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ABSTRACT: In recent years, the import of quantum information techniques in quantum
gravity opened new perspectives in the study of the microscopic structure of spacetime. We
contribute to such a program by establishing a precise correspondence between the quan-
tum information formalism of tensor networks (TN), in the case of projected entangled-pair
states (PEPS) generalised to a second-quantized framework, and group field theory (GFT)
states, and by showing how, in this quantum gravity approach, discrete spatial manifolds
arise as entanglement patterns among quanta of space, having a dual representation in
terms of graphs and simplicial complexes. We devote special attention to the implemen-
tation and consequences of the label independence of the graphs/networks, corresponding
to the indistinguishability of the space quanta and representing a discrete counterpart of
the diffeomorphism invariance of a consistent quantum gravity formalism. We also outline
a relational setting to recover distinguishability of graph/network vertices at an effective
and physical level, in a partial semi-classical limit of the theory.

KeEYywoORDS: Lattice Models of Gravity, Models of Quantum Gravity, Holography and
condensed matter physics (AdS/CMT)

ARX1v EPRINT: 2012.12622

OPEN AccESS, © The Authors.

Article funded by SCOAP?, https://doi.org/10.1007/JHEP07(2021)052


mailto:eugenia.colafranceschi@nottingham.ac.uk
mailto:daniele.oriti@physik.lmu.de
https://arxiv.org/abs/2012.12622
https://doi.org/10.1007/JHEP07(2021)052

Contents

1 Introduction 1
2 The GFT formalism 5
2.1 From the single-vertex Hilbert space to the Fock space 7
2.2 Spin-representation of the GF'T wavefunctions 7

3 Graphs and their adjacency matrix description 8
4 GFT labelled-graph states 9
4.1 Quantum geometry states associated to graphs: H, 9
4.1.1 Embedding H, into Hy 10

4.2 Constructing graph states with arbitrary combinatorial pattern in Hy 11
4.2.1 Comparing graph states of equal size 12

4.2.2 Labelled-graph states from individually weighted vertices 13

5 GFT unlabelled-graph states 14
5.1 Unlabelled-graph states from individually weighted vertices 15

6 Combinatorial scalar product 16
7 Effective distinguishability of vertices 19
8 The quantum information tool of Tensor Networks 20
8.1 Matrix product states 21
8.2 Projected entangled-pair states 21

9 A dictionary between Group Field Theory states and (generalised) Ten-
sor Networks 23

9.1 GFT and TN: a simple realization of entanglement/topology and entangle-

ment/geometry correspondences 23

9.2 GFT graph states as PEPS 26

10 Discussion 28
11 Conclusions and outlook 29
A Scalar product between graph basis states 31

1 Introduction

Background independent approaches to the problem of quantum gravity postulate that, at
the fundamental level, the continuous spacetime geometry dissolves into a microstructure
of discrete, non-spatiotemporal entities. A central issue is then how a continuum space-
time emerges from the collective behaviour of the latter. A crucial role in this process



seems to be played by the quantum phenomenon of entanglement. In fact several results,
in quantum gravity contexts and beyond, point out a relation between entanglement and
spacetime geometry and topology. We mention a few of them only, out of a very large
body of work. Within the AdS/CFT correspondence [1], the Ryu and Takayanagi for-
mula [2, 3] relates the entanglement entropy between subsets of degrees of freedom in the
boundary CFT associated to distinct regions to the area of minimal surfaces connected to
that boundary regions in the dual AdS spacetime. In [4], it was shown that entanglement
between two spacetime regions, as measured by the mutual information, is closely related
to the connectivity of spacetime, as indicated by the scaling of the correlation with dis-
tance. A relation between entanglement and geometry shows up also at a dynamical level:
via the holographic dictionary based on the Ryu-Takayanagi formula, the “entanglement
first law” [5] in CFT translates into Einstein’s equations linearized about pure AdS space-
time [6-8]. A different perspective on the subject is given in [9], where gravity emerges
from completely abstract quantum degrees of freedom: specifically, spatial geometries are
constructed out of the entanglement pattern of abstract quantum states in a Hilbert space.
This last work in fact hints at the same idea that we realize here concretely and in some
detail, and in the context of a well-established quantum gravity formalism.

The outlined scenario suggests that, in order to carry out the emergent spacetime pro-
gram, we need to efficiently describe entanglement in the states of a many-body system
(the collection of pre-geometric quanta) and concurrently relate such entanglement to ge-
ometric properties of a spatial or spatiotemporal structure that can be associated to the
same states. In this paper we detail a correspondence between the quantum states of the
quantum gravity formalism of group field theory (GFT) [10] and the quantum information
language of tensor networks (TN) [11-14], which defines a promising framework to per-
form both tasks, thanks to the importing of quantum information techniques in a proper
quantum gravity setting.

A TN is a collection of tensors contracted according to a certain pattern. A single
tensor is graphically represented as a node with open legs, one for each tensor index, and
interpreted as a map from the degrees of freedom attached to a set of (input) legs to
the complementary set of degrees of freedom on the remaining (output) legs. When only
outputs are present, the tensor can thus be regarded as the state of a quantum system (say
a “particle”) living in the Hilbert space associated to all tensor legs. In this picture, which
is the one we focus on, the tensor network describes the state of a many-body system,
with a node for each particle. As the contraction of tensors - the gluing of legs - generally
induces entanglement between the involved degrees of freedom, the tensor network is able
to encode, in its combinatorial and quantum information, the entanglement pattern of a
many-body state. As consequence, some TN satisfy entanglement area laws, a feature
that makes them promising candidates for modelling holographic states in the context of
the AdS/CFT correspondence, and more generally in a (quantum) gravitational context.
Among the large literature exploring this application of tensor networks, we cite [15, 16],
where it was showed that entanglement renormalization [17] on a certain class of many-
body states gives rise to a network in an emergent holographic dimension and that, at a
quantum critical point, such a network reproduces a discretized AdS space. More recently,



tensor networks have proved to exhibit several other aspects of holographic duality [18-20],
and have been used indeed to reproduce states in the AdS/CFT context [21-28].

GFT is the theory of a (bosonic) field defined on a group manifold; the excitations of
the field, interpreted as quanta of space, are represented as fundamental simplices whose
geometric properties are encoded in the group-theoretic variables of the field domain. By
gluing the fundamental simplices to each other one can build up a discrete spatial mani-
fold of arbitrary topology. As we are going to make explicit in the following, the gluing
of different simplices is given by the entanglement between their degrees of freedom; the
resulting simplicial complexes thus correspond to entanglement patterns among quanta of
space. This is particularly evident when adopting a spin network representation: each sim-
plex is depicted as a vertex with attached open links (i.e. links whose other ends terminate
at univalent vertices); the links are dual to the faces of the simplex and carry the group
variables describing its geometry. In such a dual picture, the entanglement distribution
encoded in a generic GFT state is associated to a network (or, in a quantum gravity lan-
guage, to a graph). The interaction processes of the field quanta, governed by a quantum
dynamics whose elementary blocks are determined by the non-local interaction kernel of
GFT action, result in the combination of the simplices (the GFT quanta) into higher-
dimensional simplicial complexes, to be understood as discrete counterpart of spacetime
manifolds. The perturbative expansion of the GFT partition function thus returns a sum
over such complexes, with Feynman amplitudes being discrete gravity path integrals on the
simplicial lattices bounded by the gluings of simplices encoded in the GFT quantum states;
or, equivalently, spin foam models expressing the evolution of the dual spin network states.
In that sum we can find a combination of strategies for lattice quantum gravity: quantum
Regge calculus [29] and dynamical triangulations [30], and the spinfoam amplitudes [31],
for the spin network states of loop quantum gravity (LQG) [32]. In this perspective, GFT
can be seen as second-quantized many-body reformulation of LQG [33], in addition of be-
ing a direct group-theoretic enrichment of random tensor models [34, 35] (their common
framework being often referred to as “tensorial group field theories”).

Therefore, both formalisms of group field theory and tensor networks rely on graphical
structures built up from entanglement. In this work, we make this shared feature explicit
and more precise, at the same time strengthening and generalizing the correspondence
between quantum gravity states and tensor networks, building on previous work which
had already pointed out the relation between the LQG spin networks and particular TN
decompositions, for example [36, 37], and carried over a first-quantized version of the
GFT framework in [38]. On the one hand, our work advances the description of discrete
geometries in GFT and the understanding of the parallel relation between entanglement
and geometry; on the other, it enriches the TN language with insights from quantum
gravity, overall defining a precise mathematical setting to merge tensor network techniques
with that of a background-independent quantum gravity formalism. The benefits of the
improved correspondence go both ways.

From the perspective of GFT quantum gravity, we provide a rigorous mathematical
formulation of the presence, in the GFT Hilbert space, of states associated to arbitrarily
connected graphs, clarifying also the entanglement origin of the latter. From the per-



spective of tensor network applications to quantum gravity (for example in the AdS/CFT
context) this also enable us to show how the idea of entanglement generating geometry
(area and volume realizations) and topology (the combinatorial structure of graphs), can
be made concrete and explicit, at least in a discrete geometric context, based on (and al-
ready suggested by) results in LQG, spin foam models and GFT itself. This is an immediate
improvement over existing applications of tensor network ideas in this direction. Indeed,
while an interpretation of networks/graphs as discrete geometries is already present in the
TN context, this is (severely) limited to simplicial complexes considered only in their combi-
natorial structure, with a geometric interpretation following from using the graph distance
as metric. GFT graphs, on the other hand, carry additional quantum geometric degrees
of freedom, and it is this additional structure that allows a richer entanglement/geometry
correspondence, as we are going to show.

As far as the correspondence between tensor networks and spin network graphs is con-
cerned, the main novelty of our work respect to the aforementioned literature, and other
applications of random tensor network ideas [19], is the generalization of such correspon-
dence to a second quantized setting, which provides the TN framework with a Fock space
structure and concurrently carries a strong physical implication: the attainment of (a dis-
crete version of) diffeomorphism invariance for the structures involved. Let us expand
on this key point. When moving to the proper second-quantized formulation of GFT, a
crucial difference with the quantum information language arises: while the GFT quanta
are indistinguishable, the nodes of a tensor network, as normally defined, are not. In a
quantum gravity model, the indistinguishability of the building blocks of space is a neces-
sary condition for background independence. In fact, it can be understood as a discrete
counterpart of invariance under diffeomorphisms, as vertex labels play the role analogous
to “coordinates” over an abstract combinatorial pattern. This is why our work offers a
further improvement compared to existing construction based on random tensor networks
in [19]: without a suitable invariance under relabelling of the random tensor networks,
their interpretation as geometries is probably incomplete. The possible way out would be
to give the labels associated to tensor network nodes some physical characterization, and
this is indeed another point for which we illustrate a suitable concrete realization.

In this paper, in fact, we show that GFT entanglement graphs are in fact generalised
(and second-quantized) tensor networks that, in addition to having a direct simplicial-
geometry interpretation, naturally satisfy (a discrete version of) invariance under rela-
belling/diffeomorphisms, as a consequence of the bosonic statistics of their nodes/vertices.
In particular, GFT entanglement graphs can be seen as generalised random tensor net-
works, whose probability distribution is determined by the GFT model governing their
dynamics. We also show how distinguishability of vertices can be recovered at a relational
and effective level, by coupling the GFT field to an additional degree of freedom playing
the role of a physical reference frame, in the spirit of the relational strategy typically em-
ployed in the quantum gravity context to define physical (thus, diffeomorphism invariant)
observables in absence of preferred notions of space, time and locality.

Let us finally remark that, beside its quantum information aspects, our work, clarifying
the way graph structures are encoded in the GFT formalism, and how the usual spin



network states associated to connected graphs are embedded in the Fock space of GFT
(and thus, spin foam) models, will be a strong basis also for the definition and analysis
of combinatorially non-local observables (such as curvature operators) in this quantum
gravity formalism.

Our work is organized as follows. After introducing, in section 2, the GFT formal-
ism, we present in section 3 the graph theory tools we will use throughout the paper:
the encoding of combinatorial patterns into matrices and the related notions of labelled-
and unlabelled-graphs, i.e. graphs made of distinguishable and indistinguishable vertices,
respectively. We then outline how to construct GFT states associated to graphs with arbi-
trary connectivity: we first provide, in section 4, a basis-independent prescription to define
states associated to labelled-graph, working in the pre-Fock space of the theory; in section 5
we then implement vertex-relabelling invariance, obtaining states of unlabelled-graphs in
the GFT Fock space. In section 6 we define a scalar product which compares graph states
independently of the vertex-labelling, with the criterion of maximising the overlap between
their combinatorial structures. We conclude the analysis on graph states with section 7,
where we show how an effective and relational notion of distinguishability of vertices can
be recovered by adding new degrees of freedom (with the interpretation of discrete matter
fields) to the GFT model. We then introduce, in section 8, the TN formalism and finally
present, in section 8, the dictionary between group field theory states and tensor networks,
explaining how GFT (labelled- and unlabelled-)graph states can be read as precise classes
of tensor network states (PEPS).

2 The GFT formalism

A GFT is a field theory whose domain is given by (d copies of) a group manifold and
characterized by combinatorially non-local interactions. Let us illustrate these points. The
GFT field ¢ is defined as follows:

¢ G4 — C
815,84 d’(gl?“'vgd)

An excitation of the field is interpreted as a (d — 1)-simplex, with the group vari-
ables gy,...,g, (together with their conjugate ones under various group-theoretic Fourier
transforms) associated to its faces and encoding its geometric properties. In order for
o(gy,-..,8,) to properly describe the geometry of a (d — 1)-simplex, it must satisfy the clo-
sure condition ¢(hgi,...,hg,) = ¢(gy,...,84), i.e. be invariant under the specified gauge
transformation. Additional conditions are imposed, normally at the level of the GFT dy-
namics, in 4d gravitational models, where the group is taken to be SU(2) or SL(2,C) or
Spin(4), to ensure the proper geometric interpretation of the GFT quanta and the discrete
structures they form. These geometric aspects, while of course crucial for the interpretation
of the formalism in a quantum gravity context, are not directly relevant for our present
purposes. As showed in figure 1, the fundamental simplex can also be represented as a
d-valent vertex, with an open line corresponding to each face; the latter is identified by a
colour 4, with ¢ = 1,...,d, and carries the group variable g;. Such a dual representation in
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Figure 1. Excitation of the field ¢(g;,...,g,) € L?(G?/G) for the case d = 4. On the left, the
simplicial representation as a tetrahedron; on the right, the dual representation as a spin network
vertex.

terms of open vertices decorated by group variables makes explicit the correspondence of
these quanta with the spin networks of loop quantum gravity [32].
The GFT action for quantum gravity models in a simplicial context takes the gen-

eral form
~ [ dzdg'o(@)X (e Nole)
A\ d+1 d+1
[11de' 1] i) o). o). (2.1)
d +1.J 5
i#j=1
where the bold notation g refers to a collection of d group elements, g = g;,...,g,4, and

dg := dg;...dgs; K and V are the kinetic and the interaction kernel, respectively. The
non-local pairing of field arguments in the interaction-term determines the gluing of the
fundamental (d — 1)-simplices (in the dual picture, the linking of the corresponding ver-
tices) into d-cells (graphs made of d-valent vertices). The interaction processes of the space
quanta thus generate d-complexes of arbitrary topology, which are interpreted as discrete
substratum of the continuum spacetime that should emerge from them in some appro-
priate limit. In the perturbative expansion of the GFT partition function, they are dual
to the theory’s Feynman diagrams. The Feynman amplitudes, on the other hand, repro-
duce discrete gravity path integrals, and the entire expansion can be seen as the result of
merging the strategy of quantum Regge calculus [29] (sum over discrete geometric data
attached to a lattice) with that of dynamical triangulations [30] (for given geometric data,
sum over all possible lattices). The Feynman amplitudes also coincide with spinfoam am-
plitudes [31], as evident when expressing group functions in a group representation basis
(see section 2.2). Moreover, as mentioned before, the boundary states of the d-complexes
dual to the Feynman diagrams correspond to spin networks, the LQG candidates for the
fundamental degrees of freedom of quantum geometry. Let us finally mention that GFT
can be regarded as a generalization of random tensor models [34, 35], where the combina-
torial structures of the latter are enriched with group-theoretic data. As we will clarify in
the following, these additional data are responsible for the characterization of the graphs
associated to GFT states as patterns of entanglement among quanta.
The GFT ladder operators satisfy bosonic commutation relations:

ole"). ') = [ thé hgfel ™), 22)



where the r.h.s. is the gauge invariant Dirac delta distribution on G¢. The GFT Fock space
is constructed starting from a vacuum state |0) annihilated by ¢(g*), with the fundamental
simplices created by the action of ¢f(g®) on |0).

2.1 From the single-vertex Hilbert space to the Fock space

As we will make extensive use of the GFT formalism in its first-quantized form, we present
here the derivation of the GFT Fock space from the single-vertex Hilbert space, via the
construction of a pre-Fock space.

A GFT vertex of valence d is associated to the Hilbert space H = L?(G?/Q), as follows
by the definition of the field and the closure condition.

Starting from that, we can consider the Hilbert space associated to a set of V' (distin-
guishable) vertices: Hy := H! ® ... ® H", where upper indices refer to vertex labels. A
generic “V-particle” state thus takes the form

0 = [Tdg v’ .8") a7, (23)

where g* = g{,..., g%, and |g”) provides a basis for the single-vertex Hilbert space H*. By
taking the direct sum of the Hilbert spaces associated to all possible number of vertices V/,
we obtain the GF'T pre-Fock space:

pre-F(H) = &y _ 1 Hy (2.4)

By symmetrizing each Hy = H'®...®@H" over the vertex labels, we then obtain the Fock
space of the theory:

FH) = o sym (H' e oK) (2.5)

2.2 Spin-representation of the GFT wavefunctions

A function f € L?*(G), where G is a compact group, can be decomposed in terms of
irreducible representations of G as follows (Peter-Weyl decomposition):

F(9) =D di finDinn(9); (2:6)
jmn

where j € N/2 is the spin labelling the irreducible representations of G = SU(2); the
indices m, n refer to a basis in the vector space carrying the representation j; d; := 25 + 1
is the dimension of the latter and D/ (g) is the matrix representing the group element g.
Starting from this, one can consider the spin decomposition of single-vertex wave-
functions f € L?(G?/G); for G = SU(2) (which is the usual choice for the gauge group

of gravity),

f(g) = Z fi]1L %'m(g), (27)
jne
where j = j1,...,jJ¢ and n = ny,...,ng are spins and magnetic numbers associated to

the open links of the vertex, respectively, and ¢ is the intertwiner index deriving from the



gauge invariance of the vertex wavefunction [39]. In particular, the basis functions 1jn,(g)
(called spin network functions) are given by

d{im(g) = Z C‘llll’/l H d]zD"Z)’%,an (gi)v (28)

i

where Cfﬁ is the normalized intertwiner.
The spin decomposition clearly applies to the field operators as well; the creation
operator, for example, can be written as follows:

jne

Note that ngHL is the operator generating the spin-network basis: (g| qﬁLjL 10) = VYjn.(g)-

For more details on these group-theoretic aspects of the group field theory formalism,
and of the related spin foam models and loop quantum gravity, we refer to the literature
(for example, see [39]).

3 Graphs and their adjacency matrix description

In this section we introduce the graph theory notions that we will use to differentiate be-
tween combinatorial patterns implemented on distinguishable and undistinguishable quanta
(and thus to proper define the GFT entanglement graphs in first- and second-quantization,
respectively). For these and other notions of graph theory, we refer to [40].

Definition 1 (Labelled graph). A labelled graph -y is an ordered set of vertices connected
according to a certain pattern.

We refer to the number of vertices in a graph as its size. A labelled graph of size V'
can be described by a V' x V matrix A, called adjacency matriz, whose entries encode the
adjacency relations among vertices: A, takes value 1 if vertex x is connected to vertex y,
and 0 otherwise. Since A encodes all information about =y, we refer to a graph by using
both notations, i.e. v = A.

Two graphs which differ only for the labelling of their vertices are said to be isomorphic.
Formally, two labelled graphs v = A and 7/ = A’ of size V are isomorphic if there exist a
permutation 7 on V elements such that A’ = P, AP-!, where P, is the matrix obtained
by permuting the columns of the identity matrix.

Given an adjacency matrix A, we denote by [A] the equivalence class of matrices
obtained by permuting rows and columns of A:

[A] = {A'|A' = P, AP, 7 e Sy}, (3.1)

where Sy is the set of possible permutations on V elements. Note that two isomorphic
graphs belongs to the same equivalence class of adjacency matrices.

Definition 2 (Unlabelled graph). We define an unlabelled graph I as the combinatorial
pattern represented by [A].



Two unlabelled graphs I' and I are said to be isomorphic if and only if they have a
common adjacency matrix. Moreover, two isomorphic graphs have exactly the same set of
adjacency matrices.

We are interested in graphs constructed out of vertices having the same valence d,
whose open edges are identified by colours 1, ..., d; moreover, we assume that two vertices
can be connected only trough edges of the same colour. To describe these structures, we
introduce generalised adjacency matrices having elements
0 LF ]

a

A:c+i,y+j = (32)

where aéy = 1 if the vertices « and y are connected by a link of colour 4, and aﬁcy =0
otherwise. Note that having additional data with respect to the vertex labels (i.e. the edge
colours) increases the size of the adjacency matrix encoding the graph, as expected. In such
a framework equivalence classes of matrices are still defined with respect to the relabelling

of vertices, and the notion of unlabelled graphs naturally follows.

4 GFT labelled-graph states

In GFT, gluing the “quanta of space” given by excitations of the field gives rise to (dis-
cretized) spatial manifolds. Such a simplicial construction corresponds, in the dual picture,
to a graph structure. As the gluing is defined by an entanglement relation, we refer to these
structures as entanglement graphs. In this section we outline a prescription to construct
labelled entanglement graphs in the pre-Fock space of the theory, where the “quanta of
space” /vertices are distinguishable. This is preparatory to the next section, in which we
provide a definition of entanglement graphs in the truly physical (although still kinemat-
ical, i.e. before taking into account the quantum dynamics of any specific model) space
of the theory, the Fock-space, where the vertices are indistinguishable and the graphs,
therefore, unlabelled.

4.1 Quantum geometry states associated to graphs: H,

Following the interpretation of graph structures in terms of discretized space, to each
labelled graph -~y it is possible to associate an Hilbert space of states of quantum geometry,
H., whose elements are functions of the variables associated to the links of the graph.
The kinematical Hilbert space of loop quantum gravity is also constructed out of these
graph-based Hilbert spaces, for all possible graphs and modulo some equivalence relations
(imposing cylindrical consistency conditions),! locally gauge invariant; in particular, it can
be realized as H, = L?(GL/GV), where L is the number of links and V the number of
vertices in . Note that the definition of H, is a priori independent from regarding the
graph as the result of gluing open vertices. However, by exploiting such point of view
it is possible to embed labelled-graph states ¥.({g¢}) € H, into the Hilbert space Hy
associated to a set of open vertices, introduced in section 2.1. The embedding of H in Hy

'For a discussion on the differences and similarities between the GFT and LQG Hilbert spaces, see [41].
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Figure 2. Example of the gluing of two “quanta of space” of the GFT model with d = 3, which
are triangles dual to trivalent vertices. The quanta are glued along the face/open-link of colour 2.
The resulting link carries the group variable gog’s ! given by the product of the original open-link
variables g, and g’,.

has been studied in [33]. We generalise that analysis and show how to construct in Hy
graph states with arbitrary combinatorial pattern «, in a basis-independent way.

4.1.1 Embedding H, into Hy

Consider the multi-particle state of eq. (2.3), which generally describes a state for a set of
V' open vertices. Starting from it, we can construct a special class of states in which the V'
vertices are connected according to a certain pattern, thanks to the entanglement among
their degrees of freedom. We restrict the analysis to the case in which the connection
can be realized only between edges of the same colour i.?> By assigning an orientation
to the edges, with the group element g; associated to the outgoing direction, the gluing
of two vertices shows up as follows: the vertices x and y are connected along a link of

colour i if the multi-particle wave-function (g',...,g"") depends on the elements g7 and
¢¢ only through the product g¥g? . The two vertices are then said to form an internal link

¢ = (x,y;1) (where 7 is the colour of the link, x and y are the source and target vertices,
respectively) which carries the group element g, = gfgffl (see figure 2). Starting from
the generic multi-particle wave-function of eq. (2.3), such gluing is realized by averaging
through the right action of the group on the two open links carrying g¢ and g:

/dhw(...,gfh,...,ggfh,...) — (. gFgl L. (4.1)

In fact, the convolution on the group element h forces the wave-function ¥ to depend on
g¥ and g¢ through the product gfgf’_l representing the group variable associated to the
internal link ¢ = (x,y;7). By using the gluing prescription defined in eq. (4.1), a generic
labelled-graph wave-function ¥ ({gs}) € H, can thus be seen as the result of gluing the
arguments of a multi-particle wave-function ¥ ({g"}) € Hy according to the combinatorial

pattern of ~:

‘I’w({gezg‘é’”gf*l}):/ [Tdnre | ©(.. g ke, g Ry, ), (4.2)
ey

2This restriction leads to d-colored graphs, as extensively studied in the random tensor models litera-
ture [34, 35].

~10 -



where ¢ = (z,y;1) refers to the links of 7. Eq. (4.2) represents the embedding of ¥, ({g,}) €
H, in Hy, and shows that the Hilbert space Hy contains, among its elements, states
associate to the labelled graph 7. This result was presented in [33] as part of a broader
analysis on the possibility to regard group field theory as a second quantization of loop
quantum gravity. In [33] it is also shown that the scalar product on H, is the one induced by
V', therefore H., is an Hilbert subspace of Hy: H, C Y. Moreover, this induced Hilbert
space coincides with the one used, for the same graph, in canonical loop quantum gravity.

4.2 Constructing graph states with arbitrary combinatorial pattern in Hy

We generalise and make more detailed the result of [33] by providing a prescription to
construct, in Hy, labelled-graph states with arbitrary combinatorial pattern, exploiting

the adjacency-matrix description of graphs. We start by defining a class of operators
TRy

IP;

same colour into the internal-link subspace, i.e. the subspace invariant under the right

, called link maps, which glue different vertices by projecting open-link states of the

action of the group on the open links to be glued: Invr(HF @ HY).

Definition 3 (Link map). The gluing of two vertices x and y along their open links of

colour i is performed by the map IPf®y cHY @ HY — Invgp(HE @ HY) defined as follows:
P = [ dnVdgrdg! |gF) (gh| @ gt ol e (13)

where h;Y = B*.

When acting on a multi-particle state ) € Hy, the link map IPf®y realizes the convolution
of eq. (4.1):

IE)ZC@’Z/ W]> — /Hdgx/ (H dhz) ”(/J( .. ,gfhg, N ,gfhg, .. ) Qg |gx> . (4.4)

lery

We can then construct a graph state with arbitrary combinatorial structure « by applying
to a multi-particle state |¢) the link maps according to the adjacency matrix A of v:

oy =11 TI P*Iw)

T<Y ral, =1

' (4.5)
= [ [ TT anugrn ey o, 7).
z x<ti(zx)
with dh®t®) .= dhgftl(x) . .dhztd(z), where t;(z) is a tensor encoding the combinatorial

pattern of the graph: t;(z) = y if a;¥ = 1, and #;(xz) = 0 if ;¥ = 0; the gluing elements
hfti(z) are such that h{¥ = hY* and h¥" = e (where e is the identity element). The
wave-function of the resulting state |1),) is thus associated to a graph with internal links
= (z,ti(z);9):

€ ng ) = [T e Ou((erns ™) = v (o =gt g

x<t;(z)

- 11 -



Note that, since the gluing operation is a projection from Hy to H, C Hy, given a graph
state in H,, a corresponding multi-particle state in Hy for the pre-gluing phase is not
uniquely defined. Let us finally remark that the provided prescription is basis-independent,
as it is defined through the action of projection operators on the Hilbert spaces associated to
the vertices. In the spin representation, the link maps are in fact a combination of Kronecker
deltas identifying spin labels and vector labels in the corresponding representation spaces,
for the open links that are being glued. This will be made explicit and exploited in the

next section.

4.2.1 Comparing graph states of equal size

As mentioned before, in [33] it was showed that the scalar product on H,, is the one induced
by HY. Following our generalised construction of graph states in Hy, we show that the
scalar product on Hy allows also to compare graph states with the same number V' of
vertices but possibly different combinatorial structure. Note that, two quantum states
associated to graphs with different number of vertices are necessarily orthogonal, due to
the structure of the GFT (pre-)Fock space.

We work in the spin network representation, and thus start by presenting the expansion
of a graph wave-function embedded in Hy in such a basis. Bold symbols refers to collections
of edge variables, e.g. j* = j{...jj, while a vector notation is used for sets of vertex
variables, e.g. j: jt...jV. We also recall that £ = (z, ;1) is the link of colour i connecting
x (source vertex) to y (target vertex) and carrying the variable g, = gf"gg’fl. The graph
wave-function ¥, embedded in Hy takes, in spin representation, the following form:

W, ({geh) = [ TT o (g "))

<y
_ / Hdhwzw el Hd Dl (g5 ) (47)
<y
:Z@CM / HdhxyH /d D hftZ(x))
<y

with €I = [T, €3 and
Py = pncgj H Vi (4.8)

and the sum is over all repeated indices. By performing the integral over the gluing
elements® we obtain

ti(z) I th(z) T
(o) = S wl el
i(x)

< I dmz)D@t(z(gZ”gf(x)) II fD” 9;)

xiw<t;(x) x,icti ()=

3We use the relation
/thf,:/n/ (h)Dznn (h) = diéj’,j(;m’,m‘sn’,ny
J

where d; := 25 + 1.
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where

.zt () - At (1) Vig(V) .4 .y -, 1
\If{]i 1 ;:\11]1 T...jd il it s PN N »
> (1 apen 7 {7 o v 1 T et Ot o) O i)
z,i:x<t;(x) jf i

(4.10)

7. In eq. (4.9) we can recognize basis wave-

with the conventions ji¥ = j¥* and j** = jZ.
functions for the labelled-graph state:

ST eI L | QRN C oy oI
z,i:x<t;(x) N v (411)
< JI \/diz Dyens (a0)-
x,i:t;(x)=0
In fact, eq. (4.9) can be rewritten as
— {e}e {e}e
U ({9e}) = 2 Wt omen O tntopen {961 (4.12)
{ged

To show that the natural scalar product in Hy allows to compare states associated to
graphs of equal size V' but possibly different connectivity, we can restrict the attention to
the basis states |0, ({j¢, ne, })). We obtain that (see appendix A for details)

(97'({.7'27 n%? L'})|97({jg, g, L_}>> = H 6j/zt;(fv) joti@ H 0 t)(x) N
T % Wi

x:ti (x)=0,t] (z)#0 T o
x H 6n’.$,n/.ti(z> H 5n;’“,nf 5(L_; Ll)
x:t; () #£0,t) (x)=0 Lo x:t; (x)=t}(x)=0
(4.13)

The above expression shows that graph states with different combinatorial structures are
not necessarily orthogonal. Such feature derives from the fact that, in our framework,
graphs do not underpin the definition of the kinematical Hilbert space, but arise as en-
tanglement patterns among quanta, defined in a larger (with respect to the degrees of
freedom associated to each graph) (pre-)Fock space. Let us also remark that, though given
a graph wave-function ¥, € H, the multi-particle one ¥ € Hy of the pre-gluing phase is
not uniquely defined, such an ambiguity does not affect the result of the scalar product.

4.2.2 Labelled-graph states from individually weighted vertices

Here we consider a special class of GFT states constructed out of a set of individually
weighted vertices, namely a set where each vertex is dressed with a single-particle wave-
function f € H. The interest in these states is multiple: in addition to be the simplest
generalization of condensate states used in cosmology, also encoding space-connectivity in-
formation [42, 43], they have been used in [44, 45] to model black hole geometries; moreover,
in their first-quantized expression they were put in relation to tensor networks in [38].

For this class of states, the multi-particle state of the pre-gluing phase is factorized
over the single-vertex Hilbert spaces:

—

W) = @4 | fo), (4.14)
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where f denotes the set of single-vertex wave-functions: f = (f1,..., fv). By applying to
this state the link maps according to the combinatorial structure v = A we obtain

|¢'y H H ]PI®ZJ ®I |fx>

<Y j:al, =1

/Hdg/ H hztx)Hf &"h*®) @, g*).

x<t;(

(4.15)

This corresponds to a certain state |U,) € H,, with U ({gr = ¢¥¢!™ ") = @bf({(ﬁq;” .
Note that, given a graph function W, ({g.}), it is always possible to identify a set of functions
fi,-.., fv that glued according to the adjacency matrix of the graph v give ¥, ({g}).

5 GFT unlabelled-graph states

As we have shown, in GFT the simplicial complexes resulting from the gluing of the fun-
damental simplices (the “quanta of space”) are encoded in the entanglement structure of
multi-particle states, and represented by graphs, whose vertices are dual to the fundamen-
tal simplices. So far we considered the GFT vertices as distinguishable, i.e. we labelled
them and worked in the pre-Fock space of the theory. However, we know that vertex labels
are just an auxiliary structure, which does not possess any physical meaning. In the fol-
lowing, we show how to remove it from our labelled-graph states by symmetrizing over the
vertex labels, thereby obtaining states associated to unlabelled graphs. This also means
working in the true Hilbert space of the underlying GF'T, i.e. the Fock space in which only
wavefunctions symmetric under permutations of the vertex set appear.

First-quantized unlabelled graph states. Given a state [,) associated to a graph
v = A, we turn it into a state invariant under vertex-relabelling by symmetrizing over the
vertex group variables:

o) = [Tdgvrle - g enlg, =l = [T]dgvr(s' ") o le"),
(5.1)
where
dr(g'-..g") = sym (v, ({gfa "7} Z/ [ ™ @y({gni" ), (5.2)
x<ti(z)

with 7 referring to a permutation over V' elements. In |¢r), the vertex degrees of freedom
are still entangled according to the pattern of the original labelled-graph state, but the
vertices are indistinguishable; the state is thus associated to the unlabelled graph I'" = [A].

Denoting by P, the operator performing the relabelling = — 7(z), ie.
&', ..., gV | Py [1y) =1y (g™D), ..., g™ V), we can write |[¢r) as follows:

WP> = Z Pr ‘w’7> = Piny, ‘¢'y> (5.3)

TESY

where Piny, = > rcg, Pr is the operator projecting the labelled-graph state into the sub-
space invariant under vertex re-labelling.
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Second-quantized unlabelled graph states. The unlabelled graph state |ir) belongs,
by definition, to the Fock space F(H), and can be written in the second-quantized formalism
as follows:

|Yr) /Hdg”‘ww L) [T et e [0) (5.4)

In fact, the symmetry of the wavefunction is ensured by the commutativity of the field
operators, which “project” 1), to the Fock space.

So far we constructed unlabelled-graph states starting from labelled-graph ones and
implementing invariance under vertex-relabelling. This is the most natural procedure as
vertex labels, despite lacking a physical interpretation, are needed to define a graph. How-
ever, we could be interested in implementing an entanglement pattern directly in the Fock
space. For this purpose, given an unlabelled graph I' of size V', we introduce the following
V 4+ V-body operator:

Or= [Tldg" [ T an* ] o!en) [[ole’ 55)
x<t;(x)
where t;(x) is the tensor encoding the connectivity of I'. When acting on a V-particle basis
state, Or entangles the vertex degrees of freedom according to the pattern I':

or [T 0) = / [T dn6 (g0 ) 0) (5.6)

Note that, though the operator Or generates an entanglement pattern directly in the Fock
space, it is still dependent from the possibility to distinguish vertices; in fact, defining the
tensor t(x) requires assigning a vertex labelling to I'. Note also that Op can be thought
of as a second-quantized version of the link maps introduced in section 4.2. However, it is
not a projection operator, as further applications of Or on the state of eq. (5.6) leaves the
latter unchanged only if the pattern I' is symmetric (completely connected/disconnected
unlabelled-graph). In fact we have that

O% H¢(gx)T ’0> :/ H dh,rt(x) H dhxt ZH(N T x)hw )t( ﬂ(x))hn:t ) ‘O>

r<ti(x) x<ti(x)
:/ H dhaxt(m) H hxt ZH¢T zhmt(:r h,7r (z)t( —1 ) |0>
<ti(x) x<ti(x)

(5.7)

and, in order for the r.h.s. of eq. (5.7) to be proportional to the r.h.s. of eq. (5.6), all links
in I must be glued (case t;(z) # 0 Vi, x) or open (case t;(z) = 0 Vi, z).

5.1 Unlabelled-graph states from individually weighted vertices

Here we introduce the unlabelled version of the graph states constructed out of individually
weighted vertices, defined in section 4.2.2. Consider the labelled-graph state Wﬁ; ) defined
in eq. (4.15); its unlabelled counterpart is given by

l_y) /Hdgw]F (e g @ g, (5.8)
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where

oy (et ) =sym (Lot )

_ Z (/ H dh:ct(x) fo(gw(x)h:ct(x)>) (5'9)

x<ti(z)

In this formula, the notation I' = [A] is used to specify that the vector f refers to the
adjacency matrix A. Note that

W) = [ LAl ne)
- / A5 T oo (g7h™ @ @)
_ /dhafté(w) I1 oot (€707 )
—o(g",....8").

where f; := fr-1(;) and (@) = pm  @HET@)  That is, P, Wﬁf) = ]1/15,» where A’ =
—1AP a—1 and ]ﬁ —1f (f?’l'_l(l)?“‘7fﬂ'_l(‘/))’

(5.10)

6 Combinatorial scalar product

An unlabelled-graph state is defined by a combinatorial pattern [A] and a symmetrized
wavefunction depending on the variables attached to the graph elements (vertices and
links). As showed in the previous section, such a state can be thought of as built up from a
set of labelled-graph states related to each other by vertex-relabelling. We have emphasized
that quantum states associated to different graphs are not orthogonal, as to be expected
since they simply correspond to different entanglement patterns of the same number of
quanta. At the same time, we are interested in the possibility of comparing such states
and defining a precise measure of their overlap that depends directly on the underlying
combinatorial pattern.

Consider the scalar product between two unlabelled-graph states, written (in the pre-
Fock space) as the result of summing over labelled-graph ones:

<90F’|w1"> <Q07 |]P1nV7r]P1HV7r |1/}7> <§07 |]Plnv7T |¢7> Z <907"1Pﬂ' W”y) (6_1)
TeSy

On the basis of this expression, we define a “combinatorial scalar product” which compares
labelled-graph states giving relevance to the combinatorial aspect, independently on the
specific vertex-labelling. It amounts to select, among all the possible relabelled versions
of the states, the ones which maximise the superposition of their combinatorial structures.
Equivalently, it selects the vertex-labellings corresponding to the closest adjacency matri-
ces. Such a scalar product can be seen as a prescription to align graphs in order to maximise
their overlap, and then compute the (standard) scalar product between the corresponding
wave-functions.
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Definition 4 (Combinatorial scalar product). Given two graph states |1) and |p,) we
define their combinatorial scalar product as follows:

<90’y"w7>comb ::<907"IP7? \%) (6.2)

where the permutation 7 is such that

[{por [P 1y} | = max |(oy[Pr[thr) | (6.3)
with
Smin = {m € Sy +d (P APZL, )_Cnél[g]d(c B)} (6.4)

where A =+~ and B =7/, and d(-,-) is a notion of distance between matrices.

Note that (¢/[1)y)comp = 1 if the states |1),) and |p,/) differ only for the labelling of their
vertices, as expected in a setting where such a labelling is deprived of any physical meaning.

At this point, a question naturally arises: can we provide a similar prescription in the
Fock space, i.e. define a scalar product which emphasizes the combinatorial structure of
the states? Note that, when considering symmetric states, all permutations of the vertex
labels produce the same value on the right hand side of eq. (6.2). Therefore, selecting a
particular alignment of vertices does not affect the result. Moreover, to define such a scalar
product in the Fock space is simply not possible: aligning graphs as we have done requires
vertex labels, and thus to break the symmetry which underpins the very definition of the
Fock space. To clarify this point, in the following we translate the combinatorial scalar
product in the second-quantized formalism. We work with unlabelled-graph states written
as in eq. (5.4) in order to recover, when breaking the Fock space symmetry, the labelled-
graph wavefunctions from which they were defined.* We start by rewriting eq. (6.1) in a
second-quantized formalism:

(o) = [ T]dgda"e’ (ta))vr (7)) 0T o) [T o' (&) 0

x

(6.5)
-/ [Tag"da"s ({a"his (&) 3 Ca
TESy
with
C(d,8) == (0| [Tle(a"), 6 (8] |0) (6.6)

T

where the vector notation g refers to a set of vertex variables: g = g'...g". This formula
makes explicit how the commutation properties of the field operators ensure that all the
contributions coming from the various possible vertex-labellings are taken into account in

“In doing this, we make a slight abuse of notation: in eq. (5.4) the unlabelled-graph state |¢r) is written
in terms of the labelled-graph wave-function 1, but the only readable information about the latter is
its symmetrized version, namely tr; in fact, the commutativity of the creation operators ¢’ hides any
information content about 1, which is not symmetric under vertex relabelling. Note also that, given v¢r,
the choice of 1, is not unique; however, this feature is not relevant for the present purpose.
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the computation of the scalar product. At a combinatorial level, this means that every
vertex x of one (labelled) graph overlaps with any vertex 7(x) of the other. In other words,
each term Cr(q, g) corresponds to a possible overlap configuration between two labelled
versions of I and T".

We note that Cr(q,g) corresponds to a particular ordering of the ladder operators,
and exploit this observation to write the combinatorial scalar product of Definition 4 in a
second-quantized form. We start by defining the following ordering prescription:

@) []¢1(&") =[] s(a™)o"(g™™) (6.7)

We then point out that the unlabelled-graph state of eq. (5.4) can be seen as the result of
acting on the vacuum state with the operator

Oyr. = /Hdg“”ww(gl, g ]]e'(g") (6.8)
xT X
In other terms, the information about the unlabelled-graph state can be equivalently en-
coded in an operator. By this line of reasoning, the Fock space scalar product can be
seen as the vacuum expectation value of an observable constructed out of the states to be
compared:

(pr|tr) = (0] OF Oy 10) . (6.9)

We might thus be tempted to define the combinatorial scalar product between two
unlabelled-graph states as the vacuum expectation value of an ordered version of that
observable, using the prescription introduced in eq. (6.7):

?
(rr|¥r) comb := (0] : OF_, Oy 2 [0) (6.10)
where the permutation 7 is such that

(0] OF,, Oy 17 [0) | = max [(0]: O, Oy i [0) | (6.11)
with Spin defined in eq. (6.4). A first drawback of eq. (6.10) is that it crucially depends
on the form in which the unlabelled graph states (and so the corresponding observables)

“preferred” vertex-labelling and thus

are expressed. But, more importantly, it selects a
leads out of the Fock space; therefore, it cannot be the scalar product induced by the Fock
space on a given subset of states. These considerations makes it clear that an alignment
prescription between graphs in the Fock space is prevented by the very definition of this
space, i.e. by the vertex-label symmetry underlying it. Let us stress that we do not see
this as a shortcoming, but as a feature of the formalism, which correctly indicates that the
only physical information is to be label-independent, and that there is no special physical
reason, in this context, to partition the Hilbert space into sectors associated to different
combinatorial patterns. The situation changes if new physical ingredients are introduced,
leading to a meaningful, i.e. physically characterized, labelling of the vertex set. We outline

a situation in which this is the case, in the following section.
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7 Effective distinguishability of vertices

In a fundamental quantum gravity theory that possesses the same symmetries of classical
General Relativity (even when not arising from its straightforward quantization), the only
allowed reference frames are “physical rods and clocks”; in other words, the presence of
a background structure respect to which define a notion of space/time locality is a priori
excluded. This has led to the formulation of the relational strategy for the construction of
diffeomorphism invariant observables in quantum gravity [46-52].% In the same spirit, here
we show how to attain an effective distinguishability of vertices by introducing in the theory
additional degrees of freedom, interpreted as discretized (scalar) matter, and to be used as a
“physical reference frame”, without breaking the fundamental symmetries of the formalism;
in particular, the symmetry under permutations of vertex labels that we suggested as a
discrete analogue of diffeomorphism invariance. Operationally, we use these additional
degrees of freedom to break the symmetry over the vertex-labels at an effective level only,
achieving distinguishability only for a special class of quantum states and in a physically
motivated approximation. For simplicity we consider, as additional degrees of freedom, a
minimally coupled free massless scalar field A discretized along the geometric data on the
graphs (and simplicial complexes) associated to GFT quantum states, in analogy with the
approach of [43, 56] for defining a relational dynamics in the GFT condensate cosmology,
and based on the analysis of scalar matter coupled to quantum gravity in GFT [57] and
canonical LQG and spin foam models [58, 59].

The GFT field thus turns into ¢(g, \) € L?(G¢/G xR), and the canonical commutation
relations of eq. (2.2) are modified as follows:

Ble7i ). o1 (g0 = [ tha nerel )0 — \y) (1)

For simplicity, we consider the simpler case of graph states with individually weighted ver-
tices (the generalization to a non-separable graph wavefunction is straightforward). With
the new dynamical variables given by the values of the scalar field A, the unlabelled-graph
state takes the following form:

o = [T [ T aw @[] w0 [T6E 010 (72
x<ti(zx)
The scalar product between two graph states of this type is thus given by
whiv) = 3 [TLAEW O fra@W X, (73
TESy

where we used the commutation relations of eq. (7.1).
We then make the following assumption: in a partial semiclassical limit of the theory,
the vertex wavefunctions are peaked on non-equal values of the scalar field A taken from

5The issue of defining and formulating physics in terms of quantum reference frames defined by suitable
matter systems is also an important topic in the foundations of quantum mechanics, beside quantum gravity
applications [53-55].
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the set {AY,...,A0,}. Then the scalar field labels can be interpreted as defining an effec-
tive embedding of the abstract graphs to which the quantum states are associated (more
precisely, of their vertices) into an auxiliary manifold; but more generally, they provide
a physical (i.e. in terms of measurable quantities) way to distinguish the vertices in the
associated graphs. As an example, consider the case in which f,, f/ are picked on A\J; the
main contribution to the scalar product then comes from the trivial permutation 7(z) = z:

Wlivh) = [TLAE ™D £ (g0 0500) (7.4)

More generally, if f. is peaked on /\g,(x) and f, is peaked on )\g(x), where w,w’ € Sy,
the permutation 7 providing the main contribution to the scalar product is the one which
satisfies the condition w'(x) = w(m(x)). We therefore see that, if the vertex wavefunctions
are peaked on values of the field taken from a discrete set {A}, ..., A%}, the scalar product
is effectively performed on two labelled versions of the original unlabelled graph states,
and the set {A,... ,)\9,} represents the effective vertex-labelling. As we noted already,
peaking the wave-functions on {A{,... ,)\9,} can be interpreted as embedding the graph in
an auxiliary manifold but in terms of physically measurable quantities, thus justifying the
resulting distinguishability.

It is important to stress that the recovered distinguishability is effective, obtained
through a suitable choice of states and only, therefore, in a suitable approximation of the
fundamental theory, and relational, since it allows to align graph structures with respect to
each other, as desired. In fact, we remark again that we cannot restore distinguishability
of vertices at a structural level, as this is prevented from the very symmetry structure of
the Fock space, and this impossibility is well grounded in the requirement of background
independence of the fundamental theory.

8 The quantum information tool of Tensor Networks

A tensor T}, . n, is an array of complex numbers: the indices n; take values in a discrete
set, whose dimension D; is usually called bond dimension; the number N of indices is called
rank of the tensor. Each index n; can be thought of as labelling a basis in a Hilbert space
‘Hp,, and the tensor can then be regarded as a map between the Hilbert spaces associated
to complementary set of indices. As an example, consider the rank-two tensor T, with
input index a and output index b; denoting by H;, and Heyt the corresponding input and
output Hilbert spaces, we can interpret the tensor as the following map [21]:

T . Hll’l _> Hout
@) = 3 Tub) (8.1)
b

When regarding all the indices of a tensor T},, ., as output indices, that tensor accounts
for the state of a quantum system described by the Hilbert space Hp, ® ... ®@ Hp,:

IT)= > Tony In1...nN) (8.2)

ni..ny
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A tensor network is a set of tensors connected according to a certain pattern, where the
connection is realized by the contraction of their indices. By representing a tensor as a
node with open links, one for each index, the tensor network acquires the structure of a
graph. In the following, we present two of the most common tensor network structures:
matrix product states (MPS) and projected entangled-pair states (PEPS).

8.1 Matrix product states

The matrix product state for a system of spins s can be constructed by applying the Wilson
renormalization group method [60, 61], as we are going to explain (see [62] for a detailed
presentation of the topic). Let H; be the single spin Hilbert space, having dimension
d1 = 2s + 1. Given two spins s; and so, consider a subspace Ho C Hi ® H1 with dy < d%.
Proceed iteratively by adding spins and taking the subspace H; C H;—1 ® H1 such that
d; < d;_1dy. A state of N spins in the subspace Hy can then be written as follows:

) = Z ATPAS DAY |51, 82, ..., SN) (8.3)
S1,4--sSN

where A € My, xaq, fori=2,...,N—1, Af is a row vector of rank d; and A% is a column
vector of rank dy. Explicitly:

)= 3 (A)al(A5)as - - (AN (A st 52, 5w) (8.4)
81,--,8N
where «, 3, ..., v are the matrix indices. To each site i we thus associated a tensor (Af).g

that, in addition to the physical index s;, has left and right virtual indices o and S5 con-
necting it with sites ¢ — 1 and ¢ + 1, respectively. The virtual indices can be thought of as
describing the states of auxiliary systems added to each site.

8.2 Projected entangled-pair states

The MPS of eq. (8.3) can be expressed as another type of tensor network decomposition,
called projected entangled-pair states (PEPS). Let |¢;) € H; @ H; be a maximally entangled
state between the right ancilla of site ¢ and the left ancilla of site i+1. Consider the operator
P;: H;—1 ® H; — H1 projecting the ancilla states to the s-spin state:

=3 S (AD)asls) () (8.5)
s ap

The matrix product state of eq. (8.3) can then be written as follows:

|1/)> = Z ATA? .. A%V |81,82,...,SN> =P® ...PN|61> X ... ’6]\/_1> (86)

815+8N

Such a tensor network decomposition is thus built up from maximally entangle ancilla
pairs (making up the links of the network) which are projected to physical spins (the
network sites). Here we considered a one-dimensional system, a spin chain, but the PEPS
decomposition can be easily generalised to higher dimensional systems. Before illustrating
this point, we show that in a simple one-dimensional PEPS, specifically the state of a
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transitionally invariant system, entanglement entropy is bounded by an area law. To start
note that, since the reduced density matrix p; o . s for the first M spins has rank bounded
by das, the entanglement entropy S(p1,2,.. ) satisfies

S(p1,2,..m) < logdys. (8.7)

We assume that all the auxiliary systems have dimension D, and site N is connected to
site 1, i.e. A7 € Mpxp Vi. The state of the translationally invariant spin chain thus takes
the following form:

|¢>: Z ’I‘I.(AilA§2"'A}g\?[)|81a827"'a5]\7>- (88)

81y-s8N

Given an interval A of the spin chain, the entanglement entropy S therefore satisfies
Sa <2logD, (8.9)
which is an area law. In fact, denoting by c4 the curve bounding A, we have that

Sa < Hclin{CA N network} log D, (8.10)
A

where {c4Nnetwork} is the number of intersections between the curve c4 and the spin chain.

We can introduce PEPS in dimension higher than one by considering network sites that,
in addition to the physical spin s, have an arbitrary number of auxiliary spins which are
maximally entangled with their neighbours. For simplicity we assume that each auxiliary
spin has dimension D. The PEPS is then constructed by projecting the entangled auxiliary-

spin pairs onto the physical spins with the following operators:

D
=3 Y (Aapy..Is) (@By.. ], (8.11)

5 afy.=1

where a7 ... are the virtual indices referring to the auxiliary spins. Consider now a PEPS
in which all auxiliary spins have the same dimension D; let A be a region of the network
and c4 its boundary. Since every maximally entangled state between an auxiliary spin and
its neighbour has dimension D, we have that

Sa < IICIiIl{CA N network} log D, (8.12)
A

where {c4 N network} corresponds to the number of entangled pairs across the boundary
ca of region A. Therefore, also in this case the entanglement entropy turns out to be
bounded by an area law. Note that an area law bound for the entanglement entropy arises
in tensor network directly from their definition, as the contraction of indices generally
induces entanglement between the corresponding degrees of freedom. However, only some
tensor networks saturate this bound, thus exhibiting an holographic behaviour; among
them, we can find tensor networks built up from perfect tensors (a special class of isometric
tensors) [21] or random tensor network in the limit of large bond dimensions [18].
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It is possible to construct PEPS with completely arbitrary network geometries by
varying the number of auxiliary spins of each site, and defining their entanglement relations
by choosing appropriate ancilla-pair states. See [19] for an example of such construction:
the vertices possess the highest possible valence for a completely connected graph (namely
V —1 for a graph of size V'), and separable ancilla states are introduced to account for the
absence of links between vertices.

PEPS are used for the study of lattice gauge theories (LGT) through tensor networks
techniques [63, 64]. In particular, in the LGT context they are provided with a gauge-
invariance symmetry at each node, thus resembling also in this aspect the structure of
GFT graphs. The second-quantized tensor networks that we are going to define in the
GFT context can indeed be seen as a generalization of such construction.

9 A dictionary between Group Field Theory states and (generalised)
Tensor Networks

9.1 GFT and TN: a simple realization of entanglement/topology and entan-
glement /geometry correspondences

Before presenting the map between group field theory states and tensor networks, we
highlight some features which are highly relevant from a quantum gravity perspective.

Entanglement/connectivity correspondence. A first one is the relation between en-
tanglement and connectivity of the network/graph. As previously explained, both frame-
works employ entanglement as the glue of these structures. In the GF'T context, due to the
simplicial interpretation of the graph, this feature implies a relation between entanglement
and connectivity of space; in fact, links made of entangled vertex-lines correspond to adja-
cency relations of the cells dual to the involved vertices. To make clearer the role played by
entanglement in the connectivity of a GFT graph structure, let us focus on a very simple
example: two vertices connected by a link, where the latter is made of vertex-lines of differ-
ent colours, say a and b. In spin representation, the gluing of two vertex-lines corresponds
to the contraction of the labels at their endpoints, here indicated by n. and ng:

/dh¢*(g1;g;h)¢T(g2;g§h) 0)

_ titje! 13%je? it it
- Z <Z (bnl;n}lzn(an;ni:n) C(ml;m}I CmZ;mIQ)
n
it 1 7; 2 j 192-1
< [1dj D, (90) 11 dj2D;y2,2(97) dia D, 2 (9051 10)
Z#a k2 K2 l#b k2 T
where we made explicit the sum regarding the open ends to be glued (also called “semi-
links” in the following), while we grouped in the first summation-sign that over all the
other repeated indices. The expression inside the round brackets clearly shows that the
gluing process corresponds to the formation of an entangled state of the degrees of freedom
associated to the semi-links involved. Every link in the GFT graph is therefore an “en-
tanglement link”; in particular, a link ¢ carrying the spin j corresponds to the maximally
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entangled state of the semi-links forming it:

0y = jjz i) © s m) (9.1)

This means that, since entanglement controls the connectivity of a graph, it determines
the topology of the simplicial complex dual to it. We have, therefore, an explicit example
of an entanglement /topology correspondence.

In the tensor network context, a simplicial-geometry interpretation of the network is
possible when the latter is proved to reproduce a discretized manifold, as it happens for
tensor networks modelling AdS/CFT states [18, 19]. There is however a crucial difference
respect to the GFT case: in the mentioned tensor network constructions, the geometric in-
terpretation is induced “at a later stage”, by defining a metric through the graph distance.
We showed that for GFT graphs, instead, the geometric characterization arises naturally
thanks to the presence, on top of the combinatorial structure, of additional quantum geo-
metric degrees of freedom.

In quantum gravity, a link between entanglement and space(time) connectivity has
been clearly pointed out, for example, in the cited work [4], where it was shown, by a
thought experiment in the AdS/CFT context, that disentangling two sets of degrees of
freedom in the CF'T corresponds to increasing the proper distance between the dual space-
time regions, while the area separating them decreases.

This is the combinatorial and topological side of the story. In fact, there is an ad-
ditional geometric side of the same story, which is particularly interesting from the point
of view of quantum gravity (including the GFT formalism and beyond it, in AdS/CFT
applications, LQG etc.): the entanglement so established carries a straighforward geomet-
ric interpretation, and corresponding entanglement measures can be seen to be measuring
geometric observables.

Primitive entanglement/area correspondence. In the geometric interpretation of
spin network graphs in the context of GFT (and LQG), a link of the graph is dual to a
surface, i.e. a portion of surface on the shared boundary of the two polyhedra (simplices, in
the case we considered) dual to the two vertices sharing the link, and the spin attached to it
labels the eigenvectors of the area operator associated to that surface. The spectrum of the
area operator for such dual surface is (using symmetric ordering) \/j(j + 1) in Planck units,
and thus it scales like j for largish eigenvalues. This is also the scaling of the dimension of
the Hilbert space of states associated to each link labeled by a given spin, i.e. a maximally
entangled state, which is dim(j) = 2j + 1. In turn, this dimension gives a simple measure
of the entanglement that we have seen being associated to the same link, thus establishing
a sort of “primitive entanglement/area correspondence” in our quantum gravity states.

Primitive entanglement/volume correspondence. An entanglement process can be
identified as lying also at the origin of the intertwiner degrees of freedom, which are attached
to the vertices of the graph associated to GFT states (and thus to the tensors of the
corresponding tensor networks). In fact, the intertwiner arises from the “gluing” of open
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lines into a vertex, by means of the requirement of local gauge invariance. The spin network
wave-function (defined in eq. (2.8)) can indeed be decomposed as follows:

vim(®) = 2, G 1Dy (9)

P1...Pd
9.2)
= (gl > <® v dji 1Jisma) <ji§pi|> Z Ch M \Jup1>®---®\jd;l>éz>
P1..-Pd i VL

The second line of eq. (9.2) shows that 1)jn,(g) can be seen as the result of contracting
line states (round brackets on the left) with an entangled state of (equal-side) open ends
of that lines (round brackets on the right). This is one more instance of a straightforward
entanglement /geometry correspondence at the discrete (simplicial) geometry level. In fact,
the entanglement structure is controlled by the degree of freedom ¢, the intertwiner quantum
number. This, in turn, can be shown (in both simplicial quantum geometry, GFT and LQG)
to label eigenvalues of the operator measuring the volume of the polyhedron dual to the
spin network vertex. Thus, also volume information is a measure of the entanglement of

quantum gravity degrees of freedom.

Entanglement/area laws. A well known consequence of the entanglement origin of
tensor networks is the fact that, as showed for the translationally invariant examples pre-
sented in the previous section, the entanglement entropy is bounded by an area law: given
a region A of the network bounded by the curve c4, and denoted by D the dimension of
the Hilbert space associated to the links, we have that

Sa < Hclin{CA N network } log D (9.3)
A

When interpreting log D as the area of an elementary surface dual to the network link,
eq. (9.3) turns into an area law for the upper bound to the entanglement entropy. In
fact, {ca N network} counts the number of intersections between the boundary c4 and the
network, i.e. the number of surface units in c4, and {c4 Nnetwork} log D thus provides the
area of the boundary surface c4. Entanglement area laws are of great interest in quantum
gravity, since the latter is expected to exhibit an holographic behaviour, as suggested by the
scaling of black hole entropy with the horizon area and the Ryu-Takayanagi formula [2, 3],
which relates the entanglement entropy in CFT ;41 to the area of d-dimensional minimal
surfaces in the dual AdSgzie. For tensor networks modelling holographic states in the
AdS/CFT correspondence (as in [16], where the tensor network arises by entanglement
renormalization, and in [28], where it is constructed by entanglement distillation) eq. (9.3)
acquires precisely the connotation of an area law for the entanglement entropy. Since
in GFT states the spins carried by a link are eigenvalues of an area operator associated
to the surface dual to it, as we mentioned, the bound to the entanglement entropy of
a link, and hence of an extended region of a GFT graph, naturally have an area law
interpretation.’ GFT states therefore share with general tensor networks the feature of

SWe are considering the simplest case of a graph with fixed spins, and ignoring for simplicity the contri-
bution to the entropy deriving from the intertwiner degrees of freedom.
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having an entanglement entropy bounded according to eq. (9.3); just as there are classes
of tensor networks that saturate the bound (and thus have an holographic nature), certain
GFT states have proved to satisfy an entanglement area law: in [38], for example, the Ryu-
Takayanagi formula was derived for a GFT graph in first-quantization. Let us finally point
out that the area bounding a region of the GFT complex depends on the entanglement
entropy of the links crossing it, whose total number is determined by the combinatorial
structure of the graph. That general area law is thus the result of the graph connectivity
and of the local contributions to the entanglement entropy, in turn carrying a primitive
entanglement /area correspondence.

9.2 GFT graph states as PEPS

We are going to show that GFT labelled-graph states can be understood as generalised
PEPS and that, consequently, unlabelled ones realize an analogous correspondence in a
second-quantization setting, leading to the definition of second-quantized tensor networks.

As explained in section 8, PEPS are constructed by projecting maximally-entangled
ancilla-pairs indices onto “physical” indices (attached to the nodes of the network). In
the GFT context, the role of ancilla-pair states is played by link states, i.e. maximally
entangled states of edge spins, and node degrees of freedom translate into open-vertex
ones. We clarify that with an example, and then present the more general case. Given a
completely connected graph ~, for each link ¢ = (x,y;4) consider the following maximally
entangled state in the Hilbert space H7i =7/ @ HIT =i

0= (2, y:1)) = jd»jz G m) @ |3 m) (9.4)

and for each vertex a generic state

lvg) = ZTJL lj;m;e) (9.5)
jne
where |j;n;¢) is the spin network basis: (g|j;n;¢) = ¥jn,(g), With ¥jn,(g) the spin network
wavefunction defined in eq. (2.8). Then perform the contraction

R U@y = > Tea (T ), (9.6)
N

leA T

where j¥ = j Vx,i, A is the adjacency matrix which encodes the combinatorial pattern of
~v and Try4 is the tensorial trace contracting the vertex tensors according to it:

:1

Tea (9. T}'VN‘N) =T T H - (9.7)

The state defined by eq. (9.6), associated by construction to the graph ~, is a tensor network
of the form of eq. (8.6), where the intertwiners :* play the role of “physical” indices, and
ni that of “virtual” indices, with fixed bond dimension d;; in fact, in this simple example
all links carry the same spin j. A more general setting can be considered by taking, as
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GFT counterparts of the TN ancilla-pair states, link states in the direct sum of the Hilbert
spaces associated to all group representations:

0 = (x,y;1) @\/—Zba ) @ j;m) . (9.8)

The tensor network resulting from the contraction defined in eq. (9.6) is then the following:

Tra (Tfl“... T]{,NLN) TS T H 80 0y, (9.9)

1;nt Ji 45 n;

Let us now move the second-quantization framework. In particular, consider a GFT
unlabelled-graph state constructed out of individually-weighted vertices, where the latter
are given by eq. (9.5):

JT (), = z 5

Ty = Z( S IIr nw(;) H 8o 90, y> H 1o (9.10)
jaz; NA'ElA] ® azfy=

We recognize within the round brackets a tensor network which is the symmetrized version

of that in eq. (9.9), and can be understood as a second-quantized tensor network. The

argument can be extended to arbitrary GFT unlabelled-graph states, which take the form

o= (3 R L s A0 o

S \AElA] =1

Note that this expression reduces to eq. (9.10) for
IR | [ (0.12)
Let us finally remark the features of GFT graph states which characterize them as
generalised tensor networks. Some of them are already present at the first-quantized level.
The bond dimensions of tensor indices, i.e. the spins associated to the links, are not fixed
parameters, but truly dynamical variables; in fact, strictly speaking each Hilbert space
associated to a link (before additional conditions are taken into account) is infinite dimen-
sional, being isomorphic to L?(G). Moreover, the “physical” indices are not, in general,
independent from the “virtual” ones. Note also that, as pointed out in [38], already the
first-quantized GFT graph states can be seen as random tensor networks, where the ran-
domness is defined over a probability distribution set by the GFT dynamics; this remains
true at the second-quantized level. A feature which instead pertains more naturally to
the second-quantization framework is the dynamical nature of the combinatorial structure:
since the network arises from the dynamics of a field, vertices can be created or destroyed,
and graph connectivity (deriving from the entanglement properties of the field excitations)
can vary. We also point out that, as we noted in quantum gravity applications with a
simplicial-geometry interpretation, the GFT quanta are endowed with a local gauge sym-
metry (invariance under the diagonal action of a Lie group), which makes their quantum
states corresponding to symmetric tensor networks, of the type employed in applications
to gauge theories.
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10 Discussion

The GFT formalism describes entanglement graphs representing simplicial complexes which
are understood as spatial portions of a quantum spacetime (or, more generally, codimension
one submanifolds). These structures naturally satisfy a discrete version of diffeomorphism
invariance, as they are symmetric respect to permutations of the vertex-labelling used to
define them.” In fact, a given vertex-labelling for an entanglement graph can be under-
stood as a choice of coordinate system on the (discretized) spatial manifold it describes.
Invariance under vertex-relabelling can thus be regarded as the discrete analogue of diffeo-
morphism invariance.

Entanglement graphs have been first defined in the pre-Fock space, where distinguisha-
bility of vertices enables to define a combinatorial pattern among them, then constrained
with the aforementioned symmetry. The pre-Fock and Fock spaces of the theory allow (in
fact, make mandatory) to consider also superpositions of labelled and unlabelled entangle-
ment graphs, respectively. The two are conceptually quite different.

In the pre-Fock space of distinguishable vertices, graphs in quantum superposition can
be aligned according to the given vertex labelling. In a discrete-gravity perspective, we
could say that superposing labelled entanglement graphs amounts to superposing discrete
metrics (to the extent in which they are encoded in the combinatorial pattern only). A
notion of graph superposition has recently been provided in [65] through the definition of
an Hilbert space for coloured graphs, where colours are generic field data. When the latter
have a geometric interpretation, that coloured graphs coincide, at a formal/descriptive level,
with our labelled entanglement graphs. At a structural level, the difference is in taking
graphs as basic structures, decorated with some data “at a later stage” (case of [65]), or
having them emergent from the quantum behaviour of a many-body system (GFT case).
The first setting naturally implies an orthogonality relation among different graphs, which,
instead, is not necessarily satisfied in the second: the scalar product between labelled-graph
states in the GFT pre-Fock space can be non vanishing even for non equal graphs, precisely
because the latter are just features of the many-body states and, specifically, manifestations
of their entanglement content. Note that, though the Hilbert spaces describing graphs in
the two contexts have a different structure, a robust notion of graph superposition naturally
derives from both of them.

Once it has been established that vertex labelling does not possess any physical mean-
ing, comparing graphs independently on it becomes particularly relevant. In [65] Arrighi
et al. stress that, if vertex labels were a priori not observable, the scalar product between
coloured graphs differing only for that labels would be 1; as it is not the case (the result
is actually zero) invariance under vertex relabelling must be enforced. In the GFT pre-
Fock space the scalar product between isomorphic entanglement graphs, though a prior:
not zero, is not necessarily equal to 1. We defined an alternative scalar product which
gets such an outcome, as compares entanglement graphs with the goal of maximising their
overlap, regardless of the vertex labelling.

"Note that the links of the graph, as adjacency relations among vertices, are defined by the vertex labels
themselves.
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In addition to the pre-Fock space of labelled-graph states and their superpositions, our
framework includes the space of properly physical, i.e. “diffeomorphism invariant”, states:
the Fock space. Within it, we have naturally superpositions of unlabelled entanglement
graphs, which can be understood, at a discrete-gravity level, as superpositions of geome-
tries (i.e. equivalence classes of metrics). Note that a simple alignment prescription is not
possible among unlabelled graphs, exactly as a notion of locality is not available when
working with geometries. It could be possible, in principle, to define topological observ-
ables that capture the purely combinatorial, label-independent pattern encoded in a graph,
i.e. associated to its entire equivalence class under graph isomorphisms. However, we leave
this possibility for further work. Beside this possibility, we highlighted that a straightfor-
ward alignment prescription can be recovered when new degrees of freedom, interpreted
as discretized matter, are added to the fundamental model, in the same spirit of the con-
struction of relational (and diffeomorphism-invariant) observables in quantum gravity. In
particular, we have shown that certain states allow to restore an effective (and relational)
distinguishability of vertices thanks to their semi-classical behaviour with respect to the
additional degrees of freedom.

11 Conclusions and outlook

The complexity of the quantum gravity problem has led to a proliferation of strategies to
approach it. Among them, tensorial group field theories, which are intended as a quantum
field theories of spacetime, distinguish themselves by their cross-cutting nature, given by
the multiple connection with other quantum gravity approaches. In this paper, we have
shown that, in group field theory, discretized spatial geometries arise as entanglement pat-
terns among quanta of space, the excitations of the GFT bosonic field. We provided a
detailed picture of the identification of such entanglement graphs among the GFT states.
We exploited the distinguishability of vertices in the pre-Fock space of the theory to de-
fine in the latter a prescription for the construction of entanglement graphs with arbitrary
connectivity, as well as a scalar product to compare them on the basis of their combina-
torics. We then removed the unphysical vertex-labelling to implement on the entanglement
graphs a discretized version of diffeomorphism invariance. An effective notion of distin-
guishability, needed for practical reasons, is then recovered in the semi-classical regime of
an extended model comprising an additional degree of freedom playing the role of a refer-
ence frame. Finally, we showed that GFT entanglement graphs match well known quantum
information structures, with a high computational efficiency: tensor networks. In doing
that, we generalised to the second-quantization setting the intuition of [38], implemented
in first-quantization. A different reading of this correspondence is that, once transposed
in the GFT framework, tensor networks inherit a simplicial-geometry interpretation and a
second-quantized model characterization.

Such a dictionary paves the way for exploiting in a much more intensive way tensor
networks techniques in quantum gravity calculations.

To give an example, since graphs correspond, in the GFT context, to patterns of
entanglement, TN operations (such as disentanglers and coarse-grainers [16]) could be
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used to define observables capable to extract the combinatorial-pattern information from
GFT states.

Moreover, as a wide class of tensor networks (for example, built from random [18, 19]
or perfect [21] tensors) exhibits an holographic behaviour, we expect the established cor-
respondence with GF'T states to simplify the study of holographic properties of the latter.
In particular, we have in mind the generalization to the GFT framework of recent works
that investigate the relation between bulk and boundary degrees of freedom of random
tensor networks, by regarding the latter as maps between such degrees of freedom (see for
example [18, 19]); defining a similar map for GFT states, by taking the intertwiners as
bulk degrees of freedom, will make possible to study how volume correlations (entangle-
ment among intertwiners) affects the properties of the graph boundary. We expect this
bulk entanglement to provide corrections to the Ryu—Takayanagi formula (recovered in the
GFT context in [38]), in analogy to what is the case for random tensor networks [18].

In this programme, noteworthy from a quantum gravity perspective is the idea under-
pinning GFT graphs and distinguishing them from (random) tensor networks: the GFT
structures are not just (background) structures decorated with some labels, but mani-
festations of the interaction of degrees of freedom with a genuine geometrical interpreta-
tion, whose “randomness” is induced by the GFT model which determines their dynamics.
Moreover, our dictionary will allow to translate the aforementioned results to a second-
quantized (and hence diffeomorphism-invariant, in a discrete quantum gravity interpreta-
tion) language.

Finally, we would like to remark that the potential of our dictionary relies on the fact
that, to extract continuum physics from the GFT formalism, we need to control the regime
of the theory with a large number of interacting quanta, and tensor networks can efficiently
tackle such a computational problem. Possible candidates for states modelling an effective
continuum-geometry are condensate states [42, 43|, and our dictionary could be used to
analyse them in a quantum-information theoretic setting, and to characterize them in terms
of information-transmission properties. An important application concerns the GFT con-
densate states introduced for modelling quantum black holes [44, 45]: the aforementioned
strategy could in fact be applied to characterize the event horizon in information-theoretic
terms, before looking at the translation of such characterization in geometric terms. The
usefulness of the correspondence goes in the opposite direction too. A number of results
and techniques developed in the context of random tensor models and tensorial group field
theories can be useful in standard quantum many-body systems, improving standard ten-
sor networks applications. We have in mind in particular the body of work on large-N
expansions and universality results [35].
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A Scalar product between graph basis states

Here we want to compute the scalar product between graph basis states in spin represen-
tation. We start by rewriting the graph basis wave-functions in the following form:

xt; (x) }L

Oy at;(x)
ey{nz}open({gz = grghi@ =l

H \/T(x) HD Z@ xt; (x) gz) (Al)

x i<t (
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