2a?) sinh? (nz;a_) : (3.31)
and, as per Eq. (3.14),
d, = 26(x, H'x) = 422 @} sinh*(%5%) - a2s1n152(””“+) T2 (3.32)
+

In this setting, it is d, > 0 for all n > 0 and any space-time point with r > #|a_|/2 (the Cauchy horizon of the BTZ
background). Therefore, in general, the ®(d,,) of Eq. (3.15) must be kept in the above equations. Also, we note that we
obtain the same expression for the RSET regardless of which region of the space-time, r > r, [Eq. (A3)], r_ <r <r,
[Eq. (A4)], or 0 < r < r_ [Eq. (AS)], we calculate it in.

An important issue appears in the region r < r_: in this region, d,, takes negative values and it vanishes at the radii given by

aZsinh? (*5) — o sinh? (%5=)
2b, ’

r?=rl=¢?

nez". (3.33)
Consequently, all components of (T*,) diverge at these various radii r = r, < r_. Moreover, r2 — r> as n — oo, and
therefore, r_ is an accumulation point of singularities from the left.

We note that our RSET expressions in Egs. (3.20)—(3.24) agree with those in Eq. (19) in [32] except for a factor in one
component. Equation (19) in [32] is in a different set of coordinates, which are defined in Eq. (6) in [32] and which we
denote here by {7, 7, 0}. If we transform our Eqs. (3.20)—(3.24) to {Z, 7, 0} coordinates, our result is equal to that in Eq. (19)
in [32] but with an extra factor “~2” in the (T%;) component.
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-5 -5

Inj<T=| Inj<T" =

-10

FIG. 4. Plot of the log of the absolute value of the RSET components (T*,) as functions of r € (r_, 10] and a_ € [0, a, ] for the
specific values of a,. = (v/3 +1)/v/2,¢ = 1,k = 8zand [, = 1. Left: (T*,); right: (T”,). The continuous red and blue lines correspond
to, respectively, r, and rg; . The vertical axis has been capped at a fixed value.

In Figs. 4-6 we plot the RSET components (7)) as
functions of r and a_ for a fixed value of a,. It can be
observed that they all diverge as r — r_ as expected. For
comparison with different boundary conditions, we note
that Ref. [58] plotted the RSET for the case of Dirichlet
boundary conditions—instead of transparent boundary
conditions, as in our case—and explicit analytical expres-
sions for the RSET in Dirichlet, Neumann and Robin
boundary conditions are given in [59,60].

RSET for the extremal BTZ black hole.—The angular
momentum in the extreme BTZ BH of mass M is
J =yM¢ with y = £1 (i.e., @, = ya_). Here we define
a=r. /¢ =+/M/2> 0. From Egs. (3.16), (A13), (A14)
and (A18) we then find the following expression for the
FIG. 5. Same as Fig. 4 but for the component (7?;). RSET valid everywhere (V r > 0):

=5
Inf<Te>| _10

FIG. 6. Same as Fig. 4 but for the (nondiagonal) components (T"y) (left) and (7%,) (right).
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Plp 1
k(T'",) = 2—;2/— [3A(r)(67%a’n® + (27*a*n® + 1) cosh(4rman) — 1)
n=1

P2
+167an(3a — A(r)) sinh(zan) cosh?® (zan) — 4asinh? (2zan)], (3.34)
3 2l
K(T'y) = y P Z 5/2 r)(6x*a*n* + (2n*a*n* — 1) cosh(4zan) + 1)
+16a sinh(zan) cosh? (zan)(zan cosh(zan) — sinh(zan))], (3.35)
=, cosh?(nza
K(T",) = 4lp Z %, (3.36)
T° ?WZP A(r)(672c2n® + (272 1) cosh(4 1
Kk(T?) = st/z (r)(67%a*n* + (2n2a®n® — 1) cosh(4ran) + 1)
+16a sinh(zan) cosh? (zan)(zan cosh(zan) + sinh(zan))], (3.37)
k(T%y) = _@i’L [3A(r)(67%a*n® + (27*a*n® + 1) cosh(4rman) — 1)
’ 2(1 n=1 dfl/z
+167an(3a + A(r)) sinh(zan) cosh? (zan) + 4a sinh?(2zan)], (3.38)
with
d, = 206(x, H"x) = 4¢ sinh(zan)(znA(r) cosh(wan) + sinh(zan)), (3.39)
|
and N-1 V-l 1 V=1
> fu= Z(fn tfun) =5 (Fatfo) (342)
2 _ 22 n=1 20= =1
Alr) =————. 3.40
(=""1 (3.40)

We note that the RSET in the extremal BH case in
Egs. (3.34)—(3.38) is actually equal to the RSET in the
subextremal BH case in Eqs. (3.20)—(3.24) when taking the
extremal limit r_ — r,.

Similarly to the nonextremal BH case, d, is zero at
certain values r, < r,, with

h
r%_r+<l—w>, nezZ". (3.41)

nra

This implies that the nth term in the series for (7*))
diverges at these radii. Moreover, since r,, = r, as n — oo,
r, becomes an accumulation point of singularities from
the left.

2. Naked singularity

Here we give the RSET in the NS geometries. Here we
shall make use of the symmetry SV, (x) = Si;"(x), a
consequence of the property HY =1 that allows to
symmetrize the sum over positive and negative n in
Eq. (3.16) as

where f, is the summand in (3.16). Depending on the
specific component of the RSET, we have f, =f_,
or f n = _f —n-

We first review the RSET in the static case obtained in
[31] and afterwards give our new RSET results in the
rotating case (we do not consider the extremal NS because
it involves an infinite sum whose convergence would need
to be addressed separately).

RSET for the static NS.—We consider static NS space-
times with f =2v/-M =2/N and N € Z". The RSET
on this space-time can then be obtained from Eq. (3.16),
the embedding Eq. (A22) and identification matrix in
Eq. (A26) in the static limit (3, = f, f_ = 0), where the
summation range is 1 <n < N — 1. As in the static BH
case, itis d, > 0, V n > 0, and for any space-time point, so
that ©(d,) = 1. The result, derived in [31], is''

""The symbol N is not used for the same quantity here as in
[56], but the expressions in both places are equivalent. On the
other hand, there is a typographical error in Eq. (14) in [31] in that
a factor of 1/2 is missing, but the remaining formulas in [31] are
correct.
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F(m)
vo100 ...,............
0.0185[ *
o.0180
0.0175
0.0170
0.0165
0.0160 | | | | L
10 20 30 40 50 —M
FIG.7. The function F(M) of Eq. (3.44) that defines the RSET

profile as a function of 1/v/—M = N, where N = 2, ..., 50. The
sum in Eq. (3.44) rapidly approaches the asymptotic value F(0™)
in Eq. (3.45) given by the limit N — 0.

l
() = 5 F(M)diag(1,1,-2),  (343)
in {t, r, 0} coordinates, where
_ 3/2 N-1 _
F(M) = (-M) cos(2nzv/—-M) + 3 (3.44)

42 = (1 -cos(2na/—M))3?

where we have used Eq. (3.42). The function F(M) is
plotted in Fig. 7.

From (3.44) it is clear that the result is nontrivial
for N > 1, which in turn implies —1/4 < M < 0. For
static conical singularities with —1 <M < —1/4, the
computation requires an integral formula instead of
a sum.

The expression for the summand in F(M), including the
factor (—M)3/? in Eq. (3.44) for the NS, can be obtained
from the corresponding one for the BH in Eq. (3.19) by
analytic continuation, M — —M. However, in the NS case,
the images for n and n — N are repeated, whereas in the BH
case all images with different n are distinct, which accounts
for the different overall factors in F(M) in the two cases.
Furthermore, for the NS, unlike the BH case, the sum runs
over a finite range and consequently F is manifestly finite
and positive.

The value of F(0) may be obtained by taking the limit
M = —1/N?> - 0~ (i.e., N - o) in Eq. (3.44), which is
numerically found to be

F(07) = 0.0193841 zi(—;)

(3.45)
where { is the Riemann zeta function (see Fig. 7). This
value matches the limit M — 0" of F(M) in the BH
geometry, Eq. (3.19), in spite of the fact that there is
apparently a mismatch by a factor of two between

log(fy)

_125» ...o.. ...'..
gk R T.f.z?o..“ “'.3,0.?.T T sl
FIG. 8. Logarithm of the summand f, in Eq. (3.44) as a

function of n. The plot shows the range n =1,....N — 1 =49
and exhibits the symmetry n - N — n.

F(m)
0.0205 [

0.0200

0.0195

0.0190

0.0185

L n n J M
-0.10 -0.05 0.05 0.10

FIG. 9. The function F(M) as a function of M around M = 0.
For M < 0, F(M) is given by the finite sum Eq. (3.44) and it is
plotted using dots. For M > 0, F(M) is given by the infinite
series Eq. (3.19) and it is represented with a solid line. The figure
shows that F(M) and its derivative dF/dM are continuous at
M = 0, which can be also verified analytically.

Egs. (3.44) and (3.19). The apparent mismatch arises from
taking the limit by applying the L’Hopital rule to the
summand and not considering the symmetry n - N —n
that it has (see Fig. 8)—this symmetry adds a factor of two
apparently lost in the sum in Eq. (3.44). The continuity of
F(M) and its derivative across M = 0 is manifest in Fig. 9.

RSET for the rotating NS.—We consider the case
pr=2/Ny, Ny € Z", where N_ > N_. The number of
distinct images is N, the least common multiple of N, and
N_. Then, using Eq. (3.16), the symmetry (3.42), as well as
the embedding Eq. (A22) and identification matrix in
Eq. (A26), we obtain the following components of the
RSET for the rotating NS:
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%/2(2#(3% — (B2 = P2)b,) + 2g,)c, + 3B, fe, (87 + B26° + pL. %)

K(T",) = A e . (3.46)
LY
K(T",) = EZ yil (3.47)
n=1 n
N-1 _
(%) ==z Z_Pﬂz)z 12(2r2(3a, + (B = P2)ba) + fzg,;);,; 3P PoenB7 PP g g
—/ n=l1 n
N-1
K<Ttg> _ ( 23ZPZZ )2 ! <4(cn - 4)7‘2 - anf2>cnﬂ+ﬁ—d_§/jn(4r2<ﬁg + ﬂ%—) + 2ﬁ%ﬂ3—f2) ; (349)
+ 7 =) u=1 n
N e AT R AR AR ) NS
-+ - n=1 n
with
a, =2/ sin’ (nzﬁ_) + 2% sin® (%) , (3.51)
a, =2p sin ( ﬂﬂ+> + 2% sin (m;ﬁ_)’ (3.52)
b, = cos (anf) — cos (znf_) =2 (sm (ﬂnzﬁ_) — sin? (n’n2ﬁ+> ), (3.53)
¢, = cos (znf, ) + cos (znf_) + 2, (3.54)
e, = 2sin (znf,) sin (znf_), (3.55)
= B2 (B2 + 242 ) sin? ( i +> R+ 22 sin? <””2ﬂ—>, (3.56)
G, = B2 (B> +26%) sin® ( ﬂ*) + f2(F% + 26%) sin <””2ﬂ‘>, (3.57)
and
2 2 7nfy 2 2/mnf_ 2 p-2
d, = 2000, H) — 422500 = ﬁﬂ : smﬂ(% I ay (3.58)
Note that this RSET has the generic form
ey
<Tﬂu> :E [Tﬂv(r;nvﬂ+vﬁ—> +Tﬂv<r; _n7ﬂ+nﬁ—)]7 (359)

n=1

for some tensor z¥,. The components (7’,) and (T",) vanish because 7’, and 7", are antisymmetric under the change
n — —n. For instance, the component 7/, given by

48¢3rz, sin (3 np, n)
(B = B) (B2 +42) (B0 + 47 dy?

r
F=
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with

20 = B (417 + B2£7) sin (zf_n) sin (;ﬂﬂ+n> —2B_(4r* + B2£?) sin? (;ﬂ'ﬂ_l’l) cos (;ﬂﬂgz),

is odd under n — —n. This simplifies the backreaction
problem since it is sufficient to consider a solution of the
metric semiclassical equations of the stationary form in
Eq. (4.17) (i.e., with no g, or g,y components).

Note that b,, > 0 in (3.58) implies d,, < 0 and therefore
those terms with b, > 0 do not contribute to the sum
defining the RSET." The special case b, = 0 would make
d, to be independent of r, so that the RSET would diverge
at radial infinity, thus leading to a breakdown of the
perturbative approximation. It can be seen that b, vanishes
for n =N, which is outside the range of the sum
1 <n <N — 1. In addition, there is a discrete set of pairs
of B, for which this also happens in the range of the sum.
This set is given by

S={p.|n(p. £ p_.) =2k ke 7} (3.60)
and it must be removed from the analysis. For example, the
case f, =2/3 and p_=1/3, yielding b, = by =0,
belongs to S.

For b, < 0, d, grows as r* for sufficiently large r and
the above RSET components go as 7~ at infinity, which is
the same behavior as the RSET in the static case and as the
classical stress-energy tensor.

Finally, and similarly to the BH case, d,, in Eq. (3.58)
vanishes at some radii r,, given by

r2 = 222 {ﬂ%sin2 <% T[flﬂ+> — B sin? (% ﬂnﬁ_)} > 0,
(3.61)

for some n. Since b,, < 0, the numerator of (3.61) must be
negative in order for r, to be real valued. At each of these
zeroes, the RSET blows up and, therefore, the Kretschmann
invariant (5.7) diverges, signaling curvature singularities.

Let us now examine under which conditions one can
make sure that b, < 0 for some 7 in order for the sum in the
RSET to be nonvanishing. For f_ =0 (J = 0), b,, is nega-
tive for all n, and since b,, is a continuous function of S, it
should still be negative for some range f_ # 0 (|J| > 0).

Since . =2/N,, then 0 < . £+ f_ < 3. The largest
possible B, =2 yields N=|N_| and b, >0 for all
ne{l,....N_—1}, hence this case is excluded.
Therefore the only allowed values for . are contained
in the domain

“Writing b, as 2(sin® y — sin®x) with y < x, and imposing
b, >0 implies that sin®x/x?—sin?y/y?> <0, from which
immediately follows that d, would be negative.

0<p,.£p_<2 (3.62)
The region covered by this condition corresponds to NSs in
the square region J >M >J—-1and —J > M > —-J -1
as shown in Fig. 10. This region includes all the static NSs
with masses in the range 0 < M < —1. One can now
observe that since sin’ x grows monotonically for small
xand p, > p_, atleast for n = 1, by < 0, and therefore the
sum for the RSET always contains the first term. It is also
easy to see that, in that same domain, the factor in brackets
in Eq. (3.61) is negative for n = 1, which renders r} > 0.

IV. SOLUTION OF THE SEMICLASSICAL
EQUATIONS

In this section we solve analytically the semiclassical
Einstein equations:

G;w - f_zg;w = K<T;w>' (41)

Here, the RSET is calculated on a classical BTZ
background space-time (such as the one in the previous
section when using transparent boundary conditions) and
the solution g, corresponds to the quantum-backreacted
geometry (that is, g, in Eq. (4.1) is not the classical BTZ
background).

We provide details of the integration differentiating
between the nonrotating and rotating cases. For the static
case, this section contains a review of existing results in the
literature [28,29,31] and new observations about the RSET

M

FIG. 10. Region 0 < f, + p_ <2 [see Eq. (3.62)] in the M-J
plane corresponds to the central square between the zero mass
state (M = 0, J = 0) and anti—de Sitter (M = —1, J = 0). In this
region b; < 0, which guarantees that the RSET contains at least
one nonvanishing term in the sum (n = 1).
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conservation under different boundary conditions. In the
rotating case we include a thorough description of the
results briefly announced in [33].

A. Static geometries

Let us consider a general form for a static and circularly
symmetric three-dimensional line element:

dr? 5o
B(r) + r<do-.
The functions A(r) and B(r) are determined so that this
metric is a solution of the semiclassical Eq. (4.1) with a
static RSET of the form (7*,) = diag((T",(r)), (T",(r)).
(T%(r))) as a source. In particular, the RSETs of
Egs. (3.43) and (3.18) have this diagonal form; also, the
static BTZ BH geometries, Eq. (2.1) or (A21) with J =0,
have the form in Eq. (4.2).

The semiclassical Einstein equations containing the
above RSET as a source reduce to

ds®> = —A(r)df* + (4.2)

B 1
Z - P = K<Ttt>, (43)
BA" 1
ﬂ — ﬁ = K'<Trr>, (44)
AA'B' — B(A”? — 2AA” 1
( )L _wrty, (@5)

4A2 2

where a prime on a function denotes derivative with respect
to its argument. Using Eqgs. (4.3) and (4.4), Eq. (4.5)
becomes

/

(77 4+ 52 (T7,) = (1) - (T7,) = (%)) = 0.

(4.6)

In its turn, the only nonvanishing component of V,(T*,) is

/

VTR = (1) 4 3 (7)) = (7)) - (T7,) = (%)),
(4.7)

We note that Eq. (4.6) is equivalent to V,(T#,) = 0. As
expected, once the three field equations are satisfied, the
conservation of (T#,) holds.

1. Dirichlet and Neumann boundary conditions

The RSET that we gave in Sec. III B was for a conformal
scalar field satisfying transparent boundary conditions.
From [28], one can show that the RSET components
computed using Dirichlet and Neumann boundary con-
ditions for a conformal scalar field on the BTZ BH
background satisfy the following relation

(1) 4 o (17 = )+ (1) = (7%) =0

(4.8)

Comparing the above expression with Eq. (4.7), it is noted
that the conservation of the RSET is guaranteed if

A r
A=A (4.9)
This condition is exactly verified by the static BTZ BH
geometry, Eq. (2.1) with J = 0. This means that the RSET
for a field satisfying Dirichlet or Neumann boundary
conditions is conserved on the BTZ BH background.
If, on the other hand, A were such that it did not satisfy
Eq. (4.9), then the RSET would not be conserved. In that
case, the integrability condition for Eqs. (4.3)—(4.5) would
not be fulfilled. However, if A satisfied A o (2 — %) +
O(lp), then Eq. (4.8) would be satisfied at order /p. Then
the semiclassical equations (4.3)—(4.5) for a RSET for a
field satisfying Dirichlet or Neumann boundary conditions
would only be compatible at linear order in /p.

2. Transparent boundary conditions

The components of the RSET for a conformal scalar field
satisfying transparent boundary conditions on the BTZ
background geometries, for either BH [Eq. (3.18)] or NS
[Eq. (3.43)], satisfy the algebraic relations
(') = (T") and (T") + (T",) + (T%) = 0. (4.10)
which imply (77,) = (T%) = 3(T",). In this case, Eq. (4.7)
reduces to

3
V{TH) = (T7) + ("), (4.11)
whose right-hand side vanishes since (7”,) is proportional
to r~3 [see Eqs. (3.18) and (3.43)]. Note that the term with
A’/A in Eq. (4.7) is absent in Eq. (4.11) because
(T",) = (T",). This shows that a RSET calculated on a
fixed background space-time and which is of the form

constant
< Tv, > = 3

diag(1,1,-2), (4.12)

in {t, r, 9} coordinates is conserved on the general static
metric in Eq. (4.2) and so fulfills the integrability condition
for Egs. (4.3)—(4.5). In particular, the form (4.12) is
satisfied by the RSET for a field with transparent boundary
conditions on a BTZ background space-time.

Because Eq. (4.5) is satisfied by virtue of (4.11), it is

only necessary to solve Eqs. (4.3) and (4.4). Subtracting
Egs. (4.3) and (4.4), and using Eq. (4.10), we obtain
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== (4.13)

Thus A = B (up to a constant which can be taken equal
to 1) and, from Eq. (4.3), we obtain

r2

A :B:fz—c0+2k/r<T’,>dr, (4.14)
where ¢ is an integration constant.

Note that for the transparent boundary conditions and in
the coordinates of Eq. (4.2), the exact solution given by
Eq. (4.14) of the semiclassical equations (4.3)—(4.5) is a
linear function of the source. Thus, if ¢ is chosen to be the
mass M of the static BTZ geometries, then the exact (i.e.,
without expanding for small /p) solution for the metric
coefficients A and B coincides with the solution one would
obtain if expanding A and B to linear order in [ around a
BTZ static metric.

Black hole.—Let us first briefly review the static (J = 0)
BTZ BH case, which was analyzed in [29] considering
transparent boundary conditions. Using Eq. (3.18), the
integral appearing in Eq. (4.14) becomes

_20pF(M)

2K/r<T’,)dr: _

r

(4.15)

where F (M) is given in Eq. (3.19). The backreacted metric,
as given by Egs. (4.2) and (4.14), is then

2 2
o (. _2eFM)N o dr
ds® = <£2 Co p dt +<ﬁ_CO_M>
1z r
+ r2de?, (4.16)

This metric is that of a circularly symmetric AdS black
hole (i.e., a “three-dimensional Schwarzschild-AdS” black
hole), as was already noted in [29], where its thermody-
namics properties for ¢, = M were investigated.

Naked singularity.—In the static NS case, the RSET in
Eq. (3.43) has the same structure as for the static BH case.
Therefore, the quantum-backreacted metric has the same
form as in Eq. (4.16), but now F (M) is instead given by the
finite sum (3.44).

B. Rotating geometries

In this section we set as a source of the Einstein
semiclassical equations (4.1) the RSET corresponding to
a conformally coupled scalar field on the rotating BTZ
background geometries. In order to solve these backreac-
tion equations we consider a general stationary and
circularly symmetric three-dimensional line element:

dr? ) )
m—k r*(d6 + k(r)dt)*, (4.17)

for some functions N(r), f(r) and shift function k(r). We
are interested in finding the linear corrections in /p to the
rotating BTZ geometries. For this purpose, we write the
metric functions explicitly up to order O(l,) as

ds*> = =N(r)*f(r)dt* +

N(r) = No(r) + IpN;(r) + O(13).
f(r) = fo(r) + Ipf1(r) + O(13).
k(r) = ko(r) + Lpky (r) + O(13), (4.18)

where the functions labeled with a subindex O are the
background metric coefficients and those with subindex 1
correspond to their first-order backreaction corrections
in [p.

The zeroth order field equations provide the equations
for the background functions:

3 3 8
N, =0, K +=k =0, "= 2
0 0+r 0 0+rf0 72
PRk 2r
fot+—a ==, (4.19)
2N} 2

where a prime means derivative with respect to their
argument, r. Thus, it is No(r) = constant, which is taken
to be 1. In its turn, the first integral of the equation for k,
gives r°kj, = J = constant, so that

!4 ko(o0).

ky = ———
0 212

(4.20)
We choose kg(o0) =0 in order to describe the BTZ
geometries in a coordinate frame such that the shift function
at infinity vanishes. Thus, we have

J
N():l, k():—ﬁ. (421)
Moreover, from Eq. (4.19) we have
2r  J?
and hence,
l"2 J2
fo==-M+ 5. (4.23)

where M is a constant of integration. Equation (4.23) is
the usual expression for the lapse function of the BTZ
geometries with mass M and angular momentum J.

The next order of the field equations provides linear
differential equations for N (r), k;(r) and f(r). Explicitly,
the O(lp) semiclassical Einstein equations (4.1) read
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K
16/ 7 (Tu) = fo(r?(167ky = 8f7) + 472r* N — 81PN + 8J2r* N + 8Jr°k])

P
12
+ 2124 f = 3J4rNY + 6J*N| — 63 k) + ?JZVSN’I, (4.24)
N/ J? 4 6J°N, 6J°k]
815<T,9> = —4f, <J<N’1’ —71) + 2k + 3rk’l> -2Jf + 3J<F—7Z>N’1 - L4 - L (4.25)
P
3(ff 4+ Jk) = J*N, N
B,y =t (1 + 41) Ly (4.26)
l, 2r £ r
K 2 o 12r% 3J%\,,  6J°N, ,
47<T99>:4 fON] +2}" f] + 7 — Nl + r2 —6Jrk1. (427)
P
We first isolate the relevant second derivatives appearing in these equations:
1
PR = (=P Ik, + 27 1 + JrN, = 202N, + - (2Jr2 lf (T,g) + 47 lf <T,,>> , (4.28)
P P
N 5 K 12.% 372\ 6J*N, ,
4rfoNT + 2r° f1 :4Z—(T99>— 74—— N} ———5—+6Jrkj. (4.29)
» r r
Substituting these equations into Eq. (4.24) we obtain
K K K
A= 4J2r21— (Tgo) + 16Jr4l— (Ty) + 167° ™ (T = =8r2fo(rP(JK, + f}) = JPNy), (4.30)
P P P
which combined with Eq. (4.26) gives
K A
N, =r—(T —. 4.31
1 rlp< rr>+16r5f% ( )
This last equation determines N. Since the RSET is traceless, we obtain
1 M J
(T =BT+ (=75 ) Tw) = 5 (T 43)
so that .4 becomes
6 K 1
A=16r"fy Jo(Ty) +p<T99> : (4.33)
P

We now use the combination of Egs. (4.26) and (4.27) that eliminates k', together with Egs. (4.32) and (4.31), and obtain

A 4r? J?
(rf) = _8r3f0—2r2N'1 (W_M_W> = 2r foNy. (4.34)

This equation allows to solve for f. Finally, the equation determining k; comes from Eq. (4.30):

2N, A

— 4.35
7'3 Sl’jfo ( )

Tk = —f1 +

In this way, we have decoupled the semiclassical Einstein equations at the linear approximation in /p. We note that the
components of the RSET satisfy the integrability condition of these equations,
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d(T,.) _ J252—2f272f0—4"4 <T > '/ﬂ2<Tn>—<T99>
dr ( 2r3f, ) " Criy
(4.36)

which corresponds to the covariant conservation (at first
order in [p) of the RSET.
The integration of Egs. (4.31), (4.34) and (4.35) give

Ni(r) = lp/dr<2r<T,r> sz;)(>)) +cp, (4.37)

fin = [ arl 2w+ w0 (-2 5)

=

+%/dr<2MrN1(r)+£F3fo(r)<Trr>>]

)
+_2+C3,
r

Jki(r) = =f1(r) = 2fo(r)N(r)

+2/rdr(2N1( )

The integration constants ¢y, ¢,, c3 and ¢, are set to zero so
that Ny, f; and k; vanish for vanishing RSET. Note that f
and k; are determined by N, and (77) = fo(r)(T,,).

We next give the explicit form of the semiclassical
corrections for the different BTZ backgrounds.

(4.38)

T Aol >l;lz<<T,r>) e
(4.39)

1. Semiclassical corrections to the nonextremal black hole

The backreaction corrections to the nonextremal rotating
BTZ BH are determined using Egs. (3.20)—(3.24) together
with Egs. (4.37)-(4.39), yielding

£? *va,c, —2a_a. e
No(r) = nCn T UGhln iy g
e Tra) My 40
£1(7) :
A —
! 322(d% - a?)
=4, (a,c, — 20_a.e,) + c,d2(a? —a2)?
XZ 2 73/2 ’
n=1 bndn
(4.41)
=~ (2 +d)e, —a_a,(c, —4)c,
k() = - ,
N =5p 2 b2y
(4.42)

where a,, b,, c,, e, and d,, are given in Egs. (3.25), (3.27),
(3.28), (3.29) and (3.32), respectively, with

]’ZnE(4 — 203 )(4}’ — 7 2)b
(- (4 - Lj”’ﬂ)d (4.43)

For plots of the (equivalent of the) functions N (r), f(r)
and k;(r) in the backreacted metric, we refer the reader
to [56].

2. Semiclassical corrections to the extremal black hole

Using Egs. (3.34)—(3.38) together with Eqgs. (4.37)—
(4.39) we obtain the semiclassical corrections to the
extremal BTZ BH case:

HZ: 2zna sinh 27ma)d3/ 2 (4.44)
£ = _f“i' (;_2 o?)’B, 2_‘_2201(— -a?) sinh(237/rzan)C,, +D, ’ (4.45)

i r*r*n’asinh(2zan)d,
., Lpz, 2% 2(cosh2 (227maz +1) - SilI/lilz (2zna) , (4.46)

sinh® (2zna)dy

where

A, = ¢?(sinh? (2zna) + 27*n*a? (cosh? (2zna) + 1) — 2zna(cosh (2zna) + 1) sinh (2zna)), (4.47)
B, = 6n’n’a?(cosh?(2ran) + 1) — 4n’z*asinh(2zan) cosh? (zan) + 3nx sinh? (2zwan), (4.48)
C, = n**a?(cosh?(2zwan) + 1)sech?(zan) + 2nza sinh(2zan) + 2 sinh? (zan), (4.49)
D,, = 8a sinh?(zan) sinh(2zan), (4.50)

with d,, given in Eq. (3.39). We remind the reader thata = r /¢ =

y = =+1.

\/M/2 > 0 and the angular momentum J = yM¢ with
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3. Semiclassical corrections to the nonextremal
naked singularity

In the case of the nonextremal NS, using Egs. (3.46)—
(3.50) together with Egs. (4.37)—-(4.39), the following
backreaction corrections are found:

2 vauc, = 2B poe,
i) = _Z(ﬁi—ﬂi); - v s
o IS 1/4hn ancn - 2ﬁ+ﬂ—€n) - Cnd%(ﬁi _ﬂ%)3
filn) = ; 6412 (2 — p2)b2dy)” ’
(4.52)
£~ (B2 + e, + pip(c,—4)e,
- _2Z bzdfz ’
(4.53)

where a,, b,, c,, e, and d,, are given in Egs. (3.51), (3.53),
(3.54), (3.55) and (3.58), respectively, with

hy = (42 + 22 ) (412 + £2B2)b,

~ -y (4 e BB g sy

The integrals involving the RSET components were
computed assuming b, # 0, which is indeed the case.

Aside from the limits in the sums, the above expressions
(4.51)—(4.53) are equal to the nonextremal rotating BH cor-
rections (4.40)—(4.42) by means of the replacements 052i —
—p2%, cosh (zna.) — cos (znf.), and a a_ sinh (zna, ) x
sinh (zna_) — . p_sin (znp) sin (znp_).

V. ANALYSIS OF THE SEMICLASSICAL-
BACKREACTED GEOMETRIES

In this section we shall investigate the physical properties
of the geometries given by the semiclassical-backreacted
metrics which we have obtained in the previous section. As
usual, we shall split this investigation between the different
background space-times.

A. Static black hole

As shown in [29] for the static BH case, by setting ¢, in
Eq. (4.16) to be equal to the mass M > 0 of the background
BH, the quantum corrections lead to a growth of order /» of
the event horizon and to the formation of a curvature
singularity at r = 0.

B. Static naked singularity

The static solution of semiclassical Einstein equation
given in (4.14) has an arbitrary integration constant c
whose choice corresponds to the freedom of describing

different physical setups. The analysis of the space-time
structure, performed in [31] considering ¢ =M <0 in
Eq. (4.14) corresponds to the study of quantum corrections
on the classical conical singularities of mass M. For finite
M a horizon forms at the radius

2F(M)
-M

A1, = 0) = Ip+ O(13), (5.1)

the horizon is at

AO(M = 07) = [2%’1?(0)]1 e oM). (5.2)

while for M — 0,

This horizon hides a curvature singularity inside (at r = 0).
In the background space-time, the (naked) singularity was a
causal singularity and of timelike character. On the other
hand, in the backreacted space-time, the (horizon-hidden)
singularity is a curvature singularity and of spacelike
character (as in Schwarzschild space-time).

The fact that the backreacted metric corresponds to a BH
prompts the question of whether there is a classical solution
of Einstein equations that corresponds to this metric. We
examine this possibility by choosing ¢y = 3(F(M)lp/£)*/3
in Eq. (4.14), so as to match the BH classical solution
(2.13), which exhibits an event horizon with radius

12 !
ro= 2f<‘;f’> - 2f<;

This horizon is of the same order in [, as the result in
Eq. (5.2). This classical solution for the metric extremizes
the one-loop effective action where the role of the classical

5 [see Eq. (2.15)], with

C =¢(F(M)l,/¢)"3. This dressed BH has a mass—the
conserved charge associated with the time translation
symmetry at infinity—given by [46]

w00

The corresponding temperature and entropy of this black
hole are [46]

IEVEN AW _ 2 12,
Tﬂ(l/ﬂ)/\/l, S = 3\/_IPM (5.5)

respectively.13 The first law of thermodynamics dM =
TdS is directly verified from Eqgs. (5.4) and (5.5). As noted
in [46], due to the conformal coupling, the area law for
entropy is corrected as

K r r
= (1-5g2(r) ) B 22
> ( 8¢(r+)> 20, 3,

“In Egs. (5.4) and (5.5) we have set k = 7.

F(M)> P )

scalar field is played by

(5.4)

(5.6)
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C. Rotating black hole

From the analytical solution of the backreaction equa-
tions given in the previous section, we shall now investigate
how the quantum corrections modify the background BH
geometry. It is important to stress that our results are valid
for nonextremal BHs as well as for extremal ones.

1. Asymptotic structure

At infinity the corrections are negligible, since N| — r%,
f1 N% and k,; N% as r - oo (we remind the reader that
No(r) =1, ko(r) = O() and fo(r) — r?). Therefore, the
quantum corrections do not modify the asymptotic struc-
ture of the BTZ background space-time.

2. Horizons

Let us now study the quantum backreaction on the
Cauchy and event horizons. In order to study their stability
properties it is useful to compute the curvature invariants
of the quantum-backreacted space-time. The correction
“=2k(T*,)” [which is O(lp)] to the background Ricci
scalar R = 6A is zero because the RSET, which is the
source of the semiclassical Einstein equations, is traceless.
In its turn, the Kretschmann of the backreacted metric is

R,,cR*77 = 4R, R — R* = 12A% + 4(T+ )(T",),

(5.7)

HUpO

where the semiclassical Einstein equations and the trace-
lessness of the RSET have been used.

With regards to the event horizon, we first note that
the RSET is regular at the classical event horizon. At
r=r, =7fa,/2, we have from Egs. (3.20)—(3.24) that

)T,
3l 3 CuCm
"% o, (cosh(nma,) = 1) (cosh(maa, )~ 1)

(5.8)
J

2

Thus, Eq. (5.11) implies riq) > r,. That is, the radius of
the quantum-corrected event horizon is larger than the
classical one.

'4Clearly, this procedure would not work if we wanted to
analytically extend our solution to the NS regime, where there is
no horizon at the classical level.

with ¢, = cosh(nza, ) + cosh(nza_) + 2, already defined
in (3.28). The invariant (5.8) is regular and so, from
Eq. (5.7), it follows that the Kretschmann scalar at the
event horizon (of the background space-time) is also
regular.

In order to find the event horizon of the quantum-
corrected solution, we look for the largest root of

’,2 2

J
9T =fr) = =M+ S +1pfi(r) =0 (59)

where we have used Eqs. (4.18), (4.21) and (4.23). Working
at O(lp), it is enough to replace f,(r) with f(r.),
provided r, > [p, and consider the largest solution of

the resulting quartic equation.'* The radius r(f) of the event
horizon of the backreacted metric is then given by

N M- 1 J2
(%) —”ff'(”)g\/ (M~ 1 ()P~ 2

(5.10)

It is understood that the above expression must be
expanded at leading order in /p, which in the nonextremal
case yields

(5.11)

with ai —ar =4VM? - Jre2

From Eq. (4.41) we arrive at

—4)-2a,a_e,

a2 —ar) S adke,(c
f](r+):—\/§(+ —)Z +n<n

8¢ai 4= b2 /cosh(nza,)— 1
(5.12)
One can proof that f(r,) <0. In fact, by writing

ay =5+ A, where s >0 and A > 0, we have that the
numerator of the summand in Eq. (5.12) is

a% ((cosh(nza, ) + cosh(nza_))* — 4) — 4a, a_ sinh(nza, ) sinh(nza_)

= 4(s + A)[ssinh?(nzA)(1 + cosh?(nzs)) + Asinh?(nzs)(1 + cosh?(nzA))] > 0.

(5.13)

[

The event horizon of the extreme BTZ black hole is
located at r' = #\/M /2 = £a. From Eq. (4.45) we obtain

<0. (5.14)

1 & !
[ (Ca) = f1(rdY) n2 ; n? sinh(nza)

Following the same procedure for obtaining the radius of
the event horizon in the nonextremal case, we obtain the
corrected horizon radius
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X 4
P = 2 2\l (a).

where the leading order correction term is now O(y/Ip),
instead of O(lp) as in the nonextremal case shown in

Eq. (5.11). Note that the corrected horizon %) s greater
than the classical one . Moreover, from Eqgs. (5.12)
and (5.14), it is easy to see that f{(¢a)=
limy_ e f1 (7).

Let us now consider the quantum corrections at the inner
(Cauchy) horizon r_. As already remarked in [32] and as
we mentioned in Sec. III B, the RSET in Egs. (3.20)-(3.24)
is divergent at a series of circles r = r, for which d,
vanishes, i.e., at

(5.15)

rn  a*(cosh(nza,) — 1) — af (cosh(nza_) — 1)
= 4(cosh(nza, ) — cosh(nza_))

(5.16)

2
o

As n — oo, r,, approaches r_ from the inside, i.e., :7'2; -3
This accumulation produces an essential singularity
at r_. We see via Eq. (5.7) that the divergence of
(T*,)(T*,) at r_ produces a curvature singularity (in the
Kretschmann scalar) there. As mentioned, the singularity
at the Cauchy horizon arises when approaching it from its
inside, i.e., as r — r—. In Kerr, it has been shown that
classical field perturbations in the region inside the
Cauchy horizon possess unstable modes [61]. However,
near the singularity in Kerr there exist closed timelike
curves and so the initial value problem is in principle not
well posed there (even after requiring specific boundary
conditions on the singularity). The rotating BTZ BH case
here, on the other hand, possesses no closed timelike
curves anywhere and so we are free from their troubles.

A singularity at the Cauchy horizon is not unexpected.
In (3 4 1)-D, classical perturbations of the external region
of Reissner-Nordstrom and Kerr space-times grow with-
out bound at the inner (Cauchy) horizon, thus producing
a “mass inflation” curvature singularity there [8,11-13].
It was shown in [35] that a similar unbounded growth of
the perturbations (and of the local mass function)
happens in (2 + 1)-D for the rotating BTZ BH at r_.
Furthermore, at a quantum level, there are indications that
the RSET diverges in at least a part of the CH in
Reissner-Nordstrom and Kerr(-Newman) background
space-times [19-22].

Within our linear perturbative analysis, and following the
same reasoning adopted in [62], we can study the quantum
corrections to the inner horizon. As we did for the event
horizon, provided r_ > Ip, we can replace f;(r) with
f1(r_) in Eq. (5.9) and consider its smallest positive root.
The radius 9 of the Cauchy horizon of the backreacted
metric is then given via

I“fi(r.)
10F T '
08
0.2
01
06|
0
cl -0.1
04 0.2
-03
-0.4
02f
00,
0.0
a.
FIG. 11. This is f1(r_) in Eq. (5.19) as a function of a_ and

a, (>a_). The red and blue shades correspond to, respectively,
positive and negative values of f(r_). Equation (5.19) shows
that f(r_) diverges in the static limit a_ — 0, as the plot
indicates (N.B.: the numerical calculation was not accurate
enough for a_ very close to zero).

FON2 M = 1pf(r 2
() _M_z\/(M_lpfl(r_»z_J_

4 2 2 %
(5.17)
which at O(lp) reduces to
21
Ha) — r_<1 +§f—1<r;)> (5.18)
al —at

It turns out that the sign of the quantum correction to the
radius of the inner horizon is given by the sign of f(r_),
where

V2(a2 —a?) iaﬁcn(cn —4)=2a,a_e,
8Ca> b2\/cosh(nma_) —1

(5.19)

filro) =

n=1

One can show that, close to extremality, f(r_) is finite and
negative. This means that the inner horizon is pushed
inwards (i.e., 79 < r_) and “disappears from the space-
time”, which ends up in the future at a spacelike curvature
singularity at r_. Thus, the causal structure of the back-
reacted rotating black hole is essentially that of the static
black hole in Fig. 1(a). This means that, in this case,
quantum effects act to preserve strong CCH. The same
considerations apply to the extremal case, where f(r_) is
given by (5.14) and the corrected inner horizon radius takes
the form (5.15) but with r, replaced by r_ and a minus sign
in front of the correction term.
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We cannot check, with our method, what happens in the
opposite regime (i.e., in the weak rotating limit) since, in
this regime, the inner horizon is close to r = 0 and so f/(r)
cannot be replaced with f(r_) in Eq. (5.9). We plot f(r_)
in Fig. 11. This plot shows that the sign of f(r_) changes
when varying M and J. When it is negative, the radius of
the Cauchy horizon diminishes and is smaller than the
radius where the curvature singularity is. Therefore, in this
case, the singularity is also spacelike and strong CCH is
preserved. On the other hand, when f/(r_) is positive, the
radius of the Cauchy horizon increases and is larger than
the radius where the singularity is. Therefore, in this case,
the singularity is timelike and strong CCH continues to be
violated even in the backreacted space-time. Figure 11 also
indicates a divergence in f(r_) in the static limit. This
divergence seems to come from the fact that the image of
the point r = 0 in the static case is itself, and so the chordal
distance in Eq. (3.32) is equal to zero in the static case for
the point r = 0.

3. Hypersurfaces outside rotating black holes:
Ergosphere and absence of superradiant instability

Another surface of interest in the rotating BTZ space-
time is the static limit surface, defined by g,, = 0. In order
to find the radius of the static limit surface of the quantum-
corrected space-time, we solve

G = —N?(r)f(r) + r*k*(r) = 0. (5.20)

sinh?(2nza) + n*z*a?(cosh(4nza) + 3)

Working at O(lp), the equation to solve is

2
—(%—M> —p(2foNy + f1 +Jk) = 0. (5.21)

Using the results in Eqs. (4.40)—(4.42), we see that the three
last terms take a rather simple form:

2foN1 + f1 + Tk

_ _i' (ai + (I%)Cn(cn - 4)

1/2
— 4b2d,/

—4a,a_e,

. (522)

which is shown to be negative15 for all r such that d,, > 0.

In order to solve Eq. (5.21), for large enough radius
in comparison with /p, we evaluate the terms in Eq. (5.22)
[which are multiplied by /, when appearing in Eq. (5.21)]
on the classical static limit surface 13, = £*M = £*(a3 +

a%)/4. Let us denote by rSL and rg}‘f %) the radii of the static
11m1t surface of the quantum-backreacted nonextremal and
extremal BH geometries, respectively. For the nonextremal
geometry, we obtain

(92 2
r r
S S = —1p (2N 1+ Tkl gy > 0. (523)

Therefore, like for the event horizon, the quantum correc-
tions increase the radius of the static limit surface. In the
extremal case we obtain, from Eq. (5.21) and using
Eqs. (4.44)—(4.46),

() = 03 = zpfz

n? sinh?(2nza)/sinh(nza)(sinh(nra) + nra cosh(nra))

, (5.24)

which is also positive. At this point, it is interesting to evaluate the quantum correction to the “size” rgy — r, of the

ergoregion by computing, from Egs. (5.11) and (5.23),

Vi — a2 (a2 +a)c,(c, —4)

—4da, a_e,)

(50) = (Y] = [ - 72 = fslp Z[b

aicn(cn —4)

ay
2,/@ (cosh(nza,) — 1) — a*(cosh(nza_) — 1)

b%\/cosh(nza,) — 1

We could not determine the sign of the right-hand side of
Eq. (5.25) analytically. However, we carried out a numeri-
cal evaluation and this sign seems to be always negative
(although for a_ very close to zero the numerics were not
reliable).

This statement can be checked by writing a, = s + A, and
so we have that the numerator of the summand in Eq. (5.22)
is (a2 + a2)((cosh(nza, ) + cosh(nza_))? —4) — 8a, a_ sinh x
(nza.) sinh(nza_) = 8 [s?sinh? (nzA) (14 cosh?(nzs)) + A2x
sinh?(nzs)(1 + cosh?(nzA))] > 0.

- 2a+a_en}

(5.25)

In the extremal case, where the O(+/Ip) correction to 7.
is larger than the O(lp) correction to rg;, we have

(517 = (0] = (512 = (4297
—£r% [~ (fa) < 0,

where r‘ixt(q) denotes the radius of the event horizon of the
backreacted extremal BH geometry.

We shall now turn to the evaluation of the quantum
corrections to the angular velocity of the BH using

(5.26)
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Eq. (4.21). We find that the angular velocity of the
quantum-corrected BH is

10
J
QW =T ==~ ki (ry).
H gtt r:ri") |r:r+ 2(rg_q>)2 P 1( +>

(5.27)

In the nonextremal case, combining the two contributions
to Qg), we find at O(lp),

V21p(a% —a?) i sinh(nza, ) sinh(nza_)
2o’ b2(cosh(nza,)—1)/%"

(5.28)

Q) - Q=

n=1

where Qy = J/(2r%). Note that the right-hand side of
(5.28) has a sign opposite to that of Qp because
J sinh(nza_) > 0. Therefore, the quantum corrections to
the angular velocity reduce its absolute value. The same

effect occurs in the extremal case. We denote by Qz(t(q) and

Q)" the angular velocity of the black hole in, respectively,

the backreacted and background geometries. From
Eq. (5.27) and Egs. (4.44)—(4.46), we obtain
__ fext f
Q) _qen — VI s )

23/ 2af

with Q5 = y/(2¢). Since the quantum correction to ' is

of the order O(Z}D/ %) [see Eq. (5.15)], we obtain the same
leading order for the correction to the angular velocity.
Finally, we inspect the possible appearance of a
speed of light surface, which would—Ilikely—make the
space-time superradiantly unstable [63].'° For this purpose,
we consider the quantum-corrected Killing vector y(@) =

0/0t + ng) 0/06. This vector has squared norm

29" = gux VA = —N*f + 2K+ 27k + P
=—=(fo(r) + Ipf1(r)) = 2lpfo(r)N,

x (ki (ry) = ki (r)) + O(3).
(5.30)

Classically,

'®Although the BTZ BH is unstable under massive scalar field
perturbations due to modes whose frequency has a real part that
lies within the superradiant regime [64], this is not considered the
“standard” superradiant instability, which refers to a massless
scalar field.

0.0 a.

FIG. 12. Plot of the O(lp) correction (y2.;) to ¥ in Eq. (5.34)
as a function of r and a_ for the fixed value of

a, = (vV/3+1)/v/2~1.93. The blue horizontal plane corre-
sponds to zero.

(5.31)
lzri

The vector y@ is timelike in the near-horizon region
[where the terms in the second line of (5.30) go like

2
“—A(r* - r(f) )”, with A a positive constant, and the terms

in the third line go like ~(r* — #'¥")2] and becomes null on
the horizon. At radial infinity, where N{, f;, k; — 0, we
have that

29~ == (1= 20,

. (5.32)

r — 0.

The condition for it to be spacelike, and (likely) for the
space-time to develop a superradiant instability is

Q9 > 1. (5.33)

Classically, this condition is not met, i.e., £Qy < 1 (the
equality being realized in the extremal case).
Equation (5.28) implies that, in the nonextremal case,

it is fﬁg) <?Qy <1, and, in the extremal -case,

KQZ”(’]) < Q% =1. This suggests that the quantum
effects do not change the superradiant stability property
of the BTZ BH.

In order to investigate the norm of y?> more widely, we
first obtain explicitly the O(lp) correction to y* in the
subextremal case from Egs. (5.30) and (5.11):
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AP =Pl (—fl (r) = 264N,

ORI R (n )

2rt (R =12

() = ki) ) + O(R) (5.34)
We plot this O(lp) correction to y? in Fig. 12. [N.B.: for the
large-r behavior in Eq. (5.32) to be seen in Fig. 12 for small
a_, the plot should be performed to larger values of r].
In the extremal case, where y*> = 0 identically [see
(5.31)], the quantum-corrected )(”’(‘1)2 is entirely given
by the quantum corrections, whose leading term, O(4/1,),
comes from the first term in the last line of Eq. (5.30) and

from rgf) [see Eq. (5.15)]. We then obtain

J2bﬂ r2
)(ext(q)z — _W (2 — 1) _lpfl(la) < 0. (535)

Thus the quantum corrections turn the classically identi-
cally null »*** timelike.

D. Rotating naked singularity

1. Emergence of an event horizon

The first-order quantum correction to the metric com-
ponent ¢'" of the NS geometry, f(r) in Eq. (4.18), is
responsible for the formation of a horizon. In order to see
this, we note that f (r) has a finite number of poles at radii
r, where d, vanishes [see Eq. (3.61)]. As we will shown
below at these poles f; — —oo, turning the otherwise
positive definite ¢/f ... = fo(r), into a function that
vanishes at some finite radii. The largest radius at which
g'" vanishes is the event horizon of the quantum-back-

reacted metric, rﬁf) .

The zeroes of d,, form a finite set, the largest of them,
which we denote by r,, occurs at a certain value n = n,,

r: = & p? sin? l7m,ﬁ — 2 sin® 1ﬂnﬁ
© o 2p, \T 27 * 25

(5.36)

This zero appears twice in the sum that defines f/(r)
due the symmetry of the summand in Eq. (4.52) under
n— N-—n. At r=r, the geometry has a curvature
singularity (since the Kretschmann invariant (5.7) diverges)
and therefore the spacetime cannot be extended to r < r,.

From (4.52) the correction f(r) can be seen to diverge

as (r—r,)%? near r,,
Efo(r.
£1(r) = (;”—();”)3)/2+ C. ror. (537)

where C is a finite constant and

V ﬁ%r _ﬂ%f2(an*cn* - 2ﬂ—ﬂ+en*) )

32b,:(=b,r*)3/?

—
=
—_—

(5.38)

First, we note that the combination a,, ¢, —2f_f, e, in
the numerator of the above equation is positive definite.
Moreover, since b, <0, Z < 0. Then, using Eq. (5.37),
the condition g o = 0 that defines the quantum-cor-

rected horizon can be written as

(Fo(r) + 1pO) (9 = 132 + 1LEfo(r,) = 0. (5.39)

Since f((r) is an analytic function for  # 0, one can write
Folr) = fo(r) + fo(r) (0 = r.) + O(r? = r.)? near
r... Replacing this Taylor expansion in Eq. (5.39), one finds
that: (1) r<f) — r, must be of the order li,/ 3, (ii) C can be
ignored and consequently,

M = r 4+ (<81 + 0. (5.40)

Thus, the existence of a horizon and its radius have been
established for the backreacted spacetime. The classical NS
has been replaced by a rotating black hole whose horizon
encloses a curvature singularity. This singularity at r = r,

is spacelike since ¢’" has no zero within [r,, r(f)).

Thus, in the cases that satisfy Eq. (3.62), except for the
set S defined in Eq. (3.60), an event horizon forms; the
other cases would have to be investigated separately.

2. Ergosphere

The radius of the static limit surface, which is the
boundary of the ergosphere, is determined by Eq. (5.21).
This equation can be solved near the singularity r = r,,
yielding

r(Si) =r, +ul3,

(5.41)

with

(B =B (B2 + P4 = co)en, —4B_Pren)
16(=b,,,)°r. (B2 + B2) + (3)7) '

/,{E

(5.42)

It follows that the right-hand side of the above equation is

positive because b, < 0. Since the distance ré[i) —r, is of

order O([3) and rgf) — r, is of order O(1¥/?), as shown in
Eq. (5.40), the static limit surface is located behind the
event horizon.

VI. SUMMARY AND DISCUSSION

In this paper we have considered the O(lp) RSET for a
conformally coupled massless scalar field in a background
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(2 + 1)-dimensional BTZ geometry. This background cor-
responds to a black hole (M > 0) or to a naked conical
singularity (M < 0). Using this RSET as an effective source (@iv)
for the Einstein equations, we have computed the quantum
corrections to the original background metric (backreac-

tion) both in the static and rotating cases. Our findings can

be summarized as follows:

®
A. Static black hole
(1) The RSET given in Egs. (3.18) is diagonal, traceless
and conserved with respect to the background black
hole geometry. For a fixed M, the backreacted metric
has a quantum-corrected horizon with a radius larger
than the classical one,
F(M
D =r, + Ew )zP +O0B)>r., (6.1)
where F(M) is given in Eq. (3.19) and r, = /M¢.
For very small mass,
P (2I—PF(O+)> ey oM), (62)
+ f ’ .
where F(0") = ¢(3)/(27°) ~ 0.0193841.
(ii) A curvature spacelike singularity is formed at » = 0. (i)
ii

B. Rotating black hole

(i) The RSET given in Egs. (3.20)—(3.24) is traceless
and conserved with respect to background black
hole geometry (4.17). Its only off-diagonal 7 —6
components are compatible with the stationary
rotating black hole solution. Again, the nonextremal (iii)
backreacted metric has a quantum-corrected event
horizon with a radius larger than the classical one,

2
A=, —%ZP +O0(p)?>ry, (63)

+ - U

where f(ry) <O.

(ii) The radius r_ (which is the inner—Cauchy—
horizon of the classical background space-time)
becomes an accumulation surface for divergent
contributions to the RSET at which the Kretschmann
invariant blows up. In the quantum-corrected space-
time, the curvature singularity at r_ can be either
spacelike (r(_q) < r_; this is the case close to, and at,
extremality) or, depending on the values of M and J, (iv)
timelike () > r_). In the former case, quantum
mechanics provides a mechanism for strong cosmic
censorship.

(iii) Similarly to the event horizon, the ergosphere is also
pushed outwards (the quantum correction to its

104023-27

radius is always positive), while the black hole
angular velocity generically diminishes.

In the extremal limit, our results could be interpreted
by saying that the quantum corrections take the
solution away from extremality.

C. Static naked singularity

The RSET given in Eq. (3.43) is diagonal, traceless
and conserved with respect to the background static
conical geometry. The backreacted metric presents a
horizon of nonvanishing radius,

o) _ 2F(M)
M

Ip+0(B3), (6.4)

where F(M) is given in Eq. (3.44). This result is
valid for a finite mass M. In the limit M — 0~, the
horizon radius is given by

A9 = {2%F(0)}1/3f+ oM). (6.5)

Figure 9 shows the continuity at M = 0 between
the radius of the event horizon of the quantum-
backreacted black hole and the radius of the newly
formed event horizon of the quantum-backreacted
naked singularity.

A spacelike curvature singularity is formed at r = 0.
The appearance of a horizon around the classical
naked singularity, and the fact that the timelike
singularity of the background spacetime has become
spacelike in the backreacted spacetime, means that,
at least in this simplified setting, quantum mechanics
provides a mechanism for strong cosmic censorship.
The backreacted geometry is obtained as a classical
solution of the Einstein equations in the presence
of the RSET given in Eq. (3.43). This stress-energy
tensor happens to be the same as that for the
Einstein-Hilbert action conformally coupled to a
scalar field, Eq. (2.17) with C = £Z[F(M)1p/£)'/3.
Hence, the backreacted metric can be interpreted as a
classical solution of the form

ds*> = —f(r)dt* + f~'(r)dr* + r’do?, (6.6)

with f(r) =4 (7 -3C* - 26 In this interpreta-
tion, the geometry is that of a black hole with a tiny
positive mass, M = 3[F(M)lp/¢]*?, and a horizon
radius 7, of order 1}/*, P2 = (4/3)M¢2.

In [65], black holes localized on the brane in 3 + 1-
dimensional Randall-Sundrum braneworlds [66,67]
were interpreted, via the AdS/conformal field theory
(CFT) correspondence, as static quantum-corrected
BTZ black holes and naked singularities. In par-
ticular, and despite the fact that the dual quantum
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®

(i)

(iii)

theory (CFT) living on the brane is poorly known,
use of the AdS/CFT dictionary gives a brane black
hole metric that has the same form as ours:

r? ri(M)
ds* = — (= —-M -2 a2
s <f2 p > +

dr?

+ r2de?, (6.7)
for some function r{(M). For a slightly curved
brane, it is r{ (M) ~ N1,f(M) (N being the (large)
number of d.o.f. of the CFT on the brane) and f is a
function that depends on the mass M. For zero-mass
black holes, where f(0) ~ O(1), as well as for naked

singularities (M < 0), the correction term w leads
to the formation of a horizon, in agreement with our

results.

D. Rotating naked singularity

The RSET given in Egs. (3.46)—(3.50) is traceless
and conserved with respect to the background
rotating conical geometry. Similarly to the rotating
black hole background above, its only off-diagonal
t — @ components are compatible with the stationary
rotating solution (4.17). Again, the backreacted
metric also has an event horizon of radius
AD = 7, 4 (—Blp)¥3, (6.8)
where r, is the largest zero of d,,, and = is the finite
expression given in Eq. (5.38).
A spacelike curvature singularity is formed at
the radius r, given by Eq. (5.36). As in the static
case, the appearance of a horizon and the spacelike
character of the singularity in the backreacted
spacetime mean that quantum mechanics acts as a
strong cosmic censor.
A legitimate concern is about the validity of the
perturbative approximation in powers of /p for the
geometry in view of the fact that Ipf; diverges at
some finite r. This divergence is responsible for the
formation of a horizon, which implies a change of
topology and of the causal structure of the space-
time. The point is that for r > [p the geometry
receives a very small correction of order 7 (as
clearly seen in the static case, with a small horizon
of the same order, r, ~ [p). This is not too different
from a perturbation of the Schwarzschild geometry
by the addition of a small electric charge or angular
momentum: the appearance of a (small) second
horizon produces a small correction to the exterior
metric. Depending on the experimental resolution,
it might be irrelevant for an external observer
whether the geometry has a second horizon or
not, even if the topology and the causal structure

(i)

(iif)

(iv)
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both suffer major changes. For a small M < 0, the
perturbative approximation is certainly more reli-

able and r? ~ (1)1/3 for J = 0, and r'?) ~ (1,)?/3
for J # 0.

E. Extensions and open questions

For rotating naked singularities we have assumed
p. = 2/N., with integer N;. The method of images
can also be extended to arbitrary rational values of
p., but we did not consider this case in order to keep
the discussion as simple as possible and to be able to
make definite claims. Despite of the restriction on
the values of 5, our results are sufficient to explore
rotating geometries for small angular momentum to
claim that the conclusions drawn for the static case
are generic and not an accidental consequence of the
static symmetry. In the case of static flat space, the
authors of [54] have shown that for continuous
values of the angular deficit the resulting RSET
interpolates between the discrete values obtained for
p =2/N. This suggests that a similar extension to
arbitrary real values of 3, is possibly doable in the
spirit of [55].

An obvious direction for extension is imposing
boundary conditions on the field different from
the transparent conditions that we have considered
here. In the static black hole case, Lifschytz and
Ortiz [28] derive the RSET and investigate back-
reaction effects using Dirichlet and Neumann boun-
dary conditions. From the expression for the RSET
in Eq. (5.1) of [28] they show that the horizon grows
for these two types of boundary conditions. Fur-
thermore, letting M — —M in Eq. (5.1) of [28] so as
to naively analytically continue from the black hole
to the naked singularity case (ignoring differences in
the summation limits), the backreaction on the naked
singularity with Dirichlet and Neumann conditions
can also be seen to be qualitatively the same as
with transparent conditions. We expect that these
qualitative backreaction behaviors are perturbatively
reproduced in the rotating black hole and naked
singularity cases.

Another direction in which this work can be ex-
tended is the inclusion of quantum matter to examine
backreaction on other spacetimes. For example,
other (2 4+ 1)-D geometries with naked singularities
like BTZ spacetimes with M < —1 (angular ex-
cesses), or with MZ < |J|; spacetimes with closed
timelike curves [68], etc.

Quantum matter was also shown to form a horizon
around conical singularities in asymptotically flat
three-dimensional spacetimes in [54,69]. Although
those papers did not identify the backreacted geom-
etry as a black hole—perhaps because the existence
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of black holes in 2 + 1 dimensions was not wide-
spread at the time—they suggest that results similar
to ours could be found for naked singularities in flat
and de Sitter three-dimensional spacetimes.

The existence of locally propagating d.o.f. in higher
dimensions means that, without a quantum theory
of gravity, the cosmic censorship hypothesis for
D > 4 could only be tested semiclassically: quantum
effects on cosmic strings, the big bang or big crunch
singularities in 3 + 1 dimensions could only be
examined with quantum matter on a classical back-
ground.

)
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APPENDIX A: BLACK HOLES AND NAKED
SINGULARITIES AS IDENTIFICATIONS IN R??2

A general Killing vector k for the pseudosphere Eq. (2.8)
embedded in R?? can be written in terms of the so(2,2)
generators J,;, := X,0, — X,0,. Let us parametrize the
pseudosphere with coordinates (¢, r,6). The BTZ geom-
etries are then obtained by identifying points in the
pseudosphere via the Killing vector

ox“ 1

%=

k:(?g: 2

@7, (A1)

ab  characterizes the

where the antisymmetric matrix
identification.

Since k = 9y, the identification corresponding to the
action of the vector 2zk means that the geometry is
periodic in @ with period 2z. ldentifying a point in the
manifold with itself rotated by 2z can also be represented
by the action of the matrix H := > in the embedding

space, such that H*,X?(0) = X“(0 + 2nx).

1. Rotating nonextremal BTZ black hole

The rotating BTZ BH with mass M and angular
momentum J is described by the line element in
Eq. (2.1). It may be expressed in terms of a,. in
Eq. (2.2) as

ds® = —<r—22—“2+ +“3)dt2 +
4 4 (r2

The various BTZ BH regions can be parametrized in terms of (¢, r, 8) coordinates in the following way:

Region I: r > r,.

0 —a_t
X(’:\/zﬁT_cosh(—Ohr 57 a_>,
at—a_to

A, cosh( —
o (B2

Region II: r_ < r <r,.

a0 —oa_t

— /A h(22 "=
_cos ( 27 >

a t—a 0
—/A_ sinh +! ,
sin < 7 )

Region III: 0 < r < r_.

2022
drer _OO g+ e, (A2)
N 2 PR 2

- )(rr==5)

70 —
X' = \/A__sinh<—a+ ~7 aJ),
= A, smh<a+t o fg) (A3)
2¢
X! = \/A_sinh M ’
2¢
a t—a_t0
—\/A cosh (= A4
cos < 57 > (A4)
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20— a_t 0 —a_t
X0 = \/—A_sinh gptv=at , X! = \/—A_cosh gprv—at ,
20 20
t—a 0 t—a 0
X2:—\/—A+sinh<%>, X3:—\/—A+cosh(%),

where
457 — aifz
AL = —-
a; —a
+ —

The rotating BTZ space-time is obtained through identifications generated by the Killing vector

a a_
k = 7*]01 +5 I

The identification matrix H = ¢>™¥ then takes the form

cosh(za,) sinh(za,) 0 0
sinh(za,) cosh(za,) 0 0
- 0 0 cosh(za_) —sinh(za_)
0 0 —sinh(za_) cosh(za_)

(AS)

Using coordinates (¢, r, 8), the chordal distance o (x, x) [Eq. (3.6)] for each region of the BTZ BH spacetime is given by:

Region LI: r > r,

4r2 — 2 2 147% — 2 2  _ o
a(x,x’):\/r2 a_zf\/r2 a_zf cosh(mf(e 0) +a_(t t))

al —ac al—a 27

I N cosh at(0-0)+a (' —1)\ P
at —a? al —a? 2¢ '

Region II: r_ < r <r,,

42— 22 AP — 2 2 ;L o
o-(x,x’):\/r2 a_zf\/r2 a_zf cosh(aMﬂ(G 9;;—05_0 t))

ai —a- g —aZ

2 2 [ 22 ” / /
ai —4rt it —4r at(@—-0)+a, (f—1)
-l-\/ > \/ 5———cosh 57 -

ap —az ai —aZ

Region III: 0 < r < r_,

A2r — 417 |k — 4r2 a, (0 -0)+a_(t—1)
o(x,x’):—\/ 5 2\/ > cosh( Y )

ai —a- ag —az

2 2 2 [ 20 40 / /
arEr — At |ah £t —4r at(@—-0)+a, (f—1)
-l-\/ > \/ s———cosh 57 -

ai —az al —ac

2. Extremal BTZ black hole
The extremal BTZ BH of mass M is described by the line element

d 2{2 2
L = 2ytdPdido + r*de,

I‘2
dS2 = —dlz (ﬁ — 2(12> + m
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(A12)
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where a =r, /¢ = /M /2 > 0 and the angular momentum is J = yM¢ with y = £1. The coordinate ranges are —co <
t <00,0 <r<o0,0<80 < 2r (periodic). We note that line element for the extremal black hole is equal to the extremal
limit of the line element for the nonextremal rotating black hole, Eq. (A2).

The extremal BTZ BH can be embedded in R*? in the following way. For the region r > r_,

L”(( A(r)(u—1)+\//i(—r>)sinhav+( A(r)(u+1)+\//ﬁ)coshav>

X0 =
f((\/A )s1nhav+ (\/A u—1) )coshav)
1 _ 1
zf((\/A_ VA (u—1) )smhow+(\/A \/A_) coshow)
f(( L__ /A )smhav%—(«A Yu—1) 1 )coshow)
VAW _VAD (A13)
and for the region r < r_ we have
# (2= = (w+1)y/=A0) ) sinh(av) + ((1 = u)y/=A(1) + —~=) cosh(av)
o e (u+1) (r) ) sinh(av) (1 —u) (r) e cosh(av)
2V2 ’
f(((l —u)/=A(r) + +()) sinh(av) + (#() — (u+ 1)/=A() cosh(ow))
Xl _ —A(r —A(r ’
2V2
f((+1—A+1>'h +(1— —A—l)h)
v (u+1) (r) ane) sinh(awv) (1—u) (r) =) °08 (av) |
2V2
f(( L_—(1-u) —A(r)) sinh(av) + (—(u +1)y/-A(r) — - ) cosh(av))
3 —A(r) —A(r)
X3 = . (A14)
2V2
Here,
2= y yt
The extremal BH is obtained through identifications generated by the Killing vector
1
k:a(J01+J23)+5(J02+J03 +Ji 4+ J13), (Al6)
so that the identification matrix H = e*™* takes the form
cosh(2za) sinh(2za) e —e¥ g
e sinh(2za) cosh(2za) e? i fez’mn . (A17)
e~y —e g cosh(2za) —sinh(2za)
e g —e 2"z —sinh(2za) cosh(2za)

The nth power of H is
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cosh(2nza) sinh(2nza) ne* g —ne*" g
o _ | sih(2nma) cosh(nma)  metx —ner | (AI8)
ne~? g —pe~""g  cosh(2nwa)  —sinh(2nza)
ne g _pe~2g  _sinh(2nza)  cosh(2nza)

In terms of the coordinates (7, r,8), the chordal distance o(x, x’) [Eq. (3.6)] for the extremal BTZ BH is

o) = % (€000 + (i 1)) sinh (“("ﬂ (6-9) x A m)
. 53%» con (A0 102 _, A1)
in the region r > r,, and
o(x,x) = % (£(6' = 0) + y(f' — 1)) sinh (“w(g nld) ; AU t”)
_ f2<A<A>(+) A(;’» cosh (a(»f(e - e’); (- r))) 1 (A20)

in the region r < r,.

3. Rotating nonextremal naked singularity

The spinning NS with mass M < 0 and angular momentum J (M # —1 if J = 0) is described by the line element

U — (r_2 N pi+ ﬁ%) i+ drie*r? BB
- 2 2 32
4 4 <r2+%) (rz_*_@) 2

dtdf + r’do?, (A21)

with —00 <t < 00,0 < 7 < 00,0 < 0 < 2x (periodic). In this case, the embedding is given by

X% =A_(r)cos <7£9ﬂ_ + tﬂ+)’ X' = A_(r) cos (—tﬂ_ + f6ﬁ+> ,

27 27
X2 = A_(r) sin (%), X3 = A, (r)sin (%), (A22)

with

4 2 f2 2
Au(r) = /%ﬂf# (A23)

This geometry is obtained through identifications generated by the Killing vector

p p_
k:%JZI +7J30- (A24)
This Killing vector is spacelike,
2 ﬂ2
k* = f [(X1)? 4 (X2)*] - T_ [(X0)* 4+ (X3)*] = r* > 0. (A25)
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Exponentiating (A25) yields the identification matrix

cos (mf_) 0 0 —sin (zff_)

e 0 c?s (zpy) —sin(zp,) 0 (A26)

0 sin(zf,) cos(nf,) 0
sin (zf3_) 0 0 cos (zf_)
Using the coordinates (7, r, ), the chordal distance o(x,x") [Eq. (3.6)] for the nonextremal NS reads
N PR P4 (BLO-6)+ B (1—T)
"(x”‘)“\/ -\ AR C°S< 2 )
P +ar B4 (BO-60)+p(t=1)\
+\/ E_R PR cos 7 - (A27)

The embedding (A22) breaks down for . = |f_|, which
corresponds to the extremal case M¢ = —|J|. This means
that the Killing vector for the identification that gives rise
to the extremal NS cannot be obtained by just taking the
limit g, = |f_| in (A25) and the matrix H needs to be
recalculated for this case as well—we give it in the next
subsection.

Note that H(f,,_) remains unchanged if either #, or
p_ are shifted by even integer numbers. In addition, if » and
m are two integers such that n(f, — f_) = 2m, then

H"(p.p-) = H(np,np_)

= H(np_,np_),
which is the form of the naive extremal limit. As we see in

Sec. I1I B, this feature leads to a singularity in the RSET and
to a breakdown of the perturbative regime for the system.

= H(np_+2m,np_)
(A28)

4. Extremal naked singularity

Although the line-element of the extremal NS coincides
with the line-element in Eq. (A21) when taking the
extremal limit MZ = —|J|, the extremal NS space-time
cannot be obtained by taking the limit f, = |f_| = 2§ in
the embedding (A22), Killing vector (A25) or the identi-
fication matrix (A26). In fact, the extremal metric

r2 E2r2dr?
ds? = — (= 42p2 \ar + 274
¢ (W / ) GEYT

— 2t fPdtdo + rde?, (A29)

with —c0 <1 < 00,0 <7 < 00,0 <60 <27 (periodic), is
obtained via the embedding

) f((ﬁ— (v— 1)B(r)) sin(Bu) + ( (v+ 1)B(r) — )cos(ﬂu))
XY = 2\/§ )

1 f(( (v—1)B(r) - ) sin(fu) + ((u +1)B(r) —ﬁ) cos(ﬂu))
X = Wil ,

i f( ((U +1)B(r) - ﬁ) sin(fu) + ((v ~1)B(r) + ﬁ) cos(ﬁu))
X = e ,
o (080 -ay) sm(ﬂz)ﬁ (v = DBO) gty cos(pu)) 0

Here = \/W > 0 and the angular momentum is J = —yM¢ with y = £1, where
B(r) = %I;zﬂz, uEH—i—g, vzﬁ—g. (A31)
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This extremal NS is obtained through identifications generated by the Killing vector

1
k =pJos=J12) —E(Jm +Jo3 +J12 = Jo3).

The identification matrix in this case is given by

(A32)

cos(2np) + msin(2zp) —r cos(2xp) zsin(2zp) 7 cos(2zf) — sin(2xf3)
B ok —mcos(2xf3) cos(2zf) — wsin(2zf) —mcos(2nf) — sin(2zp) zsin(2xf3)
—zsin(2zf3) ncos(2zp) + sin(2zf)  cos(2zf) — msin(2zp) —mcos(2xf) ’
sin(2zf) — w cos(2xp) —rsin(2zp) —r cos(2zf) cos(2zf) + msin(2zp)
(A33)
and the nth power of H is obtained replacing z by nz in the above expression.
For the extremal NS, the chordal distance o(x,x’) [Eq. (3.6)] is given by
¢B(r)B(r ACEY t—1
o52) = BB 19 0) 10y i (AL =0 110 0)
2(B(r)> +B(r')?)  (B(£(0—0)+y(t—1))
-1 A34
ey 7 ) .
|
APPENDIX B: TWO-POINT FUNCTION IN CAdS; i ) . 1 . p
G;(x.x') = lim (cos(Az —ie) secpsecp
In this Appendix we derive the anti-commutator in e~0" 4y/2nt
CAdS;, Eq. (3.5). Let us consider the line element in — 1 —tanptan p’ cos AG)~!/2, (B4)

the covering space of AdS; in coordinates p € [0, /2],
0 (0.21), r € R [28]:
ds* = ¢? sec’p(—di® + dp* + sin® pd6®).  (B1)

The transformation between these coordinates in AdS,
and those in Eq. (2.7) in R?? is [28]:

COS
X0=v¢ T, X! = #tanpcosé,
cosp
X2 = ftanpsing, X =200 (B2)
cos p

This transformation allows us to write the function ¢ in
Eq. (3.6) in the AdS; coordinates of Eq. (B1) as

o(x,x') = £*(cos(At) secpsecp’ — 1 —tanptanp’ cos AG).
(B3)

The metric Eq. (B1) is manifestly conformal to half of
the Einstein Universe R x S?> with a conformal factor
Q(x) = ¢/ cosp, and, therefore (see, e.g., Eq. (3.154)
[47]), Gi(x,x') = y/cospcosp'GE(x,x')/¢, where G
is the Wightman function in AdS; and G} is the
Wightman function in the Einstein universe. By using this
fact and explicitly calculating G, Appendix A [28] finds

where At=7—17 and A =0 — ¢, for a quantum state
which corresponds to imposing transparent b.c.; the ‘ie’
corresponds to the Feynman prescription. Now, by using
cos(A7 — ie) ~ cos(At) + isin (A7)e, e— 0",

(BS)

lim (x + ie)™/2 = |x|71/2eFmO(=2)/2, x €R,

B6
e—~0" ( )
together with Egs. (3.3) and (B3), it readily follows that
the anticommutator corresponding to Eq. (B4) is given
by Eq. (3.5).

APPENDIX C: TWO-POINT FUNCTION
IN STATIC BTZ NAKED SINGULARITY
VIA MODE SUMS

In Sec. Il A, we gave the two-point function on a static
BTZ NS space-time as derived by applying the method
of images on the two-point function in AdS;. Specifically,
the two-point function on a static BTZ NS is given by
Eq. 3.11) with N = 1/v/—M. In this Appendix, we are
going to rederive that expression by instead using mode
sums over homogeneous solutions of the field equation,
Eq. (3.2). This alternative derivation will enable us to
clarify the boundary conditions used in obtaining the two-
point function.
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We start with the homogeneous field Eq. (3.2) and write
a field mode solution as

¢mm(x) = Nm(l)e_lu)t+lm9Rm(l)( )

where N, is a normalization constant, ® € C and m € Z.
The radial function R, (r) is found to satisfy the ordinary
differential equation

1d d m? @? 3
(rdr<(r _M)E>_ 2+r2 M+4>R o(r) =0,

(C2)

(C1)

where r € (0, o0). We need to choose boundary conditions
for the solutions of this radial equation at the singularity
“r =0" and at the AdS boundary r = o

Let us now define normalize quantities as: 7=r/
V-M € (0, ), @ = w/v/-M and m = m/\/—M, where
we remind the reader that M < O for a static NS. From now
on we restrict ourselves to the case that M = —1/N?, with
N € Z*, so that, in particular, m =m - N € Z.

The solutions of Eq. (C2) can be expressed in terms of
associated Legendre functions. In particular, we choose the
following two linearly independent solutions:

] e I
lme(r) = (1 + r2) ]/4P—1/2+u1<m>’
1
2me( ) = (] +7 ) 1/4Pr—nl/2-&-w< 1‘”'2> (C3)

It can be easily checked that the functions in Eq. (C3)
satisfy Eq. (C2). In what follows, it will be convenient
to use the coordinate p € (0,7/2) defined via cosp =
(14 #)7Y/2.In terms of this new coordinate, the solutions
read

lRmm(p) = 4/COsp P:rlh/er(D(COSp),
2 mw(p) v/ COS p P 1/2+a)( COSp). (C4)

Let us now turn to their boundary conditions. They behave
as (R, = O(F™) (for which m € Z is needed) and
sRye = O(F ) as 7 — 0% [70]. That is, |R,,, is regular
as r » 07 and square integrable near r = 0; on the other
hand, ,R,, is irregular as r — 0" and is not square
integrable near » = 0 (except for m = 0). Near the AdS
boundary, ,R,, obeys transparent boundary conditions
[34,51]. Therefore, R, is the appropriate solution near
the singularity » = 0 and ,R,,,, is the appropriate one near
the AdS boundary r = oo

We now proceed to write the two-point function similarly
to the way that it is done in [30,51] for the BH case. The idea
is that one first Euclideanizes the space-time. The field
equation becomes elliptic in the Euclidean manifold and so
there is a unique Green function (under the conditions of
square-integrability near the origin and transparent boundary

conditions at infinity), which is the so-called Euclidean
Green function. The Euclidean Green function may be
constructed in the usual way that one constructs a Green
function: with the radial part of the modes given by the radial
solution which satisfies the desired boundary condition near
r = 0 evaluated at the point with the smallest radius [i.e.,
r. = min(r, r')], times the radial solution which satisfies the
desired boundary condition near r = co evaluated at the
point with the largest radius [i.e., . = max(r,r’)]. The
Euclidean Green function is obtained as a frequency-integral
of the modes constructed as per above (it is a frequency
instead of a discrete sum since, in this case, the correspond-
ing Euclidean manifold contains no conical singularity and
so no periodicity is required in the Euclideanized time). One
then de-Euclideanizes and obtains the Feynman Green
function from the Euclidean Green function by the corre-
sponding analytic continuation. When de-Euclideanizing,
the integration contour over the purely imaginary frequen-
cies in the Euclidean Green function is deformed to an
integral over just below the real axis for Re(w) < 0 and just
above the real axis for Re(w) > 0; we denote such contour
by C (see, e.g., Fig. 1 in [49]). Specifically, the Feynman
Green function in the static NS space-time when the field
satisfies transparent boundary conditions is given by

/ dw E e—lwl+lm9

m=—0o0

lRma) (p<)2Rm(u<p>)
tanp - W[lRm(w 2me]

Gp(x,x') =

(C5)

Here we have taken ¢ =0 and ¢ = 0 without loss of
generality (due to the stationarity and circular symmetry of
the space-time). The factor “tan p” is required so that the
denominator is constant. The Wronskian is given by

2 LRuo d\R e
1Y\ ma dp 25 Ymw dp

W[lme’ 2me] =

2
= ——cotpcos (z(im —@)). (C6)
V3
The Feynman propagator (C5) satisfies the Green function
equation (3.4).
From Egs. (C5) and (C6) it readily follows that

N
Gr(x,x') = (cospcosp 1/2/ dw Z pE-+imd
% Pz r1n/2+w(cosp<)PT1/2+@(_ cosp..) . (€
cos(z@)

where we have defined 7 = t+/—M. We note that the only
singularities in the complex-® plane of the integrand [for
r,r € (0,00)] in Eq. (C7) are the poles which correspond
to the zeros of the denominator, i.e., ® = n + 1/2 with
n € Z. We next wish to perform the infinite-sum and
integral in Eq. (C7).
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For the sum, we will mirror a similar calculation in the Appendix of [71]. We start with Eq. (8.794) of [72]. After basic
operations and the use of the property

PE(cos )Py (cosws) = Py¥(cos )P (cos ) (C8)

for ke Z, v, y, € R, v € C, we obtain

0

Z (=D)KkP;*(cosy ) P (cosyr, ) e = P, (cosy cosy, + siny siny, cos @), (C9)

k=—o00

with ¢ € R. We now take ¢ — ¢ + 2nz/N onto Eq. (C9) and take a sum over n from 0 to N — 1.
After some more basic operations and the use of the distributional identity [71]

N-1 oo
eikp+2na/N) — N ik Z St (C10)
n=0 m=—o0
we obtain the useful identity
. m-N p—m-N m-N imN¢ S . . 2nm
Z (=1)"NpmN(cosyr ) PN (cosy,)e™Ne = NZPZ, COSY| COS Y, + siny siny, cos | ¢ + ~ /) (C11)
m=—oo n=0

We can now apply Eq. (C11) to the infinite-sum in Eq. (C7):

N-1

_ 1
Z (=1)emOpi, (cosp )P, o (=cosp.) = ﬁz Py 5(cos By), (C12)
m=—00 k=0
where
0+ 2k
cos f3; E—cospcosp’—sinpsinp’cos( + ﬂ). (C13)
Therefore, we have, from Egs. (C7) and (C12),
1 _ Fo1/24a0(C08 Py) (cos Br)
/ 1/2 —i@
Grp(x,x') = o —(cospcosp’) Z / de P cos(zd) (C14)

In order to evaluate this contour integral we shall use the residue theorem. For this purpose, we choose to close the contour C
in the lower w-plane. When ¢ > 0, the integral along the arc at infinite radius in the lower plane vanishes and so from now on
we consider 7 > 0. Then, taking into account the poles of the integrand for @ > 0 (i.e., @ =n+ 1/2 with n € Z* U 0)
when using the residue theorem, we obtain

=

Gp(x,x') :4; (cospcosp')!/? 11151 e~ H1/2)(=ie) (1) P, (cos By), (C15)
n=0

k

Il
o

where we have introduced a small-e prescription for convergence. In order to carry out the n-sum, we use the fact that
(=1)"P,(cos ) = P,(—cos ;) for n € Z* U 0, together with Eq. (8.921) [72], which requires that |e~/(~)| = ¢=¢ < 1,
which is satisfied for ¢ > 0. As a result, we obtain

N-1
(cos pcos p')'/? lim Z

Gr(x,x') = ———
Fxx) 4 2r e~0" £ (cos(7 — i€ +Cosﬁk)'/2

(C16)

By writing it in the original BTZ coordinates, it is easy to check that (restoring ¢)
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cos(7 — i€) + cos fy
cospcosp

Comparing with Eq. (A27), we can see that, for
k=10 and € = 0, the right-hand side of (C17) is equal
to the world function o(x,x’) with M = —1/N?. The
expression for k#0 (and € =0) simply corresponds
to o(x, Hx').

In its turn, the e-dependence can be separated out
so that:

cos(7 — i€) + cos f;

- o.(x, H*X') = o(x, H*X') + sin? - i,
COS p COS p

€ — 0t (C18)

The final expression for the Feynman Green function is
thus

Gp(x,x') = (C19)

. N—

[ 1
—— lim —_—.
427 e=0" ; Vo (x, H'X)

t—1i 0+ 2k
= (NP + ) (N> + 7)1 cos< ‘e) — N2r/’ cos <+”> -,

(C17)

N¢ N

In its turn, the final expression for the anticommutator is
thus, from Egs. (3.3) and (C19),

HH /))

2\/7: \/ xH”

(c20)

G](\;;(x x') = 2Im(Gp(x, x")

Even though this expression has been derived assuming
t >0, since the expression for the anticommutator
G (x,x') is the same for ¢ > 0 as for ¢ < 0, this expression
is actually valid for all € R. Equations (C20) and
Eq. (3.11) agree while they have been derived in completely
different ways: as a mode-sum here whereas using the
method of images there. We note that the “sum over
caustics” (or, in other words, the generalization € — 6 +
2nz/ N with the associated sum over n or, in other words, the
“sum over images” within the method of images) has arisen
naturally here from the distributional identity Eq. (C10).
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