Quantum Grothendieck rings and derived Hall algebras
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Abstract

Let g =n®hPSn_ be a simple Lie algebra over C of type A, D, E, and let U,(Lg) be the
associated quantum loop algebra. Following Nakajima [N3], Varagnolo-Vasserot [VV1], and
the first author [He2], we study a r-deformation .#; of the Grothendieck ring of a tensor cate-
gory €7, of finite-dimensional U, (Lg)-modules. We obtain a presentation of %] by generators
and relations.

Let Q be a Dynkin quiver of the same type as g. Let DH(Q) be the derived Hall algebra
of the bounded derived category D?(mod(FQ)) over a finite field F, introduced by Toén [T].
Our presentation shows that the specialization of % at t = \/m is isomorphic to DH(Q).
Under this isomorphism, the classes of fundamental U,(Lg)-modules are mapped to scalar
multiples of the classes of indecomposable objects in DH(Q).

Our presentation of % is deduced from the preliminary study of a tensor subcategory
%o of €y analogous to the heart mod (FQ) of the triangulated category D?(mod(FQ)). We
show that the #-deformed Grothendieck ring J%; ¢ of %6y is isomorphic to the positive part
of the quantum enveloping algebra of g, and that the basis of classes of simple objects of
;. o corresponds to the dual of Lusztig’s canonical basis. The proof relies on the algebraic
characterizations of these bases, but we also give a geometric approach in the last section.

It follows that for every orientation Q of the Dynkin diagram, the category %y gives a
new categorification of the coordinate ring C[N] of a unipotent group N with Lie algebra n,
together with its dual canonical basis.
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1 Introduction

1.1 Let gbeasimple Lie algebra of type A, D, E over C. We denote by g =n®hPn_ a triangular
decomposition of g. Let v be an indeterminate, and let

Uv(g) = Uv(n) ®Uv(h) ®Uv(ﬂ_)

be the corresponding Drinfeld-Jimbo quantum enveloping algebra over C(v), defined via a v-
analogue of the Chevalley-Serre presentation of U(g). Using a geometric realization of U, (n) in
terms of perverse sheaves on varieties of representations of a quiver Q of the same Dynkin type
as g, Lusztig [Lul] has defined a canonical basis B of U, (n) with favorable positivity properties.
This was inspired by a seminal work of Ringel [Ri2], showing that the twisted Hall algebra of the
category mod (F Q) of representations of Q over a finite field F, is isomorphic to the specialization

of Uy(n) atv = \/|F]|.

1.2 One can associate with g another quantum algebra. Let Lg = C[t,#~!] ® g be the loop algebra
of g. Let g be a nonzero complex number, which is not a root of unity. Via a g-analogue of the
loop presentation of U (Lg), Drinfeld [D] has defined the quantum loop algebra U, (Lg), an algebra
over C. The finite-dimensional representations of U,(Lg) have attracted a lot of attention, because
of their connection with the trigonometric solutions of the quantum Yang-Baxter equation with
spectral parameter. In this paper we focus on a tensor subcategory %7 of the category of finite-
dimensional U, (Lg)-modules, whose simple objects are parametrized by a discrete set (for the pre-
cise definition of 67, see [HL, §3.7] or §5.2 below). Denote by & the complexified Grothendieck
ring of 67. Let t be another indeterminate. By works of Nakajima [N3] and Varagnolo-Vasserot
[VV1], the C-algebra % has an interesting z-deformation %, over C(¢). The first author [He2]
has introduced a slightly different deformation .#;. These ¢-deformations are important because
they contain for every simple object L of 67, a “class” [L], which can be characterized by axioms
similar to those of Lusztig for the canonical basis B. As a consequence, Nakajima [N3] has shown
that one can calculate algorithmically the character of L.

1.3 Surprisingly, these deformed Grothendieck rings have not been much studied from the ring
theoretic point of view, and for instance, to the best of our knowledge, there is no available pre-
sentation by generators and relations in the literature. One of the main results of this paper (Theo-
rem 7.3) is a presentation of J#;, with a similar flavor as the familiar Drinfeld-Jimbo presentation
of Uy, (n). More precisely, this presentation shows that .7; is obtained by taking an infinite number
of copies of U;(n) labelled by m € Z, and then imposing ¢-boson relations between generators of
copies sitting at adjacent integers, and z-commutation relations between generators of non-adjacent
copies.

1.4 Let D’(mod(FQ)) be the bounded derived category of mod(FQ). Toén [T] has attached to
this triangulated category an associative algebra called the derived Hall algebra of D”(mod(FQ))
(see also [XX]). Let DH(Q) denote the twisted derived Hall algebra obtained by twisting Toén’s
multiplication by means of the Ringel form, as in [S]. It follows from our presentation of .’/ that:

Theorem 1.1  (a) The specialization of %; at t = \/|F| is isomorphic to DH(Q).

(b) Under this isomorphism, the classes of fundamental U,(Lg)-modules are mapped to scalar
multiples of the classes of indecomposable stalk complexes in DH(Q), and the basis of
classes of standard U, (Lg)-modules is mapped to a rescaling of the natural basis of DH(Q)
indexed by isoclasses of objects of D’ (mod(FQ)).



There is a similar result for the 7-deformed Grothendieck ring %; of [N3, VV1], but the twisted
derived Hall algebra should be replaced by a non-twisted one (Remark 8.4).

1.5 To obtain our presentation of .%; we first consider a tensor subcategory 4 of 67 which
“looks like mod(F Q) inside D?(mod(FQ))”. Recall that in [HL] we have introduced an increasing
sequence (%67)¢~o of subcategories of 47. When Q is a bipartite orientation of the Dynkin diagram
and the Coxeter number / is even, %y is just the subcategory 4; with £ = h/2 — 1. The general
definition of € for an arbitrary orientation Q will be given in §5.11 below. Let J%; o be the
subalgebra of %/ spanned by the elements [L]; associated with the simple objects L of %p. Note
that 77 and %/ o are algebras over C(t'/?), where t'/? is a square root of 7.

The quantum algebra U, (n) is endowed with a distinguished scalar product. Let B* be the
basis of U, (n) adjoint to the canonical basis B with respect to this scalar product. Let v1/2 be a
square root of v, and set %, (n) := C(v'/?) @ U, (n). The main step for obtaining the presentation
of % is:

Theorem 1.2 (a) There is a C-algebra isomorphism ®: J#; o = U,(n) with ®(t'/%) = v!/2,

(b) For every simple object L of €y, the image ®([L];) belongs to B* (up to some half-integral
power of v).

Nakajima obtained in [N4] similar results for the first subcategory %7 of [HL]. Namely, he
showed that the classes [L], of simple objects of 4] can be identified with a subset of the basis B
of U,(n). Here n denotes the positive part of the Kac-Moody algebra of rank 2rk(g) attached to
the decorated Dynkin diagram of g, and B is Lusztig’s canonical basis of U, (n). For example, if g
has type A3, g has type Eg. Note that in Theorem 1.2, we do not use 1, but only n.

1.6 Let A,(n) be the graded dual of the vector space U,(n). It can be endowed with a multipli-
cation coming from the comultiplication of U, (g), and regarded as the quantum coordinate ring of
the unipotent group N with Lie algebra n (see e.g. [GLS]). The basis B* can be identified with
a basis of A, (n) called the dual canonical basis. It specializes when v — 1 to a basis & of the
coordinate ring C[N].

By specializing v!/2 and 7'/? to 1 in Theorem 1.2, we see that the complexified Grothendieck
ring Zg of ¢ can be identified with the coordinate ring C[N] in such a way that the basis of %,
consisting of the classes of simple objects becomes Lusztig’s dual canonical basis % of C[N]|. We
can therefore state:

Theorem 1.3 The tensor category 6 is a categorification of the ring C[N] and its dual canonical
basis A.

Note that, by work of Khovanov-Lauda [KL], Rouquier [Ro], and Varagnolo-Vasserot [VV2],
(C[N], %) has another categorification in terms of KLR-algebras. In type A,, KLR-algebras are
isomorphic to blocks of affine Hecke algebras, and the category %y for an equi-oriented quiver Q
is related to a category of representations of affine Hecke algebras through the quantum affine
Schur-Weyl duality. It would be interesting to find for other Dynkin quivers Q similar functors
between % and the module categories of the corresponding KLR-algebras.

1.7 The first author [He4] has shown that tensor products of simple objects of 67 have the
following remarkable property: a tensor product L; ® - - - ® Ly of simple objects L; is simple if and
only if for every pair 1 <i < j < k the tensor product L; ® L; is simple. Using Theorem 1.2 this
yields the following:



Corollary 1.4 A product by - - - by of elements b; of the dual canonical basis B* of U,(n) belongs
to B* up to a power of v if and only if for every pair 1 <i < j < k the product b;b; belongs to B*
up to a power of v.

Corollary 1.4 was expected in relation with the program of Berenstein and Zelevinsky [BZ1, BZ2]
of describing B* in terms of quantum cluster algebras. But it was only known in a few low rank
cases.

1.8 Theorem 1.2 also gives new supporting evidence for some conjectures formulated in [GLS]
and [HL]. It was conjectured in [HL, §13] that for every £ € N, the Grothendieck ring %, of €, has
a particular cluster algebra structure for which all cluster monomials are classes of simple objects.
In [GLS], it is shown that U,(n) has a quantum cluster algebra structure, and it is conjectured
that all quantum cluster monomials belong to B*. Suppose that Q is bipartite and 4 is even. Set
h = h/2 —1. By comparing initial seeds, one sees that the quantum cluster structure of % o
obtained by transporting via ®~! the quantum cluster structure of U, (n) is a t-analogue of the
cluster structure of %y conjectured in [HL]. Thus, by Theorem 1.2, the two conjectures of [GLS]
for U,(n) and of [HL] for %), are essentially equivalent.

In [HL] and [N4], the conjecture for %, was proved in the first non trivial case £ = 1. (In [HL]
some combinatorial steps of the proof were only verified for g of type A, and Dy; the proof of
[N4] is general and uses geometric representation theory.) Since % is a tensor subcategory of ¢y
(for every g except sl and sl3), % o contains a subring % corresponding to %7. It is easy to
see that ®(.#; 1) is equal to the subalgebra %, (n(w)) of [GLS] where w = ¢ is the square of the
Coxeter element of the Weyl group of g corresponding to the bipartite quiver Q. This is a quantum
cluster algebra of finite cluster type, equal to the Dynkin type of g in the classification of Fomin
and Zelevinsky. Thus, using [HL, N4, Q], Theorem 1.2 readily implies:

Corollary 1.5 Let w = ¢ be as above. Then B* N U, (n(w)) is equal to the set of quantum cluster
monomials of U,(n(w)).

For g of type A,, Lampe [La] has given a direct proof of the fact that the quantum cluster
variables of U,(n(w)) belong to B*.

1.9 Since the bases B* and {[L];} have geometric origin, it is natural to ask for a geometric
explanation of Theorem 1.2 (b). In the final part of the paper, we show (Theorem 9.11) that
the quiver representation spaces Eq used by Lusztig to define the canonical basis of U,(n) are
isomorphic to some particular graded quiver varieties SJYB(W") used by Nakajima for describing
the classes [L], of the simple objects L of €. Moreover the intersection cohomology sheaves of
closures of Gg-orbits in Eq can be identified with the intersection cohomology sheaves of closures
of strata in 90t (W4). This is inspired by a similar result of Nakajima [N4] for the category .

1.10 We now give an overview of the structure of the paper. In Section 2, we set up our notation
and introduce an important bijection ¢ between the set of fundamental modules of 47 and the
vertices of the Auslander-Reiten quiver of D?(KQ). We use this bijection to express the entries
of the inverse of the quantum Cartan matrix of g in terms of the Ringel form of Q, or in terms
of the scalar product of the weight lattice of g (Proposition 2.5). By construction, the quantum
Grothendieck ring .%; is a subring of a quantum torus %; over (C(tl/ 2). The t-commutation relations
between generators of %} are expressed in terms of entries of the inverse of the quantum Cartan
matrix of g [He2], hence by Proposition 2.5, in terms of scalar products of weights of g. The
quantum Grothendieck ring J%; o is a subring of a subtorus %; o of %, of rank r equal to the
number of positive roots of g. On the other hand, by [GLS], %, (n) has an explicit embedding
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into a quantum torus .7, o of rank r over C(v'/?), whose generators are certain unipotent quantum
flag minors. The explicit v-commutation relations between these minors involve scalar products of
roots and weights of g. Comparing these two presentations, we show that there is an isomorphism
®: % o — 7, 0 mapping 1'/2 to v!/2 (Proposition 3.8).

The proof that ® restricts to an isomorphism from .%; ¢ to %, (n) is based on some explicit
systems of algebraic identities satisfied by the generators of both algebras. In Section 4, we recall
from [GLS] a system of quantum determinantal identities occuring in U, (n), and in Section 5 we
derive a quantum 7 -system for the (g,)-characters of the Kirillov-Reshetikhin modules. (In [N2,
§4], a quantum T-system was already obtained for the 7-deformed product used in [N3, VV1].
A quantum cluster algebra related to the quantum 7-system of type A; is also studied in [DFK].)
Comparing these two systems we obtain that & maps the classes of the Kirillov-Reshetikhin mod-
ules of % to certain quantum minors of %, (n) (multiplied by explicit half-integral powers of v).
In particular, @ maps the classes of the fundamental modules of €y in % o to the generators of
the dual PBW-basis of %, (n) associated with Q (up to powers of v1/2). This proves the first part
of Theorem 1.2. The second part is deduced from the algebraic characterizations of B* and of the
classes [L], (Section 6). After some examples, we give the proof of Corollary 1.4.

The above-mentioned presentation of J%; (Theorem 7.3) is deduced from Theorem 1.2 in Sec-
tion 7, and in Section 8 we prove the isomorphism with the derived Hall algebra DH(Q) stated
in Theorem 1.1. Finally, in Section 9, we explain our geometric approach to Theorem 1.2 (b)
(Theorem 9.11).

2 Cartan matrices and Auslander-Reiten quivers

2.1 Cartan matrix

Let g be a simple Lie algebra of type A,D,E. We denote by I the set of vertices of its Dynkin
diagram, and we put n = |I|. The Cartan matrix of g is the I x I matrix C with entries

2 ifi=j,
C;j =< —1 ifiand jare adjacent vertices of the Dynkin diagram,
0 otherwise.

We shall often use the shorthand notation i ~ j to say that C;; = —1.

We denote by P the weight lattice of g, and by @; (i € I) its basis of fundamental weights. The
simple roots are defined by

OCI‘:ZC,'J'(DJ', (161)
jel

The set of simple roots is denoted by IT:= {e; | i € I}. We denote by (-,-) the scalar product of
P defined by (;,®;) = 9;;. Equivalently (o, @;) = C;;. The Weyl group W is generated by the
reflexions s; acting on P by

sA)=A— o),  (AePicl).

The root system of g is A := WIIL. It decomposes as A = A LIA_, where A, = AN (D;e/Ney;) and
A_=—A,. We write r := |A4].

A Coxeter element of W is a product of the form ¢ = s;, ---s;, where (i1,...,i,) is an arbitrary
ordering of /. All Coxeter elements are conjugate in W. Their common order is called the Coxeter
number and denoted by h. We have hn = 2r.
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Figure 1: A quiver Q of type D4 and its repetition quiver Q

2.2 Quivers

Let Q be an orientation of the Dynkin diagram of g. In other words, Q is a Dynkin quiver of the
same Dynkin type as g.

For i € I, we denote by s;(Q) the quiver obtained from Q by changing the orientation of every
arrow with source i or target i. Let w = s;, ---s;, € W be a reduced decomposition. We say that
i=(i1,...,ix) is adapted to Q if i) is a source of Q, i, is a source of s;, (Q), ..., i is a source of
Si,_, -++5;,(Q). There is a unique Coxeter element having reduced expressions adapted to Q. We
shall denote it by 7.

We denote by Q; the set of arrows of Q. A height function &: 1 — 7 on Q is a function
satisfying

E=&—1 if i—jecQ.

Since Q is connected, two height functions differ by a constant. We fix such a function &. Define
I:={(i,p)eIxZ]|p—E&e2L}.

We attach to Q the infinite repetition quiver Q, defined as the oriented graph with vertex set I and
two types of arrows:

(i) if there is an arrow i — j in Q we have arrows (i,p) — (j,p+1) in Qfor all (i,p) € I
(ii) if there is an arrow i — j in Q we have arrows (j,q) — (i,g+1) in Q forall (j,q) € 1.

Note that Q depends only on the Dynkin diagram, and not on the choice of orientation Q. In fact, it
is well known that Q is the quiver of a Z-covering of the preprojective algebra associated with Q.
In the literature, this quiver is often denoted by Z.Q. An example is shown in Figure 1, where the
height functionis § =& =0, & =1, & =

LetA:= A4 X Z. We now describe a natural labelling of the vertices of Q by A. Fori €1, let
B(i) be the subset of I consisting of all j’s such that there is a path from j to i in Q. Define

=Y o, (iel).

JEB(i)
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Figure 2: The labelling ofé by Kfor Q of type Dy.

We have ¥; € A;.. There is a unique bijection ¢: T — A defined inductively as follows:

(@) ¢(i,&) = (%,0) fori c I

(b) suppose that ¢(i,p) = (B,m); then
° ¢(i,p—2)=(t(B).m)if 7(B) € Ay;
o 9li,p—2) = (~T(B)m—1)if t(B) € A;
o ¢(i,p+2)=(t""(B),m)if 7' (B) € Ay
o 9lip+2) = (~t (B)m+1)if T (B) €A .

Note that this second labelling of Q depends on Q. This is illustrated in Figure 2.

2.3 Auslander-Reiten theory

The quiver Q with its labelling by A arises in the representation theory of the path algebra KQ of Q
over a field K, as we shall now recall. We refer the reader to [ARS, ASS, GR, Ril] for background
on quiver representations and Auslander-Reiten theory.

Let mod(KQ) be the abelian category of representations of Q over K. For an object X of
mod(KQ) we write dim(X) for its dimension vector. We define the Ringel bilinear form

(X,Y) := dim(Hom(X,Y)) — dim(Ext' (X,Y)), (X,Y e mod(KQ)),

and the symmetric form (X,Y) := (X,Y) + (¥, X). It is known that these forms depend only on
the dimension vectors dim(X) and dim(Y). Moreover, if we identify in the standard way dim(X)
and dim(Y) with elements of the root lattice of g, then (X,Y) coincides with the natural scalar



product (dim(X),dim(Y)). In this picture, o is the dimension vector of the simple K Q-module S;
supported on vertex i, and 7; is the dimension vector of its injective envelope /;. Recall that, by
Gabriel’s theorem, the isoclasses of indecomposable K Q-modules are in natural bijection with A .
They form the vertices of the Auslander-Reiten quiver I'p of mod(KQ). The map f +— (f,0)
identifies I'g with the full subgraph of Q with set of vertices A x {0}. The map 7 restricted to
the dimension vectors in A of non projective KQ-modules is the Auslander-Reiten translation of
mod(KQ) [ARS].

Let D’(mod(KQ)) be the bounded derived category of KQ. Its indecomposable objects are
the stalk complexes X [i], consisting of an indecomposable object X of mod(K Q) sitting in degree
i € Z, and zero objects in all other degrees. Thus, the isoclasses of indecomposable objects of
DP(mod(KQ)) are naturally labelled by A. Using this labelling, the quiver Q is identified with the
Auslander-Reiten quiver of the triangulated category D”(mod(KQ)) [Ha].

2.4 Quantum Cartan matrix

Let z be an indeterminate, and let C(z) be the matrix with entries

4z ifi=,
Cil)=9 1 ifi~}
0 otherwise.

Thus C(1) is just the Cartan matrix C of g. Since det(C) # 0, det(C(z)) # 0. We denote by C(2)
the inverse of the matrix C(z). This is a matrix with entries C;;(z) € Q(z). Denoting by A the
adjacency matrix of the Dynkin diagram we have

Clz) = (z+z HI-A,

therefore

Cz)=Y (z+z ") Ak
k>0
Hence the entries of 6(2) have power series expansions in z of the form
Cij(e) =}, Cij(m)",

m>1

where C;;(m) € Z. Note that since C(z) is a symmetric matrix, we have C;;(m) = Cji(m).

2.5 Formula for C; j(m)

We will now give several equivalent expressions for the coefficients C; j(m). For other expressions
of C~', i(z) in type A,, and D, see [FR1, Appendix C].

Fix an orientation Q of the Dynkin diagram, and recall from §2.2 and §2.3 the associated
notation &;, ¥, the Coxeter transformation 7, and the Ringel form (-, -).

Proposition 2.1 Let m > 1. If m+& —&; — 1 is odd then C;;(m) = 0. Otherwise

Cijlm) = (0475702 ) @) M

Equivalently,
Cij(m) = <T(m+€i7§’71)/2(1i),11>' @



Proof — Let us denote temporarily by D;;(m) the value of C; j(m) predicted by the proposition.
We want to show that

C,-k(z)ij(m)zm = 61']'7 (i,j S I).
kel, m>1

Using the definition of Cj(z), this is equivalent to show that

Z ((Z+Z 1 1J ZDk] )Zm:6ijv (17.161) (3)

m>1 k~i

The coefficient of z¥ in the left-hand side is equal to D, i(1). If & — & is odd then by definition
D;j(1) = 0. Otherwise, if & — éj =21, then D;;(1) = (7'(y), ®;) is the coefficient of ¢; in /(7).
Let (B,m) be the vertex of Q in the column of (%,0) and at the same height as (7j,0). Such a
vertex exists because & — ; is even, and clearly § = £7/(). Now it is a well-known fact from
the combinatorics of Auslander-Reiten quivers that for all vertices (7, s) of Q at the same height as
(7;,0) the coefficient of ¢; in 7y is 0, except if (y,s) = (7;,0) in which case it is equal to 1. Hence
we have D;;(1) = &;;.

Consider now the coefficient of 7" (m > 1) in (3). We need to show that

Dij(m+1)+Djj(m—1)— Y Dy;(m)=0,  (i,jel, m>1). (4)
k:k~i

Note that for k ~ i we have & = &+ 1, hence if m+ & — &; is odd, all summands of the left-hand
side are zero. Otherwise, writing m+ &; — &; = 21, the left-hand side of (4) is

(Tl(%)JrTl_](%') - ZTH@"_&H)/Z(%) : ij) :

k~i

Now it is again a familiar fact from the combinatorics of Auslander-Reiten quivers that

t(p)+ 7 (p) = Y A HEETNR (g,
k~i

since the roots 7/(%), T/~ (%), and T"+(&%=&+1/2(y) with k ~ i, form a mesh. This proves (1).
Finally, if B = dimX then (3, ®@;) is equal to the coefficient of ¢; in 8, hence

(B, ®@;) = dim(Hom(X,1;)) = (X, I;),

because /; is injective. This proves (2). O

Example 2.2 Take g of type A4. One has for instance
Culs) = o —Pazl—

= 2-B+12-8+...

= 27+

— Z4—Z6+Zl4—Z16+"'

SN S e B g ) U S s L R

— Ry 82 14 16 I8

(2)

(2)

(2)
Coulz) = 2—LB+712-7184...
Ca(2)

(2)

(2)

= 27 +B -+



Let us choose the sink-source orientation Q with height function & = 0,& =1, =0,& = 1.
Then T = 55545153, and since 7> = 1, the roots 7/ (%) are all determined by:

h = o+ 0y, P =0y, B =0+ 03+ 04, Ya = Oy,
)=+, t(p)=w+o+ata, (hB)=oa+o+as, (1) = 0+ 03,
2(y) = —au, 2 (p) = as, 2(p) = — oo, 2 (1) = ay,
Pp)=—-m-o, T(p)=-tw-wm-a, THE=-u-t-0—0u, (k) =—0—a,
™(n) = —a, Hp)=—a—m—0, TH(p)=-—as, ™(m) = —a3 — au.

For instance by Proposition 2.1, Cx (6) is equal to the coefficient of a3 in 73 () = —0p — 03 — 04,
namely to —1.

Corollary 2.3 Fori,jecland m > 1 we have

Cij(m~+2h) = Cij(m).

Proof — Since t"* = 1, this follows immediately from Proposition 2.1. a

3  Quantum tori

3.1 The quantum torus Y,
Recall from §2.2 the labelling set I of Q Define

% .=C [Yf;l (i,p) el

to be the Laurent polynomial ring generated by a collection of commutative variables Y; , labelled
by 1. This ring is related to a tensor subcategory %7 of the category of finite-dimensional U,(Lg)-
modules considered in [HL] (see below §5.2).

Let 7 be an indeterminate. Following [He2] we introduce a ¢t-deformed version (Y;, *) of %/,
with noncommutative multiplication denoted by . This is the C(¢)-algebra generated by variables
still denoted by Y; ,, subject to the 7-commutation relations

Yip# Vo=t 0Py ¥ ((ip), (J,s) €1), 5)
where

N (i,psjys) = Cij(p—s—1)=Cij(p—s+1)=Cij(s— p—1)+Cij(s — p+1). (6)

Here we have extended the definition of C; j(m) to every m € 7 by setting Ci i(m)=0if m <0.
Note that, since C(z) is symmetric, we have

</V(i7p;j)s) = _‘/V(j7S;i7p)7 (ivjel) p7S€Z)‘ (7)

If p = s then A (i, p; j,s) = 0. Otherwise, without loss of generality we can assume that p < s.
Then, (6) simplifies as

N (i,psj,s) =Cij(s—p+1)=Cij(s—p—1),  (p<s). (8)

We regard the noncommutative ring (Y,,*) as a quantum torus of infinite rank.
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Remark 3.1 In [VV1] and [N3], the construction of a t-deformed Grothendieck ring is based on
a slightly different quantum torus. Namely, in these papers the product is defined by:

Yip,  ((i,p), (jus) €1), )

where instead of (6) the following exponent is used:

= tJV’(hp,jJ) Y:

Y; s

z,p'Y

s

N, pij,s) = —2 ('c“,,( —s—1)=Cij(s—p 71)). (10)
For instance, in type A3, we have
YI,O *Y271 = tY271 *YLOa whereas YI,O . Y271 = Y2,1 . YLO‘

In [N3, VV1], the definition of the product comes from a convolution operation for certain per-
verse sheaves on quiver varieties, and the deformation parameter ¢ encodes the natural grading
of complexes of sheaves. Our product * comes from [He2] and the original construction of g-
characters. Indeed in [FR2], the variables Y; , € % are defined as formal power series in elements
of U,(Lg), and they pairwise commute. In [He2], these formal power series are replaced by cer-
tain infinite sums ¥; , in elements of the quantum affine algebra U,(g) (with non trivial central
charge c), which can be seen as vertex operators. The original variable Y; , is just one factor of the
complete variable ¥; _p- The relations of the quantum affine algebra then give rise to -commutation
relations between the ¥; ,p» Where the parameter 7 appears as a formal power series with coefficients
in C[c*!] [He2, Theorem 3.11]. The defining relations (5) (6) of * are obtained by replacing ¢ by
¢~ in those 7-commutation relations.

Recall from §2.2 the bijection ¢@: I — A.

Proposition 3.2 Let (i, p) and (j,s) be elements of I with p < s. There holds
A (iypijis) = (27882 ), ).
Moreover, if 9(i,p) = (B,m) and ¢(j,s) = (0,1), then
A (6,p3J,s) = (=1)"" (B, ).

Proof — First note that the definition of 1 implies that s — p+§; — &; € 27Z. By Proposition 2.1,
we have

N (i,psj,s) = C,j s—p+1) Cij ils—p—1)
— <Ts P82, 1j>_<T(s—p+é—§;)/2—l(1i)7 1j>_
Now recall the classical formula
(T'(X),Y)=—(r,X),  (X,Y € mod(FQ)).
It follows that
N (i pijys) = <T(S_17+!€'i_§/')/2(]l.)7 1j> + <1j7f(s—p+éi—§j)/2(1i)>
= (T(s—p+é,-—éj)/2(1i)7 )

_ <T<sfp+éi—é,->/z(%.), yj),

11
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This proves the first equality. The second equality is immediately deduced from the first one if we
note that, by definition of the bijection ¢,

T(éi*l’)/z(%.) _ (_1)va T(éj*s)/z(%_) _ (_1)15,

Remark 3.3 For the product of [VV1] and [N3], we have, for p < s, a similar expression
N, o) = 2 (2GR (), ) = =2 (3, T PG () ) = (—1) (8, B,

in which the symmetric scalar product (-, -) is replaced by the non-symmetric Ringel form (,-).

3.2 Commutative monomials
Let us adjoin a square root 7'/2 of ¢ and extend the quantum torus (Y, *) to
(%, %) :=C(t") @) (Yr, %)
We notice that the expression
PN Uiy, sy, =V Eriy, iy, €%

is invariant under permutation of (i, p) and (j,s). We can then denote it as a commutative mono-
mial ¥; ,)Y; s =Y;Y; 5, and write

1 Lo
Vip#¥js =t Y

More generally, for a family (u; , | (i,p) € T ) of integers with finitely many nonzero components,
the expression

1 o .
2 Z i j.s) UipU ',xJV(]vS; lap) * ~ Uip
12 &(ip)<(is) Hip™J (ip)el Yi,p

does not depend on the chosen ordering of T used to define it. We will denote it as a commutative
_ytip
monomial H (ip)el Y’ and write

>X< wip _ 1y i sy Ui plj s (.03 ,5) Uip
IY”’ = 12 Lp)<(is) Uil HAYi7P )
(hp)e (i.p)el

The commutative monomials form a basis of the C(¢!/?)-vector space %. It will be convenient to
denote commutative monomials by

m= HAYlf‘;p(’”)
(i.p)el

A commutative monomial m is said to be dominant if u; ,(m) > 0 for every (i,p) € I.
The noncommutative product of two commutative monomials m; and m is given by

my kmy = 2P m) = (PUmm)  semy, (11)
where
D(mlamz) = Z ui-,P(ml)uj,AV(mz)‘/V(ivp; jvs)a
(i.p).(j.s)el
and

u; p(my)+u; p(m
mym, = H Ytp 1 i.p 2)’
(i,p)el
denotes the commutative product.

12



3.3 The quantum torus Y; o

Recall the bijection ¢: T —Aof §2.2. Define
To:=0 ' (A, x{0})CT,

and let Y, ¢ be the the C(z)-subalgebra of (Y, *) generated by the variables Y; , ((i,p) € 1, 0)- This
is a quantum torus of rank » = |A|. We will also use the extended torus

(%,0,%) = C(t"*) @cpy (Y0, %)

Example 3.4 We take g of type D4 and choose Q as in Figure 1 and Figure 2. Comparing the two
figures we see that Y; o is generated by

+1 ptl oyl oyl oyl +1 +1 ytl oyl oyl pEl gl
Yo, Vi 0 Y1y Vo0, Y5 0 Y5y Yay, Yo Y323, Y, Y, Yy s

3.4 The quantum torus T, o

Let wy be the longest element of W. Leti= (iy,...,i,) be a reduced expression of wy adapted to Q
(see §2.2). Following [GLS, §11], we introduce a quantum torus T, ¢ of rank r over C(v). (The
indeterminate v is denoted by ¢ in [GLS]). Its generators are certain unipotent quantum minors

Da)',’k,l/ﬂ (1§k§r)
in the quantum coordinate ring A, (n). Here A; is the weight given by
e = siy 55 (O, (1<k<r).

The definition of A, (n) will be recalled in §4.1 below. At this stage we only need to know the
explicit v-commutation relations satisfied by these minors. It is shown in [GLS, Lemma 11.2] that

for k < [ there holds

(@~ @y +h) py 1 Da, 2, (12)

Dﬁfilekai,a/lz =V i

For 1 <k <r,setk  :=max({s <k |i; =it} U{0}). Define

-1
Z=Doy s (Do) - (13)

where if k= = 0 we understand Dg;, = 1. Clearly, Z; (1 <k <) is another set of generators
i
of T, o. Let
ﬁk:Sil"‘Sikil(aik), (1 Skér) (14)

Note that we have
lk:lk*_ﬁka (1 Skgr), (15)

where if k= = 0 we use the convention 4~ = @;, .
Proposition 3.5 For 1 <k <[ <r, we have:

ZkZI = v_(ﬁk’ﬁ’)Z,Zk. (16)

13



Proof — Let us introduce the integers ; and vy, such that
DﬁfikslkDﬁfi, AT Vuk]Dwf, 711Dwz‘k i) ZzZ =v"Z Zy, (1<k, I<r).
By definition of Z; we have

Vi = (Mt — Mi-1) — (M- — M),

where we use the convention that (-, =0if k= =0, y- =0if I~ =0, and yy-,- =0if k= =0
or [~ =0. Since k~ < k <, we have

u'kl - .u’kfl = ((‘Uik - lk? wi[ +A‘l) - (wik - Ak’? wi[ +A'l) - (ﬁk?a)-i[ +)Ll) (17)

(a) If k<!l we have similarly

M- — Mi-1- = ((Br, @i, + Ar-)
and so
Vi = (B, ®;, + X)) — (B, @, +A4-) = — (B, Br),

as required.
(b) Ifk=1"then - =0and -, = (@, — A, @; + A). Hence

viie = (B, @, +A)+ (@, — A, @+ A)
(B, @i, + M) — (Br, Br) + (@i, — i, @i + M)
= — (B, Br) + (@i, — Al + B, @y + M)
= — (B, Br) + (@i, — A, @+ Xk)
= —(B.Br)

as required, because (@, — Ax, @, + M) = (@, @y, ) — (A, &) = 0.
(¢) Ifk>1" then Uy =—-, = —(m','[ — N, w;, —I—Ak) Hence

—W- + M- = (@, — -, O+ M) + (@, — X, @+ A1)
= —(Bi, @+ M)+ (@, — A, @+ M)+ (0, — A, T+ )
= — (B, @+ M) +2(@,, @) —2(M, A
= —(B, @, +N-).

Indeed, since [~ < k < [, we have
(Akvz'l’) = (Si,—H ’ "sik(wik)v wil) = ( i) Siy 'Sil—ﬂ(wi/)) = (a)-ilﬂwil)’

It follows that again, vi; = (B, @i, + A1) — (B, @i, + A ) = — (B, Br), as required. O

3.5 Anisomorphism

It is well known that the roots B (1 < k < r) give an enumeration of A;. Therefore, for every
(i,p) € I o there is a unique k such that ¢ (i, p) = (B,0).

14



Proposition 3.6 The assignment
t— v,
Yip— Zi, where (i,p) €1g, and (i, p) = (B,0),

extends to an isomorphism of quantum tori from Y; g to T, o.

Proof — This follows immediately from Proposition 3.2 and Proposition 3.5 if we note that when
o(i,p) = (Bx,0) and @(j,s) = (B,0), p < s implies that k > 1. O

3.6 The involution ¢ and the rescaled generators X;
Let 7, o := C(v'/?) ®@c(v) T, For Y =} c;e; in the root lattice of g, we set

degy::Zci, N(y) = (}/’2}/)—degy. (18)

Following [GLS], we introduce an involution o of .7 ¢, defined as the C-algebra anti-automor-
phism satisfying

o) =v2 o (D s ) =MDy . (19)
We rescale the generators Z; of T, o by defining
VN (BO/27, if1<k<n,
X = { W24 =2 Bz, i1 <k <r. (20)
Note that these elements live in .7 o.
Lemma 3.7 For 1 <k <rwe have:
o (Xyx) = Xi.

Proof — For convenience, we set Ax_, = @;, if k—n < 0. Using (13), (12), and the definition

of o, we have
o(Z) = W (@ =) =N (@i~ Ain) = (B =M, By thi) 7,

A simple calculation using (15) shows that
N(@;, — A) = N (@i, — M) = (@i, — My B+ M) = N(Bi) +2(@y — Ai—n, Br),
and the lemma follows. O

Clearly, the rescaled generators X}, satisfy the same commutation relations as the Z;. Therefore,
if we define for a := (ay,...,a,) € Z',

X2 .— V% Yicjaiai(Bi, Bj) X{ll .. ,Xrar’ 1)
we have by Proposition 3.5,
o(X?) = v 2 Kicjaai (B xar . XM = X2, (22)

Thus, X? is o-invariant, and more generally an element of %.Q is o-invariant if and only if all the
coefficients of its expansion with respect to the basis {X? | a € Z"} are invariant under the map
v1/2 — v=1/2 Moreover, one checks easily that

xaxb — 3 Xicj(ajbi—aib) (i Bj) xyatb _ | Yicj(abi-aib;)(Bi.B) xybya (23)

15



3.7 The isomorphism &

We can now state the main result of this section, which follows immediately from Proposition 3.6
and Equations (11), (23).

Proposition 3.8 There is a C-algebra isomorphism ®: % o — 7, o given by
(') =2 @(Y,) =X for (i,p)€lg and @(i,p)=(B.0).

More generally, let
m=TT %"

(ivp)EiQ
be a commutative monomial in % g, as in §3.2, and let a = (ay, . ..,a,) where a; = u(; p\(m) if
¢©(i,p) = (Bk,0). Then we have
d(m) = X?.

4 Quantum groups

4.1 Background

Let n denote a maximal nilpotent subalgebra of g. Let U,(n) be the Drinfeld-Jimbo quantum
enveloping algebra of n over C(v), with Chevalley generators ¢; (i € I) subject to the quantum
Serre relations:

e,-ej—ejel-:O ifC[jZO,

etej—(vHveejeitejef =0 if Cjj = —1.

It is endowed with a natural scalar product (-,-) which we normalize by (e;,e;) =1 (see e.g. [GLS,
§4.3]). We denote by A, (n) the graded dual vector space of U, (n). The map x — (x,-) is a vector
space isomorphism from U, (n) to A,(n), which allows to define a multiplication on A,(n) by
transporting the multiplication of U, (n).

Thus, U,(n) and A, (n) are isomorphic algebras, but they have dual integral forms and therefore
they specialize differently at v = 1. One should regard A, (n) as a quantum coordinate ring of the
unipotent group N with Lie algebra n. For example, the elements Dw,-k, 2, of §3.4 are quantum
analogues of certain generalized minors on N. We set

U(n):=C'?) ocuUin),  @(n):=C'?) @cu) Aun).

Since the basis involved in Theorem 1.2 (b) is the dual canonical basis B, it is more natural to
think of the quantum algebra of Theorem 1.2 (a) as being .27, (n) rather than %, (n).

The algebra U, (n) has a natural grading by the root lattice of g, given by deg(e;) = o;. The
above isomorphism allows to transfer this grading to A, (n).
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4.2 Determinantal identities

In [GLS], it is shown that A, (n) has a quantum cluster algebra structure. In particular, an explicit
realization of A, (n) as a subalgebra of the quantum torus T, ¢ is given. This goes as follows.

For u,w € W and A € P, one has unipotent quantum minors D) ,,(1) € Av(n) (see [GLS,
§5.2]). They satisfy
1 ifu(d)=w(),

Dyywn) =
“A)wd) { 0 ifu(d) £ w(d).
Leti= (i1,...,i,) be as in §3.4. In [GLS, §5.4], a system of identities relating the quantum minors

D(b,d) =D (0<b<d<r ip=ig€l), (24)

Siy iy, (@) )y iy -5y (W )2

is derived, which we now recall. By convention, we write D(0,b) = Dw,-[ s siysiy (@) Note that the
minors D(0,b) (1 < b <r) form by definition a system of generators of T, o. We will also use the

following shorthand notation:

'"S"b

b= (j) = max({s<b|i;=j}uU{0}), (25)
b~ = max({s<bl|i;=ir}U{0}), (26)
u(b,j) = sipeesi,(@)). 27)

In (27) we understand that 11 (0, j) = @;.
Proposition 4.1 ([GLS]) Let 1 < b < d <r be such that i, = iy = i. There holds

VAD(b,d)D(b™,d™) =v " "BD(b,d")D(b™,d) + V¢ ﬁD(b’( 7),d= () (28)
i
where
A= (u(d7i)7 nu(biﬁ.) —u(d*,i)), B= (-u'(diﬂ.)v nu(bivi) _“(dai»:
and
C= Y (u(d,]), n(b.k)—p(d.K)).
j<k
jroi, ki

This system of identities allows to express inductively every minor D(b,d) as a rational func-
tion of the flag minors D(0,c). Moreover, it follows from [GLS, Theorem 12.3] that all these
rational functions belong in fact to T,, o, and that A, (n) is the subalgebra of T, o generated by the
minors D(b~,b) (1 <b<r).

4.3 The dual canonical basis B*

Let us write
E*(Br) :=D(k™ k), (1<k<r), (29)

and fora = (ay,...,a,) € Z',
() = v B o2 () () (30)

Then E* = {E*(a) | a € Z"} is a C(v)-basis of A,(n), dual to a basis of U, (n) of PBW-type, as
defined by Lusztig. The basis E* is called the dual PBW-basis of A,(n).

The involution ¢ of .7, ¢ (see §3.6) can be restricted to A, (n). Lusztig [Lul] has constructed
a canonical basis B of U, (n). The dual basis B* = {B*(a) | a € N"} of A,(n) can be characterized
as follows (see e.g. [GLS]).
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Proposition 4.2 Fora= (ay,...,a,) € N, the vector B*(a) is uniquely determined by the follow-
ing conditions:

(a) B*(a) € E*(a) + Lezav™ 'Z[v 'E*(c);
(b) let B(a) := Y <s<,axBr. Then o(B*(a)) = vV F@)p*(a).

The integer N(y) of (b) is defined in (18). Note that B(a) is just the weight of B*(a) or E*(a) in
the natural grading of A, (n) by the root lattice of g. The basis B* is called the dual canonical basis
of A,(n).

S Quantum Grothendieck rings

5.1 Background

For recent surveys on the representation theory of quantum loop algebras, we invite the reader to
consult [CH] or [Le].

Let Lg be the loop algebra attached to g, and let U, (Lg) be the associated quantum enveloping
algebra. We assume that the deformation parameter ¢ € C* is not a root of unity.

By [FR2], every finite-dimensional U,(Lg)-module M (of type 1) has a g-character x,(M).
These g-characters generate a commutative C-algebra isomorphic to the complexified Grothen-
dieck ring of the category of finite-dimensional irreducible U,(Lg)-modules. Nakajima [N3],
Varagnolo and Vasserot [VV1], and Hernandez [He2], have studied z-deformations of the g-
characters of the standard modules and of the simple modules, as well as corresponding ¢-deforma-
tions of the Grothendieck ring. Although slightly different, these r-deformed Grothendieck rings
are essentially equivalent, and in particular they give rise to the same (g,7)-characters for the sim-
ple modules. In what follows, we will use the version of [He2]. Its definition will be recalled in
the next sections.

5.2 The subcategory %7,

The simple finite-dimensional irreducible U, (Lg)-modules (of type 1) are usually labelled by Drin-
feld polynomials. Here we shall use an alternative labelling by dominant monomials (see [FR2]).
Moreover, as in [HL], we shall restrict our attention to a certain tensor subcategory %7 of the
category of finite-dimensional U,(Lg)-modules. The simple modules in €7 are labelled by the
dominant monomials in ¢/, or equivalently, by the dominant commutative monomials in (%, %)
(see §3.2), and their g-characters belong to %". We shall denote by L(m) the simple module la-
belled by the dominant monomial m. When m =Y; , is reduced to a single variable, L(m) is called
a fundamental module. When m is the only dominant monomial occuring in Y, (L(m)), L(m) is
said to be minuscule. Fundamental modules are examples of minuscule modules [FM].

5.3 Standard modules

To a dominant commutative monomial m is also attached a tensor product of fundamental modules
called a standard module M(m) defined by

M(m):= @ L(¥; )", 31
P)E
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where the product is ordered according to the following partial order on I:

(i,p) < (j,5) <= p<s.

Note that for any fixed p € Z and any total order on I, the tensor product

®L ®u,p

iel

is irreducible, and its isomorphism class L (H,-e I Ylkp> does not depend on the order of the factors,

hence (31) is well defined up to isomorphism (see [FM, Proposition 6.15]). The classes [M(m)]
of the standard modules M (m) form a second basis of the Grothendieck group of 7.

5.4 Thering %;

We introduce the commutative monomials [FR2]

Al lp+1Ylp IH ]pu ((i,p—l)ej\). (32)

j~i

Recall from §3.2 that commutative monomials in % can be regarded as elements of (%, x). More
generally, the commutative polynomials

~

(1 +AL p+1> = Y + Y_p+2HYJ p+1s ((lap) € )
ji

can be regarded as elements of (%,%). Fori € I, let %, be the C(t'/?)-subalgebra of %} (for the
noncommutative product *) generated by

Vo (14470), YL (). Gs) €T, j#0).
(In [Hel], %, is identified with the kernel of a r-deformed screening operator.) Define

H = m%,t-

i€l

It is shown in [He2] that an element of .7} is uniquely determined by the coefficients of its domi-
nant monomials. Moreover, for any dominant monomial m, there is a unique F (m) € J#; such that
m occurs in F(m) with multiplicity 1 and no other dominant monomial occurs in F(m). These
F(m) form a C(t'/?)-basis of .%;.

5.5 Comparison with other 7-deformations

The product * used in this paper is the same as that of [He2], except that we have replaced ¢
by t~1. The product of [He2] is slightly different from the products of [N3] and [VV1] (see
Remark 3.1). However, as shown in [He2, Proposition 3.16], for every (i, p), (j,s) € I the pairs
(Yip,Ajs) and (A; ,,Aj ) are t-commutative with the same exponents of t for the three products of
[N3, VV1, He2]. This implies that the 7-deformations of the Grothendieck ring % of 67, associated
with the three products are essentially equivalent, as will be explained below.
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5.6 (g,t)-characters of standard modules

For a dominant commutative monomial m € %>, define

[M(m)], ::t“’" * F (HY"”’ ) . (33)

i€l

Here, at(m) € 17 is chosen so that m occurs with coefficient 1 in the expansion of [M(m)]; on
the basis of commutative monomials of %},>. The coefficients of [M(m)], on this basis belong to
Z[t*'] and may therefore be specialized at t = 1. The obtained specialization of [M(m)], at t = 1
is equal to x,(M(m)), the g-character of the standard module M(m). Therefore we may use the
alternative notation

X (M(m)) := [M(m)];,
and call this element of %] the (gq,t)-character of M(m).

5.7 The bar involution

One shows that there is a unique C-algebra anti-automorphism of (%, ) such that

2= Y, =Y, () ED).

Clearly, the commutative monomials are bar-invariant, as in [N3, VV1]. The subring .%#; is stable
under the bar involution, since each .%;, is obviously stable. It follows that the elements F'(m) are
bar-invariant (since m is the unique dominant monomial of F (m)). Hence the coefficients of the
expansion of F(m) on the basis of commutative monomials are unchanged under the replacement
of t by t~!. Therefore, F(m) is the same as in [He2]. Since we have used in (33) the reverse
product *, the elements Xq.:(M(m)) also coincide with the corresponding elements of [N3, VV1,
He2], i.e. the coefficients of their expansion on the basis of commutative monomials are the same.

5.8 (g,t)-characters of simple modules

Proposition 5.1 ([N3]) For every dominant monomial m, there is a unique element [L(m)), of J;
satisfying

(a) [L(m)]; = [L(m)],
(b) [L(m)]e € M(m)]i+ ), 1~ Z[r '] [M(m)];.

m'<m

Here m' < m means that m(m')~" is a product of elements A; , in % .

By §5.7, the elements [L(m)], coincide with the corresponding elements of [N3, VV1, He2]. Using
the geometry of quiver varieties, Nakajima has shown:

Theorem 5.2 (N3]) The specialization of [L(m)]; at t =1 is equal to Y,(L(m)), and the coeffi-
cients of the expansion of [L(m)]; as a linear combination of monomials in the Y ,’s belong to
N[=1.

Therefore we may use the alternative notation

Xgi(L(m)) = [L(m)];,

and call this element of . the (q,t)-character of L(m).
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Corollary 5.3  (a) If L(m) is minuscule, x,:(L(m)) = F(m).

(b) If x4(L(m)) is multiplicity-free, then x,;(L(m)) = x4(L(m)) does not depend on t when
expressed on the basis of commutative monomials.

Proof — By the positivity statement of Theorem 5.2, every monomial occuring in Y ,(L(m))
already occurs in x,(L(m)). Thus, if L(m) is minuscule then x,;(L(m)) is an element of ¢
containing the unique dominant monomial m, which proves (a). If x,(L(m)) is multiplicity-free,
then the coefficient of every commutative monomial in y,,(L(m)) is of the form #* for some k € Z.
But since x,,(L(m)) is bar-invariant, we must have k = 0, which proves (b). 0

5.9 Multiplicative structure

We shall regard the noncommutative ring (%7, x) as a t-deformed version of the Grothendieck ring
Z. But one should be aware that only the simple modules L(m) and the standard modules M (m)
have well-defined “classes” x,,(L(m)) and x,,(M(m)) in .

For any dominant monomials 7 and m,, write

X (L)) % X (L(m2)) = Y e 1 (0172) o0 (L(m)).

Note that every irreducible (g,t)-character is of the form ), ,(L(m)) = m(1 + Y, M), where the
M, are monomials in the Aifpl with coefficients in N[t,#~!] (see [He2]). So, by §5.5, the above

n

(t'/2) are obtained from the corresponding ones in [N3, VV1] by multiplying
by some t* with k € Z/2. Varagnolo and Vasserot have shown the following positivity result:

coefficients ¢

Theorem 5.4 ([VV1]) The structure constants ¢, (t'/?) belong to N[t'/?,1=1/?).

mp,my

Corollary 5.5 L(m;)® L(my) ~ L(m) is a simple module if and only if

X (L(m1)) % Xqa (L(m2)) = 1 20 (L(m2)) * g (L(m1)) = t* 2 (L(1m))

for some k € /2.

Proof — If L(m) ® L(my) ~ L(m) then x,(L(m1))* x,(L(m2)) = x4(L(m)). Hence ¢ , (1) =

my,my
1, and it follows from Theorem 5.4 that x,,(L(m)) * x4:(L(m2)) = t*)4,(L(m)) for some k €
Z,/2. Applying the bar involution, we get g, (L(m2)) * xq:(L(m1)) =t *x,.,(L(m)). If conversely
Xt (L(m1)) * xg:(L(m2)) = t*x4,(L(m)), then specializing ¢ to 1 we get

X (L(m1)) 2 (L(m2)) = 2q(L(m1) @ L(m2)) = 24(L(m)),

hence L(m;) ® L(my) ~ L(m). O
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5.10 Quantum 7'-system

For (i,p) €I and k € N, let m) =Y pYip+2---Yi prox—2. The simple U, (Lg)-module

k,p
Wk(l; =L (m,((l)p>

is called a Kirillov-Reshetikhin module. (By convention, if k = 0O then w/ p) is the trivial one-
dimensional module.) The g-characters of the Kirillov-Reshetikhin modules satisfy the following

system of algebraic identities called T-system [KNS, N2, He3]. For every (i,p) € I and k >0,
there holds

%q( k(,);>%q< k(?’“) Xq( k()lp+2)x‘1< k+1p)+HXf1< kal)iCij.

This can be lifted to a r-deformed T-system in %, as shown by the next proposition (see also
[N2, §4], where a different r-deformed product is used, as explained in Remark 3.1 and §5.5).
Before stating it, we note that ) jNiWk(‘Q +1 1s a simple module, hence by Corollary 5.5 the (g,1)-

w) ) pairwise 7-commute in .%;. Moreover, it is easy to check that, since C(z)

k,p+1
. g () G _ () ()
is symmetric, for any j ~ i and j' ~ i, one has MU RIS = I R

characters x,,(W,
hence the (g,7)-
characters (W, k( p) 1) do in fact pairwise commute in . So we may write j* ,’W (Wk(g +1)

without specifying an ordering of the factors.

Proposition 5.6 In 7 there holds:

th( ()>*th( k(p2+2) 1 )%qt< k()lp+2>*%qf< k(+)1p) +tY(lk),* th( "(2“)

where |
alik) = ~1+3 (Ca2k=D)+Ci2k+1)), k) = alik)+1. (34)

Proof — Using Theorem 5.4, we see that the claimed identity holds for some integers (i, k) and

(i, k), and we only have to check (34). To do so it is enough to compare the coefficients of some
(i) (i) (i) (@)

particular monomials on both sides. We have My, KMy = t%m;” pi2 XML where
k=1 1
a = Z N (i,p;i,p+2a)+ E/V(i,p; i,p+2k)

a=1
— Zl( Ci(2a+1)—Cy (2a—1)) %(51-5(2k+1)—5u(2k—1))

= —Cy(1) ~I—% (Cii(Zk— 1) +Ci(2k+ 1)) .

Thus 0(i,k) = & = — 1+ (Ci(2k — 1) + Cyi(2k + 1)) /2, as claimed.

Similarly, x,(W, (i)) contains the monomial m := m,<< LAl k-1 --Alfl} FRv. oy pl 41 with coeffi-
cient 1, and we have mm,(c )p+2 [1~i m,(( [))H Now

o _ (i) o _
m*mk,p+2 - ((mlqp—O-Z) Hmk p-l-l) *ny D2 tYHmk p+1

JN[ ]Nl
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where

N (j,p+2a—1;i,p+2b)

~
<
Q
I
S
I
L

<

[
N
U,
M-~

)=2) = Cii(2(a—b)) - Ci(2(b— ) + Ci(2(b — a) +2))

~
<
Q
I
S
I
L

I
N =
(agle
(agle
VS
o
S

Q

\

S

)=2) = Ci2(a— 1)) = Ci(2(1 — ) + Ci(2(k — a) +2))

I
| =
gy
/N
o
—~
o
—
Q

|
)

Jj~ia=1
1 k ~ B
_ %a; (~Cii2(a—1)+Ci2k—a) +2))
= ;jzwiéji(zk).

Thus y(i,k) = ¥ = (zjw. éj,»(zk)) /2= (z jwié,-(zk)) /2 = (Cit(2k— 1)+ Ciy(2k+1)) /2, as clai-
med. Here, the last equality comes from the definition of C (z) (see the proof of Proposition 2.5).
|

Example 5.7 (a) Take g of type A;. We have
CR)=z-2+2 -7 +2—--,
hence a(k) = —1 for all k > 0. Thus we get
Xas Wip) * Xar Wip+2) =17 Ko Wit p42) * Xge Wir1,p) + 1.

(b) Take g of type Az. Choose i =1, k =1, and p = 0. Using for example Proposition 2.5, we can

calculate
CuR)=z—27 4+ -2+, Cio(z) =22 —2+70-4+..,
hence . R | o |
a(l,1) = —1+5 (Cu(h+Cu) =3, 7(1,1)=5Cu2) = 3.

Thus Proposition 5.6 gives
Xt <W1(}))) * Xyt <W1(,12)) =1 71/27&1# (Wz(,t))> +1 1/2756171 (Wl(,21)> .

5.11 The subcategory ¢y

Recall the quantum torus %/ o of §3.3. The dominant commutative monomials in %} o parametrize
the simple objects of an abelian subcategory %y of 67. More precisely, we define € as the full
subcategory of 67 whose objects have all their composition factors of the form L(m) where m is
a dominant commutative monomial in %; o. When Q is a sink-source orientation of the Dynkin
diagram and the Coxeter number % is even, % is one of the subcategories ¢; introduced in [HL];
namely, ¢p = €y where ' =h/2—1.
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Lemma 5.8 6 is closed under tensor products, hence is a tensor subcategory of ¢7.

Proof — This is a slight modification of the proof of [HL, Proposition 3.2]. Let L(m) and L(m')
be in €. This means that m and m’ are monomials in the variables Y; ,, (i, p) € Ip. If L(m") is a
composition factor of L(m) ® L(m'’) then m” is a product of monomials of x,(L(m)) and x,(L(n)).
So we have m"” = mm’M where M is a monomial in the A]_r1 Then it is checked as in [HL, Section

5.2.4] that, for m" to be dominant, these (j,r) have to satisfy (j,r — 1) € Ip and (j,r+1) € Ip. It
follows that m" depends only on the variables Y; ,, (i, p) € fQ, because [ ¢ is a “convex slice” of 7,
that is, it satisfies:

(i) if (i, p), (i, p+2k) €Tgforiel, p e Z, k>0, then (i,p+2j) € Iofor 1 < j<k—1;
(i) if (i,p), (i,p+2) EIAQ fori €I, p € Z, then for every j ~ i we have (j,p+1) EIAQ.

Hence the result. O

Example 5.9 We continue Example 3.4. We take g of type D4 and choose Q as in Figure 1. The
simple objects of € are of the form L(m), where

_ vy 0y UL -2y UL -4y U2 0y U2 -2 U2 4y UB Ty UB 1y U 3y UAD Y, UL Y UL D
m=Yio V1 5V Y0, oL R Y Y g Y
and u; , € N.

5.12 The ring .%; o and the truncated (g,)-characters

We denote by .%#; o the C(t'/?)-subalgebra of .#; spanned by the (q,t)-characters x,,(L(m)) of
the simple objects L(m) in 6p. We call .%; o the t-deformed Grothendieck ring of €.

The (g,r)-character of a simple object L(m) of 6, contains in general many monomials m’
which do not belong to %; o. By discarding these monomials we obtain a truncated (q,t)-charac-
ter. We shall denote by x,,(L(m)) the truncated (g,t)-character of L(m). One checks that for
a simple object L(m) of €y, all the dominant monomials occuring in y,,(L(m)) belong to the
truncated (q,t)-character ¥, ,(L(m)) (the proof is similar to that of [HL] for the category %), as
for the proof of Lemma 5.8 above). Therefore the truncation map

Xqs(L(m)) = Xqs(L(m))

extends to an injective algebra homomorphism from J#; o to %; o. In the sequel we shall identify
J;, o with the subalgebra of %/ o given by the image of this homomorphism.

6 An isomorphism between quantum Grothendieck rings and quan-
tum groups

6.1 The isomorphism between .%; o and .27, (n)

Recall the isomorphism ®: %] o — .7, o of Proposition 3.8, and the notation
y(n) == C('/?) @A,(n).
Define the rescaled dual canonical basis of <7,(n):

B = {E*(a) = WB@)/2g (a) | B*(a) € B*} .
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Clearly, the elements of B* are invariant under the involution &. The next theorem is Theorem 1.2
in a slightly more precise formulation.

Theorem 6.1 (a) P restricts to an isomorphism

0 — A (n).

(b) The basis of J; ¢ consisting of the irreducible truncated (q,t)-characters Xq..(L(m)) is
mapped by ® onto B*.

Proof — We introduce some necessary notation. For 1 <k <r, let ki :=min{l <s<r|is=i}.
Set k() := k and, for a negative integer j, define k\/) = (k(j“))*, where the notation b~ is as in
Equation (26). We also note that, by definition of A; and S, if k= # 0 then 7~!(A;) = A and

' (Br) = B

Let us fix some (i,p) € IAQ. By definition of ®, we have:
O(Yip) =X for (i.p)€lo and @(i,p)=(Bi.0).
Note that this relation between (i, p) and B implies in particular that i; = i. Since if k= # 0,
@(i,p+2) = (t7'(Bx),0) = (Br-,0),

we deduce that @ (Y; ,Y; p42Yi pa---Y;g) is equal up to a power of v to XXy X2 - - X, .., that is,
up to a power of v, to D(0,k). Since the commutative monomial Y; ,Y; 12 -Y; ¢ is bar-invariant,
its image is G-invariant, so it has to be equal to (@ =2)/ 2D(O,k). Now Y, pYip+2--- Y g 1s equal

to the truncated (g,¢)-character of the Kirillov-Reshetikhin module w

1 (E—p) /2" Hence we have
shown that

P (55(%!) (Wﬁ(gﬁp) /2,;;)) =WV @M2D(0, k).
We now want to show that, more generally, for 1 <s < (&, — p)/2+ 1 we have
@ (ign (W) ) = Vo DU, ). (35)
This will be proved by comparing Proposition 4.1 and Proposition 5.6. Let us denote by
D(b,d) := VN H=2)2D (b, d)
the rescaled quantum minors. Note that
N(Ap—Ay) = %(7@, —Aay Ap — Ag) —deg(Ap — Ag) = (Ap, Ap — Ag) —deg(Ap — Ay).

We can rewrite Proposition 4.1 as

D(b,d)D(b~,d™) =vXD(b,d™)D(b™,d) + vYﬁB(b*( 7),d=(j)) (36)

i

where

1
X:= 14+ B A+ (A, = Aa) + Aoy Ap- = Aa-) = (A, A = Aa) = (A, A = ),
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and
1
Y:=C—-A+ ((/lb,lb Aa)+ My Ay — g ) =Y (A (jys Ao M(j)))-
Jj~i

Replacing A and B by their values from Proposition 4.1, and simplifying the resulting expression,
we easily get

=—-1+7 (lb+/1b s Aa- —Aa)-
Now, writing ib:id:iandb:d(*s),
Mo+ 2 Ay = Aa) = (Ao A ) — (A, Aa) = (@, T (@) — (@, T (@7)).

Hence, using that t°~!(@;) — v (@;) = (%) + t°~1(%), by Proposition 2.1 we get
1/~ -
X=—1+3 (C,»,-(zs— 1)+ Cii(2s + 1)) .

Similarly, replacing A and C by their values from Proposition 4.1, and simplifying the resulting
expression, we get

Y = (@, t(@y) — o (@) + (@, @ — ©° —*ZZ T8 2w, - ().
j~zk~t

Using the identities

s—1

o — TS(ZD',') _ Z Tl(’}’,'), (},) + Tl+1 ZTH- (1+&— é')/z('}’k)
=0 ki
we get
(@, o(@) — v (@) + (@, @ v(@) = ¥ (¢5 5 V@), - T(@),
k~i
hence,
1 s
Y= Y <T(€[_ék_l>/ (2(0 Zr &-6+1/2(@ )) O — 7T (@)) :
k~i J~i
Now,
20, - Y 1SS (@) =20~ Y @) Y @=at+ Y =7
j~i Jris Ej—E=1 Jis &j—&i=—1 Jris §j—&i=1
Hence

Y = Z( E—&D2(y) @ — 7 (@))

k~z
- —72( SHEEIR ), @)
- 72( e EE DRy, @)

= = chk ZS

k~l
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Therefore X = a(i,s), Y = ¥(i,s), and by Proposition 5.6 we see that, for any (i, p') € I, there
holds in %;:

Xq.t (Will),,) * Xt (WYE12'+2> = lXXq,t (Wv@17p/+2> *Xqyt (Wg(jr)l’p/) +¢ jii Xqzt (WYSQ/+1) . (3D

It was shown in [GLS] that one can express every quantum minor D(b,d) as a (noncommutative)
Laurent polynomial in the quantum flag minors D(0, k), by means of an explicit sequence of appli-
cations of Proposition 4.1. Equivalently, every rescaled quantum minor 5([), d) can be expressed
as a Laurent polynomial in the D(0,k)’s with coefficients in Z[y='/2], by means of an explicit
sequence of applications of (36). By comparing (36) and (37), we see that the (g,7)-character of
Wv(f)p (where @(i, p) = (B4,0) and b = d~*)) can be expressed by the same Laurent polynomial in
the (g,t)-characters

~

() :
Yo (Wle ) (G ETo),

where v!/2 is replaced by ¢'/2. This proves (35). In particular, we have

(o (L)) =@ (Zga (W) ) = Dld™,a) =V PIPEBy), ((i.p) €T).

Thus, ® maps the truncated (g,7)-characters of the fundamental modules of %, that is, a set of
algebra generators of % ¢, to the rescaled dual PBW generators of .27, (n). This proves (a).

It follows that & maps the truncated (g,7)-characters of the standard modules of % to the
elements of the dual PBW-basis of .o7,(n) up to some power of v. Let us calculate this power
of v. By Proposition 5.1, we have that [M(m)], — [L(m)]; is a linear combination of [L(m')], with
coefficients in ¢~ !Z[t~!], where [L(m)], and the [L(m')], are bar-invariant. On the other hand,
note that the rescaling factor vV (B(2))/2 of the dual canonical basis depends only on the weight
of the vector B*(a). Hence if we write E*(a) = vV(B(@)/2E*(a), the transition matrix between
the rescaled dual PBW-basis {E*(a)} and the rescaled dual canonical basis {B*(a)} is identical
to the transition matrix between the original bases. Thus, by Proposition 4.2, E*(a) — B*(a) is
a linear combination of B*(a’) with coefficients in v~'Z[v~'], where B*(a) and the B*(a’) are
o-invariant. By Proposition 3.8, ® maps the set of bar-invariant elements of J#; o to the set of
o-invariant elements of .27, (n). This implies that & maps the basis of %] ¢ given by the truncated
(g,1)-characters of the standard modules of %y, to the rescaled dual PBW-basis {E*(a)} of <7 (n).
Finally, using again Proposition 4.2 and Proposition 5.1, this yields (b). a

Example 6.2 Let g be of type A,. Let Q be the quiver of type A, with height function &; = 2 and
& =1. Wehavei=(1,2,1), and

D(071) :le,sl(ﬁ)'l)7 D<072) :DGTQ751S2(G72)7 D(173) :Dsl(wl)Jlszsl((Ul) :DWZ,SQ(CUz)'

Let e; and e; be the Chevalley generators of U, (n). In the identification A, (n) = U,(n) we have
D(0,1) = ey and D(1,3) = e5.

In this case the quantum torus % o is generated by Y;,Y12,Y21, so JZ o is generated by
gt (L(Y10)), Xg: (L(Y12)), Xq.t(L(Y2,1)). The isomorphism ® of Theorem 6.1 satisfies

(D()?q,t(L(Yl,Z))) = D(O, 1)a CI)(QNCq,t(L(Yl,O))) :D(173)~

Thus Theorem 6.1 implies that ), (L(Y12)) and ¥, (L(Y10)) generate .%; ¢ and satisfy the quan-
tum Serre relations.
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This can easily be checked by means of the quantum 7-system. Indeed we have by Proposi-
tion 5.6:
Lo (L(Y10)) % Xt (L(Y12)) =172 20 (L(Y1 0Y12)) +1"2 244 (L(Ya 1)),

and by applying the bar-involution

Xaa (LY 2)) % A4 (L(Y10)) = 1" )0 (L1 0¥ 2)) 417 2o (L(Ya0))-
Eliminating x,,(L(Y10Y12)) we get

(712 =2 o (L(Y21)) = X (L(YV1.2)) % Xt (L(Y1.0)) = 124, (L(Y1.0)) * K (L(Y1.2)),
which shows that .7  is generated by x,,(L(Y12)) and x,(L(Y1)). Finally, using that
Xat(L(Y2,1)) # Xg (L(Y10)) = 17 XA (L(Y10)) * g (L(Ya1))
we obtain that
Xq.a(L(Y12)) * Xqt (L(Y10))* = 124 (L(Y10)) * X (L(Y12)) * X (L(Y10))

= 17 g (L(Y10)) * X (L(Y1.2)) * g (L(Y10)) = g (L(Y10))* % Xq (L(V1.2)),

which is the first quantum Serre relation. The second one is obtained similarly.

Example 6.3 In this example, we illustrate the calculations behind the proof of Theorem 6.1.
Let g be of type As. Let Q be the quiver of type A3 with height function & = & =2 and &, = 3.
Thus Q has source 2 and sinks 1, 3. We take i = (2,1,3,2,1,3), hence

Bi=0, Bh=a+aw, B=mwtos, Pr=c+m+o, Bs=o03, Ps=o,
and
A= — o, A=) — 0y — 0, M =05— o — o,

M= —01—20—03, A=0—0—0—03, As=3— 0 —0—03.

Note that in this case wy = ¢ where ¢ = 525153 is a Coxeter element. Thus, this example illustrates
also Corollary 1.5. The quantum unipotent minors generating .7, o are

D(Oﬂl) :DGTQ,Sz(sz)7 D(072) :DGI,SQSl(m1)7 D(073) :Dw3,s2s153(w3)7
D(074) = DGTQ,SQS1S3S2(G52)? D(()?S) = D017S231S3S251(ﬁ51)7 D(076) = DG73,W()(CD'3)'
The generators of the dual PBW-basis are
E*(ﬁl):D(Ovl)v E*(ﬁz):D(O,2), E*(B3):D(O)3))
E*(ﬁ4) = Dsz(wz),szs|S3S2(w2)v E* (ﬁ5) = Dszs|(wl),szsls}vzsl((D])v E* (B6) = Dszs]S3(ai3),wo((Dg)'
The new generators X; of .7, o are
X1 :D(Oal)a XZZV_I/ZD(O’z)’ X3:V_]/2D(0,3),
X, =v7'D(0,4)D(0,1)~', X5 =v"'D(0,5)D(0,2)"", X¢=v"'D(0,6)D(0,3)~".
Let us define integers A;; and y;; by

D(0,i)D(0,j) =v¥D(0, )D(0,i),  XiX;=vMiX;X;,  (1<i,j<6).
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The matrices L = [A;;| and M = [u;;] are given by

0 -1 -1 0 0 0 0 -1 -1 0 1 1
1 0 0 0 1 -1 1 0 0 -1 1 -1
1 0 0 0 —1 1 1 0 0 -1 -1 1

L=10 o o0 ol MZlo 1 1 0o -1 -
0 -1 1 0 0 0 1 -1 1 1 0 0
0 1 -10 0 0] 1 1 -1 1 0 o0,

The generators of % ¢ are Y1 0,Y30,Y2.1,Y12,Y32,Y2 3. The isomorphism @ is defined by
D(Y10) =Xs5, ®(Y30)=Xs, P(M21)=Xa, P(V12)=X2, P(V32) =Xz, P(V23)=Xi.

The truncated (g,t)-characters of the fundamental modules of € are expressed in terms of com-
mutative monomials by

Xga(N12) = Tia, Xgi(Mi0) = Yio+Y Va1 +Y,3 Y50,
2ot(Y21) = Yo +Y1,2Y2f31 Y30, Xg:(Y23) = Yag3,
Xe:(Y32) = Yso, Xg:(V30) = Yso+Yi, Ya1+Y,3 Y0,

Here, we have used the shorthand notation Y, ,(m) instead of X, ,(L(m)). We also have

Xa:(Y10Y12) =Y10Y12, Xt (Y21Y23) =Y 1123, Xa:(Y30Y32) =Y30Y3,.
Using the expression of D(0,k) in terms of X;’s and the definition of ®, one checks that
®(Y>3) =D(0,1), DY) =v71/2D(0,2), @(¥32) =v2D(0,3),
D(Y2,1Y23) =v 'D(0,4), ®(Y10Y12) =v'D(0,5), P(Y30Y32)=v 'D(0,6),
in agreement with Theorem 6.1. By Proposition 4.1, we have
v ID(1,4)D(0,1) =v~'D(1,1)D(0,4) + D(0,2)D(0,3),

hence
vID(1,4) = (v"'D(0,4) + D(0,2)D(0,3))D(0,1)".

Therefore
o! (vle(1,4)) = 1Yoz +1Yi12%Y37) * Y2T31 =Y 1 +tY1oxY30% Y2T31 =¥+ Y172Y372Y2T317
where the last equality follows from (11). Thus we have
7' (v7ID(1,4)) =@~ (v E"(B4)) = Zgs (Ya),
in agreement with Theorem 6.1. Next, we have again by Proposition 4.1,
D(2,5)D(0,2) =v~'D(0,5) 4+ D(1,4).

Hence
(D_I(D(2,5)) = (Y170Y1,2 +I(Y271 +Y112Y2T31Y372)) * ([l/zylyz)_l.

Now,
(Y170Y172) *Y1T21 = ZI/ZYLQ *Yl,Z*YIT; = tl/zyl_r(),
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and similarly
VY, =t7'P00Y, (NaYayYao)*Yin) ' =123 15,

Therefore,

®~1(D(2,5)) =@~ (E*(Bs)) = Yio + Y13 Vo1 + Y33 V32 = s (V10).
Similarly, starting from the minor identity

D(3,6)D(3,0) =v~'D(0,6) +D(1,4).

we deduce that

1 (D(3,6)) =D~ (E*(Bs)) = Y30+ Y3, Va1 + Y53 Y12 = Xgs(V30).
Thus we have checked that ® maps the fundamental characters

Xas(10)s Xqa(Y30),  Xga(Yan), Xqe(M2), Xgu(V32),  Zgi(Y23),

to the rescaled dual PBW generators vV(B)/2E*(B,), in agreement with Theorem 6.1.

6.2 Proof of Corollary 1.4

Let by,...,br € B*,and let Ly, ..., L; be the simple objects of €y such that
(s (Li)) €V Pbi, (1 <i<h).

We have (%, (L1) * -~ * Xy:(Lt)) € v2/?by --- by, thus, by Theorem 6.1, by --- by € v2B* if and
only if ), (L)% * Xq(Lg) is the (g,t)-character of a simple module up to a power of v, that is
by Corollary 5.5, if and only if L1 ® - -- ® Ly, is simple. Hence Corollary 1.4 follows from [He4].

7 A presentation of quantum Grothendieck rings

In the remaining sections we drop the symbol * for the #-deformed product of .%;, and simply
write xy instead of xxy.

7.1 The generators

Fix an orientation Q of the Dynkin diagram of g. Define an involution v of 7 by wo(®;) = —aty ;).
For i € I write ¢~ (0;,0) = (k;, p;) € I o. Define the following elements of .%;:

xl.Qm = Xaw (L (Yom(ao) promn) ) (iel, meZ). (38)

The elements xgo belong to #; g and map to the Chevalley generators Dg, ,(a,) = € of 7, (n) =
,(n) under the isomorphism & of Theorem 6.1. Hence .%#; o has a presentation given by the
generators xiQO (i € I) subject to the relations (see §4.1)

xgoxgo —x%oxgo =0 itfC;; =0,

(229 — (¢ + 171 x9 2% + 19 ()2 =0 if Cj=—1.
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In particular, every x,, (L(Y;,)) with (i, p) € T can be written as a noncommutative polynomial

. 0>
in the Xio S

For m € Z, let # (™) be the subalgebra of %/ generated by the xgm (iel). Thus 70 = .0,

and .# " is isomorphic to .# (0) for every m € Z. This comes from the fact that .%; is generated
by the fundamental (g,)-characters x,; (L(Y;)) ((i,p) € I'), and that the assignment

Xqt (L(Yi,p)) = Xg.t (L(Yv(i),p—i-h))
extends to an algebra automorphism X of .%,. (In fact, L(Y; ) is the U,(Lg)-module dual to
L(Yy (i), p+n) [CP, §5], see also [FM, Cor. 6.10].) Let Tom:=¢ ' (Ay x{m}). Thus x,, (L(Y;,)) €
) for (i,p) €1, o.m- Therefore, we have proved:
Q

Lemma 7.1 The elements x;,,, (i € I,m € ) generate J%;. O

7.2 The presentation

We start with the following:
Lemma 7.2 Let (i,p) €1 and (j,p+h) € 1. Write V = L(Y;p) QL(Y} pin)
(a) If j # v(i) then'V is simple.

(b) If j = v(i) then x,(V) = x4 (L(YLPYV(!')erh)) +1.

(c) In general we have

Xao (LY p)) Xaa (LY ) =t B8O g0 (LY pn)) X (L(Yip)) + Sy (1 —172),

where 0y, is the Kronecker symbol 0.

Proof — Consider the product 7 := %, (L(Yi »)) Xq (L(Yy (), p+n))- By [FM, §61, %4 (L(Y;,)) con-
tains only one dominant monomial, namely Y; ,, one anti-dominant monomial, namely Y\/Il}),p T
and all its other monomials involve only variables of the form Y Jini with p <m < p+h. It fol-
lows that, if j # v(i), then & contains no other dominant monomial than Y; ,Y; ,s, hence V is
irreducible and isomorphic to L(Y; ,Yy ;). p+4)- This proves (a).

If j = v(i) then 7 contains only two dominant monomials, that is, ¥; ,Y,(;) ,+x and 1. Therefore
V has at most two composition factors, L(Y,-’va(,-)’ p+n) and the trivial one-dimensional represen-
tation. Since L(Y; ;) = L(Yy(;), p+4)" the trivial representation is indeed a composition factor of V
because U, (Lg) is a Hopf algebra. This proves (b).

It follows that

Xq (L(Yi,p)) Xq (L(Yj,erh)) = Xq (L(Yi,ij,sz)) + 8iv(j)-

In %, this identity gets t-deformed as

1 ipi
Xat (LY p)) Xgs (LY pin)) = 027 EPIPEN 0 (LYY pin)) + Sing)-

Now using Proposition 3.2 and a sink-source orientation Q where i is a source, we see that
N (i, ps j,p+h) = A(i,0;j,h) = — (0, Oy ;). Using the bar involution, we also have

_1 ipi
Xq,t (L(Yj,p+h)) XLIJ (L(Yl}p)) =1 24 ’p’J7p+h)Xq,I (L(YLij,erh)) + 5iv(j)‘

Then (c) follows by eliminating x4 (L(Y; Y} »+1)) between these two equations. O

We can now give a presentation of 7;.

31



Theorem 7.3 The algebra J%; is isomorphic to the C(tl/ 2)-algebra o presented by generators
Yim (i € I,m € Z) subject only to the following relations:

(RI) for everym € Z,

YimYjm —YjmYim =0 lf(Oli,OCj) =0,
Yim Vi = ) im Y jm Vi + Y jm Vi = 0 if (04, 07) = =1

(R2) for everym € Z and every i, j € I,
YimYjmet =1y 1 Vi + 8 (1 —172);

(R3) for every p>m-+1 andeveryi,jel,

(=P (ai, ;)

YimYj,p =1 Yj.pYim-

Proof — We fix a sink-source orientation Q. We first check that the x?m satisfy the above relations.

The relations (R1) are the Drinfeld-Jimbo relations for the subalgebra .# ("), as explained in §7.1.
The relations (R2) follow from Lemma 7.2 (¢c) when §; = &;. If §; # &, then xgm x%m .1 corresponds
to a tensor product of the form L(Y; ,) ® L(Y} p+1) or L(Y; ,) ® L(Y; p+2n—1). These two types of
tensor products are always irreducible [FM, Proposition 6.15]. Using Corollary 5.5, it follows that
Xim and x;,, 41 t-commute, and the exponent of ¢ is calculated by means of Proposition 3.2. For
the relations (R3) we note that L(Y; ,) ® L(Y; ) is irreducible if s — p > h [FM, Proposition 6.15],
and we conclude similarly.

It follows that we have a surjective homomorphism F' from 7 to J#; given by y; ,, — xgm,
we have to show that this is an isomorphism. Define <7 ™) as we have defined .# (™) before. Then
M is presented by the relations (1) (with xgm replaced by y; ), so F restricts to an isomorphism

from <7 (™ to ¢ "™ It follows from the relations (R2) and (R3) that every monomial M in the
Yim’s can be rewritten as a linear combination of monomials of the form My, My, - - - My, with My, €

and

/%) and ky >k, > --- > k;. So we have o = H "™ Now each # ™ has a basis 2™
mez
consisting of the (g,7)-characters of standard modules that it contains. Taking

B = {bklbkz'”bks ‘bkj S JZ/(kj), F(bkj> S e@(kj), ki >-->ks, s€ N},

we get a spanning set of <7 such that F(#') is a basis of %], consisting of the (g,)-characters of
all the standard modules of 67. Hence %' is a basis of &7 and F is an isomorphism. O

Example 7.4 Let g = sl;. By Theorem 7.3, .%; is presented by generators y,, := Xq.:(L(Y2m))
indexed by m € Z, subject to

YmYm+1 = t_zmerlym"‘l_t_zy

[2(71)]’7”1

YmYp = YpYm; ifp>m+1.

Remark 7.5 (a) It was shown by Frenkel and Reshetikhin [FR2, Corollary 2] that the (classical)
Grothendieck ring % of %7 is the polynomial ring in the classes of all fundamental modules

L(Y:,) ((i,p) € I). More recently, a presentation of % in terms of Kirillov-Reshetikhin modules
and T-systems was given in [IIKNS, Corollary 2.9].
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Note that our presentation of % does not yield a new presentation of Z. Indeed, in order to
obtain &% from .%#; by specializing ¢ at 1, one needs to use the integral form K; defined in §8.2
below, and the xgm are not generators of K; if g # sl,.

(b) For m € Z, let ¢ mm+1) denote the subalgebra of %/ generated by yi u,Yim+1 (i € I). It
follows from Theorem 7.3 that .# "+1) is isomorphic to the z-deformed boson algebra %, (g)
introduced by Kashiwara [K, §3.3].

8 Derived Hall algebras

8.1 The Hall algebra H(Q)

Let F be a finite field, and let u := |F|'/2 € R~¢. Let mod(FQ) be the abelian category of rep-
resentations of Q over F. The twisted Hall algebra H(Q), introduced by Ringel, is the C-algebra
with basis {zx } labelled by the isoclasses of objects in mod(F Q), with multiplication

axzy = ult ZgX YW,

where g)‘ZY is the number of submodules T of W such that 7 ~ X and W /T ~ Y. Ringel [Ri2,
Ri3, Ri4] has shown that H(Q) is isomorphic to the C-algebra U,(n) obtained from U, (n) by
specializing v at u. In this isomorphism, the basis {zx} is mapped to a PBW-basis of U, (n). In
particular, if S; denotes the 1-dimensional simple supported on i € I, zs, is mapped to the Chevalley
generator e;.

8.2 The derived Hall algebra DH(Q)

Let D?(mod(FQ)) be the bounded derived category of mod(FQ). Toén [T, §7] has associated
with this triangulated category an associative algebra DH (Q) with the following presentation. The

generators zg" are labelled by all pairs (X,m) where X is an isoclass of mod(FQ) and m € Z. (The
pair (X,m) corresponds to the stalk complex with X in degree m.) The relations are:

(D1) foreverym e Z,
[m] [m]_uYX Zg ZW’

(D2) foreverym e Z,
[m] [m+1 - W [m+1]z[m]_
W
w.T

(D3) forp>m—+1,
z@}"] zgf] — DY) Z[yp] ng(n]_

Here, the Hall number y;;v is defined by Toén as

’)/T’W‘— ‘EX(W,Y,X,T)‘
XY Aut(X) || Aut(Y)]

where Ex(W,Y,X,T) is the finite subset of Hom(W,Y) x Hom(Y,X) x Hom(X,T) consisting of
exact sequences 0 - W — Y — X — T — (. Note that, as in §8.1, we have twisted the multipli-

cation by inserting in the original Hall product z&'(n ]zgf’ Fof [T] a factor ul~D""¥X) see [S].

[m]

Consider the elements z; , := Zg, fori€land m € 7Z. Asin §7.1, we see that the z; ,, generate
DH(Q). More precisely, we have:
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Proposition 8.1 The algebra DH(Q) is generated by the z;,, (i € I,m € Z) subject only to the
following relations:

(H1) for everym € Z,

ZimZjm —Zjmlim = 0 if(aia aj) =0,

Ziom Zjn — (WA U )Zim Zjm Zign + 2 Ty = O if (o, 04) = —1;

(H2) for everym € Z and every i, j € I,

ZimZmat = U O 1 2+ 5ifﬁ?
(H3) Forevery p>m+1andeveryi,jecl,
1" (o .
ZimZjp = D () ZpZim-

Proof — The relations (H1) follow immediately from (D1) and Ringel’s theorem. The relations
(H3) follow immediately from (D3). Let us deduce the relations (H2) from (D2).
If i # j, the only exact sequences 0 — W — §; — S; — T — 0 are of the form

0-8Ls;%s5s—0

where 0 means the zero map, and f and g are isomorphisms. Clearly there are (|F| — 1)? such
sequences, and since | Aut(S;)| = |Aut(S;)| = |F| — 1, we get that y;’;’ = 1. Hence

—(S;,8:)  —(Si.S; — (a0
Zim Tt =SSm0z g = )z i,

If i = j, we have two types of exact sequences 0 — W — §; — §; — T — 0, namely
085525580, and 0028 s %00,

where f, g, h are isomorphisms. It follows that

0 1 1

.‘S.
Voo =1 and g = F—1 w1

hence
—(S[,S,‘) <Si75[>
ur—1
This proves (H2). Finally, the proof that relations (H1), (H2), (H3) give a presentation of DH(Q) is
entirely similar to the proof of the analogous statement in Theorem 7.3 (the basis 2™ is replaced

by {zgn] | X isoclass of mod(FQ)}), and we omit it. O

ZimZim+1 = U Zima1 Zim U
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8.3 The isomorphism between .7, and DH(Q)

Define the integral form
K =@PC'2 72 2, (L) C A,
L

where the sum runs over all isoclasses L of simple objects in 67. By Theorem 5.4, this is a subring
of ;. Set
% = (C ®(C[[1/27fl/2] [([,

where C is regarded as a C[r'/2, t~/?]-module via the specialization r'/2 — u!/2.

For B € A=A, x Z, we denote by 2 the basis element zg'("] of DH(Q) with X € mod(F Q)
indecomposable of dimension vector 3.
The following is a slightly more precise formulation of Theorem 1.1.

Theorem 8.2 There is a C-algebra isomorphism 1: J#, — DH(Q) such that:

(a) the class of the fundamental Uy (Lg)-module L(Y; ,,) of €7, is mapped by 1 to a scalar multiple
of 25", where (B,m) = @(i,p).

(b) the basis of classes of standard U,(Lg)-modules of 67, is mapped by 1 to a rescaling of the
natural basis of DH(Q) labelled by all isoclasses of objects of D’ (mod(F Q)).

Proof — We first assume, as in the proof of Theorem 7.3, that Q is a sink-source orientation of
the Dynkin diagram. We can rescale the generators lem of #; by setting

1
0 ._ Q ;
Xim = ) Xi s (iel,mel).

Clearly the new generators k‘lQm still satisfy the homogeneous relations (R1) and (R3) of Theo-
rem 7.3, and the relations (R2) become

-2
00 (w0 0 s 1707
xi’mxj7m+1 =t ! x.l.:m+1xi7m+5UM(M—M71)2.

Let X?m =1 ®?cgm € . By Theorem 7.3, Proposition 8.1, the assignment k‘?m > Z;;m extends to
an algebra isomorphism t. Indeed, in the relations (R2) we have

1—u? u!

uu—u12  ur—1

so the generators XiQJn of J#, and z; ,, of DH(Q) give rise to identical presentations.

Since the PBW-basis of U, (n) is orthogonal with respect to the bilinear form of §4.1, it only
differs from the dual PBW-basis E* by scalar multiples. Hence by Ringel’s theorem, it follows
from Theorem 6.1 that the classes of fundamental modules in €, which correspond under @ to

the elements E*(f) (B € Ay) of U,(n), are mapped by t to scalar multiples of the zg)]. So, if

¢(i,p) = (B,0) we have 1([L(Y; ,)]u) = )anzg)] for some 4; , € C. Therefore, using on one side the
automorphism of % given by [L(Y; ,)]u — [L(Y;—2)]u, and on the other side the corresponding
automorphism of DH(Q) induced by the Auslander-Reiten translation 7 of D”(mod (FQ)), we
get (a).
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Since the classes of standard modules are the ordered products of the [L(Y; )], (up to powers

of u), and the basis elements of DH(Q) are the ordered products of the z%"] (up to powers of u),
we get (b).

Therefore we have proved Theorem 8.2 in the case of a sink-source orientation. But the C-
algebras %, and DH (Q) are both independent of Q. For %, this is clear. On the other hand if Q' is
another orientation of the Dynkin diagram, then D?(mod(FQ)) and D”(mod(FQ')) are equivalent
triangulated categories, so DH(Q) and DH(Q') are isomorphic. Thus .%#;, is isomorphic to DH(Q)
for an arbitrary orientation. More precisely, recall that the map ¢ = @p: I—A depends on the
choice of Q. There is a triangle equivalence Fyo : D?(mod(FQ)) — D”(mod(FQ')) such that the
induced isomorphism fyo : DH(Q) — DH(Q') satisfies

foo (z[m]) =25 where (B'.m') = opy (B.m).
Therefore (a) and (b) hold for an arbitrary orientation. O

In the proof of Theorem 7.3, we have shown that if Q is a sink-source orientation, the gen-
erators xgm of 7 satisfy the relations (R1), (R2), (R3). We can see now that this holds for any
orientation Q.

Corollary 8.3 The generators lem of J; satisfy the same relations for every orientation Q of the
Dynkin diagram, namely the relations (R1), (R2), (R3) of Theorem 7.3.

Proof — Let Q be any orientation, by Theorem 8.2, the elements X?m of %, are mapped by 1 to
scalar multiples of the generators z; ,, of DH(Q). Now the relations (H1), (H2), (H3) satisfied by
the z; ,, are independent of Q. Moreover, they are all homogeneous except for (H2) with i = j.
Since scalar multiplication does not affect homogeneous relations, the elements 1 ®x§m of %,
satisfy the relations (R1), (R2) (i # j), (R3) with 7 replaced by u = |F|'/2. Since this is true for
every finite field F, it follows that the elements xl.Qm of J#; satisfy the relations (R1), (R2) (i # j),
(R3) where ¢ is an indeterminate. 7

Finally, the relations (R2) (i = j) follow from Lemma 7.2 (c) with i = v(}). O

Remark 8.4 Using Remark 3.3, one can modify the presentation of .%; to obtain a presentation of
the deformed Grothendieck ring %; of [N3, VV1]. This presentation shows that the specialization
of %; att = u~! is isomorphic to the non-twisted derived Hall algebra of D”(mod(FQ)) with the
opposite product.

9 Quiver varieties

In this section we show that the variety Eq of representations of Q with dimension vector d can
be regarded as a Nakajima graded quiver variety Z)ﬁ(‘)(Wd) for an appropriate 2 -graded vector
space W4. Moreover the stratification of Eq by Gg-orbits coincides with Nakajima’s stratifica-
tion of SUI(‘)(W‘]). It follows that the set of perverse sheaves used by Lusztig to define the (dual)
canonical basis of U,(n) can be identified with a subset of the set of perverse sheaves used by
Nakajima for describing the classes [L]; of simple U,(Lg)-modules. This gives a geometric way
of understanding Theorem 6.1 (b).
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9.1 The quiver representation space Eq

Letd = (d;)ier € N/ denote a dimension vector for Q. We will identify d with the element } ;. d; o
of the root lattice of g. The variety Eq of representations of Q of dimension d is by definition

Eq:= @Hom(c((cd", Cd-f),
i—j

the sum being over all arrows i — j of Q. This is just a C-vector space of dimension },_, ;d;d;, but
the interesting geometry comes from the following stratification. Consider the algebraic group

Ga =[] GL(4;,C).
il

It acts on Eq by base change. There are finitely many orbits in one-to-one correspondence with
the isomorphism classes of representations of Q of dimension d. Thus, using Gabriel’s theorem,
these orbits have a natural labelling by the set

k=1

Iq .= {a:(ak)eN’| iakﬁk:d},

where the positive roots f; are enumerated as in (14). Let &, denote the orbit labelled by the
element a of Iy. Let IC(0,) be the intersection cohomology complex of &, extended by zero on
the complement of ,. Let 7#(IC(0,)) be its ith cohomology sheaf, and 7 (IC(0,)). the stalk
of this sheaf at a point of &.

Recall from §4.3 the dual PBW basis E* and the dual canonical basis B* of A, (n). Write

E*(c)= Y kac(v)B'(a).

acly

Lusztig has shown:
Theorem 9.1 [Lul, §9, §10] The coefficients & ¢(v) are given by

Kae(v) = v e dmOa Y i dim 7 (IC(6y)).. (39)
i=0
9.2 Nakajima’s variety 015(W)

Let
W= & wip)

(i.p)el

be a finite-dimensional /- -graded C-vector space. In his geometric construction of representations
of Uy(Lg), Nakajima [N3] has associated with W an affine variety 9t}(W) whose definition we
shall now recall.

LetJ :={(i,p) €eIXZ| (i,p—1) €I}, and let

V=P Vils)

(is)e]
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be a finite-dimensional J - -graded C-vector space. Define

@ Hom(V;(s),W;(s— 1)),

(is)el
L'W,V)= @ Hom(Wi(p),Vi(p—1)),
(i,p)el
E*(V)= @ Hom(V;(s),V;(s—1))
(i.5)eT; jrvi

Put M*(V,W) =E*(V)® L*(W,V) D L*(V,W). An element of M*(V,W) is written (B, @, ), and
its components are denoted by:

Bij(s) € Hom(Vi(s),Vj(s — 1)),

o(p) € Hom(Wi(p),Vi(p—1)),

Bi(s) € Hom(Vi(s), Wi(s —1)).

We denote by A®*(V,W) the subvariety of the affine space M*(V,W) defined by the equations

S— 1 ﬁl +ZS i ] ]l )Bij(s) = Oa ((i>s) € A)a (40)
Jj~i
where €(i, j) = 1 (resp. €(i,j) = —1) if i — j is an arrow of Q (resp. i — j is not an arrow of Q).
The algebraic group
= [ GL(vi(s
(is)el

acts on M*(V,W) by base change in V:

g-(B,a,B) = ((g;(s = 1)Bij(s)gi(s)™"), (gi(p— Dai(p)), (Bi(s)gi(s)™")) -

Note that there is no action on W. This action of Gy preserves the subvariety A*(V,W). One
defines the affine quotient
My(V,W) :=A*(V,W) J Gy.

By definition, the coordinate ring of 9t§(V, W) is the ring of Gy-invariant functions on A*(V, W),
and 98 (V,W) parametrizes the closed Gy-orbits. If V;(s) C V/(s) for every (i,s) € J, then we
have a natural closed embedding 90t§(V, W) C 98(V',W). Finally, one defines

me (W Uzmo (V,W).

This is an affine variety, acted upon by the algebraic group

= [T GLWi(p))

(i.p)el

Let M ¥ (V,W) be the open subset of M(V, W) parametrizing the closed free Gy-orbits. For a
given W, we have Dﬁareg(V, W) # 0 only for a finite number of V’s. Nakajima has shown that this
gives a stratification of 9§ (W):

ME(W) =|_| 5" 8 (v, W).
\%4
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A necessary condition for E)ﬁ(')reg(V, W) to be nonempty is that

dimW;(p) —dimV;(p+1) —dimV;(p — 1)+ }_dimV;(p) > 0
j~i
for every (i, p) € 1. In this case we say that (V,W) is a dominant pair. Equivalently, by (32), the

pair (V,W) is dominant if and only if the monomial YAV € % is dominant, where we use the
shorthand notation

H dlmW, AV — H Ai—sdimV,-(s)

(i,p)el (is)el

Note that this stratification of 2t} (W) is Gy -invariant. Hence each stratum is a union of Gy -orbits.
Given a dominant pair (V,W) such that 9013"¢(V,W) # 0, we denote by ICy (V) the intersec-
tion cohomology complex of the closure of the stratum 90" *(V,W). Let " (ICw (V)) be its ith
cohomology sheaf, and . (ICy (V))y be the stalk of this sheaf at a point of 905" (V/,W).
For a dominant monomial m € %/, recall from §5.6 and §5.8 the (g,¢)-characters x,,(M(m))
and x,/(L(m)) of the standard and of the simple U, (Lg)-modules labelled by m. Write

Xgit(M ZCmm ) Xq.: (L(m)).

Nakajima has shown:

Theorem 9.2 [N3, §8] The coefficients Gy, (1) are given by

Cm,m’ (t) — tdimf)ﬁ(‘)reg(V’,W)*dimi)ﬁ(')reg(V’W) Z ti dlm%l(ICW (V))V’a (41)

i>0
for any pair of strata M2 (V,W) and M4 (V' \W) such that m =YV AV and m' = Yvav.

Remark 9.3 (a) In order to make the comparison between Theorem 9.1 and Theorem 9.2 easier,
we stated Nakajima’s formula (41) in a different way from the original one. In [N3], Nakajima
writes

(I W) Y = dim (i 1Cw (V)
i>0
for the right-hand side of (41), but in his degree convention the trivial local system on the open
stratum S = 901"V, W) appears in the intersection cohomology complex of S in degree dimS,
while in Lusztig’s convention it appears in degree 0. Here we follow Lusztig’s convention. More-
over Nakajima uses the costalk i\. at a point x instead of the stalk i¥, which explains the change of
t!into ¢,
(b) A dominant monomial m can be written in several ways as m = YWAY. The fact that the
right-hand side of (41) depends only on the monomials m and 77/, and not on the particular choices
of spaces W, V,V’, follows from a transversal slice argument [N1, §3].

9.3 An isomorphism

Let d = (d;) be a dimension vector, as in §9.1. Recall the bijection ¢: T —Aof §2.2. We define
an I -graded space W4 by taking

Wi(p):=C" if ¢(j,p)=(a:,0),

and WJ-d (p) := 0 for all others (j, p) € I. Clearly, the group Gyya is isomorphic to Gg and we may
identify Gya = Ggq.
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Proposition 9.4 There is a Gq-equivariant closed immersion of affine varieties
W MS(W9)—E,.
The proof of Proposition 9.4 will follow from the next two lemmas.

Lemma 9.5 Leti #i' € 1and set (j,p) = ¢~ (a;,0), (j/,p') = ¢~ ' (0,0). Assume that p’' < p,
and write Q(j',&;+p' — p+2) = (B,0). Then, the coefficient of ¢; in the expansion of the root 3
on the basis of simple roots is equal to 1 if there is an arrow i — i’ in Q, and to 0 otherwise.

Proof — By definition of (j, p), (j/,p’), and of @ (see §2.2), we have
o = T(é./_p)/z(f}/j)’ oy = r(éj’fp/)/z(fyj,).

It follows that
B — T_1+(§j’_éj_p/+p)/2(’}/j/) — T_1+(p_§j)/2(ai/)-

Recall the Ringel bilinear form (-, -). It may be characterized by
<05i77j>:5ij7 (la.]el)

Hence, the coefficient of ¢; in 3 is equal to:

(B,yp) = (T2 (ap), ) = (77 (o), 7P () = (1 (o), ) = — (o, o).
Now
—{ay, o) = —dim(Hom(S;, S;)) 4 dim(Ext' (S;,5;)) = dim(Ext! (S;, i),
and this is equal to 1 if there is an arrow from i to i in Q, and to 0 otherwise. a

We now introduce an algebra KQ defined by a quiver fQ with relations. The vertices of f‘Q are
of two types:

o w;(p) forevery (j,p) = ¢~'(04,0) (i € 1);

e vi(p—1) forevery pair (j,p) € Ip such that (j,p—2) €1,.
The arrows of I’ o are of three types:

e aj(p): wj(p) = vi(p—1);

® bj(p):vi(p) = wj(p—1);

o Zij(p): vilp) = vj(p—1)if j~i.

The relations are:
ai(p—V)bi(p) =Y e(i, ) Bji(p— 1)%,;(p).
i
Obviously, as suggested by the notation, the definition of /N\Q is so that the affine variety A®(V,W9)
is nothing but the representation variety of Ap consisting of representations for which the spaces
W]d( p) = C¥ are attached to the vertices w(p), and the spaces V;(p — 1) are attached to the vertices

vj(p—1) (we assume that V;(p — 1) =0 if v;(p— 1) is not a vertex of fQ).
For i € I, we denote by & the idempotent of Ag associated with the vertex w;(p) such that
(j,p) = ¢ '(;,0). We endow I with a total ordering such that i > i’ if p > p/, where as above

¢® (0,0) = (', p'). Tt is well-known that if there is an arrow i — i’ in Q then i > 7.
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Lemma 9.6 Fori# i €1, we have

dim (el-,T\Qe,-) —

1 ifthere is a path from i to i' in Q,
0 otherwise.

Proof — If i < i then p < p’ and clearly 8i'1~\Q8i = 0. On the other hand if i < i’ there can be no
path from i to i’ in Q. Thus the lemma is clear in this case, and we may assume from now on that
i>1.

Letx € 81-//~\Q£i, and let /" € I. Then x € 8,-//~\Q8,-~/~\Q8,' if and only if x belongs to the two-sided
ideal of KQ generated by aj»(p — 1)b;»(p) where @(j”,p—1) = (04,0). This is because b (p)
is the only arrow entering in wj»(p — 1), and a»(p — 1) is the only arrow exiting from w»(p —1).
Note that ei/KQSi//KQei # 0 implies that i > " > i'.

Let .# be the the two-sided ideal of KQ generated by all the degree two paths:

aj(p—1bi(p), (G, p—=1)=¢ '(®,0), (i€)).

Then, the algebra /N\Q /7 is defined by the same relations as the graded preprojective algebra A
of [Le, §2.8] (but we have the additional vertices w;(p) and only a finite set of vertices v;(p)).
It follows that dim ((8,-/1N\Q8[) /(&7 8,-)) is equal to the vy (p’ + 1)-component of the dimension

o~

vector of the indecomposable projective A-module with top v;(p — 1). Now it is well-known that
this dimension vector can be read off from the Auslander-Reiten quiver of . Namely, using our
notation, the v;(p — 1)-component of the dimension vector of the projective with top v;(§; — 1) is
equal to the coefficient of ¢ in the root § such that ¢(j, p) = (f,0). The dimension vectors of
the remaining indecomposable projectives are obtained from these particular ones by translation.
It follows that we can reformulate Lemma 9.5 as follows:

if there is an arrow from i to i/ in Q,

dim <(£i//~\Q8i> /(8;]8,-)) = {(1) (42)

otherwise.

In particular if i’ is the successor of i in the descending total order defined above, then €. €; = 0,
and we have

43)

~ 1 if there is an arrow from i to i in Q,
dim (ei,AQe,-) -

0 otherwise.

Assume now that i > i’ are such that there is no path from i to i’ in Q. Then in particular there
is no arrow i — 7, so by (42) we have

erhoti =€ 96 = Y, (e,-//N\Qe.,) <ej/~\Qe,-).

i< j<i

For each summand, we have either no path from i to j or no path from j to i’. So we can iterate
the splitting until we obtain an expression of the form

e/ AoE = ) (e,»/KQe,-k> (eiIKQ£i> ,

<iy<-<ix<i

where in the right-hand side each factor ngQg ;s such that either we have a path from j to k or
k is the successor of j and there is no arrow from j to k. Moreover, since we have no path from
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i to i’ each summand contains at least one factor of the second type, which is equal to 0 by (43).
Hence we have shown that €;Ap€; = 0.
Assume now that there is an arrow i — i’ in Q. Then we have as above

8i/f£i = Z <8,'I/KQ8J) (8jKQ8,‘) s

iI'<j<i

where for each j we have either no path from i to j or no path from j to i’ (because the Dynkin
diagram is a tree). Thus it follows from above that €;.# ¢; =0, so by (42) we get dim <8i’/~\Q8i) =1.

Finally, if there is a path i — i; — --- — iy —  in Q, with k > 1, then there is no arrow from
i to i, and by (42) we have grAp€; = €77 €;. Moreover, this path is unique, and arguing as above
we can write

Si//\QSi = <8i’AQ£ik> s (8i1/\Q8i) R

where each factor has dimension 1, so again dim (gi/XQei) =1. O

Proof of Proposition 9.4 — Let V be a J-graded space, and pick (B,o,B) € A*(V,W9). As
explained above, we can regard (B, a, 3) as a representation of Ag. Choose two vertices i and /'
of O, and set as before

(jap) :q)_l(OCi,O), (j/,p/):(p_l(ai/,()).

By Lemma 9.6 we have dim(si/KQS,-) < 1. Let 6;7 be a generator of ei/XQei. By the proof of
Lemma 9.6, we can normalize the 6;; so that they verify 60, = 6;» for every i,i',i" € I. More
precisely, if there is a path i — i; — -+ — iy — i in Q, then 0; 7 = 6,7 -+ 6;,, and if there is no
path from i to i’ then 6;; = 0. Evaluating 6;; in the representation (B, ¢, §) we obtain a linear map
Yiir Wjd( p) — Wﬂ (p'). The collection of maps () for all arrows i — i’ of O can be regarded as a
representation Y of Q of dimension vector d. It follows easily from the definition of the Gy -action
that y depends only on the Gy-orbit of (B, a,3). Hence the assignment (B, @, ) — v induces
a morphism of varieties Wy : 9 (V,W9) — Eq. Moreover, it follows from the known description
of the generators of the coordinate ring of 90t (V, W) (see [N4, §3.1]) that this coordinate ring is
generated by the matrix coefficients of the linear maps ;s for all pairs (i,i"). Hence Wy induces
a surjective morphism from C[Eg] to C[D08(V,W9)], thus Wy is a closed immersion. Since for V
large enough we have 90t (V,W9) = M3(W?), we obtain a closed immersion ¥: MM(W9) — Eq.
By construction, ¥ commutes with the actions of Gg4 on both varieties. a

Example 9.7 Take g of type Ds. We label the Dynkin diagram so that the central node is num-
bered 3, and we choose & = & = &4 =4 and & = 5. Thus Q has a sink-source orientation with
source 3 and sinks 1,2,4. Given a dimension vector d = (dy,d>,d3,ds), the corresponding graded
space W is given by

Wld(o) = (Cdlv Wzd(o) = Cdza Ws‘d(s) = Cd37 W4d(0) = Cd4v

and the other W;(p)’s are zero (see the Auslander-Reiten quiver of Q in Figure 4). An element
(B, @, B) of A(V,WY) is represented in Figure 3. The defining equations (40) read

B13(3)B31(4) + B23(3)B32(4) + B43(3)B34(4) = 0,

B31(2)Bl3(3) = B32(2)Bz3(3) = B34(2)B43(3) = 0.
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Jos(5)
Vi(4
/ 3 )%(4)
Vi(3) 331(4‘)/2(3) B3 (4) Va(3)
B13(3) B23(3) /
V5(2) By3(3)
3 Bu)
B31(2 ‘{32(2)
V(1) (1) Vi(1)
VB 1B(1) | Ba(1)
Wi (0) W (0) W4 (0)

Figure 3: (B, a, ) in type Dy.

Thus,
B1(1)B31(2)B43(3)B3a(4)03(5) = —B1(1)B31(2)B23(3)B32(4) o3 (5)

and
Bl (1)331 (2)313 (3)331 (4) o3 (5) =0.
Hence we can take
w31 := Bi(1)B31(2)Ba3(3)B3a(4) 05(5),
and similarly
vz = Ba(1)B32(2)B13(3)B31(4) 03(5), W34 = P4(1)B34(2)B23(3)B32(4) 03(5).
We get a representation ¥ := (31, W32, Wa4) of Q on the space W9,

Proposition 9.8 There is a bijection between the set of (nonempty) strata Dﬁareg(V, W9 and the
set Iq of Gq-orbits.

Proof — Let us first consider a stratum 93"°¢(V,W9). By §9.2, the pair (V,W?) is a dominant
pair. This means that we have nonnegative integers a; (1 < j < r) such that

(44)

ijpj

YWY =T
=1

Here for 1 < j <r, we have put (i;,p;) = (p‘l(ﬁj,O). Indeed, by definition, every dominant
commutative monomial of the form Y"'AY belongs to %; ¢. Moreover we have a natural grading
of %; o by the root lattice of g given by

deg(¥yp) =By (1<j<r).

It is easy to see that for every A; s € % o we have degA; ; = 0. Therefore
: d
Zajﬁj :deg (YW ) =d.
k=1
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Y35 o3

—

\/

Y14 Y24 Yaq o +03 % 03+0y
Yis3 a+0n+203+0y
o0m+a oy +o+o o+ + o
o +0n+03+0y
Y3 //77 \
o (05 oy
Yio Y20 Yap

Figure 4: The skeleton of 6 and the Auslander-Reiten quiver in type Dy.

Hence, to every stratum zm(‘)“g(v, W9) corresponds an element a of Ig given by (44).
Conversely, if a € I, we need to show that m, := ;-:1 Y:’Pj can be written in the form (44)

for some nonempty stratum 95 ¢ (V,W9). By [N1, Th. 14.3.2], this is equivalent to the fact

that m, appears in the g-character of the standard module M (Y Wd). For i € I write as in §7.1
(ki,pi) = @ '(;,0). Then we have by definition of W4

YWd = HchiIiPi'
icl
By §7.1 we know that the (g,t)-characters of the fundamental modules L(Yy, ,,) (i € I) generate
0. Hence the simple module L(mj,), which is an object of %y, is a composition factor of a
standard module of the form M([;c; Ykel, ‘ pi) for some nonnegative integers e;. But, as before, we
must have
d= deg(ma) = Zei deg(Ykhp[) = Zeiai,

icl icl

hence ¢; = d; for every i. Therefore m, is indeed a weight of M (Y Wd). This proves the claim. O

Remark 9.9 The proof of Proposition 9.8 shows that 901" (V, W9) is a nonempty stratum of
s (WY) if and only if (V,W?) is a dominant pair, a purely combinatorial condition. In gen-
eral Nakajima [N1, Th. 14.3.2] only shows that this is a necessary condition. In representation-
theoretic terms, this means that every dominant monomial of the form YW'AY occurs in the q-
character of the standard module M (Y Wd).

Example 9.10 We continue Example 9.7. There are 12 positive roots f3;, which we identify with
the vertices of the Auslander-Reiten quiver of Q represented in Figure 4. The numbering is ob-
tained by reading this graph from top to bottom and left to right:

Bi=03, Pr=ar+w, FB=wt+oz, Ps=o+a, -, Pi=ou.

The corresponding generators Y;, ,, of %; o can be read at the corresponding place on the left side
of Figure 4. Letd = (d,d>,d3,ds) be a dimension vector for Q. Then

wd _ vdi ydovdsyds
Y —Y1,0Y2,0Y3,5Y4,0-
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The elements of Iq are 12-tuples a € N'2 encoding the decompositions of d into a sum of positive
roots. By Proposition 9.8, they are in one-to-one correspondence with the dominant monomials of
the form Y"“AY. This bijection can be read immediately from Figure 4.

For example, ifd = (1,1,1,1) = a; + o + a3 + 0, the correspondence is:

(o) + () + () + (o) < YiohaolzsYapg < 1,

(a1+m)+(m)+(as) — YiaYaoYap —  A11A32423A43A3 4,
(+os)+(an)+ (o) < YasYioYap — Ay 1A32A13A43A34,

(3 +oq)+(on)+ (o) = YaaYiphao = A41A32A13A23A34,

(a1 + 0+ 03)+ (o) — Y42Y40 = A ,1A2,1A§72A1 3A23A43A34,

(a1 +o3+o0y)+ () — Yol — A11A41A3,A13423A4 3454,
(a4 03+ 0y)+ (01) — Y12V — A2,1A4,1A%72A1,3A2,3A4,3A3,4,

(1 +0+oz+04) — Y3 - A1,1A2,1A471A§,2A1,3A2,3A4.,3A3,4-

It is obtained by replacing each root f; in a decomposition of a; + o + o3 + a4 by the corre-

-1
. . . . . d
sponding variable ¥, ,,. The third column gives the monomial YV <H,’<:1 Y:{‘pk) .
We can now state the main result of this section.

Theorem 9.11 (a) We have a Gg-equivariant isomorphism of varieties ¥ : QJTB(Wd) = Eq.
(b) M (W) is an affine space of dimension ¥;_, jdid;.

(c) Lusztig’s perverse sheaves IC(O,) on Eq are the same as Nakajima’s perverse sheaves
ICya(V) on MY(WY).

Proof — In Proposition 9.4 we have constructed a Gg-equivariant closed immersion P of 90t (W4)
into Eq. Since each stratum 901" %(V, W) is Gg-invariant, ¥ maps every stratum to a union of
orbits O,. Since W is injective and the number of strata is equal to the number of orbits (Proposi-
tion 9.8), it follows that ¥ maps each stratum of 915 (W9) to a single Gq-orbit in Eg, so every orbit
is contained in the image of W. Thus W is surjective. Since a surjective closed immersion between
reduced schemes is an isomorphism, this proves (a). Claim (b) follows immediately from (a), and
claim (c) is again a consequence of Proposition 9.8, which shows that the stratifications used for
defining the perverse sheaves are the same. O

Remark 9.12 (a) By the proof of Proposition 9.8, for every dominant monomial m in %; ¢ there
is a unique pair (V,W9) such that m = Y"AY. Hence, even if the varieties oMs (W) involve
very particular spaces W9, the isomorphisms ¥': Dﬁ(‘)(Wd) —~ Eq are enough to identify all the
irreducible (g, t)-characters of €.

Thus Theorem 9.1, Theorem 9.2, and Theorem 9.11 provide a geometric explanation of part (b)
of Theorem 6.1. By comparing convolution diagrams in [Lu2] and [VV1], it should also be
possible to understand in a geometric manner part (a) of Theorem 6.1, that is, the multiplicative
structure (see [N4, §3.5]).

(b) If we take for Q a quiver of type A with all arrows in the same direction, then 90t (W4) is just a
space of graded nilpotent endomorphisms as in the Ginzburg-Vasserot construction [GV] of type
A quantum loop algebras (see e.g. [Le, §2.5.3]). So Theorem 9.11 becomes tautological in this
case.
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