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77 Massachusetts Ave, Cambridge, MA 02139, USA

ABSTRACT

Phase-sensitive amplification (PSA) can enhance the signal-to-noise ratio (SNR) of an optical measurement suf-
fering from detection inefficiency. Previously, we showed that this increased SNR improves LADAR-imaging
spatial resolution when infinite spatial-bandwidth PSA is employed. Here, we evaluate the resolution enhance-
ment for realistic, finite spatial-bandwidth amplification. PSA spatial bandwidth is characterized by numerically
calculating the input and output spatial modes and their associated phase-sensitive gains under focused-beam
pumping. We then compare the spatial resolution of a baseline homodyne-detection LADAR system with homo-
dyne LADAR systems that have been augmented by pre-detection PSA with infinite or finite spatial bandwidth.
The spatial resolution of each system is quantified by its ability to distinguish between the presence of 1 point
target versus 2 closely-spaced point targets when minimum error-probability decisions are made from quantum
limited measurements. At low (5-10 dB) SNR, we find that a PSA system with a 2.5kWatts pump focused to
25um x 400pm achieves the same spatial resolution as a baseline system having 5.5 dB higher SNR. This SNR
gain is very close to the 6 dB SNR, improvement possible with ideal (infinite bandwidth, infinite gain) PSA at
our simulated system detection efficiency (0.25). At higher SNRs, we have identified a novel regime in which
finite spatial-bandwidth PSA outperforms its infinite spatial-bandwidth counterpart. We show that this perfor-
mance crossover is due to the focused pump system’s input-to-output spatial-mode transformation converting
the LADAR measurement statistics from homodyne to heterodyne performance.

Keywords: Phase-Sensitive Amplification (PSA), multi-mode PSA, LIDAR, homodyne detection

1. INTRODUCTION

For modest-range (1-100km) terrestrial applications under clear-weather conditions, LADAR (LAser Detection
And Ranging) systems® 2 offer superior spatial resolution, when compared to microwave radars, owing to their
use of much shorter wavelengths. When atmospheric turbulence can be neglected, the spatial resolution of such
a system is generally limited by the Rayleigh resolution of its receiving optics (1.22A/D, where A is the LADAR
wavelength and D is the aperture diameter for an unobscured circular entrance pupil) and the signal-to-noise
ratio (SNR).

In our previous work® we showed that Phase-Sensitive Amplification (PSA) can enhance the signal-to-noise
ratio (SNR) of an optical measurement suffering from detection inefficiency, when infinite spatial-bandwidth
PSA is employed. For sufficiently high PSA gain (Gesr), a PSA-enhanced detector can recover the losses
due to a detector efficiency 7 < 1. In this paper, we evaluate the resolution enhancement for realistic, finite
spatial-bandwidth amplification. To this end, we characterize the PSA crystal by numerically calculating the
most significant input and output spatial modes and their associated phase-sensitive gains under focused-beam
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Figure 1: (Color online) Diagram of our quantum enhanced LADAR receiver. At the far left we show the
targets (at range L from the receiver) considered in the resolution analysis—one point target on axis and two
point targets symmetrically disposed at +6y in angle about the optical axis. The baseband photon-units field
operator Eg of the target return is transmitted through a spatially-dependent (soft) aperture A(p’), and a
squeezed-vacuum field operator FEg is injected. The resulting field operator EA’k then undergoes phase-sensitive
amplification before being mixed with a local oscillator and homodyne detected. Note that for clarity sake,
in this paper we are not considering the SVI input. We consider a one-dimension homodyne-detection array.
This quantum-enhanced receiver will be compared with a classical baseline LADAR system in which Eg is in its
vacuum state and no PSA is employed.

pumping. We then compare the spatial resolution of a baseline homodyne-detection LADAR system against
homodyne LADAR systems that have been augmented by pre-detection PSA with infinite or finite spatial
bandwidth. The spatial resolution of each system is quantified by its ability to distinguish between the presence
of 1 point target versus 2 closely-spaced point targets when minimum error-probability decisions are made from
quantum limited measurements. Interestingly we find the performance of our finite spatial bandwidth device
can actually surpass the performance of a flat-phase infinite bandwidth device. While one may have expected
an infinite bandwidth device to be superior, a device that amplifies all spatial modes in the same quadrature is
not optimal. Our detailed modeling reveals that the modal phase conjugation which occurs in a PSA device has
an important and in many cases positive effect on the performance. When we refer to the “infinite bandwidth”
approximation in this paper, we specifically refer to a device in which all modes are amplified equally and with
uniform phase matched to homodyne measurement quadruture. Our results show the existence of 3 regimes:

e At low SNR, a finite-spatial bandwidth PSA is able to recover the losses due to detection inefficiency.
Moreover, under realistic pixel sizes, the performance obtained by using a finite-spatial-bandwidth PSA is
slightly better than the performance predicted by employing the “infinite-bandwidth” approximation.

e At medium SNR, the spatial-bandwidth PSA performance is worse than the performance predicted using
the “infinite-bandwidth” approximation.

e At high SNR, the realistic, finite-bandwidth PSA significantly outperforms the expectation due to the
“infinite-bandwidth” model. The PSA-enhanced homodyne detector performance asymptotically tracks
that of a heterodyne detector.

The remainder of this paper is organized as follows. In Section 2 we describe our LADAR receiver configu-
ration. In Section 3 we describe the modal decomposition for the finite-bandwidth PSA. In Section 4 we derive
the expressions for the statistics of the homodyne measurements and the optimal decision theory. In Section 5
we show numerical results obtained through Monte Carlo simulations. In Section 6 we conclude the paper with
some discussion about future work.

2. LADAR RECEIVER CONFIGURATION

A simple schematic of our quantum-enhanced LADAR receiver concept is shown in Figure 1. Not shown is the
LADAR transmitter that floodlights the target region with a pulse of laser light. This is the same setup as the
one utilized in.? For clarity of the discussion, in this paper we remove the SVI input, and for maximum realism
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Figure 2: Homodyne detector-array geometry.

we consider discrete-size pixels and a precise modeling of the PSA operation. Furthermore, to better match

the one-dimension detector array, we utilize a one-dimension soft-aperture embedded in a hard aperture, which
—22/2 ’
results in a aperture transmission mask with field transmittance A(z',y') = e #2  circ (%), where R is the

soft-aperture beam width, and D is the hard-aperture diameter.

The PSA crystal has non-negligible length, which introduces diffraction effects. To compensate this, lenses
(not shown) are used so that the desired signal is focused at the center of the PSA crystal. Similarly, lenses at
the PSA output reverse the crystal diffraction, such that the image focused on the detector array is the same as
the signal at the center of the PSA. The combined effect is that the PSA can be modeled as zero-length (i.e. a
vertical plane), with the measurements taken at the right side (exit) of that plane.

With the above caveats, the system in Figure 1 can be modeled as shown in Figure 2. The PSA is modeled as
a zero-length plane just before the detector array of N, pixels (labeled —Ng,---,0,---, N, with N, = 2N, +1).
Table 1 lists the quantities used in this paper along with their notation. Note the introduction of “dimensionless”
units p, Sz, and Sy.

3. PSA MODAL DECOMPOSITION

The PSA spatial-temporal modes are characterized by three com-
plete orthonormal (CON) mode sets:

e Input spatial CON mode set: {®,(p)}, p € PSA input E})“SA(p)I:D PSA :‘[>E§‘§tA(p)
facet.
{®n(p)} {on(p)}

e Output spatial CON mode set: {¢,(p)}, p € PSA output
facet. Figure 3: PSA modal decomposition.

o Temporal CON mode set: {&,,(t)}, t € [2L/c,2L/c+ 7).

It turns out that when the PSA is focused at the center plane of the crystal, the output modes are simply
related to the input modes by a complex conjugation operation, i.e. :

Pn(p) = Punlp)”

Proc. of SPIE Vol. 8163 81630Z-3

Downloaded From: https://proceedings.spiedigitallibrary.org/ on 09/12/2012 Terms of Use: http://spiedl.org/terms



Eigenmode # 1 Eigenmode # 2 Eigenmode # 3

200 200 200
100 100 100
0 0 0
-100 -100 -100
2900 0 500 22200 0 500 22200 0 500
Eigenmode # 4 Eigenmode #5 Eigenmode # 6
200 200 200
100 100 100
: : ] QNN
-100 100 -100 . :
%00 0 500 o800 0 500 22900 0 500

Figure 4: (Color Online) The 6 most amplified eigenmodes (absolute value). The coordinates unit is pum

Then the PSA model decomposition is:

Epsa(p,t) Z i Em (1) (1)

n,m

ERga(p.t) zzzAﬁiﬁ n(P)ém (1) (2)
dSLl:';EL = gna‘;’?m + 9n — 1(&21717)T7 (3)

where the input EPS Alp,t) is a vacuum-state field, g, > 1 is the gain parameter for the n-th spatial mode
(i.e., Gefgn, the PSA quadrature gain associated with the n-th most amplified mode, is equal to Gersn =
(VIn +VGn — 1)? ). Note that we have suppressed propagation delays within the receiver, and we have assumed
that the PSA has a temporal bandwidth that greatly exceeds 1/7,. We can choose any temporal CON set, so
use &1 (t) = s(t — 2L/c— F/c¢), which allows us, because we will ultimately be matched filtering for & (t), to deal
solely with the pure spatially-dependent field operators.

Ge" vs eigenmode index

The shape of the (most amplified) eigenmodes is 22
dependent on the pump size and power. These eigen-
modes were computed numerically using the method-
ology described in.*" Figure 4 shows the first six
eigenmodes (amplitude) for a 400um x 25um elliptical
pump with a power of 2.5KWatts. Figure 5 show the
different gains Gy, for the first 50 eigenmodes. It
can be seen that the gains quickly converge to 1. Thus,
there is little value in considering eigenmodes with in-
dices above 50. Furthermore, we also noticed that for L---- - —Tm ==y
our soft-aperture and focusing most of the target sig- 5 0 15 20 25 0 3 40 45 50

Eigenmode index (most amplified first)

nal is covered by the first 50 eigenmodes. Then, for Figure 5: PSA quadrature gain (Geff,n) for the 50 most-

n = 51,52, we can safely assume that g, =1, and amplified eigenmodes. The gains quickly approach 1.
dn(p) = ®p(p) (i-e. eigenmodes are real).

Gt
— — —Gain=1

Geﬁ (absolute value)

Proc. of SPIE Vol. 8163 81630Z-4

Downloaded From: https://proceedings.spiedigitallibrary.org/ on 09/12/2012 Terms of Use: http://spiedl.org/terms



Var. Description Var. Description
o’ A point in the target plane e A point in the pupil plane (where the
aperture is)
p A point in the image plane (where the L Target range (i.e., distance from target
detector array is) plane to the pupil plane)
F Distance from the pupil plane to the fo Angular separation under the two-
image plane target hypothesis
A LADAR wavelength c Speed of light
R Beam width of the soft-aperture D Diameter of the hard aperture
N, Number of pixels (N, = 2N, + 1) N, Highest pixel index
D, Pixel width D, Pixel height
0%% Aperture’s Rayleigh resolution in the 0%% Aperture’s Rayleigh resolution in the
X-dimension, equal to 0.32\/R Y-dimension, equal to 1.22\/D
K Ratio % 1 Angular separation in dimensionless
units
Sz Pixel width in dimensionless units Sy Pixel height in dimensionless units
Ap LADAR cross-section of the single Ir Target plane intensity (in W/m?) pro-
point target duced by the transmitter pulse
Tp pulse duration hwy Photon energy at the LADAR wave-
length
s(t) Normalized baseband shape of the T(p") Target’s field-reflection coefficient
transmitter pulse
T(p") Target average intensity-reflection co- A(p') Soft-aperture transmission mask field
efficient transmittance
m(p) Soft-aperture point-spread function n Homodyne detector quantum effi-
(PSF): m(p) = [ A(\Ff)e?™-Pdf ciency
EA’%)“SA(p, t) | PSA-input field operator Eﬂ’f’)‘étA(p, t) | PSA-output field operator

Table 1: Notation for the quantities used in this paper.

4. HOMODYNE DETECTOR MEASUREMENT STATISTICS

We assume two equally-likely hypotheses: one on-axis speckle point target (H7) or two off-axis speckle point
targets (Hz). Under Hs, the point targets are symmetrically placed at angles +6y about the optical axis and
have statistically independent speckle behavior. We assume that the targets return the same average power to
the LADAR receiver under each hypothesis. The average intensity-reflection coefficient is:

(") = {ATé(p”), under H; (1)

(AT/Q)[(S(p” - eoLiww) + (5(p” + GoLiww)], under Ho,

where A7 and L are defined in Table 1 and i~ is the z”-axis unit vector. A 1-D detector array stretched

along the z-axis generates the following homodyne detection statistic y = [y_ N, - ny}T, where y,, is the
matched-filter output for the n-th detector. The binary hypothesis test is

Hi : y=sY4+w~N(0A)
H, y:s(2)+W~N(O,A2),

where s*) = [s_y.,...,sn,]7 is the target-return component, w = [w_y,,...,wx,]” is the noise component,
and the covariance matrix under Hy is Ay = Elyy?|Hg], k = 1,2. Under each hypothesis, s®) and w are
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independent, zero-mean, Gaussian random vectors. The optimal ML decision rule is
decide Ho
_ _ > |Ag|
T 1 1 2
y |ATT—A }y In (— ; (5)
[ ' 2 < [ A4
decide Hq

where |Ag| denotes the determinant of Ay. In this section we derive expressions for A; and As.

4.1 PSA input
The LADAR transmitter emits coherent-state light, so we take the target return to be a classical field

/ ITT;D 7 e_ikpl.p”/L—Hklp,lz/QL Z
En(pl,t) = [ /72t = 2L/07(6") — ap", (6)

where the exponential represents Fraunhofer diffraction from position p” in the target plane to position p’ in
the pupil plane, and

S(t):{ 1/, for0<t<rm, )

0, otherwise

is the transmitter’s normalized flat-top pulse. We ignore the effects of atmospheric extinction and turbulence.

For a target that produces fully developed speckle statistics, the target field-reflection coefficient T'(p”) is a

complex-valued Gaussian random process with the following first- and second-order moments:%8

Er[T(p")] =0, Er[T(p)T(p5)] = 0, Er[T*(p)T(p3)] = N*T (p1)d(p] — p5) (8)

Similarly, the PSA input is in coherent state, conditioned on the target speckle, with a mean equal to:

AL eikp~p’/L
(Esa(pt) = [ Al Erlp ) —dof )

— /%s(t —2L/c— FJc) /T(p”)m(p —p")dp", (10)

where we have dropped unimportant quadratic and absolute phase factors.

4.2 PSA output

Equation 3 shows the PSA input/output relationship. By properly choosing the temporal CON mode set {&,,(¢)}
such that & (t) = s(t — 2L/c — F/c), and since the detector applies a matched filter for & (t), we can drop the
time index and deal solely with the pure spatially-dependent field operators, as follows:

Efsa(p) =) an®,(p) (11)
B (p) =) _ " én(p) (12)
A" = /gnan + /g0 — 1(a)". (13)

For this modal decomposition, we can write the PSA input-output relation as

08 (p) = / [u(p. 0 BB (0) + (. 0 BB (0) 1] di, (14)
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where

)= Vanon(p)®h(p), v(p,p') = \Vgn — 1én(p)®n(p’) (15)
For a given soft-aperture PSF m(p), we define the functions
p™ (p,p") = /u(p, p)m(p’ — p")dp', V™ (p, p") = /V(p, p')m(p' — p")dp’ (16)

Then the PSA output mean, conditioned on the target speckle, is

(ER¥5 (p)) :/[ P (EBsA(P) +v(p. p')(EBsa(p)) "] dp’ (17)

I T m m *
2 [ a0 4 (0T (6 (18)

Let AERY, (p) = EQ4 (p) — (B, (p)). Then the PSA output phase-insensitive and phase-sensitive condi-
tional covariance functions K™ (p,, p,|T) and K®) (p,, p,|T) are equal to:

K™ (py, p,l|T) = < / (17 (py, P)AES A (p) + v (py, p)AESSA ()] dp’
x/w%>wm<ﬂw%>wmwww> (19)

N /”*(pl, P )V(ps, p)dp. (20)

K@) (py, p,|T) = </ [1(p1. P )AESsA(p') + v(py, P)AESsA (P)T] dp!
< [ lutoss o) AERA0) 4 Vo2 o)A BB (0] ) (21)
=/u(p1,p’)V(p2,p’)dp’~ (22)

where the last two equalities follow since the PSA input E{DHS A(p) is in a coherent state, so it has covariance
functions Ki(:)(Pp p.|T) = K(p) (p1,po|T) =0.

4.3 Homodyne output: continuum detector case

We perform homodyne detection with a #-phase plane-wave local oscillator, followed by a matched filter. All of
the detector elements have quantum efficiency 7, so we write

E(p.t) = vnERS, (p,t) + /1 —nEy(p.t),

where E,(p,t) is a vacuum-state field. The output of the matched filter is

_ / RelE(p, t)e~ )" (t — 2L /c)dt (23)
= Re[E(p)e "] 24
= /T Re[E2%4 (p)e ™) + /1 — nRe[E,(p)e™™] (25)
— ViRe[ER (p)e™ ]+ T p). (26)
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Note that the left-hand side of this equation is a classical random process whereas its right-hand side is a quantum
operator. This notation is meant to convey that the statistics of the classical random process on the left-hand
side coincide with the measurement statistics for the quantum operator on the right-hand side. Because the
quantum operator on the right-hand side is in a zero-mean Gaussian state, we know that the classical random
process on the left-hand side is zero-mean and Gaussian. To complete its statistical characterization, we now
compute the mean and covariance of y4(p).

The matched filter output ya(p) = sa(p) + na(p) where sq(p) = (ya(p)) is the target return and ng(p) =
Aya(p) = ya(p) — (ya(p)) represents the quantum noise. The target return sq(p) is a function of speckle T'(p")
and is a classical zero-mean Gaussian random process. The noise component ng(p) is independent of speckle
and is in also a zero-mean Gaussian random process.

The target return is sq(p) = (ya(p)) = /7(Re[E2% (p)e]) = 4 {(Ef,‘étA(p))e’w + (Eg‘é&(p))*ew] Thus,
the target-return covariance is

Ks(p1,p2) = Er[sa(p1)sa(ps)] (27)
= 2 Re{ Br (B3 (p) (B8 (p2) |72 + Er (B3t (p1)" (B8A (p2))] | (28)
= g Re{ I:L;p A2 / T(p") [u(m)(pl, P ™ (py, p") + 1™ (py, "™ (py p”)} dp”e 4"

It * (m m * . (m
+ N / T(p") |1 (p1, 0) 1™ (o, 0) + V") (py, ) V™ (py, p) | dp }. (29)
And using Eq. (4) to replacing 7 (p”) we obtain that under Hq,

Ki(py, p2) = KiRe( [ (p1,0)0™ (py, 0) 4+ 1™ (3, 00" (p, 0) | e~

+[1p1 070 (92,0) 4+ 17 (p,,0) 1"y, 0)] ). )

and under Hs,

K m . m O m O m O —21
Ko(py:p2) = 5 Re( 1™ (py, 00 Liz 0™ (pa, BoLi) + 1™ (py, 60 Liw )™ (py. o Lir) | €27
+ [H(m) (plv HOLifE”)*M(m) (p27 eoLia:”) + V(m) (plv eoLiI”)*V(m) (pQ’ 90Li$”)}
+ [5 (py, =G0 L) ™ (py, =80 Lisr) + 1™ (py, 80 Lia)v™ (py, ~G Lir) |2

+ [;ﬁm’(pl, —0oLign)* 1™ (pg, —00 Ligr) + '™ (py, —00 Lz ) v™ (p,, —eoLix”)} )
(31)

_ nlrmpAr A2

where K1 = -2

Similarly, the noise nq(p) = \/Tﬁ (AEgléfA(P)e_w + AEf;‘ng(p)Tew) ++/T=7¢,(p). Then noise covariance is

Kn(p1,p2) = (na(p1)na(ps)) (32)
= TRe{(ABR () AR (p2)) e + (MBS (1) ABREA (2)) } + 1001 — p2)  (39)
= TRe{ KW (py, polT)e ™" + K (py, polT) } + 15001 — ) (34)
= 2 Re{ / (11, 80P, P2 + 1" (py, 90, )] | + iaml —py). (35)

Proc. of SPIE Vol. 8163 81630Z-8

Downloaded From: https://proceedings.spiedigitallibrary.org/ on 09/12/2012 Terms of Use: http://spiedl.org/terms



Param. Pump size Pump power Sz Sy N, n MCruns
Value | 400pm x 25um | 2.5 KWatts | 0.5656 | 1.5373 | 15 | 0.25 107

Table 2: Default configuration parameters

4.4 Homodyne output: discrete-detector array case

We consider a discrete one dimensional array of IV, pixels of dimensions D, x D,, as shown in Figure 2. The
m-th detector in the array is centered at p = (mD,,0), for —N, <m < N,.

The output of the m-th detector is y,, = [ N ya(p)dp. The {y.} are zero-mean jointly Gaussian random
variables with covariance E[ymyn] = E[$mSn] + E|wmwy]. The target-return and noise covariances are

Elsmsn] = / i Ks(p1;p2)dpidp, (36)
Elwpwn] = / Kn(p1;p2)dp1dp, (37)

An
/ / Re/ w(p1,p )(pg,p')e’m+V*(p1,p')V(p2,p')}dp’}

m

Y 0mn-  (38)

Replacing (30), (31), and (35) above, and introducing the terms:

bin = [ 4, Or(P)dp : = [m(p)®;(p)dp
= [ m(p+ 00Liz)<1>*( )dp : = [m(p - Hole)‘I’Z p)dp
81110 llz ?0 \/—mk )bk" + fA reszdual( )dp ’ 81210 = ZjO V. Ik — 1 (mECO)) bkn
(+)

k 50 k=50
8711Jr V mk )bk" + fA reszdual( )dp ’ Sng = k=1 VIk — 1 (
- k 50 - k=50 —— "
8111 \/ mk bk" + f.A reszdual( )dp ’ 8121 = k=1 9k — 1 (mk )) bk"

it can be shown that

K1 Re{e 20 (570570 4 sn0sm0) 4 (570)* 570 4 (500)* gm0} under H;
E[smsn] = { 0.5 x KlRe{e_M’( T+ s;”rsl +s7 785 +s5 s8] ) (39)
+(s77)* sy "‘(2) sy 4 (s77) ST 4+ (s57)%s3' T} under Hy,
and

k=50

Blwmw,] = SRe{ Y v/gu(gr = Dbembin + (95 = Dbiben} +
k=1

D.D,

Omn (40)

where mi?sidual (p), mijs)idual (p), and mres)ldual (p) represent the portion of m(p), m(p+6oLi,), and m(p—6o Li,)

(respectively) that is orthogonal to the space spanned by the first 50 eigenmodes.

5. NUMERICAL RESULTS

In this section we present our numerical results. We also briefly discuss the rationale behind the observed PSA
behavior. In many cases our realistic spatial bandwidth limited model will be compared with the flat-phase
“infinite-bandwidh” approximation device (with all modes amplified in the homodyne quadruture) discussed in
the introduction. There are several surprising results in which the non-uniform phase behavior of the realistic
model leads to better performance of the flat-phase infinite-bandwidth model.

It should be noted that there are several degrees of freedom over which performance can be optimized,
including pump geometry/size, pump power, pixel size (width and heigh), number of pixels, and lenses focus in
x- or y-dimension. What we found is that for a given pump size, a good strategy is to independently adjust
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Figure 6: (Color Online) Error probability for the 1-versus-2 target hypothesis testing for different (normalized)
angular separations.

the X- and Y-focus such that the 1-target signal matches the real part of the PSA’s most amplified eigenmode.
Furthermore, there is a relation between the pixel width and the aperture spatial resolution (similar to Nyquist
sampling). Roughly speaking, the pixel width (in dimensionless units .S,;) must be less than 1 in order to prevent
further loss of resolution. For the pixel height (.S, in dimensionless units) we found that while there is an optimal
operating point, the system has very little sensitivity to even large deviations from it. Thus, choosing the right
value for S, is of little impact. Table 2 shows the default configuration parameters that were used — unless
explicitly noted — to derive the results presented in this paper.

5.1 Error probability versus n

Figure 6 shows the detection error probability, computed using Monte Carlo (MC) simulations (107 runs),
for several values of target separation (u). The solid black line (with diamond markings) corresponds to the
detection error probability obtained when our realistic model of the PSA is employed. For comparison, the
red curve shows the expected performance under the “infinite-bandwidth” approximation. Also, as a reference,
the blue dash line show the performance of a heterodyne detector without PSA pre-amplification. We can
distinguish 3 different operating regions: (i) at low SNR, the finite-bandwidth PSA performance is very close
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Figure 7: PSA outperforms infinite-bandwidth amplifier at low SNR. (a) P. for 4 = 1, zooming-in for the
low SNR regime. (b) Effect of finite pixel size (S, = 0.5656). While the PSA-enhanced system suffers little
degradation, the baseline system (no-PSA) loses close to 0.3 dB in performance with respect to the continuum
detection array (i.e., S, — 0) case.

(slightly better) than an infinite bandwidth amplifier; (ii) at medium SNR, the finite-bandwidth performance
degrades and for some values of 1 and 7 it provides no gain over the baseline (i.e., homodyne detector without
PSA pre-amplification); and (iii) at high SNR, finite bandwidth asymptotic behavior is similar to a heterodyne
detector and significantly outperforms an infinite-bandwidth amplifier as SNR increases. We will discuss the
PSA-enhanced system behavior of each of these regions next.

5.2 Low SNR regime

Figure 7(a) shows a zoom-in on the probability of error curve for 4 = 1 for low values of 72 (i.e. low SNR case).
There it can be seen that the performance of a detector with a finite-bandwidth PSA pre-amplification is better
than the expected value for an infinite value amplifier and (not shown) with the same gain as the PSA highest
gain (Geyys,1). This behavior can be counterintuitive, as the initial expectation is that the spatial-bandwidth
limitation of the PSA would result in signal distortion, loss of resolution, and lower detector gain. Instead,
performance has actually improved. There are two main drivers for this good PSA performance.

Firstly, with the right focusing the target signal for the 1-target case (i.e. m(p)) is a very good match to the
real part of the PSA first fundamental mode (both are Gaussian beams). Since this mode experiences the highest
gain, the 1-target signal experiences close to optimal amplification, that is, there is no spatial distortion of the
1-target signal intensity function®. Furthermore, for most values of 1 in the range of interest, the 2-target signals
m(p + 6o Li,), and m(p — OpLi,) have most of their energy in the space spanned by the first 3 most amplified
eigenmodes. Since these eigenmodes’ gains is still large, the 2-target signal also experiences close-to-optimal
amplification.

Secondly, the PSA performs an all-optical filtering of out-of-band noise. Since the gains for higher order
eigenmodes decreases rapidly, noise contributions associated with higher-order eigenmodes are significantly re-
duced (compared to a infinite bandwidth amplifier, where all the modes are equally amplified). Note that, as
mentioned above, higher order eigenmodes carry little-to-no target signal information, and therefore the PSA
preference for lower-index eigenmodes (where the signal resides) over higher-index ones (mostly noise contribu-
tion) results in a type of all-optical signal-matched filter. Note that an equivalent filtering can be applied in
the electronic domain (i.e. post-processing using the covariance matrices) if and only if the detector array is
continuum (zero pixel width) array of sufficient area. This explains the finite-bandwidth PSA advantage for

*The phase, however, will be distorted/conjugated.
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practical (finite) pixel widths. For example, Figure 7(b) shows a comparison of the performance impact of the
pixel size for a PSA-enhanced detector (black, finite bandwidth) and the baseline system (red, no PSA, infinite
bandwidth). The solid lines show the performance when a continuum detector array is used. The dashed lines
show the performance when a discrete pixel array (with S, = 0.5656) is employed. It can be seen that the finite-
bandwidth PSA system experiences negligible degradation, while the baseline system experiences a degradation
of roughly 0.3dB. The main culprit for this performance degradation is the inability of the infinite bandwidth
system to completely filter out out-of-band noise when the pixel size is non-negligible. Said in other words, while
the different noise contributions are orthogonal at the input of the detector plane, the nature of the homodyne
measurements (i.e.. field integration over non-zero width pixels) does not preserve this orthogonality. Instead,
different noise contribution become correlated with the target signal (i.e. fall “in-band”), and the output signal-
to-noise ratio effectively increases. Note that since the finite-bandwidth PSA performs its noise pre-filtering
before the homodyne measurement, it doesn’t suffer from this effect.

5.3 Medium SNR regime

As shown in Figure 6, the PSA-enhanced system worst relative performance occurs at medium SNR. The PSA-
enhanced system performance degrades significantly, and in some cases (i.e. p = 0.5 and 7 in Figure 6(b)) it
may provide no benefit over a homodyne receiver without a PSA.

This behavior cannot be fully explained by the PSA’s finite spatial-bandwidth. Our analysis (see Section 5.5)
shows that increasing the PSA spatial bandwidth (by utilizing a broaded pump) does not, in general, improve
performance at medium SNR. Moreover, any finite bandwidth effect (gain reduction, filtering, etc.) should result
in a constant loss (in dB), that is, the error curve should run parallel to the curve determined under the infinite
bandwidth assumption. However, this is not the observed behavior. As can be seen in Figure 6, in all cases
the PSA-enhance system’s error curve has a lower slope (lower rate of decay) than the infinite-bandwidth case
(either infinite bandwidth PSA, or baseline) and its relative performance worsens as the SNR is increased.

5.4 High SNR regime

In the previous subsection we noticed that for medium SNR values the error curve slope for a PSA-enhanced
system decays slower than the baseline. Let alone, this would imply that asymptotically the behavior of the
PSA-enhanced system is much worse than the baseline. Fortunately, as shown in Figure 6, at a high enough
SNR, an inflection point occurs and the slope of the error curve increases significantly. Comparing the 4 plots
in Figure 6, it is evident that the slope of the error curve for the PSA-enhanced system is the same as (or very
close to) the slope of a heterodyne receiver.

This initially surprising result is due to the spatial pattern of the PSA spatial output changing in response to
changes on the phase of the input signal. At high SNR, the modification is noticeable and a detector can recover
phase information. Furthermore, since the most amplified eigenmode is complex with its real and imaginary
parts being linearly independent, the real component of the PSA output (measured by the homodyne detector
array) is never zero. In contrast, without a finite-bandwidth PSA, the homodyne detector output is zero when
the input signal is exactly 90 degrees out-of-phase.

To visualize that a PSA pre-amplified homodyne detector can recover phase information, let’s consider the
following example: assume the target signal corresponds to the 1-target hypothesis and, for argument sake,
let’s assume that the PSA has a single eigenmode ®1(p) = Vie(p) + jVim(p). Of course, this is not a realistic
assumption, but it serves to illustrate the way phase/quadrature information can be recovered. Let the input to

m° (0)
1

)
the PSA (for a given speckle) be (are + jaim)—lo)‘m(p), where m

ot is as before, the projection of m(p) over
my

O)
the first input eigenmode ®1(p). The term :—%O)‘ is a unit amplitude phase scaling factor used to simplify the
1

\
analysis. It follows that the target return at the output of a homodyne continuum detector is given by:

Sd(p) = |m§0)| <\/ Geff,larev;“e(p) + \/G—ﬁalm‘/lm(p)) = VA_ld (41)
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where V = [V, (p)Vim(p)]T, @ = [are aim]T is the vector we are trying to estimate, and A is a 2 x 2 constant
diagonal matrix accounting for PSA attenuation: A;; = 1/(|m§0)|\/Geff,1, Aoy = \/Geff,1/|m§0)|, and Aqs =
Agl =0.

Let’s define the operator < a,b >= a’b = [a(p)b(p)dp over the L? space. Then, since conditioned in
the speckle the measurement are Gaussian variables, a good estimator for a is the least squares estimator
characterized by the linear operator £L = AR™'V”, where:

_ | fir fi2
Ro=Viv _[fm f22] (42)

is the cross-correlation matrix (symmetric since the functions are real-valued) for the functions (V,..(p), Vim(p)).
f11 1s the energy of V,..(p) and faq is the energy of V;,,(p and it follows that f11 + fao = 1. Note that if Vi..(p)
and V;,,(p) are linearly independent, then the matrix R is invertible.

The noise signal ngy(p) at the output of the detector has three statistically independent components: one
associated with vacuum noise, and two equal weighted terms associated with V,.(p) and Vi, (p), as explained
before. Treating nq(p) as a column vector, we can write

Blna(p)nf(p)}) = el + $ViVE+ $Vin Vi, =l + VYT

Finally, using the operator £ over the measurements y4(p) = sq(p) + na(p) we obtain:
L{yi(p)} =AR'WTVA-la+ N =a+N
where N = R71VTn,(p) is a zero-mean Gaussian random 2-dimensional vector with covariance matrix equal to
E{NNT} = AR"WTE{na(p)nT(p)}VR~1A — ARWT (e, + %VVT)VR_lA
= ARV VTV)R'A + 2ARY(VIV)(VIV)R™A = AR A + %QIQA2

where the first term corresponds to the vacuum noise “amplified” by the matrix AR™'A. The second term is
the original eigenmode-related noise component, with he real and imaginary quadrature components amplified
by the factors A%, and A3, respectively.

Thus, we can see that as long as the matrix R is invertible, it is possible to recover both quadrature values
in a. However, the price to pay is an increase in the noise level, as determined by the matrix AR~ A.

For example, let’s consider the case where the real and imaginary components of the fundamental eigenmode
are orthogonal and of equal energy (i.e. fi1 = fa2 = 0.5 and fi2 = 0. Then R = 0.5I; and E{NNT} =
(2¢1+c2/2) A2, that is, the two noise terms are uncorrelated. This results in statistics fairly similar to a heterodyne
detector, but with an decrease of the SNR for the imaginary component by a factor A3, = (Geff71/|m§0)|2
(roughly speaking, a SNR loss of the same order of magnitude of the PSA squeezing factor).

In practice, our values of fi; are close to 1 (e.g. 0.9734 for the default PSA parameters) and therefore there
is a significant additional SNR loss when determining the quadrature information, which explains the large gap
between the PSA-enhanced system and the heterodyne detector.

The explanation above is not intended to be rigorous, but illustrative of how if the set of real and imaginary
components of the eigenmodes are linearly independent, then it is possible to recover phase information, although
at a loss.

Moreover, it has been recently shown that the right modal transformation (i.e., unity gain, orthonormal real
and imaginary components of output modes) just before a homodyne detector can convert the statistics of the
homodyne detector output to those of a heterodyne detector.”

5.5 Effect of pump width/spatial bandwidth

In this section we investigate if the cause for the bad behavior at medium SNR is due to limited spatial bandwidth,
and investigate the effect of changing the pump geometry.

TNote that for simplicity of description, V;..(p) and Vim(p) are being treated as infinite length column vector.
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A broader pump has higher spatial G vs eigenmode index for two pump size/power (same illuminance)
bandwidth, which in theory should lead 25
to better performance. Figure 8 com-
pares the quadrature gains (Geyy,y) for two
pump sizes (800um x 25um and 400um X
25um) under the same illuminance, i.e.,
the broader pump is excited with twice the
power as the shorter one. It can be seen
that the gain for the first eigenmode is the
same in both cases, but the rate of decay is
slower for the broader pump (higher spatial

— 400umx25um, 2.5KW pump
— — —800umx25um, 5KW pump

Ge" (absolute value)

bandwidth). R 1

Figure 9 shows the error probabilities T
for two values of p. It can be seen that at % - P % 5 %
low SNR, having a broader pump results Eigenmode index (most amplified first)

in a slight improvement in performance. Figure 8: PSA quadrature gains vs eigenmode index for two different

However, at high SNR, the higher-spatial ~pump sizes. Illuminance (per area power) kept constant.
bandwidth results in performance degra-

dation. A possible explanation for this is

the ”heterodyne-like” behavior of the PSA-

enhanced system at high SNR: a higher gain Geys, for the signal real component implies a higher squeezing
(Geflf n) for the quadrature (imaginary) component. Since the availability of a quadrature component is the
dominant factor for the observed low probability of error, any attenuation of the quadrature component will
result in an increase in the error probability.
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Figure 9: (Color Online) Error probability for the 1-versus-2 target hypothesis testing for different (normalized)
angular separations for two different values of pump width.

It is instructive to calculate the target separation p at which the error rate falls below some threshold
probability of error P...... Plotting this versus 7 reveals a resolution curve. Finally, Figure 10 show the
resolution curves for 4 different target error probabilities. It can be seen that for low and high error probability
targets, there is little value in increasing the spatial bandwidth. Only for error probability in the order of 3x 1073
and for angular separation above 0.5 times the Rayleigh angular resolution, it is worthwhile to spent the extra
power required to maintain a constant illuminance while increasing the pump width.
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Figure 10: (Color Online) Resolution curves for different target error probabilities Peyro for two different values
of pump widths: 800um (blue line) and 400um (red line). Baseline (no PSA) shown in black. The broader
pump, with higher spatial bandwidth, has better performance only in a limited number of cases.

6. DISCUSSION

In this paper we performed a complete characterization of a PSA crystal and compared its performance against
the results obtained under the “infinite-spatial-bandwidth” assumption. We have found that under both low and
high SNR, the performance of a PSA is better than the one predicted by the infinite-bandwidth, infinite gain
assumption. But, at medium values of SNR, the PSA performance may be much worse than one predicted by
the infinite-bandwidth assumption, and for certain values of y it may even be worse than the performance of a
system without a PSA (i.e. baseline system).

At low SNR, the good behavior of the PSA is due to (i) a good matching between the target signal and the
PSA first fundamental modes (both are Gaussian beams) which result in little — if any — loss due to the PSA
finite-bandwidth (i.e. signal excites the right modes), and (ii) the PSA behaving as an all-optical pre-filtering
of out-of-band noise — which can only be duplicated in the electronic domain if the detector array is continuum
(zero pixel width) and of sufficient area.
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At medium SNR, however, we have observed some significant performance degradation. This cannot be fully
explained by the PSA finite spatial-bandwidth. Our analysis shows that increasing the PSA spatial bandwidth
(by utilizing a broader pump) does not, in general, improve performance at medium SNR. Moreover, any finite
bandwidth effect (gain reduction, filtering, etc.) should result in a constant loss (in dB), that is, the error curve
should run parallel to the curve determined under the infinite bandwidth assumption. However, this is not
the observed behavior. Instead, the PSA error curve has a lower slope (lower rate of decay) than the infinite-
bandwidth case, and its relative performance worsens as the SNR is increased. For some values of 1 and SNR,
the performance of the PSA can even be worse than the performance of a system without a PSA (i.e. baseline
system).

At high SNR, the PSA good behavior is due to the PSA capability to recover some phase information. The
PSA input/output modal transformation result in some quadrature (imaginary) component information being
propagated (though squeezed) through the PSA. As the energy of this quadrature component grows above the
noise floor, its availability dominates the error probability, overcoming the effects observed at medium SNR, and
resulting in an error curve that asymptotically follows that of a heterodyne receiver.

In the future, we will further investigate the effect of the PSA modal transformation (i.e. output modes are
the complex conjugate of the input modes) in the behavior observed at medium SNR, looking for guidelines for
pump design (shape and/or power). Similarly, we will try to derive expressions relating the PSA behavior at
high SNR with that of a heterodyne detector system (i.e. quantifying the dB gap).
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