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1 Introduction and summary

Among the plethora of integrable systems, the elliptic Calogero-Moser types (eCM) have
continuously fascinated mathematicians and physicists (see [1] for a good introduction).
Of our particular interests, it is well-known that the classical spectral curve of the eCM
integrable system associated with Lie algebra Lie(G) can be directly identified with the
Seiberg-Witten curve of four dimensional N' = 2* theory with gauge group G [2-4], see
also [5, 6]. Indeed, this correspondence serves as one of the earliest examples demonstrating
the close connections between certain integrable systems and the gauge theories with eight



supersymmetries. Moreover with the tremendous advances in the localization computations
for supersymmetric partition functions and other protected observables (see [7] for extensive
reviews), we can extend the correspondence to the quantum level. In general, there can
be multiple deformation parameters {¢,} in these localization computations depending on
the dimensionality of the supersymmetric gauge theories considered. It was proposed that
{€s} can be identified in general with the Planck constants when quantizing the original
classical integrable systems, such that turning off one or more of {¢,} can be interpreted
as recovering certain semi-classical limit [8]. In such a limit, the Bethe Ansatz equation
(BAE) of the quantum integrable system can be recovered from the saddle point equation
of the corresponding gauge theory partition function computed by localization techniques.
In the full quantum case with all {¢,} kept finite, the instanton partition function can
be identified as the eigenfunction of quantum integrable system’s Hamiltonian. Such a
quantity is computed by using the so called qq-characters [9, 10].

One of the hallmarks of the integrability in a dynamical system is the existence of the
commuting Hamiltonians, the generating function of them is a finite degree polynomial in
the appropriate spectral parameter, known as the “characteristic polynomial” or “transfer
matrix”. The gauge theoretic counterpart of the characteristic polynomial has been shown
in certain cases to be the generating function of chiral rings, such as N' =2 SQCD /XXX-
spin chain and its linear quiver generalization [4, 11-13]. It is also very natural to consider
the quantum version of this story in the same vein as discussed in the previous paragraph,
and identify the commuting quantum Hamiltonians with the chiral ring operators [8, 14, 15].
However it is unsatisfactory that eCM systems and their corresponding gauge theories have
somehow evaded this general line of developments. As we will review later in section 2,
even though we can readily recover the BAE for the eCM system through the saddle point
analysis of partition function [8], a naive gauge theoretic construction of characteristic
polynomial however failed to yield the correct commuting quantum Hamiltonians. The
situation can be rectified by constructing a certain regular function of spectral parameter

1 More precisely this con-

with the appropriate degree, which will be named X-function.
struction is a two step process as we will discuss in section 3. First, we will introduce the
co-dimension two surface defects into the gauge theory through the orbifolding [18-21],
this also has the effect of splitting the original gauge theory into multiple orbifolded copies.
The X-function then arises from summing over a suitable instanton partition function for
each orbifolded copy. We will demonstrate that the commuting Hamiltonians of the eCM
system can indeed be extracted from the resultant X-function.

We next apply our story to an inherently quantum generalization of the eCM system,
known as the elliptic double Calogero-Moser system (edCM) [10].2 This implies its corre-
sponding gauge theory is necessarily well-defined only when at least one of {¢;} is turned
on. Indeed, the consistent gauge theoretic construction related to the edCM system is

'This X-function itself is also known as the fundamental g-character of Ay quiver constructed in [16].
See also [17] for another construction through the quantum toroidal algebra of gl;. As mentioned in this
paper, we need to consider the orbifolded version of the X-function in order to extract the commuting
Hamiltonians of the eCM system.

2The trigonometric version is studied, e.g., in [22, 23].



known as “Gauge Origami” [24].3 This arises from the intersecting D-brane configuration
in the presence of background fluxes, which corresponds to turning on {¢;} [25], as we will
review this in section 4. In section 5, we will explicitly construct the resultant instanton
partition functions, derive the possible BAE from its saddle point equation, and follow our
earlier procedures for the eCM system to construct the X-function in this case. Finally we
demonstrate the validity of X-function by recovering the correct commuting Hamiltonians
which are expressed in terms of the Dunkl operators generalized to the edCM system. We
should comment here that the connection between edCM systems and the so-called “folded
instanton” configuration derived from gauge origami construction was noticed in [10], in
this work we firmly established this connection by working out the relevant details in steps.

We discuss various future directions in section 6. We relegate our various definitions
of functions and some of the computational details in a series of appendices.

2 Elliptic Calogero-Moser model and N = 2* theory

It is well known that the elliptic Calogero-Moser (eCM) model (see [1] for an excellent
review), which is an one-dimensional quantum mechanical system of N particles with
Hamiltonian of the form:

N o 92
Heon = Z o tm(mtn) Y pxa—xp), (2.1)
a=1 *a 1<a<B<N

is closely related to four dimensional A" = 2* SU(N) gauge theory.* Here the interacting
potential is given in terms of Weierstrass g(u)-function defined in eq. (A.8).
When % — 0, (2.1) approaches its classical limit,

N
1
Heom = B Zpi +m® Z p(xa —xp)- (2.2)

a=1 1<a<fB<N

It has been proven that this system encodes the underlying classical integrable structure
of N' = 2* super Yang-Mills theory by identifying its spectral curve with the gauge theory
Seiberg-Witten curve in many early literature such as [5, 26] and see [6] for a more complete
list of references. In this note, we aim to extend in several directions the quantum version
of such a correspondence from various new results in gauge theories.

2.1 Bethe Ansatz equation from instanton partition function

As a warm up example setting up our subsequent notations and terminologies, as well
as illustrating the problem, we first recall how the BAE of the eCM model can arise
from the instanton partition function of N' = 2* SU(N) gauge theory. The instanton
partition function can be obtained from the localization computation in 2-background and
is expressed in terms of a summation over all allowed instanton configurations [27, 28], each

3Translation: 7 — Yk (HAGE); FREITEAR (‘:F’}t %ﬁ%?), HIEHT4% (‘:Pj( ﬁﬁﬁ-‘?)

“We choose this notation intentionally. We will identify adjoint mass m of N' = 2* with potential

coupling of Calogero-Moser system in the end of section 3.



of them is labeled by a set of N Young diagrams X = AD X)) Bach Young diagram
M) for o = 1,..., N is labeled by row vectors: A\(®) = (/\ga), )\ga), ... ) with non-negative
entries such that:

/\( a) > )\(a)

Wi=1,2,., (2.3)

which denote the number of box of each row. Let us define the following parameters:

Toi = o+ (- Der + MY, 2% =ay + (i — ey, (2.4)

(%2

where (€1, €2) are the Q background deformation parameters. The instanton partition

function is now written as the summation:

Zinst = Z CI‘MZjnSt [X], (253)
X}
0 (0
I1 D(ey ' (wai — 255 — 1)) Tlea ) - 25))
_1 —
@iy L@ @i=25))  T(g'y) —af) —a)

(642

Zinst [X] —

- 0 0
DG oy =) DG ol e —moa)
(e ! (2ai — w5 —m — €1)) F(e;l(a:g? - xg;.) —m)) ’

with
_2miT
qg=e (2.6)

where 7 is the complexified gauge coupling, and m is the complex adjoint mass.

Let us consider the so-called Nekrasov-Shatashvili limit (or NS limit for short) [8],
such that e — 0 with €; =: € fixed, and take the Stirling approximation on I'-function, we
obtain:

- 1
hm stt[ ] exp |:2 E f Laj — Tpj — 6) - f(('roéi —Zgjt 6)
€2—

(o )#(ﬁj)

(0) 0
xz_xﬂj )+f( al_x(ﬂj)+6)

(0)

—f(

+ f(2ai — g — m) — f(Zai _xﬂj+m)
(moz—xﬂj—m)—i-f( —z5; —m)
— S

Tai —x8j —m —€) + f(ai —x8; +m +€)

# I —alf) —m = = )~ ) ). 27)

(%)

where f(z) = z(logz — 1). In this limit, the combination 62)\500

becomes continuous,
such that the sum over the discrete Young diagrams can be approximated by a continuous

integral over a set of infinite integration variables {4},

1
6121111 Zinst = / H dx o €Xp LQHinSt(acai)] . (2.8)



The instanton functional Hingt(xq;) takes the form of:
Hinst (vas) = Ulrar) = U ), (29)

where we have also defined:

1
Uwai) =1080) Tai+5 D {f(%ai =285 — ) = f(wai — 25 +¢)
() (i) £(85)

+ f(@ai — xg; —m) = f(@ai — x; +m)
— [(@ai —xg; —m —€) + f(Tai — 25; + M+ €)}.

(2.10)

Here we have introduced the instanton density p(z) which is a non-vanishing constant along

~ 0 .
3= Uai[xiw-),xm] and zero everywhere else to rewrite Hinst. Furthermore we can define

the combinations:

P(x —m)P(x+m+e) d (x+m+e)(zr—m)(z—e¢)

P(z)P(x +¢€) i Gla) =g loe

R(z) = de S (x—m—e)(z+m)(z+e)

(2.11)

where P(z) = Hgil(x — aq). Together, the instanton partition functional Hins can be
written as:

1
Hinst(xai> = _5 PV/

dadyp(e)Gla ~ y)oly) + [ dap(o)ogak(e).  (212)
IxJ J

where the symbol PV means the principal value integral. In e — 0 limit, the integration
should be dominated by saddle point configurations, which yield:

5Hinst [P]

Srw —/3dyG(xm- —y)p(y) +log(qR(zqi)) = 0. (2.13)

As G(z) is a total derivative, one obtains

Q(xai +m + G)Q($ai - m)Q(xai - 6)
Q(zai —m — €)Q(Tai + M)Q(Tai +€)’

1= g (2.14)

where

N oo
Q) = [[ [ - zas)- (2.15)
a=1j=1

We often call the Young diagram Xs satisfying eq. (2.14) the “Limit shape configuration,”
which dominates the summation in eq. (2.5) under NS-limit:

Zinst ~ Zinst [X*] (216)

To see how BAE of the quantum eCM model emerges, we consider the twisted su-
perpotential arising from the full partition function 23 Wi, = lime,,0[e2 log Zﬁo] =
Welassical + Wi-loop + Winst- For the non-perturbative part we have:

Winst(aa) = Hinst(xai) = u(-rai) - u(x(O))> (217)



where U(x) is defined in eq. (2.10). While the remaining classical twisted superpotential is

N 9
a
Wclassical(aa) = - 10g q Z ?i, (218)

a=1

and the perturbative one-loop twisted superpotential is

Wiloop(@a) = —logq Z : (2.19)
(o

Unlike the gauge theories with massive fundamental hypermultlplets [15], there is no nat-
ural truncation condition on the Young diagrams labeling instanton partition function.
Instead, the equation of motion for the functional WX@ is given by:

1 OW= (a
mg‘ao(o‘) =ne;  ng €7, (2.20)
(0%
explicitly one obtains:
T (aa—aﬁ) T (— (aa a/g))
a e € .
—~“logq + > log = 27ing, (2.21)

an—a —m—+aq—a
B#a r <_ € ﬁ) F( € B)

using the following identity:

a1 F(M)
Gy 2 (lwai=ry =0 = fleai—wsy ) = Plog o=t (222)
7 (ai)(89) S T(-t)

Exponentiating both sides of equation (2.21) gives

oy () () .

1:q ‘ P aq—ag F —m+aq—ag ’
sl (-t T ()

this is the BAE of the eCM system [8].
Here we would like to introduce the following 7'(x)-function:

Q(z +¢) [1 qQ(w +m+e)Qr—m)Qz — 6)}
Q(x) Qz+m)Q(x —m—e)Qx +¢)]’

which will be proposed as a tentative characteristic polynomial for generating the commut-

T(z) =

(2.24)

ing Hamiltonians of the eCM system later. We can also recast 7'(x) in a more illuminating
form by defining;:

Y(z)= ——, (2.25)
and rewrite T'(z) as

Y(x —m)Y(x+m+e)
V()Y (z+ o

While similar 7'(z) works as the characteristic polynomial for XXX spin chain arising

T(x)=Y(zx+e€) |1+q

(2.26)

from superconformal QCD, see e.g. [15], we will see momentarily that in order to correctly
reproduce the commuting Hamiltonians for the eCM system, we need to further enhance
T'(x) as defined in (2.26).



2.2 Finding the commuting Hamiltonians: warm up

After demonstrating how the BAE can arise from four dimensional ' = 2* SU(N) gauge
theory, it is natural to consider if it is possible to similarly obtain the commuting Hamilto-
nians. To this end, we first consider the T'(z) function defined in (2.14) and (2.26) which
is a natural candidate for generating all commuting Hamiltonians of the eCM system by
identifying its expansion coefficients in appropriate asymptotic regime.

2.2.1 T-function from gauge theory

As a simplification to illustrate the procedures, let us consider pure N' = 2 SU(N) gauge
theory by setting m — oo to integrate out the adjoint hypermultiplet, it is known that the
associated integrable system is Ax_; Toda lattice (F HH&¥) system:

N
Hroga = Z 8X2 A2 Z 6xaixa_1; Xa ~ Xa+N, = A2N. (227)
a=1

Now in the m — oo limit, the saddle point equation (2.14) now becomes BAE for An_1-
Toda system:

_ Q(:Uai - 6)
1= qu(xaﬁe), (2.28)
such that T'(z) defined in (2.26) reduces to:
_ Qzte¢) Q) | _yiparo) gt
T(x) = 0@ [ +qQ($_EJ Y (z + )+qy($), (2.29)

as can also be deduced from lim, o Y (x +=m) — 1.

We will now show that T'(z) is a degree N polynomial in spectral parameter x. Us-
ing (2.28), we can see that the apparent poles of T'(x) coming from poles of Y (z + ¢) are
canceled by the corresponding zeros in the bracket. This proves that T'(z) is analytic in
the complex z-plane (excluding z = oo). To prove T'(x) has the correct degree, we first
consider large = behavior of Y (z). When z is large, we may approximate zq; ~ x( ). Thus
the asymptotic behavior of Y (z) behaves as:

. N
HHm—aa z—le—e:H 2N oat oz — oco. (2.30)

a=11i=1 a=1

We conclude that (2.29) constructed based on saddle point equation is a degree N polyno-
mial. Next we would like to see if it can be directly related to the characteristic polynomial
of Toda lattice by checking if we can recover Hamiltonian given in (2.27).

2.2.2 Surface defect via orbifolding

Here we would like to introduce a co-dimension two surface defect on C; € R* = C; x Cs,
with Zx orbifolding on the coordinates of C? by (z1,2z2) — (z1,(z2) where ¢V = 1. This
orbifolding procedure commutes with NS limit.> We will restore e dependence for a mo-
ment, and take NS limit after orbifolding. Such orbifolding maps the original gauge theory

5The introduction of full surface defects into pure N' = 2 SYM and NV = 2* theories, and their connections
with quantum integrable systems was also considered earlier in [29)].



(which can be considered as A; quiver) into so called handsaw quiver structure [30]. Shown
n [10], the instanton partition function with surface defect inserted is an eigenfunction of
Hamiltonian for both Calogero-Moser and Toda cases (eq. (2.1) for Calogero-Moser and
eq. (2.27) for Toda). On the other hand, N' = 2 with fundamental hypermultiplet does not
require such a orbifolding procedure, as discussed in [15]. It should be noted however that
it is possible to relate these two different types of surface defects via the brane creation
process similar to Hanany-Witten transition in M-theory, as discussed in [31, 32].

A Zy type surface defect in a U(N) gauge theory [21] can be characterized by a coloring
function: ¢: {a=1,2,..., N} — Zy, which assigns a color a labeling Coulomb parameter
a to an irreducible representation R, of Zy, w = 0,1,..., N — 1. Here we choose the

simplest form of ¢:
cla) =a—1, (2.31)

this implies we can assign the Coulomb parameter a, to the representation R,_1 of Zy.
One may take other form of coloring function c if needed. In principle, one can consider the
lower degree orbifolding as the quotient by Z,,«x. The defect corresponding to Zy is called
the full-type surface defect, which is relevant to our purpose. More detailed discussions can
be found in [18-21]. Under Zy orbifolding, the complex coupling q splits into N copies:

9=4qodq1- " qN-1; qu+N = qu, (2.32)

each q, is assigned to the representation R, of Zy for complex gauge coupling. Under
Orbifolding, counting in the instanton partition function becomes

g = T o (2.33)

with the definition
K= {(e,(i,4)) |a=1,...,N; (i,5) € X¥; a+j—1=wmod N} (2.34)
and the following definition of notations:
ky = |Kyl, Uy = ki — k1. (2.35)

We will show how the introduction of full surface defect affects T'(x). Starting from
its building block Y'(x), under orbifolding, Y () becomes Y (x) = [], Y., () where each
orbifold copy is:

) = (2 —a (@ —aa —(i—1e —(—1)ea — 1)
Yo () = (z — aw) (a,(igem [ (x—aq— (i — er — (j — De) }

< 11 [( (z —aq — (i —1)er — (j — 1)e2 — €2) ] ’ (2.36)

(i) €Kuyr L0 P2 T (i—Der—(j— e —e2—e1)

For more general coloring function, the condition in (2.34) should be c(a) +j = w. K,
is a collection of Young diagram boxes which are assigned to the representation R, un-
der orbifolding. Remember that orbifolding is imposed in Cs, with €; charged. Adding



or subtracting an e moves the representation by 4+1. For instance if a, is assigned to
representation R,_1, then a, + €2 is of representation R,. This essentially splits boxes
in Young diagram into different collections of K, based on its location as in (2.34). Each
Young diagram box in K, is labeled by orbifolded instanton counting parameter q,. For
each R,,, we now have orbifolded T-functions as

Y, (x)’

The presence of such a surface defect is necessary for both Calogero-Moser and Toda cases

N-1
T(0) = Yon(a+e) + o T(a) = [] Tu(@). (2.37)
w=0

for their instanton partition function to become eigenfunctions, detailed discussions can be
found in [10].
2.2.3 NS limit under orbifolding

Now we resume to take the NS limit and further consider the large = asymptotic of T, (z),
each individual copy Y, (x) becomes:

€ €
Y, () = (x — ay)exp [;Vw_l -+ ;Dw_l + (2.38)
with the definition in (2.34), (2.35), and

€ .
0w = ki + Z (aa+ (i —1)€); Dy = 0y — Tui1. (2.39)
(,(i.5)) €K

Together with its inverse, we have:

11
To(x) =z+€—apr1 +ev, + - [262%2] — eVyauy1 + €Dy, — v, + qw] +---,  (2.40)

Multiplying together all the orbifold copies, we obtain that:

N—-1
T(z) = |] Tu(z)
w=0

=N + (Ze Ay4-1 +€Vw> 2Vt

w

(2.41)
" [ Z (6 — Qw41 T Gl/w)(e — Q41 + EVw/)

w<w’

1
+ E 56%5 — Va1 + 1Dy — ezuw + qw} + ...
w

The first two commuting Hamiltonians of the Toda system are coming from the leading
two non-trivial coefficients:

hy = Z (€ — awy1 + €vy), (2.42a)

w

1 1
h2 = Z |:2(€ — Au+1 + 6UUJ)2 - 5(0/0.} - 6)2 + €Dw + qUJA2:|

w

1 1
= Z |:2(6 — Qi1+ evy)? +eDy + qw] 3 Zpi (2.42b)



Now using the definitions in (2.35), we see that if we treat hy as an operator, when acting
on orbifolded instanton partition function and using (2.33), we may replace

0 0
=k, —k = qu=— — _— 2.43
Vi w w41 Juw 3% Juw+1 aQw—H ( )
Let us define
(o = AZeXet1 X, (2.44)
and we may replace
0
N 2.45
e OXyt1 ( )
As for hy, by the definition of D,,, we can set ) D, = 0. Now we have
e 0 aw\? al
hy = — —+1-= A? Yookl Xe | = 2.46
S () e (D) e

acting on orbifolded instanton partition function. If we further take the classical limit

e — 0, the kinetic term becomes ) %aa.

non-negative kinetic energy term. We have thus recovered the Hamiltonians of the periodic

This means a, must be real in order to have a

Toda chain eq. (2.27). T'(z) defined in eq. (2.29) using the instanton partition function is
indeed the characteristic polynomial of the corresponding integrable system. Calculation
without taking NS-limit can be found in [33].

3 The characteristic polynomial of eCM Model

3.1 The need for X-function

With success of A ~—1 Toda system, we would like to ask whether T'(x) defined for N = 2*
system in (2.26) can similarly reproduce commuting Hamiltonians of the eCM system,
hence be identified as the characteristic polynomial?

The short answer is: NO. This is because T'(x) defined earlier in (2.26) is not a finite
degree polynomial. There exist additional poles coming from Y (x — m)Y (x +m + ¢€) in
the numerator, which render it non-analytic. Explicit calculation also verifies our claim.
As with Toda lattice, here we introduce the full surface defect on C; € C; x Cy = R*
and Zy orbifolding which maps (z1,22) — (z1,(z2), (¥ = 1. Following similar orbifolding
procedures from eq. (2.36) to eq. (2.40), we found for w =0,... N — 1:

Yo(z —m)Yyi1(x+m+e)
Yo ()

To(x)=Yyt1(z +€) + qu

T —a,—m € €
= {x—ke—awﬂ—l—qw <(x+m+e—aw+1)>} exp(;uw—f—ﬁDw%—”')

T — Qy,

€ €
=1+ qu)(x+ € — ayi1)exp (;l/w + ﬁDw + - ) + q;w(—m(m +€) + mag+1 — ay)
11
=(1+qu) [37 +€— aui1 + ey + " [2621/3 — €V, 41 + 1Dy, — 62%”

+ q?w(—m(m—k €) +mag1 — Q) + -

(3.1)

,10,



If we normalize T,,(x) by 1+ g, to set the coefficient of the leading term to unity:

T,(v) N N-1 N-2
Hl‘i’qw 1 2 ( )

w

then we will have the first few h;’s as

hi=—> (a,—e), (3.3a)

w

_ 1o 1 2 quw
ha = Shi — 5 D (=€)’ +eaDy+ o (—m(m + €) + M1 — ag). (3.3b)

w

Here we see that hg obtained clearly does not resemble eq. (2.1). Also since eq. (2.26)
consists poles, eq. (3.2) is NOT a polynomial.

The failure of reproducing the correct eCM Hamiltonian leads us to consider a certain
modification of T'(z), which we will denote it as X(z).% In the construction of this function,
we again temporarily restore the e dependence:

Y(z 4+ s —m)Y(x+ si5+m+eq)

X(z) =Y(z+er) > a*Blu ] (3.4)
o (tilen Y (x + s35)Y (v + 535 + €4)
where €, = €1 4 €2, and p is one single Young diagram, we denote it as:
= (1, 12, - -+ o)) (3.5)
Since p is only one Young diagram, we will not use vector notation like X = ()\(1), AW )),
the latter denotes a vector with N Young diagrams M@)o =1,... N as its entries. Note

that p has no relation to X labeling the fixed point on the original instanton moduli space.
We will see later in section 5 that Young diagram p has an interpretation as the “dual”
instanton configuration in the eight-dimensional gauge origami construction. Each box of
1 is labeled by:

sij=@{1—1)m—(G—1)(m+eq) (3.6)

wherei=1,...,¢0(n) and j =1,..., u; with a given i. Let us define

€1€2

Blul = [] Bia(mhi + eray); Bule) =1+ nrey

(i.j)en

(3.7)

Here a3 = pj —j denotes the “arm” associated with a given a box (i, j) in a Young diagram,
Iy = u%—i for the “leg” associated with the same box. We have also defined hs; = a;;-+1;5+1.
Under NS limit, lim., o B[p] = 1 for all u. The relation between 7'(z) defined in (2.26)
and X(z) defined in eq. (3.4) has been mentioned in [17]. One may identify our 7'(x) with
the T-function denoted by Tg, there and X(z) with the other T-function denoted as 7.
Comparing with [10] and [9] , we see that X-function (3.4) is the qq-character of N’ = 2*
system defined on limit shape, and becomes the g-character when NS limit is taken.

5The X-function with generic (e1,€2) and X is also known as the fundamental qq-character of ;10
quiver [9, 34], which is reduced to the corresponding g-character in the NS limit, e; — 0 [16].
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We will now continue to take NS-limit and show that X(z) is a degree N polynomial.
Using the large z-asymptotic behavior of Y (), it is obvious that X(z) is of order N. To
prove its analyticity, let us consider one specific p configuration p = (u1, 2, -, ,ug(u))
under NS-limit, its contribution to X(z) is denoted as

(1) pi

Y(x + si5 —m)Y(z+ si5+m +e€)
Xl = A (o + 0 :
ll_IlJl_Il Y (x4 s35)Y (x4 si5 + €)

£(p)

="y (z +(wm) []

i=1

V(o + (i 1)m — pa(m + ) +
Y(z+im — py(m+€) +¢)

:q|“| Q(J:-i-ﬁ Eﬁ)Q(aj—l— i—1)m—pui(m+e)+e) Qz+im— pj(m+e¢))
m—€)

Qz + L(p Qz+(1—-1)m—pim+e) Qx+im—p(m+e)+e)
(3.8)

such that the total X-function is given by:
= 3" X(@) . (3.9)

{n}
The poles of X(x)[u] are located at

o {4 — (n)m + €} from zeros of Q(z + £()m — €),
o {4 — (i—1)m+ pi(m+¢€)} from zeros of Q(x + (i— 1)m — py(m + ¢€)), and
o {zq; —im+ py(m + €) — €} form zeros of Q(z + im — pi(m + ¢€)),

where z,; is defined in (2.4). For each i there exists an infinity number of poles from
infinity many {zs;}, a=1,...,N,i € N.
Let us focus on the poles located at zo; — (1 — 1)m + py(m + €) of some 1 < 1

A

{(p). Adding an additional box to p located at (1, ) gives a new Young diagram g/
(p1y -+ -1, 1+ 1, a1, - -+, py(py), whose contribution to X(xz) is

V(@ + (1= 2)m — mlm + )Y (@ + (1= Dm — (ju — 1)(m+¢))
Y+ (1=1)m—mm+e)Y(@x+(1-1)m—m(m-+e)+ 6(5)10)

Both X(z)[¢/] and X(x)[u] are contained in X(z) (3.9) and share the same poles x4, — (1 —
1)m + py(m + €). The sum of the two Young diagram contributions gives us

X(@)[u] + X() (1]

B Y+ (1-2m—mm+e)Y(@+(1-1)m— (1 —1)(m+e¢))

= X@] 9 T m it )Y @+ A= Um =+ o 1 1)

— 0 (x = 2aqi — 1=1)m+ m(m+e)). (3.11)

X(2) ] = X(2)[u] x q

The poles located at zo; — (1 — 1)m + py(m + €) from X(x)[p] are now canceled by the
denominator using eq. (2.14). The other two sets of poles can be dealt with similarly.
Since X(x) is summed over all Young diagram configuration, X(z) is analytic.
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3.2 Commuting Hamiltonians from X(x)

Finally we would like to see that the correct commuting Hamiltonians of the eCM system
can be obtained directly from X(z) we just constructed. Following the same procedure we
performed with Toda system in the end of previous section, a full-type surface defect is
again introduced in C; C R* with orbifolding. Each orbifolded copy of X(x) under NS-limit

becomes:

Xo(r) =You(z+e> B ]

{wy (Gden

Yoy1—5(@ + sij — m)Yop1—ja1(z + 55+ m + ¢

3.12
Yot1-j (x+ Sij)Yw+1_j+1(JC + si5 + €) ( )

The full X-function can be recovered via
X(z) = [[Xu(2), (3.13)

where each X, () is of degree one.

Here we would like to address further the factor Bf, appearing in the summation, it
is the orbifolded version of q!*! B[u] appearing in (3.4). Consider the summation over all
possible partition configurations, which we denote as B:

B =Y q"Bly (3.14)
{n}

This is equivalent to a single N/ = 2* U(1) instanton partition function with (m,—m —e;)
identified as its Q-background parameters as pointed out in [9]. This observation will
eventually lead us to so called “Gauge Origami” construction, for which we will discuss in
section 4. After orbifolding, each individual Bf, becomes

Bt = [ dws1-jBi(mhy) (3.15)
(ii)en a45=0
with
€
Bia) =1+ -, (3.16)

and here we define the following;:

K= {(a, (i) [a=1,....N; (ij)e€m a—j+1=wmod(N)};

(3.17)
Ko =IKEl v =k =Ry
Let us define a new set of variables (instead of (2.44))
z
Qo= ——; ZutN = % (3.18)
Rw—1
such that (3.15) can now be rewritten as
p MR .
BL(zr) =] [ —=Bi(mh). (3.19)
=1 he1 e
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One way to think about this configuration is that the orbifolding now splits the instanton
partition into N copies of U(1) sub-partitions. Each element in K, is counted by orbifolded
coupling q,, instead of the original q. To evaluate the summation over all possible Young
diagrams, we will introduce a new representation for a Young diagram pu:

p= (1020 (N —1)v-2(N)h. (3.20)

Each I,_1 = 23020 l,—1,7, where l,_1 ;5 = (M;FJFNJ — uf+1+NJ) is the difference between
number of boxes of two neighboring columns, » = 1,...,N — 1 and the last one 1 =
>, uk; counts for how many times a full combination of qo---qy_1 = q shows up.
Define the summation over all possible partition configuration of each w as:

=SBz = > H ' (Z)la q, (3.21)

{u} loyeeslN—1,120 a= 0
and their total product
B(Z,7) = [[Bu(Z,7) = Q""" (1) F(r), (3.22)
w

is the orbifolded version of B defined in eq. (3.14), i.e. the orbifolded instanton partition
function of U(1) N' = 2* theory in the NS limit. The function Q(z;7) is defined in (A.17)
in terms of elliptic theta functions. The explicit form of the Z’ independent function F'(7)
will not be used in the following derivation of commuting Hamiltonians and we will show
it can be absorbed by shifting the zero point energy.

We again consider the large x expansion of X, in (3.12) and we normalize X, (z) with
respect to the coefficient of the leading x term, which is B, (2, 7). A similar computation

yields:
1 111 1
mxw(fﬁ) =T +€—ayy1 + eV + 7 5(6% - aw+1)2 - §(aw+1)2 + €D,
w b
B ( 5 N (3.23)
—mz ul Z (m+ k!, + (evuy — aw1) V) | + ...
{u} Bo(57) 02

As stated in (3.13), the full X-function carrying the information of the conserved Hamil-
tonians is the product of all the orbifolded pieces X, (z). From above we will take the
normalization to be:

X(@) _ [l Xul)
B(z,7) [[,Bu(Z71)

To express the commuting Hamiltonians, let us define the following derivative operators
forw=1,...,N:

=2V 4+ VN 4+ oV 2 o 4 By (3.24)

0
VZ =qQuay—

. 2
R (3.25)
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and differential operators for z:

9 N-1
P= gy A= A% 2
Vi =2 o wzzovwvw (3.26)

Based on (3.18), it implies the relation:
V., =V, -Vl (3.27)

Using definition of B, (Z,7) in (3.15), and (3.17), we can express the first commuting
Hamiltonians as:

N-1 N-1
hy = Z(e — Q1 + €v,) = Ne+ Z P, (3.28a)
w=0 w=0
1 N-1o N-1 N-1
he = 3 2 4 wzo —5(%)2 —-m ((m +¢€) /Zovg, + /ZO (v — yri1) Vj) logB(2;7),
= w'= w'=

1 N—-1 1 N—-1 N—1 N-1
_ 2 2 z =
=52 P -3 > (aw)? —m ((m +e) Y VL+ Y Pwvw> logB(Z;7).  (3.28b)

w=0 w=0

Again like the case of Toda, we may treat h; as operator acting on orbifolded instanton
partition function and replace v, — V7, thus we have the momentum.

P, =€V —ay+1. (3.29)

We claim that we have recovered eq. (2.1) up to the following canonical transformation
between the generalized coordinate ¢ and its conjugate momentum P, which satisfy the
commutation relation [g, P] = e:

H= P>+ Pf(g) + V()

1 P,q 1
= (PP + V) + ) L
1 € 1
= 5P+ [(@0) + V() = 5 (@) — 5 f(@)* (3.30)
We can rewrite potential terms in hg as
N-1 = 1
V(Z) = —m(m+¢) Z V9 logB(Z;7) — =m? Z (V2 log B(Z:7))? — =meAzlog B(Z: 7).
w=0 2 w=0 2
(3.31)
By using eq. (3.22) and eq. (A.19), we may finally rewrite
N—-1 2 2
P _
hy = Z u)2+1 + (m+ 6) . €(m+ 6) AglOgQ(g, 7_) - Nm(m + €1)VqF(T)
w=0
e (3.32)
=52 Pitmlm+e) Y olea/25:7) = Nm(m + ) VIF(7),
a=1 a>p

,15,



in particular F'(7) may be removed by shifting the zero energy level, its explicit form is
not important as noted earlier. We have thus successfully recovered the quantum eCM
Hamiltonian given in eq. (2.1). Here we summarize the explicit parameter identifications
in N = 2* SU(N) gauge theory and the N-particle eCM system:

’ ‘ Gauge Theory Integrable System
Qo Coulomb Moduli Momenta
T Complex gauge coupling Elliptic modulus
€ ()-deformation parameter Planck constant
m Adjoint mass Coupling constant
N Gauge group rank Number of particles
Zo | Ratio between orbifolded couplings | Exponentiated coordinates

By using second property in (3.18) that z,yn = gz, the coordinates {z,} and complex

2miT are independent.

coupling q = e
Let us end this section by commenting that one way to identify eigenfunction of hs
is to use the fact X(z) is N' = 2* g-character. In the NS-limit, the VEV of g-character is

dominated by following limiting shape configuration

t(x) _ <X(:E)> _ ZXX(wgiEl)\iZinst[/\] _ X(z?zir&t [])‘*} (3.33)

where t(z) = 2V + EjzV ! + By =2 4 ... + Ey. When treating Hamiltonians as the
operators (and thus X(z)), we have

X(2) Zinst [M] (R) = £(2) Zinst [N (F). (3.34)
By matching the coefficients, we conclude Zinst[x*] is the eigenfunction of Hamiltonians
hi Zinst M) (R) = EiZinst [N (R); i =1,2,..., N. (3.35)

The canonical transformation performed in (3.30) gives an additional factor to the orb-
ifolded instanton partition function. ho has the eigenfunction as:

m-+te

UE) =Q 0 () Zus N (®); hal(X) = BV(R). (3.36)

Detailed calculations and discussion can be found in [8, 10].

4 Elliptic double Calogero-Moser system

Let us begin by introducing the basic information about the elliptic double Calogero-
Moser system (edCM), it is an one dimensional quantum mechanical system consisting of
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P = N + M particles governed by the following Hamiltonian:

N
1 . ”  k 82
72 Heaom = 2 78)( - E

+h(E+1) Y p(xa—xa/)+<,1€+1> Y elys—ve)  (41)

1<p'<B<M

The constant k is the ratio of masses between two sets of identical particles, i.e. the mass
of the first N-particles labeled by {x,})\_; is k times of the mass of the remaining M-
particles labeled by {yg}g[z 1- Simultaneously k also acts as a single coupling constant.
The Hamiltonian (4.1) was initially mentioned in the context of the gauge origami in [10],
and the trigonometrical limit of eq. (4.1) is studied in various papers such as [22, 23]. Notice
that (4.1) inherits the following symmetry: swapping {x,} <> {ys} while simultaneously
flipping k < 1 (up to over all k factor).

Let us look more closely at Hamiltonian given in eq. (4.1). In particular comparing
with eq. (2.1) and coefficients of their potential when there is only one group of particles.

o As M =0, we identify k = 7;
e As N =0, we identify % =7

Here we see that the meaning of “classical” limit is somewhat ambiguous among the two

sets of particles. For particles labeled by {x,})\_,, the classical limit means taking k > 1

a=1>
while keeping m finite. As for particles labeled by {yig}gi 1, the classical limit is taken
under k£ < 1. This is the first hint that Hamiltonian in eq. (4.1) has no natural classical
limit. Suppose we take k = %+, taking the classical limit 4 — 0 is equivalent to have k > 1.
In such a limit, the mass of the first N particles labeled by {x,})_; is much heavier than
the remaining M particles. In the classical approach, those objects with much larger mass

can be treated as non-dynamical in the leading order. eq. (4.1) now becomes:

N M
kz_:z; —ya)+E Y p(xa—xa).  (42)

1<a/<a<N

2
2 k: —00

Heacm

M\w
HME

Ql\?

Even though the last term is of k% order, it is just a constant as the heavy particles are
non-dynamical. The resultant quantum Hamiltonian describes M non-interacting particles
in a potential well. Similar argument applies to k = % < 1. We conclude that the system
defined by eq. (4.1) has no classical limit. In particular taking large mass limit with &
fixed is equivalent to take large k. Thus unlike eCM we do not recover double Toda under
such limit by the fact edCM has no classical limit. This analysis also indicates that the
connection of such an inherently quantum system with the supersymmetric gauge theories
is much more subtle as we will reveal shortly.
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4.1 Quantum integrability of elliptic double Calogero-Moser system

Before constructing the supersymmetric gauge theory associated with the edCM system
however, let us first further investigate its integrability and we will employ the so-called
Dunkl operators [35]. The Dunkl operators are quantum version of Lax pairs [36-38] which
pairwise commute. In particular the Dunkl operators for Calogero-Sutherland integrable
models were explicitly worked out in [38], and their equivalence to the quantum pair Lax
operators [39] was shown in [40] for all root systems. To explicitly define them, let us
consider the following family of functions:

ou(x) = lelifwgei)l‘)(ﬁ_lg); teC/(Z®rT), (4.3)

where 7 is a modular parameter and 617 is the theta function defined in (A.6) (Recall
that we have identify complex gauge coupling with elliptic modulus at the end of previous
section.). The function o,(z) has the following properties

oi(x + 2mi) = oy(x), (4.4a)
oi(x) = —o_4(—x), (4.4b)

oi(x) = —o,(t), (4.4c)
ol(x)oi(z) = p(z) — p(t), (4.4d)
tim () = —p(a) 2 (;) | (4.4¢)

Let to, = 1,...,N,and ug, 8 =1,...,M, be P = N 4+ M complex numbers, t,, ug €
C/(Z @ 7Z). The elliptic double Dunkl operators are defined as:

M
B = gtk Z stzzfﬁzom_uﬁ(xa ST ()
=1
(a 'séa)
0
dﬁ = kTyB + k‘zguﬁ—ta (yﬁ - Z Uuﬁ uB’ yﬁ,)Sg}é, (45b)
a=1
(5 755)

Here S3%,, S, and S37, are the permutation operators acting on {e**} and {e¥#}:

XX XX XX
o X530 =5 X, Xy

aal T Saa’xa7

° XQSZ% = Sz}éyg, ygS;?é = Sz}[;xa,

* VoS5 = Sgave  YerSgy = Shpve
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Here we show the Dunkl operators defined in (4.5) are pairwise commuting:

N M
x 9 3 Y x
[dom dz = 877 k O-ta/ —1; (Xa’ - Xl)Sz’l + O—ta/—uﬁ (Xa’ - Yﬁ)sa?,ﬁ
=1

“ =104

N M
xy O
+ kl 12175 Ota—t (Xa - Xl)Sfl{ + ﬂzlata—uﬁ (XOé - yﬁ)Sa},(,% Xy
—1.1%a —

|: ]{?O't ) —ta Xo/ — Xa)Sz)(;/] + |:/€O'ta_ta, (Xa —Xa/)Szz,, 8:|

0Xq
o 0
ka Ot —to (Xa' — Xa)Saer — kot —to (Xa _X“)@TXQ o’
0 0
+ ko—ta—ta/ (Xa - Xa’) VA kata—t /( - Xa’)Sz)éu

aa’
aXa 6xo/

[0 0
=k _8—}{&, Oty —to (Xar — Xa)] Sex +k {axa Oty —to (Xar — Xa)] Saes=0. (4.6)
We use (4.4b) for the 4th equal sign. Similarly for the other combinations:
x gy [ 0 Xy xy . 0
|:da7dﬁ} = T}{O(ako-u/g—tﬁ(Yﬂ _on)Saﬁ + Jta—UB(Xa _Y5)Sa/37k87y6

0 X 0 <
= k |:8Xa ) O-Uﬁ—t(x (Yﬁ - XOK):| Sa}[; + k |:0—t(x —ug (X yﬁ) 8yﬁ:| Sa}[; = 07 (478‘)
|:d}/;’a d%/i| = |:k 0 y Ougr—ug (yﬁ’ - Y,@)‘S%}B//:| + |:Uu5u /(YB - yﬁ’)sﬁﬁla k—— 0 :|
aYB B B a Vg

0 )
=k |:8yﬂ7 O'uﬁl—uﬁ (yﬁ/ ):| Sﬁ/ﬁ’ + k |:ay/3 O'uﬁ Ugr (}’ﬂ — Yﬁ')] Sg}/;/ (47b)

For later convenience of calculating conserved commuting Hamiltonians, we will use the
combined coordinates {x; }le denoted by:

j j=1,...,N,
xj =47 (4.8)
yj-Nn J=N+1,...,N+ M.
We also define the parity:
, 0 j=1,...,N,
p(j) = , (4.9)
1 j=N+1,...,N+ M.

Thus one may rewrite Dunkl operators in eq. (4.5) into a single compact formula for all
j € [Pl =[N+M]

P
9 -
dj = kp(J)iaxj + > Koy (x5 —x) S xiSij = Six;. (4.10)
I=1,1#j

The conserved charges are now given as:

P
=> kPUd;)". (4.11)
j=1
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Since d;s are commuting, it is easy to see that L") are also pairwise commuting
[LW,L(S)} —0, Vrs=1,...,P (4.12)

In particular, to recover the original edCM Hamiltonian, we consider:

N 1
2:2;(@§ 2;2;

=
t\')
I

uMz ”M“

2

2 k Z 8 Uta—t / - XO/) + k2 Z Uta_ta/ (Xa - Xa,)ata/_ta (XO/_XOC)
*a a#a! aFa!
N M
0
+ Z Z aTUtafug (Xa —vp) + Oto—ug (Xa — Y5)O-ta7’ll43 (v — %a)
a=18=1 ¢
2L 92 1
R gk e 5 X o 539
s=1 Y8 " pzp B#B’
RN
+ 7 Z Z 0%, Oto—ug (Xa —yp) + Oto—ug (Xa — YB)UUﬂ—ta (V8 — Xa)-

Q
I
N
T

(4.13)
We got Derivatives and product of o-function. In the limit of all £, and ug are equal, we may
use the 4th and 5th properties of 04(z)-function (4.4) to obtain the edCM Hamiltonian (4.1)

L® =24, (4.14)
We thus established the quantum integrability of the edCM system.

4.2 (Gauge origami and localization

Here we review the relevant details about the so-called gauge origami construction which
is an extension of ADHM construction of gauge instantons, more details can be found
n [24, 25, 41] (See also [33]). Let start with four complex planes with coordinates {z,},
a =1,2,3,4 and consider picking two out of them such that the six possible copies (Ci cct
are denoted by the following double index notation:

A € {(12),(13), (14), (23), (24), (34)} = 6. (4.15)

Define the complement of A as A = {1,2,3,4}\ A, for instance if A = (12), A = (34).
We can thus use C,Qg to denote the complementary two complex planes transverse to C%,
such that the total space C* = Ci @ (C%. One can imagine that the six copies of sub-
spaces Ci are sitting on the six edges of a tetrahedral and its four faces are labeled by
the four complex coordinates {z,}, hence the name “H7# (origami)”. This construction is
motivated by the intersecting D-brane configurations using D1-D5-D5 branes [25], here we
consider the following D(-1)-D3-D3 intersecting configuration which can be obtained via
T-duality transformations:
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| Brane Type | # of Branes | 1|2 [3[4[5]6[7|8]9]10]

D(-1) K

D3(12) n12 X | X|x|X

D73(13) nis X | x X | x
D3(14) n14 X | x X | x
D3 (23) na3 X|xX|x|x
ﬁ(w o X | x X | x
D3(34) N34 X | xX|[xX|x

We labeled each stack of n4 D3 or D3 branes by D34 or D34 indicating its four dimension
world volume is in C%, and gives U(n4) gauge group. Notice that the presence of two out

of six anti-D3 branes D3 is necessary for this intersecting brane configuration to partially
preserve %6 of supersymmetries or two supercharges. We also introduced x D(-1) branes,
which will play the role of “spiked instantons” in this configuration. Similar to ADHM
construction, each gauge group is associated to a vector space N4 = C"4, and one addi-
tional vector space K = CF is associated to k D(-1) branes. The analogous maps acting
on {N4} and K are:

IA : NA — K; (4.16&)
JA : K—)NA; (4.16b)
B,: K—oK; a=1,23,4, (4.16¢)

and we can understand these from the world volume theory of x D(-1) branes. Here {14}
and {J4} are the bi-fundamental fields arising from the open string stretching among the
D3,4/D34 and D(-1) branes, while B, are the complex U(k) adjoint fields whose diagonal
entries label the positions of x D(-1) branes in the transverse C*. The analogous real
moment map pr and complex moment map uc equations to ADHM construction in C* can
thus be identified respectively with the so-called D-term, E-term and J-term conditions [25].
Starting with the D-term, which gives the real momentum map ug

{MR = "[Ba, B+ > Ially + JhJa=¢- 15}/U(f€), ¢>0. (4.17)
ac4 Aeb

Here in such an intersecting D-brane configuration, we also turn on constant background
NS-NS B-field, it generates the FI parameter in the D(-1) brane world volume theory. Next
we would like to discuss the E- and J-term conditions together. To do so, for each N4, let
us define the following combinations:

pA = [Ba,By) +1aJa; a,be A (4.18)

and we define s4 as:
SA= A+ Ealy, (4.19)
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where € 4 5 is a four indices totally antisymmetric tensor ranging over A and its complement
A. The analogue to the complex momentum maps are now given by:

{sa =0}/U(k). (4.20)

Notice that while p4 = 0 can encode six complex equations, however s4 consist both px
and MT@ which are mapped into each other under hermitian conjugation, there are therefore
only six real equations encoded in (4.20). The reason of using s4 instead of 4 is because
s4 gives the correct number of degree of freedom, we will show this in a moment. In
addition, there are equations which do not exist in the usual ADHM construction:

{0aa = Bala +egBlJ} = 0}/U(k) : N4 — K, (4.21)

where @ € A denotes the single index contained in the double index A. For every A, there
are two such equations. These equations (4.21) appear when one considers the D(-1) and
intersecting D3 instanton configurations [41]. Now we would like to claim that equations
in (4.20), (4.17), and (4.21) are sufficient to fix the solution uniquely by showing the number
of degrees of freedom and the number of conditions are equal. Let us start with counting
the real degrees of freedom:

1. Ix: > 42 % kX Ny real d.of.
2. Ja: Y542 X% kX Ny real d.o.f.
3. B,: 4 x 2 x k% real d.o.f.
which together precisely equals to the number of the conditions:
1. Eq. (4.20): 6 x x2 real conditions
2. Eq. (4.17): x? real condition
3. Eq. (4.21): > 42 x 2 X k x Ny real conditions
4. U(k) Symmetry: x? real condition.

Hence we may show that the dimensions of moduli space defined by

-

M. ={(B,I,J)| (417), (4.20), (4.21)} is

ZQXRXNA—FZQ><RXNA+8X/£2—6XH2—R2—Z4XRXNA—RQZO.
A A A
(4.22)

Essentially M, only consists of only discrete points. Comparing to ADHM construction
which has a moduli space of dimensions 4k N, additional eq. (4.21) reduces instanton moduli
space to be zero dimensional.

However, there also exist open strings stretching between D3-D3 branes which gives
additional maps/fields from D-brane construction. These terms are not related to instanton
and thus not being considered when constructing instanton moduli space. For instance,
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when one considers the D(-1)-D3-brane realization of ADHM construction, the open strings
with both ends attached to D3 branes are not taken into account. Here we also consider the
open strings stretching between D3 4-D3 5 branes and D3 4-D3 4, giving rise to the following
conditions:

Ta=Jals—ILJ, =0: Ny — Ny, (4.23)

these act as the transversality conditions [41]. The matrices {sa},{oza} and {YT a4}
in (4.20), (4.21), and (4.23) need to be subjected to the following matrix consistency iden-
tity [41]:

> Tr(sash)+ Y Tr(oaaot,) + > Tr(TaTh)

Aeb Aeb,acd Aeb

=2 (llpal® + 17a2a1®) + > (IBalall® + | JaBal®). (4.24)
Ac6 Ae6,acA

where |[ual|> = Tr (NANL)- By setting each term in the Lh.s. of (4.24) vanishes us-
ing (4.20), (4.21), and (4.23), we can deduce the following constraints:

{s4=0}/U(k) = pa =0, (4.25a)
(0as = 0}/U(k) = Bala=0; JaBa=0, (4.25b)
{Ta=0}/U(k) = Jz0l4a=0, (4.25¢)

which are equivalent to the E- and J-term constraints considered in [25].

It is known that the combination of imposing ¢ > 0 and dividing by U(k) in (4.17) is
equivalent to replacing D-term equation (4.17) by the stability condition [41], which states
that for any subspace K’ C K, such that I4(IN4) for all A € 6 and B,K' C K for all
a=1,2,3,4, coincides with K, i.e. K’ = K. In other words,

K = C[By, By, B3, BiIa(N4)/GL(K). (4.26)
A

The equations (4.25b) and (4.25c) further shows that K can be decomposed into

K=PKs; Ku=C[By, Bla(Ny), (4.27)
A

The equation (4.27) is essentially the stability condition for familiar ADHM construction.
Combining (4.25a) and (4.27), we have shown that gauge origami is actually six independent
copies of ADHM construction of instantons. Finally, the moduli space is now defined as

M,.(7@) = {(B,I,J)| (4.25a), (4.26)}//GL(K) (4.28)

There is a symmetry (4.20), (4.17), (4.21), and (4.23) enjoys, and thus a symmetry of
the moduli space (4.28): we can multiply B, by a phase B, — ¢, By, and compensate with
Ja v qada, qa = qaqy for A = (ab) as long as the product of ¢, is subject to:

4

[Mew=1 (4.29)
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If we view q = diag(q1, g2, ¢3, 1) as diagonal matrix, it belongs to the maximal torus U(1)3
of the group SU(4) rotating the C*. In the ADHM construction in four dimensions, we
usually consider SO(4) rotation acting on R*, whose maximal torus U(1)? give rise to two
generic 2-background parameters for complex momentum map. In the gauge origami, if
we start with SO(8) rotation acting on R® = C* with maximal torus U(1)%, one might
expect four generic (2-background parameters. However conditions defining the moduli
space (4.20), (4.21), and (4.23) are real equations, which removes over all U(1) phase
rotation (4.29), leaving maximal torus U(1)3, which preserves some supersymmetry that act

q - [Ba,1a, Ja) = [qaBas Ia,q4J 4. (4.30)

As stated, the gauge origami can be viewed as a composition of six copies of ADHM
instanton constructions. Each sub-instanton vector space K 4 has its fixed-points labeled
by a set of Young diagrams X A = ()\541),...,)\5:“)), each Young diagram is labeled by
/\Sf) = (M,a,1,A,0,2,---), « =1,...,n4, such that:

Z(AA,Q) >\A,a,i

na na
Ki= @KA@; KA,a = @ @ BéﬁlBg_l(IAeA’a); Ny=C" = @CeAa. (4.31)
a=1 =1 j=1 a=1

where e o is the fixed basis of the vector space C"4. We will also use A = {XA} to denote
the set of all gauge origami Young diagrams.
As in the usual ADHM construction, we denote the character on each N4 and K4 as:

na na
Nai=3 ee; Kqi=3 et S gilgh (4.32)
a=1 o=l Ggeny

The character on the tangent space of the moduli space defined in eq. (4.28) can be writ-
ten as

7; = N/C* - P1P2P31C’C* - qAN:‘NA, (433)

with the following definition

N=> PiNy; K=Y Ka, (4.34)
Ac6 Aeb
and the following notation:
Ga=¢€“ Po=1-¢qs qa=quqw; Pa=PF.b. (4.35)

Using (4.29), it shows (€4)q=1,...4 are subject to the constraint:

4

D ea=0. (4.36)
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Example 1. Consider all ng4 = 0 except n12 = N, the character is given as

T = NK* — PLPy KK
=(1—q3)(1 —qa)Ni2Kijy — P1Po(1 — q3) K12 K7

. . (4.37)
=(1—¢q3—q1—q3qa)N12K]5 — P1Pa(1 — q3) K12 K75
= (1 = q3)[N12K{y + qN{, K12 — PP K19 KT,
Define the operation E as:
+ - [Licr (W)
By e -y | - e (1.38)
icly icl_ Hi61+( i )

We found that the instanton partition function of 4d U(N) N = 2* theory defined in (2.5)
can be obtained from this character:

Zinst X = X2 = E[Ta,,) (4.39)
under the identification of the adjoint mass m = es.

Example 2. Consider all ng4 = 0 except n1o = IV, n3zq4 = 1. Take N34 = €*, and we have

7;\12,A34 = NK* — PLPRP;KK*
=[(1—q3)(1—qa)Ni2 + (1—=q1)(1—q2) N34 (K124 K34)* — P(1—q3) (K124 K34) (K12+ K34)*
=(1—q3)[N12K{y+qN1s K12 — PK12 K5] + (1—q1)[N34 K34 +q3q4 N3y K34 — P3 Py K34 K3

+ (1= g3)(1 — qa)N1a K3y + (1 — 1) (1 — g2) Naa Ky — P(1 — q3) (K12 K34 + K34 K75).
(4.40)
Comparing with X(x) in eq. (3.4), we realize that

X(z)[p = Az4] (4.41)
=E[(1—g3)(1 —q)Ni2K34 + (1 — q1)(1 — q2) N3a Ky — P(1 — g3)(K12K3, + K34K7,)]

is the fundamental qg-character of //1\0 quiver, with m = e3 and —m — ¢ = ¢4 a.k.a. the
crossed instanton configuration [41]. For nss > 1, one obtains higher order qq-character of
Ay quiver [9].

5 Elliptic double Calogero-Moser system from folded instanton

Now we would like to see how a special case of the gauge origami construction reviewed
earlier is naturally connected with the edCM system. Let us consider a special case with
only two stacks of overlapping D3 branes, i.e.

niz = N, noz = M, (5.1)

while all the remaining n 4 (12),(23) = 0. The Young diagrams associated with such a gauge
origami configuration are denoted as:

Xo= WA Xas = (A, AR, (5.2)
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with each individual Young diagram represented by

Aﬁ%‘) = (M2,0,1, AM2,0,25 - - ); Aé@’ = (A238,1,A2382,---) (5.3)

where « = 1,...,N, 8 = 1,..., M. For each gauge group, we can define the following

combinations:
Tai = Ao + (1 — 1D)eg + A12,0,i€2; x(()?i) = Ao + (i — 1)e, (5.4a)
‘ 0 )
25 = by + (= Des + hgpgens ) = b+ (j — Des. (5.4b)

This special configuration is also called the folded instanton [10, 41, 42]. The partition
function of such a gauge origami configuration is given by:

Znst = > Y g2l 2] 2y [X)o] Z33[Nas) 213 N2, Xas] Zs1[Xas, Ao, (5.5)
{Xi2} {Xas}

where

N I 6_1 Tai — Totit — € T 6_1 Tai — Loty — €
Zuhel= ] (e (_1 ) —(12 ( )
gty L€ (@i = 2ai))  T(e3 (Tai = Tarir — €1 = €3))

G D = o0) T o —a - )

(%] (%]

N6 (@0 20 —a) T '@ 29 —a)

a’i ai o'’

(5.6a)

Zplal = ]] (e (2 —wgy — 1)) Tley' (g — 2y — €3))
(B5)#(B'5") F(Egl(xﬂj - xﬁ/j')) F(egl(xﬂj — Tprjr — €1 — 63))

F@?(:ﬁgy — m(ﬁ%,)) . NGy (:r(ﬁ(;) — x(ﬁg), €1 —€3))

, (5.6b)
[(ey (fﬂ,(g(;) - x(ﬁoz —€1)) I(ey 1(:Eg;.) - x(ﬁ%, —€3))
.fCaz —Ig; — 61)) F(eg_l(xai —TBj — 63))
Z13[N12, Ao = C—
H H (&3 (xaz —z5;)) (e, 1(1’ai —xj — €1 — €3))
r<ez 1<x§? —2))) Tl -2f) —a - e)
~1,,.(00) _(0) ) 1, (0) 0 ) (5.6¢)
F(62 (wai — —€1)) I(ey (z, — Ty — €3))
l‘ﬂa Toi—€)) Tl (xp5 — Tai — €3))
Z31[ Aoz, Mia] = 2 L
H H €9 ($6J — Zai)) F(Ez 1(33[3]‘ — Tqi — €1 — €3))
(0) (0) (0) (0)
I(ey (x5 —x, T(e, (xp) —x, ) —€ —€
( 2 (2 ;) (63" (x) —qi — €1~ €3)) (5.60)

>< .
M () —al) —e)) D) — 2 — &)

al

We take NS limit e — 0 while keeping €; and e3 fixed. Following the similar procedures
in section 2.1, one finds the saddle point configuration satisfies

Q(x'yk - 64)Q(~T’yk - 63)@(55716 —€1)

L 9 F ) Qg T €0) Qs L e) (vk) = {(a9), (B5)}, (5.7)

where . o
Q) = [T [T =) [T [T (x = ). (5.8)

a=11=1 B=1j=1
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We denote the Young diagrams which satisfy (5.7) the limit shape configurations 5&{2 and
X§3, they dominate the full folded instanton partition function given in (5.5) in NS limit:

Zinst ~ q|AT2|+‘A§3|211[;\TQ]ZB,S[X;:’)]ZB[XTQ’ X§3]Z31 [533, XTz] = CIMTQ'H/\%'Zinst[qTQ, X§3]
(5.9)

To find the resultant BAE, we consider the twisted superpotential arising in the NS limit;:
W = lime,0[€2 2] = Welassical + Wi-loop + Winst, Whose equation of motion is now given by:

L@W(gy)

= n.: 7 5.10
27 ag’Y n'Y? n'Y € ) ( )

with gy € {an,bs}, gy = an for y=1,...,N and gy = bg for y =N +1,...N + M. The
classical twisted superpotential is given as

N CL2 M b%
Wclassical = - log q Z T:l - IOg q Z 27637 (511)
a=1 B=1

and the perturbative one-loop twisted superpotential is

1 0 0 0 0
Witop =5 9, {faly =l —e) = @) =2l + )

(YR)#(Y'K")
+ £l = 20 — &) — £ — 20, + e3)
+ @) =20, +ea) = Flage — a0 — e}, (5.12)

ai )

with x% € {:c(o) x(ﬁoj)}. The BAE now can be obtained after some elaborated calculations,
following the same procedures as in (2.22):

T (aa—aa/> T (—eg—(aa—aa/)) T (aa—bﬁ> T (—61—(aa—b5)>
1=q > ][] “ ° I1 “ - , (5.13a)
a—Qg/ —€3+a0—a,/ aq—b —e1+aq—b
g (=25 ) T (5= ) S (oo o (=)
IR ) ) r()
2 . (5.13b)
bg—aa —e3+bg—an bg—bgr —€e1+bg—bg (
o T(=tegte) p(mefiemee) o (<20 o (=)

Comparing with the BAE of eCM in eq. (2.23), eq. (5.13) consists of two copies of the eCM
systems. To the best of our knowledge, the BAE for the edCM system has not appeared in

the literature, we therefore propose that (5.13) is a possible one. We will provide supporting
evidence this statement by deriving the commuting Hamiltonians explicitly from the folded
instanton configuration in the following section.

5.1 X(z) for elliptic double Calogero-Moser system

As we have shown in the previous sections that, X-function was constructed upon auxil-
iary lattice as an enhanced version of the original T-function, and it is the characteristic
polynomial for the eCM system. We would like to see if similar construction also applies
for the edCM system, using the gauge origami partition function.

— 27 —



We claim that the resultant X(x) should be of the following factorizable form:
X(z) = Xy (x) x X3(z). (5.14)
When we restore eo dependence, the two factors are:

ZQ a:+61 41 B1afjun] H Q(z + s155 — €2)Q(x + 5155 — €3)Q(x + 51355 _61)’
{u1} (ij)Em Q(z + 515 + €2)Q(x + 5155 + €3)Q(x + 5155 + €1)
)
)

Q 9U+63) |3 Q(z + 8335 — €4)Q
Z ( ) q,u B32 ,LL3 H Q(l’+837ij+64)

T + 83 ij — €3
T+ 533 + €3

(z+ 8355 — @
(x+ S3,ij + €1 ’

( )Q
( )Q

{us} (i.j)eAs
(5.15)
with the parameters given by:
L [ €162 ]
S14; = ieg +jea; B = 1+ ,
Lij 3T J€ 12[11] (ijl)_eIm L (es(liy + 1) — eqass)(e3(lyy + 1) — esa45 + €1 + €2) |
(5.16a)
. . [ €3€2 |
s34 = iep + jea; B = 1+ ,
S 1rJe 32{s] (ijl)_elug | (e1 (lij +1) - 64aij)(€1 (lij +1)— €405 + €3 + €2) |
(5.16b)

and the constraint (4.36) applies. Comparing with the gauge origami construction, we
see that Xj(z) corresponds to the configuration n1s = N, nges = M, and n3y = 1, with
p1 = A34, while X3(z) corresponds to the configuration njs = N, nog = M, and niy = 1,
with u3 = A14. The z-independent terms in Xj(z) (or X3(z)) can be viewed as auxiliary
instanton partition of U(1) gauge theory living on Cg x C4 (or C; x C4) four-dimensional
subspace. Here we would like to stress that X(z) is not equivalent to having a single gauge
origami consisting nio = N, nos = M, n3q = 1, ny4 = 1, rather a product of two different
gauge origami systems. The configuration with nis = N, nog = M, ngy = 1, nyy = 1
can only be factorizable under NS limit, and without orbifolding. If either orbifolding is
implemented or we keep €5 finite, it is not factorizable.

To show that X(x) has the correct degree P, let us define the analogous functions to
eq. (2.25):

Vi) = ol

O
&®

I
=
=8
s

\

=

2

Qi —e1)’ a=1i=1
M oo
_ @@ _ .
V(@) = 5o a) %@—Eq@wm (5.17)
= Ji
We may now take large x limit for both Y;(z) and Y3(z) and find:
N oo x(o)) N
Yi(z) ~ = H(l‘ —aq) =z, (5.18a)
20—
a=1i=1 (m Lo 61) a=1
M oo (:E _ x(ﬁ )) M u
Ys(z) ~ [ [ H Ol 2 =[] bp) = 2. (5.18b)

ki
—_
<
|
—_
—
R
H
@
ol
M
N2
ki
—_
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Following the similar argument given for the ordinary eCM model, one can prove that X(x)
is analytic in the complex plane. We may now rewrite X(x) using Y1(z) and Y3(z):

X()= )

{)u‘l 7,“‘3}

1‘ + 51,3 64)@(:(} + 8135 — 63)@(1’ + 8145 — 61)
< 11
Qx + 5155 +e)Q(x+ 5155+ €3)Q(x+ 5145+ €1)
(iLi)em (5.19)
o0
Yl(l‘ + nel)
Ya(x + sl g
3( 63)}_[1 Y1(1E+63 +n61)q [Mg]

Y3(xz + nes)
Y | | lml g
1z +a) ot Y3(x + €1 + nes) 1 (1]

< 11 Qz + s34 — €a)Q(x + 5345 — €3)Q( + 5355 — €1)
Q T+ 8345 + 64)Q($ + s3,45 + 63)Q($ + 8345 + 61)

(i.)€ns

In large = limit, we have
Yi(z 4 e)Ys(z +e3) = a¥aM = 2F, (5.20)

which is the desired degree. We will next show that X(z) indeed reproduces the commuting
Hamiltonians of the edCM system.

5.2 Commuting Hamiltonians from X(z) for edCM system

Here we again introduce Zp-type full surface defect on C3; C C?* with orbifolding in
C2, C C* such that the orbifolding acts on the coordinate of C* by (z1,22,23,24) —
(z1,(22,23,( " 'z4) with (¥ = 1. This is not a co-dimension two defect, but rather it should
be interpreted as a generalization of the surface defects. Similar to what we had done for
Toda and eCM systems, we define the coloring function on the indices of moduli parameters
c:{a}N U {5}2’4:1 — Zp which assigns each color o and S to a representation R, of Zp,
w=0,1,..., P —1. In the simplest case, c is defined as

clay=a—-1; c¢(f)=N+p-1. (5.21)

For this coloring function, we will denote [a] = {0,..., N—1} and [3] = {N,... ., N+ M -1}
such that [o] U [5] = {0,..., P — 1}, which is the range of the index w. Orbifolding also
splits coupling q into P-copies denoted by

q= H Qi G = 2 (5.22)

Zw 1
with

3w:{za=€X“, clw+l)=aec{a=1,...,N} (5.23)

wg=¢e", cHw+1)=pe{B=1,....,M}.
Under the orbifolding, we have

P—1 P—1
r) = [ Yiw(@); Ya(z) = [] Vsu(a), (5.24)
w=1 w=0
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with

Vie@)=@—a) ][] [(”6 — o= (= Lot - 61)]

@amery L @7 ==Dea)

(z —aa — (i— 1)e1)
g j ) (5.25a)
(a,(i, g[KEH |:($ — Qo — (Z — 1)61 — 61):|

(x —bg — (i — 1)e3 — €3)
Vio(e) = (2~ bo) |
3 (ﬂ,(i,jl')_)IGKE,Q [ (.%' - bﬁ — (7, — 1)61 ]

< I [( (z — by — (i — L)es) } , (5.25b)

Gagyexa, (E o= i-De —e)

under NS limit e — 0 while keeping ¢; and e3 finite. We also consider the following Young

diagram boxes under orbifolding;:
K2 .= {(o,(i,5) |a=1,...,N; (i,j) € \Y: cla)+j=wmod P},  (5.26a)
K2 .= {(B,(,5)) | B=1,....,M; (i,j)€Y; ¢(B)+j=wmod P},  (5.26b)

where K 52 and K 22 are the collections of Young diagram boxes from Xlg and ng which are
assigned to the representation R, under orbifolding. They are the same as the definition
in eq. (2.34). Denoting
B2 =KL v =2k o2 = SR Y (et (i-Da),  (5.27a)
(ov,(i,4)) EKL?
32 _ 7032 32 32 32 . 32 _ €332 :
K=K, v =KD kR o =SR2+ > (bg+(i—1)es), (5.27b)
(B,(65))€KE?
as the generalization to eq. (2.34) and eq. (2.35). Performing the large = expansion of
Y1 .(x) and Y3, (x) under orbifolding gives

Yiw(@) = ¢ = aclexp | Sul2 + S0l —o) + |5 cw)elal,  (5:280)
Yau(@) = v = bl exp [ 2022, + S0, — o)+ i ew)€lsl (5.280)

The notation here follows eq. (5.27). Under orbifolding, X;(x) and X3(z) now splits into

oo

Y3 o(z + nes)
Xiw(@) =Yiwt1(z +e1) H L Va0 (2 + €1 +neg) Z Bl
w

11 Yiwr1-5(T + sij — €3) V101541 (T + 8ij — 64) Yawi1-(® + sij — €) V3 wp1-j1 (T + sy — €4)
Yiwri—j(@ + 555) Y1 0qr1-j41 (2 + 555+ €1) Y3 0r1—5(x + 835) Y3 wr1—j1(x + 535+ €3)

(5.29a)

(L,j)€m

Y o(z + neyp)
Xsw(z) = Y3 pr1(x + €3) H Y. (x(4r63+nel) ZBZ?[MB]X
“ {ns}

H Yl w+1—J T+ Sij — 63)Y1 w+1—_]+1(37 + Sij — ) Y3,w+1—j (.13 + Sij — 61)Y37W+1—j+1($ + Sij — 64)
Y1 wr1—j(@ + 855) Y1 0r1-j+1 (2 + 535+ €1) Y3 wp1—5(x + sij) Vawr1—j+1(z + si5 +€3)

(i,j)€ps

(5.29b)
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Here B'2[1] and B2?[us3] are the U(1) orbifolded instanton partitions living on C3 x Cy4
and C; x C4 with instanton configuration p and us respectively, where

1,1 “1 —H, NS 3 c
1
B ()= [] dwriiBulesly)| =]] H 3—“’ Bi(esh); Bi(x) =1+,
(ij)em ay=0 =1 Wt
(5.30a)
w3,1 “g,l’/‘sT,z-H 3 .
3
B [us] = [ dwr1-iBslerlsy) =1 1I ﬁB:s(Elh); By(x) =1+ —.
(i.j)€ns w0 = W
(5.30b)
We will consider the summation over all possible partition
B =) B [m)], (5.31a)
{1}
BY = 3 B2, (5:310)
{us}

we can regard Bj(x) and Bs(z) are orbifolded version of (5.16a) and (5.16b).
After some tedious but similar calculations, one gets for (w + 1) € [a], the large x
expansion gives

1

1 1
B12X1""( ) _m+61_ac—1(w+1)+617/3,2+; !

5(61%2 —@c—l(w+1))2 - §(ac—1(w+1))2+€1D¢1u2

15312
+ Z 18312 ( Z €4k?lf’w, — (611/3 — ac—l(w/+1)) l/iw,

{pi} (W'+1)€la]

12
+ € E 64kiw, — (Egl/w/ — bcfl(w’—i-l)) I/ﬁw,>

(W' +1)€(s]

o (5.32)

with D}? = ol? — g2 ,. We divide the X; ., (z)-function by the factor B}? for the normal-
ization. Similarly for (w + 1) € [f], we have large = expansion:

2 1

1
§(€3V32_bc—1(w+1)) - §(bc—1(w+1))2 + €3D32

+ Z ]B32 <63 Z 64]43?,:&}, — (elygg - ac—l(w/+1)) V:)’iw,
(

{us} w'+1)€la]

1
B32X3w( x)=z+ 63—bc—1(w+1) + 63V32 + 7

T (5.33)

+ €1 Z e4k§w, — (631/3% — bc—l(w/+1)) y:’)iw,>
(W' +1)elf]

with D32 = ¢32 — Uf’il Again we normalize X3, (x) by diving the overall expression with

B22. For all w=0,...,P — 1, we can define:

T (5.34)

Vi =
qw O3

= q%5
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The following combination gives a degree P function of x.

X X
I = I 2 (53)

B
(wiD)efa] 9 (wi1)erg BPw

this can be seen from the fact that each Eéll’; or %”T’; factor in the product above is of degree

one. Denote the first commuting Hamiltonian as

hi= Y avl—a it Y e —beriny = > PP+ > PP (5.36)

(wt+1)elo] (w+1)€lf] (wt1)€elo] (w+1)elf]

the conjugated momentum is denoted as Pl? = (e;V? — Ac-1(wt1)) When (w +1) € [a],
P2 = (€3VY = be-1(q1)) when (w+1) € [8].
We may also write the second commuting Hamiltonian hy as

1 1 1 1
hy = Z 271(13“1;2)2 - g(ac—l(erl))Q + Z 273(1333)2 - Teg(bc—l(w+1))2
(w+1)€la] (w+1)€[B]
+k Y (eaV — PPV log B2 (7 7) +Z sV — P,V3,) log BL% (2, ;1)
(w+1)Ela]
1
+ Y (eaV8 — PVE) log B, (W, 7 7) + - > (@aVE — P2V log BY, (w; 7),
w (wt1)€elB]
(5.37)
with k& = e3/€1. Let us define:
H 1812 IB].Q )B ( 7_ : B32 H ES? )B ( )
(w+1)€le] (w+1)€[B]
(5.38)
where the 2z, and wg dependent functions are
i 1 N N 1 ~%
B (zim) = | ]I 1_ Za IT11 S ?
_N2a>o/>0 %o/ a=0a'=0 qza’vq o
[N M 1
B (z,w;T) = ;
as(5 0 7) Eﬁzl (4225 q)oo
[N M , N oM 1
32 (= 2\
a0 = | e T et |
_Ocil B=1 a a=1p8=1 q Za VS
i 1 M M 1 —&
32 =\
Bpn = | 1] e [ g | (5:39)
M2p2p20 1wy =1 g1 Ty Aeo

We remark €4 = — (€1 +€3) in the NS limit e — 0 due to the constraint (4.36). Notice that
B2 ap 18 not symmetrical to B%za for g-independent part. The reason of this is due to the
specific coloring function ¢ we chose in eq. (5.21), and we will now explain how this works.



Based on (5.30a) and (5.30b) before summing over all Young diagrams, the q independent
part comes from the product:

[Tawsis = : o usW > (5.40)

w—w’

Using the coloring function defined in eq. (5.21) for zo = 30—1 and wg = jn45-1, there is
no such way to have

P _ _do-1 L (5.41)

wp  IN+B-1 Ja9at1 " qN4+8-1

since this expression contributes negative number of instantons (inverse power on counting
(w), while its inverse is legit. This is the cause of asymmetry between B!2 of and IB%%QQ in the
g-independent factor.

As before we dropped the z-independent factors (which appeared in eq. (3.22)), since
they can be removed in the final stage by redefining zero point of energy level as shown
previously. The g-Pochhammer notation is defined in eq. (A.3). We may therefore denote
the z-dependent parts as:

€4 €4
log BL?, = ¢, 108 Quas log BLABYZ, = log Qup;  logBY; = —o losQop (5.42)
such that Q12 and Q32 combine to give a full f-function, i.e.
» CIP2/24
Q12Q32 = Qaa (2)Qap (7, W) Qaa(w)n(7) 7 (5.43)

with g now is the P-dimensional Weyl vector. One may refer to how the additional factors
appears in eq. (A.17). This structure also shows up in trigonometric limit [23],with

. = - 1T M : (5.44a)

N>a>a’ >1 77(7')

[~ MQH

Q.5 HIBH1 ( >; (5.44b)

iss

Q — 11 H<:T> (5.44c)

—1 wgr
8
sgsper 1)

Following a similar calculation as in the previous section, the potential after canonical
transformation (3.30) can be written as

V=), k€4(V3)logQ(w+ > k )210g@6ﬁ+%4 > (V) log Qug

(wt+1)€la] (w+1)€[p] (wt1)€[u[B]
€
= —ak(k+1) Y 0(2a/2057) — 1(k + 1) p(za/wg;T) — El(kﬂ) > plwg/wgr; 7)
a>a’ a,f B>p

(5.45)
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with €4 = — (€1 + €3). We now have the second Hamiltonian written as:

1 N1 a\? Lk bs\ 2
——hy =Y = (vi-2 W v 5.46
gt (w ) 5 (o) o,

a=1

— k(k+1) Z 0(za/2ar5T) — (k+1)z o(za/wg; T) — <11€+1> Z p(wg/wgr; T).
o,

B>p'

a>a!

Similar to eCM system, using the fact that (5.14) is the g-character defined upon limit
shape, which dominates in the NS-limit.

X(2) Zinst | 129 ;3]

Zinst [N, Ags)

He) = (X(2)) = (5.47)

where t(z) = 2 + E12P~! + EyaxP =2 + ... + Ep is the characteristic polynomial. When
Hamiltonian are treated as operators, we have

X(2) Zinst [A12, A23] (X, §) = #(2) Zinst [AT2, A23] (X, §), (5.48)

and the Canonical transformation gives a prefactor to the ground state wave function
U(x,y) of the edCM model:

o L ate o ata] ! o e
\IJ(X7Y): Qaa(x) €1 @aﬁ(XaY)Qﬂﬂ(Y) €3 Zinst[ 12> 23](X7Y)§

We have thus successfully reproduced the potential of the edCM system defined in eq. (4.1).
The parameter dictionary can be summarized into the following table:

’ ‘ Gauge Theory ‘ Integrable System ‘
G, ba Coulomb Moduli Momenta
T Complex gauge coupling Elliptic modulus
€1, €3 Q-deformation parameters Coupling constant (in the form of k = e3/€;)
N, M Gauge group rank Number of particles
Zo, wg | Ratios between orbifolded couplings Exponentiated coordinates

6 Discussions

Let us end this work by discussing a few possible future directions.

1. The edCM was shown to have no natural classical limits in section 4. This also implies
that the usual story of identifying the gauge theoretic Seiberg-Witten curve with the
spectral curve of classical integrable system does not apply here. Due to the same
reason, the quantum Dunkl operators, rather than the classical Lax matrices, were
used to construct commuting Hamiltonians. However we have also shown that we can
use intersecting D-brane configuration to construct the gauge-origami theory which
are directly related to the edCM systems. It would be very interesting to consider the
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possible M-theory lift of such a configuration, this should illuminate the construction
of the inherently quantum Seiberg-Witten curve of gauge-origami theory hence the
spectral curves of the edCM systems. It would be also interesting to explore a direct
gauge theoretic interpretation of the (double) Dunkl operator.

2. Double Calogero-Moser system was first constructed by considering root system of
supergroup. When coupling constant k£ < 0, the gauge theory associated to the edCM
system with Hamiltonian in eq. (4.1) should be a supergroup gauge theory, whose
partition function is obtained in [43]. We hope to report on this and other related

topics in our forthcoming work.

3. The gauge groups we discussed in this paper are of SU-type. In principle one may also
consider SO/Sp gauge groups. It will be nice if one can find commuting Hamiltonians
of corresponding integrable system using the orbifolding and large = expansion. The
same argument also extend to various types of quiver gauge theory (several A-types
quiver gauge theory has been considered in [33]). In addition, we would like to know if
the gauge origami construction can be generalized to SO/Sp gauge groups. This will
involve introducing orientifolds to the intersecting D-brane construction for SU case.

4. In the single eCM system, the quantization condition m = €3 = Z X h = Z X €
can be implemented. How does this arrangement affect both the integrable system
and gauge theory? And we would like to know whether the edCM shares the same
quantization condition?
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A List of relevant mathematical functions

A.1 Random partition

A partition is defined as a way of expressing a non-negative integer n as summation over
other non-negative integers. Each partition can be labeled by a Young diagram A =
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(A, A2y )\g()\)) with A; € N such that

o)

n=A=) M
=1

We define the generating function of such a partition as

a1
2 (45 9) oo

A

(1—4q")

(at; q) o

The g-shifted factorial (the g-Pochhammer symbol) is defined as

n—1

(z0)n = [ (124"

m=0

A.2 Elliptic function

=TI
th Al = $; (at; @)oo = [ (1 = ta™).
n=1

(A1)

(A.2a)

(A.2b)

Here we fix our notation for the elliptic functions. The so-called Dedekind eta function is

denoted as
LT

n(T) = €12 (q;9)o0

The first Jacobi 6 function is denoted as:

N[

O11(2:7) = ie T 22(d;9)o0 (25 9)o0 (21 D)oo

whose series expansion

2

911(Z;T):’i Z (_1)r—%zre7rirr = Z (_1)7“—567%671'1'7—7“2

reZ+3 reZ+i

implies that it obeys the heat equation

igell('z 7') (282)2911(2;7)'

T OT

The Weierstrass p-function

:% z;{ +p+qT) (p+1q7)2}’

is related to theta and eta functions by

1
o(z;7) = —(20,)*log 11 (2;7) + — 0, logn(7).
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A.3 Higher rank theta function

Let us define

Oay,(Z7) =n(n)N ] W (A.10)
a>f3

as the rank N — 1 theta function, which also satisfies the heat equation [44]

0 . . -
Na—T@AN_I(z;T) =7miA:O4,_,(Z,7), (A.11)
with the N-variable Laplacian:
N-1
Az= (2,0..)" (A.12)
w=0

A.4 Orbifolded partition

For the purpose in the main text, we consider the orbifolded coupling

N
q= H Jw;  Yu+N = quw, (A.13)
w=0
and
Zw
quw = D ZwiN = (2w (A.14)
Zw—1

We also consider the orbifolded version of the generating function of partitions (q;q)z!
n (A.2). Given a finite partition A = (A1,..., Ayy)), we define

£

A1
AL 2w
Q@ =[Ja; =11 , (A.15)
j=1

Zio—\s
=1 WA

where we used the relation (3.18). The summation over all possible partition is given by

Qw—ZQA ZH(ZA>= 3 H(Z‘”y (A.16)

A i=1 10yl —1,1>0 a=1

The function Q(2;7) is the orbifolded version of the generating function of partitions (A.2),

N—-1
Q=[] Quzr
w=0

1 N—-1
s 1>1;[>5>0( % )0 (0225 )00 }—[

:0
q1/12p( za/z ql/24
a H 911(2@/267

N—-1>a>B>0
2
_ N n(r) g7/
= [n(7) H 011(za/25;7) zZr
N—1>a>g>0 ~H\Fa/ =B
1 CI1\72/24

_ ! Al
Ony (Br) T (A-17)
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where p'is the Weyl vector of SU(N) Lie group, whose entries are given as

N-1 N
, N -1 N(N? —1) -
F=(po - pn1); po=w———; |AP=D pl="— F=]] 2
w=0

[y

2 12 i
(A.18)
Using eq. (A.11), it is easy to prove that the Q-function satisfies
1 1 . 9
ozzw:vg logQ — 5 AzlogQ + 2;(% log Q)?, (A.19)
with
> VL =NVI+ 5V (A.20)

w
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