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In previous papers a Bose· representation of f~rmions and parafermions was constructed 

in such a way that (1) the only fundamental quantum fields were Bose fields and (2) no 

property of the Fermi or para-Fermi systems (as, e.g., the Pauli principle for-fermions) be lost. 

The use of that construction and also the proofs of the theorems were made difficult by 

the complexity of many of the mathematical expressions we used previously .. 

In the present paper we simplify much the above-mentioned construction. Moreover no 

results (concerning the Bose representation) proved _in the previous papers are lost in the present 

reformulation, but all new results are more general: In the previous papers we made the 

construction of the Bose representation of fermions for the case of pure Fock representations 

of Quantum Field Theory. The present work is consistent with Fock as well as with non­

Fock representations of the Fermi anticommutation relations. 

§ 1. Introduction 

Let f. (z), f.+ (z), ~ = 1, 2, · · ·, T, respectively, be the annihilation and creation 

parts of a Fermi or para-Fermi quantum field. Whereas· for the Fermi case the 

quantum rules are 

(1·1a) 

and 

[.f.(z).,.f..(z')]+ =0, (L·lb) 

those for the para-Fermi case are1l. 2l 

[[f/ (z) ,f.. (z')] _,f.,+ (z")] _ =2iJe<•iJ(z' -z")f. + (z) (1·2a) 

and 

[[f, (z) ,f.. (z')] _,f..(z")] _ =0. (1·2b) 

Let b,(x), b/(x), (=1, 2, ···, R, respectively, be the annihilation and creation 

parts of a Fock representation of a Bose field, then 

(1· 3a) 

and 

[b,(x), b,. (x')] _ =0, (1·3b) 
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Quantum Field Theory of Fermions and Parafermions 

so that a unique no-Bose particle state IO).!B exists: 

b,(x) I O).!B =0 for all x, (. 

1849 

(1·4) 

We shall prove that there exist c-number coefficients Fm,(z, x, x') and 
FEte' (z, x, x') as well as suitable Bose state vector spaces denot~d by $ 1 and 
fB such that the formulae 

fe(z) = sd3x sd 3 x',tl 1 Few(z,x,x')b~+(x)b~·,(x') (1·5a) 

and 

(1·5b) 

respectively provide a Bose representation of the Fermi and para-Fermi fields. 
Fermi fields are obtained when fE(z) and f/(z) act on fl31 ; para-Fermi fields are 
obtained when iE(z) and h + (z) act on !B. Therefore, the Bose constructed fields 
(1· 5) satisfy Eqs. (1·1) on fl3 1 and (1· 2) on !B. 

The above results were previously established by Kademova8> and Kademova 
and Kiilnay4> for finite dimensional second quantization and _later on extended by 
Kademova, Mac Cotrina and Kiilnay5> for quantum field theory. However; the 
proofs of most of the theorems involved an embarrassing use of binary arithmetic, 
so that in spite of its elementary character, most of the demonstrations were 
quite difficult to read. Moreover, several of the main results were obscured be­
cause of· the appearance in some formulae of complicated binary arithmetical sym­
bols. 

The first purpose of the present paper is to offer much simpler proofs 
and more transparent results by recognizing that the use of binary arithmetic 
can be completely avoided. Then we expect that it would be simpler for practi­
cal purposes to use the Bose representation of Fermions. 

In the paper by Kademova, Mac Cotrina and Kiilnay,5> (called (A) in what 
follows), only the Fock representation of the Fermi fields algebra was constructed in 

Bose terms. 

The second purpose of this research is to generalize (A) extending its 
results to the case of general representations of the commutation relations 
( 1· 1} and (1·2). In this way, Fock as well as non-Fock representations of 
Fermi and Para-Fermi fields will be constructed in terms of qu_antum Bose 
fields. This is relevant to the ·present interest for non-Fock representations. (See, 
e.g., Refs. 6)"'-'9).) The underlying Bose field b,(x) will belong to the Fock 
representation. 

One part of the results obtained in Refs. 3) and 4) as well as in (A) used 
para-Bose fields as the fundamental entities. Greater generality was obtained in this 
way, though the proofs were more involved. 

The third purpose of the present paper is to reformulate these proofs 
in terms of pure Bose fields, obtaining a further simplification of the 
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1850 A. J. Kalnay 

formalism. 

For the discussion of the physical meaning of the Bose representation of 
fermions and parafermions, see § 6 of (A) as well as Ref. 10), where implications 
for physics are suggested. Here we only recall th~e> "a possibility is given fo,r 
reformulating physical theories in equivalent ones without fermions (and 
parafermions) ". 

The transformation properties of the Bose constructed Fermi fields are given 
in Ref. 11) where it is shown that there is no conflict between the tensor trans'­
formation law of the b, (x) and the spinor transformation law of the fe (z). The 
Fermi evolution equations can be retrieved.l1l In the Appendix of (A) we have 
shown, as an example, how to obtain the evolution in time of a Bose constructed 
Fermi field according to the Dirac equation. How to avoid non-orthodox Bose 
hamiltonians is shown in Ref; 12). The c-number limit of the theory is given 
in Ref. 13) and comparison between our approach and former attempts to represent 
fermions in Bose terms is done in § 6 of (A). Okubo obtained recently a new 
Bose representation of fermions: See § 2 of Ref. 14). See also Refs. 15) and 16). 

The org~nization oLthe present paper is as follows: In§ 2 we introduce the 
notation and define and discuss the c-number coefficients Fecc' (z, x, x'). In § 3 we 
state and prove the theorems for the Fermi case and in § 4 we do the same for the 
para-Fermi case. We separated both cases to allo~ the reader to avoid parastatistics 
if he is only interested in ordinary statistics. However, we stress that the para­
Fermi case may be quite interesting for elementary particle physics. 10> (A short 
introduction to the Fock representation of parastatistics .is given iri § 3 of (A); 
where the notation is almost similar to that used in the present paper.) Finally, 
the difference of the point of view between Ref. 10) and the. present paper is 
shown in ·'§ 5. 

§ 2. Discussion and notation 

We call 93,. the n-boson subspace of the st.ate vector YJ of a Fock representa­
tion of the Bose commutation relations (1· 3): 

(2·1) 

A basis in 93,. is well known as 

We denote by I ) 91 E 93 the Bose kets in contra position to the paracF ermi kets 
I )9" E r:f. When restricted to a Fock representation of the para-Fermi, algebra 
and to an irr~ducible representation of order p of para-Fermi statistics, we shall 
denote I )9""' E r:fP. In particular I )!I' will be the Fermi kets and r:f1 their 
Fock state vector space, because in a Fock representation the para-Fermi ·systems 
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Quantum Field Theory of Fermions and Parafermions 1851 

of order one are the -Fermi systems.u. 2> 

We shall show, regardless of being or not being in a Fock representation 
of the para-Fermi algebra, that the Bose state vector space 93 will contain the state 
vector space of the para-Fermi algebra: q ';. 93. Moreover, when restricted to 
Fock representations, 93P will be identical to a Bose rep~esentation of an irreducible 
representation .state vector space qP of order p of the para-Fermi statistics: !JJP 
= qP, In Particular, in a Fock representation of the algebras, the one-boson 
state -vector space 931 will be the Bose representation of the whole Fermi state 
vector space q 1 : !JJ1 = q 1 , Notice that we are not asserting that the one­
fermion states fill !JJ1: We are stating that the one-boson subspace 931 contains 
not only the one-fermion states but also the no-fermion state JO)g-' as well as the 

, multi-fermion states consistent with the Pauli principle. 

Let F~(z) be a matrix representation of a Fermi algebra whose (x(, x'C') 
elements are called F~w(z, x, x'), and F/ (z) the hermitian conjugate matrix of 
elements denoted by 

F/r:r:•(z, x, x') =Fe~·r;(z,x'. x), 

where the star denotes complex conjugation. We have 

(2·3) 

( [F,(z), Ft; (z")]+) ,r;,,•r:• = ~ 1 J d 8x' [Fm' (z, x, x')Fitn• (z", x', x") 

+ Fitcc, (z", x, x')Fw~· (z, x', x")] = tiwtiwtJ (z -z") tJ (x-x") 

'and similarly 

In the above the, detail was given in order to fix the notation. 

(2·4a) 

(2·4b) 

As the complex numbers FE~~'· (z, x, x') are the same as those which enter 
into Eq: (1·5), the following doubt arises immediately: Are we constructing 
the quantum fermions fe(z) from pure quantum bosons br;(x), or from quantum 
bosons b~(x) plus quantumfermions Fe(z)? The answer is respectively yes and 
no, because the Fer:r:· (z, x, x') enter as_ c-number coefficients in Eqs. (1· 5); the only 
field operators in our formalism are the Bose operators br;(x) and the Fermi (or 
para-Fermi) operators fE(z); only they act on the state vector spaces of our 

formalism, 93 and t;;£. The Fe(z) are certainly Fermi ()perators, but act on a 
vector- space whi~h· is not one ot the state vector spaces (as g) and q) of our for­

malism; The FE(z) acts on the space of the vectors w of components w,.,~. Let us 
illustrate this with an example: According to the results to be proved in §- 3 for 

a Fock representation, the no-fermion state J0)9'' will be a certain one-boson state 

(2·5) 

where for each value of x, (, the LJr;(x) are complex numbers to be later specified. 
The one-fermion states with quantum numbers z, ~ will be, according to Eqs. 
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1852 A. J. Klilnay 

(1·5b) and (2·5), 

fe + (z) /0)~' = ,t;,
1 
S d 8x S d 8x' [F,1,,(z, x, x') CJ,,(x')] [b, + (x) /0)$] E !13 1 , (2 · 6) 

It is clear that the first bracket on the last line is a c-number with respect to 
the kets of the theory, while the second bracket stands for the action of the 
quantum creation field b,(x) on the no-boson ket. Here the c-number role of the 
Fm, (z, x, x') is quite clear. 

On the other hand, it was suggested in Ref. 11) that the Fm' (z, x, x') could 
be interpreted as classical fields. We have two mathematically equivalent descrip­
tions of the facts: 

(i) The quantum Fern:ti field i'E (z) is constructed from a quantum Bose field 
b, (x) and a trilinear classical (in the sense of c-number) field F,,,, (z, x, x,). 

(ii) The quantum Fermi field i'E(z) is constructedfrom a quantum Bose field 
b, (x); the Fm, (z, x, x') are e-n umber coefficients which appear in linear 
combinations, which contribute to w~ve packets like the (2 · 6). *l 

The first description may be more suggestive according to the transformation 
laws studied in Ref. 11). Both points of view have physical sense and are 
not mutually exclusive. In both cases, the only quantum fundamental entities 
are the Bose field b,(x) and its state vector space !13. 

Turning back to the notation again, the one which we used in 
paper is the same 'as that of. (A) with the following simplifications: 

the present 

(a) As we 
do not consider here the case in which the underlying field b,(x) is a higher 
order para-Bose field, the upper indices on the bcs ahd. on the !!3-s are suppresed. 
(The upper indices were used in (A) to indicate higher order parastatistics.) Here 
b,(x) is always a Bose field, and !!3 always a Bos~ Fock space. Our b,(x) and 
93 would be the b,1 (x) and !!31 of (A). (b) For simplicity, we have dropped the 
upper index 1 on F,",(z, x, x'); which was used' in (A) to remind us that 
Fm, (z, x, x') is a Fermi matrix, 'imd not a higher order para-Fermi matrix. 

§ 3. Bose repres-entation of fermions 

A. Properties valid for general representations .of the Fermi anticommutation 
relations 

Theorem 3.1: The entities f,(z), f/(z) defined in Eqs. (1·5) act on the 
one-boson subspace !B1. according to a Bose representation of the Fermi creation and 
annihitation fields. The Bose subspace !!31 contains a Bose representation of the 
whole Fermi state vector ·space. 

Proof: That the theorem is right is seen by reading the 'second proof' pro­
posed in (A) for the Theorem called 4.4 in that reference and trivially adapting it to 

*> We are indebted to Dr. M. Garda Sucre for clarifying observation on this subject. We 
owe to him the wave packet point of view. (M. Garda Sucre, private communication.) 
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Quantum Field Theory of Fermions and Parafermions 1853 

the continuum case. However we shall present it again in detail for completeness. 
Moreover, we remark that this proof does not require at all-restriCting to the Fock 
representation of the Fermi field, such restriction. was stated in the Theorem 4.4 
of (A). It is sufficient to prove that the entities (1· 5) satisfy the Fermi anticom­
mutation relations (1·1) whenfe(z) and,h+(z) act on the basis (2·2) with n=l. 
From Eqs. (1· 3)""' (1· 5) and (2 · 2) we have 

f~(z)ff+(z)lx", r:">EJ= sd8x sd8x' sd3x sd3x' t 
"'"'~1 

Fm, (z, x, x')Ffcc,(z, x, x') b, + (x) b,, (x') be+ (x) b·2-(x') bt, (x") JO)El 

= J d 8x tf [F~(z)Ff (z)l,,,,..,,,.Jx, ()El. 

Similary, 

so that, by combining with Eq. (2 · 4a), 

With similar calculations, 

That 

(3 ·1a) 

(3·1b) 

(3 ·2a) 

(3·2b) 

(3·3) 

1s seen by observing that the algebra 9!1 is generated by the quantum fields (1· 5) 
which act in a closed form in 9?. D 

Theorem 3.2: The c-number Fermi fields Fm- (z, x, x'), Fet,, (z, x, x') can 
be retrieved from quantum Fermi fields f. (z), f.+ (z) according to the formulae 

(3·4a)' 

and 

Feh' (z, x, x') = EJ<x(J.h + (z) I x' (')EJ. (3·4b) 

Proof: Trivial by using Eqs. (1· 3) ""'(1· 5) and (2 · 2) particularized to n = 1. 
D 

Notice, however, that in Theorem 3.1 we said nothing about which of the 
representations of the Fermi commutation relations is the one to which Fe(z) 
belongs. From Theorem 3.2 we have now the following consequence: 

Theorem 3.3: The. quantum field fe(z) and the Fermi matrix Fe(z) belong 
to the same representation of the Fermi anticommutation relations. 

Corollary 3.4: All the representations of the Fermi anticommutation rela-
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1854 · A. J. Kalnay 

tions which accept a matrix representation [Fe(z)]..,,,..,,,, are consistent with a Bose 

representation like the one under cons,ideration. 

Proof: Given a representation of the Fermi anticommutation relations which 

accept such a matrix form,_ substitute that matrix in Eqs. (1· 5), let the resulting 

operator act on !Bto and using Theorem 3.3, find that the Bose representation is 

of the same class as the- original matrix representation. .D 
Notation 3.5: If a normalized (but not necessarily unique) vector exists 

such that it is annihilated by all the Fermi matrices Fe(z), then we call it(') and 

we den~te by LJ,(x) its components. Provided () exists, then we have 

Fe(z)lJ=O for all z, $, (3·5a) 

i.e., 

t,_
1 
J d 8x Fm, (z, x, x') LJ,, (x') = 0 -for· all z, x, ~. t;. (3 ·5b) 

Theorem 3.6: If a normalized (but not necessarily unique) one-boson state 

/0)~' exists such that fe(z) defined in Eq. (1·5a) satisfies 

fe(z)/0)~'=0 for all z,$, 

then 

.!B<OJb,(x) /0)~' 

is an lJ vector and we can write 

lJdx)=.iB<OJb,(x) /0)~'. 

Proof: From Eqs. (3·6) we have 

b{(x)fe(z)/0)~ 1 =0 for all x,z,(,$, 

from which, with the help of Eq. (1· 5) and of ~p S 931 we deduce 

-t,_
1 
J d 8x'Fm,(z, x, x')b,,(x')/0)~'=0. 

From this Eq. (3·7) follows. Now we can prove that 

D 

(3·6) 

(3·7) 

(3·9) 

(3·10) 

Theorem 3.7: If a normalized (but not necessarily unique) (:J vector exists, 

then the right-hand side of Eq. (2 · 5) is annihilated by fe (z) so that Eq. (2 · 5) 

is correct. 

Proof: From Eqs. (3·5) and (1·3)'"'-'(1·5) we see that .the right-hand 

side of Eq. (2·5) is annihilated by Fe(z). Now, it is obtained that 

1/lJII = 1 implies ~'<OJ o)~' = 1 . (3 ·11) 

D 
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Quantum Field Theory of Fer:mions and Parafermions 1855 

From Theorems 3.6 and 3. 7 or directly from Theorem 3.3 we deduce: 
Corollary 3.8: The set of the (J (modulo a phase factor) is in a one-to-one 

correspondence with the set of the j0)~ 1 (modulo a phase factor). In particular, 
if one of the sets is em:2ty, the same happens to the other one. In the case they 
are not empty, and in fact for any representation of the anticommutation relations, 
to each () corresponds a jO)~' according to Eq. (2 · 5). 

B. Properties valid for the Fock representation of th'e Fermi anticommuta­
tion relations 

From Corollary 3.8 vye have, as a particular case: 

Corollary 3.9: The Bose constructed Fermi field (1·5) belongs to a Fock 
representation if and only if the Fermi matrix Fe(:<S) belongs to a Fock representa­
tion. 

Assumption 3.10: In the remainder of this section the matrix Fe(z) will 
belong to anirredU:cible Fock representation of the Fermi anticom~utation relations, 
so that an unique () vector exists. 

Then, from ~orollary 3.8 and Theorem 3.3 we have: 

Corollary 3.11: The unique no-Fermi particle state of the Fermi field fe(z) 
xs given by Eq. (2 · 5). In 

t;:£1=931 (3·12) 

the Bose constructed Fermi fields (1· 5) generate an irreducible Fock representation 
of the Fermi algebra. 

This Corollary is one of the main results obtained in (A), which in turn 
I 

were· suggested by similar results for finite second quantization obtained in Refs. 
3) and 4). 

Theorem 3.12: The basis 

lzr.~l; ···; Zrln)~'=(n!)- 112 fe"!'(z1)··fe~(zn)IO)~' 

can be expressed as 

(3 ·13a) 

iz~o ~1; · · · .; Zn, ~n)~' = (n!)-112 J d 8x ti [Fe"!' (zl) ···Fe~ (zn) ()]"'cbt + (x)j0).91. 

(3 ·13b) 

Proof Use Eqs. (1·3)"-'(1·5) and (2·5). D 
In Eq. (2·2·7) of (A) it was stated that given a Fermi state 1</J)~t, a com­

plex valu(:)d function g,"'(x) exists such that 

!if/)~'= Jd 3 xtigt~~>(x)bt+(x)IO)$. 

The Theorem 3·12 shows us how to construct the function g,~~>(x). On the other 
hand, Eqs: (3·13) take the role of Eq. (2·2·10) of (A~. 

Let us discuss the antisymmetry and the Pauli principle. Clearly they are, 
consequence of the anticommutation relations (1·1) ,· but it is interesting to 
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1856 A. J. Kalnay 

visualize this in the frame of the Bose construction. We see from Eq. (3 ·13b) 

that in the Bose construction we still have antisymmetry for fermions fe(z) 

because Eqs. (2·4) are satisfied by the F.(z). It is remarkable that the antisym­

metry of the Bose constructed fermions fe (z) can be obtained in spite of the sym­

metry associated to bosons. 

§ 4. Bose representation of parafermions 

A. Properties valid for generql representations of the para-Fermi commuta­

tion relations 

Theorem 4.1: The entities fe(z), fe+(z) defined in Eqs. (1·5) act on the 

whole Bose state vector space 93 according to a Bose representation of the para­

Fermi creation and annihilation fields. The Bose state vector spa,ce contains a 

Bose representation of the whole para-Fermi state vector space c:.f. 
Proof: Compute the left-hand side of Eq. (1·2) with the fieldsfe(z) replaced 

by their expressions (1· 5) and use Eqs. (1· 3). D 

A similar theorem was previously shown for the qrst time by Kademova for 

the case of second quantization_ with two generators only, for the Fermi· algebra 

(see Ref. 3)). For the extensions to general finite second quantization and to field theory, 

see respectively Ref. 4) and Theorem 5.2 of (A). In those papers quoted the 

para-Fermi fields were constructed more generally in terms of para-Bose fields, 

not necessarily bosons. Of course, as bosons are particular cases of parabosons,u' 2> 

the present Theorem 4.1 directly follows from Theorem 5.2 of (A). Here we 

have presented a mu,ch more elementary proof which does not involve parastatistics. 

Remark 4.2: We stress that the formulae (1·5) are the same for the Fermi 

case (§ 3) as well as for the para-Fermi case (present section): J'he c-numbers 

F.cc·(z,x,x'), are matrix elements of a Fermi algebra (2·4) in both cases. 

Remark 4.3: For the para-Fermi case, the identity (3 ·4) (being Fecc· (z, x, x') 

a Fermi matrix ele_ment andfe(z) a para-Fermi field) is no longer correct. There­

fore, we have no properties for the para-Fermi case like those expressed in 

Theorems 3.2 and 3.3 and Corollary 3A We do not intend that-- (1· 5) provides 

all the representations of a non-Fock para-Fermi algebra, 

We retain without modification the Notation 3.5; but, we do not have a Theo­

rem like 3.6. According to Bracken and Grayn we call reservoir states those 

which, in a general representation, are annihilated by the destruction part of a 

para~Fermi field: 

fe(z) I 0)~ =0. (4·1) 

Theorem 4.4: Given an () state, we can construct in Bose terms, reservoir 

states of the para-Fermi algebra: One state for each value of n = 1, 2, 3, · · ·, 
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Proof: Use Eqs. (1· 3) ""(1· 5) and (3 · 5). 
Remark 4.5: Other reservoir states than 

0 
(4·2) may perhaps exist m a 

general representation of the commutation relations. 

B. Properties _valid for Fock representation of the para-Fermi commutation 
relations 

Assumption 4.6: We shall assume that the Fermi matrices F.(z), F/(z) 
generate an irreducible Fock representation of the Fermi algebra: The vector () 
will exist and be unique. 

Theorem 4.7: The entities .fe (z), .fe + (z) defined in Eqs. (1· 5) act on the 
p-Bose particle subspace !JJP according to an irreducible Bose representation of the 
para-Fermi algebra of order p of parastatistics. The reservoir state ( 4 · 2) with 
n = P is a Bose representation of the no-parafermion state. 

Proof: A similar theorem was proved for the numerable case as the Theorem 
4.3 of (A) but by using embarrasing calculations with binary arithmetics: In the 
same paper the Theorem 4.3 of (A) was used to prove a similar one [Theorem 
5.3 of (A) J *l for the continuum case. In other words, the previous proof of 
a theorem like our 4.3 is based on binary arithmetics. The present proof does 
not use the corresponding tedious calculations and runs as follows: Because of the 
Theorem by Greenl?erg and Messiah2> and also by taking into account our theorem 
4.1, it should only be proved that: 

(i) There exists a no-parafermion state given by Eq. ( 4 · 2) with n =p. 
(ii) This state is the unique reservoir state. 
(iii) The order of parastatistics is p, i.e.,2> 

(4·3) 

Point (i) results from Theorem 4.4 and Assumption 4.6. Point (ii) is proved as 
follows: Let us assume that JO')qp is a general no-parafermion state; express it 
as a linear combination of the basis (2·2) with n=p. Then write that it be an­
nihilated by the .fe(z); a little algebra leads to the result that the coefficients of 
the linear combination are just the products LJ,, (x1) ···CJ,,. (xn), so that Eq. ( 4 · 2) 
shows that JO)n=/O')qp. Point (iii) results from Eqs. (4·2), (1·3) and (1·4). 
0 

C. Independent proof of theorems corresponding to the Fermi case 

An irreducible representation of the Fermi algebra is known to be a particular 
case of the irreducible representations of the para-Fermi algebra. (It is the para­
Fermi algebra of order one.Y>. 2> As a consequence, by putting p=1 in the present 
section, we have a separate proof of several results of § 3. 

*> Erratum in the proof of Theorem 5.3 of (A): "It follows from Theorem 5.2 and from the 
last Lemma", should read "It follows Theorems 4.3, 5.2 and from the last Lemma". 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/p
tp

/a
rtic

le
/5

4
/6

/1
8
4
8
/1

8
4
8
4
3
8
 b

y
 U

.S
. D

e
p
a
rtm

e
n
t o

f J
u
s
tic

e
 u

s
e
r o

n
 1

7
 A

u
g
u
s
t 2

0
2
2



1858 A. J. Kalnay 

§ 5. Final discussion 

We stress again that the only quantum entities used in Eq. (1· 5) to construct 

a Bose representation of the Ft1rmi algebra are the Bose fields b,(x) and the 

Bose space 93 in the following remarks: In an equation like (2 · 6), the right-hand 

side, being a linear combination of 'the one-boson states b, + (x) J 0)$, is a one-boson 

state itself,-whatever the coefficients of the linear combination may be. Therefore, 

in spite of the mathematical fact that the coefficients F<cc' (z, x, x') may be put 

in a compact form of a Fermi matrix F, (z), the right-hand side of Eq. (2 · 6) is a 

one-boson state so that the left-hand side of thai: equation is also a onecboson state. 

From a mathematical viewpoint the results of § 3 are perhaps not so surpris­

ing: They are essentially reduced to the -fact that the matrix elements of a Fermi 

field can be labeled with the quantum numbers of a basis of onecboson states. What 

are strange are the physical consequences: To have an arbitrary Fermi .state as 

a linear combination of one-boson states; and to have with the same .formulae 

(1· 5) para-Fermi statistics (not only Fermi statistics) by only changing the Bose 

subspace on which the fields (1· 5) act. 

As we have presented a Bose representation of fermions, a possibility- is 

open to reduce the number of "elementary'' particles in a given theory. We 

want to express our ideas about this .but they involve speculations. We want to 

separate them from what can be proved on a reasonable mathematical basis. We 

devoted the present paper to these proofs and transter to Ref. 10) ourideas ab?ut 

the possible applications to physics of this formalism. 
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