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Abstract. A one-dimensional transient quantum Euler-Poisson system for the elec-
tron density, the current density, and the electrostatic potential in bounded intervals is
considered. The equations include the Bohm potential accounting for quantum mechan-
ical effects and are of dispersive type. They are used, for instance, for the modelling of
quantum semiconductor devices.

The existence of local-in-time solutions with small initial velocity is proven for general
pressure-density functions. If a stability condition related to the subsonic condition for
the classical Euler equations is imposed, the local solutions are proven to exist globally in
time and tend to the corresponding steady-state solution exponentially fast as the time
tends to infinity.

1. Introduction.
1.1. The Model Fquations. In 1927, Madelung gave a fluid-dynamical description of
quantum systems governed by the linear Schrédinger equation for the wave function :
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where d > 1 is the space dimension. ¢ > 0 denotes the scaled Planck constant, and
V = V(x,t) is some (given) potential. Separating the amplitude and phase of ¥ =
|40| exp(iS/e). the particle density p = [¥[2, and the particle current density j = pV S for
irrotational How satisfy the so-called Madelung equations [21]

Op + divj =0, (1)
o P A
Opj +div <]—§;—l> —Vh = FpV <7’—\{ﬁ> =0 in R x (0,00), (2)

where the i-th component of the convective term div(j & j/p) equals

Edﬁ 0 (ﬁn)
=0\ p

Equations (1)-(2) can be interpreted as the pressureless Euler equations including the
quantum Bohm potential

2 Ap

2 Jp
They have been used for the modeling of superfluids like Heliumn 1T [16, 20].
Recently, Madelung-type equations have been derived to model quantum phenom-

3)

ena in semiconductor devices, like resonant tunneling diodes, starting from the Wigner-
Boltzmann cquation [6] or from a mixed-state Schrodinger-Poisson system (8, 9]. There
arc several advantages of the fluid-dynamical description of quantum semiconductors.
First, kinetic equations, like the Wigner equation or Schrédinger systems, are computa-
tionally very expensive, whereas for Euler-type equations, efficient numerical algorithms
arc available [5, 25]. Second, the macroscopic description allows for a coupling of classi-
cal and quantum models. Indeed, setting the Planck constant ¢ in (2) equal to zero, we
obtain the classical pressureless cquations, so in both pictures, the same (macroscopic)
variables can be used. Finally, as semiconductor devices are modeled in bounded do-
mains, it is easier to find physically relevant boundary conditions for the macroscopic
variables than for the Wigner function or for the wave function.

The Madelung-type equations derived by Gardner [6] and Gasser et al. (8] also include
a pressure term and a momentum relaxation term taking into account interactions of the
electrons with the semiconductor crystal, and are self-consistently coupled to the Poisson
equation for the clectrostatic potential ¢:

Orp + divj =0, (4)
. . 2 A .

Oj + div <w> +VP(/))—/)V¢—E—/)V (——@) =7 (5)
P 2 VP T

MNAp =p—C(x) in  x (0, 0¢). (6)

where 0 ¢ R? is a bounded domain, 7 > 0 is the (scaled) momentum relaxation time
constant, A > 0 is the (scaled) Debye length, and C(z) is the doping concentration

modelling the semiconductor device under consideration [12, 24]. The pressure is assumed
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to depend only on the particle density and, like in classical fluid dynamics, often the
expression

T
P(p) = 70p77 p>0, v>1, (7)

with the temperature constant Ty > 0, is employed [6, 11]. Isothermal fluids correspond to
v = 1, isentropic fluids to v > 1. Notice that the particle temperature is T(p) = Top?~ L.
In this paper we consider general (smooth) pressure functions. Equations (4)-(6) are
referred to as the quantum FEuler-Poisson system or as the quantum hydrodynamic model.

In this paper, we investigate the (local and global) existence and long-time behavior
of solutions of the following one-dimensional quantum Euler-Poisson system:

pr + ]z =0, (8)

(5 ﬁc (VD)) J
]t+<p +P(p)> = pds + p( 7 >1 = (9)
o :P—C(C)v (10)

with the following initial and boundary conditions:

p(x,0) = p1(z) >0, j(z,0) =ji(x) = o1(z)v1(x), (11)
p(0,t) =p1, p(1,t) =p2, pa(0,1) = pa(1,¢) =0, (12)
¢(0,t) =0, ¢(1,t) = Do, (13)

for (x,t) € (0,1) x (0,00), where p;, pa, ®g > 0, and v; is the initial velocity.

The existence and uniqueness of steady-state (classical) solutions to the quantum
Euler-Poisson system for current density jo = 0 (thermal equilibrium) has been stud-
ied in [1, 7]. The stationary equations for jo > 0 have been considered in [4, 11, 27| for
general monotone pressure functions, however, with different boundary conditions, as-
suming Dirichlet data for the velocity potential S [11] or employing nonlinear boundary
conditions [4, 27]. Existence of steady-state solutions to (8)--(10) subject to the boundary
conditions (12)-(13) is proven in [10] for the linear pressure function P(p) = p and in
[14] for general pressure functions P(p) also allowing for non-convex or non-monotone
pressure-density relations. So far, to our knowledge, the only known results on the
existence of the time-dependent system (4)-(6) have been obtained in [13] for smooth
local-in-time solutions on bounded domains and in [17] for “small” irrotational global-
in-time solutions in the whole space assuming strictly convex pressure functions and a
constant doping profile.

In the present paper, we conmder the initial-boundary-value problem (IBVP) 8-13
for gemeral pressure and non-constant doping profile, and we focus on the local and
global existence of classical solutions (p, 7, #) of the IBVP 8-13 and their time-asymptotic
convergence to the stationary solutions (py, jo, ¢o) obtained in [14]. First, we show that
there exists a classical local-in-time solution for regular initial data. Second, we prove
that if a certain “subsonic” condition (see 25) holds and if the initial data is a perturbation
of a stationary solution (pg, jo, o), a classical solution (p, j, ¢) exists globally in time and
tends to (po, jo, Po) exponentially fast as time tends to infinity.
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In dealing with the IBVP 8 -13 we have to overcome the following difficulties. First,
since the general pressure P(p) can be non-convex (cven zero or “negative”; see Re-
mark 1.6), the left part of Eqgs. 810 may be not hyperbolic any more. Unlike [17],
we cannot apply the local existence theory of quasilinear symmetric hyperbolic sys-
tems [3, 15, 22, 23]. We have to cstablish a new local existence theory. Second, the
appearance of the nonlincar quantum Bohm potential in 9 requires that the density is
strictly positive for regular solutions. This together with the structure of the quantum
term causes problems in the local and global existence proofs.

1.2. Main results. Before stating our main results we introduce some notation. We
denote by L? = L?(0,1) and H* = H¥(0,1) the Lebesgue space of square integrable
functions and the Sobolev space of functions with square integrable weak derivatives of
order k, respectively. The norm of L? is denoted by ||-||o = |||/, and the norm of HF is ||-||x.
The space HY = HEF(0,1) is the closure of C3°(0,1) in the norm of H*. Let T > 0 and
let B be a Banach space. Then C*(0, T; B) (C*([0, T); B), respectively) denotes the space
of B-valued k-times continuously differentiable functions on (0,T) ([0, T], respectively),
L2(0,T; B) is the space of B-valued L2-functions on (0, T'), and W*?(0, T; B) the space of
B-valued W*P-functions on (0, T). Finally, C' always denotes a generic positive constant.

It is convenient to make use of the variable transformation p = w? in 8-10, which
yields the following IBVP for (w. j, ¢):

Qwwy + ja = 0, (14)

.2 .
. J° 9 _ 2 1(2 9 (Waa _J =
.n+<w2+P<w )>$—w 0r + 5t (2 ) L (15)
ber = w? — C(x). (16)

with the initial and boundary conditions

(w.i){x.0) = (w1, j1)(x) = (Veo1, e101)(x), (17)
w(0,t) = p1. w(l,t) = p2. w.(0.t) =w,(1,t) =0, (18)
¢(0,f) = 0, @(1' f) = q)()s (19)

for r € (0,1), t > 0. This problem is equivalent to 8-13 for classical solutions with
positive particle density.

We will assume throughout this paper compatibility conditions for the IBVP 14-19
in the sense that the time derivatives of the boundary values and the spatial derivatives
of the initial data are compatible at (x,t) = (0,0) and (x,t) = (1,0) in 14-16. We will
prove the following local existence result for the IBVP 14-19:

THEOREM 1.1. Assume that
P € C%0,4+00), Ce€ H? (20)

(w1, 1) € H® x H® such that wi(z) > 0 for z € [0.1], and for some o € [(142v/2¢)71, 1)

1 — a)w,
lvaller oy < (- oo, )
8v/2|wn [l

(21)
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where

w. = min wy(z) > 0.
z€[0,1)
Then, there is a number Ty, (determined by 128), such that there exists a unique classical
solution (w, j, ¢) of the IBVP (14)-(19) in the time interval [0, 7], with 0 < T < T,
satisfying w > (1 — ajw, > 0in [0,1] x [0,T] and

NI + 17 OIE + lle®F <oo fort <T.

REMARK 1.2. (1) It is well known that for classical hydrodynamic equations, monotone
pressure-density relations are required to guarantee short-time existence of classical so-
lutions [2, 18]. The condition 20 means that this condition is not necessary (to a certain
extent) when the quantum effects are taken into account.

(2) Condition 21 is needed to prove the positivity of the particle density. A similar
condition has been used to prove the existence of stationary solutions [11]. This condition
allows, for arbitrarily large current densities j; = w%vl, for instance, if w; is a sufficiently
large constant.

(3) We are able to show the statements of Theorem 1.1 under the slightly more general
condition

lorller oy < mi { (1““)} 2 ae(01) (22)

villen min § ae, , @ 1),

Hee 22 J 4wl

Then 21 is a special case for a > (1 +2v/2¢)~! which is equivalent to ae > (1 —a)/2V/2.
(4) The local existence of the Cauchy problem in R? or T¢ can be shown in the same

framework; see [19].

Theorem 1.1 is proven by an iteration method and compactness arguments. More
precisely, we construct a sequence of approximate solutions that is uniformly bounded in
a certain Sobolev space in a fixed (maybe small) time interval. Compactness arguments
then imply that there is a limiting solution which proves to be a local-in-time solution
of 14-19. Unlike [17], we cannot apply the theory of quasilinear symmetric hyperbolic
systems (3, 15, 22, 23] to construct (local) approximate solutions and obtain uniform
bounds in Sobolev spaces because the pressure can be nbn-convex, causing the loss of
entropy and hyperbolicity of 14-15.

The idea of the local existence result is first to linearize the system 14-16 around its
initial state (wy, 71, ¢1), where ¢; solves the Dirichlet problem 16 and 19 with w replaced
by w1, and to consider the equations for the perturbation (¢, n,¢e) = (w—wy,j—71,d—b1).
The main idea is to write the evolution equation for the perturbed particle density
as a semilinear fourth-order wave equation. Then, we construct approximate solutions
(i, mi,€;) (i > 1) from a fixed-point procedure, which are expected to converge to a
solution (1,7, e) of the perturbed problem as i — oo. For this, we derive uniform
bounds in Sobolev spaces on a uniform time interval and apply standard compactness
arguments (see Sec. 3). A further analysis shows that (w,j, @) = (w1 + ¥, 51 + 1,01 +€)
with w > 0 is the expected local (in time) solution of the original problem 14-19.

To extend the local classical solution globally in time, we need to establish uniform
estimates. We consider the situation when the initial data is close to the stationary
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solution (wg, jo. o) of (14}-(16) with boundary conditions 18-19. The existence of sta-
tionary solutions {wq. jo. @) of the bouudary-value problem (14)-(16) and 18-19 for
general pressure functions P(p) was obtained in [14] (see Theorem 1.3 below).

Assume that there is a function A4 € H?(0, 1) satisfying

Alx)>0forx € (0.1). A0)=pm. A(1)=p2. A (0)=A,(1)=0 (23)

such that for a set £ C [0.1], it holds

Ji {go. r ek,

P (A) - A2 >0, z¢€ [(). 1]\E

(24)
Then we conclude the existence of stationary solutions (wg, jo, o) of 14-16 satisfying
the boundary conditions 18-19:

THEOREM 1.3 ([14]). Let 20, 23-24 hold. For given x € (0, 1), assume that

1
min A <—H€2 + P'(A)) > je. (25)
z€[0,1] 4

Then there is a unique solution (wy. jo. ¢o) of the stationary version of the boundary-value
problem 14-16 and 18 19 such that

Aullwo — VA|I? + Agllwo I3 + lldue|} < Cdo,
provided g := ||A’||1 + [ A — C]| is small enough. Here, A, = ming¢p1) A(2),

1
Ap = min (—h‘,&‘z + P'(A) - ng_Q) >0, (26)
xe[0,1] \ 4
and C > 0 is a constant depending on jg, 7, and A.
Let po = w?. Then (po, jo. ¢o) is a solution of the stationary version of the boundary-
value problem 8-10 and 12-13 satisfying

Asllpo = All? + Aollpozlls + l|@oxlIT < C'd, u
and C’ > 0 is a constant depending on jg, 7, and A.

REMARK 1.4. (1) When F = () assumption 24 corresponds exactly to the subsonic
condition for classical fluids [2, 18]. We recall that a classical fluid is in the subsonic
state if the velocity is smaller than the sound speed /P’(p). Only for subsonic fluids,
we can expect to have existence of classical solutions [2, 18]. Therefore, in order to get
existence of classical solutions of the quantum hydrodynamic equations, we expect that
a condition corresponding to the classical subsonic condition is needed. It turns out that
24 is such a condition. Notice that condition 25 can allow for non-empty sets E when
quantum effects are involved.
(2) Condition 24 can be replaced by

%ﬁﬁ + B min(p!(A) — A ) >0, € (©0,1), 27)

in order to obtain the existence and uniquencss of classical solutions. Here, |E| denotes

the volume of the subset E.
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(3) We recall that in the steady state, the current density jg is a constant. If jo = 0,
we obtain the thermal equilibrium state. Condition 24 is satisfied if jo > 0 is sufficiently
small. Thus, Theorem 1.3 means that we can show the existence of solutions “close” to
the thermal equilibrium state.

In the following, we use the abbreviation
Yo =wi1 —wo, 7o =J1— Jo- (28)

In view of the uniform a-priori estimates of Sec. 2, we are able to extend the local classical
solution globally in time and prove its exponential convergence to the stationary solution

(w07j0, ¢0):

THEOREM 1.5. Assume that 20, 23-25 hold. Let (wy, jo, $o) be the stationary solution
of the boundary-value problem 14-16 and 18-19 given by Theorem 1.3 for sufficiently
small §g. Assume that the initial datum (wi,j;) € H® x H® satisfies 21 and w;, > 0 in
[0,1]. Then there is a number m; > 0 such that if

dolle + llmolls = llwr — wolls + 1171 — Jolls < ma,
the (classical) solution (w, j, ¢) of the IBVP (14)-(19) exists globally in time and satisfies
ll(w = wo) (I + 11 = Fo) (DI + 116 — Do) ()T < CllIwoll§ + ImollZ)e™™  (29)

for all t > 0. Here, C > 0 and Ag > 0 are constants independent of the time variable t.

REMARK 1.6. Theorems 1.1-1.5 also apply for non-monotone or even “negative” pressure
functions. These functions are related to quantum mechanical phenomena in which the
motion of the particles is affected by their attractive interaction [16]. A typical example is
the focusing nonlinear Schriodinger equation. In fact, this equation is formally equivalent
to the quantum Euler-Poisson system with infinite relaxation time and with “negative”
pressure.

Using Theorems 1.1-1.5 and the variable transformation p = w?, we also obtain the

local and global existence of classical solutions of the original IBVP 8-13 and can establish
their large-time behavior:

THEOREM 1.7. Let 20 hold. Assume that (\/01,j1) € H® x H® such that g; > 0 in [0,1]
and
Ox

: (1 —a)}
v < min { ae, » «€(0.1),
fviller o) { 2v2 ) 4llve, 0.0

where

0, = mMin x).
0. = min 0,(z)

Then there is a number T, > 0 such that there exists a classical solution (p, j, ) of the
IBVP (8)—(13) in t € [0, T}] satisfying p > 0 in [0,1] x [0, T7] and

oIS + 1 ®1E + le@)IF < 00, < T, (30)

Furthermore, assume that 23-25 hold and let (pg, jo, ¢o) be the stationary solution
of the boundary-value problem 8-10 and 12-13 given by Theorem 1.3 with sufficiently
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small §y. Then, there is a number 71y > 0 such that if ||\/o1 — \/polle + ||70]|s < ma, the
solution (p, 7, ¢) of the IBVP (14)-(19) exists globally in time and satisfies

2+ 106 = o)1 < Clllvol? + oll2)e ™.

1(e = po) IS + 110G = o) (t)

for all t > 0, where C > 0 and A; > 0 arc constants independent of ¢ and the pair (19, n9)
is defined in 28.

This paper is arranged as follows. Section 2 is concerned with uniform a-priori esti-
mates of local (in time) solutions. We reformulate the original problem in Sec. 2.1 as a
nonlinear fourth-order wave equation and establish the a-priori estimates for local solu-
tions in Sec. 2.2. The a-priori estimates and the local existence result of Sec. 3 imply
the global existence. In order to prove the local existence result, we first give a result
on the existence of solutions of an abstract fourth-order wave equation (Sec. 3.1). This
wave equation allows us to construct a sequence of approximate solutions converging to
a local solution of the problem under consideration (Sec. 3.2).

2. Proof of Theorem 1.5. In this section, we establish uniform a-priori estimates
for local classical solutions of 14-16. This yields, together with the usual continuity ar-
gument, the existence of global-in-time solutions and proves Theorem 1.5. For notational
simplicity, we set 7 = 1.

2.1. Reformulation of the original problem. Let (wy, jo, o) be the steady-state solu-
tion of the boundary-value problem 14-16 and 18-19. For any T > 0, assume that
(w, 7, ¢) is a solution to the IBVP 14-19 in {0, 7).

Differentiating 14 with respect to t and 15 with respect to z and adding the resulting
equations leads to a nonlinear fourth-order wave equation for w:

+ + 1 2+1(2') ! P( 2)+j2 +152 € e 0, (1)
w we + —wi+ —(w . — — w - S Wppgr — —€°2E = (),
i Er LT waq)x‘r 2w w?|,., 4 R )

where we have used the identity

[ (5], o =] o

Similarly, the steady-state solution of 14-15 satisfies

1

5 (w(2)¢0r)x

1 2 1. 1wl
5 — [P(wg) + ]—"2] + 2 Woppzr — — €2 2EE — (), (3)
Wo W&o T

w§ 4 4wy

Introduce the perturbations of the steady-state

Y=w—wy, N=7—Jo. €=¢&— o (4)
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Then, using 14, (1)-(3), and 16, the evolution equations for (1,7, ) read as follows:

77t+77=90($»t)7 (5)
Yuu Y+ J ez + 5 (268 + Bt + oz + 410
e il —(mw—ﬁﬁ:— GOt n@
wo w(2)77 . 0 wg T . = g1z, g2\Z, 1),
Crz = (2“)0 + 1/1)11), (7)
with the following initial-boundary values:

n(z,0) =mno(z), = €(0,1), (8)

- _ _._ Ma{z)
¢(‘T7O) - ¢0(x)7 1/%(-’1370) - 90(3}) - 2(0)() + '(/JO)(:I:)’ z E (07 1)7 (9)
¥(0,8) = ¥(1,t) = 9.(0,t) = ¥-(1,¢) =0, t>0, (10)
e(0,t) =e(1,)=0, t>0, (11)

and the definitions

(Go+m* 43
(o) = = | 20— Bt P+ 07) - PR
1 2 2 (WO +w)a:z 1 2 9 [ Woxzx
st o (C550) 5 (%),
+ (2wo + ¥)Yos + (wo + )€, (12)
_52(2‘*}0351 + Pzz) . 2'52("‘10 + d))ﬁx _ 1/)?
gl(fl?ﬂf) = 4&)0 1/)” 4(w0+1/1)w0w (w0+w)
- (¢0z + ex)d)x — Woz €y, (13)

. 9 )
02, ) =2(ﬁ) [P(w L))+ ”—"*’7—)] - %O [P(w%) + J—O}

+v (wo + )2 2 Wi
.2 1 .
-|(Pdr - 2| -2 (8] 14
(red-) el -5 15, e
Notice that we can write 14 equivalently as
2(wo + ) + 1y =0, (15)

which allows us to estimate the derivatives of 7 in terms of ¥.
2.2. The a-priori estimates. We assume that for given T > 0, there is a classical
solution (9, n,e) of the IBVP 5-11 satisfying the regularity condition

(,m,e) € X(T) := C°([0,T]; H®) x C°([0,T}; H?) x C°([0,T); HY).
We also use the definition

(e (®)lls + lIn(E)lls)- (16)

07 := max
0<t<T
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It is easy to verify that if ér is sufficiently small, there are constants w_, wy, j—, and
7+ such that

O<w- Swo+9¢ <wy, J-<Jo+1<J+

In the following we assume that Jd7 is sufficiently small such that the above estimates
hold.

LEMMA 2.1. Tt holds for (¢,n,e) € X(T) and (x,t) € (0,1) x (0,T),

ex(z,t)* + le(lF < ClUI3.  car(z, 1) + ex(x, 1) + llee (|7 < Cllwe(t)z.  (17)
()12 < Clinoll? exp{—cot} + Cll(¥r. ¥ Yaaa) I, (18)
n(z,t)? < Cllnol|? exp{—cot} + C|| (¥, ¥, Yzza) ||, (19)
Ine())1* < Cllmoll* exp{—cot} + Cll(¥¢, ¥ Yaa) 7, (20)
| (Voaze: Yaza)lI? < Cll(Wse, e, ¥, Vs Yus eI (21)

provided that 61 + d¢ is small enough (see Theorem 1.3 for the definition of Jy). Here,
co,C > 0 are constants independent of time ¢. Here and below the notation [|(f.g....)||?
means [|f|* + [lg* + -

Proof. The estimates (17) follow directly from the formula

1
e= | Glap)(enty) + w10y,
0
and Holder’s inequality. Here, G(z,y) denotes the Green’s function

‘T(l_y)’ r <y,

G(z,y) = { (22)

y(l—z), >y

To prove (18)-(20), it is sufficient to prove 18. In fact, from (15) follows

1 1 1 1
n? < / ndzx + 2/ [nenlde < C/ n?dx + C/ Yidr,
0 0 0 0

which gives 19 if 18 is proved. In order to see that 20 also follows from 18, we proceed
as follows.

We conclude from the boundary condition (10) that there exists 0 < x;(¢) < 1 such
that

wI(‘Tl (t)v t) =0,

and that there are x2(t), z3(¢), and x4(t) satisfying 0 < x2(t) < x1(t) < z3(t) <1 and
0 < xo(t) < 24(¢) < z3(t) < 1 such that

Yoz (T2(t),t) = VYoo (23(t), 1) = VYoua(za(t), t) = 0.
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Thus, by Poincaré’s and Holder’s inequalities, we obtain
Y

1 1
/ Yide < C / Y2 de, (23)
4] 0
1 1 z 2 1
| vtado = / | tmtwtidy ) o< / ¥2, o, (24)
0 0 Zg(t) 0
1 1 z 2 1
= ( wzm@,t)dy) do < [ Wsmuda, (25)
0 0 z4(t) 0

Then, using (5), (17), 15, and 23-24, we can estimate

' Y/ Gotn)? 4B :
[ b <c | {(m Bt Pllan+ 0~ PR)) | e
0 [+ e, + a0 /O (2 + )02y + (o + Y)iba) 2

1
< / P + 2 + 02 + g2 42, + 2, ld

<C/ n +,¢}2 +wt +¢xrz]

Hence, estimate 20 follows as soon as 18 is shown.
We now prove 18. Multiplying (5) by 7, integrating over z € (0,1) and integrating by
parts gives, in view of the boundary conditions (10),

].d 12 1
-z d 2
2dt</0n x)+/0ndx

< [U(J0+77)2 }

(A)O
1
/’

1
+C /0 (1200 + 9)%)ase] + Mt (200 + 1)) da

/ In((2wo + ¥)doz + (wo + ¥)’es)| dz

dzx

(Go+m? 3}
Nz (m—w—%+P((wo+¢) ) — (%%))

é]o+11+12+13. (26)
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The integrals Iy, I7, I, and I3 are estimated as follows.

1 . 2 -2 : : 2 .2
+1)% — + +1)% -
o< [ (eI gy 0, 0TI 20 g
0 wh Wo Wp
1 1 ) 1
< 1 2
<(co+ 12)/0 da +c/0 Yidz, (27)
1 1 1 1 1 1
I <— 772d;c+C/ (Y? +e2)dx < —/ nldx + C/ Yidz, (28)
12 J, 0 12 J, 0
1 1 1 1
B <C [ ol +lwnlde < 35 [ apda+C [ (v + vl (29)
0 0 0
1 ! 2 ! 2 2 2
I SE ; n°dr + C ; [¥; + v~ + ¥i,.)de, (30)

provided that 1 + g is small enough. In the above estimates we have used 15, 17, 23,
and 24. Substituting (27)-(30} into (26) yields

d 1 1 1
7 (/ n2dx> + co/ nide < C/ [1/1? + 92 + wimldac, (31)
0 0 0

where ¢q € (0, % — Cd) is a constant and &g is chosen so small that Cdy < %. Applying
Gronwall’s inequality to 31 gives 18.
Finally, we prove (21). By (6) and (18), it holds

1 1
[ Vanntin <C [ 07 407 02, + 02+ 02 )
0 o]
1
+C(6r + 60)/ 2 dx. (32)
0
The combination of (32) and (25) leads to (21), provided that é7 + 8 is small enough

such that C(d1 + dp) < 1. O
We prove now uniform estimates in Sobolev spaces for ¥, 1, and 9.

LemMA 2.2. It holds for (¢,7,e) € X(T) and 0 <t < T,
@3 + w115 + [l (DI + le(®)l3 (33)

/ J8> 2 2
PlA) — 20 ) (g2 4 92)d
+/(011)\E( (A~ ) 2+ g2
< C(Iol2 + moll2) exp{—Bat}. (34)

provided that ér + dp is small enough. Here, C, 83 > 0 are constants independent of ¢.

Proof. Step 1: differential inequality for i and 1; in L?. We multiply (6) by 1,
integrate the resulting equation over (0,1) and integrate by parts, taking into account
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the boundary conditions 10:

1 1 1
L] (/ [1¢2 + '(//"l/JtJ dz) - / Yidz + 1 / (2wf + Bwo + Goge + P2 )Yde
dt 0 2 0 2 0

1 2 1 .
_ 12 2 reo2y _ Jo 2 / iﬁ_ Jo
- [45 ”’”*(P(“’O) wa*)d’f} bt | w\&"), "

1 1
+ [ s+ / gobda
0 0
é[4+_[5+16+l7. (35)

We estimate the integrals I, ..., I7 term by term. From 23 follows

n=- 1 [152 2 4 (P’(A) - ﬁ) 2] ia- [ 1 (P'<w0> SPy -8 J—‘)) Y2de
| 1 o A2 T o w4 .A2 x

0

1 1 ) j2 j2
< _ = 2 2 _ ! _ _O 2 _ / . _0 2
-3 [ v min (PO 2) [ute— [ (P- v
YO y je 5 2
- [ (Pt P - B ) v

1 2 1
< — (by + Ap) / Y2 dx — / (P’(A) - %) Yidx 4 Cdg / Y2 dz, (36)
0 (0,0\E 0
where Ag is given by 26 and
1
b() = 4_1(1 - K))Ez.

Note that Ag > 0 by assumption 25.
Elementary computations, employing 15 and 16, lead to

(%,& =~ 28 (w4 )+ w0 + )]

0 0
—4 (J—‘)) (wo + )b+ (J—(’) : (37)
“o/ o wo / za
With this identity, Cauchy’s inequality, integration by parts, 18, and 23, we have
2j
_Qowzd)t
wo

1 1
[Is] <C(6r + 60)/ (W% + F + n?)dx + / dz
0 0

1 1 1 1
<C(8r + 50)/ (W7 +9° + Ylop)de + ao/ Yide + Zbo/ brpde
0 0 0

1
+ Cexp{—cot}/ nadz,
0
where
1652
(1 — K)e? ming yjw§

ap = 472/ min wiby =
0 ]O/[o,u 0%0

In view of

l91(z, )| < Clthaa| + W] + [¥e| + Y| + |eal), (39)
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Cauchy’s inequality, (17), and 23, we infer
1
16| < C(ér + do) / [W2e +9° +vilda.
0

By 16, 15, (18), and (23), we obtain, after a tedious calculation, that

lg2(z, 1) < C(0r + 60)([Vaa| + [Ya| + || + || + Inl). (40)

From the above estimate, 19, and Cauchy’s inequality follows

1 1
\F2| <C(or + bo) / W2 4 02, 4 02, + 92da + Cexpl—cot} Jf nRdz.
0 0

Substituting the estimates for Iy, ..., I7 into (35), we conclude
d Mt , o,
T ="+ Y| dx ) — (14 ag) pidx
t\Jo [2 0

1 1
+g / (20§ + Bwot + Gozz + V7)Y duds
0

1 :2
+ (Ao + Ebo)/ Y2 dr + / (P’(A) - 3—02) Yida
47 Jo JoanE A

1 1
<C(6r + bo) / (W2 + 02, + 42, + 02)dz + C exp{—cot} / Rdr. (1)
0 0

Multiply now (6) by 1, integrate the resulting equation over (0,1) and integrate by
parts, noticing ¥,(0,1) = ¢¥:(1,t) = 0:

1d ([ 3 1 1

5% (/0 [¢f+<w§+§%¢+5¢0m+z¢2> w2] d:I,’)
1d ‘T 2,2 12 Js 2 ' 2

v ([, [ (Ped =T ) ot ae) [ ot

1 - 1 1
=/ w " <i—%ﬂ> dr +/ g1dx +/ g2tdx
0 0 X 0 0

B1s+ Iy + I (42)
Employing 37, integration by parts, and (18), we estimate
1o, 1
2
o< [ Bvibde + Clor+80) [ (5 402 4P
0 W 0
1 1
<C(6r +80) [ (57 + 0% + ko )ds + Coxpl—cot) |
0 0
In view of 39, 40, 17, (18), and (20), the integrals Iy and Iy can be bounded as follows:

1
|Ig| <C (67 + 50)/ (W2, 4+ 9% + ¢?)dz,
0

1 1
|I10} <C(07 + b0) / (¥? + 1/1531. + d}im + wf)dx + Cexp{—cot} / ngdac.
0 0
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Substitution of the above three estimates into (42) yields

1d 1 3 1 1
5 (/0 [w?+<w§+§w0w+§¢m+—w2>¢2}dx)
ria () [ (rep- B)uzfan) o [ ot

C (1 + do) / (W* + 2, + 92, +¥P)dz + C exp{—cot} / nedz. (43)
0 0

We add 41 and 43, and multiply by 2(1 + ag) (here we recall that ag is denoted by
38), to obtain

1
L([ [pr v+ 0 annt]ae)

d 1 3 1 1
+;l—t (/0 (1+ ao) {%2) + §w01/1 + 5¢>0m + Z”‘l)z} ¢2d1’>

a2 </01(1+a0> Ee +< (wh) - )11’2]“)

1
+% / [(2w§ + 3woth + oze + V2 )Y% + 2(1 + ag)yf] dz

;2
<A0 + bo)/ wQ dx + / (P/(A) — -:i%) zbgdx
0.1\ E

1
50(5T+50)/ (W2 + 2, +wm+¢f)dm+cexp{—cot}/ nadz. (44)
0 J0O

Applying Gronwall’s Lemma to 44, we can estimate the H2?-norm of ¢ and the L2-
norm of ¥, in terms of the initial data and ||¢,.z|. However, the differential inequality
for ¥ and ¥, is enough for the following considerations.

Step 2: differential inequality for v;; in L?. The starting point of the following
estimates is 6, differentiated with respect to t:

1 1 3
wttt + wtt + _52wzxaczt + wg + 3w0¢ + _¢022 + _wz wt
4 2 2

-2 (Ba) - [(Ped-B)oa] —anramten. @)

This equation holds pointwise almost everywhere in (0,1) x (0,T) due to the fact ¥ €
C°([0,T); H®) N H3(0,T; L?) (see the proof of Theorem 1.1). We multiply (45) first by
14, Integrate the resulting equation over (0,1) and integrate by parts, using 7 and the
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boundary conditions ¢(0,t) = ¥4(1,t) = ¥z(0,t) = ¥z (1,£) =0 :
d Lo, Lo o 1 3 2| .2
T / i + Yy | dx | — / Y dr +/ wh + 3woy + Zdogz + V7| Yidx
i \J, |2 ; ; 2 2

——/1 1521#2 + P’(w2)—ﬁ 2 dx+/1id) Jo dz
- 0 4 zxt 0 wé xt 0 Wo t wgnt .

1 1
+/ g1tprdr +/ gatrdz
0 0
A
2112+113+Il4+115. (46)

Applying an argument similar to 36, it follows

1 -2 1
Iy < — (Ao + bo)/ Y2 . dx — / <P’(A) — %) Y2.de + 050/ Y2 dz,
0 (0,1\E 0

where we have used

1 1
/sztdxs/o ¢2td$§/0 w?ca:tdxv (47)

based on the facts 9,:(0,t) = ¥,(1,t) = 0. By (15), (20), and (47), we have, after
integration by parts,

1 .
Ii3=— / %@bt((iﬂ + wo)Wzte + 20zt + (wWo + V) 2ee JdT
0 Wy

1 - 1 .
- 4/ "*’0_1 <]—02> Ve (W7 + (wo + V)i )dz +/ wo_1 <J—g> Yinedx
0 “o/ g 0 “h

T

1
<C(67 + 60) / (W2 + 02 + 97+ )da
0

1 . 1 .
+
+ 2/ (M) bethue| d + 2/ 29 (wo + ) haethu| do
0 W z 0 %o
1
<Cor+d0) [ (WA + 03 + ke + ¥2,)d
0
1 1 1 1
+ C’exp{—cot}/ nedx +a0/ z/)ftd;r + Zbo/ ?Pfcztdx-
0 0 0
Elementary computations yield the estimate
lg1¢(z, )| < C(67 + 0)([Vzat] + [ee] + [8t| + |Pue] + lext]), (48)

which implies, in view of Cauchy’s inequality, (21), and (47), that

1
|4l < Cl6r + 60) / (4200 + 07 + ¥, )dr.
0
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After a tedious computation, it follows from 16 that

|g2¢(z,t)| SC(O7 + 80) (|Wazt] + [Yee| + [Vut] + [¢0e] + |me])
Jotm J_O)
(‘UO 4 w)g wg Neaxt
SC((ST + 60)(|waczt| + I'lpm:| + 'wttl + |¢zt| + thl + |77t|)

Jot+n Jo
— 2(wo + = = | Yut, 49
(wo + ) ((wo T )3 wg) Yt (49)
where we have used the equation
(50)

dprzthe + 2(wo + W) per + 2(wo + )2Vt + Nexr = 0.

Using 49, (18), 47, (24), and the fact ¥4(0,t) = ¥¢(1,¢) = 0, we can estimate I;5, after
integration by parts, as follows:

1
Lis <(61 + &) / (W2ae + Vi + 7 + 97 + 2, + 92, )de
0

1 . )
Jo+7 J
+ 2/0 (wo + 1) <—(w00+ D) - w_%’> Yt Pyde

1 . .
Jo+7 Jo
+ 2/(; <(w0 +d)) [(WO +¢)3 - g])mwt%tdﬂ?
1
<C(8r + bo) / (Y20 + VF, + 97 + 9 + 92, + 92, )dz.
0

Substituting the above estimates for I, ..., I15 into (46), we conclude

11y 1
; </ [5%2 + W/»u] dfﬂ) —(1+ ao)/ Yidx
0 0
! 2 1 3 2| 2
+/ wh + 3wy + Zdoge + =¥ ] Yy dx
0 2 2
+ (AO + §b0) /1 Y2 dx +/ (P’(A) - ﬁ) Y2, dx
4 0 rxt 0.1\ E AQ xt

1
<C(b7 + &) / (W2 + 9%+ 02 + %, + 02, + U, )de
0

d
d

TZT

1
+ Cexp{——cot}/ nedz.
0
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The next step is to multiply (45) by ¥, to integrate the resulting equation over (0, 1)
and to integrate by parts, using 94(0,t) = ¥ (1,t) = 0, which yields

%i < |:1/)tt <w0 + 3“)0"/) + ¢0:vz + 11)2) 1/%] )
d /
d_ (/ |:Z€ ot T (P (w(z)) - ZT%) dﬁt] d$>

dt
1
t3
3

-3 ; (w0+1/J wtdaz—i—/ d)ttdx

1 1 1
wy P <—2m) dr + / gurdr +/ Got¥rde
0 Wo ez 0 0

Ing + Iy + I1s. (52)

(1>

By 15, 50, (20), (23), (47), and integration by parts, we have

1 . 1 -
Le=—-2 / 29 (wo + V) Putareda — 2 / 20 (et + (wo + V)t )d
0 %o 0 “Wo

tq Jo 0 1 o
_4/0 o (w_g>xwtt(¢t +(w0+¢‘)¢tt)d:t+/0 o (w—(%)m%mtda:

1 1
C(ér + 50)/ (W2 + 92 + 0% + 2, + 2, )dx + Cexp{—cot}/ nedz,
0 0
From (48), (17), and (47), it follows

1
\Lir| < C(67 + 60) /0 ]2, + U2 + YR da

Finally, in view of (49), (18), (20), and integration by parts, it holds

1
Iig <(67 + &) / (Y2pe + U5 + 07 + % + 2, )da
0

1 . )
Jo+1n Jo
_ 2/0 (wo + ) <—(w0 0P - F) Yt Poped

<(67 + &) / 2, + 92 + 02 + 92 + Y2, )da
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Substituting the estimates for the integrals I14, I17, and I15 into (52) gives

1d (! 1 3
Qd— /0 [’(/)tzt + <w(2] + 3wy + 5(1)0;,;@ + 51/J2> ’l,DtQ:| dx)

! 1 2.1,2 sy 2 .78 2
0 15 szt T P(w0>_w_§ xt dz

1 1
(wo + P)idz + / Vida
0

L
TN

+

BN N =

S— =

1
<OBr+80) [ W+ U+ v+ 07+ e+ )
0

1
—+ Cexp{—cot}/ nedz. (53)
0

Now we add inequalities 51 and 53, and multiply by 2(1 + ag), to infer

1
% (/0 [%%2 + Pehee + (1 + ao)Tﬁ?t] da:)

d ., 1 3 2| 2
+(1+a0)dt A Wy + 3wotp + 2¢0xm+§'¢) wtdx

+(1+a )i /l lEQ 2+ P(W3) - ﬁ 2 | dx
0 dt 0 4 zxt 0 Wé xt
1 1 1 3
+ (14 ao)/ w?tdx +/ [wg + 3wy + 5(150” + §¢2J wfda:
0 0
3 g , 38,2
+ Ao+ —bo Pidr + P(A) — =5 | ¥rda
4 0 (0, )\E A

1
<C(br+d0) [ (0 + v+ ks + ¥ + Ve + 0P
0

1
+ exp{—cot} / nidz. (54)
0
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Step 3: combination of the estimates for v, v;, and ;. We combine the
estimates (44) and (54) and obtain for some constant §; > 0, using (21),

4
dt

+(1+a0)%</01

d ([ 1 3
+(1+ ao)a </ wh + 3wt + §¢om + 51/12] wng>
o L

</01 [%(‘/’2 * "/’3_) + (W + ur) + (L + ao) (W + w?t)] dz)

3 1 1
wh + iwow + §¢0m + 11/)2} ¢2d$>

d ! —1 2 2 2 / 2 .]g 2 2
rara ([ [0z vt (Ped) - 2) wiv i) ar)
1
4B [ 104 0 Ut vl
0
-2
oo (P ) et
1
§Cexp{—c(]t}/( nad, (55)
)

provided that ér + dp is small enough.
There exist constants 35, 83 > (0 such that

1
Ba / [0% + 97 + 02+ f + iy + 2, de
JO
a2
+ 2 / (P’(A) - %) (V3 + 3,)dz
(0,1\F
11y
s/ [§(w2+w3)+wt(w+w)+<1+ao)<w§+w?t)] dx
0
1 d 2 3 1 L5 2,
+ ( -‘r—ao)/o _wo+§w0¢)+ §¢0m+1¢ Yedr
1
+ (1 +a0)/
0
1

r -2
saran [ 12wk et + (Pad - 5) @2+ it ao
o L “o

I 1 3
wa 4 3worh + §¢Um + §w2] Yidr

1
<A By [ [ R 0 v v+ ] e

2
eoit [ (Pa- ) k)
(0,1N\FE
Thus, applying Gronwall’s inequality to 55, we finally obtain

)
(P - 2% ) 42+ vas

1
/ [0 + 92 + 92, + f + P2, + v2,] dx+/
8]

0, 1\E
<C(|[woli? + lImoll3) exp{—Bat}, (56)
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provided that 67 + &q is small enough.

The combination of (56), (17), (21), and 7 gives assertion 34. Thus, the lemma is
proved. [l
We also obtain bounds for higher-order estimates for .

LEMMA 2.3. It holds for (¢,7,e) € X(TYand 0 <t < T

:2
103013 + 12 (T + [P (0 + e + / (P'(A) - ]°2> W3 dr
JOINE A

<C(I(wollg + lImoll3) exp{—Hat}, (57)
provided that d7 + §g is small enough. Here, C, 34 > 0 are constants independent of ¢.

Proof. For the proof of the lemma take the time derivative of 45 and estimate similarly
as in Lemmas 2.1 and 2.2. As the estimates are analogous to those of the proofs of

Lemmas 2.1-2.2, we omit the details. (I
Proof of Theorem 1.5. By Theorem 1.1, there exists a solution (w, , ¢) of the IBVP 14—

19 for ¢t € [0,T]. With the help of Lemmas 2.1-2.3, we infer that the local solution
(w, j, @) of the IBVP 14-19 satisfies, for t € [0,T.],

1w — wo, 5 = Jo, ¢ = 60) ()| o mrs s < CI%ollG + Imoll3) exp{—Aat},  (58)

where C, Ag > 0 are constants independent of t. Choosing the initial data ||vo]|¢ + ||70]l5
so small that

C(lltollg + lInoll3) < or.

we conclude first, by the Sobolev embedding theorem and 58, that w > 0 in [0, 1] x [0, T%],
and second, by the usual continuity argument, that (w, j, ¢) exists globally in time and
satisfies 29. O

3. Proof of Theorem 1.1. The idea of the proof of Theorem 1.1 is to linearize Eqs.
14-16 around the initial state and to construct a sequence of approximate solutions of
the linearized problem converging to a solution of the original problem. First we need to
study the regularity properties of a certain semilinear fourth-order wave equation.

3.1. A semilinear fourth-order wave equation. Consider the two Hilbert spaces HZ and
L? on (0,1), endowed with the scalar products (-,-) and (-,-) and corresponding norms
| “|az =1+ |2 and || - ||, respectively. Furthermore, we consider the following initial-value
problem on L?:

v +u +vAutu+ Ly = F(t), t>0, (59)
u(0) = up, _ u'(0) = u, (60)

where the primes denote derivatives with respect to time, 7, > 0 are constants, A = 92
is an operator defined on

D(A) = HiNH* = {u € H* u|l,=01 = Uz|z=0.1 = 0}, (61)
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and the operators £ and F are given by

1
(Lu,v) = /b(x,t)urvd.r. u,v € H,
0

1

(F(t),v) = f(z, tvdr, veL?
Jo
where b, f : [0,1] x [0.T] — R are measurable functions.
Related to the operator A, we introduce the coercive, continuous, symmetric bilinear
form a(u,v)

1
alu.v) = 1// UpeVpzd® Y u,v € Hg.
0

There exist a complete orthonormal family of eigenvectors {r;};en of L? and a family of
eigenvalues {y; }ien such that 0 < gy < pp < --- and p; — 00 as ¢ — oo.
The family {r;};en is also orthogonal for a(u,v) on HZ, i.e.,

T i) =85, alry,r;) =v{Ar;,r;) =vdy,; Vi, j
J J J j 3

Using the Faedo-Galerkin method [26, 28], it is possible to prove the existence of
solutions of (59)—(60). The result is summarized in the following theorem.

THEOREM 3.1. Let Ty > 0 and assume that

F e H'Y(0,Ty; L?), be CH([0,Ty); H*) N W3(0,Ty; H'). (62)
Then, if uy € H* N H2 and u; € HE, there exists a solution of (59)—(60) satisfying

u € C([0,To}; H* N Hy) N CH([0, To}; HY) N C*([0, To); L?). (63)

Moreover, assume additionally that
F e H?(0,Ty; L?) n C([0, To); H?).

Then, if ug € HS N H? and w; € H* N H? satisfy vAug + L(u1) — F(0) € HZ, it holds

u € CY([0, To]; H =% n HZ) N C3([0, To); L), i=0,1,2. (64)

Proof. The existence of solutions of 59-60 and the regularity property 63 can be shown
by applying the Faedo-Galerkin method as in [19]. The regularity property 64 follows
from 63 by considering the problem for the new variable v = u’. As the proof is standard,
we omit the details. g

3.2. Local existence. In this section we prove Theorem 1.1. For simplicity, we set
7 = 1. We linearize Eqgs. 14-16 around the initial state (w1, 71, ¢1) where ¢ solves the
Poisson equation 16 and 19 with w replaced by wi, and prove the local-in-time existence
for the perturbation (v, 7, €) = (w—wy,j—Jj1,¢—¢1). For this, we reformulate the original
initial-boundary value problem 14-19. It is sufficient to carry out the reformulation for
Egs. 14, 16, and 1 because of 15. For given UP = (¢, 7, €p) we obtain the following
linearized problems for UPT! = (¢p41,Mps1,€p+1), P € N, writing “9,;” for the spatial
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derivative and “’” for the time derivative:

Mp+1 + Mpr1 = g3(z, UP), (65)
np+1(x70) =0,
7/’;)/+1 + ¢;+1 + V8;1¢p+1 + ¢p+1 + k(-T, Up)aa:w;;-{—l = 94(33’ Up)’

/ 0=j
Upna(2,0) =0, W)3(2.0) = bi(w) =~ 52, (66)
wp+1(07t) = wp+1(17t) = 8$¢P+1(07t) = alwp-f-l(lvt) =0,
agepﬂ = (2w1 + ¥p)¥p, (67)
ep+1(0,1) = ep11(1,8) =0,

where v = %2 and

n(0,07) =Ly — G [ | = P+ v =
+ (W + )" (61 + ep)e + %62(1111 +Pp)? [_—(w;ffZ"L :
-3
ga(z, UP) = — m((w +Up)(P1 + €p)x)x + mp((wl 1)) 0
- 1t + 3 .____(“’;;‘”Ziw - jl(‘iéip
o
el lerere ] Wik d ere=re R R G

We apply an induction argument to prove the existence of solutions of 65-67.

LEMMA 3.2. Under the assumptions of Theorem 1.1, i.e., P € C*(0,00), C € H?, (w1, j1)
€ HS x H® with w; > 0 in (0,1) and, for some a € [(1 +2v/2¢)71,1),

(1 — a)w.

lorllor oy <~ lr (69)
NG
with

* — i y 70
w zre%r,ll] wi{x) (70)

there exists a sequence {U*}3°; of solutions of 65-67 in the time interval ¢ € [0,7.] for
some T, > 0 which is independent of 7, satisfying the regularity properties

{m e CH([0,T.; H*) nC*([0,T.]; H'), e € CY([0,T.); H* N Hy),

71
¥ € CH0, T.]; HE 2 nHH N C3([0,T.); L), 1=0,1,2, i €N, (")
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and the uniform bounds

5 (E)1IE + I (01 + lI(ea, ) (DIF < Mo,
”(wi’wgv11};,7wéﬁ)(t)”?{“xH“‘xH?xL‘z <My, i>1,t€ [OvT*]a (72)
I (B)1IF < 1, 124:(t)]” < a2,

where My > 0 is a constant independent of U* (i > 1) and T..

Proof. Step 1: solution of 65-67 for p > 1. Obviously, U! = (0,0,0) satisfies
71-72. Starting with U! = (0,0, 0), we prove the existence of a solution U? = (15,72, €3)
of 65-67 satisfying 71-72. The functions g3(z,U*), gs(z,U') and k(x,U') only depend
on the initial state (w1, J1,¢1) and satisfy

g3(x, U') =: gs(x) € H®, galz,U") = ju(x) € H*, k(z,U") =: k(z) € H?,
Orgs = Ohga = Ok =0, ||Gsll3 + 13all3 + lI%lI5 < ao(lo + 1), (73)
where ag > 0 is some constant and

z (74)

Io = (w1 = VO)I? + llwrz I + 72

The existence of a solution U2 = (2,72, €2) of the linear system 65-67 follows from the
theory of ordinary differential equations, applied to 65, Theorem 3.1 with f(xz,t) = gs(x)
and b(z,t) = l%(:r), applied to 66, and elliptic theory, applied to 67. The solution U?
exists on any time interval [0,7], T > 0, and satisfies 71 with 7, = T and the first two
inequalities of (72) with ¢ = 2.

We show in the following that U? satisfies the last two inequalities of (72) for t € [0, T3],
where 77 > 0 is given by

In?2 vetw? — dlvillZ o 1y llen lIf 1 } .

T = i bl 3
! mm{2+a0(10+1) 2a0(Io + 1) ao(lo + 1)

We recall that ag > 0 is a constant and Iy and w, are given by 74 and 70, respectively.
It holds

volw? — 4””1”%1([0,1])”“)1”% >0, (76)

since 69 implies
(1 — a)?w?
lloliE oapllwnllf < ——5— 2wl

From 65 we obtain by integrating

m(t) = 4a(z) / exp{~(t - 5)}ds, te[0.Ty)

and hence, in view of 75,

()13 < TZgsl3 <1, te€[0,T). (77)
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Multiplying the differential equation in (66) by 4, integrating the resulting equation
over (0,1) x (0,¢) for ¢ € [0,T}], and integrating by parts gives
[2ze (D17 <= (161117 + aoTi(To + 1)) e GHaoliot1)

<

tlwtl»—*

(2||v1||01<[0 pllwnl +aoTi (o +1))

<a®

Q

—~
-3
co
~—

where we have used

2

1
Wizl + SWivie|| < 201181 o,y lwn 13- (79)

10 = ‘

This proves the last two bounds in (72). Moreover, by the Sobolev embedding theorem,
it follows from 78 that

2B < 2002, te[0,T1]. (80)
Now, assume that there exist solutions {U*},_, (p > 2) of 65-67 on the time interval
[0, T1] where T is given by 75, satisfying 71-72. As above we obtain, for given UP, the
existence of a solution UPT! = (¥,41, p11, €pr1) of 65-67 in the interval [0, T1 ], satisfying
M1 € CL0, T3} H) N G0, i HY),  epyy € CL(I0, T3); HA 1 B,
Ypr1 € CH[0,T1); H 2 N HZ) N C3([0, Th); L?), 1=0,1,2.
We prove that there exist constants T, € (0,71] and K; > aq (i = 1,2,3,5,6,7) indepen-
dent of {U*}?_,, such that if UP satisfies on [0, 7]
824 ()1 < ®W, (81)
1wy, wp) (I3 + vy (B]* < Ko, (82)
1824, (03 < K1 1034501 < K2, 10500} < K, (83)
7 IF <1, mpOI® < Bs,  18:mp(D)lI3 < Koy |l (913 < Ko, (84)

then UP*! also satisfies on [0, T}]

102¢p+1 ()13 < 0w, (85)

1541 Yps ) B3 + Il (DI < Ko, (86)

10205 (DI < K1, 103%pi (DI < K2, 039041 (DT < K, (87)
11 (ONF <1, N O < Ks, [10emps1 (D113 < Ko, Ipa (I < Koo (88)

Notice that it follows from 81 and 85, employing the boundary conditions in (66) and
Poincaré’s inequality,

e < 20°w2, [[Yprr (DI < 20%w2, t€[0,T.]. (89)
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Step 2: estimates for g3, g4, and k. Let UP satisfy 81-84. Then a direct compu-
tation shows the following estimates for gs(x, U?) and g4(z, UP), for t € [0, T.):

llgs(, UPY I SN(To + 1+ wp ()11 + Il (1) 11)°

<N(Ip + 1+ Ko + K»)°, (90)
932(-, UPY )13 <N(To+ 1+ [[9p (013 + e, ()113)
<N(Ig+1+ Ko+ K; + Ky + K3)7, (91)
lga( UPYOIF <N o + 1+ Im, (DI + oy, () lla + 911 + 105 (D113)°
<SN(Ip+1+ Ko+ Ky + Ko + K3 + Ks + Kg)®, (92)
lga(-, UPY(O)IZ SNTo + 1+ lwp(®)IF + )13
+ 160201 |02 () 1210595 ()11 (93)
<Nl + 1+ Ko + K3)?, (94)
942 (-, UP)IT <N(To + 1+ [[ep(8) 113 + 105, ()]13)°
<N(Iy+ 1+ Ko + K3)°, (95)
g2 (-, UPYOI? <N(To + 1+ I (DI + [[wp(03 + [95(O115 + ey (B)11%)*
<N(Iy+1+ Ko+ Koy + K5)*4, (96)
g4, UPYN? <N(To + 1+ [|(m o YO + 13, ) (D13 + 105 ($)113)°
<N(Ip+ 1+ Ko+ K1 + Ko + Ks + K7)°, (97)
where
ar = max (w1 + ¥p) P = (1-a)%w,?, (98)

and the estimates for k(z,UP) and e,(z,t), for t € [0,T.],
&G, UPY(B)3 <N o+ 1+ llvp(®)]13)%,

<N(Iy +1)3, (99)
IE" (- UP)(®)]1? <N(Io + 1) (I (O + 1w, (0)11%)
N(Ip+1+ Ko + K3)2, (100)
1K (-, U”)(lt)ll2 <N(Io + D)1 s 1 0 YO + 95 (9 113)?
<N(I()+1+K0+K5+K7) , (101)
llealld + Il (eps eIz <N (lp (117 + (515 (0)113)
<N(Iy + 1+ Ky + K>), (102)

where N > 1 is a constant independent of K; (i =1,2,3,5,6,7).
Step 3: estimates for 7,,;. Integration of 65 yields

Np+1(z,t) = /0 exp{—(t — 8)}g3(z,U')(s)ds, 0<t<T.<Ti, z<€0,1], (103)

and

npt1 € CH([0, Th]; H*) N C([0, T.); HY). (104)
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From 90-92 we obtain the estimates

Ip+1ONI* <T?ligs(-, UP)II? < TZN(Io + 1 + Ko + K2)°,
102 np+1 (813 <TZ|lgsa(-, U3 < T2N(Io + 1+ Ko + K1 + Kz + K3)',
1 (DN <2ATT + Dllgs(-, UP|IP < 2N(T7 + 1)(Jo + 1 + Ko + K3)°,
1021 (D113 <2(TT + Dllgs=(-, UP)3
SON(T? + 1)(To + 1+ Ko + K1 + Ko + K3)7,
1 (Ol <ATE + Dllgs(-, UPIIT + 201950, U
<AN(TZ+1)(Io + 1+ Ko + K1 + Ko + K3)7
+2N(Ip+14+ Ko+ K1 + Ky + K3 + K5 + Kg)®.

Thus, 7,41 satisfies 88 if

Ks =2N(T? + 1)(Iy + 1+ Ko + K>)®, (105)
Ke =2N(T? + 1)(Ip + 1 + Ko + K1 + K2 + K3)7, (106)
K7 =2N(T? + 1)(Io + 1 + Ko + K1 + K3 + K3)"

+2N(Ig+ 14+ Ko+ K| + Ky + K3 + K5 + K¢)® (107)

and if T, satisfies
1

T* S B k)
VI

(108)
where
Ly =min{2N(lo + 1 + Ko + K5)°, 2N(Ip+ 1+ Ko+ K1 + K2 + K3)"} . (109)

Step 4: estimates for ;. We multiply the differential equation in 66 by ;. 1,
7 w1, and ¥, respectively, integrate the sum of the resulting equations over (0,1) x
(0,T.) and integrate by parts. In view of 93-94, 96-97, 99-101, we obtain after tedious

computations

102641 ()1 <= (162113 + Tellga(-, UP)|?) €T 2+N o+ 1)?)

<

Rt |

2
(21002112 o,y e I + TuLg ) €72+ CTo ") (110)

and

[ b O + 15 I + w1839y 1 (1 + w1838 11 (N1 + ]I

< (152 (O + 20195 (0)| + V1824, 1 (N1 + 16111 + v[|0261||%) €™
+ (g5 (U + llga (-, UP)||?)e e

<N (Ip + T, Ls) eT-14 (111)
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where
L3 = N(Iy+ 1+ Ko+ K3)3, (112)
Ly=8+6N(Ip+1+ Ko+ K5+ K7)> > 2+ NIy +1)2, (113)
Ly =2N(Ip+ 1 + Ko + K1 + Ko + Ks + K7)°. (114)

Define
Ko =20N1, - m =20NIy-max {1,v'}. (115)

Using 76 (which is a consequence of 69), we see that 1,11 satisfics

1024p41 ()] < 0w,

[(Wp 15 Wt )OI + ey ()12 < 20N To - max {1,077} = Ko (116)
if
. 1 B, In2 In2 In2 I
T* < T T ) sy T s (0 117
= { VI 4Ly 2+ N(Io+ 12 2+ N(Io+ 1) Ly’ Ls } (117)
where
By = va?w? — 4||vi||Ea o1 llen 13-

This proves 85 and 86.
To verify 87 we employ the differential equation in (66) again. We use 116, 93, 79,
and 117 to estimate

N
192041 (D2 <5 (15 a DI + 1 ea DI + 51 (B + 168ty (1)
2
+ 2 s U

2N ;
<~ (I + 1)°(1 + Ko) + 3201|824, (1)K

N
SZU—Q(IO +1)3(1 + Ko) + 32a;eT-@+HN o+ (1161]3 + TiL3) K>
2N
<z ot 1)*(1 + Ko) + 64a1 (2||v1 |21 o apllen IF + TuLs) K2, (118)

Here, we used the fact that 110 is also valid for ¥, in [0, T.].
From 69 and 98 we infer

128a1 |01 |G o1 ln I} = 128]Jonl|Z1 (0,1 (1 = @) 2w 2 lan |} < 1,

which implies
_ 128””1||201([0,1])||W1||%
(1—a)2u?

Thus, choosing
8(1 — a)?w?N(Iy + 1)3(1 + Kyp)

; (119)
(1 - a)?wi - 128”"’1||201([0,1])||W1H%]

Ko =
2

where K is defined by 115, we obtain from 118 and the Sobolev embedding theorem
102¢p+1 (N7 + 10391 (D1 < K
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if

(120)

T*:min{ By In2 In2 Io}'

1
VB L NG L I
We recall that Ly, L3, Ly, Ls, and Iy are given by 109, 112-114, and 74, respectively,
N > 0 is a generic constant, and

1—a)w 2 — 128||v, wy |2 a2w252—16 1 w1
A {( ) 012 g0, 12 oy leal

64 ’ 8

due to 69. Notice that 120 implies 108 and 117.
Differentiating the differential equation in (66) with respect to t, integrating over
(0,1), and using 116, 99, and 95, we can estimate 931, as

N ! I
10241 (D1 <=5 (I O + 185 O + 2 O + (| (ROx941) (D)
2
+ =Slloa( UM
SA%V(IO+1+KO+K2+K5)4.

Thus, by the Sobolev embedding theorem, we have

10340, 11 ()I1* + 110595 1 (D11 < Ky (121)
if
4N A
Klzﬁ(fo+1+Ko+K2+K5) . (122)

Differentiating the differential equation in (66) once and twice with respect to z,
integrating over (0, 1), and employing 116, 99, and 95, we can estimate 821/),,“ and
821/’p+1 as

1029p41 (D)1 < (||3z1/),,+1( W + 11059511 (D12 + 1029p+1 (1))

, 2
+ —2||3z(k<9z¢'p+1)(t)||2 + =024 (-, Up) (D)

IN
| =

K3, (123)

MIZ“3

108651 (O <5 (10205 (DI + 103072 (D2 + 102042 ()]2)
, 2
(k0 )OI + 1620, U I
S%Kg, (124)

if we choose

6N
K3 = ;2_(IO+1+K0+K1+K2)5. (125)

Now we choose the constants K; as follows. Let K be given by 115, K3 by 119, K5
by 105, K, by 122, K3 by 125, K¢ by 106, and K7 by 107 (with v = £2/4). The constant
T, is determined by 120. This shows that (¥p+1, 7p+1) satisfies 85-88 for ¢t € [0, 7).
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Step 5: end of the proof. The uniform bounds for e,.1 € C'([0,7.]; H*) of 67
follow from similar computations as those needed to derive 102, where the index p is
replaced by p+ 1.

By induction, we conclude that {U*}52; exists uniformly in [0, 7] with T\ given by
120 and satisfies 71-72 uniformly for

My = max{Ky, K, Ko, K3, K5, Kg, K7}.
The proof of Lemma 3.2 is complete. O
REMARK 3.3. It follows from the last two inequalities of (72) that
iz, t) +wi(z) > (1 —a)w, >0, i>1. (126)

For the proof of Theorem 1.1, we observe that after a tedious computation similarly
as in the proof of Lemma 3.2, we can obtain the following estimates:

o421 — 7710”%'1(0,T,*;H1) + [¥pt1 — wp”éi(o,TmH‘l—%) + llep+1 — ep”%’l(O,T“;Hz)

<TwaN, M) <||77p ~ o1l 0,7 smrny + 190 — wp—1||2C’(O,T“;H4_2’)) , 1=0,1,2,

(127)
for any T.. < T.. Here a(N, My) is a function of N, My. Taking T\« such that
by
Toe <mind ——*—— T.%. b 1), 12
<mm{a(N,M0) } 1€(0,1) (128)
then it follows from 127:
o0
Z (||77p+1 - np||2C1(O,TH;H1) + llep+1 — @p||201(o,T“;H2))
p=1
o
+ Z o1 = YpllZi o7 mra-2y <C, 1=0,1,2, (129)
p=1

with C > 0 a constant.

Proof of Theorem 1.1. By Lemma 3.2 and 129, the sequence {UP}52, satisfies 71-72,
126, and 129 uniformly in [0,7] with T < T,.. Applying the Ascoli-Arzela theorem and
the Aubin-Lions lemma to {U?}52,, it follows that there exists U = (1,7, €) satisfying

p=1’
neCH[0,T];H®), eeC'([0,T);H"),
¥ € C'((0, T H™* N HE) NC*((0,T]; L?), i=0,1,2,
and there is a subsequence {U?7, U”j“};?‘;lwith p; + 1 < pj41 such that

d’p;-l—h '(/)pj -]—_—i w Strongly in Ci([O’T];HG—in—U)’ i=0, 172)
Tps+1> Np, ——— 1 strongly in C*([0, T]; H3=°),

€p,+1, €p, J7%®, ¢ strongly in C([0,T]; H*~9),

for any o > 0.
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It is not difficult to verify that U is a solution of 65-67 and satisfies 126 where UP is
replaced by U. Setting

(U:(U1+'¢>0, ]:.714‘77, ¢:¢l+ev

we see that j € C([0,T]; H®) and (w, j, ¢) is a local-in-time solution of the IBVP 14-19.
The uniqueness can be proven similarly as the estimates 129. The proof of Theorem 1.1
is complete. O
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