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Quantum Effect in D. C. and Hall Conductivities

——An Application of Wigner Representation

Kazuo KITAHARA® and Yoshiyuki ONO

Department of Physics, University of Tokyo, Tokyo

(Received May 18, 1972)

The Wigner representation formalism is applied to investigating the effect of the momen-
tum-coordinate commutation relation on the d.c. and Hall conductivities of a system of non-
interacting electrons moving in a potential field of randomly distributed impurities. The
conductivities are expanded in powers of A and the second- and fourth-order terms are shown
to vanish within the Born approximation, as far as the expansion is reasonable. This situa-
tion is discussed in comparison with the result of the kinetic theory.

§1. Introduction

The quantum operators of momentum and coordinate do not commute. As
is well known, this fact leads to the momentum-coordinate uncertainty. The
effect of this uncertainty can be discussed by examining the dependence of
physical quantities on # which is the Planck constant divided by 27. %-expansion
is systematically done by use of the Wigner representation® in which one can
directly calculate contributions from each order term in #.

In this paper we discuss the quantum effect on the d.c. and Hall con-
ductivities, i.e., whether the conductivities increase, decrease or otherwise are
affected when the momentum-coordinate uncertainty is introduced to a classical system.

Several years ago, Kubo" presented a description of quantal systems in terms
of the Wigner representation, and pointed out that the magnetic field comes into
the expression of the Hall conductivity in two ways, firstly in the propagation
of current and secondly in the equilibrium distribution. The latter contribution
is proportional to #* i.e., essentially quantal, and shown to give the Landau
diamagnetism of conduction electrons. However, the usual naive theory of the
Hall conductivity seems to neglect this contribution. We will show that such a
neglection is allowed when the scattering potential is very weak compared with
the kinetic energy.**

The general formulae for the conductivities in the Wigner representation
have been given by Kubo.? To simplify the explicit calculations, we assume

% Present address: C/O Prof. Prigogine, Faculté des Sciences, Université Libre de Bruxelles,
Bruxelles, Belgique.

*¥) In the case of the Coulomb potential, the potential energy near the origin overcomes. the
kinetic energy, so this discussion is not valid for the Coulomb potential. (See §9.)
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920 K. Kitahara and Y. Ono

that the relaxation of the electron system is dominated by: the scattering by
randomly distributed static impurities. We consider no other interaction, there-
fore, the quantum effect comes only from ‘the coordinate dependence -6f the im-
purity potential.®

In this work we seek the conductivities to the lowest order of the impurity
potential. This approximation corresponds to the quantum Born approximation
and will be simply called the Born approximation. The validity of this approxima-
tion is related to the weakness and the space dependence of the impurity potential
and to the density of impurities. On the other hand, #-expansion is related only
to the coordinate dependence of ‘the impurity potential, as is easily seen from the
form of the Liouville operator (see §2). Thus, if the impurity potential is suf-
ficietly weak (compared with the kinetic energy) and the density of the impurities
is low enough, we -can consider #-expansion within the framework of the Born
approximation. With respect to this point we will give some comments in the
last section. Anyway, we show formally that the quantum correction up to the
fourth order of % does not appear within the Born approximation, as far as #-
expansion is possible. This is consistent with the result of the kinetic theory.
Furthermore the quantum correction related to the change of the equilibrium
distribution is shown to. be of higher order in the strength of the impurity
potential than the Born approximation. If one wants to discuss the contribution
from the equilibrium distribution to the quantum correction, one must calculate a

number of terms which give contributions of the same order in the impurity

potential strength. ,

The Coulomb potential is the typical one for which the Born approximation
in the sense stated above is not valid. In this case the result of the kinetic
theory, which is also obtainable by the Wigner representaion, shows that the
momentum-coordinate uncertainty saves the difficulty which is due to the diver-
gence of the potential at the origin.

In §2, we formulate the problem in terms of the Wigner representation, and
in §3, a graphical method is introduced for the expansion of the conductivities
with respect to the impurity potential. In §§4 and 5, we. calculate the d.c.
conductivity in the classical limit (A—0) and its quantum correction, respectively,
both within the Born approximation. The same procedure is applied to the Hall
conductivity in § 6. Section 7 is dedicated to the comparison with the kinetic
theory, which provides us with a good insight into the properties of the higher-order
terms in #. The validity of the expansion is discussed in §8. In §9 we will
state some concluding remarks including comments on the validity condition for
the Born approximation.

® As we take the Boltzmann statics electrons, the effect of the Fermi statistics is not con-
sidered in this paper.
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Quantum Effect in D. C. and Hall Conductivities 91

§2. Formulation

‘In what follows, we consider a system of non-interacting electrons moving
in the potential field of randomly distributed impurities. The total Hamiltonian
for each electron in the presence of electric and magnetic fields may be written as

K=+ H» 21
and
H= Yo+ Hr+ He, 2-2)

where 4, describes ‘the free motion of the electron, 9; the interaction between
the electron and impurities, Hr and Yz the interactions of the electron with the
applied uniform electric and magnetic field, respectively. These Hamiltonians
are explicitly expressed as

_ 1 e 4\ .
St Stu=-(p+ < 4) 2-3)
N .
= BV —R) = Vi), 29
p=cEz, @-5)

where N, is.the number of impurities, —e the charge of an-electron, and V(r—R))
the interaction potential between an electron located at r and .an impurity at R,.
The electric field is applied along the z-axis. As is usual in the calculation of
the Hall conductivity, we take the direction of the magnetic field, which is related
to. the vector potential 4 as rot 4=H, to be parallel to the z-axis, i.e., per-
pendicular to the electric field.

We apply the Wigner representation to the above-mentioned system. The
details of the procedure have been given by Kubo,” therefore only the results
are presented here. ﬂ '

In the Wigner representation, one can define the distribution function
f(p,r,t) of an electron in the phase space, even for a quantal system. The
Liouville equation for f(p,r,¢) is written as

502 F(por ) =iLof(p,r 1) 2-6)

In the 'present case, the Liouville operator {.Lr is divided into two parts:

iLp=iL+ eEaa . 2-7)

xz

According to Kubo, the operator 7L can be:formally expanded in the power of
#i as

i,!:’=i.fo+i,£11+ i,C2+i,E4+O(he), (28)
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where
i£°=—-%5@r+%—‘:’%, (2-9)
i-La= 0. ’_aa;, ——p,,%), (2-10)
iLy= - 37"?22 6’237.;(335, ap,,aaj;ap, (2-11)
iro V(o) 5 .12

512" 0x,0z40x,0x:0x, 0p.0ps0p0p:0p,

In the above expressions and in what follows, the usual dummy suffixes (Greek

letters) are used and the summation should be taken over x,y and z components,
and

We=-""—. (2-13)

The operator ., represents the classical motion of the electron, for which the
Maxwell-Boltzmann distribution is a stationary solution, and iy corresponds to
the Lorentz force in a magnetic field. The other operators, .0, and i.[,, etc.,
have no such classical meaning and are due to the uncertainty between the
momentum and the coordinate, i.e., to the fact that the quantum operators of the
momentum and the coordinate do not commute with each other.

In the following discussions, we shall confine ourselves to the first order with
respect to the magnetic field, i.e., the weak field limit.

The- equilibrium distribution function in the absence of electric field is obtain-
ed by solving

iLf=0. (2-14)

Expanding f., in the power of % we have the following result to the second
power of #,

fetI(Ps r) =f0(P3 r) +f2(Ps l') +f2H(Pa r) +O(h‘)’ (215)
where
fo(ps 1) = e #@/maV 00 (2-16)
2 2 2
= wl [SV_B(OV)_ B PV Apn, @
Filpi) 8mLor 3 ( or > 3m axuaxf Pa|fo(p.m) ( )
3.

R PR A aV’]ﬁ,(p, " 2-18)

and the following abbreviation is employed:
W= (2-19)

[
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Quantum Effect in D. C. and Hall Conductivities 93

In the above, f, is the well known Maxwell-Boltzmann distribution, f; the lowest-
order quantum correction to it in the absence of magnetic field, f3x the additional
correction due to the applied magnetic field and related to the Landau diamag-
netism,?

According to the linear response theory, the conductivity tensor of the
electron system is expressed as

Cu(2) = j “dt e, (), (2-20)

where

¢ﬂ» (t) -

ity / jd]’feq (2-21)

Here, the denominator comes from the normalization of the distribution function.
The conductivity tensor can be expanded in powers of # as follows:

Ou(2) =00 (2) +00 () +---, (2-22)
where
af 1 / J‘
a9 0 art,, 2.23
(=)= ap, o _[,o fo (2-23)

15(=) = m f ar 002, z+lz_£’o( ~ib) z+1i.fopz/ fdl’fo
r 3 ——1.~—pz/ fars,

0p. z+iL,

ap, z+z_[’0 jdrf,/ jd]"ﬁ, : (2-24)
69 (2) = dra"”i : z+1z_[.,( —ilD) z:ﬁ(’py / jdrfo, (2-25)
o2 2o i

ne ofe 1 . 1 .
_ne \g i L) (—i
m r@px z+i.£’o{( Z‘E)z-l-i.fo( i-Lx)

Io / [ars,
ne' dr@f)ﬁi (- uy)‘;lﬂ—opu/ [ars,

j F é?a;: z+1z.[o( L) z—!—z.fopy jd]"f,/ Idrf°> (2-26)

and higher-order terms such as ¢{, 6{} and so forth can be written similarly,

+ (i) <-u,>}z+1d 2y
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but they are too lengthy to be presented here and have been omitted. Up to
this point the expansion with respect to # is exact if it is possible.

For the explicit evaluation of the tensor given .above,. one has to expand
each element in the power of the impurity potential and to take an ensemble
average over the configurations of the impurities. In the following section, we
introduce a graphical method for clearer understanding of the problem.

§ 3. Graphical method

In this section we describe a graphical method to treat the impurity potential,
which is included in the equilibrium distribution function, i.e., £, f3, fax and so
on, and in the Liouville operators, i/, ¢/, and so on. In order to take an
average over the random configurations, we have to perform a systematic expan-
sion with respect to the impurity potential. We develop here a graphical method
which is useful for this purpose.

The definition of the ensemble average over the configurations is described
as follows: The impurity potential V,(+) is transformed into the form of a
Fourier integral:®

Vi) = B (2 5 [arviesse-ro, 3-1)

then the average over the configuration in the thermodynamic limit is expressed
as®®

(3 e RS = (2n)nd (K),

' : (3-2)
< Z Z em R RmtRGy = 2nYnd (k+ K + (2n)'n’% ()0 (k")

=1 j=1

and so forth, where #, is the concentration of the impurities.

For a while, we take ¢} as an example. In the expression of ¢{¥, Eq.
(2-23), the impurity potential is included in .0, and f,, the latter appearing in both
of the numerator and the denominator. Expanding (z—i/,)™' in powers of the
impurity potential and averaging over the confingurations, we have, for example,
such diagrams as shown in Figs. 1 (a) to (¢) for the fourth power of the
potential. We assign 7, and V, to each cross and to each dotted line, respectively,
the latter of which will be called the interaction line. “The horizontal line and
each point on it (the foot of the interaction line) represent the operators
(z+p/m-0/0r)" and ik-0/0p respectively, where the latter corresponds to 8V;/
0r-0/0p in i, and k is the wave vector of the interaction line. The algebraic
sum of the wave vectors of the interaction lines flocking to one cross should be
zero, because of the ¢-functions appearing on averaging over the impurity con-

§
* We may put Vz-0=0 because V.o gives only a constant energy shift. -
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Quantum Effect in D. C. and Hall Conductivities 95

,)(\ /x\ / /&X'x\\ //7 *\:\
\ I8 _ =
/ -k, -/ \-k. k ! Yk ok i v\
kil \lk« lkz ke ;/ kj, \\' \12 k/ ki k) \l-k.-k,-k,
3. K
J - | i R( px Px
(a) {b) (c)
_\l&
ki
/)‘ IX\ T
— ,I \ \\ 7 N\
Ky L% '\\‘kz i kz/ \'kz
‘I 1 \ ! \
P i
(d) (e)
Fig. 1. Typical diagrams for ¢9). The meanings of the notation are shown in the
paragraph,
figurations.

The contributions from f, in the numerator will be expressed for example
as in Figs. 1(d) and (e), where a vertical line is used to distinguish the source
of Vi’s. Some numerical factors are needed for the contributions from f,
because V; is included in f, as e #"Z., However the terms related to f, are
found to be unnecessary for further manipulations in this paper (see the next
section). Therefore we shall not be bothered any more by the contributions
from fy’s in the numerator and denominator.

In order to clarify the correspondence between the diagrams and the explicit
expressions, we write the following expressions equivalent to Figs. 1(a) to (e):

() =A {p,ln: jdﬂkl jd”k,l Vil Vk,]’(ikl- i)
z op

1 . 0\1/. 0 1
R SN (U MU Y 7 S . S
xz——'i(p-kl/m)< " ap>z<“ ap>z—i(p-k,/m)
o 0\1
><< ik, 5;);1:»,}, (3-3a)
. = 1 . , 0 1
b ='A{ L ,’fd”kljd”k Vil Vel (il 2 ) — 1
) =A{pen AVl Vel (ke 7)o s
. 0 1 . 0 1
y S —ik,
X<Z ’ 0p>z—i~p/m-(k1+kg)< e 6p>z—i-(p-k,/m)
. 0 \1
(=i )2 3.3
>\< Zk’()‘p)zp”}’ (3-3b)
: N 1 3 3 3 f 0
(C) =A Dz s d k1 d kg d kaVk,Vk,Vk,V—kl—k,——lc,(lkl'_>
z OP .
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z—i.(;.k,/m)(ik"%> 2—i-p/m- (kl+k,)< )
z—i-p/m-tk1+k,+ka)< (vt ut o) —>-i“ } (3:3c)

@ =4{p B, (@ Vi L o, (bl Vil ik ai 2)

1 . 9 }
— ik, 2{ s 3-3d
z—z(pk,/m)( 12N ap> ? ( )
=A‘{$(—B) :Idsklv 3 1 —'k-i—];
@=dpeg 7 | k']z—i-(p-kl/m)(. - ap>z
0 1 , 9\1 }
ko - — | — ks — )= pas, 3.3
(l 'y ap) —i‘(P'kz/m)< 127 6P>2P ( e)
where the operator A is defined by
~ 3 3/3
Atp(py =" (L)L (aspe-sormy (p) 34
m \2gm/ m

and the following relations have been used:

1 1 .
B=B . (B ind dent of a5
z+P/m-5‘/6r z_l_P/m.a/ar ( independent o 1‘) ( )
gtk 1 e—tkr — ' 1 66
=t p/m-0/0r z—i-(p-k/m)+p/m-0/or
and
V_e=Vi*. (37)

The last one is due to the fact that the impurity potential V' (¢) is real.

In calculating other terms, i.e., 6%}, 6% and so on, we will introduce other
diagrammatic notations corresponding to the operators iy i.[3,2.L, and so on,
about which explanations will be given where they are necessary.

If one sums up the contributions from all the possible diagrams, one has
exact expressions for the conductivities. However, it seems impossible, therefore
in the following sections we employ an approximation and sum selectively certain
kind of diagrams.

§4. D. C. conductivity in the classical limit

In this section we evaluate {6 (0)>, using an approximation which will be
valid in the case of a weak impurity potential.

At first, among those diagrams having the same number of crosses which
represent 7n,, we take a group of diagrams with the least number of impurity
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Quantum Effect in D. C. and Hall Conductivities 97

lines. Next we pick up from the group such a diagram as gives the most
divergent contribution (in the group) in the limit 2—0 (the static limit). It will
be called “the »-th Born term” where n is the number of the crosses. One
easily finds the n-th-order Born term for the d.c. conductivity to be of the form

_1_<Z’M)" (4-1)

P4 z

and that the corresponding diagrams are expressed as in Fig. 2. Those terms
including contributions from the equilibrium distribution function f; are clearly
less divergent than the Born terms in the above-mentioned sense; for example
the contributions from Figs. 1(d) and (e) are of the form

(CLCup (4-2)

P4

Those diagrams such as Fig. 1(b) are also less divergent; for example Fig. 1(b)
contributes as is expressed in (4-2).

The summation of the diagrams depicted in Fig. 2 is formally a Neumann
expansion of an reciprocal operator shown in Fig. 3. Therefore, using a dif-
ferential operator @o(p, z) defined by Fig. 4 and expressed as

5 .0 1 . 0
Ov(p, 2) =, Idak V. 2‘<zk-——>——(—zk-—>, 4.3
(P2 2) Vel (i o)~ 4-3)
we can write the classical d.c. conductivity in the Born approximation,® which
means to sum up only Born terms, as follows:

Lo 1
0R0)>=lim A { po— L pz}, (4.4)
o0 z _OO (P, z)
7N\ /X\ /,X\
/ \ / \ / \
i \ / \ / \
[ 3 l Yo l
B+ B+ Py + e
vz % 1z vz 1z 1z vz ¥
Fig. 2. Summation of “Born terms” for o).
/)(\\
X / \
N / \
/ \ K/ Nk
/ \ / \
! \ - ! \
i i / \
« [r- —] & | 1
Fig. 3. Fig. 4.

Fig. 3. Result of the sgmmation shown in Fig, 2,
TFig. 4. The operator Op(p, 2).

* The result shows that this is equivalent to the usual Born approximation in the quantum
theory. :
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where A is defined by Eq. (3-4) and
z=ip+0. (4-5)

For brevity we restrict ourselves to the case of a spherically symmetric

potential in what follows, then in the limit of »—0, the differential operator @o

takes a very simple form (the details of the calculation are shown in Appendix
A) as

Ou(p, 0-0) =zmnC 2 Lo, 1.0 (4-6)
apa ? apﬁ
where we have used the following abbreviations:.
[, B]=0.,—LeL2 -7
?
C,= rdkkﬂ A (4-8)
]
The integration (4-8) will be finite if there exists k. such that
=0 for k>k,
Vi or 4-9)

~e=®Em% for koo, (a>0)

However if one assumes a screend-Coulomb-type potential for V4, the integration
will be divergent for »>>3,

Making use of the relation

[Oup, 00T = (Z2E2CN iy 1 arbitrary)  (410)
b4
we have

8, 2
e ©y=4{ Lr |
052(0)> Sz mnC.

2 1)
_ne 32 <ﬂ> "1 (4-11)

m V2r \B/ 2r*mnC,’
which is of the order of inverse square of the impurity potential. If one adds
non-Born terms, one will have higher-order terms with respect to the impurity

potential as corrections to the above expressions. When the potential is suf-
ficiently weak, these corrections will be small,

§5. On the quantum corrections to the d.c. conductivity

The quantum corrections to the d.c. conductivity are estimated within the
Born approximation. It is easily seen that the contributions from /3 belong to,
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Quantum Effect in D. C. and Hall Conductipities 929

non-Born terms as well as those from f,.*> Hence we have only to replace one
of the operators, (ik-9/0p), on the horizontal line by a quantum-correction
-operator, e.g., for the second order in #,

-3?’2,@:-%)5 (5-1)

which is derived from Z./; in Eq. (2-11) and expressed diagrammatically by a
circle shown in Fig. 5.

First, we evaluate the second-order term in %, {62(0)>. The diagrams to
be summed up within the Born approximation are shown in Fig. 6. Thus we
obtain the following expression for {6&(z)>:

1 <__ A
z—@o(p, 2)\ 312

2@>=4{ps )18 (p, 2) + 6, (p, 2)]

ot
XAipz y (5'2)
z “@o([’, Z)
where the differential operators @,“) and @,(’), corresponding to the diagrams in
Fig. 7, are expressed as

8.5 (p, 2= —n [ V;,[’(ik-%) m;:m< ~ik-%>, 5-3)

/x\ /*\ /x\
/ \ 7 AY 12 A
/ \ ! \ ] \
X{“"l J + & 1 d 3 4 coeme } X
,3‘.\ /x\ /K\ I'&\ /'&\
/ \ / \ 4 \ / \, / \
! \ ! \ ) A ! \ ] A
x[:‘ i + 4 bt ]x{1+1 1 i I i *'""']Px
. . A .S
N,
2N 2N N 27N
! \ -1 ! i \ { -t
e LA T

Fig. 6. The second-order quantum correction for the d.c. conductivity in the “Born
approximation”.

'

*) When one discusses the effect of f;, one must take into account non-Born terms in a con-
sistent manner, By the way, naturally f3 does not contribute to the d.c. conductivity.
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100 K. Kitahara and Y. Ono

5 L 0 1 L 0\ .
0,%(p, z =—n,J‘d“k 1% ’(zk-——>ﬁ——<——zk-——> . 5.4
P ) [Vl op/ z—i-(p-k/m) op -4
For the spherically symmetric potential, these operators take simpler forms in
the static limit w—0 as

@2(1) s —0) = n"mn,Ca o _1‘ ’ ’ ’ ’
(pr0=0) =205 P 2l BT, €1+ [ 116, 2)

+ [ 6108, 7 2, (5-5)
D
~ 3
0.2 (p, -0 =T22C 0 Llpy g1 €14 [, 7118, )
4 0pe p
[ €108, 73— (5-6)
+ a, 1] T }_—— ’ *
0pa0ps0p;
N where C; and [a, 8] are defined by Eqs. (4:7) and (4-8),
t // \\ respectively. The derivation of these expressions are
3128 V2 T ll \ given in Appendix B.
Using Eq. (4-10) and the following relations:
b’y ~
2 7N OV (p, 0-0)p'p. =2 mnClp*~"p,,  (5-7)
#2 A/ \ ~
i e = i O (p, 0—0)p'p.= —2*mn,Cilp*="p,, (5-8)

Fig. 7. The operators we find that
82<1) and 8@,
if C; is well-defined.

We continue the calculation to the fourth order in fi. The fourth-order
operator is

K052 (0)>=0, (5-9)

¢ 5
_”i__4<ik.ﬁ_> , (5-10)
e 512 Op :
/
{ Fig. 8. The fourth-order quantum correction operator (h4/5!24) (ik-d/apy.
A X & X
7N N 7N 7N

/ \ -1

x[1-1—4——] [

Fig. 9. The fourth-order quantum correction for the d.c. conductivity in the “Born
approximation ”,.
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Quantum Effect in D. C. and Hall Conductivities 101

which is related to i.[, shown in Eq. (2:12) and expressed diagrammatically in
the form of double circles as depicted in Fig. 8. In the Born approximation we
have only to calculate the diagram shown in Fig. 9 and the result is as follows:

0] —A 1 # o,w
O A{?’z 5 z)[w“ (p 2

6.2(p, )+ X O p, ﬂﬁwpz}, (5-11)

where the differential operators @4(‘), @4(” and @4"’) are defined in Fig. 10 and
take simple forms in the limit of p—0:%

+

3!3!2‘

£ Am

570 =g 1

// \\

/ \

/ \
s 6(2) ,’ \\
313125 —
/,&\

7/ \

-
—

ﬁb A - "
5270 “i—o

Fig. 10. The operators 84‘1’, O,® and @4‘3’.

- “mn,C & 1,

oW , 0—0 . tmndg ar,, 5.12
& (p, 0=0) 8 0pu0pedp0pp, p oF opc ©12)
—~ 2 C 03 1 03

B, (p, 0—0) = FmmCr 1r o m—2 (513
' (p,0=0) 8  0pdpsdp, p O «(p )apgaqu?p: (6:13)
5 'mnCy 9 1. 5

0.9 (p, 0—0) =1 T eoren: (P) ,  (5-14)

P 8  0pas P 0000008000

where the tensor T'g.q:(p) of the sixth rank is expressed as

Tagren:(p) = [, B [1, €1 [0, €1 + [, ¥1 [8, €1 [, %]
+ [, €108, 7107, ] + [, 7] [8, 7] L€, €]
+ [e, C1[8, €1 (15 7. (5-15)

”~ o~
* The derivation of these expressions is similar to that of O™ and Op®.
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Using these expressions, one may easily prove the following relation:

@4(1) (p’ w—)O)Plpz} _ 5'

2 e — -7 .
B (p, 0=0)pip,f ~ 4T DL p, ©-19
0 (p, 0=0p'ps =2 LtmnCl 1~ 2515, (5-17)
which lead to the result that
652(0)>=0, (5-18)

if C, is finite.

§6. Hall conductivity

The n-th Born term in the calculation of the Hall conductivity is found to
be of the form

1 (vt

? z

(6-1)

Corresponding diagrams for the classical Hall conductivity, {6 (0)>, are shown
in Fig. 11, where the arrow represents the operator —iLy (Eq. (2-10)). As was
shown in the d.c. conductivity, the contribution from Jfo are less divergent than
the Born terms. Similarly those terms, which have —iLyin a manner as shown
in Fig. 12, belong to non-Born terms.

From Fig. 11 one easily sees that {(6®(0)) is written as

O0(0)>=lim A { Pt (—iry— L p,,} . (6-2)
00 Z“‘@o(:p, z) z—@o(P’ Z)
/lx;\ /"\
/ \\ /7 \\
1 + 1, 1 I + l ll )] P
//K\\ /*‘\

/ \
! / \ -1
= [ 1- d ‘]. x l x [ N S| ]
Fig. 11. The classical Hall conductivity in the “Born approximation ”,

X
2N

Fig. 12. Characteristic diagram for the Hall conductivity, which is neglected in the
“Born approximation”,
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Exploiting the relations, Eq. (4-10) and

- i-EHPnPy = COanPz ) (6 ° 3)
we have the following result:
8 315

c®0)>="2% _ 6-4
@R Oy=2E (7)o 6-4)

From Eqs. (4:11) and (6-4), one finds the classical Hall coefficient to be

1 315z 1.9

R = — ~— . 6-5
" nec 512 nec 6-5)

Similarly the second- and fourth-order quantum corrections for the Hall con-
ductivity, <62 (0)> and <c%(0)), are calculated from Figs. 13 and 14, respectively.
For example, <6%(0)> is expressed as

/X\ ‘,/)6\_ ,,&\
r N /N / \
I} \ -t / A / \
+ [‘l - ! l] x { & \ + 4 -‘,] x
/'x\\ ’,X\
/ / \
! \\ -1 l I \ -1
x [1 - 4 1:l x x [1 - L_.-__.‘.-—]

Fig. 13. The second-order quantum correction for the Hall conductivity
in the “Born approximation”.

o 1
fRO)S=limAlp L
{20y =lim {pz—@o(p,z)
x[(-—i.EH) 1 "6 (p, 2) + 50 (p, 2)
z—0y(p, 2) 3! 2
[¢)) (2) ____:_l__ —7
4 G0(p. ) + O (p ) — S ng)]»
1
. S— . 6-6
z—@o(p,z)p} ©o
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\
/ \ 1 ! \ -t
L Y . W
Fig. 14. The fourth-order quantum correction for the Hall conductivity
in the “Born approximation”,

which is shown to vanish in the same way as <6$2(0)>. One can prove that
{o§2(0)> also vanishes similarly.

In the case of the Hall conductivity, we have contributions from Jag and fy
(see Eq. (2:26)), which, as is easily seen, are at most of the following order:

(PAValY)?, L (Vi) 6.

P4 z P4

respectively, and thus less divergent in the limit of z—0 (or more accurately
®w—0) than the Born terms (Eq. (6-1)). Therefore they may be disregarded in

the Born approximation.
§7. Comparison with the kinetic theory

The kinetic theory for the present system is developed by starting with the
following Hamiltonian;:

IH= ; EpCp Cpt+ ; ; iZ Vke‘""R‘c},”ch , (7-1)

where ¢, ¢! and €p are the annihilation and creation operators and the energy
of a free electron with a momentum P> respectively. According to the time-
dependent perturbation theory, one has an equation for the evolution of the
distribution function f( pst) of an electron with a momentum p."® such as

%f(p, £)=—n jd”k%;—fl Vil f(ps £) [1~f(p + ik, £)]
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—f(p+k, ) [1—f(p, )1} 0 (cpran—ep)s (7-2)

where the transition probability is obtained within the usual quantum mechanical
Born approximation and averaged over the random configurations of impurities.

The r.hs. of Eq. (7-2) can be written in the form of a differential operator
as follows:

a%f(p, £ =0(p)f(p. 2, (7-3)
471'71; 3 3 ,8/2:0+0/0p -k 0 .
O(p)= jdk|V| Y 5(1’ >smh( k%> (7-4)

If we expand the expression of the operator Q( p) in the power of #, then we
obtain the same operators as shown .in the previous sections:

O(p) =Cy(p, 0—0)

+37—’2,[@,<1> (p, 0-0) + 5 (p, 0—0)]
+(Z> [ @“’(p a)—>0)+ "’(p »—0)
+ 200, w—>0)]+0(h") (7-5)

We have assumed that C; and C; which are included in @g’s and @4’5 respectively
are well-defined, i.e., that the k-integrations giving C, and C, are convergent.
The higher-order terms are also easily seen to be equivalent to those obtained
from the Wigner representation method. Hence, if one accomplishes the Fk-
integral before summing up the power series with respect to #, one will have
Ci.ss as the coefficient of #™, and therefore it is necessary that Ciays’s for #=0
to [ are well-defined, in order for the expansion of the form as Eq. (7-5) to
be possible up to the order of #*. When the k-integrations determining Cja.s’s
for n>>l+1 are divergent, the summation of the power series for »=>I+1 should
be taken before the k-integration. This situation will be discussed later. Before
it, we show that the conductivity calculated from Egs. (7-3) to (7-5) is equal
to the one obtained previously. Using (7-3), we have an expression for the con-
ductivity 0.,(2):

O-.z-a:(z) '—‘—I P N fcq(P): (76)

where f., is the normalized equilibrium distribution function. We assume fe, to
be Maxwellian and expand the resolvent (z— Q(p))‘ in the power of #. Then,
making use of the relations (4:10), (6-7), (6-8), (5:12), (6:13) and (5-14), we
find that the second- and fourth-order terms in # vanish and that the conductivity
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is written as

ne Bf 3 1 6
G.rz =— d .1:2 +O h . 7'7
€] peabnll L3 s (27r’mn.,/p3)C3P Sea(p) + O ) (7.7
In the limit of w—0, this expression is the same as that obtained in previous
sections,

§8. On the validity of the #-expansion

According to Egs. (7-5) and (7-6), we may say that after summing up
terms of all orders in # in the Born approximation, we obtain an expression for
the static conductivity:

net . . 1
G2e(0) =2€ B 1imy Jd’pp,—;— ot (8+1)
mom et o—0(p)

In the case of spherically symmetric potential, the operator Q(p') has a

desirable property as

QPps(®) = —p(D)1.6(2), (8-2)
where y=ux,y or 2z, ¢(p) is an arbitrary function of p(=|pl), and
6(0) =20 (" e V. 8-3)
p (]

Using Eq. (8:2), we can replace the operator Q(p) in Eq. (8:1) by —¢(p).
Thus we obtain an expression for the static conductivity:

022 (0) =" B a0y () f e 8-4)
m m

Now that the complete form of the static conductivity is given, we can
discuss the validity of the #-expansion. In order to clarify the discussion, we
shall present here two cases,

I) The case in which the Fourier component of the potential has the follow-
ing form:

Eﬂm-—s
Vk: VOW (8.5)
corresponding to
V="' ¥, 1 [d"‘“l xe' ™" ]
2r)” kr (m—1)! Ldz™ (x4 Jo=t
~ 7'V, kr\™?t .. .
_m<3> e (r—eo) (8-6)

For m=2, C; is finite and therefore the classical limit exists. However, because

Zz0z1snbny Lz uo1senb Aq 8/ | L 281/68/1/6v/81o1e/d1d/woo dno-olwepeoe)/:sdyy wouy papeojumoq



Quantum Effect in D. C. and Hall Conductivities 107

Cinys’s for #ZZ2m —2 are infinite, we must sum up all terms of 4(m —1)-th and
higher order in # before the k-integration. It is easy to see that if Vj has such
a form as Eq. (8-5), ¢(p) has no terms of the order of #™ where 1<n<2m 3.
This situation is physically clear because the large value of m corresponds to
the long-range interaction (see Eq. (8:6)), where the effect of the momentum-
coordinate commutation is of higer order. ,

As a more explicit illustration, we discuss the case of m =2, where we have

g _2r'mn, | 1 _ £ 32p/h) 4K .
b ==35 {12,cz 12 [(Zp/h)’—i-/c’]"} ’ 87

which can be expanded in powers of # as
27r’mn,{ 1 1 #% }
P 122 4 (2p)

In this expression, it should be noticed that there is no term of the second order
in #. This cooresponds to the finiteness of C,;, while the finite value of the
fourth-order term in ¢(p) is related to the divergence of C,.

Moreover we must see in more detail the expanded form of ¢(p). The
higher-order terms contain higher power of the inverse of p, which give rise to
the divergence of the p-integration. From Eq. (8:3) we can write as

g1 (p) =p% <%> (8-9)

¢(p)= (8-8)

Hence the conductivity ¢,,(0) is expressed as

GN(O):%Zi % jd oo (%)feq, (8-10)

which -clearly shows that the contributions higher than #° are divergent when p-

integrated separately. Thus those terms higher than #* may not be written in
the form of the power series. In fact, if we calculate the conductivity without
expanding ¢(p) in the power of # in the example treated above (i.e., the case
of m=2), we have such a non-analytic contribution as #®log # in addition to the
zeroth, fourth- and sixth-order terms in #.

II) The case in which the Fourier component of the potential has the follow-
ing form:

Vi=Vie-®%  (q>>0) (8-11)

corresponding to the potential function as

1 I i
= = 1 M 12
Vr) (27[)3/2871‘/0 e (a=1) (8-12)
= 1 Vesmevexp | —L (ery - .
V() = @ 2 (Vrk)exp [ y (/cr)], (@=2) ete. (8-13)
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In this case, one has finite C’s:
C2n+5= Vo‘zl 92— (/a)(@n+4) I\?MH]_' (l (271 + 4)) , (8 . 14)
[44 o

which will lead to the vanishing of all the terms except for the zeroth order one.
However, this does not mean that ¢(p) is independent of # In order to see
it, we calculate ¢(p) using Eq. (8-11) and obtain the following expressions:

_ 27[2771713 2 4{ _ —-21:/)1!:[ 2_£ i ZP ? ZP :I} —
y2J 8-15
= 271:21?713 Vit [ {1 — g~ Gp/hRE _ <2—P> 23“(21’/'"’)2} , (@=2) ete, ( )
b 2 hE

(8-16)
which are essentially singular functions of #.
The finiteness of Cinys’s shown in Eq. (8-14), which might lead to the wrong

conclusion that ¢(p) should be independent of #, is related to the following
relation:

im TP _ o for n=1,2, ..., (8-17)
-0 0K

The expansion of the collision operator Q(p) in ‘'the power of #, which
leads to the form~C,,.#", gives no definite information about the analyticity of
¢(p) as a function of 7.

§9. Concluding remarks

Using the Wigner representation, we have expanded the d.c. and Hall con-
ductivities of an electron-impurity system in powers of # and shown that the
second- and fourth-order terms do not appear within the Born approximation if
the expansion is reasonable. Here the Born approximation means that we cal-
culate the conductivities to the lowest order with respect to the impurity-potential

strength, and it tends to the quantum mechanical Born approximation when we

sum up all order terms in % that are of the same order with respect to the im-
purity-potential strength (see §7). One may easily check the validity condition
for this approximation by estimating the neglected diagrams such as Figs. 1 (b)
to (e) in the classical limit. The order-of-magnitude estimation shows that the
following conditions are necessary for the diagrams of the types of Figs. 1 (b)

and (c) to be negligible, respectively, compared with the contribution from
Fig. 2:

m;?’ f“’k/e’l Vi<, 9-1)

;’; L"’dkkﬂ] Vi<, (9-2)
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One finds that, if these conditions are satisfied, one may also neglect those dia-
grams of the types of Figs. 1 (d) and (e). Since p*/2m~kzT in the Boltzmann
statistics, the conditions will be satisfied in the low-impurity density limit if the
potential is small compared with k237 and the k-integrations are convergent.

In the case of the screened Coulomb potential, the condition (9-2) cannot
be satisfied because of the divergence of the k-integral at the upper limit, which
seems to be attributed to the divergence of the potential at the origin. The
integral defining C; is divergent for the same reason, so the classical limit cannot
be discussed within the Born approximation. This difficulty will be avoided in
two ways, i.e., by the use of the quantum Born approximation or by the summa-
tion of all the diagrams of the type of Fig. 1 (¢). The answer to the former
case is given by Eq. (8-3), which shows that the divergence of the k-integral
at the upper limit is saved by the momentum-coordinate uncertainty, i.e., that,
because of the uncertainty, an electron dose not feel directly the infinite potential
at the positions of impurities. The answer to the latter case has not yet been
obtained at present, however we may expect that, if we use the bare Coulomb
potential instead of the screened one;, we shall have an expression equivalent to
Rutherford’s formula* as a result of the summation of all the diagrams of the
type of Fig, 1 (c).

The examples used in the previous section can satisfy the conditions (9-1)
and (9:2). Examining the validity of the Born approximation in each order of
#,%% one easily sees that the condition for #-expansion to be possible is the suf-
ficient one for the Born approximation to be valid.

As was shown in the previous section, the vanishing of the second- and
fourth-order terms dose not necessarily mean that the quantum corrections begin
from the higher-order term. It includes the case where #=0 is the essential
singularity, depending upon the explicit form of the impurity potential. However,
we may conclude from the examples of the previous section that the quantum
corrections are negligible if the coordinate uncertainty corresponding to the
momentum p, #/p, is much less than the potential range x~'. Moreover Egs.
(8:7), (8-15) and (8-16) show that the quantum effect acts to increase the con-
ductivity, at least within the quantum Born approximation.

In the Wigner representation, the expansion in powers of # means that the
conductivities are expanded in powers of #k/p before k- and p-integrations. If
the coefficients are divergent when integrated, one must sum up the power series
with respect to # before the integrations.

When the impurity potential is anisotropic, the quantum corrections of the
second- and fourth-order seem not to vanish in the Born approximation even if
C; and C; are well defined. However, it is not known at present how this fact

* By the way, the equivalence between Rutherford’s formula and the quantum Born approxi-
mation seems to be accidental. -
**) The conditions (9-1) and (9-2) are the ones in the zeroth order of #.
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is related to the anmalyticity of ¢(p). Moreover, in this case, the operator
Ov(p, »—>0) does not satisfy such a simple relation as Eq. (4-12), so even the
classical limit ¢{) is difficult to be- calculated. The case of an anisotropic poten-
tial is now under investigation.

According to Kubo,” f,z is a very important term which gives the Landau
diamagnetism of conduction electrons. However, we have shown that the contribu-
tions of f35 and f; to the conductivities are not included in the Born approxima-
tion. It is clear from the result of §7 that they are also not included in the
quantum Born approximation. Hence, it seems natural that these contributions
do not appear in the usual naive theory of the Hall conductivity. If one wants
to discuss the contributions f,z and £,, one must calculate at the same time the
contributions from some diagrams similar to those in Figs. 1 (b) te (e) which
are neglected in the Born approximation.

The effect of the Fermi statistics is left for the future work.
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Appendix A

We show the derivation of the expression (4.6).
Defining a tensor of the second rank as

P Y ,
Iaﬁ,(p,w)—fdklvklmm, (x=iw+0) A1)

we have

50(P’ 2) =”’aj;

Ls(p, w>£. (A-2)

« 8
The tensor I,z(p, w) has a symmetry such as

Iaﬂ(P9 w) =A(P, w)duﬁ‘*‘B(l’, w)bapﬂ . (A3)

It is easily seen that

Alp ) <2220 [ arpe) v,
P 0

am (° m\? mo — pk
am (" grp| v, *[_ —1]1 mo — pk
* ip J; Vil (pk> n‘mw-ﬁ-pk‘
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+7 (° aep vaf[1- (22)] (A-9)
p mo/p pk

and a similar expression is obtained for B(p,w). In the limit of w—0, I,
becomes '

Ls(p, 0—0) = nmC3~—<6,g P‘fﬂ) (A-5)

which leads to the expression of the differential operator @0( p> ©—0) shown in
Eq. (4-6).
Appendix B

. The operators @,(‘) (p, »—0) and @,(”(p, w—0).
Using the following tensor of the fourth rank

Tuers (py 0) = jd%w,,];%, (B-1)
one may write
—~ 3
8 (p, 2) = _”’apaa@W wore (B w)—f . (B2
and
B (p, 2) = = 10Ty (P 0) O (B-3)
0pa 0p40p,00;

The tensor J,g¢(p, ») has a symmetry such as
Jopre (P’ 0)=A(p, ») [6uﬁ6r5 00 + 6‘156/97]
+ B(p, 0) [0aspibs + Oartpte + Oarbsty

+0rspats+ 0pepats + Optatc] + C (P, 0) papspype . (B-4)
The explicit forms of A(p, ), B(p,») and C(p,w) are easily obtained, for

example,

2 -4 272
Ap, =Mj dkE|V, ’[1— mo ]
()= | dkb Vi (pk)

e A P

dpi Jo pk me+ pk

am (% 10/moe mo

mm (s v, ’[_ mo) _g } B.5

+4piL Vil 3<pk <pk> (B-5)

In the limit of »—0, we have

2
A(p, 0->0) =""C, (B-6)
4p
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Similarly
'm
B(Ps 0)_>0)= '_4P8C59 (B'7)
v
C (p, 0—0) =7i:jc_5 . (B-8)

These results lead to a simpler expression for the tensor Japre (P, ©—0):

Tasre (P 0-0) =~’E}‘C%{[a, B10r, €1+ [ 7118, €1 + [ €108, 71},
(B-9)

where [a, 5] is defined by Eq. (4-7). This expression, as well as Eq. (A-5),
is obtainable by a rotation in the k-space, which makes z-axis coincide with the
direction of p.
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