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Quantum Effect in D. C. and Hall Conductivities 

--An Application of Wigner Representation--
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The Wigner representation formalism is applied to investigating the effect of the momen­

tum-coordinate commutation relation ~n the d.c. and Hall conductivities of a system of non­

interacting electrons moving in a· potential :field of randomly distributed impurities. The 

conductivities are expanded in powers of A and the second- and fourth-order terms are shown 

to vanish within the Born approximation, as far as the expansion is reasonable. This situa­

tion is discussed in comparison with the result of the kinetic theory. 

§ I. Introduction 

89 

The quantum operators of momentum and coordinate do not commute. As 

is well known, this fact leads to the momentum-coordinate uncertainty. The 

effect of this uncertainty can be discussed by examining the dependence of 

physical quantities on It which is the Planck constant divided by 2rc. h-expansion 

is systematically done by use of the Wigner representation1>· 2> in which one can 

directly calculate contributions from each order term in h. 

In this pa'per we discuss the quantum effect on the d.c. and Hall con­

ductivities, i.e., whether the conductivities increase, decrease or otherwise are 

affected when the momentum-coordinate uncertainty is introduced to a classical system. 

Several years ago, Kubo1> presented a description of quantal systems in terms 

of the Wigner representation, and pointed out that the magnetic field comes into 

the expression of the Hall conductivity in two ways, firstly in the propagation 

of current and secondly in the equilibrium distribution. The latter contribution 

is proportional to h2, i.e., essentially quantal, and shown to give the Landau 

diamagnetism of conduction electrons. However, the usual naive theory of the 

Hall conductivity seems to neglect this contribution. We will show that such a 

neglection is allowed when the scattering potential is very weak 'compared with 

the kinetic energy.**> 

The general formulae for the conductivities in the Wigner representation 

have been given by Kubo.1> To simplify the explicit calculations, we assume 

*> Present address: C/0 Prof. Prigogine, Faculte des Sciences, Universite Libre de Bruxelles, 

Bruxelles, Belgique. 

**> In the case of the Coulomb potential, the potential energy near the origin overcomes the 

kinetic energy, so this discussion is not valid for the Coulomb potential. (See § 9.) 
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90 K. Kitahara and Y. Ono 

that the relaxation of the electron system is dominated by the scattering by 
randomly distributed static impurities. We consider no other interaction, there­
fore, the quantum effect comes only from the coordinate dependence' of the im­
purity potential. *l 

In this work we seek the conductivities to the lowest order of the impurity 
potential. This approximation corresponds to the quantum Born approximation 
and will be simply called the Born approximation~ The validity of this approxima­
tion is related to the weakness and the space dependence of the impurity potential 
and to the density of impurities. On the other hand, h-expansion is related only 
to the coordinate dependence of the impurity potential, as is easily seen from the 
form of the Liouville operator (see § 2). Thus, if the impurity potential is suf­
:ficietly weak (compared with the kinetic energy) and the density of the impurities 
is low enough, we can consider h-expansion within the framework of the Born 
approximation. With respect to this point we will give some comments in the 
last section. Anyway, we show formally that the quantum correction up to the 
fourth order of h does not appear within the Born approximation, as far as It­
expansion is possible. This is consistent with the result of the kinetic theory. 
Furthermore the quantum correction related to the change of the equilibrium 
distribution is shown to, be of higher order in the strength of the impurity 
potential than the Born approximation. If one wants to discuss the contribution 
from the equilibrium distribution to the quantum correction, one must calculate a 
number of terms which give contributions of the same order in the impurity, 
potential strength. 

The Coulomb potential is the typical one for which the Born approximation 
in the sense stated above is not valid. In this case the result of the kinetic 
theory, which is also obtainable by the Wigner representaion, shows that the 
momentum-coordinate uncertainty saves the difficulty which is due to the diver­
gence of the potential at the origin. 

In § 2, we formulate the problem in terms of the Wigner representation, and 
in § 3, a graphical method is introduced for the expansion of the conductivities 
with respect to the impurity potential. In §§4 and 5, we, calculate the d.c. 
conductivity in the classical limit (h-'>0) and its quantum correction, respectively, 
both within the Born approximation. The same procedure is applied to the Hall 
conductivity in § 6. Section 7 is dedicated to the comparison with the kinetic 
theory, which provides us with a good insight into the properties of the higher-order 
terms in h. The validity of the expansion is discussed in § 8. In § 9 we will 
state some concluding remarks including comments on the validity condition for 
the Born approximation. 

*> As we take the Boltzmann statics electrons, the effect of the Fermi statistics is not con­
sidered in this paper. 
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Quantum Effect in D. C. and Hall Conductivities 91 

§ 2. Formulation 

·In what follows, we consider a system of non-interacting electrons moving 

in the potential field of randomly distributed impurities. The total Hamiltonian 

for each electron in the presence of electric and magnetic fields may be written as 

(2·1) 

and 

(2·2) 

where !}{0 describes the free motion of the electron, !JCr the interaction between 

the electron and impurities, !J(F and !f{H the. interactions of the electron with the 

applied uniform electric and magnetic field, respectively. These Hamiltonians 

are explicitly expressed as 

(2·3) 

(2·4) 

(2·5) 

where N. is the number of.impurities, -e the charge of an electron, and V(r-Rt) 

the interaction potential between an electron located at r and an impurity at Rt. 

The electric field is applied along the x-axis. As is usual in the calculation of 

the Hall conductivity, we take the direction of the magnetic field, which is related 

to the vector potential A as rot A= H, to be parallel to the z-axis, i.e., per­

pendicular to the electric field. 

We apply the Wigner representation to the above-mentioned system. The 

details of the procedure have been given by Kubo,Il therefore only the results 

are presented here. 

In the Wigner representation, one can define the distribution function 

f(p, r, t) of an electron in the phase space, even for a quantal system. The 

Liouville equation for f(p, r, t) is written as 

]__ f(p, r, t) = i..fTf(p, r, t). 
at 

(2·6) 

In the present case, the Liouville operator i..fT is divided into two parts: 

i_[p=iJ;+eE 0 ~:c. (2·7) 

According to Kubo, the operator i..f can be formally expanded in the power of 

has 

(2·8) 
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92 K. Kitahat·a and Y. Ono 

where 

. p a fJVI a 
t..fo = - mar+ ar ap' 

(2·9) 

i..fn= - (J)c (Pz ()~!! - Pu f)~). (2·10) 

(2·11) 

(2·12) 

In the above expressions and in what follows, the usual dummy suffixes (Greek 
letters) are used and the summation should be taken over x, y and z components, 
and 

cH 
(J)c=-' 

me 
(2·13) 

The operator i..£:0 represents the classical motion of the electron, for which the 
Maxwell-Boltzmann distribution is a stationary solution, and i..fn corresponds to 
the Lorentz force in a magnetic field. The other operators, i.£3 and i..£4, etc., 
have no such classical meaning and are due to the uncertainty between the 
momentum and the coordinate, i.e., to the fact that the quantum operators of the 
momentum and the coordinate do not commute with each other. 

In the following discussions, we shall confine ourselves to the first order with 
respect to the magnetic field, i.e., the weak field limit. 

The- equilibrium distribution function in the absence of electric fibld is obtain­
ed by solving 

(2·14) 

Expanding f eq in the power of h, we have the following result to the second 
power of h, 

where 

fo(p, r) =e-II<P'I2m+VI(t')), 

+ ( ) _ h2 {32 [a2VI {3 (f)VI )' {3 a' VI ] -r ( ) 
J 2 P• r - - 8m ar2 -3 Tr -3m ax,.ax1/"PP J 0 p, r ' 

- {33hh' [ f) VI f) VI] f:n(p, r) - 12m, Pu ax - p., ay fo (p, r) 

and the following abbreviation is employed: 

h'=ehH. 
c 

(2·15) 

(2·16) 

(2·17) 

(2 ·18) 

(2·19) 
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Quantum Effect in D. C. and Hall Conductivities 93 

In the above, / 0 is the well-known Maxwell-Boltzmann distribution, / 2 the lowest­

order quantum correction to it in the absence of magnetic :field, fm the additional 

correction due to the applied magnetic :field and related to the Landau diamag­

netism.1> 

According to the linear response theory, the conductivity tensor of the 

electron system is expressed as 

where 

(2 ·2I) 

Here, the denominator comes from the normalization of the distribution function. 

The conductivity tensor can be expanded in powers of li as follows: 

(2·22) 

where 

O"~f(z) = _ne' Jar afo I. P:c/ JarJo, 
m ap., z+t..L'o 

(2·23) 

a~2f(z) = _ne' Jar afo 1. ( -i..C:) 1. P:cj JarJo 
m ap., z+t..L'o z+t..L'o 

- ne' f dr aj, I. P:c/ Jdrfo 
m J' OP:c z+t..L'o 

+ne' far afo I. P:c farJ,j( fdr!o)2, 
m J' OP:c z+t..L'o J' J' 

(2·24) 

a~of(z)=-ne' fdrafo I_ (-i..L'a) I. PY/ farJo, 
m J' OP:c z+t..L'o z+t..L'o J' 

(2·25) 

a~2f(z) = _ne' far(af,n) I. PY/ farJo 
m J' OP:c z+t..L'o J' 

_ne' farafo I. {C-i..L',) I. (-i..L'II) 
m J' OP:c z+t..L'o z+t..L'o 

+ ( -i..L'a) I. ( -i..L':)} 1 . ..£ Pvj fdrfo 
z+ t..L'0 z+t o J' 

- ne' r dr ( af,) ~ (- i..L'a) 1. PY/ JarJo 
m J' OP:c z + t..L'o z + t..L'o 

+ ne' far(afo) 1. ( -i..L'a) 1_ py farJ,j( farJo)' 
m OP:c z+t..L'o z+t..L'o J' J' 

(2·26) 

and higher-order terms such as 0"~ 4 f, 0"~ 4 f and so forth can be written similarly, 
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94 K. Kitahara and Y. Ono 

but theY' are too lengthy to be presented here and have been omitted. Up to 
this point the expansion with respect to h is. exact if it is possible. 

For the explicit evaluation of the tensor given above, one has to expand 
each element in the power of the impurity potential and to take an ensemble 
average over the configurations of the impurities. In the following section, we 
introduce a graphical method for clearer understanding of the problem. 

§ 3. Graphical method 

In this section we describe a graphical method to treat the impurity potential, 
which is included in the equilibrium distribution function, i.e., / 0,/2,/2H and so 
on, and in the Liouville operators, i.£0, i.£2 and so on. In order to take an 
average over the random configurations, we 

sion with respect to the impurity potentiaL 

which is useful for this purpose. 

The definition of the ensemble average 

as follows: The impurity potential VI(r) 

Fourier integral:*> 

have to perform a systematic expan­

W e develop here a graphical method 

over the configurations is described 

is transformed into the form of· a 

V (r) = ~ -. _1_ fask V eil•·<r-Rn 
I . t:i. (2nYI2 k ' 

(3·1) 

then the average over the ·configuration in the thermodynamic limit 1s expressed 
ass), B) 

(3·2) 

and so forth, where n, js the concentration of the impurities. 

For a while, we take 0"~ 0 _f as an example. In the expression of 0"~ 0 _f, Eq. 
(2 · 23), the impurity potential is included in i.£0 and / 0, the latter appearing in both 
of the numerator and the denominator. Expanding (z -i.£0)-1 in powers of the 

impurity potential and averaging over the confingurations, we have, for example, 
such diagrams as shown in Figs. 1 (a) to (c) for the fourth power of the 
potential. We assign n, and Vk to each cross and to each dotted line, respectively, 
the latter of which will be called the interaction line. The horizontal line and 
each point on it (the foot of the interaction line) represent the operators 
(z + p/ m. a jar )-l and ik. ajap respectively, where the latter corresponds to a VI/ 

ar ·a /ap in i.£0 and k is the wave vector of the- interaction line. The algebraic 
sum of the wave ve.ctors of the interaction lines flocking to one cross should be 
zero, because of the &-functions appearing on averaging over the impurity con-

*> We may put Vk=o=O because Vk-o gives only a constant energy shift.· 
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Quantum Effect in D. C. and Hall Conductivities 

(a) (b) 

(d) (e) 

Fig. 1. Typical diagrams for u'J1. The meanings of the notation are shown in the 

paragraph. 

:figurations. 

95 

The contributions from fo in the numerator will be expressed for example 

as in Figs. 1 (d) and (e), where a vertical line is used to distinguish the source 

of Vk's. Some numerical factors are needed for the contributions from j 0, 

because V1 is included in fo as e-flVr. However the terms related to fo are 

found to be unnecessary for further manipulations in this paper (see the next 

section). Therefore we shall not be bothered any more by the contributions 

from fo's in the numerator and denominator. 

In order to clarify the correspondence between the diagrams and the explicit 

expressions, we write the following expressions equivalent to Figs. 1 (a) to (e): 

(3 · 3a) 

X (- ik2 a~ ) ! Px} , (3 ° 3b) 

(c)=A{p,~ n, sd 8k1 sd 8k3 sd8ksVk,Vk,Vk,V-k,-k,-T.,(ik1· a~) 
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96 K. Kitahara and Y. Ono 

( .k a ) 1 ( .k a ) 1 } X t 2'- -t s·- -P:r: 
ap z-i· (p·k2/m) ap z ' 

where the operator A is defined by 

A{cp(p)} = ne2 (_ii_) 312_i Jaspe-fl<P'J2mJcp(p) 
m 2rcm m 

and the following relations have been used: 

(3·3c) 

(3·3d) 

(3 ·3e) 

(3·4) 

1 B=B 1 , (B; independent of r) (3·5) 
z+ p/m·a/ar z+ p/m·a/ar 

eik·r 1 e-ik.r = 1 (3·6) 
z+ p/m·a/ar z-i· (p·k/m)+p/m·a/ar 

and 

(3·7) 

The last one is due to the fact that the impurity potential V(r) is real. 

In calculating other terms, i.e., 0'~ 0 .f, O'~f and so on, we will introduce other 

diagrammatic notations corresponding to the operators i..[H, i.£2, i.£, and so on, 

about which explanations will be given where they are necessary. 

If one sums up the contributions from all the possible diagrams, one has 

exact expressions for the conductivities. However, it seems impossible, therefore 

in the following sections we employ an approximation and sum selectively certain 

kind of diagrams. 

§ 4. D. C. conductivity in the classical limit 

In this section we evaluate <O'~f (0) ), using an approximation which will be 

valid in the case of a weak impurity potential. 

At first, among those diagrams having the same number of crosses which 

represent n, we take a group of diagrams with the least number of impurity 
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Quantum Effect in D. C. and Hall Conductivities 97 

lines. Next we pick up from the group such a diagram as gives the most 

divergent contribution (in the group) in the limit z~o (the static limit). It will 

be called "the n-th Born term" where n is the number of the crosses. One 

easily finds the n-th-order Born term for the d.c. conductivity to be of the form 

! (n.l ~k~ 2 r (4·1) 

and that the corresponding diagrams are expressed as m Fig. 2. Those terms 

including contributions from the equilibrium distribution function fo are clearly 

less divergent than the Born terms in the abov-e-mentioned sense; for example 

the contributions from Figs. 1 (d) and (e) are of the form 

(4·2) 

Those diagrams such as Fig. 1 (b) are also less divergent; for example Fig. 1 (b) 

contributes as is expressed in ( 4 · 2). 

The summation of the diagrams depicted in Fig. 2 is formally a Neumann 

expansion of an reciprocal operator shown in Fig. 3. Therefore, using a dif­

ferential operator 80 (p, z) defined by Fig. 4 and expressed as 

(4·3) 

we can write the classical d.c. conductivity in the Born approximation,*> which 

means to sum up only Born terms, as follows: 

---Px + 
1/z 

.X. 
I \ 

I \ 
I \ 
I I __ .__~~-Px + 

1/z liz 

Fig. 2. Summation of "Born terms " for cr?,\l1. 

..... ~, 

X, 
/ ' 

/ ' 
I ' 

(4·4) 

" ' I \ 
I \ 

I \ 
k ,-k 

I \ 
I \ 
I I ~ 

._---~----] Px 

I 
I \ 

)( [ 1 -

Fig. 3. Fig. 4. 

Fig. 3. Result of the summation shown in Fig. 2. 

Fig. 4. The operator 00 (p, z). 

*> The result shows that this is equivalent to the usual Born approximation in the quantum 

theory. 
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98 K. Kitahara and Y. Ono 

where A is defined by Eq. (3 · 4) and 

z=iw+O. (4·5) 

For brevity we restrict ourselves to the case of a spherically symmetric 
potential in what follows, then in the limit of w~o, the differential operator 80 

takes a very simple form (the details of the calculation are shown in Appendix 
A) as 

(4·6) 

where we have used the following abbreviations: 

(4·7) 

(4·8) 

The integration ( 4 · 8) will be finite if there exists km such that 

(4·9) 

for k~oo. (a>O) 

However if one assumes a screend-Coulomb-type potential for Vk, the integration 
will be divergent for n>3. 

Making use of the relation 

(l; arbitrary) ( 4 ·10) 

we have 

<O'i?.f (0)) =A { psp"2 } 
2n2 mn,C8 

ne2 32 ( m) 812 1 
=-----;;; J2n {i 2n2 mn,Cs' 

(4·11) 

which is of the order of inverse square of the impurity potential. If one adds 
non-Born terms, one will have higher-order terms with respect to the impurity 
potential as corrections to the above expressions. When the potential is suf­
ficiently weak, thes~ corrections will be small. 

§ 5. On the quantum corrections to the d.c. conductivity 

The quantum corrections to the d.c. conductivity are estimated within the 
Born approximation. It is easily seen that the contributions from f 2 belong to , 
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Quantum Effect in D. C. and Hall Conductivities 99 

non-Born terms as well as those from / 0• *' Hence we have only to replace one 

of the operators, (ik. a ;ap ), on the horizontal line by a quantum-correction 

operator, e.g., for the second order in h, 

n2 (· a ) s 
- 3! 22 zk· ap (5·1) 

which is derived from i..£2 in Eq. (2 ·11) and expressed diagrammatically by a 

circle shown in Fig. 5. 

First, we evaluate the second-order term in h, ((J'~f (0) ). The diagrams to 

be summed up within the Born approximation are shown in Fig. 6. Thus we 

obtain the following expression for ((J'~ 2 f(z)): 

((J'~ 2 f(z)) =A {Px ~ 1 (- ~) [02<1> (p, z) + 82<2> (p, z)] 
z-lJ0 (p, z)\ 3! 2 

X ~ 1 Px}. , 
z-lJo(p, z) 

(5·2) 

where the differential operators 02<1> and 02<2>, corresponding to the diagrams in 

Fig. 7, are expressed as 

(5·3) 

/ 
I 

I 
I 

~ 

/ 

Fig. 5. The second-order quantum correction operator (h2/3! 22) (ik·8/8p)8 • 

,..ll.., ,..ll.., ..x.., 
I \ I \ ' \ 

X { 1 + 
I I I \ ,' \ 

+ ·····} X --- + 

... ~ ,.X.. ,.x., ,)I., )1., 

I ' I ' 
I \ I \ / \ 

X { 

I \ I \ 

} X { 1 + 
I I I I I ' +·'"·JP,. + + 

,..x., ,..ll.~ ,...~~., _,)I. 

/ ' I \ I \ I \ I \ 

[1- I 
\ f { I \ 

I I 

} X [ 1-
I 'I r =--- X X .j, I + 

Fig. 6. The second-order quantum correction for the d.c. conductivity in the "Born 

approximation". 

P. 

*> When one discusses the effect of fz, one must take into account non-Born terms in a con­

sistent manner. By the way, naturally hH does not contribute to the d.c. conductivity. 
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100 K. Kitahara and Y. Ono 

8,<2>(p, z) = -n, fd 8kl Vkl 2(ik·_!_) .. 1 ( -ik·_!_) 8
• J' ap z-t · (p·k/m) . ap 

(5·4) 

For the spherically symmetric potential, these operators take simpler forms in 
the static limit w~o as 

8 (I)( 0) _n2mn,C5 as 1 {[ SJ [ ~] + [ ] [S ~] 2 p, w~ - 4 apaap
13
aPr p a, r. a, r ' 

+[a,~] [S, rJ} a~e, (5·5) 

82<2>(p, w~o) =n2m;.c5 ~a _!_{[a, SJ [r, ~]+[a, rJ [S, ~] 
riPe p 

Fig. 7. The operators 

&2m and 02'2>. 

} as 
+ [a, ~] [J9, r] apaappaPr ' (5·6) 

where C5 and [a, SJ are defined by Eqs. (4·7) and (4·8), 
respectively. The derivation of these expressions are 
given in Appendix B. 

Using Eq. ( 4 ·10) and the following relations: 

(5·7) 

82<2> (p, w~O)P 1 Px= -2n2mn,Cslp1- 5Px, (5 ·8) 

we find that 

(o-~HO))=O, (5·9) 
if C 5 is well-defined. 

We continue the calculation to the fourth order in h. The fourth-order 
operator is 

I 
I 

I 

/ 
/ 

(5 ·10) 

.... .... . -- .. .. . ·-- ----
I 

----®--
Fig. 8. The fourth-order quantum correction operator (h4/5! 24) (ik·8/8p)5• 

/JE.., 
I \ 

I \ 
l( [ 1- I 

... ~, 
I \ 

I 1 -1 

x [ 1 - ----+---] Px 

Fig. 9. The fourth-order quantum correction for the d.c. conductivity in the "Born 
approximation" .. 
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Quantum Effect in D. C. and Hall Conductivities 101 

which is related to i..£4 shown in Eq. (2 ·12) and expressed diagrammatically in 

the form of double circles as depicted in Fig. 8. In the Born approximation we 

have only to calculate the diagram shown in Fig. 9 and the result is as follows: 

<0'~ 4 l(z))=A {Px ~ 1 [-!t-~-/J 4 < 1 >(p, z) 
z-lJ0 (p, z) 5! 2 

+ 3! ~4! 2'8,<2l(p, z) + 5~~484<Bl(p, z)] z-8o1(p, z)Px}• (5·11) 

where the differential operators 8 4<1>, 8 4<2> and 8,<sJ are defined in Fig. 10 and 

take simple forms in the limit of w~o :*l 

,..A, 
" ' I \ 

I \ 

fl' "!ll I \ 
--Q -1 I 
5! 24 4 -I ® 

Fig. 10. The operators 8,m, 84<2> and 84<8>, 

8 (I) ( ~o) - 7r2mn,C7 a~ _!_ T ( )_1_ 
4 p, a> - 8 apaappaprap.apq P aPr<q~ p ap~' 

8 <2>( O) _ n2mn,C7 as 1 T ( ) () 3 

' p, a>~ - 8 apaappapr p aPron~: p ahapqap~ ' 

8 (BJ( 0)- 7r2mn,C7 a 1 T ( ) aa 
4 p, a>~ - 8 apa. p aPr<n~ p ap 13 apraP~;apqah' 

where the tensor Tapr(;q~ (p) of the sixth rank is expressed as 

Taf3r11q~(p) =[a, SJ [r, g:] [r;, ~]+[a, r] [S. ~] [g:, r;] 

+ [a, g:] [S, r;] [r, ~] + [a, r;] [S, r J [~, ~] 

+ [a,~] [S. g:] [r. r;]. 

*> The derivation of these expressions is similar to that of 82m and 82<2>. 

(5 ·12) 

(5 ·13) 

(5 ·14) 

(5 ·15) 
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102 K. Kitahara and Y. Ono 

Using these expressions, one may easily prove the following relation: 

8 <l>c ~o)p 1 p} sr ~' p,()) :r: =--=- 2mnCl(l-2) L-7 
to1 <a> ( O) t 4 7r • 7 P P:c , v, p,(j)~ PP:c 

(5 ·16) 

Pi (2) ( 0) l 3! 3! 2 c l(l 2) l-7 v, p, (j)~ PP:c=--n mn, 7, - p P:c, 
2 

(5 ·17) 

which lead to the result that 

<o-1'-f(O))=O, (5 ·18) 

if c7 is finite. 

§ 6. Hall conductivity 

The n-th Born term in the calculation of the Hall conductivity is found to 
be of the form 

(6·1) 

Corresponding diagrams for the classical Hall conductivity, <0'~ 0 ~(0) ), are shown 
in Fig. 11, where the arrow represents the operator -i..LH (Eq. (2·10)). As was 
shown in the d.c. conductivity, the contribution from fo are less divergent than 
the Born terms. Similarly those terms, which have -i_£H in a manner as shown 
in Fig. 12, belong to non-Born terms. 

From Fig. 11 one easily sees that < 0'~ 0 ~ (0)) is written as 

/'*-, ,.x., 
l / \ ,/ \ ___ .___ + ---+l--.+1---L-- + ___ .___,., __ _,1~- + -----

~, 
/ \ 

I \ -1 ' 
= [ 1- ________ , J >C --L--

... ~, 
/ \ 

I \ 

X [ 1 _ ... ' __ .._, --r 
Fig. 11. The classical Hall conductivity in the "Born approximation" . 

..... ~, 
/ ' 

I ' I \ 
I \ 
I \ 
I I 

(6·2) 

Fig. 12. Characteristic diagram for the Hall conductivity, which is neglected in the 
"Born approximation". 
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Quantum Effect in D. C. and Hall Conductivities 103 

Exploiting the relations, Eq. ( 4 ·10) and 

(6·3) 

we have the following result: 

<O'~o,f(O))=ne 3 (m) 3 315 w •. 
m {3 (2rr2mn,Ca)3 

(6·4) 

From Eqs. ( 4 ·11) and (6 · 4), one finds the classical Hall coefficient to be 

RH<o> = __ 1_ 315rr:::: _ 1.9 . 
nee 512 nee 

(6·5) 

Similarly the second- and fourth-order quantum corrections for the Hall con­

ductivity, <0'~ 2 ,f(O)) and <0'~ 4 ,f(O) ), are calculated from Figs. 13 and 14, respectively. 

For example, <0'~ 2 _f(O) > is expressed as 

... ;4., ,x., 
I \ 

, \ 

I \ -l 
I \ 

[1- I] X X [ 1-
I I fx 

..!(. ;4., .)(., 
/ '\ I' \ I' \ 

I \ / \ 
I \ 

f X { $ 1 + ' ~ } X [ 1 -
I I 

... ~, .,-*', .. ~, 
I \ I ., , \ 

I \ -1 I \ I \ 

+ [ 1 - ] X { ~- l + I I J 
' e x 

~, 

/ ' 
x [ 1 - _ _...'_--4\ T'x ---''---

,..Mo., , \ 

I \ 

X [ 1 _ .... ~ __ .._, --r' 
Fig. 13. The second-order quantum correction for the Hall conductivity 

in the " Born approximation". 

<O'~f(O))=limA{Px " 1 
, ... o z-lJo(p, z) 

X [c- i_[H) ~ 1 __!f_((j,<l>(p, z) +8a<2>(p, z) 
z-lJ0 (p,z) 3!22 

+~(8,< 1 >(p,z)+8 2 <'>(p,z)) ~ 1 (-i_[H)J 
3! 2 z-lJ0 (p, z) 

1 } X ~ Pv • 
z-lJo(p, z) 

(6·6) 
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104 K. Kitahara and Y. Ono 

,.-*-, 
I \ 

[ 1- _ ___..' __ .... ' r X 

~, 
/ \ 

I \ 

+~} 

,.A(.., ,..x.., 
I \ I \ 

"" [ 1 _ -~'~----___..' r X { ~ \ 

,..x.., 
I \ 

,AE.. 
/ ' I \ 

I I 

+L......-.®--1 X 

X [ 1- I \ rl X -----'--
A(.., 

/ \ 
I \ 

X [ 1- i-
1---o'--f 

Fig. 14. The fourth-order quantum correction for the Hall conductivity 
in the "Born approximation". 

which is shown to vanish in the same way as <0'.\;f(O) ). One can prove that 
<0'~ 4 l (0)) also vanishes similarly. 

In the case of the Hall conductivity, we have contributions from f 211 andf2 

(see Eq. (2 · 26) ), which, as is easily seen, are at most of the following order: 

(n.l :k1 2r, ! (n.l :k~ 2 r, (6·7) 

respectively, and thus less divergent m the limit of z-~o (or more accurately 
£0-70) than the Born terms (Eq. (6 ·1) ). Therefore they may be disregarded in 
the Born approximation. 

§ 7. Comparison with the kinetic theory 

The kinetic theory for the present system is developed by starting with the 
following Hamiltonian: 

(7·1) 

where Cp, cpt and ep are the annihilation and creation operators and the energy 
of a free electron with a momentum p, respectively. According to the time­
dependent perturbation theory, one has an equation for the evolution of the 
distribution function f(p, t) of an electron with a momentum p,'>· 5> such as 
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Quantum Effect in D. C. and Hall Conductivities 105 

-f(p+hk, t) [1-f(p, t)]}o(ap+hk-ep), (7 ·2) 

where the transition probability is. obtained within the usual quantum mechanical 

Born approximation and averaged over the random configurations of impurities. 

The r.h.s. of Eq. (7 · 2) can be written in the form of a differential operator 

as follows: 

a ~ 

atf(p. t) =Q(p)f(p, t), (7 ·3) 

Q (p) = 4nn. fdakl Vk isehl2·k·8!apo (P. k) sinh (!!:__k ·_J_). (7 ·4) 
h2 J' \ m 2 ap 

If we expand the expression of the operator Q (p) in the power of h, then we 

obtain the same operators as shown in the previous sections: 

Q (p) = Bo (p, £0--'>0) 

h2 ~ ~ 

+--[L/2<1l(p, £0--'>0) +C)z<2l(p, w--'>0)] 
3! 22 

+ (!!:__) '[.!.8,<1) (p, (1)--'>0) + _1_(j,<2) (p, £0--'>0) 
2 5! 3!3! 

+ :!8/8l(p, (1)--'>0) J +0(h6). (7·5) 

We have assumed that C6 and C7 which are included in 8 2's and 8/s respectively 

are well-defined, i.e., that the k-integrations giving C 5 and C7 are convergent. 

The higher-order terms are also easily seen to be equivalent to those obtained 

from the Wigner representation method. Hence, if one accomplishes the k­

integral before summing up the power series with respect to h, one will have 

c2n+3 as the coefficient of h2", and therefore it is necessary that c2n+a's for n = 0 

to l are well-defined, in order for the expansion of the form as Eq. (7 ·5) to 

be possible up to the order of h21 • When the k-integrations determining C2,.+a's 

for n>l+1 are divergent, the summation of the power series for n>l+1 should 

be taken before the k-integration. This situation will be discussed later. Before 

it, we show that the conductivity calculated from Eqs. (7 · 3) to (7 · 5) is equal 

to the one obtained previously. Using (7 · 3), we have an expression for the con­

ductivity O",(z): 

O",,(z) =- ne2 Jdspp, 6 ~a fcq(p), 
m z- (p) vPx 

(7 ·6) 

where f eq is the normalized equilibrium distribution function. We assume f eq to 

be Maxwellian and expand the resolvent (z-Q(p))-1 in the power of h. Then, 

making use of the relations (4·10), (5·7), (5·8), (5·12), (5·13) and (5·14), we 

find that the second- and fourth-order terms in h vanish and that the conductivity 
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106 K. Kitahara and Y. Ono 

is written as 

Ci:c:c(z) = ne2 1_ Jdsp (2 21 / a)C P.r"'ieq(p) +0(h6). (7·7) 
m m z + n mn, p a 

In the limit of a>--+0, this expression is the same as that obtained in previous 
sections. 

§ 8. On the validity of the It-expansion 

According to Eqs. (7 · 5) and (7 · 6), we may say that after summing up 
terms of all orders in It in the Born approximation, we obtain an expression for 
the static conductivity: 

ne2 {3 . J 1 Ci:c:c(O) =-- hm d 3pp, ~ p,Jeq· 
m m .,__,o w-Q(p) 

(8·1) 

In the case of spherically symmetric potential, the operator Q (p) has a 
desirable property as 

Q(p)p.¢(p) = -¢(p)p.¢(p), (8·2) 

where JJ = x, y or z, ¢ (p) is an arbitrary function of p ( = I p J), and 

¢(p)= nm dkk3JVkJ 2 • 

2 2 i2p/h 
pB 0 

(8·3) 

Using Eq. (8·2), we can replace the operator Q(p) in Eq. (8·1) by -tf;(p). 
Thus we obtain an expression for the static conductivity: 

(8·4) 

Now that the complete form of the static conductivity is given, we can 
discuss the validity of the /i-expansion. In order to clarify the discussion, we 
shall present here two cases, 
I) The case in which the Fourier component of the potential has the follow­
ing form: 

(8·5) 

corresponding to 

7C2 V. ( /Cr) m-2 

(2n)Bf3(,:-1)! 2 e-•r. 
(r-+oo) (8·6) 

For m>2, C8 is finite and therefore the classical limit exists. However, because 
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Quantum Effect in D. C. and Hall Conductivities 107 

C2n+a's for n>2m- 2 are infinite, we must sum up all terms of 4 (m -1)-th and 

higher order in h before the k-integration. It is easy to see that if Vk has such 

a form as Eq. (8 · 5), ¢ (p) has no terms of the order of h2n where 1 <n<2m- 3. 

This situation is physically clear because the large value of m corresponds to 

the long-range interaction (see Eq. (8 · 6) ), where the effect of the momentum-

coordinate commutation is of higer order. 
( 

As a more explicit illustration, we discuss the case of m = 2, where we have 

(8·7) 

which can be expanded in powers of h as 

(8·8) 

In this expression, it should be noticed that there is no term of the second order 

in h. This cooresponds to the finiteness of C5, while the finite value of the 

fourth-order term in ¢ (p) is related to the divergence of C7• 

Moreover we must see in more detail the expanded form of ¢ (p ). The 

higher-order terms contain higher power of the inverse of p, which give rise to 

the divergence of the p~integration. From Eq. (8 · 3) we can write as 

(8·9) 

Hence the conductivity 0",,(0) is expressed as 

(8 ·10) 

which clearly shows that the contributions higher than h6 are divergent when p-. 

integrated separately. Thus those terms higher than h6 may not be written in 

the form of the power series. In fact, if we calculate the conductivity without 

e·xpanding ¢ (p) in the power of h in the example treated above (i.e., the case 

of m = 2); we have such a non-analytic contribution as h8 log h in addition to the 

zeroth, fourth- and sixth-order terms in h. 

II) The case in which the Fourier component of the potential has the follow­

ing form: 

Vk= Voe-<kfol"' (a>O) 

corresponding to the potential function as 

1 /1,3 

V(r) = (2n-)sf28n-Vo [1+ (11,r)2]2, (a=1) 

V(r) =-1- Yo( ,J]i~~,yexp [-_!_(~~,ry], (a=2) etc. 
(2n-Y12 2 4 

(8·11) 

(8·12) 

(8·13) 
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108 K. Kitahara and Y. Ono 

In this case, one has finite C's: 

C2n+a= Vo2 ~ 2-(Jfa)(2n+4) /;;2n+4T (~ (2n + 4))' (8 ·14) 

which will lead to the vanishing of all the terms except for the zeroth order one. 
However, this does not mean that cf;(p) is independent of h. In order to see 
it, we calculate if; (p) using Eq. (8 ·11) and obtain the following expressions: 

cf;(p) 
_ 2n2mn, V. 2 !;;4 {1 -(2plh•l' (2P) 2 -<2p/h•l'} - o- -e - - e , 

p 3 2 It,~;; 

which are essentially singular functions of h. 

(a=2) 

(a=1) 

(8·15) 
etc., 

(8·16) 

The finiteness of C2n+a's shown in Eq. (8 ·14), which might lead to the wrong 
conclusion that if; (p) should be independent of h, is related to the following 
relation: 

lim fi"cf;(p) =0 for n=1 2 .... 
/t->0 fjfi'" ' ' 

(8·17) 

The expansion of the collision operator Q (p) in the power of h, which 
leads to the form'"'"'C2n+ah2n, gives no definite information about the analyticity of 
cf;(p) as a function of h. 

§ 9. Concluding remarks 

Using the Wigner representation, we have expanded the d.c. and Hall con­
ductivities of an electron-impurity system in powers of h and shown that the 
second- and fourth-order terms do not appear within the Born approximation if 
the expansion is reasonable. Here the Born approximation means that we cal­
culate the conductivities to the lowest order with respect to the impurity-potential 
strength, and it tends to the quantum mechanical Born approximation when we 
sum up all order terms in h that are of the same order with respect to the im­
purity-potential strength (see § 7). One may easily check the validity condition 
for this approximation by estimating the neglected diagrams such as Figs. 1 (b) 
to (e) in the classical limit. The order-of-magnitude estimation shows that the 
following conditions are necessary for the diagrams of the types of Figs. 1 (b) 
and (c) to be negligible, respectively, compared with the contribution from 
Fig. 2: 

(9·1) 

(9·2) 
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Quantum Effect in D. C. and Hall Conductivities 109 

One finds that, if these conditions are satisfied, one may also neglect those dia­

grams of the types of Figs. 1 (d) and (e). Since p 2 /2m~kBT in the Boltzmann 

statistics, the conditions will be satisfied in the low-impurity density limit if the 

potential is small compared with kBT and the k-integrations are convergent. 

In the case of the screened Coulomb potential, the condition (9 · 2) cannot 

be satisfied because of the divergence of the k-integral at the upper limit, which 

seems to be attributed to the divergence of the potential at the origin. The 

integral defining C 3 is divergent for the same reason, so the classical limit cannot 

be discussed within the Born approximation. This difficulty will be avoided in 

two ways, i.e., by the use of the quantum Born approximation or by the summa­

tion of all the diagrams of the type of Fig. 1 (c). The answer to the former 

case is given by Eq. (8 · 3), which shows that the divergence of the k-integral 

at the upper limit is saved by the momentum-coordinate uncertainty, i.e., that, 

because of the uncertainty, an electron dose not feel directly the infinite potential 

at the positions of impurities. The answer to the latter case has not yet been 

obtained at present, however we may expect that, if we use the bare Coulomb 

potential instead of the screened one, we shall have an expression equivalent to 

Rutherford's formula *l as a result of the summation of all the diagrams of the 

type of Fig. 1 (c). 

The examples used in the previous section can satisfy the conditions (9 ·1) 

and (9 · 2). Examining the validity of the Born approximation in each order of 

li, **l one easily sees that the condition for li-expansion to be possible is the suf­

ficient one for the Born approximation to be valid. 

As was shown in the previous section, the vanishing of the second- and 

fourth-order terms dose not necessarily mean that the quantum corrections begin 

from the higher-order term. It includes the case where li=O is the essential 

singularity, depending upon the explicit form of the impurity potential. However, 

we may conclude from the examples of the previous section that the quantum 

corrections are negligible if the coordinate uncertainty corresponding to the 

momentum p, li/p, is much less than the potential range JC-1• Moreover Eqs. 

(8 · 7), (8 ·15) and (8 ·16) show that the quantum effect acts to increase the con­

ductivity, at least within the quantum Born approximation. 

In the Wigner representation, the expansion in powers of 1i means that the 

conductivities are expanded in powers of lik/ p before k- and p-integrations. If 

the coefficients are divergent when integrated, one must sum up the power series 

with respect to li before the integrations. 

When the impurity potential is anisotropic, the quantum corrections of the 

second- and fourth-order seem not to vanish in the Born approximation even if 

C. and C7 are well defined. However, it is not known at preseqt how this fact 

*J By the way, the equivalence between Rutherford's formula and the quantum Born approxi­
mation seems to be accidental. 

**l The conditions (9 ·1) and (9 • 2) are the ones in the zeroth order of h. 
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110 K. Kitahara and Y. Ono 

is related to the analyticity of ¢ (p ). Moreover, in this case, the operator 
00 (p, w~O) does not satisfy such a simple relation as Eq. ( 4 ·12), so even the 
classical limit <T~~ is difficult to be· calculated. The case of an anisotropic poten­
tial is now under investigation. 

According to Kubo/' j 2H is a very important term which gives the Landau 
diamagnetism of conduction electrons. However, we have shown that the contribu­
tions of f 2H and j 2 to the conductivities are not included in the Born approxima­
tion. It is clear from the result of § 7 that they are also not included in the 
quantum Born approximation. Hence, it seems natural that these contributions 
do not appear in the usual naive theory of the Hall conductivity. If one wants 
to discuss the contributions f 2H and j 2, one must calculate at the same time the 
contributions from some diagrams similar to those in Figs. 1 (b) to (e) which 
are neglected in the Born approximation. 

The effect of the Fermi statistics is left for the future work. 
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Appendix A 

We show the derivation of the expression ( 4 · 6). 
Defining a tensor of the second rank as 

I ( w)- Jd 8kl V 12 kakp , (z=iw+O) a{J p, - k • ( k/ ) ' z-t· p· m 

we have 

~ fj fj 
tJo(p, z) = n,-lap(p, w)~. 

apa upp 

The tensor lap(p, w) has a symmetry such as 

lap(p, w) =A(p, w)Dap+B(p, w)PaPP. 

It is easily seen that 

(A·1) 

(A·2) 

(A·3) 
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+n2m f"' dkksiV,.12[1-(m(J))2] 
p Jm,/p pk 

(A·4) 

and a similar expression is obtained for B(p, (J)). In the limit of (J)--).0, lap 

becomes 

(A·5) 

which leads to the expression of the differential operator 8o(p, (J)--).0) shown in 

Eq. (4·6). 

Appendix B 

. The operators 82<1> (p, (J)--).0) and 82<2> (p, (J)--).0). 

Using the following tensor of the fourth rank 

(B·l) 

one may write 

(B·2) 

and 

~ a . ~ 

LN2' (p, z) = - n,~Ja/3rE (p, (J)) a a a 
upa PP Pr Pe 

(B·3) 

The tensor JaPrE(p, (J)) has a symmetry such as 

JaM(p, (J)) =A(p, (J)) [OapOre+DaraPE+aaeaPrJ 

+B(p, (J)) [aaPPrPe+DarPPPe+aaePPPr 

+araPaPp+OpePaPr+aPrPaPE] +C(p, (J))PaPPPrP< · (B·4) 

The explicit forms of A (p, (J)), B (p, (J)) and C (p, (J)) are easily obtained, for 

example, 

_nn~ fco dkk51 V,.12[1- (m(J))2]2ln lm(J)- pkl 
4pt Jo pk m(J)+ pk 

+n~ f"'dkk61V,.12[10(m(J)) -2(m(J))s]. (B·5) 
4pt Jo 3 pk pk 

In the limit of (J)--).0, we have 

(B·6) 
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Similarly 

K. Kitahara and Y. Ono · 

n2m B(p, w-o) =--C., 
4p8 

n2m c (p, w-o) =-C •. 
4p" 

(B·7) 

(B·S) 

These results lead to a simpler expression for the tensor JaflrE (p, ro-O): 

n2m 1 · 
Jaflre(p, w-o) =4 C.P{[a, PJ [r. ~]+[a, r] [p, ~]+[a,~] [p, r]}, 

(B·9) 

where [a, PJ is defined by Eq. ( 4 · 7). This expression, as well as Eq. (A· 5), 
is obtainable by a rotation in the k-space, which makes z-axis coincide with the 
direction of p. 
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